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ABSTRACT
MAORONG RAO. HIGH CONFIDENCE SET REGULARIZATION IN SPARSE
HIGH DIMENSIONAL LOGISTIC REGRESSION WITH MEASUREMENT
ERROR. (Under the direction of DR. JANCHENG JIANG)

The complex nature of high dimensional data diminishes the efficacy of the clas-
sical statistics inference. Regularization technique has been actively developed in
response to revolution inference.

[, based regularization such as Lasso [13] and Dantizg Selector [5] succeed in two
aspects. First, the inherent sparsity of /; accords with the underlying nature of high
dimensional data; second, the convexity essence paves the way to computational
feasibility in high dimension. Based on the idea provided by Dantzig Selector [5],
James, G. M. and P. Radchenko developed an algorithm [33] to solve Dantzig Se-
lector for generalized linear model. Fan [8] abstracted this framework to the set of
convex loss function as High Confidence Set. To fill the gap of theoretical support
within this framework, we derive non-asymptotic error bound in aspects to predic-
tion error and parameter error with logistic loss function. We termed this classifier
as High Confidence Set Selector (HCS). An implicit assumption of high confidence
set selector is that the data is collected precisely. However, the data is unavoid-
able to process with measurement error in reality. In response to this challenge,
we introduce a new methodology abbreviated as MHCS, which accounts for mea-
surement error. We derive the non-asymptotic error bound in aspects to prediction
error and parameter error in theoretical study:.

Our simulation study shows MHCS performs better than other competing clas-
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sifiers especially when measurement error aggravates, which provides numerical
support to our theory. Ascribe to embedded linearity instinct, HCS and MHCS are
versatile to connect with various state of art technique such as word vectors, deep
network, transfer learning, etc. We demonstrate the cutting-edge applications in

two real examples.
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CHAPTER 1: INTRODUCTION

“High dimensional data are nowadays rule rather than exception.” [4]

In high dimensional setting, the dimension d is larger than sample size n, some-
times even growing faster as the sample size increases. For example, in many con-
temporary applications, microarray data is collected with thousands in dimension,
while the sample size n is typically in the order of tens. “The central conflict in high
dimensional setup is that the model complexity is not supported by limited access
to data.” Fan points out the essential challenge in high dimensional statistics [8]. In
other words, the “variance” of conventional models is high in such new settings,
and even simple models such as LDA need to be regularized.

In the situation that the number of parameters is larger than the sample size,
un-regularized empirical risk minimization approach would select a model with
perfect performance in training simply by memorizing the training sample rather
than generalize the trend of signal from population. In other words, it may severely
fail to predict the unseen data.

In order to develop statistical inference with reasonable accuracy or asymptotic
consistency in high dimension setting, it is crucial to pare down the high degree of
complexity to its bare essentials.

A natural underlying form of simplicity in high dimension is sparsity, we hope

that the nature of the world is not so complex as it appears. “It’s possible to develop



high dimensional statistical inference, if log(p) x (sparsity(5)) << n.”[4]

We refer to Hastie et al. [13] and Buhlmann et al. [4] for overviews of statistical
challenges associated with high dimensionality.

In addition to the embedded simplicity, the other principle in high dimension
statistics is efficiency in algorithm.

l1 based regularization such as Lasso [13] and Dantizg Selector [5] succeed in two
aspects. First, the inherent sparsity of /; accords with the underlying nature of high
dimensional data; second, the convexity essence paves the way to computational
teasibility in high dimension.

Fan[8] introduces a [; regularization framework in high dimension statistics. The
fundamental idea is selecting the member with smallest /; norm in a set which
carries the information of data, termed as high confidence set. We elaborate the
main idea as follows:

Assume a random sample from the population (X,Y") is collected in the form
(X1, Y1),..., (X, Y,), the convex loss function ps(X,Y') has the form ps(X,Y) =
p(XTB.Y).

B* € R?is the target parameter which minimizes the expected loss Ep(X73,Y),
that is:

B* = argmin Ep(X*5,Y)
BER?

Our target is to find an estimate 3* through empirical risk minimization.

Denote the empirical loss as

Lup(B) = %ZP(XM,Y;);
i=1
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and the gradient with respect to 5 as VgL, p(3), the high confidence set is con-
structed as follow:

Ox={B € R [VLp(B)ll < A},

where the tuning parameter ) is chosen related to the confidence level, viz.
Pr(p* € Cy) = Pr{||[VL.p(B)|l < A} >1—6;

The high confidence set C inherits the information about 8* from sample data.
In addition, as we discuss before, if we impose the sparsity assumption on the un-
derlying parameter 3*, a natural solution is selecting the sparsest solution in the

high confidence set, viz.

f = argmin ||5]|;.
BeCx

With this generalized framework, several works can be considered as examples of
the high confidence set selection with specific loss measure. For instance, Dantzig
Selector [5] can be viewed as high confidence set estimation for linear regression
with quadraticloss; Cai and Liu [6] propose Linear Programming Discriminant rule
(LPD) for two Multi-Gaussian distributed data, which apply the high confidence
set selection approach maximum likelihood of Bayes rule. Barut [2] extends LPD
to measurement error scenario.

Inspired by this idea, we apply this method to regularize high dimensional lo-
gistic regression. We term this method as High Confidence Set Selector (HCS).

An implicit assumption of HCS is that the data is collected precisely. However, in

reality, the collection process is unavoidable to produce noise and missing value. In
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many real applications, such as image recognition, text mining and speech recog-
nition, most problems are subject to measurement error.

There are various studies concerns on correction of measurement error. Within
the context of estimate distribution of measurement error, estimators proposed in
studies Liang and Li [34], Loh and Wainwright [35], Ma and Li [36], Rosenbaum and
Tsybakov [41] yield sound asymptotic results by approaching maximum likelihood.

However, under a high dimensional setting, the distribution of measurement er-
ror is too complex to capture. Methods proposed in Rosenbaum and Tsybakov [40],
Zhu, Leus and Giannakis [42], Chen and Caramanis[32] account for measurement
error without requiring estimation of its distribution, standing out in practical ap-
plication in high dimensional setting.

Inspired by the model proposed in Rosenbaum and Tsybakov [40], where an
additional reguralization parameter is introduced to capture additive measurement
error in linear regression, we derive classifier accounts for measurement error in
generalized linear model with logistic loss. We name this classifier Modified High
Confidence Set Selector (MHCS).

The remaining contents of this paper are laid out as follows: In Chapter 2, we
introduce the model setup of High Confidence Set Selector (HCS) and derive its
non-asymptotic error bounds in aspects to prediction error and parameter error
with logistic loss function. In Chapter 3, we introduce the Modified High Con-
fidence Set Selector (MHCS) which accounts for measurement error. We derive
the non-asymptotic error bound in aspects to prediction error and parameter error

in theoretical study as well. In Chapter 4, we eleborate our implementation algo-
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rithm and simulation experiment. The result shows MHCS performs better than
other competing classifiers especially when measurement error aggravates, which
provides numerical support to our theory derived in Chapter 3. In Chapter 5, we
demonstrate how our methods connect to some cutting-edge techniques in senti-

ment analysis and image recognition.



CHAPTER 2: HIGH CONFIDENCE SET SELECTOR

2.1  Model Setup and Methodology

Consider a measurable space M = X x ), where Y = {0, 1}, and (z;, y;)}-; € M
is a set of n i.i.d. random pairs of observations; ¢(-) is a set of bounded real value
functions ¢ = (¢1,...,¢4), ||¢(-)]l« < Mgy [15], which maps original features from
XtoZeR,eg,¢: X - ZeR

Defined the parametric space 2 : (f,¢), for a given ¢, let Z = ¢(X), then the
generalized logistic regression model defined in parametric space €2 : (f, ¢) can be
modeled as:

< Z
Pr(Y =1|Z) = 1—6}%;—];7‘()2)’

where f : Z — R, is the log odds ratio, i.e.,

Pr(Y =1|2)

f(Z) =log m,

Denote p; as the loss function of generalized logistic regression given Z = ¢(X),

then,
pr(Z,Y) =Y (Z)~log {1 +exp f(2)}:

denote the corresponding empirical loss as L, then,

n

Lupy =+ 3 { Vif(Z) ~log [1+exp f (2)] }.

i=1



The expected risk L py is the expectation of loss given f, which holds

Lps=E(ps)=E(Lnpy)
Given Z = ¢(X), denote f; as the best parameter in 2 which minimizes L py, e.g.:
fo =argmin L py.
e
For a set of given ¢, consider the linear subspace Q3(¢, f5) C Q(¢, f), such that:
fs(2)=p5"Z
Correspondingly, in this linear subspace, the loss function is
pp(Z2,Y) =Y Z —log[1+exp(577)];

and the empirical loss is
n 1 n

S s(zY) = > { Vs Z —1og[1+exp (572)] .

=1 =1

Lups(Z,Y) =

S|

Denote the expected loss as L pg,

Lps(Z,Y)=Elps(2,Y)) = E [ Lups (Z.Y)]

The optimal parameter §* in linear subspace is defined as the one that minimizes

the expected loss, e.g.,

p* =argmin L pg (Z,Y); (1)
BGQ@



It holds that:

9 Lps(Z,Y)
o5 |,

=0 (2)
In classical statistics setting, with fixed dimension of 3, as n — oo, by asymptotic
theory, we can achieve Vg L, pg-(Z,Y) — 0 in probability. However, in high di-
mensional statistics, d is larger than n, sometimes it even grows faster than n, we
cannot expect Vg L, pg«(Z,Y) = 0 to hold exactly. However, we would expect

| Vg Lypp(Z,Y)]loo < A with large probability when appropriate A is chosen.

Therefore, it is straightfoward to define the high confidence set as follow:
CA) ={B R+ ||V Lups (Z,Y) oo < A} 3)
where ) is chosen such that
Prigec) f=Pr{|VsLlups(ZY) <A} 21-0 @&

for a positive sequence § — 0.
Then select the solution with minimum /; normin C(\) as a proxy of 5*, we name

this estimatior as High Confidence Set Selector (HCS):

BHCS = arg min || B H1 )
BEC(N)



2.2 Theoretic Property of High Confidence Set Selector

In this section, we investigate the theoretical properties of High Confidence Set
Selector. First, we show that, with appropriate choice of A, 5* falls in C'(\) with
high probability. Second, we derive the non-asymptotic error bound in terms of
excess risk. With the assumptions of sparsity and restricted strong convexity [29],
we derive the parameter error bound in the third result.

The following assumptions are used in theory derivation:
Assumption. A;: (Z;,Y;)", are i.i.d.
Assumption. A ||¢(-) |0 < My,

Remark. Assumption A; and Assumption A, are general assumptions in the liter-
ature regarding generalized error bound in /, regularization and learning theory
([15], [16], [17], [18], [19]). In pratical, various data are collected bounded, such as
the image data ranges from 0 to 255 in RGB; some base functions ¢ have bounded
outputs in nature, such as sigmoid function, softmax function, wordvector, neural
networks with certain activate functions, etc. The additional advantage of this set-
ting is that X is distribution free, which avoids the complexity of density estimation

in high dimension.

Assumption. Az: My\/log2d ~ O(y/n)

Assumption. Ay: Construct a sequence {a;}/_), a; = 2a;_y, for Vao > 0, there exists

a positive integer J < oo, such that,

aj1=ao2’ > 2|8
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Remark. Assumption A3 and Assumption A, are technique assumptions. A, re-

stricts || 5*||; from growing too fast.
Assumption. A;: || 5% [|p < s

Remark. Assumption A5 assumes the target parameter 5* is s-sparse, which means
that the maximum number of nonzero components of 3* is s.
This assumption is widely used in the high dimensional setting, we refer to Hastie,

Trevor, Tibshirani and Wainwright [43] for overviews.

