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ABSTRACT

LUKE BERGLIND. Time domain approach to stability in machining operations. (Under
the direction of Dr. JOHN ZIEGERT)

Machine tool chatter is a common occurrence in machining environments which
can lead to undesirable part outcomes and can even cause damage to the machine. Chatter
is a result of regenerative dynamic forces inherent in the machining process which can
cause the system to be either stable or unstable depending on the parameters of the cutting
operation and the dynamic characteristics of the machine tool. The study of chatter is a
common research topic which aims to characterize the dynamic behavior of machining
operations so that chatter can be avoided. In this dissertation, a method is developed to
analyze the dynamic behavior of cutting processes in the time domain. This approach
allows for the tool point behavior to be determined analytically over a finite number of
cutting periods. The analytical expressions describing the tool motion are then
incorporated into a matrix solution which is used to determine dynamic stability directly
without requiring a full time domain solution. These methods are first developed for an
orthogonal turning model, and then expanded for the analysis of low radial immersion
milling, low radial immersion milling with variable pitch cutters, average angle
approximation milling with non-constant number of teeth in the cut, and full milling with

variable cutting force directions.
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CHAPTER 1: INTRODUCTION

Dynamic instability, or chatter, is a common occurrence in machining
environments which can lead to undesirable part outcomes in terms of part surface and
dimensional quality, and can cause damage to the part or cutting tool. Chatter is a result
of regenerative dynamic forces inherent in the machining process which can cause the
system to be either stable or unstable depending on the parameters of the cutting operation
and the dynamic characteristics of the machine tool (Schmitz 2009; Tlusty 1963). One of
the primary objectives of research in machine dynamics is to better understand and
characterize the dynamic behavior of machining operations so that chatter can be avoided.

The analysis of basic machining operations is based on the two system schematics
shown in Figure 1 for turning and milling. In the case of turning, the part, which is assumed
to be rigid, rotates as a flexible tool removes material. For milling, the assumed rigid work
piece is stationary as a flexible tool rotates and removes material as it sweeps through the
cut. The resulting motion of these flexible tools throughout the operation must be
investigated in order to determine whether the operation is stable or unstable. The primary
difference between the turning and milling operations shown in Figure 1 is in the direction
of the cutting force which acts on the tools. For turning operations the cutting tool is
stationary relative to the coordinate reference frame (x-direction) and the resulting cutting
forces act in a single direction throughout the operation. For milling the cutting edges
rotate relative to the coordinate reference frame (x and y directions), causing the force

direction to change as the tool angle, ¢, changes. It is this angle dependent cutting force



direction which makes the analysis of milling operations significantly more complex than

turning operations.

Turning Milling

Figure 1: Dynamic systems and cutting forces for turning and milling.

The magnitude of the forces which act on the tools are assumed to be proportional
to the area of the chips being formed. In orthogonal cutting (with a rectangular chip profile)
this area is determined based on the chip width, b, and the chip thickness, h. The chip
width, b, is equal to the depth of cut, or the out of plane dimension of the chip in the model
schematics shown in Figure 1. The chip thickness, h, is the dimension of the chip normal
the cut surface. If the tool is assumed to be rigid, the area of the chip would be constant
for turning, or a repeated periodic shape in milling related to the radial immersion of the
cut and the feed per tooth. When tool flexibility is introduced, there are variations in the
area of the chip that are a result of the tool vibrations. When the tool first comes into
contact with the work piece it experiences a sudden force, or perturbation, which causes it
to vibrate. These vibrations leave a wavy imprint on the surface of the work piece which

effectively create a variation in the thickness of the chip. When the tool passes over the



wavy surface during the next rotation, the variability in the chip thickness results in a
variable force which again excites the tool, creating a new wavy surface on the work piece.
As the tool repeatedly passes over the wavy surface left behind during each tool pass,
regenerative force effects can cause the tool vibrations to become unstable over time. The
resulting variability in chip thickness is illustrated in Figure 2 for turning and milling. In
this figure the instantaneous chip thickness, h(t), is a function of the normal component of
the tool motion in the current pass (x(t) for turning, and xn(t) and yn(t) for milling), and
the normal component of the tool motion during the previous tool pass (x(t-t) for turning,

and xn(t-t) and yn(t-t) for milling).

Turning Milling
hy(t)= (xn(2-T) + y(2-1))
- (1) + ynl0)

Material Flow

k= L‘, ¢
W ht) = h,, + x(t-t) — x(t)
AX(ED) F=bK h(t)
_%_\K_ 1\/\

X

X(t) 3 i
F=bK h(t)fg (-0 + N (E-T) ';\//f// ¢
h SNOREND)

Figure 2: Regenerative forces in turning and milling due to chip thickness variation.

The forces which act on the cutting tool due to variations in the chip thickness are
then dependent on the position of the tool at any point in time (x(t), Xn(t) and yn(t)) , and
the position of the tool at time t-t when the tool last passed over the current location (X(t-
1), Xn(t-1) and yn(t-t)). In Equation 1.1 the resulting differential equations for turning and
milling are shown, where the tool point dynamics are modeled as spring mass damper

systems, with forcing functions which contain both current time and delayed terms (x. and

Yr)-



Turning 1.1
bK
X+£X+£xzﬂ(hm+xr-x)
m m m
Milling

m, X+ ¢, X+ k x =bK, cos(6, )(x, cos(6y)+y,sin(6,)-xcos(6,)-ysin(6))
m,§+c,y+k,y=bK_sin(6, )(x,cos(6,)+y,sin(6,)-xcos(6,)-ysin(6))

The differential equations in Equation 1.1 are known as delay differential equations
(DDEs) because the resulting behavior of the system is dependent on both the current states
of the system and states of the system at previous points in time. The inclusion of the delay
effects in DDEs causes a significant increase in complexity for the analysis of cutting
operations compared with other dynamic systems described by ordinary differential
equations (ODEs). As such, much research has been devoted to develop effective
techniques for evaluating DDESs so that regenerative chatter in machining operations can
be better understood, and ultimately avoided in practice.
1.1Background

One of the first successful models for cutting processes was developed by Tobias
and Fishwick (Tobias 1958) who attributed regenerative forces in machining processes as
the underlining cause of chatter. This model was later modified by Tlusty (Tlusty 1963)
who recognized that the chip width and thickness normal to the cut surface were the critical
components leading to the regenerative forces. As such, Tlustys’ model considers only the
normal components of the tool motion, resulting in the DDE model shown in Equation 1.1
for turning. Tlusty furthermore developed a strategy for determining the stability of
Equation 1.1 for turning based on the frequency response function (FRF) of the tool and
work piece (Tlusty 1963), which is still used reliably for continuous cutting operations such

as turning. An example of a stability lobe diagram developed using Tlustys’ approach is



shown in Figure 3, where the cuts with parameters in the gray regions are predicted to be

unstable, and cuts in the white region are stable.

Single Mode Turning Stability Lobe Diagram

5 Unstable

blim (mm)

Stable

| | | | | |
2000 4000 6000 8000 10000 12000
Spindle Speed (RPM)

Figure 3: Example of a stability lobe diagram, showing the spindle speeds and depths of cut where the cut
is predicted to be stable or unstable.

Tlusty later adapted the analytical stability approach developed for turning to
approximate stability in milling (Tlusty 1999).In this approach the angle dependent cutting
forces are assumed to act in a single, average direction and additional factors account for
this force direction and the effective number of teeth in the cut. Altintas modified the
effective force values used in the analytical stability model for milling by considering the
average force values over the rotation of the tool instead of using the average angle
(Altintas 1995). Altintas’ approach uses zeroth order approximation of the cutting forces
to determine stability as an eigenvalue problem which has a closed form solution for the
stability limit. This method has been expanded to include higher order approximations of
the cutting forces to yield higher accuracy in stability predictions (Budak 1998a; Budak
1998hb), although these higher order approximations to not allow for the direct calculation

of stability limits.



While the analytical stability criteria developed for milling using the system FRF
do approximate the stability boundaries in milling, they do not fully capture the nonlinear
characteristics of the milling process. Some of these nonlinear effects are the angle
dependent cutting force, loss of contact between the tool and the work piece due to large
vibrations, and relatively long periods of free vibrations in the case of low radial immersion
milling.

The use of numerical simulation is one approach for capturing the nonlinear effects
of cutting processes. Tlusty et al used numerical simulation to model the effects of the
angle dependent cutting force and the effects of loss of contact between the tool and the
work piece (Tlusty 1981) and later expanded the model for milling with variable pitch
cutting teeth (Tlusty 1983). Smith et al developed an algorithm to determine the steady
state peak to peak forces and displacements in milling over a range of spindle speeds and
depths of cut to form stability lobe diagrams with additional information regarding the
steady state vibration magnitudes (Smith 1993). Other researchers have used numerical
simulation to evaluate the effects of multiple modes, multiple degrees of freedom (Eynian
August, 2009; Marsh 1998) and chip formation processes (Gyliene 2013). While
numerical simulation is a versatile and effective method for the evaluation of tool point
behavior, numerical techniques are computationally expensive, and many individual
simulations are needed to characterize the dynamic behavior of a cutting operation over a
range of parameters.

Other researchers have sought new analytical approaches to account for some of
the nonlinearities in the cutting process. Davies et al developed an approach to evaluate

the cutting process for low radial immersion milling by approximating the behavior of the



tool while in the cut and coupling these motions with the free vibration periods analytically
to determine stability (Davies 2002). Davies’ approach was later improved by increasing
the accuracy of the tool motion prediction using temporal finite element analysis (TFEA)
in (Bayly 2003), which was later generalized for the analysis of higher order systems in
(Mann 2010). Insperger and Stepan developed the semi-discretization method (SDM) for
the analysis of delayed systems wherein the system is analyzed by discretizing the force
input (Insperger 2002; Insperger 2004). Altintas further developed a frequency domain
solution by considering multiple harmonics of the tooth passing frequency (Altintas
2008b). More recently, a full discretization method (FDM) has been developed by Ding et
al to determine stability of delayed systems (Ding 2010). The FDM is similar to the SDM
but has the potential advantage of producing stability limits more efficiently (Ding 2012;
Insperger 2010). These analytical methods for evaluating cutting processes account for
nonlinearities in the system and improve stability prediction when compared with the
methods developed in (Altintas 1995; Tlusty 1963).

In this dissertation, a new approach is developed for the analytical analysis of
cutting processes in the time domain which is an alternative approach to the methods
developed thus far. This approach is first developed to determine the time response of the
cutting tool analytically over a fixed number of tool passes. The methods and equations

developed to determine the time response are then used for stability prediction.



CHAPTER 2: SINGLE DEGREE OF FREEDOM TURNING MODEL

Determining the time response of a tool during cutting operations is a more complex
process than for other dynamic systems modeled as ODEs due to the regenerative forcing
effects inherent in the cutting process. While numerical simulation can be used to evaluate
the solutions to DDEs (Tlusty 1981), this approach is computationally expensive and does
not lead to an analytical stability criterion. The most common analytical approach, the
method of steps (Myshkis 1998), has been employed to solve for the tool response for a
single degree of freedom system (Ozoegwu 2012). However, a numerical solution
developed for Matlab (Shampine 2001) was eventually used due to the cumbersome nature
of the analytical solution.

In this chapter, an alternative approach is developed to analytically evaluate the
time response of a single mode tool. In this approach, the time response is composed of a
set of curves which are independent of the system delay. These curves are determined
analytically and then combined through superposition to form the full time response of the
tool. This process developed to evaluate DDEs is described in the following sections.
2.1Model Description

The basic model used to develop the time domain solution is shown in Figure 4.
The tool is modeled as a single mode, single degree of freedom spring mass damper system
which is flexible in the feed direction of the tool. The forcing function which acts on the

tool during the cutting operation is derived by assuming orthogonal cutting conditions,



which are illustrated in Figure 5. Under the orthogonal cutting assumption, the tool face is
oriented normal to the feed direction, and the magnitude of the cutting force, F, is found as
the product of the chip area (area of contact between the tool and the material), and the
material cutting force constant, Ks. The dominant cutting forces are assumed to be in the
direction of the material flow (Ft), and the feed direction (Fn), which are related to the force
magnitude, F, through a cutting force angle, £. As the tool is assumed to be flexible only
in the feed direction, only the normal component of the force, Fn, affects tool motions. The
cutting force constant, Ks, and the cutting force angle, g, are determined experimentally,
and the chip area is calculated as the product of the instantaneous chip thickness, h(t), and

the chip width, b.

Feed
Direction

of
Material Flow

Figure 4: Single mode, single degree of freedom cutting force model, where the cutting force is
proportional to the chip width, h(t).
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Figure 5: Illustration of cutting forces acting on the tool during orthogonal cutting.

The resulting force acting on the tool varies over time due to variability in the chip
area caused by changes in the chip thickness, h(t). The chip width describes the dimension
of the chip area in the direction in which the tool is flexible; as such, tool point vibrations
change the effective area of the chip, and leave a wavy surface on the part. The resulting
value of the chip thickness, h(t), is then a function of the tool position in the current pass,
X(t), the tool position in the previous pass, x(t-z), and the global feed per revolution, hm.
The resulting expressions describing the force which acts on the tool, F,, and the
instantaneous chip thickness, h(t), are shown in equations 2.1 and 2.2. The resulting

differential equation describing the tool point dynamics in turning processes is shown in

Equation 2.3.
F,(t)=K,cos(S)bh(t) 2.1
h(t) = h, +x(t-7)-X(?) 2.2
- G Ky DS COSB (-2 x(t) 2.3
m m m

The inclusion of a time-delay term in equation 2.3 makes it difficult to solve the

differential equation analytically to obtain a time domain response of the system. However,
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if superposition concepts are applied to the system, it is possible to eliminate the time-delay
term from the differential equation; thus, an analytical solution is more obtainable. Before
discussing the process used to solve equation 2.3 for turning, the general approach used for
the solution is illustrated through a relatively simple DDE example of similar form.
2.2General Solution Approach

The time delay term, z, in equation 2.3 is required to describe the system dynamics
because the instantaneous cutting force is dependent on the tool position during the
previous revolution. The resulting time delay differential equation (DDE) significantly
increases the complexity for an analytical time domain solution. Before delving into the
processes used to solve equation 2.3 in particular, we will first discuss the general solution
strategies for problems of this type.

