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ABSTRACT

RAJAN PURI. On the discrete spectrum of exterior elliptic problems.
(Under the direction of Dr. BORIS VAINBERG)

In this dissertation, we present three new results in the exterior elliptic problems
with the variable coefficients that describe the process in inhomogeneous media in
the presence of obstacles. These results concern perturbations of the operator Hy =
—div((a(z)V) in an exterior domain with a Dirichlet, Neumann, or FKW boundary
condition. We study the critical value f3.. of the coupling constant (the coefficient at
the potential) that separates operators with a discrete spectrum and those without it.
Our main technical tool of the study is the resolvent operator (Hy — \)~' : L? — H?
near point A = 0. The dependence of (.. on the boundary condition and on the
distance between the boundary and the support of the potential is described. The
discrete spectrum of a non-symmetric operator with the FKW boundary condition

(that appears in diffusion processes with traps) is also investigated.
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CHAPTER 1: INTRODUCTION OF THE PROBLEM

1.1 Motivation

Many equations of mathematical physics has been characterized as the the major
bridge between central issues of applied mathematics and physical sciences. An in-
creasing number of publications written on elliptic problems and their spectral anal-
ysis is an evidence of the continuing interests of mathematicians and physicists. The
main reason for studying elliptic problems is that they arise in a wide variety of
physical systems and describe a large class of natural phenomena. The rigorous
mathematical analysis of physical models and applications has played a major role
in many branches of mathematics. Also, the stability and dynamics of the solutions
of many physical problems have been carefully investigated in various mathematical
applications including quantum mechanics, optics, acoustics, geophysics, and popu-
lation dynamics.

Many quantum mechanical systems are descried by a Hamiltonian of the form H =
—A+ V. Different systems are distinguished by the potential V. We have a significant
amount of information concerning the eigenvalues of H. However, for more general
elliptic operators , i.e. Hg = Hy — BV, where Hy = —V(a(z)V), spectral stability
and dynamics have not been exhaustively studied. Therefore, we decided to study
elliptic problems in the exterior domain with the variable coefficient that describes
the process in inhomogeneous media with the presence of obstacles. This framework

covers conceptually any physical system governed by an elliptic equation.



1.2 Statement of the problem

Let Q = RN\ B, where B is a bounded domain in R? with smooth boundary. i.e 9

is smooth.

Figure 1.1: Exterior domain

Consider the following elliptic problems in €.
Hou — BV (z)u — Au=f, x €, (1.1)

where Hy = —div(a(x)V), the potential V(x) > 0 is compactly supported and con-
tinuous, 8 > 0, a(x) > 0, a(z) € CY(N), and @ = 1 when |z| >> 1. We assume
that f € L*(R?) and the solutions belong to the space H?({)) and satisfies a Dirich-
let, Neumann, or FKW-boundary condition. The latter boundary condition will be
introduced later.

One can reformulate the problem in the operator setting. Let Hp : H2 — L*(Q), be

the operator which maps each u € H?2 into
f = Hgu— \u,

where Hg = (Hy — fV(z)) and H? is the set of functions from the Sobolev space
H?(Q) that satisfy the boundary condition, and it can be a Dirichlet, Neumann, or
FKW boundary condition.

The main question under the investigation is whether the discrete spectrum ap-
pears for arbitrary small perturbations (arbitrary small § > 0), or § must be large

enough to create negative eigenvalues. Thus we would like to know when 3., = 0 and
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when (.. > 0. The answer is known [2] for the Schrodinger operator —A — gV (x) in
R? and depends only on dimension: 3. = 0if d = 1,2 and 3, > 0 if d > 3. The
purpose of our study is to present some new results on the critical value of the cou-
pling constant in exterior elliptic problems. The f.,. remains positive for all boundary
conditions if d > 3. This fact follows immediately from the Cwikel-Lieb-Rozenblum
inequality:

4\ <0} < /8 (BV)Pdn, a3,

The inequality above implies that the negative eigenvalues do not exist if 5 is so small
that the right-hand side above is less than one. We will show that the answer to the
main question for the problem (1.1) in dimension d = 1 and 2 is different from the
answer in the case of the Schrodinger operator and depends on the boundary condi-
tion. The dependence of .. on the boundary condition and on the distance between
the boundary and the support of the potential will be described. The discrete spec-
trum of a non-symmetric operator with the FKW boundary condition (that appears

in diffusion processes with traps) will be also investigated.

1.3 Layout of dissertation

Chapter 2 starts with some necessary prerequisite information needed for our results.
We will provide the background needed for our results, but will not go into details. For
more information, we refer the reader to books on the subject, such as [23, 24, 22, 25].
In Chapter 3, we will recall the results of the Schrodinger operator and discuss some
properties of the operators associated with the Schrodinger equation to put our results
in perspective. The statements of our results are given in the the Chapter 4, 5,
and 6. Chapter 4 contains a discussion of the structure of the discrete spectrum

of the operator Hz and related results considering Drichlet and Neumann boundary



4
conditions. In Chapter 5, we will provide the detailed introduction of the FKW
boundary condition and provide related results. Chapter 6 contains a study of the
dependence of (.. on the distance between the support of the potential and the

boundary of the domain.



CHAPTER 2: BACKGROUND INFORMATION

In this chapter, we will discuss the known general facts of the Laplace operator in a
bounded domain 2. We will not go into details, but rather remind the reader some

understanding of the basic definitions and facts.

2.1 Some definitions

Definition 2.1. Laplace Operator

Laplace operator is a differential operator denoted by A and is given by

*u 0*u
Au: V«vu:—+...+—
( ) dx? x?
where u is a sufficiently smooth real valued functions, u : 2 — R and x1,z9, -+ , 24

are the coordinates for  C R¢.

Boundary Conditions(BCs)

e Dirichlet BC means u = 0 in 02,

e Neumann BC means g—g = 0 in 0f) where n denotes the normal vector to the

boundary 0f).

o FKW BC means v = a in 09, [, g—gdu(m) = 0 where « is some constant in R

and dp is a non-negative measure on 0f).

The idea of this boundary condition, FKW boundary condition was first introduced

by M. Freidlin, L. Koralov, and A. Wentzell in their paper “On the behaviour of
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diffusion processes with traps”, 2015. When large drifts of a diffusion process direct
towards to a point in the interior of the domain (see fig 2.2) then the FKW boundary
problem occurs as the limiting problem describing the behaviour of the process as the

magnitude of the drift tends to infinity.

Figure 2.2: FKW boundary problem.

It is a common physical phenomenon that occurs when the vector field is large and
the domain becomes trapping. We will provide more information of this boundary

condition later in the Chapter 5.

Definition 2.2. Resolvent set and Spectrum
Let A be a densely defined linear operator on a Hilbert space H. The operator A — A

has domain D(A), for each A € C. Define the resolvent set

p(A) ={A e C:A— \is invertible (has a bounded inverse defined on #)}.

For )\ in the resolvent set, we call the inverse (A — A\)™! the resolvent operator. The

spectrum is defined as the complement of the resolvent set:

a(A) = C\ p(A).