Assumption (Ag Restricted Strong Convexity).
0 Lnpea, gy (Z2,Y) 2 w | All]| 571 < oc.

Remark. The restricted strong convexity assumption is the key assumption in de-
riving parameter error bound. This assumption is introduced in Negahban and
Wainwright [29], where they have proved that Restricted Strong Convexity holds
for subgaussian random matrix with high probability.

Define the support set S by mapping nonzero components of 5* to a index set,
ie.

S=1{j: 8 A0}, |S]=s,

S°¢ is complementary set of S.
Denote A as deviation in the neighbor of 5*, A = 8 — 3*;

The definition of Restricted Strong Convexity is:
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5an(A,,3*) (Z7 Y)
= an(,B*-l-A)(Za Y) _anﬂ*(Z7 Y) - < Vﬁanﬁ*(Zv Y)7 A>
Z k|| Al (6)

for || As,

1 < [|Asli

The Restricted Strong Convexity in geometry is the curvature of loss function.
We use the empirical loss to track the population performance. Once we have the
estimator 3, we prefer that it is robust against the perturbation in empirical loss.
If strong convexity exists, the solution to the parameter estimation will not change
much to a small perturbation in empirical lost. It’s therefore a stable solution. While
in weak curvature, the opposite effect occurs, small perturbation in empirical loss
would cause enormouse parameter shifts in parameter space.

From Theorem 2.2, we can see the excess risk is tracked by the I, norm of ||3— %],
in high dimension scenario, where n << p. There exists space with low curvature
such that 5* is far away from £, but it will not arouse fluctuation in empirical loss
function. The main idea is to restrict the target parameter from lying in these direc-
tions. By [, regularization, 18]l < 116, apply the lemma from basis pursuit [45],

we have following property for A : ||Ag |1 < |Ag|:.
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1%

good

Figure 1: Illustration of Restricted Strong Convexity [43]

In high dimension setting, while we can’t expect the strong convexity exists in
every direction, we can expect it exists in the direction of A : ||Ag |, < [|Ag]i.
In Figure 1 we illustrate the 'restricted direction’, where the shadow direction is

desired.

The notations used in next section are listed below.

Notation:

Vo= ﬁMd\/ log (2d) +logn ;

n
2M,
61 = —d,
n
[ 2log 2
(52 = 2Md log d
n
0o = 01 + 02

221 High Confidence Set

Recall that the High Confidence Set defined in (3), as discussed in previous sec-

tion, we expect the optimal linear solution 5* to fall in the high confidence set with
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high probability when appropriate A is chosen. Define
Event A:={p" € C\},

then we have the following theorem;
Theorem 2.1 (Event A). With 5* defined in (1), and C), defined in (3), under Assumption
Ay — As if A > X', it holds that:

1
P(ﬁ*eCA)>1—E.

2.2.2  Prediction Error

Define our solution set:

BA::{BGRd:B:argmin ||5||1} (7)

BEC(A)
The relationship between optimal linear solution 8*, solution to HCS (B ncs), linear
parameter space (€23), High Confidence Set (C) and Solution Set of HCS (B,) is

illustrated in Figure 2.

Figure 2: The relationship between 3*, B rncs, s, Cy and By,
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Define the excess risk of 3 € Q as:

E(B) = Lps — Lpg-.
The prediction error bound in terms of excess risk is derived in Theorem 2.2.

Theorem 2.2 (Prediction Error Bound). Denote the solution to HCS as BHCS, under
Assumption Ay — Ay, when X > \*, with probability at least 1 — 2J e™>" — L, where J is

a positive integer satisfies Assumption Ay, it holds that:

EBros) < (A+8) || B* — Bres L + o ao

2.2.3 Parameter Error

Theorem 2.3 ( Parameter Error Bound ). Under Assumption A; — Ag, when X > \*,

with probability at least 1 — + | it holds:

@) N Bres — 8" 1 < 2V
(i) | Bucs — 8"l < 222

Corollary (Prediction Error Bound). Under Assumption A; — Ag, when X\ > X\*, with

probability at least 1 — 2.J e~ — L, it holds that:

8 As

5(BHCS)§ (A+00) + do ao



CHAPTER 3: MODIFIED HIGH CONFIDENCE SET SELECTOR WITH
MEASUREMENT ERROR

3.1 Model Setup and Methodology

As discussed in Chapter 1, the measurement error is unavoidable in reality.

Consider model with additive measurement error. Instead of (X, Y'), we observe
(U,Y), where X € X,and U € X.

Analogous to model setup in Chapter 2, ¢(-) : X — Z is a set of base functions

with [[¢(+) |l < M, . After features transformation by ¢(-), we have (W, Y), where

W =9¢(U);

And the additive measurement error = is defined as:

(1]
I

P(U) — o(X)

For simplicity, denote Z = ¢(X), thus,

W=27+E.

According to Theorem 2.1, 5* is feasible in C) if A is chosen appropriately. How-
ever, the presence of measurement error causes the high confidence set to lost its
efficacy.

To see this, if we roughly plug the achievable measure W into the high confidence
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set,

On = {8 IVaLa(W,Y, Bl < A}

E(VsL,(X,Y, ")) = 0 thus for YA > 0, VgL, (X,Y, 5*) — 0if n — oo however,
E(VsL,(W.Y, 5*)) does not need to be 0, which means /5* may not in C'y even when
n — oo.

In the case of linear regression, Rosenbaum and Tsybakov [40] introduce an addi-
tional parameter v to bound the magnitude of the measurement error in the matrix

uncertainty selector (MUS), which yields the following two bounds:
[Welloo < A

and
1Zlloe < ;
where W is the obeservation, = is the measurement error and ¢ is the residual.

These bounds are the sufficient conditions for 8* is feasible with high probability

in following set:

{B:AWE =Wh)lew < A+AB1}-

Inspired by this idea, we developed a modified high confidence set C'(), ) for lo-
gistic loss. Note that logistic loss can be expressed in the form of mean function
w(ZB):

1
IVs Lups (WY Yoo = — | WH[Y = (W5) ] [|oo;

where
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By model assumption,

WpB =23+ ZB5;
Thus by Taylor expansion and Cauchy residual theorem,
p(WB)=pu(ZB8)+u (&) (E6)

where ¢ lies in the segment between W3 and Zj .
Then by triangle inequality, + || W” [ Y — pu (WS) ] |« is composed of two

parts:

LT LY = (WB) ]l == | WP LY = 5 (28) — 1 (€6) (26)] I

IN
Sl—= 3=

| W 1Y =0 (Z8) ]l o W7 4 (€)(Z5) I

—_

1
S WY = p(Z8) Moo+ — [IWH 1/ (€) 2 lolIBlh

N

Therefore, it is intuitive to construct a modified high confidence set which accounts

for measurment error as follow:

OO = (- WY (W)l < A+ 21810 )

Where ) and v are the high-confidence upper bound of £ || W' [V — u(Z8) ] |«
and = || W7 1/ (€) E || respectively.

Like HCS, we select the member in C'()\, v) with minimal /; norm:

B: argmin || 3 ||;.
BeEC(AY)

We term this estimator as Modified High Confidence Set Selector (MHCS).
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3.2  Theoretic Property of MHCS

Analogous to HCS, we extended the study of high confidence set property, pre-
diction error bound and parameter error bound to MHCS. The modified assump-

tions and notations used in this chapter are listed below.
Assumption and Notation

Assumption (Cy). (Z;,Y;)", are i.i.d., and (W;, ;)" arei.id.;
Assumption (Cy). W = Z + =, and E(W) = 0.

Assumption ( C3). ||0(*)]|ce < Mg ie., || Z ||oo < Mgy and | W |0 < My;
Assumption ( Cy). Md\/logsz ~ O(/n);

Assumption (C5). For Vay > 0,3J < oo, such that,a;_; = ag2’ > 2||8*||:;
Assumption (Cg). || 8% [0 < s,

Assumption (C7). § Ly, pa, gy (W, Y) > k[ A2

Remark. The model assumption of additive measurement error C; has been illus-

trated in Section 3.1, other assumptions are analogous to assumptions in Section

2.2.
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Notation:

1 2d 1
N e ey
n

. log (2d?) + logn
vt = Mf\/ ( )

2n ’
2M
51 = —d,
n
2log2d
52 = 2Md °g
n
50:51+(52

We have the following properties for MHCS:

Theorem 3.1 ( Event B).

Under Assumption Cy — Cy, when A\ > \*, v > ~*

. 2
Pg" e Capl > 1_5'

Theorem 3.2 (Excess Risk).

Under Assumption Cy — Cs, when A\ > X*, v > ~*, with probability at least 1 — %, it holds:

E(Barncs) < (BX+29[ B [lL+ 00 ) || B — Burmes |+ doag -

Theorem 3.3 ( Parameter Error Bound ).

2
Under Assumption Cy — Cy, when X > X" and ~y > ~*, with probability at least 1 — —,
n

it holds:

(i) | Bumes — B |2 < 4(A+ 7”5* ||1)\/3_’
8(A+ B 1) s
" .

(i) | Bvmes — 85 |1 <
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Corollary. Under Assumption Cy — C7, when X\ > X*, v > ~*, with probability at least

1 —2Je " — 2, it holds that:

8s(A+ 11811 ) B A + 29167l + o)

£ (BMHCS) < - + 0o ag




CHAPTER 4: NUMERICAL STUDY OF HIGH CONFIDENCE SET ESTIMATION

41 Implementation

We propose an algorithm utilizing the Newton-Raphson method to solve this
optimization problem, which involves a sequence of non-convexity approximations
to the high confidence set. In the following, we introduce the main idea.

Notice that simple algebra leads to:

/ — _ 1 - _V.7. ZZ eXp(ﬁTZi)
L (Z,Y, ) =V Lyps(Z,Y) =n Zz;{ Vit 1T eXp(ﬁTZz‘)}
and
" 0? anﬂ Z Y - ZZT eXp BTZ>
Lo(Z,Y,B) = 532 Z {1 +exp(BZ)}*

Given an initial value 5(*), by Taylor’s expansion, we have

L;’L(Z7 Y7 B) ~ L;l(Z7 Y7B(O)) + LZ(Z,KB(O))(B - B(O)) = 60 + ZOB:

A

where &y = L' (Z,Y, 30) — L(Z,Y, 330 and %y = L’ (Z,Y, ). Then C(\) can

be approximated by
C(x;B0) = {B € R : 10 + ZoBlloe < A}
We then obtain the one-step approximation to 5(\):

B = argmﬁin{”m’l € C(A;B(O))}' ®
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Using the above estimator as an updated initial value, we obtain a two-step approx-
imation. Repeat this procedure up to convergence.
Finally, the remaining problem is to solve the optimization problem (8). This

requires solving a non-convex program which can be written in the following form:

min 17 (8% + 7)

st. LB =SB+ <A\
Yot —SofT 40> -\
pr.B= >0

BB =0, for j=1,...,d.

The convex relaxation of this problem can be obtained by dropping the final con-
straint. Furthermore, the relaxed problem is a linear program with 2d variables
and 4d constraints. This linear program can be solved efficiently using a large set
of methods, such as the interior point method or the dual simplex method.