The method of steps (Myshkis 1998) is the most common approach to solve DDEs
of this form (linear with a single, discrete time delay). This method has been used to
develop a time domain solution for turning in (Ozoegwu 2012), however, the solution
process proved to be extremely cumbersome after only a few part revolutions, and a Matlab
solver, dde23 (Shampine 2001), was employed to simulate the tool behavior over longer
periods of time. In this chapter an alternative approach is used to solve equation 2.3 which
uses superposition to simplify the solution process. The two solution approaches are

compared by examining a relatively simple example DDE shown in Equation 2.4.
y'+y(t-7)=0, y(0)=1, y,=1 2.4
The method of steps solves DDEs by replacing the delay term, y(t — ), with a known

function which defines y over the previous time interval, (n—1)z <t <nz, starting with an

initial function, yo, defining the position on —z <t <0 to start the solution process. By
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replacing the delay term with a known function, the DDE is converted into an ordinary
differential equation (ODE) that can be solved over discrete time periods. The general
solution procedure is shown in Equation 2.5, where the solution over the interval,

nr<t<(n+1)z, is the solution to Equation 2.5 when the position from the previous

interval, yn, is the input. The initial condition at the start of each new interval is equal to
the condition of the system at the end of the previous interval. In this way, the total solution
is found as a set of individual solutions, each defined over a discrete time interval of length
7. The solution to equation 2.4 using the method of steps with a time delay of t = 0.5s is

shown in Figure 6, where each interval is defined by a single function, yn(t).

Yo (1) ==Y, (1), ne<t<(n+1)z,
yn+1(m-) =Y (nT)

2.5

A R CIRECIR IR GO

1 | | | | B

Total Response

timé (s)
Figure 6: Solution to equation 2.4 using the method of steps with a time delay of T = 0.5s.
The approach developed in this paper to solve Equation 2.4 is similar to the method
of steps in that it converts the single DDE into multiple ODEs. However, rather than having

a separate function describing the response over each individual time interval,
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superposition is used to construct the total response using a set of individual solution
curves, called sequential responses. The sequential responses, yj(t), used to form the
solution to Equation 2.4 are found by solving the recursive differential equation shown in
Equation 2.6. Note that the sequential responses are defined on a range of zero to infinity,
and the initial condition is always zero valued. In Equation 2.7 the first four sequential
responses are calculated according to Equation 2.6, starting with the initial function, yo=1.
Based on the patterns that emerge from the recursive solutions, the expression for any

sequential response for this problem can be calculated directly using Equation 2.8.

yi(t)=-y,.(t), 0<t<oo, y,(0)=0 2.6
yo=1
yi==Y=-1 - y=-t
, t?
Y, =-Y, =t - Y2:E 21
t? t®
e Ys=—%
t? t
y;:_ys—g - y4:ﬂ
1)t

The sequential responses described by Equation 2.8 form a set of basis curves
which combine through superposition to form the total solution to Equation 2.4. To form
the solution to the DDE, each sequential response is added to the total solution at a delayed
time, such that the sequential response, yj, starts at time t=(j-1)z. The structure of the total
solution is defined in Equation 2.9 and a depiction of the process is shown in Figure 7.
Note that the value of each sequential response is zero at the time which it is added to the

total solution. This is due to the zero initial condition established in Equation 2.6 which
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prevents discontinuities in the total response (i.e. the conditions at the start of each time
interval in the method of steps is already accounted for by the previous sequential responses

in the superposition approach).

N— S

o 0 ,t<r(j—1
y(t)=Z{y_( . . 2.9

=y (t-7(i-1) t=7(j-1

Total Response
o

time (s)

Figure 7: Hlustration of how the total solution is constructed using the sequential responses.

It is also interesting to note that as the delay approaches zero, the total response

described by Equation 2.8 and 2.9 reduces to Equation 2.10. The resulting summation is

the series definition of e™*, which is known to be the solution to y'+y(t-0)=0 .

y(t)=2v,- :i(_l.)jtj =g 2.10

What is most significant about the superposition approach is that the sequential
responses which constitute the total response of the system are independent of the time

delay term, t. As such, for a given system the sequential responses need only be derived
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once, and the total response can be determined for different values of z by changing where
in time the individual sequential responses are applied. For example, in Figure 8 the
solution to equation 2.4 using the superposition approach is shown for four different time
delays. Each solution shows significantly different behavior, however, the sequential
responses which constitute the total solutions are the same in each. This is in contrast with
the method of steps, where the individual functions for each time interval, yn, must be re-

calculated if 7 is changed.

2 - T 2 ; 2

1"=‘0.l =1 t=1.5

15 [ P s / / 15 15

1 I’;"‘ J’: “," 1 ; 1
05 N\ /" {2 05 ,,»”( 05 /\
A V\‘\y i | al \“".“ af \ 4

aspo L L s | asf N 15

Total Response
o

Total Response
o

Total Response
o
(6, ]
¥
Total Response

2 by Pt : ) o o 2 ° . : 2 kY .
0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6

time (s) time (s) time (s) time (s)
Figure 8: Sequential responses used to solve equation 2.4 for multiple delays, where the sequential
responses are the same for each solution.

The general process discussed here to solve linear DDEs with a single discrete time
delay is now applied to the more complex turning process. In the following sections,
Equation 2.3 is modified to a form in which the superposition approach can be applied, and
the resulting sequential responses for turning are derived. These sequential responses are
then combined with different time delays to produce the total time response of the tool
during the turning process.

2.3DDE Solution for Turning
Before applying the general solution approach described in the previous section to

turning, Equation 2.3 must first be modified. Consider now if at any time during the cut
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we had prior knowledge of the approaching chip shape, including thickness variations
created in the previous passes. Figure 9 shows a diagram of this modified view of the
system, where the shaded area described by the function hnom(t) is the nominal shape of the
approaching chip relative to x=0. This new function, hnom(t), combines all of the
information about the approaching chip geometry (hm and x(t — 1)) into a single function
which is dependent only on the current time progression, t. As a result, the time delay term
IS no longer necessary to describe the shape of the chip and it can be dropped from the

equation. The resulting modified differential equation is given in Equation 2.11.

Material Flow

hnom(t) h(t) = hnom(t) - X(t)

F.(t) = bK cos(B)A(t) = DK cos(B)(yom(t) — x(1))

Figure 9: Modified view of the approaching chip shape, where all information about the chip is combined
into a single function, hnom(t).

g+ S K=" (h x(v), R=K,cosp 211
m m m

R =K, cosf 2.12
After moving all x terms to the left side of the equation and simplifying, we are left

with a final differential equation, Equation 2.15, describing the dynamic system as the tool

passes over the chip profile, hnom(t).
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g Sy KR PR Ly 2.13
m m m
k, =k-+bR 2.14
k
g+ S o y= PRy gy 2.15
m m m

Equation 2.15 can be solved analytically to obtain the time domain response of the
tool, however it requires prior knowledge of the approaching chip shape, hnom(t). This is
where superposition comes into play. Consider a diameter turning operation in which the
part is initially cylindrical, as shown in Figure 10. As the tool feeds into the cut with a
constant feed rate, the initial thickness of the chip is zero when the tool first makes contact,
and the chip thickness increases linearly during the first part rotation. After the first
rotation is complete, at time t = t, the nominal thickness of the chip is equal to the feed per
revolution, and becomes constant because the slope of the tool motion is nominally

canceled out by the slope of the material left behind in the previous rotation.

Feed Initial Nominal Chip Profile
Direction NN\~
A —- First ' Second i Third
Rotation i Rotation i Rotation
Material
Flow hnom(t) ' i
i ' Feed
H i Per Rev.
—— ' '
Feed Per Rev \ v / t

Figure 10: Nominal chip thickness profile for a diameter turning operation with an initially flat face.
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The input function plot, hnom(t), in Figure 10 represents the nominal shape of the
chip for a turning operation assuming a rigid tool tip. Although there is compliance in the
system, this plot serves as a starting point for the superposition analysis. The first
application of superposition is to address the slope discontinuity in hnom(t) at t =t. This is

done by combining two ramp input functions; one positive ramp function starting att =0

Il
A

f ) ) . )
(hmm (t) zﬂtj, and one negative ramp function with equal slope starting at t
T

(hnom () =—htj. Through superposition, these two functions form the nominal chip
T

shape, with a positive slope from 0<t<t and a constant value for t>t (see Figure 11(left)).
Similarly, the total response of the tool tip can be obtained by combining the tool response
to the positive ramp input starting at t = 0 and the tool response to the negative ramp input

starting at t = t (see Figure 11(right)).

Positive Ramp
Input Response

Positive Ramp Combined Response
Function of the Tool Tip

hnom(t) : X(t) /lg/‘

[ < I H ST e
t RN ! t < ~ A Tl !
~ ~ 1
s ~ I . s ~ |
T g I Negative Ramp S |
Negative Ramp / S Input Response e
. ~ <
Function ~

Figure 11: Use of superposition to form the discontinuous nominal chip shape by combining two
continuous ramp functions (left), and illustration of how the responses of the two ramp functions
individually combine to obtain the global response.

The system response shown in Figure 11 would represent the motion of the tool if

the tool point deflections in the previous pass had no effect on the motion of the tool in the
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current pass (i.e. if this were a broaching operation with a nominal chip thickness profile
described in Figure 10). In reality, the motion of the tool in the previous pass will have a
residual effect on the current tool pass. For example, during the first rotation, the deflection
of the tool leaves behind additional material that is not yet accounted for during the second
rotation. Fortunately, the profile of this additional material left behind during the first
rotation is known to be x(t).

This leads to the primary application of superposition, where the dynamic response
of the system during the second rotation can be determined by combining the response of
the negative ramp function in Figure 11 with the response to the additional material profile
“left behind” in the first rotation. In Figure 12 the material left behind in the first rotation,
x1(t), is superimposed at the start of the second rotation and labeled as hnom2(t). It is labeled
as hnom,2(t) because this additional material is now considered to be part of the nominal chip
profile as the tool begins the second rotation. The effect that this additional material will
have on the tool motion can be found by inputting hnom2(t) into Equation 2.15 and solving
for x2(t). Superposition is then used, combining the initial ramp response, x1(t) (starting at
t=0), the negative ramp response, - X1(t) (starting at t=t), and the response to the material
left behind during the first rotation, x»(t) (starting at t=t), to obtain the total tool response

for the first two rotations, x(t) for 0 <t < 2r.
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.. ) R h,
Additional material on espoNse {0 hyor (1)

second pass left behind
in first pass, hyy o(t)

X,(t)

hnom,Z(t)

hnorn, 1 (t)

X;(t)

- X(t-1) |

X,(t-T)

x(t)

Figure 12: Superposition used to find the total response of the tool as the combination of the initial positive
and negative ramp functions, xi(t) and — x1(t), and the response to the material left behind after the first
pass, Xo(t).

From an analytical point of view, the use of superposition to find the total response
of the system during the second rotation can be justified by the fact that the solution to a
linear ODE with multiple input functions can be obtained by solving the system response
for each input individually, and then combining the individual responses. This is illustrated
in Equation 2.16 where the tool response during the second rotation is calculated based on
the known chip profile. The approaching chip profile can be described as a combination
of the negative ramp function used to define the initial nominal chip profile, -hnom,1(t), plus
the material that was left behind in the first rotation, hnom2(t) = X1(t). The total response

during the second rotation can then be found by calculating the response to -hnom,1(t), which
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is known to be —x1(t), with the additional response to the material left behind in the first

rotation, Xo(t).

K
A) 5<+£>‘<+—'°X=b—R(hnom,z(t)—hnom,l(t)) = %0 =x(1)
m m m
.. C. K, _bR
B) X+—X+_X__hnom Z(t) - XZ(t) 216
m m m '
.. c. k, DR
C) X+—X+_X__hnoml(t) - Xl(t)
m m m ’

The resulting response during the second rotation, x2(t) — x1(t), are combined with
the response during the first equation, xi(t), starting at t = t to obtain the total tool point
response for the first two rotations.

For the third rotation the same process is followed, except the inputs to Equation
2.16 A are hnom,3(t)- hnom,2(t), where hnom3(t) = X2(t), and hnom2(t) = X1(t). The resulting
responses of the tool during the third rotation, x3(t) — x2(t), are combined and applied to the
total response of the system starting at t = 21.

As the number of rotations increases, the process is repeated, where the subsequent
responses, x;(t) and —x;-1(t), are applied to the total response of the system starting at t = (j-
1)t. The resulting time domain response for the turning operation shown in Figure 10 is
given in Equation 2.17, where N is the total number of part rotations, and x;(t) is the j™
response to the initial ramp input function.

N 0 t<(j-Dr
X(”:Wﬂ;{x,-<t—<j—1>r)—x,-l(t—<j—1>r) =gy Y
It can be seen from Equation 2.17 that the entire time domain response for the

turning operation can be obtained by adding and subtracting a set of individual dynamic
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responses (X1, X2, X3, etc.). These sequential responses all stem from some initial
“excitation event” that occurs as a result of the initial nominal chip shape. For example, in
the turning operation described in Figure 10, there are two locations on the initial nominal
chip profile where abrupt changes in the slope result in tool tip excitation. These slope
discontinuities occur at the start of the two ramp functions which define the initial nominal
chip profile (at t=0 and t=t). After the initial excitations, the tool will repeatedly pass over
the material profile left behind in the previous pass, and the tool motion response to the
material profile left behind one rotation prior will then become the chip profile that will be
encountered in the next rotation. In this way, the residual effects of the initial “excitation
events” will propagate with each new rotation.
2.4Sequential Response Solutions

The sequential responses used in the superposition method are found by taking
repeated tool passes over the same section of material, starting with an initial ramp material
profile. This concept is illustrated in Figure 13, where in the first pass, the tool passes a
ramp material profile described by hnom,1(t) = t (note that a slope of 1 is used for hnom,1 for
simplicity, and all responses can be scaled to reflect the actual slope which depends on the
feed per revolution and the spindle speed). The resulting motion of the tool during the first
pass, Xi(t), is found by solving Equation 2.15 with the input function, hnom1(t). The first
response, X1(t), has an AC component superimposed on linear component with slope, Vo.
During the second pass, the tool will pass over the profile left behind in the first pass,
hnom,2(t) = X1(t), generating the second response, xo(t). With each successive pass, the

output, x;(t), becomes the input, hnomj+1(t) to Equation 2.15 for the next pass.
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Each time the tool passes over the material section, the linear response of the tool
will have a slope that is less than the slope of the material that it is passing over, where
slope(xj) = Vo and Vo< 1. As a result, the linear component of the sequential responses
will diminish as the number of passes increases. The resulting AC components of the
sequential responses will ultimately determine the stability behavior of the system, where
the magnitudes of the AC component will either grow or decrease with each successive

pass depending on the system parameters.

Pass 1 Pass 2

hnom,l(t) =t
- —> huoma(t) = x4(1)
_|_ \ _|_ nom,2
g T $ T Xz(t)\

2
"""""""" T I/O

Pass 3 Pass 4

 ——  ——

é hnom,3(t) = X,4(t) é |_|_, hnom,4(t) = X;(t)

Ll_l
\ %0 \ x4(1)
: \—

Figure 13: llustration of the first four sequential responses, where the dynamic response from each pass
becomes the input function, hnom, for the next pass.

