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ABSTRACT
ELIJAH EVERETTE RAY. A random hierarchical laplacian. (Under the direction
of DR. STANISLAV A. MOLCHANOV)

The self-similar Hierarchical Laplacian, essentially proposed by Dyson [4] in his
theory of one-dimensional ferromagnetic phase transitions, has a discrete spectrum
with each eigenvalue having infinite multiplicity [14]. As a result, the integrated
density of states is piecewise constant and the density of states is a sum of point-
masses located on its spectrum.

To correct these “defects,” we present a modification of the Hierarchical Lapla-
cian obtained by allowing its deterministic coefficients to instead vary randomly, but
without changing the eigenfunctions. The resulting spectrum is deterministic but
the eigenvalues are now random with finite multiplicity and we obtain an absolutely
continuous density of states. We will examine the eigenvalue statistics near an indi-
vidual point of the spectrum and show that, locally, the spectrum is approximately

a Poisson point process.
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CHAPTER 1: INTRODUCTION

The self-similar Hierarchical Laplacian, essentially proposed by Dyson [4] in his
theory of one-dimensional ferromagnetic phase transitions, has a discrete spectrum
with each eigenvalue having infinite multiplicity [14]. As a result, the integrated
density of states V() is piecewise constant and the density of states does not exist—
or more precisely, it is a sum of point-masses located on the spectrum of —A. When
the probabilistic weights for the Hierarchical Laplacian are given by a geometric
progression, the Hierarchical Laplacian can have an arbitrary spectral dimension sy,
and as a result, it is similar to the classical fractals, e.g., the Sierpinski Lattice.

Usually in Mathematical Physics, after considering the Laplacian, we move on to
consider the Schrédinger operator—in two different directions.

First in the classical spectral theory, the negative Laplacian typically has discrete
non-negative spectrum which accumulates to the point zero. When we add a negative
decreasing potential (potential well), the spectrum below zero will be discrete. The
central questions are: under what conditions are there only finitely many negative
eigenvalues and how can we estimate the number of negative eigenvalues [15, 16, 17].
Let us formulate several classical results. Consider in R?, d > 3, the Schrédinger
operator H = —A — V(z), where V(z) > 0 and V(z) — 0 as |z| — oo in some sense.

In this situation, the spectrum of H covers the half axis [0,00) but for negative
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energies the spectrum is discrete. Letting No(V) = # {\; < 0}, we have the Lieb-

Thirring Estimate:

S A godﬂ/ VA (1) da (1.1)
R4

:A;<0

and taking v = 0 in (1.1), we have the Cwikel-Lieb-Rozenblum (CLR) Estimate:

No(V) < Cy | V¥%(z)d. (1.2)

R
In particular, the CLR estimate implies that the operator H = —A + oV (z) has
non-negative spectrum whenever the coupling constant ¢ is small and V € L¥?(R9).
For small dimension, we have Ny(cV') > 0 for any non-vanishing V' and any o > 0.
Instead of (1.2), in the popular literature, one is often presented with Bargmann’s
estimate (see [18])

No(V) < 1+/ 2|V (z)d. (1.3)

—00

Another direction is the spectral theory of the random Schrédinger operator, i.e.,
H = —-A+0V,(x), o is a coupling constant, V(z) i.i.d. One might conjecture that,
in this case, classical Anderson phase-type transitions would be observed for small
o and s, > 2, and that together with pure point spectrum, there exists some kind
of continuous spectrum, i.e., Anderson delocalization [1]. Unfortunately, this natural
conjecture appears to have been wrong [14]. In [9], it is shown that for more or
less general distributions, for arbitrary spectral dimension s; and arbitrary o, the
spectrum of the random Schrodinger operator is pure point. One can propose the
following physical explanation of this fact. It is well known from the literature that the

spectrum of the random Schrédinger operator on the lattice Z? is pure point outside
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the spectrum of the Laplacian for arbitrarily small o in any dimension [13]|. Since
the spectrum of the self-similar Hierarchical Laplacian consists of isolated points, all
energies are outside the spectrum. Taking into account all these facts, it is important
to modify the self-similar Hierarchical model in such a way that — instead of the
isolated eigenvalues of infinite multiplicity — we will get spectrum which is dense on
some interval and obtain a continuous density of states.

The goal of the thesis is the analysis of a random Hierarchical Laplacian obtained
by allowing the deterministic eigenvalues of the Hierarchical Laplacian to instead
vary randomly. The way in which we allow the eigenvalues to be random does not
change which functions are eigenfunctions but it does have the effect of breaking
each isolated (deterministic) eigenvalue of infinite multiplicity into a countable dense
set of eigenvalues each having (the same) finite multiplicity. The spectrum remains
deterministic but the isolated points of spectrum become widened into spectral bands
supporting a continuous density of states. These spectral bands may or may not
overlap depending on the value of a parameter 0 < o < 1 — for values of ¢ closer
to one, the spectrum will be an interval while for ¢ = 0 we obtain the original
(deterministic) Hierarchical Laplacian. In the last section, we examine the eigenvalue
statistics near an individual point of the spectrum and show that, locally, the spectrum

is approximately a Poisson point process.



CHAPTER 2: HIERARCHICAL LATTICE

2.1  Definitions

A hierarchical lattice is an ultrametric space (X, d;) where X is an infinite set and
the hierarchical distance dj, is an integer-valued ultrametric with the property that
for each integer r > 1, there exists an integer v, > 2 such that every closed metric

ball of radius r (which we refer to as a cube of rank r)
QU (x) = B(x,r) = {y € X : dy(x,y) <7} (2.1)

contains exactly v, balls of radius » — 1. We call a hierarchical lattice self-similar if
each v, = v for some integer v > 2. To say dj is an ultrametric means, instead of

just the triangle inequality, dj, satisfies the stronger condition that for all z,y, 2z € X,

dp(z,y) < max {dy(z,2), dn(y,2)}. (2.2)

Because dj, is an ultrametric, each element of a cube can serve as its center. As a
result, two cubes are either disjoint or one is a subset of the other. In particular,
because two different cubes of the same rank /radius must be disjoint, the hierarchical

distance can be expressed as

dy(z,y) = min {r : Q" (z) = Q" (y)}
(2.3)

= max {7" : Q(T’l)(ac) N Q(r’l)(y) = @}.



Observe that the sequence {Q (x)}rzo increases to X, i.e.,
= Q(O)(x) C Q(l)(x) cQ® (z)C--- C G QM (z) = X. (2.4)
r=0
It follows that for each r € N ={0,1,2,3,...}, the collection of all cubes of rank r
I, ={Q"(z) 2 € X} (2.5)

forms a partition of X into finite subsets where every cube belonging II, is a disjoint
union of v, cubes belonging to II,_;. Then the cardinality or volume of a cube is
given by

\Q(’”)(:v)} = Uy Uy

Since each v, > 2, it follows that each inclusion in (2.4) is strict and |Q() ()| is of at
least exponential order as r — oo.

The requirement that d; be integer-valued implies X is discrete as a topological
space. In fact, the definition implies the set X—being a countable union (2.4) of
finite sets, must itself be countable. More generally, we could have simply required
dj, to take as its values the terms of some strictly increasing sequence, 0 =ty < t; <
ty < ---. For any such sequence, we can define a renormalized hierarchical distance
by taking pn(,y) = t4,(2,)- In this case, the cubes remain the same but the dj-balls
of radius r become pp-balls of radius ¢,. In a self-similar hierarchical lattice, taking
t, = (" for some $ > 1 and all » > 1, the volume of a renormalized metric ball

becomes, essentially as in R%, a power function of its radius, i.e., if R = /3", we have

\{y e X: ph<:lj'7y) < R}‘ — ’Q(T)(iE)‘ — = Rlogﬁy.



For each r > 0, we denote the collection of all cubes of rank > r by

Vr - [j Hk
k=r

For each r > 0, 'V, forms a simple connected graph with edges

& ={{Q,Q"}:QeV,}

where we write Q% = Q" +Y(z) whenever Q = Q) (x). The graph distance d,

between two cubes @ € II,, and Q' € II,, is given by

n—m if Q C Q'
de(Q, Q') = : (2.6)
2r—m—n ifd,(Q,Q)=1r>0
Note that for y ¢ @), the mapping @ > x +— dj(x,y) is constant. Therefore, whenever
@ and @’ are disjoint we have d,(Q, Q') = dy(z,2’) for all z € @ and 2’ € Q.
Equation (2.3) shows that the hierarchical distance can be recovered from a knowl-
edge of the partitions (2.5). To see this, let’s start from scratch and suppose we are
given an abstract countably infinite set X and a sequence {I1,},, of partitions of X
into finite subsets where every set belonging to I, is contained in some set belonging

to I1,.; and contains at exactly v, > 2 subsets belonging to II,_;. Assume further

that for each x € X,
o) = x 2.7)
r=0
where Q) (x) is the unique set from II, containing x and Q©(z) = {z}. If dy(z,y)
is defined by (2.3) then (X, d},) is a hierarchical lattice. We assume (2.7) in order to

ensure that dp,(x,y) < oo for all z,y € X.
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Figure 2.1: Cube of rank 4 in a self-similar hierarchical lattice where v = 3.

The simplest example of a self-similar hierarchical lattice is given by X = N with
Qf.’“’ ={neN:iv" <n<(i+1)v} forall r>0 and i€ N (2.8)

We denote the hierarchical distance on N by dj,(m, n).
2.2 Enumeration of Self-similar Hierarchical Lattice

PROPOSITION 2.1. In a self-similar hierarchical lattice, we can enumerate the points

X = {xg,x1,...} in such a way that for all m,n € N,
Ay (T, ) = dp(m,n).
As a result, we can enumerate the cubes of rank r
= {Q, Q. Q... }, (2.9)
by defining for each i =0,1,2,3, ...,
Q" = {z, " <n<(i+1)'} (2.10)
First, we need a lemma.