It is straightforward to extend this algorithm to MHCS as follows:

/ -1 - Wi exp(8" W
LW.Y,8) = nt S {—YiWit 7 +ixi(<mm)> }

=1
and

- Z WZTeXp BTW;)

Ly(W.Y, B) = {1+ exp(BTW;)}2

Given an initial value 3(), by Taylor’s expansion, we have

L, (W,Y,B) ~ LL,(W,Y, 3O) + LL(W,Y, BB — BO) = 5 + %o/,
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where 6y = L. (W,Y, 3©) — L"(Z,Y,30)3® and %y = L"(Z,Y, 3®). Then C(\,~)

can be approximated by

CO 7 BO) = {B € R |6 + DoBllec < A+ 7]1B]11}-

Then we obtain the one-step approximation to () for next implementation:

B0 — argmﬁin{”ﬁﬂl ERS C(/\W;B(O))}- ©)

Using the above estimator as an updated initial value, we obtain a two-step approx-
imation. Repeat this procedure up to convergence.
The remaining problem is to solve optimization problem (9). This requires solv-

ing a non-convex program which can be written in the following form:

min 17 (8% + 7)

st. (o —=7)8" = (Zo+7)8" +9 <A
(Zo+7)B" = (Zo—7)B" +4d = —A
BB =0

BB =0, for j=1,...,d.

42  Simulation Experiment

In this section, we introduce simulation experiments to investigate prediction er-
ror and parameter error of proposed methods (HCS and MHCS). Specifically, fol-
lowing the experiment setting in Barut, Bradic, Fan and Jiang [2], we evaluated the

performance of our proposed classifiers in scopes of the following measures, and
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compared the results with other competitive /; and I, regularization approaches,
i.e., LASSO and Ridge. The performance measures are listed as follows:
1. CE: Classification Error;

where §j = 1/(1 + exp(—zf));

3. Li: [; norm of the difference between standardized B and g*;
Bl 15T,

4. Lo I, norm of the difference between standardized /3 and 37;

B*

B
L = l== — T
2 Hnmu 15112

2
5. FN: False Negative Ratio, i.e., the number of zero coefficient of B for which

[£* is non-zero

S0 — ||BSHO
So .

FN =

6. I'P: False Positive Ratio, i.e., the number of non-zero coefficient of B for which

[£* is zero

185 — Belo

P =350

FP =
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We generated the binomial distributed sample data as follows:

GenerateX ~ MultiGaussian(0%, )

/B* — [18070d—80]T’ ,

1
Pr = T o5
Y = Binomial(n, 1, Pr) (10)

In our experiment setting, dimension d = 200; sparsity parameter s, = 10; training
sample size 1yqining = 100; and testing sample size nyesting = 100;
Three types of correlation matrix were taken into account:

Type 1: Identity Matrix: ¥g4.q = diag(d);

Type 2: Equal Correlation Matrix: X : ¥, ; = pHi77};

Type 3: Toeplitz Matrix: ¥ : %; ; = pli=Jl;

For each type of correlation matrix, we considered following measurement error
scenarios:

Scenario 1. Missing Value: we randomly replaced a certain proportion (10%,
30%, 50%) of data entries with 0;

Scenario 2. Perturbation: standard Gaussian noise was randomly added to a
certain proportion(10%, 30%, 50%) of the original data.

Denote the contaminated training dataset as W,,,, testing dataset as W, and
the original training dataset as Z;,,, testing dataset as Z;..;. In measurement error
experiments, classifiers were trained on (Wiqin, Yirain) and performance measures

(1-6) were tested on (Wiest, Yiest) and (Ziest, Yiest) respectively. The corresponding
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Classification Error and Deviance measures are denoted as CE(Ziest), CE(Wiest),
Deviance(Zies;) and Deviance(Wies ) in result table.

For regularization in the parameter selection, we sampled the tuning parameter
from a grid, and conducted a 5-fold cross validation on the training set to select
the best tuning parameter. The effect of regularization parameters on 3 and cross

validation are illustrated in Experiment 1.
Experiment 1: Regularization Approach on Different Level of Perturbation

Following the process of general simulation setup, we generated Type 1 data with
different levels of perturbation (10%, 30%, 50%). Figure 3 summarizes the 5-fold
cross validation error varying with tuning parameter from 0% to 30% of perturba-
tion error. Graphs in the left column illustrate cross validation error of HCS varying
along with A. The black dash reference line on the left column indicates the optimal
A, denoted as \*, which minimizes the cross-validation error. The blue reference
line denotes \* plus standard error. For tuning process of MHCS, fixed the A = \*,
where \* was attained from HCS cross-validation, then conducted a 5-fold cross
validation on a sequence of . The black dash reference line on the right column
indicates the optimal v = +* which minimizes the cross-validation error. Figure 3
presents that, as perturbation level increasing, the reference lines of \* and ~* slide
to the right, which implies regularization power intenses as measurement error ag-
gravates. In the right column, in order to illustrate how cross validation error and
tuning parameter v differ as measurement error increases, graphs (b), (d), (f), (h)

starts with (A = \*, v = 0), which is the solution to HCS, the corresponding cross
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validation error is plotted at the most beginning of x-axis (e~") instead of v = 0,
since the x-axis is log scale. From (b), (d) in Figure 3, it is seen that, for data with-
out measurement error or with low perturbation level (10%), v* = 0, which implies
the tuning parameter )\ is competent in these situations to some extent. However,
as the measurement error aggravates in (f) and (g), 7* increases in response. This
result strongly supports our theory introduced in chapter 3.

In Figure 4, we traced f3 route varying with regularization parameters, where the
colored lines indicate 3; for j € S (S = {j : 3; # 0}), while for j € S, 3; lines in
light grey. In our experiments, only the first ten elements are colored. The figures
on the left column trace  route move along with A\. The black dash line denotes
the position where \* is. The figures on the right column trace /3 routes regard to y
tuning process with fixed \*. It is seen that as the regularization parameters (), 7)
increase, the magnitude of all 3; shrinks to some degree. As the perturbation level
increased, the route of 3 exhibits the longer trumble effect.

For graphs in the right column, the black dash reference line denotes A = \*, v =
0; while blue dash line denotes A = \*, v = +*. The figures show how both HCS and
MHCS demonstrate the capability in feature selection. However, MHCS selected
less features in a more effective yet critical way in our experiments, especially when

measurement error aggravates.
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Cross-Validation of MHCS

Cross-Validation of HCS

\og(\zmbda)‘ : ! Tug(gamma)
(a) Without measurement error, Type 1 (b) Without measurement error, Type 1
Cross-Validation of HCS Cross-Validation of MHCS
log(gamma) ’

(c) 10% Perturbation, Type 1 (d) 10% Perturbation, Type 1

Cross-Validation of HCS

ross Entropy

ss Entropy
c

Cros

H
log(gamma)

(e) 30% Perturbation, Type 1 (f) 30% Perturbation, Type 1

Cross-Validation of HCS

Cross Entropy

Cross Eniropy

(g) 50% Perturbation, Type 1 (h) 50% Perturbation, Type 1
Figure 3: Tuning Parameter Selection Illustration: Cross Validation Error with dif-

terent level of Perturbation, Type 1
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Experiment 2: Type 1 data in different scenarios

In this experiment, we compared performances (1-6) of four regularized classi-
fiers on the dataset generated from Type 1 correlation matrix, i.e., identity correla-
tion matrix. Table 1- Table 7 summarize the results of 7 different scenarios respec-
tively. From Table 1, 2 and 5, where no measurement error or mild measurement
error(10%) exists, LASSO, HCS and MHCS perform comparably in terms of pre-
diction error (CE, Deviance) and parameter error ( L1 and L2).

Ridge regression has fair capacity in capturing the classification error, however,
it is not designed for sparse setting, which led to the large 11 norm and failed to
conduct the feature selection. With respect to the features selection, LASSO tends
to reduce the False Positive number at the cost of increasing False Negative number;
while HCS acts on the opposite, MHCS plays a moderate role in between. As the
measurement error aggravates, which is shown in Table 3, Table 4 Table 6, Table
7, all the performance measures worsen to some degree. However, it is seen that
MHCS performs relatively more robustly against measurement error than other
classifiers. To see this, the margins of performance measure (CE, Deviance) be-

tween MHCS and LASSO, MHCS and HCS increase while measurement error rises.

Table 1: Result without Measurement Error, Type 1

LASSO RIDGE HCS MHCS

CE 034 (0.05 0.38 (0.03) 032 (0.04) 0.31 (0.05)
Deviance 124 (0.13) 133 (0.02) 134 (0.24) 124 (0.2)
L 345 (055) 11.12 (0.36) 4.52 (0.63) 4.14 (0.58)
L2 083 (02) 1.09 (0.08) 075 (0.17) 0.75 (0.17)
FN 03 (0.19) 0 0) 013 (0.13) 0.4 (0.13)
FP 0.08 (0.04) 1 ©0) 02 (0.03) 017 (0.03)




Table 2: Result of 10% Missing Value, Type 1

LASSO RIDGE HCS MHCS
CE(Ziest) 0.35 (0.06) 0.4  (0.03) 0.34 (0.06) 0.34 (0.04)
Deviance(Zi.s,) 125 (0.1) 134 (0.02) 144 (0.22) 1.32 (0.18)
CEWiest) 0.37 (0.05) 0.41 (0.05) 0.34 (0.06) 0.34 (0.05)
Deviance(Wys) 129 (0.11) 1.34 (0.02) 1.44 (0.23) 1.33 (0.19)
L, 3.68 (0.53) 11.33 (0.33) 4.87 (0.75) 4.57 (0.65)
Ly 0.88 (0.14) 1.13 (0.08) 0.84 (0.2) 0.84 (0.2)
FP 034 (0.11) 0 (0) 0.18 (0.15) 0.19 (0.14)
FN 0.08 (0.04) 1 (0) 0.22 (0.03) 0.18 (0.02)

Table 3: Result of 30% Missing Value, Type 1

LASSO RIDGE HCS MHCS
CE(Ziest) 0.37 (0.07) 0.4  (0.05) 037 (0.05) 0.35 (0.05)
Deviance(Zi.s,) 138 (0.1) 133 (0.03) 1.85 (0.36) 1.42 (0.15)
CE(Wiest) 045 (0.05) 041 (0.04) 041 (0.04) 0.41 (0.04)
Deviance(Wyy) 143 (0.11) 135 (0.02) 1.81 (0.23) 143 (0.1)
L 425 (0.71) 1172 (046) 437 (0.73) 425 (0.62)
L2 118 (0.19) 123 (0.09) 1.21 (0.2) 1.21 (0.2)
FP 0.59 (0.23) 0 (0) 0.29 (0.15) 0.35 (0.12)
FN 0.07 (0.05) 1 (0) 0.25 (0.02) 0.16 (0.02)

Table 4: Result of 50% Missing Value, Type 1

LASSO RIDGE HCS MHCS
CE(Ziest) 041 (0.05) 0.41 (0.04) 0.40 (0.06) 0.37 (0.05)
Deviance(Zsy) 135 (0.08) 1.35 (0.03) 194 (0.36) 1.42 (0.18)
CEWiest) 042 (0.05) 044 (0.04) 042 (0.04) 0.41 (0.04)
Deviance(W,.) 143 (0.16) 136 (0.02) 1.76 (0.23) 1.39 (0.08)
L 455 (0.62) 1036 (3.81) 557 (0.43) 433 (0.52)
L2 122 (0.25) 125 (0.16) 1.21 (0.16) 1.21 (0.16)
FP 062 (02) 0 (0) 031 (0.1) 0.37 (0.07)
FN 0.05 (0.05) 1 (0) 0.27 (0.02) 0.16 (0.01)
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Table 5: Result of 10% Measurement Error, Type 1