It is worth noting at this time that a slope of one is used to describe the initial
material profile shape for simplicity in the calculations. Because this is a linear system,

the sequential responses can be scaled to reflect the appropriate machining conditions.
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Also note that the initial conditions for each successive pass will always be zero velocity
and zero displacement. When the sequential responses are applied in Equation 2.17, the
sequential responses which begin at the start of each new part rotation are simply added to
the responses from previous revolutions. The responses from the previous revolutions
already account for the conditions of the tool at the instant a new rotation begins. As such,
the contribution of the material left behind from the previous sequential response can be
added to the total response assuming zero velocity and zero position initial conditions (see
Figure 12).
2.4.1Sequential Response Calculation

The sequential responses are calculated by repeatedly solving Equation 2.18, which
is a modified form of Equation 2.15. In Equation 2.18 the hnom term is replaced by xj1
which is the previous sequential response. The initial function (or history function) used

to initiate Equation 2.18 is xo =t for the ramp input shown in Figure 13.

..+C.+kp _bR t) =t 0)=0, x.(0)=0 2.18
R+ Xh =X M) =t % (0)=0, %(0)= |

Where k, =k +bR, R=K_cos(£), and b is the depth of cut. The first step is to solve for

the first sequential response using the initial input, Xo(t) = t, as shown in Equation 2.19.

bR
1

,.c. .k
Ko+ — X+ ==X, =—1,
m m

x(0)=0, x(0)=0 2.19

The particular solution to Equation 2.19 has the form, x,(t) =Ct+C,, which is

solved to obtain the steady state solution shown in Equation 2.20. The term, Vo, represents
the slope of the linear component of the response (shown in Figure 13), and has the value,
_bR

k'

p

Vo
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X4 (1) =Ct+C, =bk—Rt—%=vo[t—kiJ 2.20
p

p p

The complementary solution to Equation 2.19 has the form:
X (t) =€~ (W, Sin(e,t) +W,, cos(,t) ) 2.21
Where A is the exponential decay term calculated using Equation 2.22, and wp is the

damped natural frequency of the system during the cut (when the effective system stiffness

is kp.) and is calculated using Equation 2.23 or 2.24.

k ¢ c
A= /_:_, - 2.22
¢ m 2m ¢ 2.Jkm
o = ﬁ(l—gz), P 2.23
p m p p 2 kpm
K
o, = | = —A° 2.24
m

Combining xp: and Xc1 and solving for W1, and W1, based on the initial conditions,
we obtain the first response to the input ramp function, xa(t), shown in Equation 2.25. The
total response and the AC component of x(t) is shown in Figure 14. Note the parameters
used in the current exercise to find the first sequential responses in Figure 14 through
Figure 16 are listed in Table 1.

X )=V, [e‘“ [i [% —1jsin(a)pt) + iCOS(a)pt)} +t— i} 2.25
o, | Kk k k

p p p p
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Figure 14: First tool tip response, xi(t), to the initial ramp input function.

G:i{%—ljzi(HA—l), H :ki 2.26
p

@y kp @y

After replacing the constant terms in Equation 2.25 with G and H (defined in

Equation 2.26) the input function to determine the second sequential response becomes,

X, (t) =V, [e*’“ (Gsin(w,t) + H cos(w,t) )+t —H ] and the ODE is:

. . c. Kk bR ) . _
x2+ax2+ﬁpxzzﬁvo[e A (Gsm(wpt)mcos(a)pt))+t—H], x,(0) =0, %,(0)=0 2.27

The solution to Equation 2.27 is rather more cumbersome due to the added
complexity of the input function. The responses to the linear and DC components of the
input function, seen in sections b and c in Equation 2.28, are found to be xp2n and Xp2c. The
response to the decaying oscillation portion of the input function, labeled a in Equation
2.28, can be solved for by determining the constant values, Wo, W14, and Wiy, in the
particular solution, xp2a. The particular solution to the decaying oscillation portion of the

input function was derived under the assumption that the frequency of the response will
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have the same frequency as the input, and that there will be a phase shift of —/2 because
the frequency of the input is equal to the damped natural frequency of the system. Note

that a detailed derivation of the coefficients of xp2a can be found in APPENDIX A.

a b ;
c k bR _ W W
Rot— kot Lx, =V, [ (Gsin(w,t) + H Cos(a’pt))}fWVot—HVOH |
Koza =o' [lea tsin (“’pt - gj +W, , tcos (a)pt = %H ,
Xpoo =Vot=Vo'H, 2.28
Xpac = _VozH )

X, =e" |:W2,a sin (a)pt —%)JFWZ’,) cos(a)pt —%ﬂ

After solving for the three particular solutions (Xp2a, Xp2b, and Xp2c) and solving for
W>a and W2, based on the initial conditions, the resulting function for the second sequential

response is Xz2(t) in equation 2.29 and in Figure 15.

G . Vs H T
——tsiIn a)pt—— +——tcos a)pt——
2a)p 2 2a)p 2

xz(t):VO(bHRje‘At —2Hkmsin(a)pt—%j +Vy (t-2H) 229

p

+[ G - +l(l—2HA)Jcos(a}pt—%}

2wp oK,
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Figure 15: Total response and AC component of Xa(t).

Repeating this process to find the response of the third pass with hnom,3=X2(t) yields
x3(t) in Equation 2.30 and Figure 16. Note that a detailed explanation of the process used

to solve Equation 2.18 is provided in Appendix A.

G > tzsin(wpt - 2Zj + H St? cos[a)pt - sz
8wp 2 860p 2

1 H m . Vs
- +2H — |tsin| o t —2—
2wp[4wp2 kpj ( P 2) 2.30

2
Xa(t)=Vo(%Rj on +L[ 3 ,_m (1—2HA)Jtcos(a)pt—2%] +VE(t-3H)

2
pr 4a)p oK,

_inwp[::z " wmk (1- 2HA)J —wi(kmf (1—3HA)]sin(a)pt - 2%}

PP p p

2
-3H m cos(a)pt—zzj
kp 2
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Figure 16: Total response and AC component of xs(t).

As the number of sequential solutions increases it becomes increasingly difficult
(and impractical) to solve them by hand. However, there are several patterns that emerge
in the sequential solutions that can be used to develop a general expression for the solutions.

It is apparent from the first three sequential responses (Equations 2.25, 2.29 and
2.30) that the responses are predominately determined by an increasing number of sine and
cosine terms which are multiplied by increasing powers of t. The first three responses are
again displayed in Equation 2.31, this time with phase shifts within each response such that
the G term is always associated with sine, and the H term with cosine.

Looking at Equation 2.31, several patterns emerge in the sequential response

solutions as the number of passes increases. First, the linear component of the responses

follows the pattern; x. ;. =V,' (t— jH), and second, the term in front of the series of sine

j,Lin

-1
and cosine terms follows the pattern: V, (b—Rj e .
m
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X,(t) =Voe ™ (Gsin(a,t) + H cos(@,t) ) +V, (t-H),

G .. Vs H T
—1tsin a)pt—— +——1cos a)pt——
bR 2a)p 2 2(0p 2
X2 (t) =V0 (Hj eﬂl\t { G

+ ™ + wrr;( ]sin(a)pt)+2H kmcos(wpt)

p pp p
( j [a)t 2— j
2
2.31
3G m tsm[a)t——j+i H2 n tcos[a)pt—zj +Vy (t-3H)
ok, 2) 20,40, K, 2
2 2
113  m 1imj|. m
I +—— |—-—| —| [sin(e,t)+3H| — | cos{at
[pr[4“’pz a)pkp] wp[kpj ] (2 (kpj (o)

A third pattern that can be readily observed from Equation 2.31 is the relationship

+Vy (t-2H),

%(1) =V, [b—Rj e
m

between the power of t and the phase shift which ensures that all sine terms are associated
with G, and cosine terms with H. The phase shift for each power of t is equal to the order
of t multiplied by negative n/2, and the highest power of t for each solution is j-1 for the j"
solution.

The final component of Equation 2.31 to be generalized is the coefficients which
appear in in front of the sine and cosine terms. The highest power coefficients can be
calculated directly using Equation 2.32 for the sine terms and Equation 2.33 for the cosine
terms (See APPENDIX A).

G
W, = . 2.32
" (-D1Qa,)

H

W, = . 2.33
? o (1-D'e,)"

The remaining coefficients are dependent on other coefficients of the same solution

and coefficients from the previous solution. In the case of the t° terms, the coefficients are
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dependent on all of the particular solutions of the solution and the initial conditions. The
expressions for these coefficients are best expressed in matrix form as described in the next
section and in APPENDIX A.
2.4.2Matrix Form of Sequential Responses

With the components of the sequential responses generalized, it is possible to
represent them in matrix form to obtain the time domain response for any number of
sequential passes. The generalized matrix solution which produces the tool tip motion as
a function of time for each sequential response is shown in Equation 2.34 where each

component represents one of the patterns described in the previous section.

X, (1)

x=| =0

=0, [ WsLe, () +W,L, () ]+S,(1) 2.34
Xy (1)
Sx(t) is the linear component of the solutions and is calculated in Equation 2.35,

where N is the maximum number of part rotations to be modeled.

Vo (t—H)

Vol (t—2H)

S,(t)= 2.35

V) (t—jH) =12, N
The W and L matrices piece together the sine and cosine terms with the correct
power of t and phase shift (L) with the corresponding coefficient (W). The G and H

subscripts indicate which initial constant the matrices are associated with. The L matrices

are shown in Equation 2.36, and the W matrices in Equation 2.37.
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The coefficients of the W matrices are calculated based on their position in the
matrix. The diagonal terms, which are associated with the highest power of t for the j™

sequential response, are calculated using Equation 2.38.

G H
W,.. = —; W, =— .
DN, T (-1 20,)

2.38

The coefficients of the first columns of the W matrices, which are associated with
the t of zero power, are calculated using Equation 2.39.

i-1 j-1
1 m . m
Weia :a)_ Weiin— P ; Wyijn=H O 2.39

p p p

The remaining coefficients for the lower triangle of the W matrices are dependent
on the values of the coefficients of the previous sequential response (Wj.11) and the
coefficient of the higher order term of the current sequential response (Wj,i+1). The lower
triangle coefficients are calculated using Equation 2.40, and the upper triangle coefficients

are all zero.
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Finally, the coefficient in front of the oscillating terms is accounted for by Ow as

shown in Equation 2.41.

vV, 0 0 0
0 vo(%Rj 0 0
X%=o 0 . 0 24
o 0 0 vo(b—RjH
i m/ lj=12,..,N

The x subscripts in Equation 2.34 indicate that these are the matrices used to solve
for position as a function of time. Matrix forms for the sequential solutions of velocity and

acceleration as a function of time are provided in APPENDIX B.

2.5Analytical vs. Numerical Simulations for Turning

The matrix solution provides a structured method for determining the sequential
responses, and we can now apply the responses to Equation 2.17 to generate the tool tip
motion for the turning operation in Figure 10. In order to compare the results of the
analytical model to the numerical simulations, the sequential responses which compose the
analytical solution must all be scaled by a factor of RPM*fr/60, where fr is the feed per
revolution in meters. As all sequential responses are derived based on an initial input slope
of one meter per second, the actual responses must be scaled to reflect the global feed rate

of the tool during the simulation, and the global feed rate can be found as RPM*fr/60. Two
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examples will be shown, both of which have a depth of cut, b, set at 10% above bjim,crit, and

the system parameters are shown in Table 1.

Table 1: System parameters for turning examples

k 5E7 N/m

m 0.88 kg

C 663.325 Ns/m (T = 0.05)
Ks 2E9 N/m”"2

B 70 degrees

Feed perrev | .076 mm (0.003 inch)

In example 1 the operation is simulated at 2000 rpm and in example 2 it is simulated
at 12000 rpm. In Figure 17 the two examples are shown on the stability lobe diagram for

this system, which predicts that example 1 will be unstable and example 2 will be stable.

Stability Loke Diagram

14}
12+
10F
£
T gl
Example 1 Example 2
4,
2_
0] L L L L L L
Q 2000 4000 6000 8000 10000 12000

Spindle Speed (RPM)

Figure 17: Stability lobe diagram showing the predicted stability for examples 1 and 2.
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Figure 18: Example 1 positional response of the tool tip generated using analytical model (left) compared
with the same response from a numerical simulation (right).

The results from Figure 18 show the positional response from the analytical model

and the numerical simulation. The position responses shown here are the tool

displacements relative to the nominal position of the tool, which eliminates the global
linear feed of the tool during the operation. The results from Figure 18 show that the
response from the analytical solution closely matches the response from the numerical

simulation. However, the dominance of the linear component of the response makes it

difficult to see details of the AC component responses. In Figure 19 the acceleration

response is applied using Equation 12.23 in APPENDIX B to eliminate the linear

component. Here again, the vibrational component of the tool tip response using the

analytical solution matches that of the numerical solution.
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Figure 19: Example 1 acceleration response of the tool tip generated using analytical model (left) compared
with the same response from a numerical simulation (right).

The acceleration response of the tool tip for example 2 is shown in Figure 20, which
also shows a close agreement between the analytical and numerical solutions. The
resulting differences between the accelerations predicted analytically and numerically in
Figure 20 are dependent on the time step used for the numerical simulation. In Figure 21,
the errors between the two acceleration results are shown as the time step is decreased from
4E-4 seconds (approximately 20 data points per tool period) to 4E-8 seconds
(approximately 20,000 data points per tool period). These results show that as the time
step is refined, the numerical simulation approaches the results predicted analytically,
where the maximum error is reduced from 0.3 to 8E-8 m/s? as the time step decreases from

4E-4 t0 4E-8 s.
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Figure 20: Example 2 acceleration response of the tool tip generated using analytical model (left) compared
with the same response from a numerical simulation (right).
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Figure 21: Error in the accelerations predicted analytically and numerically as the time step for the
numerical simulation is reduced from 4E-5 s to 4E-8 s for Example 2 results from Figure 20.

The time domain responses for the two examples in Figure 19 and Figure 20 were

obtained by applying the sequential responses to Equation 2.17. This process is illustrated

in Figure 22, where the individual acceleration components of the sequential responses are

plotted along with the total acceleration response for both examples. Because the depth of

cut, b, is the same in both examples, the individual acceleration components which

combine to generate the total response are the same for both examples (although they have
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different amplitude scales). As such, the only difference between the two examples is the
value of the time delay, .

