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ABSTRACT

DOYEL BARMAN. Consistency results in the theory of continuous functions and
selective separability. (Under the direction of DR. ALAN DOW)

We study of the notion of selective separability(SS), which was introduced by
Marion Scheepers, and its connection with the game-theoretic strengthening, strate-
gically selective separable spaces (SST). It is known that every set of countable
m-weight is selectively separable, and if X is selectively separable, then all dense sub-
sets of X are selectively separable. We know that some dense countable subsets of 2¢
are selectively separable and some are not. It is also known that C,(X) is selectively
separable if and only if it is separable and has countable fan tightness. Here we prove
that separable Fréchet spaces are selectively separable. It is also shown that consis-
tently the product of two separable Fréchet spaces might not be selectively separable.
Also we show that adding a Sacks real can destroy the property of being selectively
separable.

We introduce a notion stronger than selective separability and called it strategically
selective separable or SST and consider its properties in countable dense subsets of
uncountable powers. We show that there is an SS space which fails to be SS*.
The motivation for studying SS* is that it is a property possessed by all separable
subsets of C,(X) for each o-compact space X. We prove that the winning strategy
for countable SS* spaces can be chosen to be Markov.

We introduce the notion of being compactlike of a collection of open sets in a topo-
logical space and with the help of this notion we prove that there are two countable
SST spaces such that the union fails to be SST, which contrasts the known result
about the union of SS spaces. We also prove that the product of two countable SS™
spaces is again countable SS*.

We prove a very interesting result which consistently contrasts our previous result,

that the proper forcing axiom, PFA, implies that the product of two countable Fréchet
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spaces is SS. Also we show that consistently with the negation of CH that all separable
Fréchet spaces have m-weight at most w;.

We also worked on an open question posed by Ohta and Yamasaki in the book “Open
Problems in Topology” which is, whether every C*-embedded subset of a first count-
able space is C-embedded. It is known that a counterexample can be derived from
the assumption b = s = ¢ and that if the Product Measure Extension Theorem
(PMEA) holds then the answer is affirmative in some cases . We show that in the
model obtained by adding x many random reals, where x is a supercompact cardinal,
every C*-embedded subset of a first countable space (even with character smaller
than ) is C-embedded. The result was derived from the interesting fact that, if two
ground model sets are completely separated after adding a random real, then they
were completely separated originally.

The dissertation is divided as follows. The first chapter contains the topological
properties of selectively separable spaces. The second chapter contains all the results
we obtained about SS* spaces. The third chapter is devoted to the theorems involving
CH and forcing extensions. The final chapter contains the results we obtained in the
random real model about the C-embedding and C*-embedding properties.

Any topological term not defined explicitly should be understood as in [1]. The

corresponding remark applies to set theoretic notions and [2].
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CHAPTER 1: ON SELECTIVE SEPARABILITY

1.1 Introduction

In this dissertation we focus on the study of the topological properties of the selectively
separable spaces which was introduced by Marion Scheepers. Particularly interesting
is the naturalness of the SS notion in the function spaces with the pointwise convergent
topology, namely Cp(X) for metric spaces X. For a space X, Cp(X) is the subspace
of R¥ consisting of the real valued continuous functions on X (i.e. C(X) with the
topology of pointwise convergence).

We will let C,,(X,2) be the subspace of C,(X) consisting of the 2-valued functions.
Since such spaces are dense in the product space 2%, it is also natural to consider
other countable dense subsets of such powers.

Many interesting results and questions were presented in the paper [9] and we consider
some of them here. We show that every separable Fréchet space is SS. We prove that
there is a dense subspace of 2*' which is SS. We exploit the connections found in [3,9]
between the Menger Property of a space X and selective separability of C,(X).

We recall the definitions of some well-known concepts from set theory and

topology.

We denote w as the set of natural numbers. A space X has countable fan tightness
if, for any x € X and any sequence {4, : n € w} of subsets of X such that x €

ﬂnew A,,, we can choose a finite set B,, C A, for each n € w in such a way that = €

U{B. : n € w}. A space X has countable tightness (which is denoted by t(X) < w)
if for any © € X and A C X if 2 € A, then there is a countable set B C A such that

x € B. A space is scattered if every non-empty subspace of X has an isolated point.
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Definition 1.1. A partial order is a pair (P, <) such that P # () and < is a relation
on P which is transitive and reflexive (Vp € P(p < p)). p < ¢ usually referred as “p
extends q”.
Definition 1.2. Let (P, <) be a partial order. A chain in P is a set C' C P such that
Vp,q € C(p < qVq<p). pand q are compatible if and only if Ir € P(r < pAr < q);
they are incompatible (pLq) if and only if Ar € P(r < p Ar < q). An antichain in P

is a subset A C IP such that Vp,q € A(p # ¢ — pLq).

A partial order (P, <) has the countable chain condition (c.c.c.) if and only if every
antichain in P is countable.
Definition 1.3. If (P, <) is a partial order, D C P is dense in P if and only if for all
p € P, there exists a ¢ < p such that ¢ € D. Now a set G C P is a filter in P if and
only if the following conditions are satisfied:

1. Vp,g € G,3r € G (r<pAr<gq),and

2. VpeG,VqeP (g<p—qeq).
The Martin’s Axiom or MA(k) is the statement: whenever (P, <) is a non-empty
partial order satisfying the countable chain conditions and D is a family of < k dense
subsets of P, then there is a filter G in P such that VD € D (GN D # 0).
The assumption MA e is the statement that the well-known statement of Martin’s
Axiom holds for countable posets (rather than necessarily all ccc posets). This is
equivalent to the statement that the real line can not be covered by a family of fewer
than ¢ many nowhere dense sets and is known to imply that the dominating number
0 is ¢. The bounding number b is the minimum cardinality of a subset of w* which
has no mod finite upper bound. The pseudointersection number, p, is the minimum
cardinality of a free filter base on w for which there is no infinite set which is mod
finite contained in each member of the filter.
For several of our results we require extra set-theoretic hypotheses. Using MA 1 we

establish that the product of two countable SS spaces may not be SS and that there
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is a maximal regular SS space. We seem to require CH to prove that the product of

two countable Fréchet spaces may not be SS.
1.2 Selective Separability

Let us start with the definition of selective separability of a topological space X.

Definition 1.4. [3] A space X is called selectively separable (or SS) if for each sequence
{D,}. of dense sets, there is a selection {E,, € [D,]|<“} e, With dense union.

Now we have some results concerning m-weight of a space and its relation with selec-

tive separability. Before citing those results let us recall the definition.

Definition 1.5. Let (X, 7) be a topological space. A family ( C 7 is a m-base of X if
for each U € 7, there is a B € ( such that B C U.
The cardinal 7w(X) (called the m-weight of X') is the minimal cardinality of a 7-base
of the space X. The following results are already known.
Proposition 1.1. [9] Assume that X is selectively separable. Then

1. every dense subspace of X is selectively separable and hence separable;

2. every open subspace of X is selectively separable;

3. every open continuous image of X is selectively separable;

4. every closed irreducible continuous image of X is selectively separable.
Proof. Properties 1 and 2 are straightforward from the definition. Now, if a contin-
uous onto map f : X — Y is either open or closed irreducible, then for any sequence
{E, : n € w} of dense subsets of Y, the set D, = f~'(E,) is dense in X, so we
can choose finite F,, C D, such that J, F}, is dense in X. Then G, = f(F},) is fi-

nite subset of E,, for every n € w and | _ G, is dense in Y, which proves 3 and 4. [J

necw
Proposition 1.2. [9] Each space with countable m-weight is selectively separable.

Proof. Suppose that 7w(X) = w and fix a 7-base {B,, : n € w}in X. If {D,, : n € w}
is a sequence of dense subsets of X, then we can choose a point x, € D, N B, for

each n € w; now {z, : n € w} is dense in X, so X is selectively separable. U

Proposition 1.3. [3] Each countable space with m-weight < 0 is selectively separable.
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Proof. Let us fix a sequence of indexed dense sets {D,, = {d(n,l) : | € w} : n € w}.
Fix a m-base U of cardinality less than 0. For each U € U there is a function f; € w®
satisfying, for each n € w, U({d(n,?) : ¢ < fu(n)} # 0. Since | U |< 0, there is
a function g € w* such that fiy <* g for all U. Now let E,, = {d(n,l) : | < g(n)}.
Then it is easy to check that, for each U € U, U N E,, # () for all such n such that
fu(n) < g(n), and so U N Y, £, is not empty. 0
A space is said to be crowded if it has no isolated points. For convenience we will
often assume that the spaces under discussion are crowded. Spaces which are not

crowded are easily handled by the following observation.

Lemma 1.4. A space X is SS if and only if the set I of isolated points is countable
and X \ I is SS.
We recall, and generalize, the notion of countable fan-tightness.
Definition 1.6. A space X has countable (dense) fan-tightness at x € X if for each
sequence (of dense sets) {Y,,}, with € (), Y, there is a selection {W,, € [V,,]<“ :
n € w} such that z € (J, W,. A space X has countable (dense) fan-tightness if it has
countable (dense) fan-tightness at each point = € X.
It is immediate that each SS space has countable dense fan-tightness, but it is useful
to make note of the partial converse.
Lemma 1.5. For a space X, the following conditions are equivalent:

1. X is SS,

2. X is separable and has countable dense fan-tightness,

3. X has countable dense fan-tightness at each point of some countable dense

subset.

Proof. It suffices to prove that condition 3 implies condition 1. We may assume
that the space X is crowded. Let {4, : n € w} be a partition of w into infinite
sets. Let D = {d, : n € w} be a dense subset of X such that X has countable

dense fan-tightness at each d € D. Let {D, : n € w} be a sequence of dense subsets
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of X. Now for each n € w and for each k € A, we use countable fan-tightness to
select {F{' : n € w,k € A,} so that d,, € m. Since X = {d, : n € w} and
{dn:néw}gm,wehave)(:m. O
One of our main results shows the surprising connection between the Fréchet property

and selective separability. Let us recall the definition of a Fréchet Space:

Definition 1.7. A space is called Fréchet if it is the case that a point is in the closure

of a subset of X iff there is a sequence from the set converging to that point.
Theorem 1.6. Each separable Fréchet space is selectively separable.

Proof. We may assume that the space X is crowded. Let D be the postulated
countable dense subset of X and let d € D. By Lemma 1.5, it suffices to show that X
has countable dense fan-tightness at (each point) d (of D). Since d € X \ {d} there
exists a sequence {d, : n € w} C X \ {d} which converges to d. Let {D,, : n € w} be
a family of dense subsets of X. If we replace each D,, by |, Dk, we may assume
that the sequence {D, : n € w} is descending. For all n, d, € D,,, which implies
that there exists a sequence S,, C D, which converges to d,,. Now we observe that
d e m and, therefore, we can select a sequence Sy C J,, S, such that Sy — d.
Now for all n € w, Sy NS, is finite since Sy and S,, converge to distinct points. Let
F, = 54N Sy, which is a finite subset of D,,. Now S; = |J,, F,, and d € S, which
implies d € m Therefore, by Lemma 1.5, X is selectively separable. 0
We present the following example because it seems to us to be a very natural example
of a countable space with minimal m-weight (namely 9) which fails to be selectively

separable. An example using C,(X) theory was given in [9].

Example 1.1. Consider the box topology on the countable power (w+ 1)¥ where w+ 1
is the usual compact ordinal topology. Let S = {f € O(w + 1)¥ : (3In) f(k) =
wiff k> n}.

Let D, ={f € S: f(k) # wVk < n}. It is easily seen that D,, is a dense subset of S

which is moreover open. We will show that the sequence {D,, : n € w} is a witness to
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the fact that S is not SS. Assume that F,, € [D,,|< for each n € w. Define a function
h € w* so that f(n) < h(n) for each f € F,,. Now the basic open set I, [h(k),w]
in O(w + 1) does meet S but it is clearly disjoint from (J,, F},. Therefore S is not
selectively separable.

To show mw(S) =, let D C w* be a dominating family of functions of cardinality .
Then basic open sets are of the form: W(t, f) = ILicaom@ {t(0)} X Wizdom [f(7), w],
t € w< and f € w¥. For any open U(s, g), where s € w<* and g € w*, we can take
W(s, f) C U(s,g) where f dominates g , f € D. Let k <0, then for {f, : @ < K},
Jg such that | {n: fo(n) < g(n)} |= w. Then U, = U(0, f.) ¢ W (0, g), which shows
that {U, : @« < k}, k < 0 is not a m-base. Therefore mw(S) = 0.

The elegant and natural connections between properties of a space X and the selective
separability of its function space C,(X) was discovered in [3] and explored further
in [9]. The connection is the Menger Property.

Definition 1.8. A space X has the Menger Property (or is Menger) if for each sequence
{U,}n of open covers, there is a selection {W,, € [U,]<*},, such that |, (UW,) is a

cover.

For example, any o-compact space, such as R or 2, has the Menger Property but it

is known that w* ~ R\ Q does not.

Theorem 1.7. [3,9] For a space X, C,(X) is selectively separable if and only if C},(X)

is separable and X" is Menger for each n € w.
The following theorem is due to Arhangelskii.