LASSO RIDGE HCS MHCS
CE(Zyew) 034 (0.04) 039 (0.03) 035 (0.05 0.34 (0.04)
Deviance(Zys) 128 (0.11) 134 (0.02) 144 (0.2) 128 (0.14)
CEWie) 0.36 (0.03) 038 (0.03) 036 (0.04) 036 (0.05)
Deviance(Wyy) 131 (0.12) 1.34 (0.02) 151 (0.19) 131 (0.14)
L 373 (0.74) 11.27 (0.46) 4.93 (0.89) 3.98 (0.73)
L2 088 (022) 1.12 (0.1) 0.87 (0.23) 0.87 (0.23)
FP 029 (0.17) O 0) 018 (0.15) 025 (0.12)
( (

FN 0.09 (0.04) 1 0) 021 (0.03) 0.12 (0.03)

Table 6: Result of 30% Measurement Error, Type 1

LASSO RIDGE HCS MHCS
CE(Zpest) 0.38 (0.06) 038 (0.04) 037 (0.06) 0.35 (0.06)
Deviance(Z,y) 1.3 (0.08) 134 (0.03) 1.43 (0.18) 126 (0.12)
CEWies) 038 (0.07) 041 (0.05) 038 (0.05) 0.36 (0.05)
Deviance(Wys) 136 (0.11) 135 (0.02) 1.64 (0.28) 1.35 (0.17)
L 401 (0.71) 11.58 (0.34) 5.36 (0.53) 4.48 (0.52)
L2 1.01 (0.23) 12  (0.08) 095 (0.19) 0.95 (0.19)
FP 041 (0.25) O 0) 023 (0.11) 027 (0.08)
FN 0.09 (0.07) 1 0) 023 (0.03) 0.14 (0.02)

Table 7: Result of 50% Measurement Error, Type 1

PP 0.48
EN 0.12

025) 0
0.07) 1

0) 033 (0.13) 038 (0.17)
0) 023 (0.03) 0.14 (0.03)

LASSO RIDGE HCS MHCS

CE(Zyyr) 040 (0.05) 04  (0.05) 040 (0.05 037 (0.06)
Deviance(Z,y) 139 (0.18) 135 (0.03) 156 (0.2) 135 (0.11)
CEWies) 042 (0.04) 043 (0.04) 041 (0.03) 0.42 (0.03)
Deviance(Wieyy) 15 (0.21) 136 (0.03) 1.85 (0.2) 147 (0.12)
L 456 (0.75) 10.83 (2.73) 592 (0.67) 4.91 (0.62)
L2 1.08 (0.21) 119 (0.1) 114 (0.15) 114 (0.15)

( (

( (

Experiment 3: Type 2 data with different scenarios

In this experiment, we compared performance measures (1-6) of four regular-

ized classifiers on the dataset generated from Type 2 correlation matrix, i.e., equal
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correlation matrix with p = 0.5. Table 8-Table 14 summarize results of 7 different
scenarios, respectively.

The result presents that classification error (i.e., CE(Z;.s), Deviance) from all
four classifiers are close to each other among all scenarios. In terms of classifica-
tion error (CE), Ridge regression surpasses other classifiers with a small lead, how-
ever, the performance of L1 and feature selection (FN, PN) in this dataset failed to
exceed [, regularization. With respect to the feature selection, the performance of
LASSO, HCS and MHCS are consistently close to each other in every setting. The
corresponding results exhibit that False Negative ratio, among all the /, regularized
classifiers (LASSO, HCS and MHCS), exceeds 50%, and False Positive is relatively
high compared to Type 1 and Type 3 dataset, each of which goes beyond 11%. As
the measurement error increases, parameter error (L1, L2 ) and feature selection
measure (FP, FN) worsen to some extent, however, the classification risk appears to
consistently drift around 11% to 13%. The reason is Type 2 data is generated with
the equal correlation matrix, which all features are correlated to each other. With
this inherent structure, the [, based classifier is more robust with respect to predic-
tion error as the measurement error increases, though pays the price of increment

of parameter error.



Table 8: Result without Measurement Error, Type 2

LASSO RIDGE HCS MHCS

CE 0.12 (0.04) 0.11 (0.03) 0.12 (0.04) 0.12 (0.03)

Deviance 0.56 (0.08) 0.64 (0.05) 0.56 (0.12) 0.56 (0.1)

Ly 5.08 (0.54) 1423 (045) 55 (0.3) 543 (0.31)

L2 1.31 (0.17) 141 (0.05) 14 (0.15) 14 (0.15)

FP 0.56 (0.08) 0 0) 0.53 (0.12) 0.55 (0.13)

FN 01 (0.02) 1 0) 0.12 (0.02) 0.11 (0.02)

Table 9: Result of 10% Missing Value, Type 2
LASSO RIDGE HCS MHCS
CE(Ziest) 0.12 (0.04) 0.11 (0.03) 0.12 (0.04) 0.12 (0.03)
Deviance(Zisy) 056 (0.12) 0.62  (0.05) 0.59 (0.14) 0.58 (0.13)
CE(Wiest) 0.13 (0.04) 0.11 (0.03) 0.13 (0.04) 0.12 (0.03)
Deviance(Wy.s) 0.59 (0.15) 0.65 (0.05) 0.59 (0.14) 0.59 (0.13)
Ly 525 (0.42) 1424 (0.44) 549 (0.67) 542 (0.58)
L2 1.38 (0.18) 1.42 (0.06) 1.41 (0.23) 1.41 (0.23)
FP 0.57 (0.11) O 0) 0.56 (0.12) 0.57 (0.08)
FN 011 (0.02) 1 0) 0.11 (0.02) 0.11 (0.02)
Table 10: Result of 30% Missing Value, Type 2
LASSO RIDGE HCS MHCS

CE(Ziest) 0.12 (0.03) 0.11 (0.03) 0.11 (0.03) 0.11 (0.03)
Deviance(Z.sr) 054 (0.12) 0.57 (0.06) 0.57 (0.14) 0.57 (0.13)
CE(Wiest) 0.13 (0.04) 0.11 (0.03) 0.13 (0.04) 0.12 (0.03)
Deviance(Wyt) 0.59 (0.16) 0.67 (0.05) 0.59 (0.12) 0.58 (0.1)
Ly 566 (0.5) 143 (0.41) 582 (0.37) 5.88 (0.44)
L2 143 (0.16) 1.44 (0.05) 145 (0.13) 1.45 (0.13)
FP 0.53 (0.09) 0 0) 052 (0.1) 0.6 (0.08)
FN 0.12 (0.01) 1 0) 0.13 (0.02) 0.13 (0.02)
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Table 11: Result of 50% Missing Value, Type 2

LASSO RIDGE HCS MHCS
CE(Zjest) 0.13 (0.04) 0.11 (0.03) 0.12 (0.03) 0.12 (0.04)
Deviance(Zs;) 059 (0.18) 0.52  (0.07) 0.57 (0.24) 0.59 (0.23)
CE(Wies) 0.15 (0.05) 0.12 (0.04) 0.15 (0.04) 0.16 (0.02)
Deviance(Wi) 074 (023) 07  (0.04) 066 (0.15) 0.67 (0.12)
Ly 6.18 (0.81) 14.28 (0.39) 6.11 (0.58) 6.35 (0.66)
L2 1.57 (0.25) 148 (0.06) 1.56 (0.22) 1.56 (0.22)
FpP 0.66 (0.13) 0 (0) 0.62 (0.14) 0.65 (0.16)
FN 015 (0.02) 1 ©0) 014 (0.02) 0.14 (0.02)

Table 12: Result of 10% Measurement Error, Type 2

LASSO RIDGE HCS MHCS
CE(Zjest) 0.12 (0.03) 0.11 (0.03) 0.13 (0.03) 0.13 (0.03)
Deviance(Zss) 057 (0.1) 0.65 (0.05) 0.56 (0.12) 0.56 (0.12)
CEWiest) 0.12 (0.04) 0.11 (0.03) 0.12 (0.03) 0.12 (0.03)
Deviance(Wys;) 059 (0.11) 0.65 (0.05) 0.58 (0.13) 0.58 (0.13)
Ly 538 (0.5) 14.19 (041) 5.78 (0.54) 5.74 (0.57)
L2 143 (0.22) 142 (0.05) 1.46 (0.21) 1.46 (0.21)
FpP 0.63 (0.17) 0 (0) 0.61 (0.15) 0.63 (0.13)
FN 0.11 (0.01) 1 (0) 0.13 (0.01) 0.13 (0.02)

Table 13: Result of 30% Measurement Error, Type 2

LASSO RIDGE HCS MHCS
CE(Zyow) 0.12 (0.02) 0.  (0.03) 0.2 (0.02) 0.12 (0.03)
Deviance(Zy,s) 058 (0.1) 066 (0.05) 059 (0.11) 057 (0.12)
CEWie) 0.14 (0.03) 0.11 (0.03) 0.5 (0.02) 0.14 (0.02)
Deviance(Wyy) 062 (0.1) 067 (0.05) 0.65 (0.13) 0.63 (0.13)
L 58 (0.94) 1426 (039) 621 (0.76) 6.07 (0.76)
L2 154 (027) 145 (0.06) 1.6 (0.25) 1.6 (0.25)
FP 061 (0.14) 0 ©0) 064 (0.2) 063 (0.19)
FN 011 (0.02) 1 0) 013 (0.02) 0.13 (0.02)
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Table 14: Result of 50% Measurement Error, Type 2

LASSO RIDGE HCS MHCS
CE(Zjest) 0.13 (0.03) 0.11 (0.03) 0.13 (0.04) 0.12 (0.02)
Deviance(Zss) 059 (0.07) 0.68 (0.04) 056 (0.1) 0.55 (0.09)
CEWiest) 0.15 (0.03) 0.11 (0.03) 0.15 (0.04) 0.13 (0.03)
Deviance(Wys;) 0.67 (0.09) 0.69 (0.04) 0.68 (0.12) 0.66 (0.11)
Ly 6.23 (0.64) 14.21 (0.29) 6.55 (0.76) 6.52 (0.8)
L2 1.69 (0.19) 146 (0.05) 1.67 (0.2) 1.67 (0.2)
FpP 0.7 (0.17) 0 (0) 0.72 (0.13) 0.72 (0.16)
FN 012 (0.02) 1 ©0) 014 (0.02) 0.14 (0.02)

Experiment 4: Type 3 data with different scenarios

In this experiment, we compared performance measures (1-6) of four regularized
classifiers on the dataset generated from Type 3 correlation matrix, i.e., Toeplitz
correlation matrix with p = 0.5. Table 15 - Table 21 summarize results of 7 different
scenarios respectively.

The results present that LASSO, HCS and MHCS perform comparably in terms
of prediction error (CE, Deviance) in all settings, though MHCS appears to have a
small lead when the measurement error is imposed.

With respect to parameter error, MHCS has the lowest L1 error, while LASSO has
the lowest L2 error. The margin of L1 between MHCS and LASSO decreases while
the margin of L2 between MHCS and LASSO increases as the measurement error
increases. As we discuss before, HCS is a specific solution to MHCS when v = 0.
With the appropriate v, MHCS is apt to approach the solution in the direction of
L1 decaying, which dramatically improves the performance of FP” with the trade off
in a small increment in FN, especially in the case of measurement error presents.