In example 1 1=0.03s, corresponding to a spindle speed of 2000 RPM, and the
individual pulses are spread out far enough in time that there is little interaction between
them, and each pulse can be easily observed in the total response. The lack of interaction
in example 1 between the individual pulses means that the trend of the total response will
likely follow the trend of the individual responses (i.e. if the amplitudes of the individual
vibrations grow, so will the total response).

In example 2, t is much smaller due to higher spindle speed, and the individual
vibration pulses have significant overlap. The resulting interactions between the multiple
vibration pulses have a cumulative constructive or destructive interference effect, which
causes the total response to be stable or unstable depending on the value of T. In example
2, the cumulative destructive interference between the multiple vibration pulses create a
circumstance where the total response has decreasing amplitude with time while the

individual acceleration vibrations increase over time.
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Figure 22: Illustration of how the total tool tip response is generated from the sequential responses.

2.6Stability Analysis Using Sequential Responses

39

The primary advantage of the analytical solution is that it allows us to directly

determine the behavior of the system at any point in time without the use of iterative

numerical techniques. This is especially useful for determining the stability of the system.

In Figure 23, the AC components of the positional response are shown for the two examples

discussed in the previous section. The solid blue lines in Figure 23 represent the full tool

tip response for each point in time; however, all of this information is not necessary for

determining stability. Nominally, only two data points are required to determine whether

the vibration amplitudes grow or decrease over time. In Figure 23, these two data points

are ampz at t; and amp; at t2, and the stability of the system can be predicted depending on

whether the vibration amplitude at t> is greater than or less than the amplitude at t; (note

that the strategy used to select t; and t2 to evaluate stability is discussed in the next section).

Using this approach it is possible to predict stability of a system for any depth of cut, b,

and spindle speed.
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Figure 23: AC component of the tool position with the vibration envelopes for Examples 1 and 2.

The primary objective in determining the stability of the system based on the system
parameters is to find the boundary between the stable and unstable regions in the parameter
space (spindle speed and depth of cut). This boundary is typically found using the FRF
approach which produces multiple “stability lobes” which represents the maximum stable
depth of cut as the spindle speed is varied. As the time domain approach and the FRF
approach are both used to model the same system, we would expect to find the same limit
of stability using either approach.

A program was created to determine how well the stability limit predicted using the
time domain approach agrees with the stability lobe diagram predicted using the FRF
approach. The program calculates the magnitude of the vibration envelop (see Figure 23)
at two points in time over a range of depths of cut, b, at a fixed spindle speed. The
difference in the vibration magnitudes is recorded for each value of b, and the limit of
stability, biim, is found as the value of b at which both vibration magnitudes are equal. This
process repeats for multiple spindle speeds to produce a stability lobe diagram. The
resulting stability lobe diagram for the system described in Table 1 is shown in Figure 24

along with the stability lobe diagram predicted using the frequency response approach.
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Figure 24: Stability lobe diagram derived using the Frequency Response Function (FRF) and the time
domain equations for the system described in Table 1.

Note that the stability lobe diagram is shown here over a range of 3,000 to 150,000
RPM. These spindle speeds are extremely high for turning operations, however, it is
convenient to compare the stability predictions of the time domain and frequency response
approaches at higher speeds where the higher peaks in the stable regions occur.
2.7Sequential Response Equation Analysis

The equations developed thus far to describe the sequential responses represent the
exact solutions for an initial ramp input. This exact form of the sequential responses is
capable of generating the time response of the tool analytically, and can be used to generate
a stability lobe diagram which matches the stability lobe diagram predicted using the FRF
approach. However, the complexity of the exact sequential responses increases as the
number of responses increases, and it becomes difficult to perform additional analytical
studies based on these equations. As such, it is convenient for analysis purposes to reduce
the equations into a more concise, approximate form.

Looking at the W coefficient matrices in equations 2.37 through 2.40, the values of

the coefficients decrease by approximately a factor of 1/wp as the power of t decreases,
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where wp is the natural damped frequency of the system in rad/s (wp is approximately 8000
rad/s in the example in Table 1). This effect can be seen in equation 2.42 where the
coefficients of the first five responses are shown in matrix form. In equation 2.42, each
row corresponds to the coefficients for one of the sequential responses, and each column

corresponds to a specific power of t, such that the coefficients of column 2 are multiplied

by tsin(a)pt—%), and coefficients from column 4 are multiplied by tasin(wpt—3%),

and so on. For each response, the highest power diagonal coefficients are calculated
directly using equation 2.38, and the remaining coefficients to the left of the diagonal term
are calculated using equations 2.39 and 2.40. Because of the influence of wp in equations
2.39 and 2.40, it can be seen that the values of the coefficients are highest for the diagonal
terms, and each subsequent term to the left decreases by approximately three orders of
magnitude. From this, it can be assumed that the AC component of each response is
dominated by the highest order oscillation term if wp is large, and each response can be

approximated by neglecting the lower order coefficients.

-1.25E-4 0 0 0 0
-1.88E-4  -4.99E-1 0 0 0
W, =| -2.36E-4  -8.76E-1  -9.94E+2 0 0 2.42
2.75E-4  -119E+0  -1.99E+3  -1.32E+6 0
| -310E-4  -147E+0  -2.93E+3  -2.98E+6  -1.31E+9|

After neglecting all lower triangle terms in the W coefficient matrices in equation
2.34, the solution form for the AC component of the sequential responses reduces to
equation 2.43. In Figure 25 the AC components from the approximate sequential response
solution (equation 2.43) are compared with the exact solutions for the first five responses.

The results from this comparison show that there are some differences between the exact
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and approximate solutions, especially at low values of t; however, the majority of the
vibration behavior over the duration of the sequential responses is captured in the

approximate expression.

_ b_R = 1 1A . Ty Ty
xACYApme'j(t)_Vo[mj [a)p(j—l)!(Za)p)”Jt e (Gsm(a)pt (J 1)2j+Hcos(a)pt (] 1)2D
2.43

— Exact

- — -+ Approximate

Xac 1 H
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Figure 25: Illustration of the vibrational envelope for the first ten sequential responses.

The approximate form of the sequential responses can be further reduced if the
actual magnitude and phase of the responses are not required. This is the case when
performing stability analysis, where the objective is to determine whether amplitudes grow
or decrease over time. As the global response of the tool is determined by superimposing
the individual sequential responses together, the only information required to determine
stability are the amplitudes and the phases of the responses relative to each other. As such,
all the constant terms in equation 2.43 can be neglected and the Gsin(0) and Hcos(0) terms

can be combined into a single oscillatory term. The resulting expression describing the
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relative amplitudes and phases of the sequential responses is provided in equation 2.44.
The vibrations in equation 2.44are normalized such that the initial response is a decaying
oscillation of an initial magnitude of one, such that X, (t)=e""""", and the remaining

responses have amplitudes and phases relative to Xnorm,1.

i1 (.
Xnorm,j () = i | oR tj‘le‘A‘el( U l)ZJ 2.44
(I-H! 2ma,

2.8Stability Analysis

The stability lobe diagram is the primary outcome of stability analysis for
machining operations. Shown in Figure 26, the stability lobe diagram shows the stable and
unstable regions as a function of the depth of cut, b, and the spindle speed. There are two
important features of the stability lobe diagram which will be used to compare the results
obtained from the frequency domain approach and the approximate time domain approach
using equation 2.44. The first feature is the value of biim crit, Which is the maximum depth
of cut at which the operation will be stable at any spindle speed, and the second is biim,
which represents the boundary between the stable and unstable regions, and gives the

maximum stable depth of cut at a given spindle speed.
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Figure 26: Stability lobe diagram, showing the regions of stability and instability based on the spindle
speed and the depth of cut.

28.1Calculation of bjim crit

An approach to determine a value of biim crit based on the time domain equations can
be found by observing the behavior of the sequential responses as the value of b is varied.
In Figure 27, the first ten sequential responses are plotted using the equation 2.44 for two
different values of b. It can be seen from both sets of responses that each individual
response contains a pulse of vibration that is the result of excitation from the previous
vibration pulse, starting with the initial decaying oscillation. With each successive pass
the pulses widen out and the location of the maximum amplitude shifts later in time. The
primary difference between the two sets of responses in Figure 27 is that the vibration
magnitudes decrease when b is less than biimcrit, and increase with each successive pass
when b is greater than biimcrit. AS the growth rate of the sequential response amplitudes
depends on the value of b, the strategy for finding biimcrit is to determine the value of b at

which the maximum amplitudes of subsequent vibration pulses neither increase or decrease
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as the number of responses increases. As the total response of the tool is a combination of
the sequential responses, it can be assumed that if the sequential response amplitudes
diminish to zero, than the total response must also diminish over time (stable condition).
Furthermore, if the sequential responses grow over time, than there is a potential that the

total response will also grow (unstable condition).
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Figure 27: First ten sequential responses when b<bjim,cit (left) and when b>Djim it (right) approximated
using equation 2.44.

In order to determine the behavior of the sequential response amplitudes, it is
convenient to use the absolute value form of Equation 2.44 which describes the oscillation
envelopes of the sequential responses (see Equation 2.45). The vibration envelopes of the
first ten sequential responses are plotted in Figure 28, where the same amplitude trends can

be observed depending on the value of b.

j-1
Xeoy, i () = ! (bR] titg A 2.45

(J-)! 2ma,

From Figure 28 it can be observed that there is a regular spacing in the time at
which the maximum amplitudes occur from one response to the next. By differentiating

equation 2.45 and setting the result equal to zero, it can be determined that the maximum
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. . : j—1 L
amplitude of the j™ response occurs at time, t = (JA ) (see APPENDIX C for derivation).

The time of the maximum amplitude can then be substituted into equation 2.45 to determine

the maximum amplitude of the j" response, as shown in equation 2.46.

1 bR ) o1V
Xenvmax,j = 7 (J_j e U 2.46
()N 2me, A
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Figure 28: Illustration of how the maximum amplitudes of the vibrational envelope either decrease or
increase which each subsequent pass depending on the value of b.

biim,crit IS calculated as the value of b at which the maximum amplitudes from two
subsequent responses are equal as the number of responses goes to infinity, as shown in

equation 2.47.
Byim cric WHEN X

=X asj—oo 2.47

Env,max, j Env,max, j+1

To evaluate this expression, equation 2.46 is used and two subsequent maximum

amplitudes are set to be equal, as shown in Equation 2.48.

((j i1)!}{2:;{);) ]H( j:jﬂ e {ﬁ}(zmp Jj (%T e 2.48
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After evaluating equation 2.48 as j goes to infinity, the expression for b reduces to
Equation 2.49.

B 2Ama)p
R

b 2.49

After applying the identities, o, = %+bﬁR—§2%, Azg\/%, and

R=K,cos/, and solving for b, the resulting expression for biimcrit, Which satisfies

equation 2.48 is:

2kg
b. = 1 2.50
lim,crit Ks cos ()7(4/4_ )

The expression for biimcrit in equation 2.50 derived from the sequential response
equations is the same expression for biimcrit derived from the frequency response approach.
Note that a detailed derivation of bjimcrit using both approaches is provided in APPENDIX
C.
2.8.2Calculation of bjim

The calculation of biimcrit in the previous section can be achieved by examining the
amplitudes of the individual sequential responses as the number of responses increases.
The determination of biim is more involved because we are now interested in the behavior
of the total response as a function of the spindle speed. The behavior of the total response
can be approximated by applying the normalized sequential response functions in equation

2.44 to equation 2.51.

0 t<(j-Dr

N
X orm, l'otai t = i - 251
Norm Total (1) ;{erm’j(t_(]—l)z') t=(j-Dr
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Equation 2.51 is a simplification of equation 2.17 which describes the exact tool
response for the “double ramp” turning model developed previously. Equation 2.51
neglects the second “negative ramp” input and only considers how the sequential responses
resulting from the initial ramp function interact over time. Since the effect of both ramp
inputs is the same, the stability behavior resulting from one of the ramp inputs will be the
same as for the combination of the two inputs which start at different points in time. For

example, since the total response is determined by the effects of two initial excitation
events, such that x, (t):C(eBt—eB(t—r)):CeBt (1—e*B’), then the stability behavior,

determined by the sign of B, of the total system is equal to the stability behavior of the
individual components as longas = =0.

The strategy for determining biim is to calculate the amplitude of the total response
according to equation 2.51 at two points in time, and find the value of b at which the two
amplitudes are equal. The first thing to consider is how to select the two points in time
which will be used during the analysis. From Figure 23, it can be seen that the total
response has a wavy oscillation envelope which can lead to errors in the global stability
determination if the two points in time are not selected appropriately. The strategy
employed here is to select two points in time which correspond to the maximum amplitude
locations of two subsequent sequential responses. This concept is illustrated in Figure 29,
where the times selected to evaluate the system, ta and t», correspond to the peak amplitudes
of the fifth and sixth sequential responses. The times used to evaluate stability can be
calculated using Equation 2.52, where Neval is the number response used to find the peak
time, ta (Neval = 5 in Figure 29). Although times t. and t, are not guaranteed to be the local

peak locations of the full solution, this approximation strategy does show to be effective
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when comparing stability limit predictions with stability limits predicted using other

techniques (see Figure 30).

1 1
t, = (N _1)(T+7J ¢ :(NEval)(2'+Z} 2,52

ta and tn represent the global times at which the total vibration amplitudes are
sampled. In order to construct all of the individual responses according to equation 2.51,
each individual sequential response must be evaluated at a local time, defined as taj and ty,
in equation 2.53 which corresponds to the global times, ta and ty, for each individual
response. After evaluating all of the sequential responses using equation 2.53, we are left
with two vectors describing the relative magnitudes and phases of the sequential responses
at ta and tp. The magnitude of the total response at times ta and t, can then be determined
as the absolute value of the vector summation of all of the individual responses, as shown
in equation 2.54. The general process used to determine stability based on the depth of cut,

b, and the spindle speed is depicted in Figure 29.

Magnitude

Phase Angle

1 bR - A i(a)t .7(1'71)1)
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Figure 29: Depiction of the multiple impulses which are active at two points in time.

The process depicted in Figure 29 is used for multiple values of RPM (or 1) to
generate a stability lobe diagram based on the approximate time domain equations shown
in equation 2.44. In Figure 30 the stability lobe diagram generated by evaluating the two
points in time associated with the maximum amplitudes of the 10" and 11" pulses is
compared with the stability lobes generated from the frequency response function and the
complete time domain solution. These results show that the stability lobe diagram
produced using the complete time domain solution is closely aligned with the FRF lobes,
while there is a small shift to the right for the stability lobes produced using the approximate
solution. While there are some discrepancies, it is clear from Figure 30 that the
approximate sequential response equations can be used to effectively approximate stability

behavior in a significantly more concise solution form.
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Figure 30: Comparison of stability lobe diagrams generated using the FRF approach, the complete time
domain solutions, and the approximate time domain solutions.