LEMMA 2.2. In a self-similar hierarchical lattice, every cube can be enumerated

Q={rn:0<n<|Q[}

in such a way that dy(zm, 1) = dp(m,n) for all m,n < |Q).
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Figure 2.2: Cube of rank 3 in a self-similar hierarchical lattice.

Proof. For m < n, we have cfh(m, n) = r if and only if there exist i, 7 € N with
i <m<jt<n< (i+ 1), (2.11)
But if (2.11) holds we will also have
G+ <m+v <G+t <n+v < (i+20"
hence dy,(m + v",n+ v") = dj,(m, n). It follows by induction that
dy (m+ fe ) 4 kyd}”(m’")) = dy(m,n) forall k>1. (2.12)

Now, let @ € II,.; and assume the result holds for all cubes of smaller rank
contained in ). Then there exist Qy,...,Q, € II, with @ = |J;_, @; hence for
1 <4 < v, we have

Qi={zl):0<n< V'} with dp (29D 2Dy = d (m, n).

We define zy = ¥ for

N

(i—1v" +ne{0,1,2,....0 " —1}.
Then we have

Q={zny:0< N <V} and Qi={zny: (-1 <N <},



For M=(—1)v"+mand N=(j—1)v"+nwithl1 <i¢,j<vand 0<m,n<v",

dy(m,n) ifi=j

dn(zar, 2n) = dp(a), 2$)) =

r+1  ifi#j

If i = j then by (2.12), we have
dn(M,N) = dn(m,n) = du(zrr, 2).
Ifi <jthen 0 <M < iv” <N < v+ hence

dAh(M,N) =7r+ 1= dh(xM,iL‘N).

Proof of Proposition 2.1. It is clear from the construction in Lemma 2.2 that we may

recursively construct an infinite sequence {z,},- wWith dy(2m, z,) = dp(m

m,n > 0 and with the first 2" terms of this sequence enumerating Q™ (z)

QU (x0) = {x,:0<n <"} foreach 7.

n) for all

For the first step of the recursion, we may choose xy € X (the origin) arbitrarily. At

the 7" step, we generate the next " — v"~! terms of the sequence which enumerate

QM (20)\Q" V(). By (2.7), this sequence must enumerate all of X.

2.3  Hierarchical Addition

Enumerating each partition II, as in (2.9-2.10) we have

v —1

1’7L 1
m+r
U Q VT—I—k: U Q wwm+k

and in particular, taking m = 0, we have Q") (z,) = QZ(T) where i = [n/v"].

]

(2.13)
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Now let’s define a mapping n : X — N by putting n(z) = n if x = z, in the

enumeration of X. Let’s further define, for each r > 0, the r-coordinate mapping

n.: X —{0,1,...,v—1}

by putting n.(x) = n, if, in the enumeration of I, Q) (x) is the (n, + 1) cube
of rank r contained in QU*+Y(z). Then n,(x) is the (r + 1)™ digit of the base-v

representation of n(z), i.e.,

||p—1

n(x) = an(x)ﬂ = Z n,.(z)v"

where |z|, = di (2o, x). Notice that

x|, =7 ifandonlyif "' <n(x) <"

or equivalently, |x,|, = 1+ [log, n]. We also have

no(%’w) = nl(%’w) == nr—l(Iw) =0

and

g (Tipr ) = ng—r(z;) for k > r,

hence

|Zivr | =1+ |2i]p-

Define an additive group (hierarchical addition, see |3, 11]) on X by putting

n.(r+y) =n.(x) +n,.(y) mod v

for each » > 0. It means that we add the indices for x and y in base-v except
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that we “forget to carry the tens” over to the next digit whenever n,(x) + n,(y) > v.
Proposition 2.1 says that no matter how (X, d;) has been constructed, we may as
well assume (X, d,) = (N, dy). Accordingly, we will identify z, € X with n € N and
write x + n instead of x + z,,.

The first cube Qér) of each rank is a subgroup of (X, +) whose cosets are given by
QU (z) =2+Qf.
As a result, we have
QU () +Q"(y) = Q" (x+y).
Furthermore, since ng) is a subgroup of Q(()err), we have

Q((]m) + Q(()m—i—r) _ (()m—i—r)

so that
QU (x) + QU (y) = QU (x +y).
Similarly, because iv" + jv" = (i +j)v" and QET) = QU (iv"), we have
() 1 ) _ )
and it follows from (2.13) that

Q(mlk + Q§m+T) = Q" for 0<k<

wr 147

Now (2.13) becomes

QU(z) = | QM (z+kvm) = | ) Qx4+ k). (2.14)



CHAPTER 3: HIERARCHICAL LAPLACIANS

3.1  Averaging Operators and Associated Subspaces of C*

We define an operator A, : CX — CX, the r'*-rank averaging operator, in the space
C*X of complex-valued functions defined on X by putting

Af@)=— 3 f(2) (3.1)

z€Q() (x)

for f: X — C. Equivalently,

Af =" folg (3.2)

Qell,

where 1g : X — {0,1} is the indicator function of a set @ C X and

1
fo= @Zf(x)-

zEQ

is the average value of f on the cube Q.
To motivate this definition consider a random walk {z,},., beginning at the
point x € X which at each step, jumps with equal probabilities to another point

ye QM (x) =x+ Q(()T). In other words,
Tn=T+21++2,

where {z,},, is an i.i.d. sequence of uniformly distributed random elements of Q(()T).

It means that, beginning at € X, the probability, at the n'® step, of arriving at
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y € X is given by

where
1L(,y) = Lom @) (y) = Lom g (r) = L.(y, ).

Then P*-almost surely, {z,,} never leaves the cube Q™ (z) hence for every f € C¥X

and n > 1 we have

E’f(z,) = Z fy) Pz, = y) = A f(2).

yeQ() (z)

We say that A, generates a symmetric random walk on cubes of rank r.
It is clear from (3.2) that A, : C¥ — M, where M, is the subspace of functions
which are constant on cubes of rank r. Observe that f € M, if and only if A,.f = f.

Since every cube of rank k < r is contained in a cube of rank r, we see that
k <r implies M, C M. (3.3)

Since every cube of rank r is a disjoint union of exactly "% cubes of rank k < r,

considering the average of averages, we see that
k <r implies A,A, = A A, =A,. (3.4)
PROPOSITION 3.1. For 1 <k <r, if f € M, then for every g € C*, we have
Arfg = fArg. (3.5)

In other words, Ay treats functions f € M, like constants.
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Proof. If f € M, then by (3.3), f is constant on cubes of rank k& < r hence for g € C¥,

(Arfg)(x Z fy Z f(@)g(y) = [(@)(Arg)(x). O

yEQ““)( ) yEQ““)( )

Now we must describe two subspaces related to M, and corresponding operators
related to A, which are needed in the sequel.
First, the subspace £, consists of all f € CX which are constant on cubes of rank

< r with Y f = 0 on cubes of rank > r, i.e.,
Apf=f for 1<k<r and Apf =0 forall k>r. (3.6)
We have f € £, if and only if E,f = f where E, : CX — £, is defined by
E.=A._1—A,. (3.7)
It follows from (3.4) that
k <r implies EpE,= E,.E, =0. (3.8)

Next, for each @) € II,. (each cube of rank r), the subspace L consists of all f € £,
which vanish outside of Q. Then f € L if and only if Egf = f where Eg : C¥ — Lg

is defined by Eq = 1gE,. Since 1x =3 5y 1g, it follows that

E, =) Eq. (3.9)

If we write @ = (J;_, Q; where Q1,Qs,...,Q, are the cubes of preceding rank
contained in () then L consists of all functions which vanish outside of () and are

constant on each subcube @); with the sum of these constants being zero, i.e., functions
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of the form
f=Eof =) clg with > ¢ =0. (3.10)
=1 =1

We obtain the following corollary to Proposition 3.1.

COROLLARY 3.2. For 1 <k <r,if f € M, and g € Ly then fg is constant on cubes
of rank k —1 and > fg = 0 on cubes of rank k hence fg € Ly. In other words, Ly,

absorbs multiplication from functions in M,.

Next, we consider the subspace of functions which can be continuously extended
to the one-point compactification of X, i.e., functions f € C* having a limit as x
approaches the point at infinity. We will prove, in Proposition 3.3, that A, is invariant
on this subspace.

Whenever we write lim f(x) =cor f(x) — c as x — o0, it is equivalent to saying

T—00

that for every € > 0, there exists n such that |z|, > n implies | f(z) — ¢| < e.

PROPOSITION 3.3. If lim f(x) = c then lim A, f(z) =
T—00

T—00

Proof. Because A,(f —c¢) = A,f — ¢ we may assume ¢ = 0. Let ¢ > 0. Then there
exists n > r such that |z|, > n implies |f(z)| < e. If |z|, > n then |y|, > n for every
y € QU (z) hence

Af@l < 3 1) <=

yEQ(T)( )
Therefore, lim A, f(z) = 0. O
T—00

Notice that whenever z € Q| since Q) (z + z) = Q) (x), we have

Arf(z+2) = A f(x)
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for all z € X, i.e., each z € Q((f) is a period for A, f. Similarly, we have
flx+2)= f(x) forall feM, and z € Q(()r).

It means we may think of M, as the space of Q(()T)—periodic functions defined on the

group (X, +). From (2.14) we obtain

=1 vm—1

Apirf(z ZAme/w ZAfx+ku)

In particular,
v—1
1 .
Arf(.%) = ; E Arflf(.f—i'k’l/r_l)
k=0

and therefore

—E,f(z) = A f(z) — A1 f(x ZAT WS4 k).

LEMMA 3.4. If lim f(x) = c then lim A, f(z) = ¢ for every x € X.
r—00

T—00

Proof. Again we may assume ¢ = 0. First observe that for r > m we have

yrmm—1
A,,f(:z:):yr — Y Anf(z kM),
k=0

If m > |z|, and k > 0 then we have x + kv™ > v so that |z + kv™|, > m hence

| A f(z + k™) < max |f(y)].

lyln>m

Now let ¢ > 0 and choose m > |z, so large that |r‘nax |f(y)| < 5. Then we have
Yln2m

1/’”"‘ I/m 2

so that |A, f(z)] < e for all 7 > m +log, (1+ 2 || f||.)- O
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PROPOSITION 3.5. If lim f(z) = ¢ then we have

T—00

f@)=c+> Ef(r)=c+ Y Eqf(x)

QeVy

for every x € X.