To see this, compare FN and FP of MHCS with HCS in Table 17, Table 18, where
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the missing value reaches 30% and 50% respectively, MHCS amends to reduce the
FN by 13% by only bringing up 1% increment to FP. As the measurement error
leverages, all the performance margins between MHCS and HCS increase, which
suggests that MHCS performs more robust against measurement error.

Table 15: Result without Measurement Error, Type 3

LASSO RIDGE HCS MHCS
CFE 0.17 (0.04) 0.24 (0.04) 0.18 (0.03) 0.17 (0.04)
Deviance 0.78 (0.11) 1.21 (0.03) 0.85 (0.19) 0.79 (0.08)
Ly 246 (0.29) 9.09 (0.34) 349 (0.27) 226 (0.32)
L2 048 (0.1) 0.67 (0.04) 055 (0.07) 0.55 (0.07)
FP 0.13 (0.08) 0 0) 0.12 (0.1) 0.15 (0.08)
FN 0.06 (0.02) 1 0) 0.16 (0.03) 0.04 (0.01)

Table 16: Result of 10% Missing Value, Type 3

LASSO RIDGE HCS MHCS

CE(Zros) 0.19 (0.03) 024 (0.05) 02 (0.05) 0.9 (0.04)
Deviance(Z,s) 081 (0.11) 121 (0.03) 093 (0.2) 0.8 (0.08)
CEWiest) 02 (0.03) 025 (0.05) 021 (0.05) 0.19 (0.04)

Deviance(Wyss) 0.84 (0.1) 1.22 (0.03) 095 (0.2) 0.84 (0.09)

L 287 (0.76) 938 (0.33) 3.84 (0.47) 242 (0.42)
L2 054 (0.14) 072 (0.05) 0.63 (0.12) 0.63 (0.12)
FP 016 (0.11) 0 (0) 0.14 (0.11) 0.16 (0.11)
FN 009 (0.05) 1  (0) 017 (0.02) 0.05 (0.02)

Table 17: Result of 30% Missing Value, Type 3

LASSO RIDGE HCS MHCS

CE(Zjest) 0.21 (0.03) 0.27 (0.05) 0.23 (0.03) 0.21 (0.04)
Deviance(Zss) 09 (0.1) 121 (0.03) 1.22 (0.27) 0.85 (0.1)
CEWiest) 0.25 (0.04) 0.29 (0.04) 0.29 (0.05) 0.22 (0.05)
Deviance(Wyesr) 099 (0.12) 1.25 (0.03) 1.34 (0.23) 0.97 (0.09)
L 296 (0.68) 10.17 (0.35) 479 (0.58) 2.81 (0.51)
L2 0.58 (0.13) 0.84 (0.06) 0.78 (0.14) 0.78 (0.14)
FP 0.17 (0.13) 0 (

( ©

0) 012 (0.06) 0.13 (0.09)
)

FN 0.08 (0.06) 1 021 (0.03) 0.08 (0.01)




Table 18: Result of 50% Missing Value, Type 3

LASSO RIDGE HCS MHCS
CE(Zyew) 0.19 (0.04) 026 (0.07) 023 (0.07) 02 (0.05)
Deviance(Zy,y;) 085 (0.12) 119 (0.06) 1.35 (0.54) 0.83 (0.16)
CEWie) 024 (0.05) 033 (0.05) 0.3 (0.04) 027 (0.05)
Deviance(Wyy) 1.02 (0.18) 1.29 (0.03) 1.43 (0.26) 1.07 (0.09)
L 323 (0.73) 10.61 (0.32) 526 (0.72) 3.23 (0.62)
L2 0.65 (0.13) 096 (0.09) 0.88 (0.17) 0.88 (0.17)
FP 02 (0.12) 0 0) 014 (0.08) 015 (0.1)
FN 0.09 (0.05) 1 0) 023 (0.02) 0.1 (0.02)

Table 19: Result of 10% Measurement Error, Type 3

LASSO RIDGE HCS MHCS
V) 0.17 (0.04) 023 (0.06) 0.18 (0.04) 0.17 (0.04)
Deviance(Zys;) 082 (0.12) 122 (0.03) 0.86 (0.19) 0.82 (0.08)
CEWiest) 0.9 (0.04) 025 (0.06) 0.19 (0.04) 0.18 (0.04)
Deviance(Wy) 085 (0.12) 1.23 (0.03) 0.95 (0.18) 0.85 (0.08)
L 267 (0.32) 927 (029) 3.9 (0.57) 247 (0.41)
L2 053 (0.12) 071 (0.04) 0.63 (0.13) 0.63 (0.13)
FP 017 (0.08) 0 (0) 016 (0.11) 0.18 (0.1)
FN 007 (0.02) 1 (0) 017 (0.03) 0.05 (0.02)

Table 20: Result of 30% Measurement Error, Type 3

LASSO RIDGE HCS MHCS
CE(Zyosr) 02 (0.05) 024 (0.06) 022 (0.07) 0.19 (0.06)
Deviance(Zys;) 089 (0.13) 124 (0.03) 1  (026) 0.87 (0.12)
CEWiest) 024 (0.04) 026 (0.04) 026 (0.06) 0.23 (0.04)
Deviance(Wyy) 094 (0.1) 124 (0.03) 12 (023) 093 (0.1)
L 275 (057) 978 (0.42) 457 (0.81) 2.82 (0.62)
L2 056 (0.17) 079 (0.07) 0.73 (0.18) 0.73 (0.18)
FP 019 (0.14) 0  (0) 0.3 (0.09) 0.14 (0.11)
FN 006 (003) 1  (0) 02 (0.03) 0.07 (0.02)




Table 21: Result of 50% Measurement Error, Type 3

LASSO RIDGE HCS MHCS

CE(Zjest) 0.19 (0.04) 0.27 (0.04) 0.21 (0.05) 0.2 (0.04)
Deviance(Z.s;) 091 (0.09) 1.26 (0.02) 0.96 (0.21) 0.91 (0.06)
CE(Wiesr) 025 (0.04) 031 (0.06) 027 (0.04) 024 (0.05)
Deviance(Wiesr) 103 (0.12) 127 (0.03) 129 (02) 1.01 (0.09)
Ly 285 (0.59) 10 (0.4) 436 (0.46) 2.75 (0.45)
L2 0.58 (0.13) 0.82 (0.07) 0.73 (0.14) 0.73 (0.14)
FP 0.17 (0.13)

)

0 (0 011 (0.07) 017 (0.12)
1

FN 0.08 (0.04 0) 02 (0.03) 007 (0.02)




CHAPTER 5: REAL DATA ANALYSIS

Real Data Example 1: Sentiment Analysis of IMDb Movie Review

This example presents the proposed techniques (HCS, MHCS) to perform sen-
timent analysis in IMDB movie reviews, we compared the results with competing
methods: penalized logistic regression(PLR) and support vector machine (SVM).

Experiment setup

To begin the experiment, we downloaded a sample data set developed by [27],
the training data set contains 2000 movie reviews from IMDb, where 1000 reviews
are labeled as positive (1), 1000 reviews are labeled as negative (0); the testing data
set contained 1000 reviews, with 500 reviews are labeled as negative, 500 reviews
are labeled as positive. We processed the following techniques for text preparation:
removed all the links and punctuations in text, converted all words into lower case,
and tokenize the text into a sequence of single word (unigrams).

Bag of Words representation was applied to this example, where each unique
word served as a feature. We also applied a rough dimension reduction technique
by simply removing stopword according to NLTK stopword list and dropping fea-
tures which appear less than 10 times over all samples, which resulted in 12,932
dimensions in total number of features.

Denote n,{i,j} as the number of occurrences of word j in review i and ng{:}
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as the total number of words in review i. then we denote the value of feature j in

review 1 as:

ny, 4,5}

T

y; = 1 if the review is positive, y; = 0 if the review is negative.

The full data set was randomly separated to 70% for training, the remaining 30%
was for testing. Next we fit the different classifiers on training set, and recorded
the numbers of non-zero coefficients (||53]|o) and testing classification error (CE).
The tuning parameter A in HCS was selected by 5-fold cross validation on training
set. For MHCS, A and vy were sampled from a grid search, then similar to HCS,
we selected the one that produced best result by 5-fold cross validation on training
set. This process was repeated 50 times, and the mean value of || 3|/, and CE are
summarized in Table 22:

The results show that among all classifiers, SVM achieves lowest mean classifica-
tion error, which is 0.1. HCS and MHCS perform comparatively with the mean clas-
sification error being 0.12 and 0.11 respectively. Although SVM performs slightly
better in terms of mean classification error, from Table 22, it is seen MHCS performs
more stable than SVM with standard error 0.01 while for SVM is 0.08.

In the aspect to the capability of feature selection, the proposed classifiers show
prominent advantage of /; regularization in high dimensional setting. According
to the number of non-zero, HCS and MHCS select 82 and 47 features among 12,932

features, while other classifiers do not present the power of feature selection.
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Table 22: Performance measures of IMDB movie review

HCS MHCS SVM PLR
CE 012 (0.02) 011 (0.01) 01 (008 0.13 (0.03)
1Ble 82 (15) 47  (1.1) 12932 (0) 12932 (0)

We exhibit the features with top 10 positive and negative coefficients selected by
MHCS in a test trail. According to the result shows in Table 23 , the positive and

negative terms demonstrate a close match to a human’s emotional sentiment.

Table 23: Demo: Top 10 Positive and Negative Features Selected by MHCS

coef word coef word
5.253178e-03 wonderful 4.628492e-03 poor
4.500304e-03  favorite  -2.106760e-03 worst
4.462270e-03 loved -1.062546e-03  disappointing
4.112702e-03  excellent  -5.603305e-04 terrible
2.744693e-03 amazing -5.047209e-04 waste
8.060263e-04  worth  -2.728851e-04 awful
7.088666e-04 enjoy -2.314834e-04 boring
6.042885e-04  perfect  -9.118960e-05 save

4.579394e-04 best -2.501499e-05 horrible
4.315558e-04  holiday  -5.956561e-06 disappointment

Missing Value Scenarios

In order to investigate the proposed classifiers” capability of dealing with mea-
surement error, we randomly deleted a certain proportion of word sequence which
generated the original data set Z. Denote this new data set as W, we then sam-
pled 70% data from W as training set, denote as W,,,. The training process was

the same as previous example. We then applied the fitted model and tuning pa-
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rameter selected by 5-fold cross validation to conduct prediction test on remaining
testing data W,.., we tested on Z which had the same index as W, as well, de-
noted as Z;.s;. Repeated this process 50 times, the mean and standard error are
recorded in Table 24: the result presents that HCS, MHCS and SVM perform better
than PLR over all settings, although the standard error of SVM is higher than PLR.
As the missing proportion increases, the performance of all the classifiers worsen
to some degree. Nevertheless, the result shows that MHCS performs better than
other classifiers, demonstrates its robustness against missing value.