2.9Conclusions

In this chapter the sequential response approach for solving DDEs was developed
to solve for the time response of a tool analytically. This method is a convenient approach
because the sequential responses are independent of the time delay term, so they need only
be calculated once for a given depth of cut, b. It was shown through example that the time
responses predicted analytically match those found through numerical simulation and that
the global stability behavior exhibited by the analytical solutions match those predicted
using frequency domain methods.

In the following chapters the basic concepts developed in this chapter for a single

mode turning model are expanded to incorporate multiple modes and different machining

operations.



CHAPTER 3: EXPANDING TO MULTIPLE MODES

An analytical time domain model is developed to predict the motion of a multi-
mode cutting tool during orthogonal turning operations. This model is an extension of a
single mode model that finds the solution to the governing delay differential equation
(DDE) as a combination of constituent curves (sequential responses) which are
independent of the delay term, 1. In the current model, the delay independent constituent
curves are found through a recursive state-space solution wherein the individual modal
displacements are determined for each sequential response. In this chapter, the solution
process is described in detail for a 2 mode system and the resulting analytical time
responses are compared with numerical simulations.

3.1Turning Model

bK
X+£X+£x=¢(x(t—r)—x(t)) 3.1
m m m

A time-domain solution for turning is developed in which the total solution of the
delay differential equation (DDE), shown in Equation 3.1, is composed of a fixed set of
curves which combine together through superposition. These constituent curves, referred
to as sequential responses in the previous chapter, are determined by recursively solving
the ordinary differential equation shown in Equation 3.2.

. c. k+bK,, bK, .
Xj+axj+ m —X;= m' Xjq Xo(t)zxinit.(t)a X;(0)=0, x;,(0)=0 3.2




54

Where m is the modal mass, c is the damping coefficient, k is the stiffness, b is the
depth of cut (for orthogonal turning), Ksx is the material cutting force coefficient in the x-
direction, x; is the current tool point position, Xj-1 is the solution of the previous sequential
response, and Xinit. IS the initial input function from which the recursive solutions progress.
The sequential responses derived in Equation 3.2 are independent of the delay term, r,
however the delay term is accounted for when the total solution is composed according to

Equation 3.3.

X(t) = Z{  (t=(i-1)7), t2(j-1)r 3.3

For single mode systems, the sequential responses can be iteratively solved directly
using Equation 3.2 as was done in the previous chapter. For multiple modes, however,
intermodal dependencies due to the forcing function require a state space solution. That
is, because the total motion of the tool contains components of each individual mode, the
instantaneous chip thickness, and thus the force applied to each mode is dependent on the
motions of every mode.

Take for example the two DOF linear, orthogonal turning model shown in Figure
31. Through modal analysis, the total position of the tool can be determined as the
summation of the two modal mass positions, assuming that the eigenvector matrix is
normalized to Xy, such that, X, = q, +q,. Although the free response of the system can
be determined by analyzing the two decoupled modal systems independently, the inclusion

of the forcing term, F(t), which is dependent on the position of both modes according to

Equation 3.4 causes the modal system to be recoupled when the tool is in the cut.
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F(t)=bK,, (hm+xl(t —7)— X, (t))

3.4
=bK,, (hp*(d(t=7)+q,(t—=7)) = (. (1) +,(1)))

Local Coordinates Modal Coordinates
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M“‘ F(t)=bK, (h,+x,(t-2)~ x, (1))
S :styX (hm+(q1(t_r)+q2(t_f))_(ql(t)"'qz(t)))
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Figure 31: Two degree of freedom turning model local and modal representation, where the force applied to
the two independent modal systems is proportional to the position of the tool point, x.

The resulting system of equations for the two modes in Figure 31 is shown in
Equation 3.5. The approach for solving this system of linear delay differential equations
(DDEs) is the same approach used to determine the sequential responses for the single DOF

system in Equation 3.2.

X (t-7) Xy (t)
Myy0y +Cu0 + Ky Gy = bK, (ql (t-7)+0q,(t-7)-0,(t)-q, (t)j 3.5
My, 0, + oy + K00, =K, (0 (t-7)+0, (t-7)-0, (t)-a, (1))
The system of equations is evaluated by first putting them in a recursive form from
which the subsequent sequential responses can be calculated. This is done by separating
all of the terms by placing all current time terms (t) on the left side of the equation, and all

delayed terms (t-t) on the right side. The resulting recursive expression used to determine
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the sequential responses for the two degree of freedom system is shown in Equation 3.6,
where the subscript, j, indicates the jth sequential response. Note that in Equation 3.6 the
subscript for x1 is omitted, and the new x subscripts indicate the motion of the tool for each

response. In the recursive solutions, the initial conditions are zero for the initial velocities

and displacements (q,;(0)=gq,;(0)=¢,;(0)=d,;(0)=0) except for the initial

response (0, (0) =0y, Gy (0)=Cpie, Gy (0) =0y, G2 (0) =0, ;) which are
defined by the user, and the history function describing the initial shape of the surface is
defined as X, = %, (t) .

mqlql,j +Cq1q1,j + kqlql,j +st,qu,j +st,xq2,j = st,ij—l 3.6

M0, j +Cyls j + Koy +PK 0 DK 0, ; =bK( (X,
q,;(0)=q,,(0)=q,,(0)=q,,(0)=0,
01 (0) =Gy jier U1 (0) = Qi
q1,1 (0)= ql,init’ qm (0)= qz,init’

N
Xo = Xinit (v), Xj = an,j =0yt 0
n=1

After modifying the system of equations by separating the current time and delay
terms in Equation 3.6, the system equations are recoupled due to the presence of all modal
positions in each equation. To solve for the coupled modal positions, and thus the
sequential responses, Xj, a state space solution is used to again decouple the modified
system. The state variable, r, is defined in terms of the modal positions and velocities in

Equation 3.7, and the matrix form of the state space equations is shown in Equation 3.8



S7

=0, rl:rZ

bK
Kb =0 r, :i(_clqrz _kqlrl_st,xrl_st,xrB»)—i_ X

j-1
a1 My

. ; 3.7
r;=0,, =1,
R six
=0, f=——(~Cpls — Kty =K, 1 —bK, 1)+ X4
m
q2 q2
P 0 1 0 o Jfr, 0
| _ —(kg +BK,, ) /My €y /my, —bK,, /my, 0 A bK,, /m,, y
fy 0 0 0 1 r, 0 j1
r, -bK,, /m,, 0 ~(kgo TOK ) /Mgy —Coo /M, [ 1] (DK, /Mg ag

{R} =[AI{R} +{F}x,,

The state space system in Equation 3.8 is decoupled by substituting A=VDV *,

where V is the matrix of eigenvectors of A, and D is a diagonal matrix of the eigenvalues

of A. After pre-multiplying both sides by V ™, and substituting the variables, W =V 'R,

and G =V F x.

., the system of equations becomes:
j-1

(W} =[Dliw} +{G} 3.9

The decoupled system of equations in Equation 3.9 can now be used to solve for
W, which is then converted back to modal coordinates to ultimately determine the motion
of the tool for each sequential response.

Before discussing the solutions to Equation 3.9, consider the general process used
to determine the sequential responses for the 2 mode system. In Figure 32 the iterative
solution described in Equation 3.6 is shown in relation to Equations 3.8 and 3.9. During
each iteration, the function describing the previous sequential response is applied to the
forcing vector, F, in Equation 3.8, which is then transformed to the forcing vector, G, in

the decoupled system in Equation 3.9. Once the decoupled variables, W, are solved for
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based on the forcing vector, G, the solutions are transformed back to obtain the solutions
for the state variables, R. The resulting state variable solutions for the modal displacements
are then combined to determine the total tool displacement for that iteration , x;. This
process repeats, where in each iteration the sequential response, X;j, becomes the input, Xj-1,

to determine the next sequential response.

Tool Position State Space Decoupled State Space
4 =h.4, =15 R=VW
Y =0t ARy =[ANRY+{FY W =Dl +{G)

Figure 32: Diagram showing the recursive solution process used to find the sequential responses for
multiple modes, where a new function, x;, is found during each iteration which is dependent on the previous
function, X;.1.

3.2Solutions for Decoupled State Variables

The decoupled state space variables, wy, are found by solving the first order
differential equation shown in Equation 3.10 based on the input function, g.. The solution
form for wy is dependent on the form of the of the input function, gn, which has the same
form as the previous sequential response function, xj.1(although the coefficients will change

while transforming from x;.1 to F to G).
W =AW +0, 3.10
Let us start by finding the solution to the first sequential response when the initial

function (or history function) is zero, Xinit(t) = 0, the initial modal displacements are zero,

and the initial modal velocities are one (r,(0)=r,(0)=0, r,(0)=r,(0)=1 ). Note thatin this

example the DC force component caused by the constant feed per revolution, hm, is
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neglected, and the initial modal velocities serve as the initial system perturbation. During
this first response the input function, G, is zero, so the decoupled state solutions are found
as the complementary solutions satisfying the initial conditions. After transforming the

initial conditions, W (0) =V "R(0), the decoupled state solutions for the first response are
calculated using Equation 3.11.

W, =a,,,€", &,,,=W,(0) 3.11

Once the decoupled state variables are known, they are converted back to the initial

state variables, R =VW , and the actual tool point position is found as X, M=)+,

In this two mode example, the function describing the tool motion for the first response has
the form shown in Equation 3.12.

X, =" +a,,,67 +a,,,e™ +a,,,e™ 3.12

During the second sequential response, the forcing terms in the decoupled system

of equations are obtained from the previous sequential response, resulting in the system of

first order equations shown in Equation 3.13.

g

n

2N

_— At Mt Aot o At

Vi, = AW, + 85, €% 8, 087 8,508 + 8,08 = AW, + Zagn’u,oe 3.13
u=1

The solutions to Equation 3.13 are found as a combination of the particular
solutions from each individual forcing term, and the complementary solution based on the
initial conditions (note that all initial conditions are zero for all sequential responses except
for the first). The solution process for the particular solutions depends on the forcing term
being applied, which is associated with the eigenvalue Ay, to a particular decoupled state

variable, which is associated with the eigenvalue A,. Take for example the solution to w;
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shown in Equation 3.14. When the eigenvalue in the forcing term is not equal to the
eigenvalue of the decoupled state variable (n # u), the resulting particular solution has the
same form as the forcing function. However, if the two eigenvalues are the same (n = u),
the particular solution form cannot be the same as the forcing function because the forcing
function has the same form as the complementary solution. As such, an additional term
with an increase in degree t is added to the particular solution when n=u as shown for wi 1

in Equation 3.14.

At — At
Wi, /11W1,2 t8y;08" W, =8y,

— 5t - 5t
W= /11W1,3 8515087 P> Wi =28,3,8

T At — At
Wi = /11W1,1 tay08" W, = (awl,l,O + aw1,1,1t)e
3.14

ot gt
Wiy = 21W1,4 51408 > Wy =3,5408™

2Nmode
W, = z W,

u=1

,u

Once determined, the decoupled state variables are again converted back to x, and
the resulting function describing the second sequential response has the form shown in
Equation 3.15. The second sequential response now contains polynomials of degree 1 due
to the particular solutions for w when n=u. In the following sequential response, these
polynomials are applied in the forcing function, and the resulting solutions will contain
polynomials with an increase in degree of one (due to the particular solutions when n=u).
With each subsequent response the resulting solution polynomials increase by one degree
so that the solution form for the j™" response has the form shown in Equation 3.16, where

the subscript v indicates polynomial coefficient of degree v.

X, = (8,10 + 8,1t )€™ +(8 50 +8,,11) €7 +(8, 50 +8,5,t)€™ +(,,0 +8,,,t)e™ 315
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2N N [ j-1
_ 2 L\ At v | At
X; = Z(ax,n,o +a, b e bt Fara, ot )e = Z{Zamvt je 3.16
n=1 n=1 \_v=0

The solution coefficients are found by solving the first order differential equation

in Equation 3.10 when the forcing function, g, is a polynomial with known coefficients, ag,

multiplied by an exponential term, e*'. The solution coefficients, aw, are calculated
directly based on the input coefficients using Equation 3.17, and then converted back to r
where like terms are combined to determine the sequential response coefficients, ax. Note

that a detailed explanation of Equation 3.17 can be found in Appendix D.

: _ 2 -1\ q At
Wy = AW, (g 0+ gy gl 8y, 8+t 3G, e
_ 2 -1\ A At
Wn,u - (awn,u,O + awn,u,lt + aWn,u,Zt ot aWn,u,j—lt )e
a
_ Zonuyv _
a'wn,u,v+l - V+1 ’ n=u 3.17
a_ . —(v+1)
awn'uyv _ gn,u,v ﬂu _l awn,u,v+1; n=u
n

3.3Example Solution

The solution process described in the previous section is applied to a two mode
system having the system modal parameters shown in Table 2. The example system is
evaluated at a depth of cut of 3mm and at a spindle speed of 8000 RPM in the first example,
and 6000 RPM in the second. In both examples the initial modal positions are zero and the
initial modal velocities are 1 m/s, and the cutting force constant in the x direction is, Ksx =
6.84x108 N/m?2. Not that in these examples the initial velocity conditions serve as the initial
perturbation event instead of the double ramp approach used in the previous chapter. The
stability lobe diagram of the system is shown in Figure 33, where the conditions are in the

stable region for example 1, and in the unstable region in example 2.
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Table 2: Modal Parameters for Example System

k, (N/m) m, (kg) | ¢, (N-s/m)
Mode 1 1x107 0.88 400
Mode 2 4x107 1.2 300

Stability Lobe Diagram

Vg g 1y Vo il
| ! w /

Il
|

Example 2 ‘ | Example 1

05+

gl L L . . . . )
3000 4000 5000 6000 7000 8000 9000 10000
Spindle Speed (RPM)

Figure 33: Stability Love Diagrams found using Tlusty’s approach for the for the two mode example
system with parameters shown in Table 2, where the spindle speeds and depth of cut for the two examples
are labeled.

A Matlab program is used to solve for the coefficients of the sequential response
solutions and to construct the total tool point response for the two examples. Within the
program, the state transition matrices are first determined based on the modal parameters,
and the solution process illustrated in Figure 32 is used to find solutions for the sequential
responses. For each response, the solution coefficients are found base on the transformed
coefficients from the previous response according to Equation 3.17. Finally, the individual
sequential response solutions are combed to form the total tool point response according to
Equation 3.3. The total tool point response for the first 12 rotations for example 1, and the
first 8 rotations for example 2 are shown in Figure 34.