The discrete spectrum consists of A where A — X fails to be an injective. Continuous

spectrum consists of A with A — X injective and with dense image, but not surjective.
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The classification of the spectrum into discrete and continuous parts usually corre-
sponds to a classification of the dynamics into localized (bound) states and locally
decaying states when time increases (scattering), respectively.
If X\ is an eigenvalue of A then A € o(A), because if Af = Af for some f # 0, then
(A—X)f =0and so A— X is not injective, and hence is not invertible. The resolvent

set is open, and hence the spectrum is closed.

Definition 2.3. Compact Operator
Let X and Y be Hilbert spaces. A linear operator T : X — Y is said to be compact
if for each bounded sequence {z;};eny C X , there is a subsequence of {T'z;};en that

is convergent.

Definition 2.4. Fredholm operator
Let H be a Hilbert space and 7' : H — H be a bounded linear operator. Then T is

said to be Fredholm if dimension of Ker(T) < oo, and co-dimension Im(T)< oo.

Definition 2.5. We define the Sobolev spaces as
H™Q) = {u € L*(Q) : D*u € L*(Q),0 < |a| < m} (2.2)

and its norm is defined by
2 a
||uHHm(Q) = So<jaj<m [|D “”%2(9)

where m is a non-negative integer.

Analytic Fredholm Theory Let €2 be a connected open subset of C and suppose
T'(A) is an analytic family of Fredholm operators on a Hilbert Space H. Then either:
a. T(X) is not invertible for any A € C OR

b. There exists a discrete set S C € such that T'(\) is invertible VA ¢ S and
furthermore, every operator appearing as a coefficients of a term of negative order is

finite rank.



2.2  Some remarks

Remark 2.1. From the Green formulas it follows that the Laplace operator is sym-
metric and positive on the space S= C°(Q) of all smooth and compactly supported

functions on €.

Remark 2.2. The Dirichlet problem —A = f, x € Q, u|spq = 0, in a bounded domain
with the a smooth boundary has a solution u € H?*(Q) for each f € L? and the

solution is unique.

Remark 2.3. If Q2 is bounded, then the inverse Laplace operator with the Dirichlet

boundary condition, A;l is a compact operator in L?(2), and its eigenvalues u; — 0.

Remark 2.4. The —A on a bounded domain with a smooth boundary and with

Dirichlet or Neumann boundary condition has discrete spectrum.
Remark 2.5. Operator —A : L*(R?) — L*(R?) does not have eigenvalues.

Proof. We have,
—Au = u, u e L*(RY)

Taking a Fourier Transform on both sides, we get,

[€2la(€) = Mi(€), @ € L*(R7)),

(1€°1 = Ma(&) =0,
W) =0 ae.

This shows that @ = 0 as element of L*(R?). Thus, operator —A : L?(R?) — L*(R?)

does not have eigenvalues. O]

Definition 2.6. (Weyl Sequence): A Weyl sequence exists for —A and A, if there

exist functions w, such that the following three conditions hold:



WSL. [[(=A = Nwy]|;2 = 0 as n — oo.
WS2. |Jwy||2 = 1.
WS3. w, = 0in L? as n — oo. The continuous spectrum coincides with those A

values for which Weyl sequence exists.

Lemma 2.6. The operator (—A — \) : H*(RY) — L*(RY) has a bounded inverse
(=A=' L2(RY) — HY(RY)

for each \ ¢ [0, 00).

Proof. Let (—A—Xu = f where u € H?(R?) and f € L?(R?). Then after the Fourier

transform on both sides, we have,

(162 = NaE) = f(©),

Hence,

@)l = [ 1+ P Pla(e) P

-/ (1+ Jef?

)
(1621 =)

Since A ¢ [0, 00), the function
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is continuous. The limit at infinity is equal to one:

lim (§) =

£—o0

Thus, ¥ (&) is bounded, i.e [¢(§)| < M(A), and therefore

(@)= < VMO || £(©)]| , = VI F @)z

Lemma 2.7. The following estimates are valid :

C C
16 =27 7l < (g e A =7 ]2 < g s A —oc

Proof. Arguments that were used to prove Lemma 2.6 lead to the estimates

1A =N F e < max i (E0) (1 £l e

1A =N f L < max vo(&, M) (£

where ¥ (£, \) = “5'2 +)\1)2, Yo, N) = W This immediately implies the statement
of the lemma.

]

Theorem 2.8. The spectrum of operator —A in R is continuous and coincides with

the positive semi-axis.

Proof. From Lemma 2.6, it follows that R?\[0, c0) does not belong to the spectrum
of —A. Hence, it remains to show that the semi-axis [0, c0) belongs to the continuous
spectrum. It will be done by showing the existence of a Weyl Sequence.

Fix A € [0, 00) and choose w € R? with |w|?> = \. Take a cut-off function o € Cg°(R?)
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such that @ = 1 on the unit ball B(1) and a = 0 on R¢\ B(2). Define a cut-off

version of the generalized eigenfunction, by

wy, = cna(%)vw(x), where v,,(z) = “*,

and the normalizing constant is

1

RN

First we prove (WS1). We have

(A + Nw,
T Cn x Cn, T
= cp(Av, + Avw)a(ﬁ) + 2EVUW(33) : (Va)(g) + ﬁvw(x)(Aa)(ﬁ).
The first term vanishes because Av, = —|w|*v, pointwise. In the third term, note

that v, is a bounded function, and that a change of variable shows
Cn _ 1A

= — 0 as n — 0.
o n? g

(2a)()|

n

n2

The second term similarly vanishes in the limit, as n — oo. Hence (A + A)w,, — 0 in
L?, which is (WS1).

For (WS2) we simply observe that |v,(x)| = 1 pointwise, so that |jw,|;. = 1is a
consequence of the change of variable, £ — x and the definition of c,.

To prove (WS3), we take f € L? and fix € > 0. We decompose f into “near” and

“far” components, as f = g + h where g = flpr) and h = flga p(g)-

(f7 wn)L2 = (gawn)LQ + (h, wn)L2~
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We choose R > 0 such that ||2| < 5. Then by the Cauchy-Schwartz inequality

£

. < hll..
i {(R,wn) 2| < Bl 2 - 1 < 3

We have,
(9, wn)r2| < enlla]| o gl pr = 0

as n — 0o, since ¢, — 0 and R is fixed. So,

lim (f,wp)2 =0,

n—oo

ie., w, — 0 weakly (WS3). Hence, the spectrum of operator —A is continuous and

coincides with the positive semi-axis.



CHAPTER 3: SCHRODINGER OPERATOR

In this chapter, we will study some important results in the spectral theory of
Schrodinger operators. More specifically, we would need these results to put our re-
sults in perspective. We will consider the operator, Hg = —A — gV : L*(Q) — L*(Q),
where the potential V(z) > 0, is compactly supported and continuous, and 5 > 0. It
is known that the spectrum of H 5 consists of absolutely continuous part [0, 00) and

at most a finite number of negative eigenvalues:

o(Hg) = A} U0,00), 0<j <N, ) <0
One can define ., as the value of  such that the eigenvalues A of the operator H 3
exist when > .. and does not exist when § < (., i.e

Ber = inf{f: inf o(Hg) < 0}.