Table 24: Performance measures of IMDb movie review Missing Value Scenario

HCS MHCS SVM PLR

mean sd mean sd mean sd mean sd

Wes 012 (002 011 (0.02) 0.11 (0.07) 015 (0.02)

1% Zew 013 (0.02) 012 (0.02) 010 (0.11) 014 (0.02)
s, Wen 015 (0039 012 (001) 014 (1) 016 (0.0

Zew 015 (0.02) 013 (0.02) 013 (0.09) 0.16 (0.01)
sgy, Wer 016 (0.02) 015 (0.02) 017 (0 018 (0.0)

Zws 015 (0.02) 0.14 (0.02) 017 (0.7) 02 (0.01)

Real Data Example 2: Cat vs. Dog Image Recognition

Image data is remarkably high dimensional and frequently process with noise. In
this example, we used a small sample of labeled images of a dog and a cat from kag-
gle [26]. Our aim is to build a classifier automatically distinguish whether images
contain either a dog or a cat. The original data set contains 25,000 images of dogs

and cats in training fold, and 12,500 images in test folds. In order to demonstrate
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proposed classifier in d > n setting, we only use a small sample in this example.
We use 1,200 images from training fold, 600 are labeled as cat and 600 are labeled as
dog, then randomly split the data to 1000 images for training, 200 images for test-
ing. The main idea is input the image data (3 x 224 x 224) to a pre-trained network
(VGG-16 [28]) for feature extraction, then foward the extracted features to the linear
classifiers concerned. VGG-16[28] is a CNN network pre-trained on ImageNet data

set, its architecture is illustrated in Figure 5. ImageNet[44] is large data set contains

2 x224x3 Z2A X224 x 6d

Y 4

f/ 112112 % 128

|
/i
o
7
1 5[ 56 » 266

i ¥ =
& 7 2R 28 w12 T Tx512
=

o 4= 512
A . ﬁ 1 L"ﬁ'i%iju s 1x1x4096 13x1%1000
f‘!l
Lk L ¥
y ﬂ convolution+ReLU
| max pooling

1 fully connected+ReLU

| softmax

Figure 5: VGG-16 Architature [28]

1.2 M labeled images from 1000 categories.

In image recognition, pre-trained networks demonstrates strong capability to
conduct new deep learning tasks via transfer learning. Besides computationally
efficiency due to pre-trained weights, the first few layers of CNN in image recog-
nition training usually capture universal features such as lines, edges, curves that
related to other task.

To conduct the feature extraction, we freezed all weights, utilizing the entire net-

work as feature extractor, then forwarded the extracted features to the HCS, MHCS,
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SVM and PLR.

The first block in Table 25 illustrates top 5 features extracted by VGG-16 with the
a sample cat image ‘original Murphy” (Figure 6).

Perturbation Scenarios:

In order to investigate proposed classifiers” capability to cope with noise con-
taminated data, we added Gaussian noise to image data set on purpose. Figure
6 elaborates the effect with different proportion of noise, the corresponding top 5

features extracted by VGG-16 are listed in Table 25.

Orginal Image 10% Ga

175
200

50 100 150 200 50 100 150 200
20% Gaussian Moise 30% Gaussian Moise

SHBH-:

50 100 150 200 0 50 100 150 200

Figure 6: Murphy with different proportion Gaussian Noise



Table 25: Top 5 Features Extracted by VGG-16

46

Orignal Murphy 10% Noise
Feature Value Feature Value
Siamese cat 0.998657 | Siamese cat 0.972666
paper towel 0.000367 | cairn 0.014863
tub 0.000216 | West Highland white terrier 0.001727
toilet tissue 0.000196 | Scotch terrier 0.001670
lynx 0.000178 | paper towel 0.001231
20% Noise 30% Noise
Feature Value Feature Value
Siamese cat 0.982971 | West Highland white terrier 0.505062
cairn 0.004131 | Scotch terrier 0.141582
West Highland white terrier 0.002864 | cairn 0.134488
Scotch terrier 0.000798 | Siamese cat 0.073840
giant panda 0.000571 | Norwich terrier 0.037540

In the second step, we trained the classifiers on extracted features, this process is

the same as previous examples. Table 26 and Table 27 summarize the results of per-

formance. It is seen that MHCS performs best among four classifiers, with lowest

classification error (19%) and smallest number of selected features (17 out of 1,000).

HCS also demonstrates the capability of feature selections which the number is 32

out of 1,000, while SVM and PLR selected all the features.

Table 26: Performance measures of Cat vs Dog Image Recognition

HCS MHCS SVM PLR

CE
151lo

0.21
32

0.19

17

02 023
1,000 1,000
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From Table 27, it’s shown that HCS and MHCS perform more stable than SVM

and PLR as the proportion of perturbation increases. In aspects of prediction error

and robustness against noise, MHCS surpasses other classifiers.

Table 27: Performance Measures of Cat vs Dog with Noise

HCS MHCS SVM PLR

Mean SE Mean SE Mean SE Mean SE

10% Zest 228 02 205 01 222 03 256 0.1
Wiest 223 02 214 01 231 03 251 0.1
0% Zrest 235 01 212 02 232 03 258 02
Wiese 228 02 219 02 235 03 253 0.1
30% Zest 241 01 224 01 253 03 267 0.1
Wiese 245 01 227 01 254 02 264 0.1
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APPENDIX A: PROOFS OF THE THEOREMS IN CHAPTER 2

Assumption.

A

Assumption and Notation used in proofs of Chapter 2

(2, V), are id.d.

le()llee < My

: Myy/log2d ~ O(y/n)

. For Yag > 0,3J < 0o, such that,a;_; = ag2’ > 2||5*||s
B < s

10 Ly pea, g (Z,Y)> kAl

Notation:
l 2 |
¢ = Ty PO
n
2M,
51 = —d ;
n

/2 2
52 = 2Md log d
n

dp = 01 + 02

52
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Al. Proof of Theorem 2.1

proof of Theorem 2.1.

n

> { ¥z —tog[1+exp (Zi8)] |

=1

L,ps (Z,Y) =

S|

Let Vg, L, ps- (Z,Y) denote the gradient of L, pg- (Z,Y") withrespectto 3;, then

for each 7,
1 *
Vi, Ly pg- <Z7Y):E Z {Zij Y —u (ZiB")] }

where

exp (Z;5%)

u(Z6°) = € (0,1)

let ¢, =Y,—n(Zp3), theng; € (—1, 1)
Vs Lnps (Z,Y) —12
8 Lnppe ( -

Since {Z;, Y;}}!, are i.i.d, then for each j, {Zje }I, is a set of n independent
random variables.
We have following properties for Z;;e

According to Lemma A.1, we have
According to Assumption Ay, || Z||e < My and ¢; € (—1, 1), we have

Zz’j € € (—Md, Md) (AZ)



54
Then, combine (A.1) and (A.2), we can apply Hoeffding’s Inequality to { Z;e; },,
PL| Vs Lops (V)| >}

1 n

n)\2>
2M3

2n2 \?
Z?:l (2 Md )2

}g QeXp[—

—2exp ( - (A3)

Then by De Morgan’s Law, we abtain the union bound:
plsect=r{ H Vs Lo ps (Z2,Y) H <A}

:P(ﬂ;l:l{

1—p( uj?zl{(vﬂjanB* (Z,Y)‘ >}

Lps (Z,Y) ( gA})

M=~

Y%

|- P{(vﬂj Lo ps- (Z,Y)‘ > )\} (A4)

1

<.
Il

Plug the result of (A.3) into (A.4), it holds,

n \2 )
2 M,>

2

:1—exp[< —2n]\2d2)+log(2d)} (A.5)

(A4) > 1—2d exp < .

therefore,

.

PNty |

)\}>1 exp [( ;}\Z )—i—log(Qd)}

let

| 2d
)\Z\/?Md\/ og (2d)+7

n
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then
P € ey { || VLo 27 |

SﬁMd\/ log (2d)+ 7 }

n

>1—e".

To be specific, set T = log n, then with

| 2d 1
)\Z\/?Md\/ og (2d) +logn .

n

it holds that:

1
P(ﬂ*EC)\)Zl——.
n

Lemma A.1. With same notations in Theorem 2.1,

Proof.

By definition of L,, pg- (Z,Y),

1 n
Lups (2,Y) = — > e (ZY)
=1

Thus for 1 < j < d, the gradient w.r.t. 5* is:

B* n

Vi Lnps (2,Y) = _

Take the expectation of the gradient, combine with the definition of 5* and (2), we
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have:

EW@%WNZYH=E{

:E{ﬁ@ggﬂﬂﬁ}= Epmzyn‘

86]' 86] B*
_ aLPﬁ*—W‘ _o. (A.6)
Therefore,
Ly Y) [ =0;
E(szez):E[ﬁZZZJEZ]:E[V,BJanﬁ*<Z7 ):|— 3

=1
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A2. Parameter Error Bound
A2.1 Preliminary
A2.1.1 Concentration Inequality

Lemma A.2 (Hoeffding’s Inequality).

If 2y, Zs, . .., Z, are independent with P (a; < Z; < b; ) =1, then for any t > 0,

1 « >
P(|= Zi—E(Z)| > \) <2e2N/e.
(15 2 2= B(2) | > 2) 2%,
where ¢ — i(b- — a;)?
n — K3 (] .
Lemma A.3 (McDiarmid Inequality[23]). Let 71, ..., Z, € Z be independent random

variables, a mapping G : Z — R, and there exist nonnegative numbers c1, . . ., ¢, such that

Vie{l,,n},and VZ,...,Z,, Z; € Z, the function G satisfies

sup G(Zl,...7ZZ'7...,Zn)—G(Zl,...7Z£,...,Zn) SCZ‘ (A7)
21y Zn, 2,
then,
262
P G(Zl,,Zn)—E[G(Zl,,Zn)] 26 §2exp —W (AS)
i=1 "1

Lemma A4. [7]

Let Z be a random variable with mean 0, and a < Z < b. Then, for any t,

B ( 6tZ ) < et2(b—a)2/8'
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A2.1.2 Measure of Complexity

To develop uniform bound, it’s necessary to introduce a way to measure how
complex the hypothesis class is. There are several approaches to measure the
complexity such as VC Dimension, Covering, Rademacher Complexity, etc. In this
theoretical study, we utilize Rademacher Complexity to measure the complexity

of function class for high confidence set selection.

Definition 5.1 (Rademacher Random Variable).
Rademacher Random Variable {ry,79,...,r,}is a set of independent and identical

random variables, with P(r; = 1) = P(r; = —1) = 0.5.

Definition 5.2 (Rademacher Complexity). [7]

Rademacher Complexity of F is

L
Rad (F)=F [ ?‘Lelg ﬁ; Tzf(ZZ)}
The more complex the function class is, the larger the Rad ( F ) would be.
Intuitively, if the function class is complex enough, it’s possible to pick some
f € F, which match the sign of Rademacher Random Variable, to make the

Rad(F) large. There are a lot of important properties of Rademacher Complexity.

we introduce one useful Lemma below, which apply symmetrization technique.