Theorem 1.8.[5] X™ is Menger for each n if and only if C,(X) has countable fan

tightness.

We shall need one direction of the above result, so we include a proof for the reader’s
convenience.

Proposition 1.9. If a space X has the property that X" is Menger for each n, then

C,(X) has countable fan tightness.
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Proof. Since C,(X) is homogeneous, it suffices to show that C,(X) has countable
fan-tightness at the constant zero function 0. Let {D,,}, be the sequence of sets each
with the constant 0 function as a C,(X)-limit. For each n, let U,, be the collection of
open sets {(d_l(—%, %))k :d € Dy, k <n}. We show that U, contains an open cover
of X* for each k < n. Fix any k < n and (z;);<x € X*. Since 0 is a limit of D,,, there
exists a d € D,, such that d(z;) € (—%, %) for each 7 < k. This, in turn, means that
(x:)ick € (dl(—%, %))k which is a member of U,. Thus it follows that U, contains
an open cover of X*. Applying the Menger Property (for X* for each k and open
covers {U, : k < n € w}) we can select F,, € [D,|<¥ for each n so that the finite
subcollection W, of U,, we get from the elements d € F, yields a cover of each X*.
In fact, we can, and do, ensure that for each k£ < n, the collection Ungm W, contains
a cover of X*. To show that 0 is a limit of |J, E,, let us fix any k, {z; : i <k} C X
and n > k. Now we need an e € J,,,, Eim such that e(z;) € (—l, l) for i < k. Since

n’'n
Wi, we get one such e in | J _,  E,. O

(x;)i<k is covered by the collection | J n<m Hn

nm

These next results, also from [9], reveal some of the interesting behavior of SS in
products and subspaces.

Corollary 1.10. 2° has a dense selectively separable subspace, namely C,(2¥,2).
Proof. Countable fan-tightness is easily seen to be hereditary and C,(2%,2) is sepa-

rable. Therefore it is SS. It is well-known that C,(2%,2) is dense in 22, O

Similarly we have the existence of a countable dense non-SS subspace.

Corollary 1.11. 2¢ has a countable dense non-selectively separable subspace, namely
Cp(w®,2).

Let us mention here that G. Gruenhage [14] has established the non-trivial fact that a
finite union of SS spaces is again SS. On the other hand, it is interesting to note that
the union of the two countable dense subsets of the product space 2¢, namely C,(2¥, 2)
and C,(w¥,2), results in a countable space which is not SS and yet which has a dense

SS subset. Certainly a countable discrete space is SS, hence the continuous image of
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an SS space need not be SS. A more revealing example of this is to consider a dense
copy, X, of the irrationals in 2¥; and to observe that {f | X : f € C,(2¥,2)} is a
continuous image (by the projection map from 22° onto 2%) of the SS space C,,(2%,2)
which is itself not SS . Similarly, as noted in [9], the non-SS space C,(w“,2) has a
countable dense SS subspace consisting of those functions which are continous with
respect to a coarser (compact Hausdorff) topology on w®.

The following result was shown to hold for countable w-weight in [9].
Theorem 1.12. If X and Y are both countable, selectively separable and mw(Y") < b,

then X x Y is selectively separable.

Proof. Let {B, : @ < K} where k < b be a m-base for Y. Let {Dy = {dym : m €
w} : k € w} be a countable sequence of dense subsets of X x Y. Let 7, and m, be
the natural projection onto the spaces X and Y respectively. For each o < k, the
set GY = m,[Dr N (X x B,)] is dense in X. Since X is selectively separable, there is
a selection F® C Dy, (k € w) so that m,[F¢] € G¢ and U, [F] = X. Since F? is
finite, 3f,(k) € w so that F¥ C {dxm : m < fu(k)}. Therefore we have a sequence
{fo : @ < Kk} where f, : w — w. Since k < b, there exists a function f € w* such
that Vo < K, f, <* f. Let us define Fj, = {djm, : m < f(k)} C Dg. We claim that
m = X x Y. Let us choose a basic open set U x B, of X x Y, then 4l € w
such that Vi > [, f(i) > fa(i). Since U N|Jm.[F] # 0, there exists a z € Fy such
that m,(z) € U N [F2], which implies that z € F, N (U x B,). Therefore | F}, is
dense in X x Y. O
It is established in [9] that it is independent of the usual axioms that 2! has a dense
non-selectively separable subspace. On the other hand, the following result answers
a natural question posed in [9]. One should recall, as noted above, that one cannot

conclude that the projection of an SS subspace of 2° will remain SS.
Theorem 1.13. 2“* does have a dense SS subspace.

Proof. If b > w; then every countable subset of 2“! is selectively separable. Otherwise,
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let Y = {f, : @« € b} C w* be <*-unbounded family of increasing functions. Let
Q ={q € (w+1)¥: q is monotone and is eventually equal to w}.

Now we make use the following result from [10].

Proposition 1.14. X = Q UY has all the finite powers Menger.

Again for the reader’s convenience, we include the proof. Let us define basic open
sets in the product space (w + 1)%:
[s:n]={feX:sCf and f(|s|) >n} C (w+1)¥
where s € w<* and n € w.
We prove by induction on m that X™ is Menger. Given a sequence (U,), of open
covers of X by basic open sets, we may assume that each basic open subset of a
member of U, is also in U,. Now let us define g(¢) by recursion on £. Given [ = mk?
and ¢ such that [ +7 < m(k + 1)3, so that g(I +i)(i < mk) has been defined, set
n = g(l + i+ 1) large enough so that for each sequence {s; : j < m} C (g(l +i)<F)
the set
[so:m] X [s1:m] X ... X [Sp_1:n] € Uy
(and is added to Wj). Such a value for n exists, since we are just asking for a member
of Uy, which contains the point (z; : j < m) where for j < m, z; is the unique member
of Q extending s; such that z;(|s;|) = w. Let g(k) = g(m(k +1)*) for each k. Let us
assume that f,, £* g and let ap < a3 < ... < g < b.
Now fix any k so that
g(mk?®) < g(k) < fao(k) < ... < fa,a(R).
For each i < mk and j < m, there is a minimal s} C f,, | k such that f, (|s}]) >
n; = (mk® +1). It follows that
{s’:j <m}C (g(mk®+i))<*
and that
[sh i mia] X [8h i miga] X ..o x [sh | ini] € Wh.

Given such an i, if (fa,)j<m is DOt in [s§ : niq] X [s]: niga] X ..o X [sh,_1  niqq], then
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for some 7 < m, the domain of s?rl is strictly bigger than the domain of 3; As this
can only happen at most mk times, there is an ¢ < mk such that

(fa;)icm € [so 1 masa] X [s1 1 mapa] X oo X [Sy 1 napa] € W

The same argument shows that any rearrangement of the order of the elements in
(fa;) € X™ will be covered by a member of this choice for Wj.

If follows therefore that we are able to choose the sequence (W,,),, to be a cover of
(X \{fs : B < ap})™. It is rather immediate that a Lindelof space which is the
union of fewer than b many Menger subspaces is again Menger. Therefore if follows
by induction on m, that the complement in X™ of (X \ {fs: 5 < ap})™ is Menger.
This completes the proof that X™ is Menger.

Thus C,(X, 2) is a selectively separable subspace of 2°. O



CHAPTER 2: ON SS* SPACES

2.1 Introduction

While studying selective separability, we were interested to explore the game theo-
retic strengthening, strategically selective separable spaces, namely SS* spaces. The
motivation for studying SS™ is that it is a property possessed by all separable subsets
of C,(X) for each o-compact space X.

Let us begin by the definition,

Definition 2.1. A space has the property SS*, if player II has a winning strategy for
the natural game: player I picks a dense set D,,; player II picks a finite set E,, C D,,.
Player II wins if |, £, is dense.

Dr. Gary Gruenhage posed the question whether player II would always have a
Markov strategy in each SS* space. A strategy is Markov if it only depends on which
move it is and the other player’s previous move.

Since SS seems to have arisen in the study of fan tightness in the spaces of the form
Cp(X), it is natural to introduce the idea of strategic fan tightness. We observe that
if a space X is o-compact, then C,(X) has strategic fan tightness, so all the separable
subsets will be SS™. Pursuing the duality between the properties of a space X and the
base properties of C,,(X), we introduce the idea of a collection of open subsets from
a space being compactlike and notice that the property of being SS* is not finitely
additive while it is productive in case of countable spaces. In pursuit of an answer to
Gruenhage’s question, we are able to show that if an SST-space is countable, then it

has a Markov strategy for being SS*.
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2.2 On Strategic Fan Tightness and SS*

Let us start this section by recalling the definition of countable fan tightness of a
topological space X.

Definition 2.2. [3] A space S has countable fan tightness at x if for each sequence
(A, 1 n € w) of subsets of S each with x in the closure, then there is a sequence of

finite sets (a, : n € w) € II,[A,]<* such that z is in the closure of | J, a,.

We let countable dense fan tightness refer to the property we get by restricting each
A, to be dense. Using this definition for countable fan tightness we introduce the

natural game, namely, strategic fan tightness at a point defined as:
Definition 2.3. A space S has strategic fan tightness at a point x € S if Player II has
winning strategy for the following game:
e Player I plays A, with z € A, .
e Player I selects a,, € [A,]<.
e Player II wins if z € W
This definition leads to the following immediate Lemma.
Lemma 2.1. A space S is SS (SS™) if it is separable and has (strategic) countable
dense fan tightness at each point.
Clearly each SS™ space is separable and SS.

Lemma 2.2. Any crowded SS* space has an uncountable almost disjoint family of
dense subsets; thus no maximal space is SS™.

Proof. Let D be the collection of all dense subsets of a space which is SS* and
assume, for convenience, that w is a dense subset. Fix a winning stragegy o for
Player II; i.e. o is a function with domain (J,, D", and for D e dom(c) and D € D,
o(D,D) € [D]<“. Since we are assuming that the space is crowded, it follows that

Dy, = w\ k is dense for any k € w. Let Jy = 0 and, recursively define for n € w,

Jne1 =1+ max | J{o((Dy,)icm) - ko < -+ < b, for m, ky, < Ju} .
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Notice that if I is any infinite subset of w, then Dy = |, _;[/n, Jn+1) contains the union

nel
of the responses of o for the run of the game given by the dense sets {D,, :n € I}.
Therefore D; is dense. ]

We record the following observation.

Proposition 2.3. Each space with countable m-weight is SST.
The following theorem shows an important result about SS and SS¥.

Theorem 2.4. SS does not imply SS™.

Proof. We consider the space X = QU {f, : @ < b} C (w+ 1)¥ from Proposition
1.14. Let S = {f |x: f € Cp((w + 1)¥,2)} which is SS. We claim that S is not
SST. To prove this, let D be the collection of all dense subsets of X. Assume
that o is a strategy for Player II, i.e. for each sequence {Dy, Ds,...,D,} C D,
0(Dy, Dy, ...,D,) € [D,]<*. Let us fix a sequence D= {Doy,Dy,...,D,_1} C D and
set K5 =(\pen (Udea(ﬁ,D) dT(1)> where the closure is taken in (w + 1)%.

For each y € (w+1)“\ X the set D, = {d € S : y & d~1(1)} is dense in S. To
see this let us fix any finite partial function s from X into 2 which defines a basic
clopen set [s] = {d € S : s C d}. Since C,((w + 1)¥,2) is dense in 2@+D” there is
an f € Cp((w+ 1)¥,2) such that s C f and f(y) = 0. It follows that d = f |x is in
D,, hence [s] N D, is non-empty. The set K5 is a compact subset of X, hence it is
countable.

Now let us fix a countable M < Hy for = 2°" such that o, X, and D are in M. Let
ze X\ M. If De Mn[D]<“ then, since it is countable, K, C X N M. Therefore
there is some D’ € D such that = ¢ U,c, (5.1 d=Y(1). Since o(D,D’) is simply a
finite subset of D, there is some D* € DN M so that o(D, D*) = o(D, D'). From this
it follows that we may inductively choose a play of the game {Dy, Dy,...} C DN M
such that for all D, = {Dy, Dy, ..., D,},z & Usicos,) @ ' (1). Now we have ensured

that if d € E,, = o(D,,) for any n, then d(z) = 0. Then J,, E, is not dense in S, since

it misses the clopen set {d € S : d(z) = 1}. Therefore o is not a winning strategy,
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which shows that S is not SST. O
It is natural to ask which dense subsets of 2¢' are SS* and which are not. The fol-

lowing result provides an interesting insight from MA e -

Theorem 2.5. (MAcpie ) If w < k£ < ¢ and D is a countable dense subset of 2%, then

D is not SST.

Proof. Let B be the Boolean algebra generated by {d1(0) : d € D} C P(x). Now
since D is dense, B separates points. Let us identify x as (the fixed ultrafilters)
X C 8(B) where §(B) is the Stone space generated by B. With this identification,
we can view D as a countable dense subset of C, (X, 2); but we may also view members
of D as continuous functions on all of 8§(B) because they do have uniquely defined
continuous extensions. For all y € 8(B) we ask if D, = {d : y € d=1(0)} is dense in D
or not. If not then there is finite partial function 7, : X — 2 so that the corresponding
basic open set [,] N C,(X,2) is disjoint from D,, i.e. d D 7, implies d(y) = 1. Now
given a finite partial function 7: X — 2, let Y, ={y: 7 =1, }.