It is known [2] that 8, = 0 for d = 1, 2 and ., > 0 for d > 3. The later fact follows

immediately from the Cwikel-Lieb-Rozenblum inequality:

2\ <0} < /8 (BV)Pdn, a3,

The inequality above implies that the negative eigenvalues do not exist if £ is so
small that the right-hand side above is less than one. If d = 1 or 2, then the answer

to the main question for our problem is different from the answer in the case of the
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Schrodinger operator and depends on the boundary condition.

3.1 Operators associated with H 3

Let u be an eigenfunction of the operator H 3 with an eigenvalue A < 0. We have,

Hyg = —A— BV,
ﬁgu = A\u,
(—A = Nu = gVu.

We know that the operator (—A — A\)™! : L? — H? exists and bounded for A < 0.

Hence,

(A= N)"(-A=Nu=(—A—=N)""'8Vu,
u=(—A—-N)"1pVu.

One can multiply both sides by 5v/V, this leads to

BVVu = BVV(=A = N1V,
BVVu = BVV(=A = N WVEVVu,

For simplicity, let w = 8v/Vu, then we have:
w=BVV(=A - N)"VVw. (3.3)
Now, we will define operator T and A, as follows:
Ty = BVV(=A = NV : L2(RY) — L*(RY), (3.4)

Ay = VV(=A =N "WV LARY) — L2(RY). (3.5)

Lemma 3.9. u = 1 is an eigenvalue of Ty if and only if X is an eigenvalue of lf[g.

Moreover, there is a one to one correspondence between eigenspaces of T\ and Hg.



15
Namely, if u € L*(R?) is an eigenfunction oflflg then w = BV Vu is the eigenfunction
of T, and vice versa, if w is an eigenfunction of T\ with the eigenvalue y = 1, then

u=(—A =NV is the eigenfunction of Hg.

Proof. Let u € L*(R%) be an eigenfunction of H 3 corresponding to an eigenvalue .

Then equations (3.3) and (3.4) imply that w = 8v/Vu satisfies
(I — T>\> w = 0.

Let us assume now that w € L%*(R%) is an eigenfunction of T with the eigenvalue
w=1 ie,

(I = BVV(=A =2 IVVw=0. (3.6)

Then define
u=(—A—-N""VVwe L*RY),

and it follows that

(A= A—BV)u=0,

i.e, u is the eigenfunction of H 5 with the eigenvalue A\. Hence, there is one to one
correspondence between the kernel of the operator I — T and the eigenspace of the

operator H 3 corresponding to the eigenvalue \. O

Remark: Since operators T) and A, differ by a factor 3, one can use above lemma
to conclude that, u = % is an eigenvalue of A, if and only if \ is an eigenvalue of H 3,
and there is a one to one correspondence between eigenspaces of Ay and H 3. Namely,
if u € L*(R?Y) is an eigenfunction of the 1:1,3 then w = Sv/Vu is the eigenfunction of
Ay, and vice versa, if w is an eigenfunction of A, with the eigenvalue y = %, then

u=(—A — X)WV is the eigenfunction of Hg.

Lemma 3.10. T), is a compact operator in L*(Q)) that depends analytically on X when

A ¢ [0,00], i.e & (T)) exists.
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Proof. We have

Tnf = BVV(=A =N "WV T (3.7)

Operator (—A — \)7!: L*(RY) — H?*(R?) is bounded (see Lemma 2.6). Since V has
a compact support, the product Ty = V'V (=A — X\)~'/V is compact due to the
Sobolev imbedding theorem.

To prove the analyticity, it is enough to prove for the operator (—A — A\)~'. The

analyticity of (—A — \)~! is obvious if we use the Fourier transform F.

Ff

f@A—mﬂf:EFjX

A€ [0,00). (3.8)

One can apply the differentiation in A in the operator norm to the element of L?(R%)
defined by (3.8) above. Hence, T} is compact operator in L*(€2) that depends analyt-

ically on . O]

Theorem 3.11. For each A < 0, eigenvalues j1 = f1;(\) of the operator Ty are discrete

and positive, if 5 > 0.

Proof. From Lemma 2.7, it follows that:

[(=A =) — 0 as A — —oo.

)7 2y

Thus, || 73| 2(e) — 0 as A — —oc. Lemma 3.10 and the Analytic Fredholm theorem
imply that eigenvalues of T are discrete. The eigenvalues are real since T) is sym-

metric. Moreover, if w = v/Vu then

(Thu, 1) = (BVV(=A = X)) IVVu,u) = B(—A = N) " lw, w) = ﬁ/ ’f:;j)f )\df > 0.

Thus, operator T) is positive and its eigenvalues are positive. O

Let us define, po(\) = maxj,=1(Thu, u).
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Lemma 3.12. ug(\) is a continuous and increasing function of X on the semi-axis

(—00,0).

Proof. As we defined,

po(A) = ﬁa—)i(T’\u’ u).

It is easy to check that (Th,u,u) < (Th,u,u), Yu € L? by using the Fourier transform
if A\ < Xy < 0. Indeed, if w = vV then

(Thu,u) = (BVV(=A = )" )WV, u) = (=4 = N) o, w) = B/ rs:f'f v

This implies that po(A) is an increasing function of A on the semi-axis (—o0,0). Also,
the operation of taking the maximum value preserves the continuity which implies

the continuity of po(A). O
Lemma 3.13. If d = 1,2, then ug(\) — oo when A — 0~.

Proof. We know the asymptotic behavior of the operator Ty as A\ — 0~ from [2].

Now,
L [V|u]® + o(1) for d=1
Ty <{ V!
B In|A| [ V]ul* 4+ o(1) for d=2
Which concludes that 19(A\) — oo as A — 0. O

Lemma 3.14. pg(A) — 0 as A - —cc.

Proof. We will use Parseveals’s identity to proof the lemma. Here,

VVu \7_120.

(T, w) = (T, @) = (81

Hence, by using the definition of po(A) one can conclude that po(A) — 0 as A —

—00. O



CHAPTER 4 : DEPENDENCE OF .. ON THE BOUNDARY CONDITION

4.1 Spectrum of the operator Hp

Consider the following elliptic problems in 2.
Hou—pV(z)u—du=f, =€, (4.9)

where Hy = —div(a(z)V), the potential V' (z) > 0 is compactly supported and con-
tinuous, 3 >0, a(z) >0, a(x) € C*(Q), and a = 1 when |z| >> 1. We assume that
f € L*(R?) and the solutions belong to the space H?(f2) and satisfies a Dirichlet,
Neumann, or FKW-boundary condition. We consider the truncated resolvent A, of

operator Hy with the cut-off function x = /V (z):
Ay =VV(Hy— N "WV : L2(Q) = L*(Q), A< 0. (4.10)

The main question of our study is whether the discrete spectrum appears for arbitrary
small perturbations (arbitrary small 5 > 0), or § must be large enough to create
negative eigenvalues. As we defined .. in the chapter three, we defined ., as the
value of § such that operator Hz = Hy — fV(x) does not have negative eigenvalues
for § < B, and has them if § > (... Thus, we would like to know when .. = 0 and

when [, > 0 considering the Dirichlet, Neumann, and FKW boundary condition.