Proof. Since we have

n

STE fla) =) (A — A)f(w) = f(2) — Auf (@),

r=1

the result follows from Lemma 3.4. O

3.2 Averaging Operators and Associated Subspaces of £2(X)

Let ¢2(X) be the Hilbert space of square-summable functions on X with inner

product and norm

(W) =Y w(a)p(r) and [P =) (@)

zeX rzeX

The matrix element for A, is given by
(Ay0y,0,) = v "1, (2, y) = (04, Ardy) (3.11)

hence A, is self-adjoint. Because A? = A,, it follows that A, is the orthogonal
projection onto the subspace M, of ¢*(X). Similarly, E, is the orthogonal projection

onto £, and it follows from (3.3) that

L, =M, NM-.
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For r < s, since M,_; C M,
L,NL,CM,NM-={0}  hence L, L L, for r#s. (3.12)

For each cube @ € II,, Eq is the orthogonal projection onto L. Furthermore, (3.12)
implies that £¢ is orthogonal to Lo for @, Q" € Vi with @ # @Q'. It follows from

(3.9) that

L, =P Lo (3.13)

QeIl,

It follows from (3.10) that L is finite dimensional with
dimLg =dim{(¢;...,¢)eC:c;+---+¢, =0} =v—1

Together with the second equation in (3.13), this further implies that dim £, = oc.

From (3.10), it is immediate that the orthogonal complement of L consists of all
9 ) L )

1 € ¢*(X) which are constant on Q. If ¢ € (®Qevl LQ) then 1 is constant on

every cube Q € V; so by (2.4), ¢ is constant on X which means ¢y = 0 on X. It

follows that
CX)=EP Lo=EPL. (3.14)
QeVy r=1
hence
I=) Eg=)Y E,. (3.15)
QeV1 r=1

Alternately, for functions in £2(X), (3.15) follows from Proposition 3.5.
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3.3  Hierarchical Random Walk and Laplacian

The hierarchical Laplacian is defined for each ¢ € ¢*(X) by

Ap(z) = pla,y) (V(y) — v(x)) (3.16)

yeX

where p(x,y) are the transition probabilities for the discrete time hierarchical random
walk {7, }, -, whose probability matrix is given by I + A = [p(z,y)]xxx where [ is

the identity operator on ¢*(X), i.e., for each ¢ € £?(X),

(T4 A)p(x) =D pla, y)(y). (3.17)

yeX

It means that A generates the semigroup e*® = [p(t, x,y)]x xx for the continuous time
random walk, ¥; = xy(), where N(t) is a Poisson process independent of {z,.},,
with intensity equal to one [5, 6]. Our definition of the hierarchical Laplacian follows
[16, 17] but sometimes [ + A is referred to as the hierarchical Laplacian [14, 10].

To define the discrete time hierarchical random walk, we fix an i.i.d. sequence
{pn}n21 of random variables supported on the positive integers and we assume there

exist constants p € (0,1) and « > 0 such that for every r € Z7,
(I/p=Dp™* <P(p=r)<(1/p—1)p"" (3.18)

In (3.18), we always keep in mind the case where p is geometrically distributed, i.e.,
where a = 0. Now, at each time n, the random-walking particle jumps to the site x,

which is uniformly distributed within the cube of rank p, containing x,_1, i.e.,

1
P<xn =Y | Tp—1 =2 & pn = T’) = T<x7y) = <AT’5$7531> (319)

I/T‘
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Since p,, is independent of x,,_; the transition probabilities are easily computed:

p(z,y) =Pz, =y|a,_1 = 1) Z Pl (x y) (3.20)

r=1
In particular, p(x,y) depends only on dj(z,vy), i.e., p(z,x) = a; and p(z,y) = a, for

dp(z,y) =r >1wherea, = > - Ple=k) " This allows us to diagonalize A. We do this

Tk

by summing first, for each individual rank r, the terms in (3.17) with dp(x,y) = r,
i.e., we first sum over each sphere Q) (2)\ Q=Y (x) of radius r centered around .
We have

Z YY) = (¥, Lgmapgr-@) = (¥, 1loow) — (¥, 1ge-1())-

y:dp (z,y)=r

P(p=r)

l/?"

Therefore, since a, — a,4+1 = , summation by parts gives us

> ple i Z = —ary(z +Z _rw’lQ(” ) (3.21)
= ydi(ow

yyF£x

so that

(I +A)(z) = i Ple=r){¥ lov) (3.22)
Equation (3.22) now becomes
[+A=§:P(p:r)Ar or A:iP(p:r)(Ar—[) (3.23)

which implies A is self-adjoint. If we put A\, = P(p > r), since F, = A,_1 — A,,

another summation by parts gives us

—A= Z)\—)\TH )(I— A,) Z/\E (3.24)

r=1

From (3.14), we see that (3.24) diagonalizes A. The functional calculus for A is given
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F(A) =" f(=\)E.. (3.25)

For any function f which is bounded on Sp(A) = {—A\, : # > 1} U {0}, the operator

f(A) is bounded with

IF(A)] = sup [fA)]

AESP(A)

Since (A,d;,0,) = v~ "1,.(x,y), the matrix element for f(A) is given by

F(A) (@, y) = (F(A)d.0,) Zf ( 1Y) 1"(“;’3“/)) (3.26)

v 1 v

The sum in (3.26) can be simplified in two ways depending on whether or not

dp(z,y) =0 [16, 17]. We have

— (V=D f(=M)

FA)(z,2) = " (3.27)
k=1
and for dj(z,y) =r > 0 we have
F(D)(x,y) = —@ + Y = 12{(_A’“). (3.28)
k=r+1
Alternately, (3.26) can be rewritten in the form
- r _/\7‘ r\4;

F(A)(@,y) = F(=M)Lo(x,y +2 +1) jj N (z.y) (3.29)

In particular, for A > 0, taking f(x) = 1\ (—2) in (3.27), we obtain the expression

given in [17] for the integrated density of states for —A. We have

N[0, A) = <1 _ 1) 3 Lo Qi) (3.30)

v v
r=0
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It follows that the “density” of states for —A is simply a sum

n(A) :ZEE: (V _'tzékr(A>

of point masses along Sp(—A). Our assumption (3.18) allows us to find the asymp-

totics of N[0, \) as A — 0+. Observe that for every r € Z*, by (3.18), we have
P < N <pe (3.31)

Since 1jp ) is non-increasing on [0, 00), it follows that for every r > 0,

10 (™) < 100 (Ars1) < 1o (p" ")
T — T T :

(3.32)

The left-hand side of (3.32) is non-zero if and only if 7 > a +log, A and the right-
hand side is non-zero if and only if r > —a + log, A. Summing the geometric series
(1—1) > & over all r > +a +log, A (separately), we obtain

)\Sh/Q

Va+1

< N[0, ) < vexs/? (3.33)

where s, = —2log, v > 0. The first inequality in (3.33) is valid for 0 < A < p™* and
the second for 0 < A < p®. It immediately implies we have Lifshitz tails in the strong
form (see [8, 16, 17])

log N[0, A\) s

lim ——— = —. 3.34
)\1{% log A 2 ( )

Applying (3.29) to the semigroup

etA - Z eiATtET = [p(tu z, y)]XXXJ (335)
r=1



23

we obtain transition probabilities for the continuous-time hierarchical random walk

0o (6—)\r+1t _ e_/\rt)lr(x7 y)

PU(z, = y) = p(t,z,y) = e M1g(z,y) + ; — ., (3.36)
i.e., the solution to the parabolic problem
Sp(t,x,y) = Agp(t,z,y), t >0, p(0,z,y) = 1o(z,y).
In particular, applying (3.27) to e'®, we have
p(t,x, ) i v = De (3.37)

r=1
Since p(t,x,y) > 0 forall x,y € X and t > 0, it follows that either fooop(t, x,x)dt < 0o
for all x € X in which case the process x; is transient (spends a finite time in each
state), or fooop(t, z,x)dt = oo for all z € X in which case z; is recurrent (spends an
infinite amount of time in each state).

From (3.36) we obtain the kernel of the resolvent operator Ry = (A — A)~!

> Lo(z,y) | prly(z,y)
Ry(z.y) Moty dt = 20\ Y) , 3.38
2@, y) /0 e plt2,y) A+ A +; V(A4 A) (A 4 Arta) (3:3%)

and from (3.37),

v—1
(z, ) Zyr W (3.39)

r=1

If vp > 1 (equivalently s, > 2) and dp,(x,y) =r > 0, (3.38) shows that

- - Pr
toa,y)dt = Ro(w,y) = | .
/0 p(t,.y) o(@,y) — Z.D Y Y

But (3.18) and (3.31) imply
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hence

3o oo —3a

cp / cp

< [ pt,z,y)dt < (3.40)
(vp)" 0

where ¢ = %. On the other hand, if vp <1 (s, < 2), we have

| ottt = i B = > o 20y o =

It follows that z; is transient for s, > 2 (vp > 1) and recurrent for s, < 2 (vp < 1)
[16, 17]. We call 55, = —2log, v the spectral dimension of A. To further justify this
terminology, we will find the asymptotics of p(t,z,x) as t — oco. Following [17], we

will first find the asymptotics of the function

o(t) (1 _ %) i eyft. (3.41)

i.e., p(t,x, ) for the case given in [16, 17] where P(p =r) = (1/p—1)p". Considering
the continuous analogue of 6(t), i.e., (t) = logv Jvre " dx, we see that t*1/20(t)
is essentially the discrete analogue of an incomplete Gamma function — substituting

y = p“t, we have t*n/20(t) = “h f(f Y2 te Y dy — F(l + %h) as t — oo. Replacing

['(14 %) with a logarithmically periodic function of ¢, the same thing holds for 6(t).

eipk-!—z

PROPOSITION 3.6. [16, 17| There exists a periodic function h(z) = (1 — 1) 3%

N =

such that t1/20(t) ~ h (log,t) as t — oo.