Let us assume that for some compact crowded set K C §(B), we have that XNY; N K.
is infinite. If so then 3z € Y, N K, x & dom(7), so we can find d D 7 such that d € D
and d~1(0) is a neighbourhood of z, i.e., d(x) = 0, which implies that d=*(0) N'Y; is
non-empty. Let y € d"'(0)NY,. Then d D 7 = 7, implies d(y) =0 and d(y) =1 - a
contradiction. It follows then that for each 7, Y; N X is countable.

Since there are only x many such functions 7, we can conclude from MA . that
there exists uncountably many y € 8(B)\ X such that y ¢ Y, for all 7. For each such
y we note that the corresponding set D, is dense.

Now let D be the collection of all dense subsets of C,(X,2) and assume that o is a
strategy for Player 11, i.e. for each sequence (Dy, D1, ..., D,) C D, o((Dy, D1,...,D,)) €
[D,,]<“. Consider a sequence D = (Dy, D1,...,D,_1) C D and set,

Ks=(1| U a0

DeD \deo(D,D)
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We showed above that K 5N X is countable. Now let us again fix a countable M < Hy
where 6 = 2°" where 0, X, k, and D arein M. Let z € X \ M. Since it is countable,
if D € M, then (XNKp) C XNM. Arguing as in the proof of Theorem 2.4, there is
a play of the game {Dq, D1, ...} C DN M such that for all D, = {Dy, D1, ..., D, },x &
Udeo (5 d=1(0). If d € E, = o(D,,) for any n, then d(z) = 1. Then U, En is not
dense in S, since it misses the clopen set {d € D : d(z) = 0}. Therefore o is not a
winning strategy, which shows that S is not SS*. O
We noted in the previous section that if X has countable dense fan tightness,
then C,(X) is SS. Here is a similar result for SS*.

We recall the following definition,

Definition 2.4. A space X is Menger if given a sequence (U, : n € w) of open covers
of X, there is a sequence (W,,),, € IL,[U,]<* such that |, W,, is again a cover.
The next result is due to Arhangelski [5],

Theorem 2.6. For an arbitrary space X the following are equivalent:

1. X™ is Menger for all n € w,

2. Cp(X) has countable fan tightness.
Proof. (2) = (1) : Let n € w and {Uj, : k € w} a countable open cover of X". A
system g of covers of X is called Ug-small if for any Vi, ..., V,, € u there is a G € Uy
such that Vi x ... x V,, C G. Denote by ¢, the family of all finite Uj-small systems of
open sets in X. For p € g, we put F, = {f € Cp(X) : f(X \ n) = {0}}.
We show that the set Ay = U{F), : p € €4} is everywhere dense in C,(X).
Let f € Cp(X) and K C X, K is finite. There is a finite family © of open sets in X
such that for any (yi,...,y,) € K" there are Vi,...,V,, € © and a G € U satisfying
the conditions: y; € V; and V; x ... x V,, C G. Clearly K C Upy.
The family py is Ug-small. In fact, take an arbitrary W,, x ... x W, | where z; € K.
There are Vi,...,V,, € © and a G € Uy such that y; € V; and V} x ... x V,, C G.
Since W,, C V; for i = 1,...,n, we have that W,, x ... x W, C G. Take a function

g € Cp(X) such that g | K = f | K and g(X \ Upy) = {0}. Clearly, g € F),, C Ay
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and ¢ lies in all standard neighborhoods of f based on K. Let f =1 on X. By the
above, f € Ay, for all k € w. Since C,(X) has countable fan tightness, there are finite
sets By, C Ay for which f € By. there is a finite subfamily ¢, C e such that each
function g € By is p-small with respect to some p € (.

Let p € (x. For each £ = (W4,...,V,) € pu" we choose a set G¢ € Uy such that
Vi x ... xV, CCGe.

The family A\, = {G¢ : £ € p", € (i} is finite, since ¢ is finite and every pu € ¢, is
finite. Clearly A\, C U,. We show that the family Ug\; covers X.

Take an arbitrary (z1,...,2,) € X" and put U = {f € C,(X) : f(z;) > 0,i=1,...,n}.
The set U is open in Cp(X), and f € U. Since f € Uy, By, there is a k* € w for which
UN By # 0. Then U N F,« # O for some p* € (j+, i.e. there is a p*-small function
g € U. We have g(x;) > 0 for i = 1,...,n, and g(z) = 0 for all z € X \ Up*. Take
Vi € p* such that z; € V;, for i = 1,....,n. Then (z1,...,z,) € Vi x ... x V,, C G¢ for
some G¢ € A\g+. Hence (x4, ..., z,) € U Uy Uy.

(1) = (2) : Let X™ be Menger for all n € w. Fix f € C,(X) and a family {4 :
k € w} of sets in C,(X) such that f € NiA,. Fix also n € w and k € w. For each
T = (x1,...,x,) € X™ there are gz, k € Ay, such that | gzx(v;) — f(y:) |< 1/n for all
1=1,...,n.

Since the functions gz, and f are continuous, there is a neighborhood O; of z; such
that | gzx(yi) — f(vi) |< 1/n for all y; € O;. The set Vi = O x ... x O, is a
neighborhood of 7 in X™.

Thus v, = {Var : T € X"} covers X", and | gzx(yi) — f(yi) |< 1/n for all
(Y1, s Yn) € Vzg. Since X™ is Menger, there are finite sets P, C X™ such that
the family U{v,x : k € w, k > n}, where v, = {Vz : T € P, 1}, covers X™. The set
Bux = {9zk : T € P} is finite, and B, C Ax. But the By = U{B,x :n < k} is a
finite set, and B, C A;. We show that f € U,By.

Take arbitrary yi,...,y, € X and an € > 0. We may assume that 1/n < e. There is
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a K* > n for which (y1,...,yn) € UA\, k+. Then (y1,...,y,) € Vg~ for some T € P, .
We have gz j+ € B+ and | gz = (vi)— f(y:) |[< 1/nforalli = 1,...,n. But B, g+ C By,
since n < k*. Thus gz 4+ € By~ and f € UpBy. The theorem has been proved. O
Our investigation is inspired by the connection between strategic fan tightness in
Cp(X) and the o-compactness of X. We include this next result for motivation and

the reader’s convenience.

Proposition 2.7.If X is o-compact then C,(X) has strategic fan tightness at each

point; and so separable subsets of C,(X) are SST.

Proof. Since C,(X) is homogeneous, it suffices to show that C,(X) has strategic fan
tightness at the constant zero function 0. Let {X} : k € w} be an increasing chain
of compact sets which cover X. We recall that, C,(X) is simply a subspace of R¥;
where a basic open subset (neighborhood of f € C,(X)) is, [f | {xi : i < n};e] =
{9 € C,(X) :| g(x;) — f(x;) |< € for i < n}. Now player I chooses A,, C C,(X) with
0€A,.

Let

Uy={(@"' (-1, 1) :k<nanda€A,}
We claim that U, contains an open cover of (X},)* for each k < n. Indeed, for any
k<nand H € (Xp)*, [0 H; %] is a neighborhood of 0 and so must intersect A,.
Thus, as required, there is some a € A, satisfying that H € (a='(—%,1))*. Now,
since each (Xj)* is compact, player II may select a finite e, C A, so that the finite
subcollection W,, = {(a™'(—%,2))" : k <nand a € ¢,} is a cover of (X},)" for each
k < n. Now we are left to show that 0 € U,e,. To show that, let us fix any k,
{z; 1 i < k} € X and € > 0. We need to show there is an a € U,e, such that
a € (0] {x;:i<k};el. Choose n > k so large that {z; : 4 < k} C X,, and + < e.
It follows then that there is an a € e, such that (z; : i < k) € (a7'(-1, %))k, and
therefore, a € [0 [ {z; : i < k}; €] as required. O
It is routine to generalize Lemma 1.5 to obtain the following.

Corollary 2.8. If X is o-compact and metrizable, then C,(X) is SS* .



18
Our next example shows that it is consistent that Fréchet does not imply SS*.

Example 2.1. Let X C 2 be such that w; < |X| < p. Let D = C,(2*,2) Then
D'=D | X C CyX) and wt(D') < |X| < p < 9 which says it is SS and with
the similar argument in Theorem 2.4 shows that it is not SS*, whereas the space is
Fréchet since it has countable tightness (indeed it is countable) and character less
than p.
We end this discussion by observing that, in contrast to Theorem 2.5, the space 2¢
contains countable dense SS* subspace, namely C,(2¥,2).
As mentioned previously, Gruenhage asked whether there is always a Markov strategy
in SST spaces. In such a case let us say that the space is Markov SS. We show that
there is always a connection if the space is countable.
When studying SS or SST for the spaces like S = C,(X,2) C 2%, the role of X can be
thought of as enumerating the base for S, and a compact subset of X plays a crucial
role in SS*. Keeping that in mind we define the notion of a subcollection of open sets

being compactlike in a space, which we define as follows:

Definition 2.5. Suppose S is a space and C is a collection of (open) subsets of S. We
say that € is compactlike, if for all dense D C S, there is a finite e C D such that
enNC # () for all C € C.

It is immediate from the definition, that if € is a family of finite subsets of a space
S satisfying that each dense set contains a member of €, then any family € of open
sets which meets every member of € will be a compactlike family.

The notion of o-compactlike is defined as follows:

Definition 2.6. A space S is o-compactlike, if the topology 7 related with S is o-
compactlike, that is, if 7 can be written as countable union of compactlike open
subcollections of .

Lemma 2.9. If a space S is o-compactlike, then S has a Markov strategy for being

SS*, i.e., S will be Markov SS.
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Proof. Since S is o-compactlike, it has a o-compactlike base, say B. Let B = U, B,,,
where (B,), is an increasing family and each of them is compactlike. So for each
dense D C S and each n, there exists a finite e, € D such e, N B # () for each
B € B,. We show that this selection, e, C D at stage n is the desired Markov
strategy for Player II. Indeed, let, at stage n, player I plays A,, where A, is dense in
S. Player IT will choose a finite set e, C A, as above, i.e. so that e, N B # () for all
B € B,. It is immediate that U,e,, is dense since it meets every member of the base
B. O

Also we have the next result,
Theorem 2.10. If S is Markov SS, then S is o-compactlike.

Proof. Let D be the collection of all dense subsets of S. Since S is Markov SS
there is a winning strategy ¢ with domain D x w, where, for each (D,n) € D x w,
o(D,n) is a finite subset of D. Now let us consider the collection €, = {C € B : for
D e D,Cno(D,n)# 0}. From the definition of C,, it is clear that each of them is
compactlike, so U, C,, is o-compactlike. So we just need to prove that the collection
U,C, is a base. To show this, let z € S and U be any open set such that z € U. If
no member of G, is contained in U, then for some D,, € D, o(D,,,n) misses U. If we
can find D,, for each n, then the fact that U,o(D,,,n) misses an open set, contradicts

that it is to be a dense union. Therefore U,,C,, is a o-compactlike base. D

Theorem 2.11. If a space S is countable and SS™, then it is Markov SS.

Proof. The space is SST, so there is a SS™ strategy o on S. Let D denote the family
of dense subsets of S. Our assumption on ¢ is that it is a function with domain
consisting of finite sequences (D; : i < n) from D, satisfying that o((D; : i < n)) is a
finite subset of D,, and, for all infinite sequences (D; : i € w) from D, the sequence
{o((D; :i <n)):n € w} of finite subsets of S will have dense union.

We now show that S is o-compactlike. We will recursively define a tree T' consisting

of finite sequences of finite subsets of S which result from partial plays of the game
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following the strategy o. Thus, if ¢ € T there is an integer ¢ = dom(t), and for each
i < £, t(i) is a finite subset of S. Furthermore, t € T if and only if there is a fixed
sequence (D} : i < { = dom(t)) € D) such that for each i </, t(i) = o((D" : j < i)).
An important additional assumption is that if t C s are both in T', then for i € dom(t),
D! = Ds.

We begin with the empty sequence as an element of T'. It follows easily that for each
teT,

& ={o((D},..., Dggm(t)_l, D)): D e D}

is a family of finite subsets of S satisfying that every dense set includes one. Let
dom(t) = ¢, and for each e € &;, we have that s, € T where dom(s.) =0+ 1, s, Dt
and s.(¢) = e. In addition, for s = s., D = D! for i € dom(t), and D is chosen to
be any D € D such that o((D} : i < £)) = e. Therefore, the collection €; (or De,)
is compactlike, where an open subset U of S is in C; if and only if it meets every
member of &;.