Lemma 4.15. There is a one-to-one correspondence between the eigenspaces of op-

erators Hg, 3> 0, and Ay, X < 0. Namely, if u € H*(Q) is an eigenfunction of Hg
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with an eigenvalue X < 0, then w = VVu is an eigenfunction of operator Ay with
the eigenvalue % Vice versa, if w € L*(Q) is an eigenfunction of Ax, X\ <0, with an
eigenvalue pu, then i1 > 0 and u = (Hy — \) " (VVw) is an eigenfunction of Hy, with

the eigenvalue \.

Proof. Let Hsu = Au. Then (Hy — N)u = fVwu and u = B(Hy — X))~} (Vu). After
multiplying both sides by v/V, we obtain w = SA,w, i.e., w is an eigenfunction of
A, with the eigenvalue 1/0.

Conversely, let Ayw = pw, A <0, i.e.,
VV(Hy — N (VVw) = pw. (4.11)

Since operator Ay, A < 0, is positive, we have p > 0. Define u = (Hy — \) "' (v/Vw).
Then u € H?, Bu|sq = 0, and (Hy — \)u = vVw. We multiply both sides of (4.11)
by vV and express vVw through w. This leads to Vu = u(Hy — Nu, ie., u is an
eigenfunction of H,,, with the eigenvalue A.

]

Theorem 4.16. The spectrum of Hg consists of the absolutely continuous part [0, 00)

and at most a finite number of negative eigenvalues.

o(Hs) = {\}U[0,00), 0<j< N, A\ <0.

—_oco 0

Figure 4.3: Spectrum of the operator Hg.

Proof. Let Qry1:= QN{|z| < R+1}, and denote by A— X : H*(Qr+1) — L*(Qr41)
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the operator that corresponds to the problem

—diva(z)Vu — BV (z)u — Au =g, = € Qry1; (4.12)

Bu’ag = O, u‘|x|:R+1 =0. (4.13)

We construct the resolvent Ry : L*(Q) — H?(2) using the following parametrix
P (almost inverse operator) for Hz — A which consists of two terms that ”invert”
operator Hz — A in a bounded part 2y of €2 and in a neighborhood of infinity,

respectively. Namely,

P:L*(Q) — H*(Q), Ph=11(A=Xo) " (o1h)+2(=A—=N)"1(poh) 1= 1 PLh+1py Py,

(4.14)
where {¢1,pa} is a partition of unity (i.e., p1(z) + w2(x) = 1 in Q) such that ¢, €
C*®, ¢1 =1 when |z| < R+1/3, ¢1 =0 when || > R+ 2/3; {1,195 € C®, ¢y =1
for x| < R+2/3, ¢y =0 for |z > R+ 1; ¢y = 1 for |x| > R+ 1/3, ¢, = 0 for
lz| < R (i.e., Y11 = 1, Yapa = ¢2); Ao < —FmaxV will be chosen later.

The Green formula implies that operator A — )\ is positive, and therefore it is
invertible. Hence P is bounded for A ¢ [0,00). We will look for the solution of the
equation (Hs — Nu = f, X\ ¢ [0,00), in the form u = Ph with some h € L*(Q).
Since ¥; = 1 and 95 = 0 in a neighborhood of 0, function Ph satisfies the boundary
condition Bu = 0 on 0f). Thus R, f = Ph if

(—diva(x)V — BV (z) — \)Ph = f € L*(Q). (4.15)

If we apply the differential operator above only to the second factors P;h in the terms

of the expression (4.14) for P, then we will get the following contribution to the
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left-hand side of (4.15):

D1[(Ao = A (A = Xo) " (1h) + @1h] + Pap2h = h+ 1 (Xo — A) P
Hence (4.15) has the form
h+Fh=f fhelL*Q), (4.16)
where
Frh = 1 (Ao—A)Prth—(divaV ) PLth—2aV 1 -V Pyh— Ay Poh—2N 19V Pyh. (4.17)

Since F)\ does not contain derivatives of the second order of P;h, it follows that F)
is a bounded operator from L?(f2) into H'(f2). Additionally, one can easily see that
the support of Fyh belongs to Qz,,. Thus, the Sobolev imbedding theorem implies
that operator Fy : L?(Q2) — L*(Q) is compact.

Obviously, operator F) is analytic in A € C\[0,00). We will show that Ay can
be chosen in such a way that ||F||z2@) < 1. Then analytic Fredholm theorem can
be applied to the operator I + F) from which it follows that operator (I + Fy)~! is

meromorphic in A € C\[0, c0), and therefore
Ry=P(I+ F)\)™', X\eC\[0,00). (4.18)

Let us justify the possibility to choose an appropriate Ag. The following parameter-

elliptic estimate is valid for v = (A — X\g) "¢

[0l m2(0n40) T VIl vl @) + oVl 22@ps0) < Cllgllzz@piy, Ao — —o0.
(4.19)

Since the supports of ¢1, 11 belong to Qryq, from (4.19) it follows that the
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norms of the second and third operators in the right-hand side of (4.17) go to zero as

Ao — —00. Since

[(=A = N)'gllgiray < Cllgllzzray/VIA, A <0,

the norms of the last two operators in the right-hand side of (4.17) go to zero as
A = Xy — —oo. The first term in the right-hand side of (4.17) vanishes as A = Ao.
Thus if —\ is large enough, then ||F),|| < 1 and (4.18) is valid.

Formula (4.18) proves that the negative poles of Ry are discrete. Since operator
Hp is bounded from below, the first statement of the theorem will be proved if one
shows that I + F) is invertible when 0 < |A| < € for some € > 0. The latter follows
from specific properties of F) at A = 0. In fact, using Lemma 1 of [18], the operator
Fy is of finite rank, i.e bounded linear operator in the e— neighbourhood of the point
A = 0. Hence, there is not an eigenvalue in the neighbourhood of A = 0, which states
the invertibility of I + F).

O

The truncated resolvent Ry is defined by Ry = yRax where y = V(z) and
Ry = P([ + F)\)_l, AE C\[O, OO)

Theorem 4.17. The truncated resolvent }A%)\ admits a meromorphic continuation
through the continuous spectrum. If d is odd, then the continuation is a meromorphic
function in the complex plane k = V/X\; if d is even, then it is meromorphic in k € C

with a logarithmic branching point at k = 0.

Proof. From (4.18) it follows that
Ry =xP(I+F\) ', XeC\0,o00). (4.20)

Let x1(2) € Ceom(Q) be a cut-off function which is equal to one on Qg and on the
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support of y. Since F)\h = 0 outside of Qg 1, we have x; F\ = F). If we also take into
account that h = x;h for the solutions h of (4.16) with xf in the right-hand side,
then we get that (I + F\)"'xf = xa({ + x1F\x1) 'xf. Thus, (4.20) can be rewritten
in the form

]/i;)\ = xPx1(I +x1Fxx1)'x, A€ C\[0,00). (4.21)

Formula (4.21) allows one to extend R, through the continuous spectrum. Indeed,
the integral kernel of the operator (—A — X)~! : L*(R%) — H?*(R%), ImV/A > 0, is
a Bessel function which is decaying at infinity and which grows exponentially at
infinity if & = v/ is extended into the lower half plane. After the truncation, the
kernel becomes bounded uniformly with respect to space variables and analytic in k,
so that the following statement is valid: for any cut-off functions x (1, x(2) € Crom(RY),

the truncated resolvent
R%: = xy(—=A = Ny : L*(RY) — H2(R?)

admits the analytic continuation into the lower half plane Imk < 0 with the properties:
RY, = YW if 4 is odd, RY, = N(k)Ink + M(k) if d is even. Here N(k), M(k) are
entire operator functions, N(0) is a one-dimensional operator when d = 1,2, and
N(0) =0 when d > 3 (thus Hﬁgg || is bounded when |k| and | arg k| are bounded and
d>3.)