Lemma A.5 (Symmetrization Theorem [24]). Let Z1, ..., Z,, be indepedent random vari-

ables with values in Z, ry, ..., r, be a Rademacher sequence independent of Z1, ..., Z,; f is
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a real valued functions on Z, Then

n

) < 2E( sup %me(Zi)‘)-

E(sup‘(Ln—L)f(Zi) fer -

feF

Lemma A.6 (Contraction Theorem [14]). Let Z1, ..., Z,, be non-random elements of some
space Z and let F be a class of real valued functions on Z, Consider Lipschitz functions
pPi - R — R, ie.

| i) = @) | < & —a'| Ve, o € R,

Let ry, ..., 1, be a Rademacher sequence. Then for any function ¢ : Z — R, we have:

B (s impxwxi))—mw’(xn)} ) <2B(sup| in[qs(xi)—cbw} ).

feFr feFr
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A2.2 Proof of Theorem 2.2

proof of Theorem 2.2. Define the solution set of HCS:

By = {B € R*: = argmin || 8 | } (A.9)

BeCK)

Define a quantity V:

(Ln = L) (ps- = p3)

S T TR 0
Where L,, is the emperical loss operator, L is the expected loss operator;
pg, pp- are logistic loss with respect to 3 and (* respectively;
aop is a small quantity which by assumption A, satisfies: ay > %
Construct a partition set of By according to the distance between 3* and f:
Bo={B:5€Bx 15—l < ao}
i ={B:BeBya <[B-Flh <ol (1<i<T—1)
By ={B:B€By A~ 8> a1} (A1)
For1 <j <J—1:a; = 2a;_1, by Assumption Ay, it holds a;_1 > 2[|5*;.
Then, we can derive the bound according to this partition B, as follow:
P(Vy>0dy)=P < sup <Ln_L)A(pﬁ* —,05) >(5g>
pesn a0+ I8 =5
SiP(sup (Lo = L) (P — p3) > ). (A12)
T wt 1h-Alh
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to be simplified, let

(Lo —L) (ps—pp)

V; = sup - (A.13)
" oges,  ao+ 8- B
then (A.12) is equivalent to
J
P(VA>50)§ZP<VJ->5O>.
=0
According to Lemma A.7: For0 < j; < J —1
P (Vj >c50) <2e"
By Theorem 2.1, when A > )*, it holds
P(Vi>0)<P(I18=80>as)
<P (1881 >218)
1
<P(F¢0) < -
Thus,
1
P (VA>50> <2Je ™y —
n
It comes to conclude that, with probability at least 1 — 2J ¢~?" — 1, it holds:
L,—L C—p;
Vi = sup ( )(PﬁA Pz )l 5
BB, ao + |18 = Bllx
Since our estimator 5’ wos € By, it holds
LTL - L * T A LTL —_ L * — ~
| ( )('OBA Piyes ) | < sup ( )(pfa Pzl < 5
ao + [|8* — Breslh peBy o+ [|8* — Bucslh

thus,

Ln(f%’*—ﬂﬁms)—L(Pﬂ*—P/;HCS)S o ag + 4 || 5*—/@1{05 1
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rearrange the orders, then
E(Bres) =L ( Piyes — P5* )
< L (Ppyes —Poe )+ S0 |l 8= Bucs |1 + 6 ag
by 3): Lu(pp,es — o) < A Bres — B ||, thus

EBres) < (A+0) || B* = Bues | + do ao

Lemma A.7. As B;, V;, defined in (A.11), (A.13), for 0 < j < J — 1, it holds:

g7 Vs

P(‘/J > (50) <2e7%m,
Proof. The process to prove V; is bouned contains following two steps: Step 1,
prove V; is concerntrated around its mean E(V}); Step 2, prove the mean E(V})

is bounded above.

Step 1: Concerntraction around mean:
P<|Vj—E(Vj)| >51) <2

Denote {D;}? |, = (Z;,Y;);_,. It suffices to apply McDiarmid Inequality (Theorem

A.3) to derive the concentration bound if it satisfies:

Vi (Dy,...,Dy,...,D,)=V; (Dy,....D},....Dy) | <ci

sup
D;

Let hy= —2 P and hy = hs — E(hy) (A.14)

ao+ |8 = B+




then,

(Ln—L)(pg—pﬁ){Dl,...,Dn}

Vi( Dy,...,D, ) = sup _
! seb, a0+ || 8 — B*|h

1 & -
= sup —Zhﬁ(Dz‘)

peB; M o

Constructaset { D; },, such that:

(Z;,Y!) wheni=%k
D; =

(Z:,Y;) wheni#k

then,

1 -
V,(D},...,D,,...,D\) = sup — hg (D)
(Do D, Dh) = sup 203 s (D))

By definition of Vj in (A.15), for V3, € B, we have:

1 _
Ezhﬁl(Dl> _‘/j(Dlv 7D,2;’ 7Dn)
i=1
J LI
= — hs, (D;) — sup — hs (D;) ;
n - 51( ) sen, ; ﬁ( )

ForVp, € B, itholds supgep, = iy hg(Dj) >+ Y7, hg (D)), thus,

3
S|~ ~—
- -
>
o
S

(AWS%, hs (Di) —

IN

n
Since Dy and Dj, are from same distribution, we have

E[hs (D) ] =E[hg (D) ]
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(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
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Therefore, by definiton of hgs, (A.14):

(A.18) = %{(hﬁl(pk)—E[hﬁl(Dk)D — (hm(Dm—E[hm(D;)})}
= [hs (D) = hay (D)]

by definition of s (A.14),

1{ (s —pp ) (Dy) — (PZ—P,BJ(DQ)}
ao + || 8* — Billx

n
by the triangle inequality,

_ 1{ | (P = e ) (Zis Vi) [+ | (0 — ps) (Z3, YY) | }
ap + [|8* = Bl

on
by Lipschitz property of pg,

< 1{ | 208" -zl + | 275 - 2175y }
on ap + ||8* — Billx

by Holder’s inequality,

< l{ | Z ool B = Bulli + 1| ZiF ool B = 51 Il }
- n ao + [|8* = Bl

by Assumption:

< 2Ma
n

Since for V3, € B;, it holds

1 s 2M,
_Zhﬂl(Di)—Vj(Dl,...,D;,...,Dn)g_d
n =1 n
thus,
Supliﬁ (D')—V-(D1 D D)<u
ﬁijn P s g J PRI ky--ryHn ) = n s
by (A.15),
1 -
v D’ 7D7 7Dn = sup — h Dz ,
7 (D1 k ) Begn; 5(D;)



thus,

Vi(Dy,...,Dy,...,Dy) = V; (Dy,...

Analogously, it can be proved

Vi (Dy,...,D,....,D,) = V; (Dy,...

thus,

‘V}(Dl,...,Dk,...,Dn)—\/}(Dl,...

Since D.,...,D, arei.i.d,

Thus, the condition (A.7) in McDiarmid Inequality (Theorem A.3) meets with

C;
n

2M,
By setting & = — | it conclude that:
n

2My
P(1vi- BV > =

Step 2: Upper Bounded E(V})

E (Vi) < 6

2M,

2M,
,D......D,) <=2

n

2M,
7Dka 7Dn)§_d7

n

2My
D,.....D, — .
’ k> ) )’_ n

Vj(Dl,...,Dk,...,Dn)—Vj(Dl,...,D;,...,Dn)’<—.
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) < e (A.20)

E(V;)=E ( sup

\(Ln—L)(PB*—PB)’>

BeB; ap+ || B* ~ B 1



66

recall the definition of B;:
Bi={B:8€Byaj1<| B =5<a}k;
thus,
for j=0:
a+ | B = B |l > ao,
for 1<j<J—-1:

ao+ || B = B I > aj-1.
therefore,
for j7=0:

B(V)< — B sw |[(L~L) (o5 — ) )
0 BEB;

E(V;)< ! E( sup | (Ln — L) (pg= — p3) D

aj_l BEBJ‘

Denote hj; = pg- — ps, by Symmetrization Lemma (Lemma A.5), it holds:

E(sup\(Ln—L)Bﬁs])§2Rad{ﬁB,B€Bj}; (A.21)
BGB]'
Where Rad { fzé, 3 e B;} is Rademacher Complexity of { }NzB, BeB;):
- . 1 <& -
Rad { hg, BEBj}:E< sup ‘—ZrihB(Zi,Yi)‘);
pes; ' T

and {r;}I", is a setof i.i.d Rademacher random variable.
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Thus,

3

E<sup|(Ln—L)Bg|>§2E(SUP : h ' ’)

BGBJ‘ BEBJ' n i=1

|
3
isy
—~
N
=
~—

By Contraction Theorem (Lemma A.6),

3

<om(swp |2 nz(p-5)])

peB; i=1
By Holders Inequality,
1 .-
<28 ( sw [~ 127 vl 8= 5311 |)
BEBJ‘ n

since ||5* — B||1 < aj

1
<20,E |~ |27 ] |
n

By Lemma A.8:
21log 2d
S 2aj Md °9
n
Thus, for j=0:
2log2d 2log 2d
B(Ve) <28 g, ) 200920 g g, ) 210920,
agp n n

which concludes that, for 0<j7<J—1:

2log2d
n

E(V;)<4M, = ds. (A.22)
Set 6y = 1 + 9o, combine (A.20) and (A.22), it concludes:

1
P(V;>8))<2Je ™ + - (A.23)



Lemma A.8. With same notations of Lemma A.7, it holds:

1 2log2d
E(max—|ZjTr|>§Md 09°¢
1<j<d n n
Proof.
1 M
Let ﬂj = — Zz’jria then E(ﬂj ) :O, and ’EJ‘ < —d
n n
By Lemma A4,
2 My
Elerp(tTy)] <exp( nf )-

LetT; = > | Ti;, then,

Eleap (+T))]=E[eap(t Y T;)]

by independency of {7};}-,,

by the result of (A.24),

- t2 M > t2 M,
< [Jexr( 5o )= (— =)
=1

Thus, T} is a subgaussian random variable with o = %

Create aset { T } ?2,, with 2d elements, where

{T;}?:lz{Tj}?:ﬁ

{T; }]Q‘id-‘,—l :{_Tj }?:1-
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(A.24)

(A.25)
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Notice that,

max |7 |= max T
1<j<d 1< <2d

thus,
— /
exp[tE(lrgnjaicd\ﬂ])]_e:cp[tE(lénjzg(Qde)].

Then, by Jensen’s Inequality and convexity of e”, it holds:

'Y< !
exp[tE(lgljngQdT])]_E[exp(t 1;11ja§><;2dT])]

=FE[ max erxp (tT)]

1<j<2d
2d
<Y Elexp(tT})]
j=1
by the result of subgaussian tails in (A.25):
2 M,>
<2d .
<2derp (— =)
take log for both sides, we have
log 2d  t My
E( max |T;]) < = -
<j<d t 2n
setting t = \/2nlog2d /My,
2log2d
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A3. Proof of Theorem 2.3

proof of Theorem 2.3. Since ﬁ rcs is the solution from C,, by definition of C,,
| VoLnps, (Z:Y) o < A
Under Event A, we have 5* € C,, therefore
Ve Lnps- (2, ) o < X
then by the triangle inequality,

I VoLnps,.o (Z,Y) = VeLyps (Z,Y) [l

SHVsLnpgues (Z2,Y ) lo + 11 VaLlnpg (Z2,Y) [0 < 24 (A.26)
let A = B — (%, then the first order Taylor error is

5an(A,ﬁ*)<Z’ Y)

t= Lo pgeya)(ZY) = Lupg(Z,Y) = (Vg Lops-(Z,Y), A)
by first order derivative property of convexity function,

< (VsLaps, (2, Y), Ay = (VaLops (Z,Y ), A)
rearrange inner product,

= ([VoLubpyes (Z.Y) = VsLups (Z,Y) ], A)
by Holder’s inequality,

<\ VeLnps,o (Z,Y) = VaLups (Z.Y ) |l | AL
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by the result of (A.26), it holds:

<2\ AL (A.27)

Since fucs = argmingee, || 8 [|1, thus || Bucs |1 < || B |1, similar to basis

pursuit [45], we have following two properties for A:

1ALl < 1AL (A.28)

Al <2V | Al (A.29)
By Assumption Ag, A satisfies restricted strong convexity assumption, that is,
0 Lupag)(Z.Y) = sl Al
combine with (A.27) and (A.29) we have,
RIAIE < 201 AL < 405 [ Al

therefore,

~ 4
1A, < 22V5 (A30)

)
K

plug (A.30) into (A.29), we have

8As

(A.31)

AL <
O

[Corollary] Under Assumption A; — Ag, when A > \*, with probability at least
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1—2Je 2 — 1, itholds that:

8As

E(Bucs) < (A+d0)+ o ao

Proof. Take the result of (A.29) into Theorem 2.2, the result can be achieved. O



APPENDIX B: PROOFS OF THE THEOREMS IN CHAPTER 3
Assumptions and Notations in Chapter 3

Assumption (C}). (Z;,Y;)", are i.i.d., and (W;,Y;)" , arei.id.;
Assumption (Cy). W = Z + =, and E(W) = 0.