Proof. First, observe that
1 X et 1 > e*pH{Z}
o= (1) £ 5 () £ 50

where 2z = 2(t) = log,t and the last equality is from replacing the index k with

k — |z]. Since {z + 1} = {z}, this also shows that h(z) = h({z}) is periodic with
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k+z
, we have

1 o0 e_pk+z 1 o0 e_pk+{z}
sp/2 _ —
o) = (1-5) S G = (13) 2 S

k=0 k=|z)

. . . . _ _pk —
period one. Next, since t = p* implies t*+/2 = v =% and e P ¢ = P

Therefore, since |z(t)] — —oo as t — oo,

oo e_pk+{z}
tsh/ge(t) Zk:\_zj Rz}
= —7 1 as t— oo
mm(log,t) e 7
Zkz:—oo pk+{z}
which completes the proof. O]

PROPOSITION 3.7. There exists a periodic function h(z) such that

1 t5n2p(t, x, ) < ot
vett = h(log,t)

as t— 00 (3.42)

hence p(t,z,x) < t=5/2 as t — oo.

Proof. As in (3.32), since the function A — e~ is decreasing, by (3.31) we have
O(p~Tt) < O(p==t) < p(t,z,z) < O(p~t) < O(pl*Nt) (3.43)

where [o] =min{n € Z : n > o}. Dividing through by t~**/?h(log, t) and observing

that % (log,(p*1*1t)) = h(log,t), we have

tr20(p” )t Pp(t w,x) ot P0(ploTt)
h(log,(p=11t)) = h(log,t)  ~ h(log,(pl*lt))’

(3.44)

As t — oo, the left-hand side converges to v~ *l > p=2=1 while the right-hand side

converges to vl < potl, m
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3.4  Hierarchical Laplacian with Variable Coefficients
The diagonalization (3.24) of the hierarchical Laplacian displays the fact that each
eigenvalue A, = P(p > r) is isolated in Sp(—A) and has multiplicity dim £, = oc.
To correct these “defects”, we first observe that (3.15) implies we have the further
diagonalization

— Ap(z) = ZAT( > EQW)) =) AEqu(z) (3.45)

QEH'I Q€v1

where A\g = A, for each () € II,. In essence, it seems that because the mapping
Q — Ao from V; to Sp(—A) is constant on each II, C Vy, the finite dimensional
subspaces, L for () € II,, which should have been the eigenspaces, have instead
been collapsed into the infinite dimensional eigenspace £,..

A hierarchical Laplacian A with variable coefficients is a modification of A where,
in (3.45), we instead require Ay to vary for different ) € II,. We accomplish this by
replacing each constant ), in (3.24) with a function A" : X — R which is single-

valued on cubes of rank r with different values on different cubes of rank r, i.e.,

A (z) = X (y) if and only if  dj(z,y) < 7. (3.46)
Furthermore, we require that

A (z2) =\ | < oA forall z€ X and r>1 (3.47)

where o € (0,1) is a coupling constant (measure of disorder) — the condition o < 1

ensures that we do not gain any negative spectrum. It means A is an operator of the
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form

— Ay(z) =Y AV @) Eab(z) = > AgEqi(x) (3.48)

QeV,y

where A\ = )\Zm is now the single value of the function A" (x) on the cube Q = QET).

If we put £ (z) = A" (2) — A0+ (z), then
AD(a) = €0)(x) 4 €0 () + €0+D(a) 4+ -
and A takes a form similar to (3.23),
~ Rilo) = €@ - A)o) (3.49
r=1
The functions £ (z) are the variable coefficients of —A.

PROPOSITION 3.8. If A is defined by (3.48), then

Sp(—A) C {0} U G [(1=o)A, (14 0)A], (3.50)

r=1
A is self-adjoint, A <0 and |A|| <1+ 0.
Proof. The “if” part of (3.46) means A"’ € M,.. Then by Proposition 3.1, we have
E,,()\(r)w) = A" EL4)
so that
A E,p,9) = (9, \DE ).

Therefore, since A\")(x) is real valued, A is self-adjoint. Since the right-hand side of
(3.50) is closed, the condition (3.47) implies (3.50) which further implies A < 0 and

IA] <140 O
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This modification of the Hierarchical Laplacian has the effect of breaking each

eigenvalue \, € Sp(—A) with eigenspace £, into a collection of eigenvalues
range(A")) = {\o : Q € I} C Sp(—A) (3.51)

whose eigenspaces are properly contained in £,. If the mapping @) — A\g turned out
to be one-to-one, each subspace Lg for ) € V; would itself be an eigenspace of ~A
and the multiplicity of each eigenvalue A\ would be exactly dim £y = v — 1. Note
that our definition falls short of requiring the mapping @) — Mg to be one-to-one
on all of V; — it only requires that Ao # A for cubes @) # @' of the same rank.
Because the functions A" () take values in intervals which may overlap, it remains
possible for subspaces Lg,, ..., Lq,, corresponding to cubes @)y, ..., Q,, with no two
of the same rank, to be collapsed into a single eigenspace Lo, ® - - - @ L, . However,
because the right endpoints of the intervals in (3.50) decrease to zero as r — oo, the

multiplicity of an eigenvalue A is at most (v — 1)|I(\)| where

IN={r: 1=\ <A< (1+0)\}={r: > <A <2}

hence, all eigenvalues of —A have finite multiplicity. We will compute a bound on

the number |/(\)| which is uniform for all A € Sp(—A). If we write m+1 = min /()

and M = max I(\), we have
/\M+1<1+%S)\M<"'<)\m+2<>\m+1§ﬁ<)\m
so that, letting 3 = log, }jr—g, by (3.31), we have

PR <pM<p s and ptEs <ptP < pro. (3.52)
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Taking logarithms in (3.52), we have
—04<M—logp1+%§a+1 and —a<m+f— logp—<a+1
Since |I(A)] = M — m, it follows that
B—(2a+1)<|IN)| <B+(2a+1) (3.53)

hence the multiplicity of an eigenvalue for —A is at most (v — 1)(2a + 8 + 1).
In order to rid the spectrum of isolated points, we would like to define the functions
A (z) in such a way that for each r > 1, the eigenvalues {\g : Q € I, } form a dense

subset of the interval of length 20\, centered around A,.. In this case, because Sp(—A)

is closed, we will have

U (1-0),A\(1+0)],

and because \, = 0 asr — 00, 0 € Sp(—z)7 hence we will have equality in (3.50).
This way, Sp(—A) is contained in Sp(—ﬁ) but each isolated eigenvalue A\, € Sp(—A)
is replaced its corresponding interval in (3.50). Furthermore, as 0 — 0, Sp(—ﬁ)
shrinks to Sp(—A) and we obtain A as a special case of A.

These observations are summarized in Propositions 3.9-3.10.

PROPOSITION 3.9. Fvery eigenvalue for —A has finite multiplicity.
If the mapping Q — Mg from Vy to Sp(—ﬁ) is one-to-one, the eigenspaces for A
consist of Lo for Q € Vi with each eigenvalue having multiplicity v — 1.

Otherwise, the multiplicity of an eigenvalue for —Aisa multiple of v — 1 which

does not exceed (v —1)(2a + B + 1) where 3 = log, ;—g
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PROPOSITION 3.10. If for each rank r, the range of \") is a dense subset of the

i interval in (3.50), then we have equality in (3.50) and |A| = 1+ 0.

In the next chapter, we will construct a random mapping () — Ao which, almost

surely, is one-to-one and satisfies the hypotheses of Proposition 3.10.
3.5 Integrated Density of States

Here we will introduce some notation and give the general framework for computing
the density of states. In Proposition 3.11, we will prove that the hierarchical Lapla-
cian with variable coefficients has the same spectral dimension as the Hierarchical
Laplacian with constant coefficients.

For a measurable set A, let N,(A) be the number of eigenvalues for the problem
—AYp =My, =0 on X\QV. (3.54)

The density of states measure, N(A), for —A (whenever it exists), is defined to be

the limit as L — oo of the finite volume approximation

N.(A) = ﬁgﬁi (3.55)
Then the integrated density of states for —A is the function A — N [0, \).
If we let 81, be the set of all non-degenerate sub-cubes of Q(()L), ie.,
L
Sp=J8Y where 87 ={Qell:QcqQ}, (3.56)

r=1
then the eigenvalues for (3.54) are given by {\g : @ € 81}. Since the multiplicity of
each eigenvalue is a multiple of ¥ — 1 and since we are ultimately concerned with the

proportion (3.55), we may as well assume that each time Ay € A, it contributes a 1
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rather than a v — 1 to the sum N7 (A), i.e., we compute N7 (A) by the formula

Ne(A) =Y 14(0) =Y M(A4) (3.57)

QesL
where
ND(A) = 1a0g) = Y 1a(A"). (3.58)
Qest) i<pl-r

L—

Then for 1 < r < L, since there are v~~" cubes of rank r contained in Q(()L),

L L

- _ vl —1
Nol®) = fou] = 388 = v =L
r=1 r=1
Note that if we exponentiate the inequalities (3.52) by % = —log, v, we obtain
Sn/2 o Sp/2 sp/2 o sn/2
()™ < e <0(e25)™ and ()™ < St <0 (E5) M (3.59)

These inequalities allow us to obtain (3.33-3.34) for the integrated density of states

whenever it exists.