From (4.14) and (4.17) it follows that operators xPx1 and x; Fyx: have the same
analytic properties with respect to variable k as operator ﬁgg has. Further, we note
that the proof of the compactness of F\ and the proof of the estimate ||F),| <
1, —=Xo > 1, remain valid for analytic continuation of xiF2x1, & € C\{0} (one

need first to check the latter statements when x; € Co (), x1 =11in Q,, p > 1;

then these statements are obviously valid for continuous y; with the support in €,.)

Therefore, the analytic Fredholm theorem can be applied to operator I+ x1Fj2x1,k €
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C\{0}. Hence (4.21) implies the second statement of the theorem O

4.2 Dirichlet problem

Consider the Dirichlet problem in an exterior domain 2 C R¢.

Hg—Xu=f, x€Q, ulgo =0, A <O. (4.22)

We know from equation (4.10) the truncated resolvent operator A, is defined by

Ay =VV(Hy— N "WV L¥(Q) — L*(Q), A< 0.

It will be shown that the choice .. > 0 or S.. = 0 depends on whether the trun-
cated resolvent Agp- is bounded or goes to infinity when A — 0. In fact, (. will
be expressed through ||A,||. Note that operator Hs — A decays when A grows, and

therefore ||A,|| is monotone in A and the limit limy_,o- [1/||A||] exists.

Theorem 4.18. (.. = 1/||Ag-||

Proof. The operator (Hy — \)™' @ L?(Q2) — H?*(Q), A < 0, (where H?(Q2) is the
Sobolev space) is bounded and the potential V' has a compact support. Hence,
Sobolev’s imbedding theorem implies that operator (4.10) is compact. Since operator
Ay, A <0, is positive, depends continuously on A, and increases when \ increases, its
principal (largest) eigenvalue po(\), A < 0, is a positive, continuous, and monotoni-
cally increasing function of \. Let p* = limy - u(A) = ||Ao-||. Obviously, ||Ax|| — 0
as A — —oo. Thus, the range of the function po(\), —oo < A < 0, is (0, u*). Hence,
for each p € (0, 1), there is a A = A\ < 0 such that jy(Ao) = i, and therefore H,,
has the eigenvalue A = Ay due to Lemma 4.15. Since 1/u € (1/u*, 00), operator Hg

has at least one negative eigenvalue when 5 > 1/p*.
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Figure 4.4: Graph of eigenvalues of j1;(\).

Since Ay, A < 0, can not have eigenvalues larger than p*, Lemma 4.15 implies
that Hg does not have eigenvalues A < 0 if § < 1/p*. It concludes that ., = 1/p* =
1/ Ao-|I- 0

Theorem 4.19. Let d = 1 or 2. Then ||Ap-|| < oo and Be > 0 in the case of the

Dirichlet boundary condition.
In order to prove Theorem 4.19, we will need the following lemma.

Lemma 4.20. Let w C R? be a bounded domain with a Lipschitz boundary. Let H
be a non-zero closed subspace of Sobolev space H'(w) that does not contain non-zero

constant functions. Then there exists a constant C' > 0 that depends on w such that

lull2 < C||Vull2, ue H. (4.23)

Proof. Assume that (4.23) is not true. Then there is a sequence v, € H, n € N,

such that ||v,||zz > n||Vv,|| 2. Define u,, = ot~ Then Juall = 1 and [|[Vu,|r2 < 2,
nllL

i.e., {u,} is a bounded sequence in H!(w). Since the imbedding H'(w) C L*(w) is

compact, there exists a subsequence of {u, } that converges in L?(w). Without loss of

generality we can assume that {u, } converges in L?(w) asn — oo. Since ||Vu,|/zz — 0
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as n — 00, the sequence {u,} converges in H'(w). The limiting function u belongs
to H since u, € H and H is a closed subspace of H'(w). Relation ||Vu,||z: — 0 as
n — oo implies that u is a constant. This constant must be zero since H does not
contain non-zero constant functions. The latter contradicts the fact that ||u,|| 2 = 1.
Hence, our assumption is wrong. O

Proof of Theorem 4.19. Consider first the case of the Dirichlet boundary
condition. We would like to show that ||A,|| < C' < oo, A — 0. From (4.10) it
follows that Ay f = v/Vu, where u = (Hy — \) "V f, i.e., (Hy — Nu = vV f. From

the Green formula it follows that
/(a(x)|Vu|2 —NuY)dz = | VV fudz.
Q Qg
Hence,
/ \Vul?dz < / WV fuldz, X< 0.
Q Qr
Lemma 4.20 implies that, for A < 0

1 2
/ |ul*de < c/ \Vul?dz < c/ WV fulde < —/ |u|*dx + “ WV fda.

Thus
[l 2@n) < CIVV Fllrzn < Cill flrz@n, A <0,

and

ANl 220y = IVV Ul r2ip) < Collflliz@), A <0,

Hence, ||A\|| < C, A = 07, and Theorem 4.18 implies that S.. > 0.
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4.3 Neumann problem

Consider the Neumann problem in an exterior domain Q C R
ou
H/g—)\U:f, x €, %‘QQZO, A <0. (4.24)

From Theorem 4.18 it follows that the proof of Theorem 4.21 will be complete if we
show that [|A,|| — oo when A — 0~. We will focus only on the case d = 2 since
one-dimensional case can be studied similarly or independent simpler proof can be

given.

Theorem 4.21. Letd =1 or2. Then .. = 0 in the cases of the Neumann boundary

condition.

Proof. Denote Ryo = (Hy — A\)~!, where the sub-index zero indicates that 8 = 0.
Consider

]3%0 = xRy ox with x € C’(‘)’O(ﬁ).

An asymptotic expansion of this operator as A — 0 was obtained in [17], [19] in a
more general setting than here (for operators Hy of higher order). In particular, the

following result is valid:

Rao =m(P+QM), QN Fllazen < CIA I fllz2@u), A— 07, (4.25)

where Ry : L*(Qz) — H2(Q) is a non-zero bounded operator, vy = |A|*/2/In A]?,
and ( are integers.