The long term tool behavior in the two examples agree with the predictions of the

stability lobe diagram (stable for example 1 and unstable for example 2). The two examples
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have differing spindle speeds but have the same depth of cut, as such, the sequential
responses which form the total solutions are the same (the sequential responses are
independent of the delay, but dependent on the depth of cut, b, due to the forcing vector,
F, in Equation 3.8). This is illustrated in Figure 35 which shows the sequential responses
plotted with delays according to Equation 3.3 which are then combined to form the total
solution. It can be seen from these two examples that despite having the same set of
sequential responses, the total long term behavior of the system is determined by the
cumulative constructive and destructive interferences between the sequential responses at

different delay periods.

Example 1 Example 2
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Figure 34: Total tool point response for the first 12 part rotations for Example 1, and the first 8 part
rotations for Example 2.
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Figure 35: Plots of the sequential responses which are shifted in time to compose the total tool point
response according to Equation 3.3

3.4Numerical Simulation Comparison

The analytical solutions based on the sequential response approach for multiple
modes are compared with numerical simulations for the conditions of example 2 in Figure
34. Euler integration is used in the simulations to numerically evaluate the modal
displacements based on the delay differential equation in Equation 3.1. The analytical
solution is compared with the numerical solution evaluated a time steps from 5x107 to
2.5x10 seconds, which corresponds to a range of 21 to 425 points per oscillation of the
highest frequency mode. The resulting error plots in Figure 36 show that the error between
the two solutions decreases as the time step in the numerical simulation is decreased. The
decrease in the error as the time step is refined can be seen in Figure 37, which shows the
maximum error decreasing as the number of points used in the numerical simulation

increases.



65

Analytical/Numerical Error
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Figure 36: Error plots comparing the tool responses obtained using the analytical sequential response
approach and numerical simulations.
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Figure 37: Plot of the maximum error between the numerical and analytical results for example 2 as the
time step is refined.
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3.5Conclusions

The ability to analytically predict the time response of a tool with multiple modes
greatly expands the potential applications of the methods developed in this dissertation.
Moving forward, the equations and processes developed in this chapter are incorporated
into a matrix solution which allows for the sequential responses to be determined more
effectively. However, first, the analytical predictions made thus far in this dissertation are
tested experimentally to verify that the predictions are representative of the physical

process.



CHAPTER 4: EXPERIMENTAL VERIFICATION

Experimental tests are conducted to verify that the tool motions predicted in the
analytical solution for orthogonal turning developed in this work can be observed
experimentally. The experiment is set up to create a single mode cutting tool, however,
due to additional significant modes which appear in physical measurements of the system,
the multiple mode solution is used for comparison.

The general experimental setup is shown in Figure 38 and a picture of the actual
setup is shown in Figure 39. The main component of the experiment setup is a monolithic
leaf type flexure machined from Aluminum 6061. The flexure is mounted to the machine
axis and is designed to be most flexible in the z direction. To create an orthogonal turning
operation, the cutting tool is mounted to the flexure tool holder orthogonal to the z axis,
and a tubular work-piece (also Aluminum 6061) with a known wall thickness is machined.
The use of a tubular work-piece guarantees that chips being formed have a rectangular
profile with a constant depth of cut (equal to the wall thickness) and a variable thickness
in the z direction.

The objective of the experiments is to measure the motion of the tool after it is
perturbed while engaged in the work-piece. According to the regenerative chatter theory
on which the analytical solution is based, the tool will be repeatedly excited by the wavy
surface that the tool left behind during the previous part revolution. During the
experiments, the tool is initially excited by striking the back end of the tool holder with an

impact hammer (PCB 086C04). Force data from the hammer impact is used in post
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processing to obtain the initial states of the tool after the hammer strike for use in the
analytical solution and for FRF measurements while the tool is in the work piece. The
resulting motion of the tool is measured using a capacitance gage (Lion Precision C5-D
W/LEMO). The capacitance gage is mounted to the machine z axis along with the base of

the flexure and measures the relative z displacement of the tool.

Tubular workpiece with
known wall thickness

Impact Hammer

Single DOF tool holder flexure

v Flexible Direction

Capacitance gage measuring
Z displacements

<€

Z axis motion

Figure 38: General experimental setup, using a flexure tool holder to machine a tubular work-piece.
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Figure 39: Picture of experimental setup.

Before each experiment the work piece is pre-machined to have a constant wall
thickness which is then measured. Prior to the start of the test, the flexure is struck multiple
times with the impact hammer and displacement measurements are taken with the
capacitance gage. These impact measurements are used to obtain the FRF of the system
while the tool is free. After the free FRF measurements are taken the tool feeds into the
rotating work-piece at a constant feed rate. Once fully in the cut, the tool holder is again
struck multiple times and the tool displacements are measured. Striking the tool with the
impact hammer while in the cut has two primary purposes for the experiment; first, the
measurement of the perturbation force is used to determine the conditions of the system
after the strike for use in the analytical model, second, it is used for a cutting FRF
measurement that provides direct information on the amount of process damping present

while the tool is cutting. After the tests the force and displacement data are processed and
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the analytical solution is compared with the experimental results. Further details of each
of these steps is provided in the following sections.
4.1Flexure Modal Testing

The aluminum flexure for these experiments was designed to be most flexible in
the z direction (feed direction). FRF measurements are taken for the flexure structure in
all three directions, where the x y and z directions are shown with respect to the flexure in
Figure 40. The FRF measurements are found using tap tests using a PCB 086C04 impact
hammer and a PCB 352C23 accelerometer and the resulting FRF measurements were
generated using TXF software. Five measurements were taken, three direct FRFs in the x

y and z directions (FRFxx, FRFyy and FRFzz), and two cross FRFs (FRFxz and FRFyz).

Figure 40: Flexure coordinates for modal tap tests.

The resulting FRF measurements are shown in Figure 41 and the stiffness values
and natural frequencies of the most flexible modes from Figure 41 are shown in Table 3.
From Figure 41 it can be seen that the most flexible mode occurs at 447 Hz in the z direction
and the second most flexible mode occurs at 1358 Hz in the x direction. The flexible mode
present in the x direction is likely due to twisting motions in the flexure when forces are

applied to the tool point location. However, motions in the x direction are not expected to
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significantly affect the results of the experiments because motions the x direction do not
affect the profile of the chip in orthogonal turning. Furthermore, as discussed in the
following section, the cutting forces in the x direction are negligible compared with forces
in the z and y directions.

The resulting stiffness values in the y direction (which can affect the chip profile)
are 28 times larger than the z direction, and the effective stiffness in the z direction as a
result of forces in the x and y directions are 17 and 22 times larger respectively for the most
flexible modes. The results from these measurements indicate that the flexure structure
designed for these experiments can effectively represent the analytical model, which only

considers forces and motions in the z direction.
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Figure 41: Five frequency response functions for the experiment flexure, where the most flexible mode of
the structure is in the Z direction (black).
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Table 3: Stiffness and natural frequency of the most flexible modes from Figure 41..

FRF k (N/m) fn (HZ2)
FRFzz 1.36 x10’ 447
FRFxx 4 x10’ 1358
FRFyy 38.3 x10’ 347
FRFxz 22.9 x10’ 431
FRFyz 29.9 x10’ 451

4.2Cutting Force Tests

Cutting force tests are conducted to determine the cutting force coefficient of the
work-piece material (6 inch diameter Aluminum 6061) using the same tool insert used for
the position measurement experiments (coated carbide insert with 8° rake angle and 11°
relief angle). A diagram of the cutting force test setup is shown in Figure 42. The objective
of this test is to determine the magnitude and direction of the cutting forces as the area of
the chip changes. Forces are measured using a Kistler 9257B dynamometer which is

attached to the machine axes and holds the tool holder.

b

Tool Holder
Dynamometer

Z axis motion

Figure 42: Cutting force experimental setup to measure the cutting forces as the chip area changes.

Three values of chip width, b, are used during the experiments (b=0.025", 0.041”,
and 0.057”), and for each chip width, the tool moves at three feed rates (feed/rev=0.002",

0.003”, 0.004”), resulting in a total of nine different chip areas. Each of the tests is
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conducted at 300 and 600 RPM. An example of the force signal collected during one of
the tests is shown in Figure 43. During the test the chip width is held constant and the
machine is programed to move at three separate feed rates, resulting in three different chip

areas.
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Figure 43: Example of the force measurements obtained from one test, where the chip width, b, is held
constant at 0.041 inch, and the chip thickness changes from 0.002” to 0.003” to 0.004” as the feed rate
changes with a spindle speed of 300 RPM.

When the cutting force tests are complete, the average cutting forces in the three
directions are found over each feed rate range. These average values are then plotted as a
function of the chip area, as shown in Figure 44. The mean slope of the average cutting
forces are then found to determine the cutting force coefficients in the three directions. The
result from the cutting force tests show that the cutting forces are mostly in the y and z
directions, while the forces in the x direction are nearly zero for all chip areas (as expected
in orthogonal turning). The resulting cutting force coefficients in the y and z directions are

Ksy=759 N/mm? and Ks,=468 N/mm?. The absolute cutting force coefficient is found to
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be Ks=892 N/mm? using K, = /ij +K?, , and the cutting force angle is found to be f=58°

using g =tan(K,, /K,,)-
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Figure 44: Average cutting force values plotted as a function of the chip area to determine the cutting force
coefficient of the material-tool combination.

4.3Free and Cutting FRFs

During the experiments two types of FRF measurements are taken; free FRFs
(FRFe) before the tool enters the cut, and cutting FRFs (FRFc) taken when the tool is in
the cut. The purpose of these FRF measurements is to experimentally determine the modal
parameters of the system while in and out of the cut. Before the tool enters the cut the tool
is struck multiple times with the impact hammer (approximately five times) and the
resulting motions are measured with the capacitance gage (see Figure 38). The process of
striking the tool and measuring the displacement is repeated once the tool is in the cut. An
example of the force and displacement measurements for a chip width of 0.082 inches, feed
rate of 0.003 inch/rev, and 600 RPM is shown in Figure 45. After each strike, the force

and displacement data is collected for a time duration equal to the part rotation period for
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that test (time of 0.1 seconds for the 60 RPM case). The purpose of this time duration is to
eliminate regenerative effects that occur after the part completes one full rotation. A
detailed view of the tool responses in and out of the cut is shown in Figure 46 for the first

0.035 seconds after a strike.
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Figure 45: Force and displacement measurements for a chip width of 0.082 inches, feed rate of 0.003
inch/rev, and 600 RPM.
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Figure 46: Detailed view of the force input and the tool response when the tool is free (left) and in the cut
(right).
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The free and cutting FRFs are obtained by dividing the fast Fourier transform (fft
in Matlab) of the displacement data by the fft of the force data for each strike. The FRF
data is then averaged over all of the free and cutting strikes to obtain FRFr and FRFc. Note
that all FRFs are corrected to account for phase lag in the sensor signals using the methods
developed by Ganguly et al in (Ganguly 2014).

The resulting FRFs for the experiments with a chip width 0.082 inches, and a feed

rate of 0.003 in/rev are shown in Figure 49 for a spindle speed of 600 RPM.
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Figure 47: Free and Cut FRFs plotting for b=0.082 inches, feed=0.003 inch/rev, at 600 RPM.

In order to determine the modal parameters to be used in the analytical solution, the
peak picking method discussed in (Schmitz 2009) is implemented in a Matlab program and
used to calculate the modal mass, stiffness and damping from the FRFs. The resulting
modal parameters from this program for the three modes in the free FRF in Figure 47 in

order of increasing natural frequency are: m=3, 31 and 11 kg, k= 2.3x10’, 32.7 x10” and
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12.8 x10” N/m, and c= 518, 2005 and 1,779 Ns/m. In Figure 48 the analytical FRF
calculated using Equation 4.1 (Schmitz 2009) using the modal parameters found using peak
picking are compared with the experimental FRF. From these results, application of the
simple peak picking method effectively approximates the modal parameters of the system

based on the experimental FRFs.
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Figure 48: Comparison of the analytical FRF calculated using the modal parameters found using peak
picking with the experimental FRF.

4.4Process Damping and Effective Stiffness Considerations

The resulting FRFs for the experiments with a chip width 0.082 inches, and a feed
rate of 0.003 in/rev are shown in Figure 49 for spindle speeds of 400, 600 and 1000 RPM.
The free FRFs on the left side of Figure 49 are nearly identical for each set of impact tests,

as is to be expected because the free system dynamics are not affected by spindle speed.
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The resulting Cutting FRFs on the left of Figure 49 do differ depending on the spindle
speed. Both sets of FRF measurements show the same basic structure, with the most
flexible mode near 440 Hz and two additional modes near 520 and 560 Hz. The most
significant difference between the two sets of FRFs is in the magnitudes of the FRFs for
the first mode near 440 Hz. While the peak magnitudes of the FRFs are a result of multiple
factors, the most likely cause of the decrease in the peak magnitudes in the cut is process
damping. The effects of process damping can be seen directly in the cutting FRFs in Figure
49. The peak magnitudes of the 1000 RPM cutting FRF are nearest to those of the free
FRFs, and as the spindle speed is decreased, the additional effects of process damping
cause the peak magnitudes in the FRFs to decrease.

Process damping is an effect of the machining process which causes an increase in
the effective damping in the system which increases as the spindle speed decreases. There
are multiple theories as to the cause of process damping, such as an introduction of
nonlinear force relations due to changes in tool-chip interactions as the chip wave length
decreases (Stepan 2001), or due to the interactions of the tool flank face an the wavy surface
of the part (Tlusty 1999). Among these theories, process damping is most commonly
attributed tool flank interference, although it is difficult to determine experimentally the
precise cause (Taylor 2010). While some have developed analytical models to predict
process damping based on tool flank interference (Tunc 2012), a more typical approach is
to determine the effects of process damping for a given tool and work piece through
experiment. Altintas and Eynian developed an experiment in which the tool vibrations are
controlled using a fast servo to negate regenerative effects (vibrations kept in phase) so that

additional damping forces could be measured (Altintas 2008a; Eynian 2010). Kurata et al
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determined new cutting speed dependent stability limits by determining at what cutting
speed chatter was suppressd in a constant RPM plunge cut (Kurata 2010). Tyler developed
a method to fit an analytical model for process damping stability lobes to experimentally

determined stability lobes to determine an effective process damping coefficient (C. 2012).
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Figure 49: Free and Cut FRFs plotting for b=0.082 inch, feed=0.003 inch/rev, at 400, 600 and 1000 RPM.

While process damping is not a focus of these experiments, the effects of process
damping will have a significant effect on the analytical solution, especially with the limited
range of spindle speeds typically used in turning. As such, the effects of process damping
must be considered to adequately compare the analytical results with the experimental
measurements.