We show that every non-empty open set is in J,., C; thus showing that the topology
on S is o-compactlike. Assume otherwise, and assume that U ¢ C, for all t € T'. By
a simple recursion, choose an increasing chain {¢, : n € w} in T" so that U Nt,41(n)
is empty for each n. It follows easily that (Di»+' : n € w) is a play of the game that
the strategy o fails to defeat by virtue of the fact that the union of Player II’s play
will miss U. U
The above connections between countable SS*-spaces and the property of being o-
compactlike is instrumental in our approach to discovering that the union of two SS™
spaces need not be SS*. This is quite surprising since it was shown in [14,15] that

the property SS is finitely additive. We include the proof here,

Theorem 2.12. If X is a finite union of selectively separable spaces, then X is selec-

tively separable.

Proof. It suffices to show that the union of two selectively separable spaces is selec-
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tively separable. So suppose X = AU B, where A and B are selectively separable,
and that D,,, n € w, is a sequence of dense subsets of X. We need to show that there
are finite F,, C D,, such that |J, ., F is dense.

For each n, let
Up =X\ (Uzup,) N A

and let U =, . Uy.

new
Claim 1: For each i > n,D; " BN U, is dense in U, .
Proof of Claim 1: Suppose x € U,. Then there exists an open neighborhood N, of x
contained in U,, such that

Ny N (Uizn D) N A =0,
and so

N, N (Ui>nDi) C B.

Thus for each @« > n, D; N N, = D; " BN N,. It follows that

reD;,NBNN, C D;nNnBNU,, and the Claim 1 is proved.

Claim 2 : There are finite G,, C D,, such that | .. G, is dense in U

new
Proof of Claim 2 : Since open subsets of selectively separable spaces are selectively

separable, B N U, is selectively separable for each n. Then it follows fron Claim 1

that there are finite subsets GI' of D; N BN U,, i > n, such that (J,., GI' is dense in

=n

BNU, and hence also dense in U,,. Now let GG; = Ui% G?. Then G} is a finite subset

of D; and | J,. G; is dense in U, for all n, and hence in U. This proves Claim 2.

icw
Now let V = X \ U. Clearly each # € V is in m for each n, and so
(Uisnp;) N A is dense in V| and also ANV, for each n. ANV is selectively separable,
so there are finite H,, C (Ujznp,) N A such that |J,,.,, Hy is dense in V' N A, hence in
V.

For each x € H,, let i,(x) € w\ n such that z € D;, ().

Let K; ={z:3n € w(x € H, Niy(x) = 1)}.. Then K; is a finite subset of D; and

Ui Ki = U, eo, Hrn and hence is dense in V.
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Finally, if G,, is as in Claim 2, then | _ G, UK, is dense in X. Thus X is selectively

necw
separable. 0
In [8], we produced an example of a space being SS but not SS*. By the next result

we now have another example of an SS™ space which is not SS, namely the union of

the two SS™ spaces.

Theorem 2.13. There are countable SS* spaces A, B such that AU B is not SS™.

Proof. For z € 2, let us define z' by flipping the first value, i.e.,
ot = (1 — 2(0), 2(1),2(2),...)

Let Z C 2% be defined by,

7 ={2¢€2" :2(x) - 2(2") = 0 Vo € 29} = 2%\ U ([z; 1] N [T 1]),
where [z;1i] is the basic open neighborhood of a functionxf;;lich takes x to i for ¢ €
{0,1}. Let A = C,(2¥,2) N Z. Since C,(2¥,2) is SS*, A is SST. To identify the set
B, we first define a new topology 77 on 2¢. Let @ denote the countable dense set of
rationals in 2¢ (the sequences that are eventually 0). The basic open sets in 71 are of
the form [s]+ = [s]\ QU ([s']NQ) for any s C 2<* =, 2". It is immediate that this
space is just another copy of the Cantor set obtained by a simple permutation on the
elements of Q. Now we define B = C,((2¥,71),2) N Z. Again it follows immediately
that B is SS*.
We claim that A and B are mutually dense in Z. We show that A is dense in Z and
omit the simple modification necessary to show that B is also dense in Z. Let us
consider any [ € w and let M;;([z;;0] N [y;;1]) be a basic open set meeting Z. Note
that since this basic open set does meet Z, we have that Vi # j, y;r is not equal y;.
To show that this basic open set hits A, we pick m so large that, first, if any of the
members of {x;,y; : i < [} are rationals, they are constant above m, and secondly,
any two distinct elements of {z;, y;, :E;r, yj 1 < 1} will differ somewhere below m. Let
a € Cp(2¥,2) be defined so that whenever ¢t € 2™, a[t] = 1 if and only if there is an

i < lsuch that t = y; [ m. It is clear that a € NM;<([x;;0] N [y;;1]). To show a € Z,
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let x € 2<% and a(x) = 1. We need to prove that a(z') = 0. Let t = x | m, therefore
a[t] = 1 and t C y; for some i < [. Now if a(z') = 1, then there must be some
i # j <l such that z' | m C y;. Of course it now follows that yj ' m =y, [ m which
contradicts the assumptions that yj # y; for all © # 7, and that m is large enough to
distinguish these elements. Therefore A is dense in Z.

As mentioned above, each of A and B are SS*. We claim that AU B does not have
o-compactlike topology. Assume that B = {[z;1] N Z : z € 2¥} can be written as
countable union of compactlike sets. By the Baire category theorem then, there is an
I € 2¥\ @ which is dense in some Cantor basic clopen set [s] such that I = {[z;1] :
x € I} is compactlike. Let us pick any rational ¢ € @ N [s] and let us define the set
D = (AN [qg;0]) U(BNIg"0).
Fix any m, so that ¢ is constantly 0 above m,. Since the union of the two open sets
Z N |q;0] and Z N [q';0] is dense in Z, it follows immediately that D is dense in Z.
Now if d € D, then either d € AN J[q;0] or d € BN [q";0]. Since q € [s] = I, there is
a sequence (x,), C I converging to g. We show that d is in only finitely many of the
sets from the collection {[z,;1] : n € w} and so no finite subset of D can meet every
member of the collection I’. Notice that this is equivalent to proving that d(x,) = 0
for all but finitely many n.
First suppose that d € A N [q;0]; hence d is continuous with respect to the usual
topology on 2“. It follows then that there is an m > m, such that d sends the entire
basic open set [¢ | m] to 0. Since all but finitely many of the x,’s are in [¢ [ m],
this completes the proof of the case d € D N A. Now suppose that d € BN [qg';0].
Now d is continuous with respect to 77. In this new topology, it is easy to see that
the sequence {z, : n € w} converges to the point ¢'. Thus, since d(q") = 0, it follows
again that d(z,) = 0 for all but finitely many n.
Therefore AU B is not o-compactlike, and so, by Theorems 2.11 and 2.10, this space
is not SS*. O



24
Now we will prove that Markov SS is finitely productive. For that we need the fol-

lowing lemma,

Lemma 2.14. Let S be any space and € be any collection of open sets. Then C is
compactlike if and only if for each ultrafilter U on €, the collection S(C,U) = {s €
S:Cy={C € C:seC} e U} has interior.

Proof. If S(C,U) does not have interior, then D = S\ S(C,U) is dense and therefore
for any finite ¥ C D, a € F implies C, = {C € € : a € C} ¢ U, so F does
not even meet U-many elements of €. Conversely, assume that for each ultrafilter
U on €, S(C,U) has interior. Let D be any dense subset of S. Then, for each
d € DN int(S(C,U)), €4 = {C € €:d e C} € U. Now we can see that the
collection {C4}aec covers SC. Since SC is compact, there are finitely many members
{di,ds, ....,d,} from D, such that {Cq4, : i € {1,2,...,n} is a subcover for SC. So we
have a finite set F' C D, namely {d;,ds, ....,d,}, such that F N C # () for all C' € C,
which shows that C is compactlike. U

Now we can prove the next important result.
Theorem 2.15. The property of being Markov SS is finitely productive.

Proof. Let X and Y have o-compactlike bases B = |J,, B,, and € = |J,, C,, respec-
tively. We use Lemma 2.14 to show that the collection A, = {Bx C : B € B,,C €
C,} is compactlike. Let W be any ultrafilter on A,,. We will show that,
S(A,W) ={(z,y) e X xY : {(BxC)€eA,: (r,y) € BxC}eW}

has interior. Let us define Wy and W; by

Wo={W CB,:mx *(W)=W x €, € W}

and

Wi ={VCe,:my ' (V)=B,xV W}
Since W is an ultrafilter, Wy and Wy are both ultrafilters on B,, and C,, respectively.
We claim that S(B,, W) x S(C,,W;) C S(A,,W). Let us choose any (z,y) €
S(Bn, Wy) x S(C,, W1). Then = € S(B,,Wy) and y € S(C,, W;), hence (B,,), €
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Wy and (C,), € W;. Since W is an ultrafilter (B,), x (C,), = 7x *((Bn)z) N

y
my H(Ch)y) € W. Since (An)zy) O (Bn)s X (€,), we have shown that (z,y) €
S(An, W). Therefore S(A,, W) contains S(B,,, Wy) x S(C,, W;). Since B,, and C,
are compactlike, both of S(B,, W) and S(C,, W;) have interior which implies that
S(A,, W) also has interior. Therefore A, is compactlike. O

We also notice the following important observation about countable SS* spaces.
Proposition 2.16. The finite product of countable SS™ spaces is again SS*.

The extensive use of ultrafilters does seem somewhat unnatural in dealing with finite
products, so we thought it helpful to provide a proof of Theorem 2.15 with more sim-
ilarity to the standard proof of compactness for the product of two compact spaces.
However, we still rely on ultrafilters by using Lemma 2.14. We begin with the follow-

ing consequence of a collection being compactlike.

Proposition 2.17. Suppose that € is a family of finite subsets of a space S with the
property that for all non empty open U C 5, there exists e € € such that e C U. Then
for each compactlike collection € of open subsets of S there exists a finite collection

&’ C & such that for all C' € €, there exists e € & with e C C.

Proof. We apply Lemma 2.14 as follows. For each ultrafilter U on €, we have that
S(C,U) has interior. Therefore, there is an ey € € which is contained in S(C,U).
Similarly, there is a subcollection Cy € U satisfying that ey C C for all C' € Cy. As
in Lemma 2.14, there is a finite set, {U; : i < n}, of ultrafilters on € such that C is
covered by {Cy, : i < n}. It follows immediately, that & = {ey, : i < n} is the

desired finite subset of €. N

Proposition 2.18. If B and € are compactlike families of open subsets of X, Y respec-
tively, then B x C is compactlike in X x Y.
Proof. Let mx denote the projection map from X x Y onto X, and fix any dense

subset D of X xY. Let U be any non-empty open set in X x Y. Since C is compactlike

in Y, it is trivial to check that the family Cy = {U x C' : C' € €} is compactlike in
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X x Y. Therefore there is a finite Dy C D N (U x Y') which meets every member of
Cy. Observe that this means that Dy meets mx(Dy) x C for every C € C.
Now the family &€ = {nx(Dy) : 0 # U C X is open} (where 7y is the projection
onto X)) satisfies the hypothesis of Proposition 2.17, and so we may select open sets
{U; 1 i < n} of X so that each B € B contains 7x(Dy,) for some i < n. Since Dy,
meets mx(Dy,) x C for all C' € €, this shows that Dy, meets B x C for all C' € C.

Thus J,_, Dy, is the desired finite set to show that B x € is compactlike. O

<n



CHAPTER 3: CONSISTENCY RESULTS AND FORCING WITH SELECTIVE
SEPARABILITY

3.1 Introduction

The method of forcing was introduced by Paul Cohen in his proof of independence
of the Continuum Hypothesis and of the Axiom of Choice. Forcing proved to be a
remarkably general technique for producing a large number of models and consistency
results.

The main idea of forcing is to extend a transitive model V of set theory (the ground
model ) by adjoining a new set G (a generic set ) in order to obtain a larger transitive
model of set theory V[G] called a generic extension. The generic set is approximated
by forcing conditions in the ground model, and a judicious choice of forcing conditions

determines what is true in the generic extension.

Definition 3.1. For a set V (usually a model of most of ZF) and a generic filter G of
a poset P,
VI[G] = {valg(X) : X € Vis a P-name}

Let us mention the forcing theorem, which will be used in this often.

Theorem 3.1. The Forcing Theorem: Let (P, <) be a notion of forcing in the ground
model V. If ¢ is a sentence of the forcing language, then for every G C P generic
over V,

VIG] = o if and only if (Ip € G)p |0

We have seen that if S C 2%, and we force k < 0, then S becomes SS. Also if S is a

countable dense in C,(X,2), where X = QU {f, : @ € b}, then S is SS. Hence any
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forcing which preserves the value of b (more precisely preserving that the unbounded
families of functions remain unbounded) will preserve that S is SS.

Here we can ask a question: Can we force to destroy selective separability? The an-
swer to this question is an immediate consequence of the following result of A. Miller.

This result is derived using Sacks Poset, defined below,

Definition 3.2. The elements of Sacks poset P satisfies : p € P iff p is a subtree of 2<%
such that

(Vsep)(Ftep): (sCHAN{ET0eP) A1 € p);
and the ordering is by inclusion: p < ¢ iff p C q.
Fix p,g € P and n € w. A node t € p is an nth branching point of p if 70,71 € p
and {s€p:(sCt)A(s70,s"1€p)}| =n.
p <, ¢ means that p < ¢ and that every nth branching point of ¢ is a branching point
of p.
If (p, : n € w) is a fusion sequence (pr41 <k P, for all k < w), then p := ), pn (the

fusion of the sequence) satisfies p € P and p <,, p,, for every n € w.
Now we prove the next theorem,

Theorem 3.2. [Miller] If x is Sacks generic over V, then in V[x] the set V N 2* does

not have the Menger Property.