Assumption ( C5). ||0())||ce < Mg ie., || Z ||oo < Mgy and | W ||oo < My,
Assumption ( Cy). My\/log2d? ~ O(\/n);

Assumption (C5). For Vay > 0,3J < oo, such that,a;_; = ag2’ > 2||8*||:;
Assumption (Cg). || 5% [0 < s;

Assumption (C7). 6 L, pa, gy (W, Y ) > k| Al

Notation:

Vo= ﬁMd\/ log (2d) + logn ;
n

. log (2d?) + logn
7= Mf\/ 5 :

2M,

9

01
n

[ 2log 2
52 = 2Md log d
n

dp = 01 + 2

73
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B1. Proof of Theorem 3.1

proof of Theorem 3.1.

Since L, pg (W, Y) —%;{YWB 10g[1+eXP(W5)]}

itholds, Vj anﬁ(W,Y)zl > {Wi[Yi—u(Wzﬂ)] };

n -

=1

Thus, (??) is equivalent to

Coy={ 8 € B LIWIY =) (WH) T lw < A+ 180 f (B

where
Wexp(Wp)
p— 0]. .
pW8) = o gy € (01)
By Assumption Cs,
Wp=2Z5+2Z8

thus by Cauchy Remainder Theorem,

p(WB)=pu(ZB)+u (£8)(26)

where £ lies in the segment between W/ and Zj .

Therefore,

P (ﬁ* EC(,\,V))

WY = (WB) ] e < A+7H6*Hl}

Sl 3=

| WY = u(Z8°) — i (€6°) (28°) ] [l < >\+7||5*||1}
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By triangle inequality,
1 1 eary (=R
CNWTIY = (268~ 1 (66°) (35°) ] o

< WY —u(Z87) ] Hoo+% W1 (6) (E8%) lloe

S|

Define
Event B:={ 8 € C(\ )}
WY = (Z6°) ~ i (€5) (28] e < A+ 7187 b )
Define
Event B ::{%||WT[Y—,u(ZB*)]||ooS>\};

1
Event By :={ — | WEE (€67 )(Z87) lloo <1187 111 3

Notice that, Event B, and Event B, implies Fvent B. Now we investigate the
probability of each event respectively.

(1) Event By :
P(B)=P{ | WY —u(Z6) ] e < A}

let e=Y —pu(Zp*), thensince E(e) =0 and |[W|. < M, analogous to Theorem

2.1, it holds:

1 2d 1
when/\Z\/?Md\/ og (2d) + logn =\,

(1) FEvent By



Notice that
exp (&)
i = e (0,1),
1(&B) T exp (67 (0, 1)
then
/ exp(@ﬂ) 1
iB) = = (& L—p(& € (0, — )
w(&B) Tt o (65)F p(&P) [1—p(&p)] € (0, 1)
Thus,
LW (EB)(ZB) oo < —— | WT(E5°) oo < —— || ETW 1]l 8]
n # - = 4An - = 4n "7 > b
Define
Event By:= { —— | ST W ||l <7 }
ven 5 1= A = oo X7
then,
P(B’):P(LH ETWHOO<7>:P(maxmaXi‘ilEikWi- <
? in - O =
Denote
1 _
Ti,k,j = Z_l ik VVij7
then

> Tiwg=Y i Zik Wijs
i=1

i=1

Since £ (W;;) =0,

1, 1, _ 1
|Tm‘,1~c|=1|:z'1ch‘j|§;l |:||oo||W||ooS§M§

76
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Then apply Hoeffding’s Inequality,

2n2 ,.YQ

P(\%Z;T“‘WW <2ew |- s paamr ]

i=1
= 2 exp [ — QMLT] (B.2)

d

The union bounds can be achieved as following;:

P(B;):P{ ETWHOngy}

5
4n

1 n
_p<m m _— E T < )
i an n | — o | K

1 n
:P<mzzl N7, {7’27@' Sv})
1=1

k=1 j=1 i=1
by the result of (B.2),
2ny? 2
>1-— — .
>1 exp[ F —|—log(2d)] (B.3)
With
log (2d?)+ 7
72 Mg \/ : 2n ! ’
it holds,



let

2
vV

then,

Mf\/ log (2d?) +logn

2n

1

P(By) > 1——.

Therefore, when A\ > \*, v > ~*,

n

2
P(B 1——.
(B) > 1--

78
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B2. Proof of Theorem 3.2

Proof of Theorem 3.2.
Define
Lo—L) (ps —p:3)(Z, Y
sy (BB () (2Y) -
BeB(A) a+ || =5 |
where
B(Ay)={ B e R B= argmin | 5] | (B.5)
pec(Ay)
Similar to Theorem 2.2, we patition B - into {B;}/_q:
By ={5: 5 € By, 18— 5l < ao}
Bi={8:8¢€Boyaja<[B8-plh<a)(1<j<-1)
By={B:5¢ B, 18— Bl > ay1} (B.6)
For1<j;<J-1:
a; = 2aj,1;
by Assumption Cs, it holds:
aj1>2|B" and  ag > Héjul;
Then, we can derive the bound according to this partition B, , as follow:
Lo — L) (ps- — ps
P(Vay>8) =P ( sup ( ) (s pﬁ)>50)
BEB ao + [|8 = B
J L,—L . —p;
<3P sw ( ) (ps = p5) > ). (B7)
=0 BeB; aop + |8 = B*[lx
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to be simplified, let

L,— L . — s
V= sup ( ) (ps—pp)

~ 2Y B.8
s — S (B8)

then (B.7) is equivalent to

P( Vi, >d) ZJ: (vj>50>.

7=0

According to Lemma B.1: For0 < j < J —1
P (Vj >c50) <2e"
By Theorem 3.1, when A > A\* and vy > ~*, it holds

P (V>0 )<P(I18-80>as)
<P (18=6"1h>208)
P(5 ¢C) <2

Thus,

P (VA,7 > do ) <2Je "+

n

It comes to conclude that, with probability at least 1 — 2.J e~?" — 2, it holds:

L,—L = WZ2.Y
b B D) (o =p)EV

BEB(» ) ao + [|8* = Bl

Since our estimator 5’ vHCSs € By, it holds

| (Lo = L) (s = Paypes ) (2, V)]
ao + ||Byvucs — 61
L,— L =) (2, Y
< sup I¢ )(PBA Pz ) ( )\§50
BeBOY) ao + |6 — B*|lx
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thus,

L (ppe — Pivmcs )— L (pg — Pirnos ) < boag +do || B — Bumcs |-

rearrange the orders, then

E(Buncs) =L (4,00 — P5- )

< Ln (Ppypes — P )+ 00 |l B = Bumcs 1 + 6o ag
since:
‘ L”pBMHcs(Z’ Y) _L”pﬁ* (Z’ Y) |
< Vs Lupg,es(ZY) oo | Buros — 8" |
by Lemma B.2
< (3X+27 Bumes 1) || Bumes — B |;
then,

g(BMHC’S) = LngHcs(Za Y)—=Lps-(2,Y)
< | Lapyes(Z: Y ) = Lups-(Z,Y )| + 80 | 8 = Barnes i + 6o ag
< (3X+27 | Buncs I ) | B — Buncs |
+do || B — Brrres |1+ do ao;
Under f* € Cay, || Buncs Ih < I B |1u:

E(Barncs) < (BA+29) 81+ 6 ) | B* = Bumes |\ + doao.
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Lemma B.1. As B,, V;, defined in (B.6), (B.8), for 0 < j < J — 1, it holds:
P(V;>8)<2e
Proof. Analogous to Theorem 2, we have following results for V;:

POV~ E(V;)] >6) <2

and

set &g = 9; + O, then

Lemma B.2.

With same notations in Theorem 3.2, when A > X\* and ~ > ~*, then with probability
2 .

at least 1 — —, it holds:
n

1 A A
N 271 = w(ZBunes) 1| < 30+27 1 Buncs I

[ee]

Proof.
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By triangle inequality,

1 1

2 2 = Zhumes) 1| -

ETY — pu(ZBuncs) ] H

o0

_% H WTu/(é’ﬁAMHCS)(EBMHCS) ”

o0

< 2|27 1Y ~ i ZBuncs) ] + ET1Y — p(ZBunes)

— WT W (€ Bunes) (EBuncs) H

[e.e]

= %H WY = (Whirnes) | H

oo

Thus, after rearranging orders, the gradient of target population through high con-

tidence set estimation, would be bounded by the following three parts.

o P P Pt e |

1 . 1 . .
+ E'Y = u(ZBuncs) H +o H Wi (€ Buncs) (EBuncs) H
First, since BM res € C (), by definition of C, ,), it holds,
1 A N
I WILY = (Whmnes ) 1 llso < A+ 7 || Buncs [ (B.9)

Similar to the process in proving previous theorem Event B; and Event B, under

the condition A > A\* and v > +*, the second part and third part will be bounded

with high probability:
P<l ET[Y—,LL(ZBMHCS)]H <2/\) >1- L, (B.10)
n o n’

! ; =5 ; 1
P ( - H W' (€ Buncs ) (EBuucs) HOO <7l Bunes [lh ) >1-— (B



Thus by De Morgan’s Law again,

L 3 A 2
P<ﬁ H ZT[Y—M(ZﬁMHCS” ” <3AX+27 || Bmrcs ||1> 21_5.

o0
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B3. Proof of Theorem 3.3

proof of Theorem 3.3.

By the definition of C(, ), it holds:

Ve Lo gy es (WY ) [loo < A+ A Brrnes |13

Condition on 5* € C( ),
Ve Lnps- (WY ) oo < A (157 [l;
then by the triangle inequality,
| Vo Lnps, e (W, Y ) = VgLypg (W, V) [0

<HVeLntgues (WY ) llo + 11V Lnps (W, V) [l

<22+ 9l Bunos I+ v Bl < 22+ 2911 B [l (B.12)
Thus, the corresponding result of (A.27) is:

i= Lupgera)( W, Y) = L pg-(W, Y) = (Vg Lo ps- (W, V), A)

<1 V6 L Ppyyes (W Y) = VeLupg (WY ) oo | AL

<2(A+ 718 ) 1A | (B.13)

Under Event B, |Buncs|i < ||8*[|1, thus, (A.28) and (A.29) still valid.
By Assumption C7,

5an(A,ﬂ*)(Wv Y) > k| Al
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combine with (B.13) and (A.29) we have,

RIATE < 2+ 218 I TA T < 4(A+ 218 1) Vs 1Al

therefore,
N 4( A+ * S
plug (B.14) into (A.29), we have
A 8(A+ * s
jag < BAFTI) s (B.15)
H

[Corollary] Under Assumption C-C7, when A > \*, v > ~*, with probability at

least 1 — 2J ¢~2" — 2, it holds that:

8s(A+71187M1) B A +27[187[l1 + do)

K

5(BMHCS) < + do ag

Proof. Take the result of (B.15) into Theorem 3.2, the result can be achieved. O