As the amount of damping in the system while cutting is known from the in cut
FRF tests, the in cut damping coefficient is used in the analytical model. For the current
system, the free damping coefficients are only replaced by the cutting damping coefficients
for the most flexible mode (from Figure 49, the other stiffer modes are less effected by
process damping). The mass and stiffness coefficients from the free FRF remain

unchanged as a result of process damping. In Figure 50 the flow of operations is shown to
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determine the modal parameters that are to be used in the analytical solution to model the
turning operation with process damping effects.

The effectiveness of the process damping compensation process in Figure 50 can
be seen in the resulting plots in Figure 51. When the damping coefficients are not corrected
(Figure 51 left) the errors between the analytical and experimental results are great even
after the initial impact, and grow significantly in each part rotation. When process damping
effects are included (Figure 51 right) the analytical and experimental motions are much

closer even after three part rotations.
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Figure 50: Flow of dynamic parameters used in the analytical solution to model the model the experimental
system with process damping effects.
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The differences between the free and cutting FRFs are due in part to the effects of
process damping, however, process damping alone does not explain why there is a shift in
the natural frequency (in Figure 49 the natural frequency of the first mode is shifted right
by 10 Hz). Recall from the single degree of freedom analytical model that the tool stiffness

is effectively increased while the tool is in the cut, such that k, =k+bK_cos(8). This

increase in effective stiffness can be observed experimentally here as an increase in the
natural frequency of the system while the tool is in the cut. Consider the three sets of FRFs
plotted (first mode only) in Figure 52 for b=0.035 and 0.082 inch at 1000 RPM. The red
and blue FRF plots are the measured FRFs while free and in the cut. The black dashed
FRF plot represents a modified version of the free FRF plot, where the modal mass is held
constant, the damping coefficient is equal to the cutting damping coefficient, and the

stiffness is increased by bK cos(3). It can be seen that together the adjustments for

damping obtained experimentally, and the adjustments for stiffness obtained analytically

account for the differences in the two FRF measurements.
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4.5Experimental results

The tool displacements measured in the experiments are now compared with
analytical solutions. In the analytical solution the process summarized in Figure 50 is used
to define the modal parameters, where, in these examples the first three modes are
considered. Once the modal parameters are determined, the initial conditions for the
analytical solution must be determined to match those of the experiment.

The initial conditions for the analytical solution cannot be determined by simply
observing the conditions of the experimental data at any point in time. This is because the
analytical solution requires initial conditions for each individual mode in the system, and
these cannot be determined based solely on a single position and velocity state provided by
the experimental data (i.e. the experimental data only provides the sum of the modal states
and not their individual components). The initial modal states are determined by solving
for the modal states through numerical simulation. In these simulations, the measured
impact force is input and Euler integration is used to simulate the modal states over the
duration of the impact. The modal conditions at the end of the impact are then set as initial
conditions for the analytical solution. This process is shown in Figure 53 which shows the
measured force profile of one impact and the resulting measured motion of the tool (left).
In this example the modal system with the measured input force is simulated for 0.0004
seconds assuming that the system is initially at steady state (zero valued initial conditions)
and that the vibrations of the tool during the rotation prior to impact are significantly less
than the vibrations caused by the hammer impact. The conditions of the individual modes
at the end of this period are then set as the initial conditions. The resulting combined initial
conditions are shown on the right of Figure 53, where the simulation based initial

conditions closely match the measured states at the end of the impact.



83

x 10 x 10
£ 9 Conditions at End 8 Expcrlmcnlal
= of Force Input . o Analytical
2, Initial Conditions for 4
8 Analytical Solution
@ ‘\ 2
0 5 _
. . h " E
0 0.1 0.2 03 04 05 06 07 08 09 1 E‘ ol
te X 10 £
8
3000 o 2|
a
«—>
5 2000 ‘ 4l ‘ /
o
e
£ 1000 Input 1 Y \‘nndilions at End of Simulation
Force Impulse and Initial Conditions for
0 | 1 L Duration Analytical Sulu‘li(m )
0 0.1 0.2 03 04 05 06 07 08 09 1 0 05 1 15 2 25 3 35 4 45

te x 10° t(s) < 10°

Figure 53: Process used to determine the initial conditions of the tool for the analytical solution based on
the input force.

The process of defining the modal parameters based on Figure 50 and the initial
conditions based on Figure 53 are automated in a Matlab program, and the resulting
analytical solutions are compared with the measured displacements of the tool. In Figure
54 through Figure 56 the solutions are plotted for b=0.035 inch at 1000 RPM, b=0.082 inch
at 400 RPM and b=0.082 inch at 1000 RPM. From the full time range plots it can be seen
that the general behavior of the analytical solutions closely resemble experimental
measurements, where the tool is excited once per revolution and the amplitudes generally
decrease. At closer inspection the differences between the two plots are more apparent,
where the analytical solutions generally exhibit larger amplitudes. As would be expected,
the two plots agree most during the first revolution where the motions are only a result of
the initial impact. In these regions the phases of both plots closely match and the shape of
the oscillation envelopes also closely match. As the number of rotations increase, the errors
between the two plots also increase. This can be attributed in part the cascading effects of
the errors, where errors during one rotation lead to errors in the next rotation due to the
regenerative forces. Despite the increasing error as the number of revolutions increases,

with the exception of the 400 RPM example, all of the plot results show that the frequencies
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and phases of the predicted in the analytical solution match those determined

experimentally.
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Figure 54: Experimental and analytical displacement data comparison for b=0.035 inch at 1000 RPM.
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Figure 56: Experimental and analytical dlsplacement data comparison for b=0.082 inch at 1000 RPM.

The results from this experimental study show that the general regenerative
characteristics predicted by the analytical model are also observed physically. While the
analytically predicted behavior of the tool deviates from the measured behavior as the
number of rotations increase, the phase, frequency and general form of the oscillation

envelopes closely agree.



CHAPTER 5: MATRIX SOLUTIONS

The analytical framework developed thus far in this dissertation has shown to be
effective in determining the time response of a cutting tool in turning when compared with
numerical simulation and experimentation. However, one drawback of the approach
developed here is that the structure of the solution process becomes quite cumbersome.
The objective in this chapter is to simplify the solution process for the sequential responses
by generating a single matrix transformation to directly calculate the coefficients of one
sequential response based on the coefficients of the previous sequential response. In
Chapter 3: the general solution process was developed for multiple modes, which includes
four primary steps to go from the coefficients of the previous response, xj1, to the
coefficients of the current response, X, as illustrated again in Figure 57. Due to the number
of transformations required and the conditional nature of the coefficient calculation process
in the decoupled state space form (see Equation 3.17), this solution process becomes rather
cumbersome especially as the number of modes increases. As such, a matrix solution is
desired which incorporates all of the steps of the solution process into a more concise form,

X; =2ZX .

The sequential response transformation matrix, Z, is developed by going through
the solution process and making the necessary modifications so that all of the coefficients
of the various transformations (W coefficients and R coefficients) are expressed in terms

of the coefficients of the previous sequential response, Xj-1.
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Figure 57: Process used to calculate the coefficients of the sequential responses.

Let us first start by assuming that the coefficients of xj.1 are known and
systematically go through the solution process. The previous x coefficients are first applied
to the forcing function of the state space model (see Figure 57A) as shown in Equation 5.1

, Where x1,j.1 and X2j.1 are the two modal position from the previous sequential response.

(R} =[AI{R} + {F}bK_ x.

s, xNj-11
0

0 5.1
{F}bK Xi = ]/ “ st,x(Xl,j—l—'_XZ,j*l)

s,xNj-1— 0
Ym,

The forcing terms in F are then transformed to G in the decoupled system using the
transformation matrix V! (see Figure 57B). In order to represent the new forcing
functions, G, in terms of the coefficients of the previous response, a new vector, H, is
defined which scales the coefficients of xj.1 according to the transformation , V-F, as shown

in Equation 5.2.

W} =[DIW} +{G}, {G} =V'FbK_ x., ,H=V'F

s, X"t j-1

G =HbK_ x. 52

s, x"j-1

The resulting decoupled system can now be expressed in terms of the coefficients

of the previous sequential response as shown in Equation 5.3:
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Equation 5.3 is the stage of the process in which new coefficients are calculated

based on the solutions to the decoupled first order differential equations. Take for example

the solutions to wi. The general form of x;.1 is shown in Equation 5.4, so if we take the

maximum order of the polynomials to be 2, the solution to wy is found by solving Equation

5.5. The solution to Equation 5.5 is described in the previous chapter when the forcing

terms are ag using Equation 3.17. However, in Equation 3.17 when n#u the solution

coefficients (ag,,n) are dependent on the higher order solution coefficients (agxn+1). Here,

Equation 3.17 is modified so that the solution coefficients are dependent only on the forcing

coefficients, ax, as shown in Equation 5.6 (See Appendix F for derivation of Equation 5.6

)-

— 1) gt 1) gt
xjfl—(axyﬂ’o+amvlt+...+amvjflt )e +(amz‘0+axﬂvlt+...+axllzyjflt )e

5.4
1) st J-1Y a At
+(ax,,13,0 + ax,/IS,lt Tt ax,ﬂ3,j—lt )e + (ax,,m,o + ax,,14,1t Tt a‘x,i4,j—lt )e )
P 2\ g At 2\ gt
W, = /11W1 + st,xhl[(ax,,u,o + ax,/u,lt + ax,/u,zt )e + (ax,/lz,o + ax,/lz,lt + ax,/lz,zt )e 55
2\ ot 2\ 2t '
+(ax,/13,0 + ax,,13,1t + ax,l3,2t )e + (ax,/m,o + ax,/14,1t + ax,m,zt )e ) ]
ax Au,v
awn,iu,w—l = bKs,xhn ’ n=u
v+1
(v+vy) 5.6
A (_1) (Vx)! ax,iu,vx

n uv:stxhn v , N#U
Ban i | Z (W4, =4, )

The solutions to the wy coefficients based on Equation 5.6 are applied in matrix

form in Equation 5.7. Here, the transformation matrix, Y3, is used to solve for the
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coefficients of wy based on the coefficients of x, where the vectors Aw: and Ax represent

the coefficients of the combined polynomial and exponential basis.

A = YA DK b
7aw1‘4‘1‘07 I v, Vi Yt Yiewia ’ax‘ 0

: -1 1 -2 -1 1 -2 -1 1 -2

A | | 100 AR AT A A A (mA) (AT A A A (e,
1

1
a’wl‘/}l‘z O o 0 ax‘ 12

2 Yz
Q1,220 1 -1 2 & 120

A (o h) (k)
awLAZJ 5 5 2 ax‘ 21
LA (4 1 A)
1,22 0 0 A=A 8122
Y bK, .hy
Q1130 1 -1 2 3,130 5 7
Foh (i A) (B =R '
a\Nl,}C!,l 0 P — 2 ax,/‘S‘l
bt (k=)
0 0 _—
Q132 - 132
ik Y
Q1140 1 -1 2 A 140
Ak (A h) (A —A)
A1 a1 0 — 7 || @241
b (A=)
1
| w42 | I 0 0 A=A | 8x.242 |

The diagonal block elements of Equation 5.7 , Y14, represent the particular
solutions to wi based on the input coefficients associated with A,. The particular solution
transformation blocks, Ynu, can be generated for all of the w solutions using Equation 5.8
. As it is known that the maximum degree of the solution polynomials increases by one in
each sequential response, the total size of the Y, matrices should be JxJ, where J is the
total number of sequential responses being generated (so the transformation matrix in

Equation 5.7 is applicable to the first three sequential responses). The size of the total

transformation matrix solving for the wi coefficients is 2JN ., < 2JN where there are

mode mode !

2N state variables.

mode
The block elements in the first row of Equation 5.7, Yicia, represent the

complementary solution to Equation 5.5. Recall that the sequential responses are
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calculated assuming zero valued initial conditions, so the total solution must be equal to
zero at t=0. As such, the complementary solution must offset the initial displacements
associated with the particular solutions, which, in this system are equal to the sum of all
coefficients of degree zero (aw1,u,0). Notice that the Yic1u blocks are the negative values
of the first rows of the Y blocks. The complementary solution blocks can be generated

for the w coefficients solutions using Equation 5.9.

[0 0 0 0
1/1 0 0 0
Y, = 0 1/2 .0 0 ‘n=u
' 0 0 0
0 0 0 L 0
L 'J _l J4JIxJ
1 3 1 2 l
j’“ _/1” (j’u _/ln )2 (j'u _/1n )3
S S S il 3]
A - A (4 -4) (WA, =4, )"
Yn,ﬂu = 0 0 1 ) _ yn#U
ﬂ'u _ﬂn
1
0 0 0
L ﬂu _ﬂln A4IxJ 58
chmu 0:n=u
-1 1 2 =)™
ﬂ“ _i“ (ﬂ’u _ﬂ’n )2 (ﬂ“u _ﬂ’n )3 (ﬂ“u _ln )(1+VX)
5.9
Yicnzu = 8 8 8 . eV
L 0 0 0 0 11
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The general solutions to all of the w coefficients are found based on the x
coefficients of the previous response using Equation 5.10. Note that in Equation 5.10 the
Y icn blocks correspond to the row n of the Yn» matrices.

A, =YA,bK_h

s,x''n

Yl,/?,l YICl,lZ YICl,/?.S YIC1JL4 YZ,ll
Yl,ﬂZ YICZ,il YZ,AZ YICZ,ﬂl YICZ,Z.l
Y, = Y, = 5.10
Yl,2.3 YZ,AS
Yl,l4 Y2,Z.4
Y3,/11 Y4,/11
Y3,/12 Y4,/12
Y=y Y Y... Y ' Ya= Y
IC3,A1 IC3,42 3,43 IC3,14 4,13
Y3,/14 YIC4,)~1 YIC4,/12 YIC4,/13 Y4,/14

Where Yn has the size 2JN__. x2JN

mode mode *

The next step in the solution process is to transform the W solutions back to the
state space variables, R, using the transformation matrix V, as shown in Figure 57C. Recall
that the R variables are the state space representations of the modal positions and velocities,

as shown in Equation 5.11.

_rl_ i X, ] Vig Vip Vig Vi _Wl_
R=VW = K| _ vel, _ Voi Voo Vog Vou || W,

I3 X, Va1 Vo Vag Vau || Wy 5.11

_r4_ _Ve|2_ _V41 V4,2 Vas V4,4__W4_

Since we are only concerned with the modal position values, x, Equation 5.11 can
be reduced by considering only the odd rows of matrix V which correspond to the modal
positions. The modified transformation is shown in Equation 5.12 in both the variable

form and the corresponding coefficient form. In the coefficient form the coefficients, Ay,
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from the W solutions are replaced by AJ to indicate that these variables are from the

previous sequential response.