Proof. Let us define @ = {T" C 2<¢ infinite : Yo,7(c C 7€ T — 7 € T)}. Note
that @ is a closed subspace of P(2<¢) (when identified as a subspace of 22°7) and is
homeomorphic to 2¢.

Given the Sacks real x € 2 and n € w, we define in V[x| an open cover of Q@ N'V by

Un,m)={Te€Q :xim¢gTor [{{<m:{(x[()"0,(x[0)"1}CT|>n+2}.

A Sacks real has the property that it is not a member of any ground model closed set
which does not contain a perfect set. This implies that for each T" € () "'V such that
x|[m € T for all m, then the set {¢: {(x[¢)™0,(x[¢)"1} C T} is infinite. Therefore,

for each n, the family {U(n,m) : m € w} is an increasing open cover of Q N'V.
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It is well-known that the family V Nw* is dominating in V[x] (see [21]). Therefore
to show that @ NV is not SS in V[x|, we consider a strictly increasing function
g € w* from V and show there is a T € @) such that T" ¢ U(n, g(n)) for all n. To
prove this it is enough to know that if, working in V, € is a collection of compact
perfect subsets of 2* with the property that each perfect set contains one, then there
is some C' € € such that x € C. Set € to be the collection of all perfect subsets C' of
2¢ with the property that if xg, 3o, x1,y1 are distinct members of C, and ¢ < m are
minimal such that z¢(¢) # z1(¢) and yo(m) # y1(m), then there is an n such that
¢ < g(n) < g(n+1) < m. Given such a perfect set C, T = {t € 2<% : (Jy € C)t C y}
will be a member of @, and the Sacks real x will be in C precisely if for all m,
x[m € Te. It is routine to see that each perfect set K contains a perfect set in C,
hence there is some such C' such that x[m € T¢ for all m. The definition of € ensures
that for each n, {¢ < g(n) : {(x[€)70, (x[¢)"1} C T} will have cardinality less than
n—+ 2.
This of course completes the proof that ) NV fails to have Menger property in
VI[x]. O
From this result, we observe the interesting fact that there is an SS* space, namely,
S = (Cy(2#,2),7V), for which the SS property is also destroyed by adding a Sacks

real.
3.2 On Product of Selectively Separable Spaces

Let us begin by the following result in the product space,

Theorem 3.3. If X and Y are both countable, selectively separable and mw(Y) < b,

then X x Y is selectively separable.

Proof. Let {B, : @ < K} where K < b be a m-base for Y. Let {Dy = {dpm :
m € w} : k € w} be the countable sequence of dense subsets of X x Y. Let m,
and 7, be the natural projection onto the spaces X and Y respectively. Now the set

G = m[Dr N (X x B,)] is dense in X. Since X is selectively separable, there is
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a selection F C Dy, (k € w) so that m,[F2] € G¢ andm,[F] = X. Since F2 is
finite, 3f,(k) € w so that F¥ C {dkm : m < fu(k)}. Therefore we have a sequence
{fa : @ < Kk} where f, : w — w. Since k < b, there exists a function f € w* such
that Yo < K, f, <* f. Let us define Fy, = {dxm : m < f(k)} C Dg. We claim that
m = X x Y. Let us choose a basic open set U x B, of X x Y, then dl € w
such that Vi > 1, f(i) > fu(i). Since UNJIL,”F® # (), there exists a z € Fy such
that 7,(z) € UNm.[F?], which implies that z € F, N (U X B,). Therefore |J Fy, is
dense in X x Y. O
One of our main results is to confirm the conjecture in [9] that SS is not productive

in general.

Theorem 3.4. (MA e ) There exists two countable SS spaces whose product is not

SS.

Proof. Let us consider the set Q = {¢; : i € w} with the standard zero-dimensional
topology generated by a countable base By = B} of clopen sets. Let 7§ and 74
denote the topologies so generated. Obviously (Q, 7)) and (Q,7}) are SS. We will
enlarge our topology in such a way that the product space Q x Q will not be SS. Let
{E, : n € w} be a countable family of dense sets in Q x Q such that F,, hits every row
and column in a singleton set, in fact for any ¢ € Q, | E,,N[({¢} xQ)U(Qx {q})] |< 1.
Moreover we ensure that for each ¢ € Q, there is at most one integer n such that
E,.N[({q} xQ)U(Q x {q})] is non-empty. In order to ensure the product is not SS, we
let {{F®:n € w):« € ¢} be an enumeration of all selections {F, € [E,]<“ : n € w}.
Let {S, : a € ¢} be a listing of all the countable subsets of ¢ so that for each «a,
Se C a. Of course the family {Y, ={¢; :i € Sy Nw} :a € c and S, C w} is also a
listing of P(Q).

By induction on « € ¢, we define families (B : 8 < ), (By: § < ), (D§: B < a),
and (Dé : B < a) so that, for each i € 2 and f < v < a,

1. B, C B,
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2. B% has cardinality at most |§ 4+ w| and is a base of clopen sets for a topology,
75, on Q,
3. {Dz : € <} is a family subsets of Q which are dense in the Té topology.
4. for each n, E, is dense in the product topology Tg X Té, and (J,, F? is not dense
in the product 72 x 7.
5. if Sg C w and Yj is dense in (Q, 75), then Dj = Yj,
6. if Sp is infinite and not contained in w, then there is a sequence {E{ € [Dg]<* :
§ € Sp} such that Dy = g, Ef-
To complete the @ = 0 stage of the induction, we may let D} = D} be any dense
subset of Q (with the usual topology). Now we assume that o > 0. If « is a limit
and i € 2, then B}, = [J,_, Bj. If a is a successor, we define Bp, and B, below.
The choices of DY and D! do not depend on whether or not « is a limit. If S, is
finite, then D!, = D}, for each i € 2. If S, is a subset of w, then, independently for
i €2, weset D! =Y, if Y, is dense in 7/, and otherwise, let D! = Dj. If S, is
infinite and is not a subset of w, then, again independently for i € 2, we let D’ be
any 7.-dense set satisfying the last condition. Such a set exists since 7, is SS because

of Lemma 1.3 and, by the hypothesis of the theorem, 0 = «.

0

Finally, in the case that o = 3+ 1 we consider the construction of B_

, Bl in order to
satisfy condition 2. We will choose two sets Ay and A; such that (Ayx A1)N (U, F) =
(. Then B}, is the topology generated by B U {A;, Q\ A;}.
Let us consider the countable poset,
P = {{aj, bj)jcnr € [w?]=:
(Vj <M —1) (aj < ajyr and bj < bjyq),

and ({a Jyerr x {, ) NJFE =0} . (31)
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We will define a family of fewer than ¢ many dense subsets of P and, applying
MA ipble , select a generic filter G meeting that family of dense sets. Given such a G,
we let
Ao ={q € Q: (Ha;,bj)j<m € G) q € {qa, : i < M}
and
Ar={q€Q: (Ha;,bj)jcm € G) g € {a, : j < M}
We must define dense sets to ensure that each E; remains dense which requires con-
sidering all combinations from {4y, Q\ Ag} x {4;,Q\ A;}.
For each B, B' € B} x B} let
D(¢,B,B’) = {{a;,b;)j«m € P: (3j < M —4)
(4a;> @) € E¢N (B x B')
(Fi € (aj,a541)) (i, Gb;1,) € EeN (B x B')
(3i € (bj11,bj12)) (dayss, i) € EeN (B x B)

(ElZ € (a]’+2, Clj+3), i/ S (bj+2, bj+3)) (q“ QZ’) € Eg N (B X B/)} . (32)

The special properties of the family { £y : k € w} ensure that each D(¢,n, B, B’) is a
dense subset of P. To see this, fix any p = (a;,b;)j<m € P. For each j < M, there
are at most four points in E, which have q,; or g, in one of their coordinates. Let
E} be F, minus these at most 4M many points. Since Ey is 70 x 71-dense, there is
a (Qays Goy,) € (Ep\ F) N (B x B'). Furthermore, since (qa,,, q,,) € E, it follows
that ({Qay» @y, b X Q) U (Q X {qay, @, }) is disjoint from Ej for all k # ¢. Therefore
it follows that (a;, b;);<pr is an extension of p in P. Similarly, repeat this process
and choose pairs (ap4j,by+;) € BN (B x B') (for j < 6) with exactly the same
requirements (so as to ensure no intersection with (J F). The desired extension ¢
of p which is in the set D(¢,n, B, B') is {(a’;, V) j<rr+4 Where

1. a;-:aj andb;:bj for j < M,

2. ahyq = apyo and by = basga,

!/ _ / J—
3. Ay = apnqo and by, o = by,
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4. CLIJW_’_?’ = ap+5 and b/]\4+3 = bM+5.
By suitably skipping members of (a;,b;)j<m+6 We have ensured that each of the
conditions in D(¢,n, B, B') are met by one of the pairs (a;, b;) (M <i < M + 6).

Next, to show that each of D?Y and Dé for v < a remain dense, we define
D(y,B,B') = {(a;, bj)jcm € P : (3] < M—1)(3i,7')
such that {g;, qq, } C Dg N B, {q @} C Di N B,

1€ (aj,aj+1) and i’ € (bj, bj+1)} . (33)

By a similar but easier argument as above, one can show that D(v, B, B’) is a dense
subset of P.
0

=70 and 7! = 7L

This completes the inductive construction of the topologies 7
The family {F, : n € w} is a family of dense subsets of the product space, and by
condition 2, it is a witness to the fact that the product is not SS. Condition 5 ensures
that, for each ¢ € 2, {Dﬁ : 7 € ¢} lists all 7%-dense sets. Finally, condition 6 ensures
that 7¢ is SS. U
Let us remark that we have learned that the above result has been established in-
dependently by Bella and Gruenhage. In addition, L. Babinkostova has a stronger
result from CH, namely that there are spaces X,Y such that C,(X) and C,(Y) are
SS but the product is not.

In light of the fact that separable Fréchet spaces are SS, it is natural to wonder if the
SS property is productive if the factors are Fréchet. We will show, this time from the
continuum hypothesis that it is not. Although it is a stronger topological statement
than 3.4, we include both proofs since the set-theoretic assumption is stronger and
the ZFC questions remain open. Before dealing with the Fréchet product question,
we turn our attention to maximal spaces and will use one of the methods from these

results for the Fréchet result.

Again motivated by the results in [9], we turn our attention to maximal spaces. A
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space is said to be mazimal if it is crowded and it has no strictly finer crowded
topology. We restrict our interest to maximal spaces which are also regular. Let us
recall van Douwen’s well-known result that there are regular maximal spaces. One
can deduce more from his proof.

Proposition 3.5. [7] For any countable crowded regular space X, there is a stronger

regular topology on X which contains a dense subspace D which is a maximal space.
The following result was proven from the hypothesis that 0 = wy in [9].
Theorem 3.6. There is a countable maximal space which is not selectively separable.

Proof. Let us start with the countable non-SS subspace S C O(w + 1)“ as discussed
in Example 1.1. Apply Proposition 3.5 to expand the topology (on a dense subspace)
D to a maximal regular topology. We check that D can not be SS. Of course D maps
continously into a dense subset of S. Although a non-SS space can have a preimage
which is SS, the reason that does not happen in this example is that the dense subsets,
{D }new, of S from 1.1 which witness that .S is not SS are dense open sets. It follows
then that the sequence {D N D, },c. are also dense in the maximal topology. The
fact that there is no appropriate dense selection of finite sets for D follows easily from
the fact that no such selection exists for the coarser topology on S. U
The next two results establish that the existence of a maximal SS space is indepen-

dent of ZFC.
Theorem 3.7. It is consistent with ZFC that there is no maximal SS space.

Proof. Assume that X is a maximal crowded SS space and assume that w is a dense
subset. Let F be the filter of dense open subsets of w. Since X is a maximal space,
every dense subset of X is open (see [7]), hence F is also the (free) filter of dense
subsets of w. Since X is SS, it follows easily then that F is a P-filter in the (usual)
sense that if {F,, : n € w} C F, then there is an F' € F, such that F'\ F), is finite
for all n. Such an F' can be chosen simply by applying the SS property applied to

the descending sequence of dense sets {Fy N ---NF, : n € w}. In addition, since X
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is maximal (and every dense set is open), if I € F* (i.e. INF #  for all F € F)
then its complement is not dense, hence I must have interior in X. In AN termi-
nology, we have shown that F gives rise to a ccc P-set in w*. That is, the subset
K ={F*:F € 3} is a P-set in w* which has the ccc (in fact, it is separable). To
finish the proof, we note that it was shown in [16] that it is consistent that there are
no such P-sets. U

Theorem 3.8. (MA¢ple ) There exists a maximal SS space.