PROPOSITION 3.11. Let N,[0,\) = liininf Np[0, ) and N*[0,\) = limsup N[0, \).
—00

L—oo

Then there exist constants c1,co > 0 such that

A X2 < NL[0,0) < N¥[0,0) < cphn/? (3.60)
for all A > 0 hence
. log Ni[0,A) _ 1. logN*[0,)) _ s
lim REEERA = Tim RECRA = (3.61)

Proof. Writing I(\) = {m +1,m+2,..., M}, we see that for r < m,

A< (1= < Ao



for all Q € Sg) so that ./\/,-ET) [0,A\) = 0. On the other hand, for r > M, we have
A> (140N > Ao

for all Q € Sg) so that ./\/'L(T) [0,\) = =7, Tt follows that

(v —vh)

M L M L
N0, X) = DTN, + 3 vE = A0, +

v—1
r=m+1 r=M+1 r=m+1
But since
M M L(,,—m -M
(r) I e e AR
0< A < =
= Z NL [07 ) — Z v v — 1 )
r=m+1 r=m-+1
we have
yL(y~M _ L yL(y—m _ L yL—m
( ) < NL[0,A) < ( ) < :
v—1 v—1 v—1

Therefore, since 1 < ﬁ <14+ v'=F it follows that

1SL]
v M < N[0 < v v
so by (3.59), for ¢; = v (1 + 0)7*"/? and ¢y = v*(1 + 0)~**/2, we obtain

e N2y < N[0, N) < coX/? 4 b

which proves (3.60). Finally, it follows from (3.60) that for A\ < 1,

log co Sh log N*[0,\) log N.[0,\) log c1 Sh
log A + 2 S log A S log A S log A + 2"

Letting A \, 0, we obtain (3.61).
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(3.62)



CHAPTER 4: RANDOM HIERARCHICAL LAPLACIAN

4.1  Definition

To define a random hierarchical Laplacian, let {wg : @ € V1} be an independent
family of symmetric random variables where for each r > 1, the random variables
{wg : Q €11} corresponding to cubes of rank r, are identically distributed with
a continuously differentiable density f,.(x) supported on the interval [—1,1] with
sup,>1 || fillee < 00. Then for any two different cubes @ and Q', we have wq faw wer
when @) and Q" have the same rank but we allow for the possibility that wg and wey
are distributed differently whenever (Q and @)’ have different ranks.

For each r > 1 we define w™ : X — [~1,1] by w™(x) = Wo (z) and we define a

random coefficient function ¢ : X — [(1 —o)p,, (1+0)p,], where p, = P(p = r), by
0 (z) = (1+ aw(T)(:v))pT (4.1)

Then ¢™(z) and £7)(y) are independent for d(x,y) > r but £ (z) = €7 (y) when-

ever dy(z,y) < r. For each ¢ € £*(X) we define

A = SO - A = S A @E ). (42)
k=1 r=1

where

A (z) = Z R () =X\ +0 Zpkw(k) (x). (4.3)
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Observe that (3.18) implies

Py et (14 0w®(2)) <A (z) <p ) gp" (1 + 0w (@) (4.4)
k=r k=r

where ¢ = 1 —p. Let \g = )\ET) denote the single random value assumed by the
function A : X — R on the cube Q = QET) of rank r. It is important to note
that Ay — Ag is independent of Ay whenever @ G Q. Since {A\g:Q € V1} is a
continuous family of random variables, it means, almost surely, the mapping Q) — Ag
is one-to-one. Therefore, each L, is an eigenspace for —A,, with eigenvalue A\g having
finite multiplicity dim £y = v — 1.

In Proposition 4.1, we will prove that, almost surely, the functions A\(")(z) satisfy
the conditions of Proposition 3.10. Thus, even though the eigenvalues for —A,, are

random, it follows from Proposition 3.10 that Sp(—A,) is deterministic.

PROPOSITION 4.1. Forr > 1, almost surely, {\q : Q € I} = [(1— o)\, (14 0)),].

Proof. For (a,b) C [(1—0)A, (14 0)\], let

a,b)—Ar a—Ap —A\r
(Z_€7Z+€):(o-))\T :(J)\);’bov\);>'
Then z € (—1,1) and we have

A (z) € (a,b) if and only if A7 () — (1 + 02)\,| < gel,.

In view of (4.3),

e’} r+n—1
N (z) = L+ 02)A] <0 pilz —w® (@) < 20040 +0 > prlz —w® (). (4.5)
k=r k=r

Note that by (3.31), A,y < p"**A,. Choose an integer n > 2a + 1 + log, § so that



35

2M\ 40 < pe,. For each cube @) € II,4, let ng be the indicator for the event that
|z — wg| < (1 —p)p**e for every subcube ' C @ whose rank is between r and 7 + n.

Then {nQ 1 Q€ Hr+n} is an i.i.d. sequence of Bernoulli random variables with

r+n
Vr+n—k

P(nQ = 1) = HP(|Z —w®| < qp2a5) >0, where ¢=1-p,
k=r
hence there almost surely exists a cube ) € 11,1, with g = 1. Then
|z —w®(2)] < gp*e forall z€Q and r<k<r+n.

Continuing (4.5), we have

r+n—1

A (z) — (1 + 02)\,| < ope, + oqp™e Zpk
k=r

= ope), + oqp**e(N\r — Aryn) < OPEN, + OGEN, = OEN,.
Then, almost surely, A\ (z) € (a,b) so that (a,b) N {\g:Q € 1L} # @. Now by
considering (a,b) € [(1 — o)A, (1 + o)),] with rational endpoints it follows that,

almost surely, {A\qg : Q € II,} is dense in [(1 — o)., (1 + o)A, ]. O

4.2  Dependence of Eigenvalues
The eigenvalues are dependent but in a sense we will make precise, Ao and A are

nearly uncorrelated if the graph distance (2.6) between @ and @’ is large.

PROPOSITION 4.2. Let g/ (\) be the density for A7) and for each n > 1, let g™())

be the density for A\ — \0+7) . Then

1657 (N) = g ()] < 5EIA — (4.6)

forall \,u e R, r > 1, and 1 < n < oo where ¢ = %(sule HﬂHoo)2



Proof. Observe that gY) is the density for £ = p.(1 + ow™) hence

9 (x) = £ (52) sothat [[(617) ]| < il fille < G52

where C' = sup,~ || f/||c. Then because £™, 0 +D . £r+n=1) are independent,
r+n—1
A(r ) A+ (k
a0 () = Bt O =TT 6 0).
k=r

By the Mean Value Theorem, for all A, i, we have

917 () = gt ()] < Z55Ih — il

Similarly, since gér) = g( ") % gYH) we have

5700 = )| < [ o @lal 0= 2) = gl - 2] de < Ll -

For n > 3, observe that since A — A"*+™) is symmetric around A\, — A, 4n,

1] [, |A 1 /
(r) o N —itp dt
9000~ gl = 5| [ e )00 it <
But we have
(1+0')pr 1 (1+U)
A(7‘) it (r) o 1tac T - . zta: Z—pr
g1 ( ) Ee ¢ - / oprT’( UpI: ) - E / Upr)Qf ( UPI: )dlE
(1—0o)pr (1—0)pr
so that
(14+0)pr
i\ (1)) < L / do = 2&
(1—0)pr
hence

-

(t)] dt.
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and
r+n—1
~(r NG ~(r+1 (142 Ak 3
(1)) = [t a0 @) T o ><t>\ < (Gt
k=r+3

so that for A > 0,

r

Taking A = 2% minimizes the right-hand side and we obtain

0Py
/(

A o
tg (1) dt < £/ dt + (3_;)3/ P = 244 ()00
0

opr N

19" (1)) dt < 2(22)?

opr

so that for n > 3,
T T 2
1957 (A) = g9 ()| < EE5 N =y

(opr)?

hence (4.6) is valid. O

PROPOSITION 4.3. If |h — 1| < o and f is bounded on [(1 — o)\, (1 + 0)\,] then

[Ef(AT =AU L ax ) = EF(AD = X)) < op” | f]l o (4.7)
and
[Ef(AT =AU 4 hd ) = EF(AD)] < 20p™ || £l (4.8)
where ¢ — 18059 (5P, ||f4||oo)2.

mo(qp2©)?

Proof. Let C' = £(sup,>, Hf;|]oo)2 as in Proposition 4.2. Since

Ef (A7 — A 4 B, = / F(@)g" (x = hAyy) do,
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by (4.6), (3.18), and (3.31), we have

[Ef (AT = A0 4 hA L) — EF (AT — AC)|

(I40)Ar
/\f g (@ = ) — gl (= Idx<%/( |f ()| dz

—)Ar

< Gon 200 1 lloe < 25— 1l = 0" 11l

— (Op O-(qpr+a71)2

so that (4.7) is proven. Next, since A" — A+ and A+ are independent,
E(f(A7) [ATH) = o (A7)
where for £ € supp A"+, o(¢) = Ef ()\(T) —Artn) E). Then, by (4.7), we have
[ Ef(AT =AY — oA | < ep™ | f |

almost surely, so that

‘ Ef (A — AT L p L) — <p()\(r+"))‘
< ‘Ef()\(r) — \(r+n) + h)\r+h) _ Ef()\(”) _ )\(r+n))‘ + cp” HfHoo < 2ep” ”fHoo

Taking expectations, we obtain (4.8). O

PROPOSITION 4.4. For f(X), g(\) bounded, for allQ € 11,,, and Q" € T1,., with Q ; Q'
|Cov (f(Ag), 9(A))| < e ™ Iflle 9]l o (4.9)
and for all Q € 11, and Q" € I1,,, with 1 <m <n <r =d,(Q,Q’),

[Cov (£(M).9(A))| < e [Iflluc 19l (4.10)

where ¢ = o (qp2e)? mo(qp2*)?