It will be convenient for us to consider the truncated resolvent R\A,O with a non-
smooth function x which is the indicator of the domain g1, i.e., x = 1in Qg 1, x =
0 for |z| > R+ 1. Expansion (4.25) was proved in [17], [19] for this x, and below we

assume that x is the indicator of the domain Qg ;.
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Let us show that vy — oo as A — 0. Let

u= (@) Ko(v/lal) = (1 = () In /], (4.26)

where K is the modified Bessel function (it can be expressed through the Hankel
function: Koy(r) = %Hél)(ir)), and ¢ € C, ¢(z) =1 when |z]| > R+ 1, ¢(z) =0
when |z| < R. Since operator Hy coincides with —A when ¢ # 1, it follows that

Hou = f, A <0, where

f = =Dp(@)Ko(V/|M[z]) = 2V(x) - VEo(v/[Al]) = In v/[A[Ho(1 = p(x)). (4.27)

Function u decays exponentially at infinity. Thus u = Ryof, A < 0. Support of f
belongs to the layer R < |z| < R+ 3, and x = 1 there. Thus u = Ryo(xf), A < 0.
Since Ko(/|M|z]) = — In v A+v, where v € C? uniformly in A when |z| > R, A — 0™,
the terms with Iny/|)\[ are canceled in (4.27), and this implies that || f|| < C, A — 0~.
On the other hand, from (4.26) it follows that « = —In /[A] when |z| < R. Hence
[Raofll = lIxull ~ =In/[A[, A = 07, i.e., operator || Ryl is unbounded as A — 0.
This fact does not prove yet that A, is unbounded, but it proves that vy, — oo as
A — 0. Since x = 1 when |z| < R, we have A\h = VV Ry o(vV/Vh). Thus (4.25) will
follow that ||A,|| — oo as A — 0~ if we show that vV PV # 0.

The Green function R, o(z,§), A < 0, of operator Hy (with the Neumann bound-
ary condition) is defined uniquely (due to the decay of the Green function at infinity).
It coincides with the integral kernel of operator Ry . Since Ryo(x,&) > 0, A < 0,
and symmetric, from (4.25) it follows that the same properties hold for the integral
kernel P(z,£) of operator P: P(x,&) > 0, P(z,§) = P(&, z).

Since xy = 1 when |z| < R+ 1, from (4.25) it follows that

Ho(Ph+ Q(M\h) = vy 'HoRyo(xh) = xh, for |[z| < R+ 1 and any h € L*(Q).
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We pass to the limit as A — 0~ and obtain that HyPh = 0, |z| < R+1. Let h € L*(Q)

be a function with the support in gz, and such that A > 0, and u := Ph # 0 (recall
that P(x,£) > 0 and P is a non-zero operator). The uniqueness of the solutions of
the Cauchy problem for elliptic equations of the second order implies that v can not

vanish identically on an open set in {2g,1. Since u > 0 it follows that
QRr41

Consider now function w(¢) = [, P(z,£)VV (2)dz. The relation above implies that
w # 0. Due to the symmetry of the P(x,§), function w satisfies the equation Hyw =

0, |¢] < R, and therefore, it cant vanish on an open set. Since w > 0, it follows that

[ w(@VV(€)de > 0, e,
/Q/Q\/v(@P(fﬂ,f)\/V(&)dg > 0.

Hence vV PV/V is a non-zero operator, and ||A,|| — 0o as A — 0~. This complete
the proof of the theorem.

For the convenience of readers, we will provide another proof of this statement.
Consider now operator (4.24) with the Neumann boundary condition in dimensions
d =1 and 2. It was shown in [2] that the Schrédinger operator H = ¢A — GV in
R d=1,2, with arbitrary constants ¢, 8 > 0 has negative eigenvalues. Let 1 be its

eigenfunction with an eigenvalue A < 0. Then

< Hipp >= / (VP — BVIYP)dr = Al < 0.

Rd

We choose ¢ = maxa(x). Since the support of V belongs to Q, we have

< Hyt >= [ (@90 = 8VIoR)ds < [ (@90 = pVIvR)e <o.
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Thus Hg, with an arbitrary § > 0, has negative eigenvalues. Hence f. = 0 (and,

therefore, ||Ap-|| = 00.) O



CHAPTER 5: FKW EXTERIOR BOUNDARY PROBLEM

In this chapter, we will study an exterior boundary problems with the FKW condition

of the form,

—div(a(z)Vu) — BV (x)u —du=f, 2€QCRY: ulpg = a, ., (9_nd'u =0,

(5.28)
with f € H*(Q) and u € H***(Q), where s > [2]. This FKW condition appears
in the description of the diffusion process in €2 that is a limit, as A — oo, of the
process in R¢ with a large drift A?(I) - Vu in R4\, where the vector field Fis
directed to an interior point of R4\, and the time spent by the process outside of
is not taken into account. For simplicity, we will assume in the last section that 0f)
and a(z) are infinitely smooth. The results below can be easily extended to a more
general situation (which is considered in [8], [9]) when R4\Q is a union of several
non-intersecting domains, and FKW conditions (with different «, 1) are imposed on
the boundaries of these domains.

We will prove that the spectrum of problem (5.28) consists of the continuous
component [0,00) and a discrete set of eigenvalues with the only possible limiting
point at infinity. It will be shown that [|Ay-|| < oo for problem (5.28) if d > 3
and ||Ap-|| = oo if d = 2. Problem (5.28) is not symmetric and may have complex
eigenvalues. Moreover, eigenvalues can be imbedded into the continuous spectrum
(compare with [10]). If u is the Lebesgue measure on the boundary, then the problem

is symmetric and may have only real eigenvalues A < 0. In the latter case, Theorem
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4.18 and its proof remain valid, and therefore .. > 0 for problem (5.28) when d > 2,

Ber = 0 when d = 1 or 2. The last restriction and the Sobolev imbedding theorem
imply the inclusion u € C*(€2), which makes the last condition in (5.28) meaningful.

We will use the same notation H, for the operator related to problem (5.28):
Hy : HP2(Q) — H5(Q),

where the domain of Hy consists of functions u € H*™2(Q) satisfying the last two
conditions in (5.28). Obviously, [0,00) belongs to the continuous spectrum of Hz =
Hy — BV (x) since one can use the same Weyl sequence for operator Hg — A\, A > 0,
as the one in the case of the Dirichlet or Neumann boundary conditions. To study
the spectrum outside of [0,00) (and eigenvalues on [0,00) ), consider the resolvent

Ry = (Hg — A\)~! and the truncated resolvent Ry = x(z)Ryx(z), where x € C&°.

Theorem 5.22. 1) The resolvent Ry is meromorphic in A € C\[0,00). Its poles have
finite orders and do not have limiting points except, possibly, at infinity.

2) If k = VA, Imk > 0, then the truncated resolvent ﬁkz, Imk > 0, has a mero-
morphic continuation to the whole complex k-plane when d is odd or to the Riemann
surface of Ink when d is even. The poles in the regions |argk| < C' may have a
limiting point only at infinity.

3) The truncated resolvent Ryz has a pole at a real k # 0 (with argk = 0 or ) if
and only if the homogeneous problem (5.28) has a non-trivial solution satisfying the

radiation condition:

0 .
lu| < Cr=@=1/2 |6_u —iku| < Or=@D2ghkr e — 12| 5 o0
r

Remarks. 1) The first statement implies that the spectrum of Hg outside of
[0,00) consists of a discrete set of eigenvalues of finite multiplicity with the only

possible limiting point at infinity. While the last statement of the theorem indicates
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the possibility of the existence of spectral singularises on the continuous spectrum, see
[10], operator Hg does not have eigenvalues imbedded into the continuous spectrum.
The latter follows from the arguments used in [16, Theorem 3.3].