Proof. Let us start with w endowed with a crowded metric topology, let 75 be the
countable base of clopen sets. Let {D, : a < ¢} be the listing of all dense 7p-dense
sets. Suppose that at stage a we have a zero-dimensional topology 7, such that for
each o < ¢ the following conditions are satisfied,

1. If B < a then 753 C 7,

2. If B < o and Dy is dense in 73, they remain dense in 7,

3. For B < a, B is either open or it has an isolated point in 7541.

At stage «, along with 7, we also have the listing {Dg : 8 € a} of dense subsets. If
we are given a countable S, € [a]¥, hence a list {D,, : n € w} = {Ds : f € S,},
we use MA e to pick a new countable dense set D, such that D, can be expressed
as a countable union of finite sets selected from each D,. This ensures selective
separability. Now to ensure maximality, if we are given any B, C w, we first assume
that B, is not currently open,then there is some b, € B, which is also in the closure
of w\ B, in 7,. Let D, =int(B,) U (w \ B,) - which is of course dense. Now we use
MAcipie to partition D, = |J,, D(,n) into dense sets. Also let {b(a,n) : n € w} be
the listing of complement of D,. By assumption, b(a,n) € W for all n.

Now let us define a countable familily of disjoint sets, for each n and 0,1 U(a,n,0) =
D(a,n)Nint(B,) and U(a,n,1) = {b(cer,n)} UD(c,n)\ B,. Now we add them to our
topology 7, to get to 7,11 and see that U(a,n,1) N By = {(ba)}. So b, becomes an

isolated point of B,,. O
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It will be useful to extract the following lemma from the previous proof. However
we need a strengthening of it for use with Fréchet spaces. This also necessitates a

strengthing of the set-theoretic assumption beyond MA e -

Lemma 3.9. If X is a countable crowded space of weight less than p, D C P(X) is
a family almost disjoint converging sequences of X, || < p, and S C X has dense
complement and is almost disjoint from each member of D, then there is an expansion
of the topology obtained by adding countably many (crowded) clopen sets, in which S

is a closed nowhere dense set, and each member of D is again a converging sequence.

Proof. Fix any countable subcollection B of clopen subsets of X which separates
points (and assume that B is closed under the operations of complements and finite
unions and intersections). We have the set S which is almost disjoint from each
D € D and what we want to do is to introduce new clopen sets which will preserve
that each D € D is converging, and which will ensure that S is closed and discrete.
If S is finite there is nothing to do, so let S = {s; : i € w} (a faithful enumeration).
The plan, like in Theorem 3.8, is to produce countably many disjoint dense subsets
of X. The difficulty is to ensure that the members of D are not split.

Define a poset P by p € P if there is an n, € w and a finite sequence {A? : i < n,}
such that these sets are pairwise disjoint, and for each i < n,, s; € A? is a compact
subset of {s;} U X \ S which satisfies that for some finite set F' C X, there is a finite
set D' C D such that AY\ F={JD'\ F

We define p < ¢ if n, < n, and for each i < n,, A} C A?. We show below that P
is o-centered, from which we deduce that we can find “generic” filters that meet any
collection of fewer than p dense sets. In particular, we see easily that for each D € D
andz € X, {p€ P: (3i,j <ny)z € AY and |D\ A7| < w} is dense. Furthermore, for
each non-empty open U C X and each i € w, the set {p € P: AP NU # (} is dense.
Given a filter G C P meeting each of these dense sets, we define A; = [J{AY : p € G}

and observe that A; will be dense and meet S at the point s;. Furthermore, the family
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{A; i € w} will be a partition of X. Tt follows easily that the topology we obtain by
adding each {A;, X \ A4;} to the base will be as desired. It remains only to show that
P is o-centered.
Given any p € P, we may choose a finite sequence {B? : i < n,} of pairwise disjoint
members of B so that A? C B} for each i < n,. If p,q € P are such that n, = n,
and BY = Bj for each i < n,, then it is easy to see that r = {AY U A : i < n,} is
a common extension which is again separated by the same sequence {B? : i < n,}.

Clearly then the poset P is o-centered. 0

Theorem 3.10. (CH) There exist two countable Fréchet spaces whose product is not

SS.

Proof. Let us start with w as our base set and a standard countable base 75 = oy
of clopen sets for a zero-dimensional crowded topology on w. Choose the sequence
{E, : n € w} C w? just as we did in Theorem 3.4. Let 7y and m; denote the two
coordinate projections on w x w. For a set Y C w, define

E(Y,0) = mo[(w x V)N E]

and !

E(Y,1) =m[Y xw)n|JE.l.
Fix an enumeration {(z4,S,) : & € wy} for w x [w]®. nWe inductively choose countable
bases 73,04 for crowded 0-dimensional topologies on w. We also inductively choose
families {Y3 : § < a} and {Zz : § < a} of converging sequences with respect to the
7, and o, topologies, respectively. For convenience we assume that lim(Yj) € Yz and
lim(Zz) € Zs for each f < « (the limits are uniquely determined by the 75 = oy
topology). Let {(F% :n € w) : @ € w1} be an enumeration of all selections {F,, €
(B, :n € w}.
Suppose that at stage o < wy of our induction the following conditions are satisfied
fory<pf<a:

1. 7, C 73 and 0, C op are countable bases on w,
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. for each n, E, is dense in the product topology 73 x 0, and | J,, F}} is not dense

in the product 73 X 03.

Y, is a 7g-converging sequence, E(Y,,1) is o closed discrete, and if x, is a
7z-limit of S,, then for some ¢ < v, Y NS, is infinite and lim(Y,) = z.,

Z, is a og-converging sequence, E(Z,,0) is 73 closed discrete, and if z., is a

og-limit of S,, then for some £ < v, Z, NS, is infinite and lim(Z,) = z.,.

each of the families {Y; : £ < 8} and {Z; : £ < B} are almost disjoint.

If ais a limit, then 7, = Uz, 78, 0o = Uz, 75, and all the inductive conditions are

preserved. For the successor stage, i.e. a =  + 1, we define 7, and o, as follows.

We have the sequence {F,, = F? : n € w} € [E,]<*. Our plan is to first choose new

clopen sets A to be added to 7, and B to be added to o, with the property that

A x B is disjoint from each Fj,.

We will define A and B by a countable induction. Let {& : k € w} be an enu-

meration of a. Let {U; : j € w} enumerate a clopen base for 75 x 3. Finally,

let {(ix,jx) : k € w} enumerate w X w. For each n € w, we define 7p-closed sets

A, A, By, B, so that

1.
2.
3.

for k <n, Ay, C A,, A, C A, B, C B,,and B, C B,
nCA,UA  andn C B,UB,,
A, NA, =0, B,NB, =0,

. each of A, and A, is, mod finite, equal to a finite union of members of

{Ye, 1 k € w} and, for each k < n, Y, is, mod finite, contained in one of A4, A,

. each of B, and B, 1is, mod finite, equal to a finite union of members of

{Z¢, : k € w} and, for each k < n, Z, is, mod finite, contained in one of
B, B, ,
A, X B, is disjoint from (J, Fy,

. each product from {A,, A} x {B,, B, } meets E;, NUj, for each k < n.
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To start the induction, we can let each of Ay, Ay, By, and B, be empty. Assume
that n € w and we have chosen the sets A,,, A, B, and B, satisfying the inductive
conditions. Each of the conditions are preserved if we add the singleton n to A,
providing n ¢ A,, and similarly add n to B, if n ¢ B,. With this possible change
then, we may assume that n+1 is a subset of each of A,,UA and B,,UB, . We begin
by considering the last inductive condition. Since E({¢} U Y, 1) and E({¢} U Z¢,0)
are nowhere dense in og and 73 respectively (for all £ € w and £ € «), it follows that
the set

((A, UA, UE(B,,0) xw) U (wx (B, UB, UE(A,,1)))

is a nowhere dense set in the topology 75 x 05. Since E;, \ F;, is dense, we can

choose a point (a2,8%) € U;, N E;, \ Fi

nr-n

which is not in that product. Consider

any point (a,b) for b € B,. Since a® ¢ E(B,,0), it follows that (a2,b) ¢ E, for
all ¢ € w. Similarly, for all a € A,, (a,b%) ¢ E, for all { € w. In addition, the
family {F, : £ € w} are pairwise disjoint, hence (A, U {a®}) x (B, U {b2}) is disjoint
from Fj for all . It is routine to recursively repeat this process to similarly choose
points {(a,b:) : i < 4} C E;, NU;, (so that each of {a, : i < 4} and {¥, : i < 4}
have four elements). It will then follow that (A, U {a%,al}) x (B, U {b2,02}) will be
disjoint from |J, F; (and of course that each of (A, U{a2,a;}) N (A4, U{a2,a’}) and
(B U{I0,523) 1 (B; U {81, 53}) are cmpty).

We next consider the converging sequence Y, with limit y,,. Since E((n U B, U
B, U{l, : i < 4}),0) is closed discrete, there is an integer m,, so that Yz, \ m, is
disjoint from E((n U B, U B, U{bi : i < 4}),0). If y, € A, U {a®,al}, then we
define A, 11 = A, U{ad,a}} U (Y, \ my,) and A, = A, U{aZ,a}. Otherwise,

Yo & A, U{a,al}, and we set
Anr = Ay U{ay, ay}
and

A;—H = A, U {a?w ai} U {yn} U (Yén \ mn)
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We have maintained the requirements that A, x (B, U {b?,02}) is disjoint from F}
for all £. We proceed similarly with Z,, and z, = lim(Z,). There is an integer m/, so
that Zg, \ m/, is disjoint from E((nU A,11),1). If 2, € B, U {b%,b2}, then we define

nr-n

and
B, =B, U{b,, b}

n»-n

n’-n n’-n

Otherwise, z, ¢ B, U {b2,b2}, and we set B, = B, U{b2,bL} and B, ,, = B, U
{b}, 63} U{z,}U(Z, \m.,). We have maintained the requirements that A, 1 X B,;1 is
disjoint from Fy for all £. It should be clear that A, 11, By41, 4, ,, and B, | meet all
the inductive requirements. Let A = |J,, A, and B = |J,, B,, (hence w\A = J,, 4,, and
w\B =, B, ). We generate new topologies from 73 U{A,w\ A} and o3 U{B,w\ B}
which we will temporarily denote by 7/, and ¢/,. Of course we have ensured that Ax B
is disjoint from (J, Fy and we have preserved that each Ey is dense in 7/, X o).

Now we define Y5 and take care to ensure that E(Yj3,1) is closed discrete in o,,.
Before starting, we select countably many o/ converging sequences to temporarily
add to the collection {Z; : £ < 5} so that for each ¢ € w and each (n,m) € w X w,
there is a sequence, T'(¢,n,m), in this collection, and a function from T'(¢,n,m) into
Ey so that the range converges to (n,m). Now choose Y3 so as to be almost disjoint
from each member of {Y : £ € S}, and to be a sequence which 7/ -converges to zz
and, if possible, is contained in Sz. By a simple inductive thinning out process of Y3,
we can additionally enusure that T'(¢,n,m) \ E(Y3,1) is infinite for each ¢, n,m € w
(which uses the fact that E({y}, 1) is finite (even a singleton) for each y € w). Now
we apply Lemma 3.9 to expand the countable base ¢/, to a countable base o, so as
to ensure E(Yj3,1) is closed discrete and while preserving that each member of the
collection {Z; : £ € BYU{T(¢,n,m)\ E(Y3,1) : {,n,m € w} remains converging. The
existence of the converging sequences 7'(¢,n, m) and the fact that 7/ is not changing,

ensures that each Ej is dense in 7, X 0,. Next, working with the topologies 7/, and
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04, We repeat the process to suitably choose a o, converging Z,, (satisfying condition
4) so that by expanding 7/ to a countable base 7., F(Z,,0) is closed discrete. This
completes the inductive construction. 0]
We had shown that, MA.. implies that there are countable SS spaces whose product
is not SS but we required CH to construct two countable Fréchet spaces whose product
was not SS. Of course it is well-known that the Fréchet property itself is not finitely
productive. In this section we begin by establishing that MA e is not sufficient by
studying Fréchet spaces in the well-known Cohen model. This first result is certainly
of independent interest.

Let us first introduce elementary submodels, before going into the CH proof.

Definition 3.3. For a set or class M, N, M is an elementary submodel of N, denoted
by M < N, if M C N and for all n € w and formulas ¢ with at most n free vari-
ables and all {ay,...,a,} C M the formula ¢(ay,...,a,) is absolute for M, N. That is

M = ¢(ay,...,a,) if and only if N = ¢(ay, ..., an).
Definition 3.4. For a cardinal x, the set H (k) is the set of all sets whose transitive

closures has size less than .
Let us also recall the Cohen Forcing,

Definition 3.5. Let I and J be sets. We define

Fu(l,J):={p €[l x J|=¥:pis a function}.
The Cohen forcing is Fn(/,2) ordered by p < ¢ iff ¢ C p.
If 7, J are in the ground model V such that I is infinite, J # @ and G is Fn(I, J)-
generic over V, then f = |JG is a new function from I onto J, called by Cohen
Real.
We use the term “Adding a Cohen Real” to mean that forcing with the Cohen poset

and getting a generic function as described above.