32(1+U)(supT21 ||ﬂ||c>c>)2 <1 + 16(1+U)(Supr21 f;oo)z) .
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16(1+0) (sup, 1 17l )
ﬂ,o.(qp20/)2

Proof. Let C = . Because A\g — A\¢g’ and A\ are independent,

E(f(M)g(Ag) | M) = E(f(A\o) | Ao)9(Aa) = e(Aa)g(Aer)

where ¢(f) = Ef(A\g — Ag + {) for £ € supp A\("). By (4.8) we have

lo(0) —Ef(AQ)| <200 ™ [fllo < @™ I fll o (4.11)

so that, almost surely,

| E(f(M)9(Ae) | Aar) = 9(A@) Ef(A)| < v ™™ I f Il l9(Aar) - (4.12)

Taking expectations in (4.12) and using E|g(Ag/)| < ||g]|.,, we obtain (4.9).
Now to prove (4.10), let € Q, y € @', and write A = X" (2) = \")(y). By

independence of \g — A7) A — A" and A7) we have
E(f(A)9(a) | A7) = o(A)p (A7)
where p(f) = Ef(Ag — A" + ¢) and ¢(¢) = Eg(Ag — A" + ¢) for all £ € supp A",
Let s =Ef(\g) and t = Eg(Ag ). Then just like in (4.11) we have
o(6) = sl <20 ™ | flle  and  [9(€) — 1] < 2Cp"" |lgll
so that

OOWAD) — st < (2057 + 205 + 205 205") || Fllo lglloe

<ACA+ O " [l lglloe < 0™ 11l Ngll -
Since Cov(f(Ag),9(Ag)) = E(p(AM)y(AM) — st), taking expectations, in (4.13),

we obtain (4.10). N
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COROLLARY 4.5. For any two measurable sets A and B we have

|Cov(14(Ng), 15(Ag))| < @™ (4.14)
for all Q € I, Q' € II,,, with Q G Q', and

|Cov(14(Ng), 15(Xg))| < ™™™ (4.15)

forall Q € 11, Q" €11, with 1 <m <n <r =d,(Q,Q’), where

o 8200 (suprs [ )? (1 | 16040)(supr ||f;oo)2> ‘

mo(qp**)? mo(qp*)?
Proof. Apply Proposition 4.4 to f(A\) = 14(\) and g(A) = 15(N). O

4.3  Density of States Measure

As in (3.56), let 81, be the set of all non-degenerate sub-cubes of QSL) so that the

eigenvalues of the spectral problem

— A =M, =0 on X Q" (4.16)

are given by {A\g : @ € 8.}. Then as in (3.57-3.58), N1(A) is the random number of
eigenvalues for (4.16) which belong to a measurable set A C Sp(—A,), and N, é’“’ (A)

is the random number of eigenvalues of rank r which belong to A. We see that

EN(A) = Y Pged)=v""PO\" € 4) (4.17)
Qes\

and
L

ENL(A) =) v 7P € A). (4.18)

r=1



Similarly, if we put

Npf = /f INL(AN) =) f(Ag)

Qe
and
N = [ oAt = X ro)
Qes\”
we have
O R g NV
and
EUVLj) EEIVL rIEf L= r/[f (r

THEOREM 4.6. For bounded functions f(\) and g(\) on Sp(—A,) we have

| Cov (NLf, Nig)| < v (L2 + (vp)®) | flle 9l

and for 1 < k <r < L we have

| Cov (NVF,Ng) | < v* (L + (v0)") [ 1] 19l

where x <y means v = O(y) as L — 0.
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(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

Proof. Replacing f and g by f/ |||, and g/ /g, if necessary, we may, without loss

of generality, assume ||f]|_ <1 and ||g|| <1

For i,j < vt=F

1 Y

and Qg-k), we see that ()\(k) N, L(T)g) aw ()\g-k) N, ,-Er)g). This means we have

Cov (NL(k)f, NL(T) ZCOV )\fk Lr)g) S Cov(f()\ M,

i<vLl—k

, considering the isometry ¢ : X — X which swaps the cubes QE’C)
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But

L—r v™"—1

Cov(f()\(()k)),NL(r)g) = Cov(f( r) )+ Z ZCOV FOWY, (A" ).
n=1 j—yn-1
Since Q) € Q| by (4.9), we have
| Cov(F(Ag). s <7
For v"~! <i < v™ we have dj, (()k),QET)) =71+ n so by (4.10),

| COV(f()\(()k))7 g(/\z(r)))‘ < p(r-i-n)—r _ pn

hence

It means that

‘ Cov(./\/'L(k)f, NL(r)gH < bk <pr—k+2(z/p)n> e ((y];)k —1—% Z(up)") (4.25)

n=1
Now, because we have

L
Cov (N f,NLpg) :Z 2 Cov ( (k)f7NL(T)9)

r=1 k=1

<

it follows from (4.25) that

| Cov(NLf, Nig)| < VLZL: [Z (yz;)k 2 %> <Li(yp)n>]
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For vp # 1 we have

T r L—r

p n v T -r - -r
> G 2200 = g (il = v (@) ) < L )
k=1 n=1

and for vp = 1 we have

+ (vp)"=rp"+L—r <L+ (Vp)L_T

so that

~

| Cov(NLf, Npg)| < v* Z (L+ wp)t7) =v" <L2 + Z(l/p)’“) <v*(L* + (vp)h).

r=1

From (4.25) we also find that

L—r
| COV(NL(k)f, NL(T)g)| < v* (1 + Z(Vp)") <v*(L+ (vp)*)
n=1
which completes the proof. n

COROLLARY 4.7. For any two measurable sets A, B C Sp(—A,) we have

| Cov(NL(A), N1 (B))| < v"(L* + (vp)*) (4.26)
and for 1 < k <r < L we have

| Cov(N(A), NA(B)) | < v5 (L + (vp)P) (4.27)
where x <y means v = O(y) as L — co.

Proof. Apply Theorem 4.6 to f(A) = 14(A) and g(A\) = 15(A). ]
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The empirical measures for {A\g : Q € 8.} and {A\g: Q € Sg)} are given by

NL(4) (v = 1N (A) N4 N

Ni(A) = = d N4 = =
L( ) |8L| (1—IJ_L)VL an L( ) ‘Sg)‘ yL—r ’
hence
N f = /f YNL(dN) 5 Zf Ao) (4.28)
QeS8
and
NT = [ OooNEtay Z I (4.20)
Observe that by (4.17) and (4.21),
\ EN{(A ) ».  ENU )
EN}(4) = —‘;m(‘ _POWea) amd  ENS= s B
L L

Therefore, since

vE(L + (vp)h)

VarNng)(A) < ‘S(r) ‘2
L

L
<—L+pL—>0 as L — oo,
v
and similarly, VarNg)f < (Lv=Y 4 p") || f]1%,, we see that, almost surely, as L — oo,
N(A) - P(AD € A) and NUf — Ef(A / FOA . (4.30)

Also, by (4.18), we have

v — ()
BN, (A) = E/|\gLL(|A) - _1V_L Z( P\ € A)

r=1

and by (4.22), we have

L

EN. 1 (v—1)E
[ Z ) f( ")

EN,f =
vf = S, 1—v L




45

Let

N(A) = lim EN,(A) = i (v = DPO" € 4) (4.31)

L—oo vr

and

(v—1 Ef(w’))

Nf = lim ENf = Z (4.32)

Then because

I/L<L2 + (I/p)L) 12

VarN,(A) < e A_L‘H?L_)O as L — oo,
L

we see that almost surely, Ny (A) — N(A) as L — 0.

PROPOSITION 4.8. For each measurable set A C Sp(—A,,), Llim Var[N.(A)] = 0.
—00

Therefore, with probability one, Llim NL(A) = N(A).
—00

It is clear from (4.31) that the measure N(d\), which depends on the parameter
0 < o < 1, is supported on Sp(—A,) and has a continuous distribution function and

density given by

NOAN =Y ”; Lpoo <) (4.33)
and
n) = AN = 3 g, (4.34)

Since almost surely, A(") lies between (1 + 0)\,, we may write
supp A" = (1 4+ o) [P\, A

where g = logp +o, and we have

o0

Sp(—Ay) = (1+0) [ JIP" A M. (4.35)

r=1
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Observe that (3.31) implies that for all » > 1,
p1+2a < )\;\_-::1 < p172a' (436)

The expression (4.35) shows that Sp(—A,) is connected, i.e., Sp(—A,) = [0,1 + o],

>\r+1
Ar

if and only if p? < inf,>, which by (4.36) is the case whenever

1+2a

1—
T <o <L
On the other hand, whenever
1— 1—2a
O<o< Hﬁﬂ,

the union in (4.35) is disjoint and it is impossible for two eigenvalues of different rank

assume the same value. Notice that the set
IN={r>1:(1-0)\ <A< (1+0)\}

contains every rank for which it is possible that some eigenvalue )\Z(-T) assumes the
value A € Sp(—A,), i.e., {r: ¢g"™(\) > 0} C I(\). In particular, (3.53) implies there

are approximately (3 + (2a + 1) values of r where g("(\) > 0 and for each of these,
—a—f<r—log, = <a+l (4.37)
It follows that the sum for n(\) is actually finite — if we write
IO ={m+1m+2,. .. M}

then (4.34) becomes
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(see also Lemma 5.7 below).
The inequalities (3.59) allow us to obtain Lifshitz tails for the integrated density

of states in the strong form (see [8]).

PROPOSITION 4.9. There exist constants ¢, co > 0 such that

A2 < N(0,N] < epen/?

B . logN(OA _ s
for all A € Sp(—A,,) hence /1\1{{% eer = 3

Proof. Proposition 3.11. ]

4.4  Hierarchical Random Walk in a Random Environment

The semigroup e*®~ generates a continuous time Markov process ; on (X,dp), i.e.,
[e.e]
E'f(a)) = ef(a) = Y e ' Bof(e) = Y e WE, f(2).
QeVy r=1
Starting at the point z, the process waits for an exponentially distributed time 7 with

P(7 > t) = e~ (179" and then jumps uniformly into the cube of rank p, € {0,1,2,...}

containing x, where p, is independent of 7 and has the random distribution

A
P(p,=0)=1- 1+<i> and P(px:r):i_i_a for r>0.