2) The FKW problem has a non-local boundary condition, and therefore it is
not elliptic. It is also non-symmetric, unless g in (5.28) is the Lebesgue measure.
Theorem 5.22 is known [19] for general (non-symmetric) exterior elliptic problems
with fast stabilizing at infinity coefficients (see also [20]). There is a wide literature
concerning estimates on eigenvalues of non-symmetric elliptic problems, see for ex-
ample [4, 7, 1, 11, 21, 5, 6] and references therein. In particular, [21] contains the
proof of the finiteness of the number of eigenvalues for the Schrodinger operators with
complex potentials in R? under certain assumptions on the potential with a minimal
requirement on the decay rate at infinity. Note that a similar result is not valid for
exterior problems with fast decaying potentials, where the number of eigenvalues can
be infinite even in the one-dimensional case [14].

Proof of Theorem 5.22. As we mentioned above, the statement of the theorem
is well known [19] for the resolvent R, p (and the truncated resolvent EA, p) of the
problem with the Dirichlet boundary condition (as well as for other elliptic boundary

conditions). In particular, from [19] it follows that the problem
—div(a(x)Vv)=pV(z)v—Iv =f, 2€QCR% wvlpga=1, IeC\[0,00), (5.29)

with f € H*(Qeom) has a meromprphic in A solution v € H*™2(Q), and x(x)v has
a meromorphic continuation in k& = v/\ with the properties described in the second
statement of the theorem above. These properties of v follow immediately from the
properties of ﬁ,\,D after the substitution v = ¢ + w, where ¢ € C§°, ¢ = 1 in a

neighborhood of 92, and w is the solution of the corresponding Dirichlet problem.
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Let us look for the solution u € H*™2(Q) of (5.28) in the form

u=av+ Rypf, A€ C\[0,00). (5.30)
Obviously, u satisfies (5.28) if and only if

a= =N, where 0H = [ L Rupfdu n) = [ Tl
(5.31)
From the analytic properties of v it follows that ; is meromorphic in A € C\[0, c0) and
admits a meromorphic continuation to the whole complex k-plane if d is odd or to the
Riemann surface of In k if d is even. When X € C\ [0, c0), function v decays at infinity.
If A < —fmaxV(z), then the maximum principle is valid for solutions of (5.29), v
achieves its maximum value at all the points of the boundary, and therefore, g—:’l >0
on dQ. Thus v(A) > 0 when A < —fmaxV(z). Hence 7;(\) # 0, and therefore
77 1 (A) is meromorphic in the complex k-plane if d is odd or on the Riemann surface
of In k if d is even. Moreover, from the asymptotics of }A%,\7 p as A — 0 [19, Theorem 10]
it follows that the origin is not a limiting point for zeroes of 7; '()\) located in a region
|arg k| < C. Thus, the poles of 7;*(\) in this region may converge only to infinity,
and therefore the first two statements of Theorem 5.22 follow from (5.30), (5.31), and
the validity of these statements for Ry p. The last statement of the theorem can be
proved in the same way as a similar statement for fi,\ p was proved in [17].
O

Denote by A, the operator R, for problem (5.28) with # =0 and x = VV, i.e.,
Ay =VV(2)(Hy — N "WV (2) : H(Q) — H*(Q), (5.32)

where Hj is defined by (5.28).
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Lemma 5.23. The following relations are valid for operator (5.32):

AN < C <o as A— 0 if d > 3; /\lim |AN|| =00 if d=2.
—0~

Proof. Below we assume that § = 0.

Let d > 3. For each p < oo, Q, = Q|z] < p, and A\ — 07, the solution
v e HP(Q) of (5.29) converges in H*t%(Q,) to a decaying at infinity solution of the
same equation with 5 = A = 0. Hence, the arguments used in the proof of Theorem
5.22 to show that 71 (A) > 0 for A\ < —fmax V (x) remain valid when § =0, A =0",
i.e., 71(07) > 0. Hence, the first statement of the lemma follows immediately from
(5.30), (5.31), and the boundedness of §A7D as A — 0.

If d =1 or 2, then v converges in each H*™({2,) to a constant (equal to one) as
A — 07, and therefore 7;(07) = 0. Thus the second statement of the lemma will

follow from (5.30), (5.31) if we show the existence of f € H*® such that
07, f)>¢>0 and |Ro-pf| < oo. (5.33)

To construct such an f, we consider an arbitrary v € H*™?(Q,,) with a compact

support and such that u|sq = 0, %’ag = 1. We have
Hou—Au= f—Xu, where f=—div(a(x)Vu) € H*(Qeom )

One can assume that the cut-off function x in the definition of }A%,\, p 1s chosen in such
a way that y = 1 on the support of u. Then I%A,Df =u— )\}A%)\7Du. If d =1,2, then
||}A%,\7Du||L2 < C <00, A = 07, due to Theorem 4.21. From a priori estimates for

elliptic equations, it follows that the same estimate holds in the space H**2. Hence

| Rapf — ul

gs+2 — 0 as A = 07, and this implies (5.33).
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As we mentioned earlier, Theorem 4.18 remains valid for symmetric FKW prob-

lems. Thus Lemma 5.23 implies the following statement.

Theorem 5.24. If i is the Lebesgue measure on the boundary in FKW problem, then

Ber = 0 in dimensions one and two and Be.. > 0 if d > 3.
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CHAPTER 6: POTENTIALS WITH THE SUPPORTS NEAR THE BOUNDARY

This chapter is devoted to the dependence of .. on the distance between the support
of the potential and the boundary of the domain. In fact, it is obvious that moving
the support of the potential to the boundary does not affect ., essentially, but we
will shrink the size of the support, increase the height of the potential appropriately,

and move the potential toward to the boundary.

Figure 6.5: Potentials with the supports near the boundary.

It will be shown that this process, in the case of the Dirichlet boundary condition,
will imply the blowing up of f,.. in dimension d = 1. In dimension two (and the
Dirichlet boundary condition), the behavior of .. depends on the relation between
the rates of the shrinking of the support of the potential and the rate of its motion to
the boundary. We do not consider the Neumann boundary condition when d = 1 or 2
since (., is always zero in this case. We will show that [, is not very sensitive to the

location of the support of the potential for both Dirichlet and Neumann problems if
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d>3.

For the sake of the transparency, we will assume that a(x) = 1, i.e., problem
Hou — BV (z)u = Au, x € Q, (6.34)
will be in the form
—Au— BV (x)u=Xu, 2€QCRY wulga=0; >0, n— oco. (6.35)

We will consider the potential V;, of the form V,,(z) = hqa(n)W ((z — z(n))n), where
W € Cy(RY), W > 0, the support of W belongs to the unit ball, x(n) — x4 € 9Q
as n — 00, the support of V,,(z) belongs to 2, and hg(n) will be chosen in the next
paragraph.