Now we can state the result and show the proof using an elementary submodel.
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Theorem 3.11. In any model obtained by adding Cohen reals over a model of CH all

countable Fréchet spaces have m-weight at most w;.

Proof. ~ We assume our ground model satisfies CH and we consider forcing with
P = Fn(k,2) where r is some cardinal greater than w;. Let 7 be a P-name of a
topology on w so that X = (w,7) is forced to be a Fréchet space. Let A,, denote
the P-name which is forced to be the collection of all sequences converging to n. Let
0 =27 and M < Hy be an elementary submodel such that M* C M and |M| = w;.
Suppose also that X, 7, {A, : n € w} are in M. We will prove that 7 N M is forced to
be a m-base for 7. This will rely heavily on the fact that the elementary submodel M
is closed under w-sequences. In particular, we have that if G is a P-generic filter, then
V[G N M] is a submodel of V|G| which will satisfy that the interpretation of 7 N M
will be a Fréchet topology on w in which, for each n, the interpretation of A,, N M will
be the collection of sequences converging to n (see [17, 4.5] for more explanation).
We now proceed by working within the model V[G N M] (which we refer to as the
ground model) and using that V[G] is obtained by forcing over this model with
Fn(k\ M,2). Through a standard abuse of notation, we may let 7 continue to denote
the name for the final topology in V[G]. Now suppose that U is a name of a set forced
to be non-empty and a member of 7. For each condition p, let Uzj denote the set
{z € w:p|-z € U}. Notice that Up_ is a set in the ground model and is forced by
p to be contained in U. Also, by the elementarity assumptions on M, it also follows
that p would force that the ground model closure of Up_ would be contained in the
closure of U.

For a contradiction, let us assume that it is forced that the closure of U contains no
ground model open set. In particular, by the assumptions on M, we then have that
there is a condition py and an integer n such that py |- n € U and for all conditions
p < po, U is nowhere dense.

p

Since U is a name of a subset of w, we may choose a countable set L C & \ M so that
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dom(pe) C L and for each k € w and each condition p € Fn(x,2), p|—k € U implies
p | LIk € U. In effect, U is a Fn(L,2)-name, and let {p; : ¢ € w} enumerate
those members of Fn(L,2) which extend py. Since, for each n, Up’o U Up: U...uU;
is nowhere dense, it follows that, the complement of the closure of this union, D, is
dense. As mention, [8, 2.9], each countable Fréchet space is SS, so there is a selection
F, € [D,]<¥ such that |J, F, is dense.

Since the space is Fréchet and = € U, F,, there is a sequence S, C U, F, converging
to x. By the definition of the D,,’s, we have that S, is almost disjoint from Up_ for
each p € Fn(L,2) which extends py. On the other hand, since S, converges to x,
we have, by elementarity, S, converges to x in the final model, and so there must
be a condition p which forces that S, is almost contained in U. This is the desired
contradiction. U
Corollary 3.12. In the Cohen model, finite products of countable Fréchet spaces are SS.
Proof. It was shown in [3], that if a space is separable and has 7-weight less that 0
then it is SS. Our last theorem shows that in the specified Cohen model, all countable
Fréchet spaces have m-weight at most w;. So the product will also have m-weight at
most wy, which is less than 9. Therefore the product is S'S. 0

Now for the next result, let us say something about proper posets.

Definition 3.6. Let P be a poset and let M be a countable elementary submodel of
H(6) for some cardinal number 6 so that P € M. We say that a condition ¢ € P is
(M, P)-generic if for each dense subset D € M of P and for all r < ¢ there exists a
condition p € D N M so that r is compatible with p.

P is proper if for each regular 6 > 2! and each countable M < Hy with P € M

there is an (M, P)-generic condition below each p € M N P.

The proper forcing axiom, PFA is very similar to Martin’s Axiom, which is already

introduced.

Definition 3.7. PFA is the statement : For any proper poset P and predense sets D,,,
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a < wy, there is a filter G C P so that for each a < wy, GN A, # 0.
The open coloring axiom (OCA) is defined below,

Definition 3.8. OCA is the statemnt: Let X be a subset of R. For any partition
[X]? = Ko U K; with Ky open, either there is an uncountable Y C X such that
[Y]? C Ko, or there exist sets {H, : n € w}, such that X = J;2, H, and [H,]*> C K
for all n.

The Open Coloring Axiom is a consequence of PFA. If [X]? = K, U K, with Kj
open, let us call Z C X 0-homogeneous if [Z]> C Ky and 1-homogeneous if [Z]* C K.

The next theorem shows us the same conclusion as before assuming PFA.

Theorem 3.13. The proper forcing axiom, PFA, implies that products of finitely many

countable Fréchet spaces are SS.

Proof. Let X and Y be countable Fréchet spaces and we assume that their product
is not SS. There is no loss of generality to assume that neither X nor Y has isolated
points. Let {E, : n € w} be a sequence of dense subsets of X x Y. It is known
([8,2.7]) and easy to see that it is sufficient to show that each point (zg,yo) € X XY
is in the closure of the union of some sequence of finite selections. So we fix a point
(o, Y0). Without loss of generality, we may also arrange that the E,,’s are a descending
sequence. Let A, C [X]¥ and B,, C [Y]* be the collection of all sequences converging
to xo and yp respectively. Let {x; : i € w} and {y; : i € w} be enumerations of X and
Y respectively. Since there is no harm to shrink the F,,’s, we will assume that each F,
is disjoint from the closed nowhere dense sets {z; : ¢ <n} x Y and X x {y; : i < n}.
For each (A, B) € A,, x B,,, we may assume there is an m such that E,, N (A x B) is
empty, because otherwise there is a suitable selection of finite choices accumulating
to (zo,y0). To see this, first notice that there must be an n such that (z¢,yo) is not
in the closure of E,, N (A x B). It follows that such an F, will satisfy that, for some
m > n,

En 0 (Ax B) C(({#iticm X Y) U (X X {yi}icm))
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Then we choose our m > n by our additional assumption that F,, is disjoint from
{zi}icm x Y and X X {yi}icm-

Now we consider the poset P defined by the following:
P = Jyen B

where P is ordered by set inclusion. Of course the members of P are just finite partial
selections from the sequence (Fj : k € w) and forcing with P gives rise to a name of
a generic selection F' = {p(k) : k € w}. Notice also that no z and no y will appear as
a coordinate in infinitely many of the pairs {p(k) : k € w}.
We will prove, using an auxiliary proper poset extending P, that there is a family of
wp-dense sets which are sufficient to ensure that (xg,yo) is forced to be in the closure
of F. Establishing this completes the proof of the theorem since PFA implies there
is a filter meeting each of those dense sets. The methodology is borrowed from the
theory behind the development of the Open Coloring Axiom.
In the generic extension by P, notice that for any A € A,, and B € B,,, we have
that FN((AxY)N (X x B)) = FN (A x B) is finite (since some E,, misses A X B).
For A € Ay, let A= FN(AxY) and, for B € B, let B=FnN (X x B). Let
X={(A,B): An B = (}. Now we define K, C [X]? as follows:
(Ao, By), (A1, By)) € Ko
if
(AgN By) U (Byn Ay) # 0.
The separable metric topology on X is defined by the following: for finite subsets
ug, U1, Vg, v1 of X X Y, the basic open sets are of the form
[(ug,u1), (vo,v1)] = {(A,B) € X :ug C A,uy N A =0,09 C B,oy N B =0(}.
Notice that Ky is an open set in this topology.
Let K; = [X]*\ Ky. Since Kj is open in [X]?, then by [18], we can say that either
X is a countable union of 1-homogeneous sets or there is a proper poset, ¢ which

introduces an uncountable 0-homogeneous set.
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First we show that if indeed X can not be covered by a countable union of 1-
homogeneous sets then we obtain our desired selection F' from the FE,,’s accumulating
to (%o, %0). In this case then, there exists a P-name Q) for a proper poset such that
(@ introduces an uncountable 0-homogeneous set. That is, there is a P * ()-name of
a sequence, ((A,, B,) : @ € w;) of pairs from A,, x B, so that (it is forced that)
{(1/4\;7/35;) D a € wy} is a Kp-homogeneous subset of X. It is somewhat routine to
verify that there is a family of w;-many dense subsets of P % Q) so that an applica-
tion of PFA ensures that we obtain an infinite selector F' from (F, ), and a sequence
{(An, B,) : v € w1} C Ay, X By, satistying that for each o # 5 € wy,

(FNA)N(FNB,) =0
and
FN[(Ay N Bg) U (Az N By)] # 0 and is finite.
The above properties are the requirements that the families {F'N (A, X Y) 1 a € wy}
and {F N (X X B,) : @ € wy} form a Luzin gap and so, [20], cannot be mod finite
separated in P(X x Y). Now we show that if U x W is a neighborhood of (x, yo),
then U x W meets F' — as required. Notice that U x Y will contain, mod finite,
FN(A, xY) for all @ € wy. Therefore there must be some «a € wy such that U x Y
meets F'N (X x B,) in an infinite set. Since X x W will contain a cofinite subset of
F N (X x B,), we then have that U x W meets F'N (X x B,) (and hence F) in an
infinite set.
So finally we complete the proof by showing that (in the extension by P) the family X
is not a countable union of 1-homogeneous sets. To see this, first we fix a P-name X,
for X. Suppose we have a P-name of such a sequence <%n>n and a condition py € P
such that,
po |- U 3{"” = f

and for each n, !

po |F[X,)° € K.
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For better readability, let A \ m abbreviate A\ {z; : i < m} for A C X and m € w,
and similarly let B\ m abbreviate B\ {y; : j < m} for B C Y. Recall that we showed
that, for each (4, B) € A,, X B,,, there exists m such that (AxY)N(X xB))NE,, =
(). Therefore it follows that there is a sufficiently large m such that py forces that
(m, m) is a member of . Furthermore, there is an n and a p < po in P, such
that p |F(Z\\;% m) € X,. Let us define

By = {(A, B) € Ay, X By, :p|l-(A\m, B\'m) € &,}.

It is obvious that (J{X,,m : p € P,n,m € w} should equal A, x B,,. We will prove
our claim by proving that this is not the case. First let us enumerate P xw X w in order
type w as {(pk, nk, mg) : k € w} and we will construct, by induction on k, a descending
sequence { Xy X Yy : k € w} of subspaces of X x Y (with Xo = X and Yy =Y). To
guide this induction we fix an ultrafilter W on w x w which is not a P-filter. We also
choose a sequence {a; : j € w} converging to xo and {b; : | € w} a sequence converging
to yo. At any stage k in the induction we will let (p, n, m) denote the triple (pg, ng, ms)
and we deal with X, ,,. For each k, let Ay = {A\m : 3B (A, B) € X, ,.m} and
B, ={B\m:3A (A, B) € X, ,m} for n € w. As an induction hypothesis we will
assume that, for all m, {(5,1) : (aj,b) € [En N (Xk x Yy)]'} € W. This is true for
Xo and Yy as E,, is a dense set of X x Y for all m € w. The construction of Xy,
and Y41 will also ensure that, for each pair (A, B) € X,, n,m,, one of AN X4 and
B N Yy will be finite.
Now we show the inductive step. Let Sy = |JAx and T}, = [JB;. Now a key step
in the proof is that since py |-[%,]?> C K1, there must exist 7 such that (S x Tj) N
Emw = 0. In fact choose m larger than each of m and dom(p) and assume that
(x,y) € (Sk X T}) N E is not empty. Extend p to some p so that p(m) = (x,y) and
observe that |—(z,y) € F. Since (z,y) € Sy x T there are (Ao, By) and (A,, B)

in X,,,m such that x € Ag\ m € Ay and y € By \ m € By so that p|(z,y) €

Fn((Ay\'m) x (B; \ m)). However notice also that (z,y) € (m N By \ m) and
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SO ﬁ\}—((m, B/o\\/m), (m, m» € Ky. Of course this contradicts that p
forces that this pair is in Kj.
Now we are ready to define Xy, C X, and Y, C Y. If for all m > m,

{(3,0) : (aj,b) € [Ex N (( Xk \ Sk) x V)] } €W
then put X1 = Xi \ Sk and Y1 = Y,. Otherwise we set X1 = X and Yy =
Yj \ 7). To show that this works we must show that for all m > m,

{(4,0) : (a,b0) € [E N (Xpe x (Y \T))]'L €W .
If this fails, then there is an m > m such that

{60+ (a5,b0) & [Em 0 (Xe \ Sk) x Yi)" U [En N (X x (Y \T3)'} €W

However this implies that

{(,0) : (aj,b1) € Es N (Sp xTi)} € W,

which is impossible since it contradicts the fact that Sy x T} is disjoint from FE,,.