The transition probabilities p(t, z,y) = P*(x; = y) are found to be given by

> (l/ _ ]_)67/\(”@)75 67/\(T)(:E)t > (l/ _ 1)67)\(’“)(m)t
t = and t =
p(t,z, x) ; e nd p(t, z,y) e +k;1 -

for dp(xz,y) = r > 0. Computations similar to those in Section 3.3 and in [16, 17|

show that this process is transient if s, > 2 (vp > 1) and recurrent if s, < 2 (vp < 1).



CHAPTER 5: EIGENVALUE STATISTICS

5.1  Preliminaries

In this section we will study the distribution of eigenvalues for —A,, in the near
vicinity of a given point A € Sp(—A,,) (see [12, 10]). Ignoring multiplicities (since
they are all the same), there are S| = 14+ v+ v? + -+ + vL7! eigenvalues for the
spectral problem (4.16). The set of these eigenvalues is a point process (see [7, 2|) in
the interval [0, 1+0]. We will apply the transformation x +— |Sy|(z — ) to center and
scale this process so that the length of the smallest interval almost surely containing
it is approximately |8y | and this interval is situated about the origin in the same way
Sp(—A,,) is situated about A. Another way to look at it is, we are really looking at

the spectrum
Sp(Hz) = {[8cl(Ag =) : Q € 81} (5.1)

of the operator

Hé = —|8|(A+ Aw)ng )

For a bounded measurable set A C R, let

A=A+ gA={A+ g e e A}
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and observe that

pp(A) = No(A2) = > 1y (o) = Y 1a(IScl(Ae — V) = [ANSp(H)]  (5.2)
QesL QeS8

gives the number ) (A) of eigenvalues for H} belonging to A. We will prove that
the expected number Eu}(A) = ENL(A}) of eigenvalues for H} belonging to A
becomes proportional to |A| (the Lebesgue measure of A) and for pairwise disjoint
measurable sets, Ai, ..., A,, the random numbers p}(A;),...,u} (A,) of eigenvalues
for H; converge in distribution to independent integer-valued random variables as
L — oo. In other words, the set Sp(H}) converges to a Poisson point process. In

view of Proposition 4.8, we should expect that as L — oo,
EN(A}) = [SL|ENL(A}) =~ |8y /kn(:v) dr = / n(A+ ﬁ)dz ~ n(A)|A],
A> A

i.e., the intensity measure of this limiting Poisson process is simply n(\) times Lebesgue
measure. It means that u} converges weakly as L — oo to an integer-valued random
measure y* which possesses the property that for any collection Ay, ..., A, of pairwise
disjoint measurable sets, u*(A;), ..., u*(A,) is a collection of independent Poissonian

distributed random variables with
By (A) = n(\)|A].
It is sufficient to prove that for every continuous function f > 0 with compact support,

lim Ee—"f — lim EeVNefd — o—nV) [(1—e/@)da
L—oo L—00



50

where
fo(x) = F(18cl(z = X))

and

it = [ S =Nt = 3 £00) = 3 (8t - V)

QESL QESy,

We will further prove that the set of eigenvalues for H7 of individual rank also con-
verges to a Poisson process with intensity equal to Lebesgue measure times the term
in the series for n(\) contributed by eigenvalues of that rank.

We first need to collect some lemmas for the proof.

LEMMA 5.1. Let z, and wy,j be two triangular arrays of complex numbers. If there
exists a constant ¢ > 0 such that |z, x| < <, |wap| < 2, and |zn g — wng| < 55 for all

n,k with 1 <k <n, then

<

% (5.3)

H 1+an — exXp (ank)
k=1 k=1

for every n > 1 where C' = C(l + 060)60(2-%066)'

Proof. First observe that for all z,w € C, we have

— 2|+ |w|*el!

w B — |w|”
‘e (1+z)‘§|w z|+nz:; oy

so that

w & c\2 ., _ c+ e
|en7k—(1+zn,k)‘§ﬁ+<ﬁ) 6/ < —.

Therefore, using the formula

Moo= [(Hyk)(ﬂm—yk))] (5.4)

kes keS @#TCS k¢T keT
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for a difference of products with S = {1,2,...,n}, we have

H(l + ka) — H etk
k=1 k=1

< 3 (Tt Tl - 200l

P#TCS \k¢T keT

But using our hypotheses and the the inequality (1 + )n < e we have

<
n

TT 10+ 2zl - Tl = (1 + zas)]

kT keT
c c(1 + ce®) e\ e(1+ ce)\ (1 + ce)\"
< YR N [ [ Sl /A U R I (e Sl VA B B Sl
STT(+s) = () (S5rs) = (s
k¢T keT

hence

n

H(l + Zn k) — Hew”v’“
k=1

k=1

e (Y (o Y]

GATCS

Finally, applying the inequality

(14 2)" = 1] < nlz|(1+]2))" 7, (5.5)
we have
n n 1 + c 1 + c n—1
H(1+Zn,k) —He“’nvk < ec.n.%. (14_%)
k=1 1
c(1 + ce)e” )/ o 9
n ~n
which establishes (5.3). -

LEMMA 5.2. Let {zg,wq : Q € Sg)} C C and assume there exists a constant ¢ > 0
such that |zq| < 1+ -5, lwe| < -7, and |zg — (1 +wq)| < 5 for all Q € S(LT). Then
ec/y'r'+1

I Go) = JI (1 +vuwg)| < Vb

pr—1
Qes” Qesy”




Proof. Using the formula (5.4) for a difference of products, we have

I Goy = J] @+vwe)| < > (112l I] |(ze)" — (1 + vwg)]

Qesy Qes\” o£TCs\) \QET QeT
But since
- ve c
[(20)" = (14 wg)"| < |(20) = (1+wq)| D_ |zl ™1 +wol* < (1 + =
k=0
and
v 2 2 v—2 V202 C v
|1+ w)” = (1+ vug)| < v2lwgl*(1 + |uwgl) ™ <~ (1+ )
we have

v v 2 12
|(ZQ)V_(1+wa)|§£(1+£) +£<1+£) SV(C+ ) (1+£
1%

so that

[T 1zl T 1(ze)” = (14 vug)|

Q¢T QeT

%

52

1 e D R N =

Q¢T QeT
hence
v c yL—r+1 VQ(C+1)2 |T]
H (20)" — H (1+vwg)| < <1 + V_L> ( B >
Qes(” Qes'” oATCSD

c pL—r+1 V2(0+1)2 v
() ()

Finally, applying the inequalities (1 + %)n < e and (5.5), we obtain

, 1 2 1 2\ V" "—1
IT o) = I (0 +vwe)| < e vt (1+ e )

I/2L—2
Qes” Qes\”

r+1 41
ec/” ec/zx

2 2/, L+r _
eV (e4+1)% /v V2 L <
VT - pyr-1
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Observe that if f(z) and g(x) are continuous and f has compact support then

/fL v =18 182] /f gA+ ) de ™ V_l /f (5.6)

It will be necessary to keep the error in the approximation (5.6) of order O(v—2F).

LEMMA 5.3. Assume f(x), g(z), and ¢'(x) are continuous and compactly supported.

Define an operator Ty by

790 = [ £ (@) — = Do) /f

Then

- p2L—1

o) < P fosvpappojar 57

Proof. We have

TrgN)] < ﬁ J1r@llo0+ g - (@ = v (0]

< dx A)ld.
< 0 [i@lds + - [17@lo0h+ ) - ol
< lgllsoJ1f@)ldz 19" loof |11 (& |dl’.
- S |S[?
Because |87| > vL~!, this implies (5.7). O

LEMMA 5.4. Let f > 0 be a continuous function with compact support and let g(x)

be a continuously differentiable density for a random variable X. Then

Ee 72 — 1 _ M /(1 — e T@dg + ¢

vl

where v [e] < vl + 19 1) J (1 + v]al)(1 — e/)da.
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Proof. We observe that

Ec/2(X) = /g(a:)e‘fg(x)dx =1- /g(a:)(l — e 2@ dy

PR GG /(1 — e T@)dz — Trg(N)

vl

where f(m) =1—e 7@ and then we apply Lemma 5.3. m

LEMMA 5.5. Let f,g,h > 0 be continuous functions with compact support with h and

g continuously differentiable and g the density for some random variable X. Then

E[h(A — X)e 2] = (hx g)(\) — (v= 1)1/9L<A>h(0)/(1 — e @) dz +¢

where v*[e| < v(llglloo + 19'llse) (1Plloc + 1A'llc) S (1 + v]2])(1 — e~ ) da.
Proof. We have

E[h(A — X)e 2®)] = (hx g)(\) — / g(@)h(A — 2)(1 — e 2@ dz

= (s g)3) ~ IO [0y — 00
where f(z) =1—e /@ and p(z) = g(z)h(\ — z). But

1@lloo + 11€"lls0 < 1glloollelloc + 19 loo 1Alloo + llglloolI2'lloc

= (lgllow + llg'llse) (I1Rlloc + 11Alloe) = 19" lloc 11

hence by Lemma 5.3,

p2L—1

which is our claim. O
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LEMMA 5.6. Let f, g, h, and X be as in Lemma 5.5 with h(0) = 0. If
V% > max {v, [lgll + lg'l, |2+ [121l, J(1+v|z))(1 = e/ )da},

and z = [(1— e 7@)dz then

E {e—fﬁ(X) <1 _ w=1h(A - X)z)} _,_ W= [g(\) + v(h* g)(N)] 2

L1
where |e] < 172,

Proof. According to Lemma 5.4, Ee /2(X) =1 — =L (1 — 1)g(\)z + £1 where

(I9lloe +119'lloc) S (1 + vla))(1 = e/ )da _ 1375

1%
|€1| < 20 < o

and since h(0) = 0, according to Lemma 5.5,

(v—1)z
L1

E[e 2®h\ - X)] = v = 1)(h* g)(\)z + &

where

vi e _ v(llglloo 119 1) (1710 + 17 [|s0) J(1 + v|z))(1 — e /@) dx - p /5
(v—1)z ~ v2L = 2L

so that

[e2] < (v =12 TP < (v — 1yt

Then

+ &1 — &9

E [efm (1 C(r— (A - X)z)} =D + b g V)]

pl-1 yL—1

and we have |e; — g < V3572 4 (v — 1730 < 028, B
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LEMMA 5.7. Let f be continuous with compact support and let A = {x : f(z) # 0}.
If M is an integer which exceeds max I(\) and L is taken so large that |z| < pp|Sy|

for every x € A, then

Ur+g) c{2,... M} (5.8)