Let d > 3, so that £, > 0. In order to study the dependence of (.. on the
location of the potential, we consider the problem in the whole space R?, assume that
x(n) = 0, and choose hq(n) in such a way that (.. does not depend on n. This value
of hg(n) will be used in (6.35) to study the dependence of (.. on the location of the
potential. We will proceed similarly when d = 1,2. By Theorem 4.18, hy(n), with
d > 3, must be chosen in such a way that the norm of the operator Ay- = Ay-(n)

with the integral kernel

Ao-(z,y,n) =/ de(am)‘x_CW V haW (yn)

(where ¢4 is a constant) does not depend on n. The substitution zn = 2/, yn = ¢/

implies that hg(n) = n?, d > 3. Indeed, this substitution immediately implies that if

u(z) is an eigenfunction of the operator Ag-(n) with an eigenvalue A(n), then u(x’/n)
hg(1)n? i\

is an eigenfunction of the operator Ag-(1) with the eigenvalue A(1) = SOR (n).

The converse relation is also valid. Hence, the choice hy(n) = n? d > 3, implies that
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| Ao- (n)|| does not depend on n.

A small change is needed in dimensions one and two. We can’t consider the
operator Agp-(n) in the whole space for small dimensions (the operator is not defined),
but we can consider a similar operator for the Dirichlet problem in €. Its integral
kernel is bounded when d = 1 and has the singularity % In ﬁ if d = 2. The same
substitution implies that hy(n) = n, he(n) = % The norm of Ayp-(n) depends on n
in this case, but approaches a constant as n — oo.

For transparency, we will not study (.. in the general setting, but focus our

attention on the case when 02 contains a flat part I', xy is an interior point of T,

and z(n) moves toward x, in the direction perpendicular to T

x(n)

Figure 6.6: Flat part of the boundary.

Theorem 6.25. If d = 1, then B (for operator (6.35)) goes to infinity as n — oo.
The same is true if d = 2 and |x(n) — x| < C/n, n — oo. Ifd =2 and |z(n) —xo| —
0, |x(n) — x| > C/n°, n — oo, with some & € (0,1), then B remains bounded as
n — oo. If d > 3, then (.. remains bounded as n — oo for both the Dirichlet and

Neumann boundary conditions.

Remarks. The arguments in the proof allow one to estimate the rate with which
Ber tends to infinity. This rate depends on the rate of the convergence of z(n) to z.
Proof. Let d = 1. Since the exterior of an interval is a union of two half-lines,

it is enough to prove the statement for the Dirichlet problem on (0,00). The Green
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function G for the operator

Hou=—-u"—X, >0, u(0)=0 X<0,

e—klo—€| _g—klztg|

has the form G, = —r , ,& > 0, k = +/|\, and its limiting value as
A — 07 is |z + & — | — £|. Hence, the operator Ay-(n) defined by (4.10) has the

integral kernel

Ag-(w,&,n) = ny/W((z — z(n))n)(jx + €] — |z — )V W((E — z(n))n), z,£>0.

Since |z —z(n)[+[{—z(n)| < £ on the support of Ay-(z,{,n), and z(n) — 0, n — oo,

there exists a(n) such that a(n) — 0, n — oo, and
[z +&] = |z =& < an)

on the support of Ag-(x,&,n). Then one can easily see that

1/2

| Ao-(n)|| < [/000 /000 Aé(az‘,ﬁ,n)dmdﬁ < C a(n) =0, n — oo,

and the statement of Theorem 6.25 for d = 1 follows from Theorem 4.18.
Let us consider the case d > 3. Without loss of generality, we can assume that
I' is a part of the hyperplane x1 = 0, xy = 0, and there exists a ball B, of radius &

centered at the origin such that its right half BF, where z; > 0, belongs to 2, and

g

the other half does not contain points of €2. Hence z(n) moves to the origin along

the positive xj-semi-axis as n — 0o. Let F(z) = MC% be a fundamental solution of

—A. For &£ € B., denote by &* the point symmetrical to & with respect to the plane

ZE1:0.

Lemma 6.26. The Green function G = Gx(x,&) of the Dirichlet (Neumann) problem
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in Q for the operator —A has the form Gy = E(x — &) F E(x — &) + F(z,£), where

F' is uniformly bounded when x € Q, § € B, /s.

Remark. Additional smoothness of 02 is needed to prove this statement in
the case of the Neumann boundary condition. For example, one can assume that
o0 e C**.

Proof. In the case of the Dirichlet problem, F' is the solution of the homogeneous

equation AF = 0 with the boundary condition
F=E@x—-¢)-E@x—-¢), x€dQ, {€ B

Since F|pq is bounded uniformly in § € B.j2, the maximum principle implies that

|F| < C. In the case of the Neumann boundary condition, the normal derivative of

F on the boundary belongs to C1* (if 9Q € C**). From local a priori estimates

for elliptic equations, it follows that F|sn € C, and the maximum principle can be
applied again.

O

In order to prove the theorem in the case d > 3, it is enough to show that

[ Ag-(n)|| > ¢ > 0 when n — oo (see Theorem 4.18). Let F' be the operator in L2()

with the integral kernel

F(2,6) = /n?W(( — 2(n))n) F(a, £)/n?W(( - x(n))n),

where F is defined in lemma above. The support of \/n2W ((¢ — z(n))n) belongs to

B, /> when n is large enough, and therefore Lemma 6.26 and the substitution

r—z(n)=y/n, £ —x(n)=0c/n (6.36)
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imply that

//ﬁQ(x,g)dxd§§g—>0, n — 0o.
QJa n

~

Hence, ||]/7\|| — 0, n — o0, and it remains to show that the norm of the operators E

in L?(Q2) with the integral kernel

can® /W ((z — z(n))n)llz — 7 F | — € P)VW((§ — z(n))n)

is bounded from below when n — co. One can consider these operators in L?(R%), R% =
{z : 1 > 0} instead of L*(Q) since the integral kernel vanishes if x or £ are not in
B:/2 and n is large enough. The norm remains the same after substitution (6.36)
(since the principal eigenvalues are the same). Hence, it is enough to show that the

norm of the integral operator G in L*(R%) with the integral kernel

caVWylly — o~ Fly — " + 2nz(n) /W (o)

is bounded from below when n — oo.
Consider an arbitrary ball B € Rff_ such that its distance from the origin is positive
and W (z) > a > 0 when « € B. There exists p > 0 such that |y — o* + 2nz(n)[*~¢ <

(1—=p)ly — o>, y,0 € B, ie,

0‘2—(1 0_’2—d‘

ly — Fly—o* +2nz(n)>* > ply —

Hence |G+ is not smaller than the norm of the operator in L?(B) with the integral
kernel cjaply — o|*~¢, which does not depend on n. This completes the proof of the
theorem in the case of d > 3.

The Dirichlet problem when d = 2 is treated absolutely similarly to the case d > 3.
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The only difference is that operator G_ now has the following integral kernel:

S m = 2l s (6.37)

27rlnn ly — o

If n|z(n)| < C, then operator G_ converges strongly to zero as n — oco. Hence, Ag-(n)
has the same property, and 3.. — 0 due to Theorem 4.18. If |z(n)| > Cn=%, 0 <
d < 1, then we write the logarithm of the quotient in (6.37) as the difference of the
logarithms and represent the operator G_as G_ = GG; — GG3. Obviously, G5 converges
strongly to zero as n — oo, and GG_ is bounded from below for large n by the operator

with the kernel

In |2nz(n |\/—\/—

2w lnn

NN

Hence, ||Aop-(n)|| is bounded from below as n — oo, and .. is bounded. O
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