So we select all the Xj’s and Y}'’s satisfying our induction hypothesis. According to
our construction, for each k, there is ji > k such that the sequence a;, is in Xj.
Now is the place where we use the hypothesis that X is Fréchet. For each k, choose
a sequence J; C X, converging to aj,. Since the sequence {a;, }; converges to zo,
we have that zg is in the closure of | J, J;. Therefore there is a sequence A C (J,, Ji
converging to zo. By construction we have that A\ X is finite for all k. By the similar

argument as above we get a sequence B converging to yo with the property that B\ Y}

is finite for all k. Therefore (A, B) € A,, X By, but clearly (A4, B) ¢ |JX,nm. O



CHAPTER 4: COMPLETELY SEPARATED IN RANDOM MODEL

4.1 Introduction

Ohta and Yamazaki asked [27] if every C*-embedded subset of a first countable space
is C-embedded. It is known [25] that a counterexample can be derived from the
assumption b = s = ¢ and that if the Product Measure Extension Axiom (PMEA)
holds then the answer is affirmative in some special cases.

We show that in the model obtained by adding supercompact many reals the question
of Ohta and Yamazaki has a positive answer with no extra assumptions needed. It
is well known that this model satisfies PMEA and therefore this result improves the
one from [25].

One of the key devices in this section is that adding random reals does not introduce
a continuous function that separates two ground model sets that were not completely

separated.
4.2 Preliminaries

The purpose of this section is to establish the basic terminology. Our primary sources
are [23] for topology; [2] and [4] for forcing and set theory (large cardinals and ele-
mentary embeddings).

Let X be a topological space. A subset A C X is C-embedded if every continuous
real-valued function with domain A can be extended continuously to X. If every
continuous function from A into [0, 1] has a continuous extension to X then A is
C*-embedded in X.

A zero-set in X is a set of the form f~1(0) for some continuous f : X — [0,1]. Two

sets A, B C X are completely separated if there is a continuous f : X — [0, 1] such
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that f[A] C {0} and f[B] C {1}; equivalently, A and B are contained in disjoint
zero-sets.

If j is a function whose domain is transitive we will denote by j(a) the value that j
assigns to the element a € dom j and j”a will be used to represent {j(z) : z € a}.
Let k be a cardinal. We say that X has character less than  (in symbols, x(X) < k)
if any point in X has a local base of cardinality < x. 2" denotes the set of all functions
from k into 2 = {0,1}. For each o < k the set a, := {f € 27 : f(a) = 0} is a clopen
subset of the topological product 2~.
Let B be the o-algebra generated by {a, : a < k}. For each o < k define p(a,) =
(2% \ a,) = 1/2. One can extend p to obtain a probability measure on B. This pu is
called the Haar measure on 2%.
2<% is the set of all functions whose domain is an integer. Observe that when xk = w,
B is generated by {[t] : t € 2<%}, where [t] := {f € 2 : t C f}, i.e. all the functions
that extend ¢. Each [t| will be called a basic clopen set for 2¢.
Random real forcing is the poset M, obtained by identifying two members of B\ {0}
if the measure of their symmetric difference is zero. M, is ccc and complete, i.e. if
S C M, is not empty then S has a supremum in M, denoted by \/ S. In particular, if
® is a formula and oy, . .., 0, are names so that a |- ®(0o4,...,0,), for some a € M,
then we define

[(c1, ... o0)] == \/{b €M, : b |- D(0y, ..., 00)}
If S is a non-empty subset of Ml,, and has a lower bound in M, then .S has an infimum
which will be denoted by A S.
If 7 is a topology for X and P is any forcing notion, then it could be the case that,
in the generic extension, 7 is no longer a topology for X due to the presence of new
subsets of 7 but 7 will always be a base for some topology for X. Hence, whenever we
refer to the topological space (X, 7) (or simply X') we will be referring to the topology

on X that has 7 as a base.
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We recall that A submodel N of a model M is elementary if all formulas are absolute
between N and M with respect to every set of parameters in V.
An embedding of V into a model M is an elementary embedding if its image is an
elementary submodel of M.
If j : V — M is a non-trivial elementary embedding with M transitive, then M is
inner, and induction on rank shows that there is a least ordinal k moved by j, that
is, j(a) = a for all @ < k, and j(k) > k. Such a & is called the critical point of j,
and is necessarily a measurable cardinal.
For a set X and a cardinal &, let P,(X) be the set of subsets of X of cardinality less
that k. A cardinal x is called A-supercompact, where X is an ordinal, if the set P, ()
admits a normal fine measure. A cardinal k is supercompact if it is A-supercompact
for every ordinal \.
Instead of recalling the definition of a normal measure, we recall that a cardinal & is
A-supercompact if and only if there is an elementary embedding j : V' — M such that
j(a) = afor all a < k and j(k) > K, where M is an inner model such that M* C M.

For more information on supercompact cardinals, see [4] and [29].
4.3 Consistency Modulo a Supercompact Cardinal

We start this section with an auxiliary result which is itself of significant interest.
Theorem 4.1. Let k be a cardinal. If X is a topological space and A, B C X, then
the following are equivalent.

1. A and B are completely separated in the ground model.

2. My | “A and B are completely separated”
Proof. To show that (1) implies (2) note that any continuous function from the
ground model remains continuous in the generic extension.

Now assume (2) and let f be a name for a real-valued continuous function on X so

that

M., |- “f[A] € {0} A f[B] € {1} A fIX] € [0,1]".
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For each 0 < 7 < 1 define U, := {z € X : u([f(z) < r]) > 1 —r}. We show below
that {U, : r € (0,1)} is a family of open sets satisfying U, C U, whenever s < t,
and A C U, C X \ B for every r. And therefore the map h : S — [0, 1] given by
h(z) :=1inf({1} U {r € (0,1) : z € U,}) is continuous, h[A] C {0} and h[B] C {1}.
Let r be arbitrary. If z € U, and b := [f(z) < 7], then there exists a name for an
open set W so that b| “z € W A f[IW] C [0,r)”. Fix an antichain {b, : n < w} and
a family {W,, : n < w} of open sets from the ground model so that b = \/{b, : n < w}
and by, |-z € W, € W. Since Y new (b)) = p(b) > 1 —r there is an integer m for
which > u(b,) > 1 —r. Define a := A{b, : n < m} and O := ({W, : n < m}.
Hence a | f[O] C [0,7) and therefore 1 —r < u(a) < pu([f(y) < r]) for each y € O.
Clearly x € O C U, so U, is open.
To prove that A C U, C X \ B observe that u([f(x) = 0]) = 1 and pu([f(y) = 1]) = 1
forall z € A and y € B.
To finish the proof assume that r < s and let € U, be arbitrary. Let W be the
collection of all open sets from the ground model that contain x. For each W € W the
condition by = \/{[f(y) < 7] : y € W NU,} satisfies by |- “f[W]N[0,7) # (”and
w(bw) > 1—r. Set b:= A{bw : W € W}. Since {by : W € W} is closed under finite
intersections, we obtain u(b) > 1—r > 1—s. We also have that b |~ f(z) < r which
implies 1 — s < u(b) < p([f(z) < s]). Thus z € U,. O
Assume that v : M, — [0,1] is a probability measure. Note that the argument
given above shows that if f is an M,-name for a continuous real-valued function with
domain X, then h: X — [0, 1] given by

h(z) :=inf({1} U {r e (0,1): v([f(z) <7]) > 1 —7r})

1s continuous.
Before proving the main theorem let us discuss a simplification that will be used:
Any real-valued continuous function f can be expressed as f = (f*+ 1) — (f~ + 1),

where both, f* and f~, are continuous and non-negative. This simple remark shows
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that a set A is C-embedded in X iff any continuous function from A into [1,00) has

a continuous extension to X.

Theorem 4.2. Let x be a supercompact cardinal. In the model obtained by adding
x many random reals, every C*-embedded subset of space whose character < k is
C-embedded.
Proof. Let X, 7, A and f be M,-names so that M, |- “x(X,7) < x, A is C*-
embedded in X and f : A — [1,00) is continuous.” As remarked above, it is enough
to show that f has a continuous extension to X. In order to do this we may assume
that X and A have been decided, i.e. there are two sets (in fact ordinals) X and A
from the ground model satisfying

I-“X=XANA=A"
Let G be an M,-generic filter. Working in V[G] we observe that 1/f is a function
from A to [0,1] and so can be extended to a continuous map h : X — [0,1]. Note
that we only have to prove that A and Z(h) are completely separated. Indeed, if
s : X — [0,1] is a continuous function so that s[A] C {0} and s[Z(h)] C {1}, then
1/(s+ h) extends f.
In V[G] let p be a name for the canonical random real added by M,,. In other words,
M, |Fp:w — 2and p([p(n) =i]) = 1/2 for all n € w and i < 2, where p is the
Haar measure on 2 described before. Also let ¢ be an M,-name for the piecewise
linear extension of p on [1,00), i.e. § | [n,n+ 1] is the line segment that connects the
points (n, p(n)) and (n + 1, p(n + 1)) for each positive integer n.
Fix a cardinal A > max{|X|, ¢}. Since k is supercompact, there exists an elementary
embedding jg : V — M, where M is a transitive class closed under A-sequences, so
that jo(a) = a for each ao < k and jo(k) > A. Therefore (see [24]) G can be extended
to G*, an M(,)-generic filter over M, and j, can be exentended to an elementary
embedding j : V[G] — M|G*] in such a way that V|G| and M[G] have exactly

the same sets of rank < A. As a consequence of this we obtain that j(A) is a C*-
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embedded subspace of (j(X), (7)) and j(f) is a continuous function from j(A) into
[1,00). Since ¢ can be interpreted as an M, ,-name and k + w < j(k) we get that
g := val(g, G*) is a continuous function from [1,00) into [0,1]. Hence g o j(f) has a
continuous extension ¥ : j(X) — [0, 1].

Elementarily, the fact that (X, 7) has character < x, and our choice of A imply that
j I X :X — 57X is a homeomorphism (proof of Lemma 2.4 of [24]) where j”X
is considered as a subspace of j(X). Thus the function ¢y : X — [0,1] given by
wo(z) =1 (j(x)) is continuous. To show that it extends g o f we only have to observe
that if x € A then j(f)(j(z)) = j(f(z)) by elementarity and that j(f(z)) = f(z)
because f(x) is a real number.

The argument given above proves that there is an Mj,)-name, ¢y, for a continuous
extension of go f . Using the fact that M) is ccc and assuming that ¢ is a nice name
we can find an ordinal « for which ¢ is an M., * M,-name and k + o + w < j(K).
Since M, ., * M, and M, * M, are forcing equivalent we can arrange things in such
a way that ¢g is an M, * M,-name, G is extended to G, an M, o-generic filter over

V, and, in V|G|, p is an M,-name for the canonical random real added by M,,. The
rest of the argument takes place in V[G].
Let ¢; and ¢, be names for the maps 1 — ¢y and |@g — 1/2|, respectively. If b € M,
then g, : M, — [0, 1] defined by
alNb
pla) = 21050
where a A b is the infimum of {a, b}, is a probability measure and therefore (see the
remark following Theorem 4.1) the function t,; : X — [0, 1] given by
pi(x) = inf({1} U{r € (0,1) : m([pi(x) <r]) > 1—r})
is continuous for all ¢ < 3.
We claim that if b is a basic clopen set then there is an integer n, so that f~1[ny, 00) C

w;il[l/?), 1] for all i < 3. To see that this is true let ¢ € 2<“ be such that b = [¢] and let

ny € w \ domt be arbitrary. The arguments needed for each individual i are similar
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so we will present here only the case ¢ = 0. Start with arbitrary x € f~![ny, 00) and
r e (0,1/3).

Define ¢ := [¢o(x) < r] and fix integers m > n and k < 3 such that

m+k/3< f(x) <m+(k+1)/3.
If k=0 or k=2 we obtain ¢ = [p(m) = 0] or ¢ = [p(m + 1) = 0], respectively,
and therefore p,(c) = 1/2. When k = 1, ¢ = [p(m) = p(m + 1) = 0] and hence
wp(c) = 1/4. In any case, pp(c) < 2/3 < 1 —r which implies that i ;(z) > 1/3.
For each basic clopen set b and each integer i < 3 define

Z(b,i) :=h7'[1/ny, 1] U, [1/3,1]
to obtain a zero-set in X that contains A. We will show that Z(h) and ({Z([t],?) :
t € 2<¥ A i < 3} are disjoint and thus A and Z(h) are completely separated (recall
that two sets are completely separated iff they can be separated by disjoint zero-sets).
Given z € Z(h) let a € M, and 0 < k < 3 be so that

al-k/4 < ¢o(2) < (k+1)/4.

There is an integer ¢ < 3 depending entirely on k so that a |- ¢;(2) < 1/4. Fix a real
number 1/4 < r < 1/3. Since p is the Haar measure on 2* we can apply the analogue
to Lebesgue Density Lemma for p (see Section 17.B of [26]) and claim the existence
of a basic clopen set b for which 1 —r < u(a). On the other hand, a < [¢;(2) < 7]
and therefore 1 —r < uy([pi(2) < r]). Clearly v ,(2) < 1/3 and hence z ¢ Z(b,1).
We just showed that, in V|G|, A and Z(h) are completely separated after adding (an
additional) o + w many random reals. According to Theorem 4.1 this implies that A

and Z(h) are completely separated in V[G] and this finishes the argument. O
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