€A

hence n(A+ ) = L v gD (A4 @), No(4)) = 0L N(AD), and
M
Nof = ZNL(T)fi\ almost surely. (5.9)
r=1
Proof. Since M exceeds max I(A), we have A > (14 o)Ay It means for each r > M,
At > (L+0) A —pu) = (L+0) A = (L+ o)A,
which establishes (5.8). It also implies g™ (\ + 5.7) = 0 for each € A hence
P()\(T) € A’z) =0 for eachr > M

which establishes (5.9). O

Let g,(f) be the density for
AT \n) — () g(rb) 4 (rnm)

Then gY) is the density for £ so we have

gty = g w gt (5.10)
and
g7 = g x gt (5.11)

where ¢(") is the density for A(").
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fin —ZV" "o =g gl gl gl (5.12)

Notice that hy = g1 ) and for n > 1, by (5.10), we obtain the recursive formula
hy = VA1 % " + g = (Why_y + 6) 5 g\ (5.13)

By (5.11), we obtain n()\) by convolution of =Mk ()\) with (v — 1)g™M+1(\)

v vM

where M exceeds max ().

Let F>, be the c-algebra generated by all eigenvalues of rank at least r, i.e.,
For = U()\Q NONS VT) and similarly, F-, = O'()\Q ONS Vr+1)-

PROPOSITION 5.8. Let f > 0 be a continuous function with compact support and let

M and L be as in Lemma 5.7. Then for2 <n < M + 1,

_ M (T)px _ .
E(e Vi | F,) = e St fLH(l—Z(” D a2 AQ)) ten  (5.15)

-1
Qes(™ Y
where z = [(1 — e~ 7@)dz,
n—1 el/'yfk
lenlloo <¥*7 Y — (5.16)
k=1

and vy > 6 is chosen so large that
% > max { [ (1 + vlz])(1 = e )da, [|gi oo+ 190 lloos [2nlloo+ 1P]lo0 }

foralln < M + 1.
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Proof. The proof is by induction. We will first establish (5.15) for n = 2. Because

N, L(r)fé is Fso-measurable for r > 2, it follows from (5.9) that

R VD) .
B | Fug) = e BB | ) (517

Note also that

NI He—fmm: 1 1II o~ THEDA).

QestV Qest? QWcQ
: (1) : .
Since E(e*NL1 12 ‘ .7:22) depends only on A\g for @) € S(Lz), since the £M’s are i.i.d.

and independent of F>9, and since each cube contains v cubes of preceding rank,
B(e Vi | Fos) = da(Ao : Q € 8P)
where for constants {EQ ONS S(LQ)} C supp(A?),

h(lo:Qes?)=E]] [I e /20 +a) = 11 (Ee—fé(i(”MQ))V.

(2 1) (2)
QesP QICQ Qes’

Since z — g§1)($ — ) = hy(z — £) is the density for £ + ¢ and because

v(llgf oo+ 1(g1") o) S (1 + vlal) (1 — e/ da < 772,

by Lemma 5.4, we see that

‘Eefz\(g(lprg) B (1 B Z(V — 1)h1(/\ — €)> ’ < ]/7/2

vl 2L ’

But since v/ > max {z, "]l }s

2(v—1)h (A= 10) ‘ - (v—103 /2
vl -

vl vl
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It follows by Lemma 5.2 with ¢ = 7/ that

(o @es?) = TT (1-L2vm(r - \g))

Qes?

hence taking

M
— N(T)f)\ B -
€9 = E(G_NLfE } ‘FZQ) —_e rz::Q L JL H <1 B W)

)
Qes!;

M
v - — SN
= (wg(AQ:Qes?)_ H(PW)% PR AL

Qes?
and keeping in mind that f > 0, we obtain (5.15) for n = 2.
Now assume (5.15) has been proven for n. Observe that
NI H —f200) — H H —f2EM+Aq)
Qesi™ Qes{™tH QM CQ

Subtracting ¢,, and then dividing (5.15) by e N for 7 > n+ 1, we obtain

M
> N(T)JM ) 3 B
(E(e_NLfé “FZTL) _ 6”) e'r:n+1L L — e_NL fﬁ H <1 . Z(V 1)}17‘/7;1—_11()\ )\Q))
Qest™

_ H H [ — §(n>+AQ)<1 2v=Dhn 1O g~ AQ)>]

Qes\"tH QMCQ

(5.18)

Since F~,, C F>,, we have
E(e N2 | o) = B(E(e™ ML | Foy) | Fon).

Re-conditioning the right-hand side of (5.18) on F-,, keeping in mind that each

(M . .
e NI is F~p-measurable for » > n + 1, we obtain

SN0
E(@iNLfg | f>n) 2ﬂn+1 ()\Q Q € S(n+1 )6 TZ”'H fL E(€n ’ .F>n)



60

where

_— (KQ Qe S(Ln+1) EH H [ —FNEM+eg) (1 _ z(u_1)hn_V1L(_A1_5<n)_zQ))]

Qes\"t QMCQ

_ H (E [e_fg(gmurg@)(l - z(u1)hny1L(>\15<n)eQ)>]> ‘

Qesn v

Since x + g{™(z — ¢) is the density for £ + ¢ and because h,_,(0) = 0, by (5.13)

and Lemma 5.6,

‘E[e_@@(n)m(l _ z(y_1)hn;££?_§(n>_e)>] _ <1 _ z(v—l?jh;(A—f))’ < 12k

Furthermore, since

’E[effé(é”)w)(l_ 2D 1 AE e)” <1424 and ‘1_ Av=Dh(A-0) ‘ <1+4

v

it follows by Lemma 5.2 with ¢ = v that

Vw—n—l
Uni1(Ag: Q€ S(L”“)) - H <1 - —Z(Vfll)jzn_(f\*/\‘?)> < ‘ ~ L
QGSgHJ) v

Finally, taking

%N(r)fx
Entl = E(e—NLfE | }'>n) —e =i F H (1 _ Z(Vfll)jzi(l)‘*)‘Q))
Q€S$+L
1) Dhn(A=A S D
n+1 (/\Q . Q c S(Ln+ H (1 z(v— ,)jLn(l Q)) e rentl + E(‘En‘f>n)

Qes\" )

and keeping in mind that f > 0, we obtain (5.15) for n + 1. ]

COROLLARY 5.9. Let M, L and v be as in Lemma 5.8. Then

B(e Vi | Fy) = [T (11— @229l [0 T ) 4 (L) as L — o,
QES(LMH)
(5.19)
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5.2  Proof of Poisson Statistics

THEOREM 5.10. For every continuous compactly supported function f >0,

lim BeMNeft — =) [(1—e7/®)da (5.20)

L—o0

Proof. Apply Lemma 5.1 to (5.19). Writing 2 = [(1 — e ~/®))dz, we see that

E(efNLfg ’F>M) _ eXp(_ Z Z(V — 1)52\{5)\ — )\Q)) + O(V—L).

QeS(LMJrl)

as L — oo. We may rewrite the sum inside the exponent as an integral with respect

to the empirical measure N £M+1)(dx) of eigenvalues of rank M + 1. We have

3 hau(A—Aq) 1 3 hu(A—Aq) _ / hM(A_x)N£M+1)<d$)

L1 ’ S(ﬁ4+1) ‘ M oM

QesM+Y QestM+)

so that, as L — oo,

E(e—NLfg | Fonr) = exp <_ %/hM(A - x)NéM—H)(dx)) +O0(h).

By (4.30), NéMH)(dx) converges weakly as L — oo to NM+D(dz) = g™+ (z)dx.

Therefore, applying (5.14)

v— ar x g MY v— M+1

v

we see that

lim B(e Vo2 | Fupy) = eV = N [0 @i

L—oo

Taking expectations, we obtain our result. O
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5.3  Statistics for Eigenvalues of Rank r

THEOREM 5.11. lim Be™i'72 = e===00" N yhere 2 = [(1 — e~ 1@)da.,

L—oo

Proof. We may directly condition on A(¥). Observe that the random variables
Ao — AB = XO L N0 L ZED ] for Qe S(LT)’
are i.i.d. with density g(LTzT and independent of A(*). Then
B(e M M) = p(\®)

where for ¢ € supp(A(H),

pL—r
w(‘g) =E Heffé()\Q*)\(L)«kf) — (Eefé()\(r)A(L)+e))
Qes”

By Proposition 4.2, there exists a constant ¢ such that for all x and vy,

clz —y|

(o\)?

190 (2) — g ()] < (5.21)

uniformly for all 7 > 1 and 1 < n < co. From this it follows that ||g"|e < oZ_ACT and

(g5 |0 < gz for all n. Therefore, by Lemma 5.4

g0y _ g H Vgl A -0

vL

where

le] < V1_2L(UQ—/{1 + m)f(l +v|z))(1 — e @) da

hence, applying Lemma 5.1, we see that

~ g\ () — 2D
. 1 A—A
E((;Né 1 |)\(L)) — exp (- v = g, )) +0w™) as L — .

V’I‘
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Now observe that since ¢ = g(LTZT « g¥. (5.21) implies that

g, (\) — g (V)| < / 9P (@)|g () — g1 (A — z)|dz

¢ [zgD(x)dz cENP) < c(l1+0)A

(o\)? (eXN)? = (oA)?

Therefore, since A\;, = O(p’) as L — oo, we have

g7, (0 = 2B — gD (V)| <

hence g

(r)
L—r

A e(1+0)N - 2¢(1+ o)\

(N2 + o) (o) —0 as L — o

(A — A — g ()), almost surely, and we obtain our result. O
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