. Xp | [ Var Vo2 Vag Vig | W,
X_V"ddw’{x Ve, Vo, V.. V. W,
2 3,1 3,2 3,3 3,4 3

w,

YAl bK, by 5.12
A>j<l — V1,1 Vl,2 V1,3 Vl,4 YZAi_les,th
A>j<2 V3,1 V3,2 V3,3 V3,4 YgAiiles’Xh3
Y4A>j<_les,xh4

Ai = VoddAW ' {

The transformation from the w coefficients to the coefficients of the first modal

position, x1, is carried out in Equation 5.13 where values v, , correspond to the first row in
the matrix V,,, associated with the first modal position (note that for the second modal
position values of v, —are used). The resulting transformation matrix, Zi, defined by

Equation 5.14, directly relates the coefficients of the previous sequential response to the

coefficients of the first mode of the current sequential response.

Ail = Vl,lYl'A‘i_l st,xhl + Vl,ZYZ'A‘)j<_1 st,th + V1,3Y3A>J;_l st,th + \/1,4Y4'A>J;_l bKs,xh4

= st,x (Vl,llel + Vl,2h2Y2 + Vl,ShSYS + V1,4h4Y4 )Aiil 513
=ZAl™
2Nmode
Z,,=bK,, Z VYo 5.14
n=1

Once the Z transformation matrices are obtained the individual modal positions can
be directly determined based on the previous sequential response solution using Equation
5.15.

A>j(1 = ZlA>j<_1

A, =Z,Al" >
x2 = &2\
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As the coefficients of the total solution are a combination of the components of the
individual modal solutions (A} = A}, +A},), Equation 5.15 can be combined to form

Equation 5.16, or the total solution can be determined directly using Equation 5.17.

A>j<1 — Zl Zl Ail_l 5.16
ALl L2 2] A%
Al=Z, A" where Z_ =7,+2, 5.17
Equations 5.16 and 5.17 allow for the sequential response solutions to be obtained

directly through the Z transformation matrices, where the input coefficient vectors, Al

are the solution coefficients from the previous sequential response. Two forms of the
transformation matrices are provided in Equations 5.16 and 5.17 because each one is more
advantageous depending on the application. For determining sequential responses,
Equation 5.17 is better because the total solution is determined directly without concern
for the motions of the individual modes. However, moving forward, the transition matrices
developed here will be applied for stability analysis where the states of the individual
modes are required within the solution process (see next chapter). As such, Equation 5.16
is needed to “keep track” of the modes individually.
5.1Matrix Dimensions for Z

It is well known that delay differential equations have solutions in infinite
dimensional space (Stepan 1989). The solution process developed here determines the
exact solution in finite dimensional space over a finite period of time, assuming the initial
input function is finite dimensional. If the solution is continued over an infinite period of

time, the solution will be infinite dimensional.
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The sequential responses discussed in this paper each begin at the start of a new
period in the solution process, where the period length is equal to the delay term, t. Each
time a new sequential response is found there is an increase in dimensionality relative to
the dimensionality of the previous sequential response due to the solution process when
u=n in Equation 5.6. The total solution of the J" sequential response (for a 2DOF system)
is shown in Equation 5.18 as a combined polynomial-exponential basis function with the
set of complex coefficients, AJJ, in Equation 5.19.

The size of the basis function is determined by the total number of delay periods
over which the system is to be evaluated, J, (which is equal to the number of sequential
responses which must be determined) and the number of modes in the system. Looking at
Equation 5.18, there are four sets of polynomials with maximum order, J-1, which each
correspond to the eigenvalues of the state transition matrix, A, in Equation 3.8. As there

are two state variables per mode, the number of dimensions in a solution over J periods

with Nmoge modes is 2JN and the size of the transformation matrix Zseq. is

mode !

2‘JNmode X 2‘JNmode '
X :(a +a, , t+..+a t“)e‘ﬂ%(a +a, ,,t+..+a t“)e‘?t
J X,A1,0 X,A1,1 X,A1,J-1 X,A2,0 X,A2,1 X,A2,J-1 5 18
J-1\ p gt I\ pAgt
(B 5.0+ sl oot B gyt ) (B ug + B gt oA, 0 e
J
AJ _ aX,ll,O ’aX,/‘{l,l’ e ’ax,/ll,J—l ’aX,/'{Z,O 1 aX,ZZ,l’ e ’aX,/lZ,J—l 1 5 19
! .
aX,ﬂ.S,O 1 aX,Z.S,l’ e ’aX,l3,J—l ' aX,ﬂ,4,0 ' aX,l4,1’ cec aX,Z.4,.]—1

Note that the basis function coefficients in Equations 5.18 and 5.19 are fully
populated only for the J™ sequential response, and the previous responses have nonzero
coefficients for t of order less than or equal to j-1. Starting with the first sequential

response, which has nonzero coefficients only for the t of order zero terms, each subsequent
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response gains nonzero coefficients for t of order j-1 due to the terms under the diagonal

of the Y matrices.



CHAPTER 6: STABILITY

In the previous chapter a transition matrix, Zseq., was developed to derive the
coefficients of the sequential responses based on the coefficients of the previous response.
Zseq. incorporates all of the transformations and conditional calculations (Equation 5.6) of
the solution process in Figure 57 into a concise form which allows for the first J sequential
responses to be found through simple matrix operations. While Zsq. allows for a more
direct process when using the sequential response approach, it is not possible to define an
analytical stability criterion based on the sequential responses alone. This is because the
characteristics (or the coefficients) of the sequential responses individually cannot be used
as an indicator of global behavior of the tool. As a result, the transformation matrix, Zseq,,
cannot not be used alone to determine stability

Take for example the tool response plot in Figure 58, which is composed of the first
five sequential responses. The transformation matrix, Zseq., is useful to determine each
sequential response based on the previous response, however, this transformation only
provides information on the sequential responses but not the global behavior. The global
behavior of the tool cannot be observed until the sequential responses are combined
according to the delay period t, as shown at the top of Figure 58, where the functions, y;,
form the total tool motions for each t period. Note that the variable y is used to describe
the total motion of the tool during each j™ period, where the variable x; describes the j

sequential response.
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. 2 s V4 s
x,(t)
x,(t) 1
x;(t) + x5(t-1)
x,(t) + x5(t-1)

x,(t) 4 xj,(t_t) tast-t) X(t-27) +x5(t-21)
2 +xs(t-21) | T A-31) +x,(t-37)
+ x5(t-41)

Total
Response

x;(t)'l“ i -
— wn v s b
& a | AR A A A A s~ =
e 2 ’ A [ I|‘|M"\J’ TAVAAYA "t B X2 Zseqxl
T o X5(t-1) W .
za \ W ¥ x3:zscqx2
o U 2 |
@ e *5(t-27) - AN xmZ x
I I X4 Lseqrs
x,(t-37) YUYV YV / :
Xl X
; , ¥y(-47) 5 Laeats
0 0.005 0.01 0.015 0.02 Q0.025
t

Figure 58: Example tool point response composed of the first five sequential responses, where the
functions, yj, describe the total tool point response during each t period.

Ultimately it is the functions, y;, describing the total tool motions during each t
period that are useful in determining the global stability of the system. Furthermore, if a
new transition matrix, U, is found which directly relates the total tool motions during one
revolution, yj, to the total tool motions during the previous revolution, yj.1, than a modified
version of Floquet theory can be applied to determine stability based on the eigenvalues of
U. The modifications to the transition matrix, Zseq., required to obtain the total transition
matrix, U, are developed here based on the method of steps.

One difference between the U and Zseq. transition matrices is in the way that the
forcing functions are applied to the solution process. In both cases, the transition matrices
are used to determine the coefficients of a current function based on the coefficients of a

previous function (or forcing function). For Zseq., the forcing coefficients are related to the
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coefficients of the previous sequential response (see Figure 58), while the forcing
coefficients for U (using the method of steps) are related to the coefficients of the total tool
motion during the previous period (see Figure 59).

Fortunately, the set of equations relating the forcing function coefficients to the
solution coefficients are the same in both cases (see Equation 5.6), so the transformations
already established in Z are directly applicable for U. The primary difference for U,
however, is that the initial conditions which define the modal states at the beginning of
each t period can no longer be assumed to be zero. According to the method of steps, the
initial conditions for each period are equal to the state conditions at the end of the previous
period, as shown in Figure 59. As such, the transformation matrix U must contain
additional components which define the initial conditions for one period based on the
coefficients of the previous period evaluated at time, . The resulting matrix U, thus, is
dependent on 1, where Zseq. IS independent of t.

y=Uy; y=Uy, v~=Uys  ys=Uy,
ot Vi) V(1) ys(t) V) ys(t)

a(0)=y (1)
01l Y i) =) P
/// YAV 0)=y.0)
0.05H
0 [l W
0.05f
0.1F
0 0.605 O.r01 0.[;15 0.62 0.[325

t (Global time)
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Figure 59: Functions, y;, describing the total tool position for each t period which are obtained using the
method of steps.

6.1Matrix Dimensions for Stability Analysis

One advantage of the sequential response approach is that the sequential responses
can be determined by assuming zero valued initial conditions (with the exception of the
first response which has defined initial conditions). The assumption of zero initial
conditions is significant because the solutions are not dependent on the conditions of each
mode independently, so it is not necessary to “keep track” of the motions of each mode
individually. This allows us to simply combine the motion of all of the modes by

combining the coefficients of Ax1 and Axz, and the individual transition matrixes, Z1 and

Z», to obtain the compact relation, Al=Z_ A", where the size of Zswq is

2JN_ .. x2JN

mode mode *

The situation is different when applying the method of steps because the initial
conditions of each individual mode must be known in order to solve for the tool response
during each period. As a result, the motions of multiple modes can no longer be combined,
and it is necessary to maintain the coefficients describing the motion of each mode as
separate entities. For this reason, Equation 5.16 is used for stability analysis instead of

Equation 5.17, resulting in the transformation matrix, U, with dimensions of

x 2IN?

mode *

2JN?

mode
The resulting general form of the transformation matrix for the method of steps is
shown in Equation 6.1. The Z components of Equation 6.1 solve for the solution

coefficients of the current period based on the coefficients of the previous period (just as
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in Equation 5.16), and the 1Cy components are added to relate the initial conditions of the

current period to the modal conditions at the end of the previous period.

Al _)[A;}:{zﬁ IC,, Z + ICyz}liAif
y

. . 6.1
Al,|"|Z,+1C, Z,+1C,, | Al}




CHAPTER 7: TURNING STABILITY

The process for generating the transformation matrix, U, which directly relate the
motion of the tool during one rotation and the motion of the tool during the previous
rotation for turning is developed in this chapter.

The general form of the functions describing the total motion of the first system
mode for the first J part revolutions is shown in Equation 7.1, where all functions for
periods prior to J have zero valued coefficients for t of order greater than j-1. In order to
apply the method of steps, the transformation matrix U must be able to first determine the
initial conditions for each period, then apply those initial conditions to the new solution

coefficients.

_ I-1) oAt J-1\ At
yJ,l(t)_(ayl‘M,O+aylvﬂ,lt+...+ay1vﬂ,J71t )e +(ay11,12,0+ay1‘“,lt+...+ay1ﬂ'Ht )e

I\ pAgt J-1\ JAgt
+(awgvo+ay1'mt+...+ay1'13,Ht )e +(ay1,l4,0+ay1'i4v1t+...+aylyl4,371t )e4

Yo=Y+ Yo

7.1

To determine the initial conditions of one period, the function from the previous
period must be evaluated at t=t to determine the modal states at the end of the previous
period. A new vector, T in Equation 7.2, is defined to evaluate the function , yjn, at t=rt.
The value of yjn at t=t is found by multiplying the vector I by the coefficient vector, Al,

as shown in Equations 7.3 and 7.4.

Fz[ejir[lrrz---rj‘l] eﬂzr[lrrz---rj_l] eﬂsr[lfrz---f"l] 9’141[1712---1*1]] 7.2



yj:m(r) = [eﬂif [lz' 1'2] e’ [12' 1'21 ™’ [11 72] g™ [11 TZ:I:I

yj,l(T) = I‘Af,1

QD

Y1,41,0

QD

Y1, 441

jab]

Y1,41,2

job]

Y1,42,0

._‘.<9)
N
N
[

QD

y1.42,2

QD

Y1,43,0

jab]

y,,43,1

QD

Y1,43,2

QD

Y1,44,0

SQJ
~
>
-

QD

L Y1.44,2 |
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7.3

7.4

The modal velocities at the end of the previous period must also be determined to

define the initial conditions of the current period. The first derivative of the position

function, y;1 in Equation 7.1, is shown in Equation 7.5. A new vector Q, defined in

Equation 7.6, is created to account for the additional factors resulting from the

differentiation process. The resulting velocity of mode n at t=1 can be found based on the

position coefficient vector, Al,, in Equation 7.7.

1
+ ﬂzayl,,iz,o + ﬂz +E

7.5
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Qn{;tn /1n+l ,1”+3 ,1n+(3_1)}
T T T 7.6
Q=[0,0Q,0Q,0Q,]
Y. (1) =QoT A}, 7.7

Where o is an element-wise vector multiplication.

Equations 7.4 and 7.7 are critical for applying the method of steps to the
transformation matrix, U, because they provide a method of determining the states of the
system at the end of the previous period based on the coefficients of the previous period in
matrix form. In other words, these equations give us “access” to the conditions at the end
of the previous period which allow us to determine the initial conditions of the current
period within the transformation matrix.

Before these equations can be applied, we must first consider how the coefficients
of the current solution are affected by the initial conditions by returning to the general
solution process from Figure 57. The initial values of the W functions are found according

to Equation 7.8 based on the initial conditions, Y(0).

-1 ,,-1 -1 ,-1

W(O) V1,1 V1.2 Vl‘3 V1,4 ) (0)
Wl(o) vivivtvt yl(o)

W (0 :V,;LY 0)= 2 | 21 T2z T2z 24 1 7.8
O=VYO= @ v v v |y,
O] vt vt vt v L@

Expanded in Equation 7.9, the initial conditions for each W function are dependent
on all of the modal initial conditions. Recall that the decoupled state space solutions, wh,
contain components associated with all of the eigenvalues, A, however, the initial
conditions only effect the coefficients associated with A.. As such, the solutions to

Equation 7.9 will be associated with A, and t of order zero.
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w, (0)=v 1y, (0)+ V1Y, (0)+v 2y, (0)+Vv1Y,(0) - a5,
: 7.9

w,(0)=v 1y, (0)+v 1y, (0)+Vvy, (0)+Vv y,(0) — a,,,,
Once the initial W coefficients are known, they are converted back to Y using

Equation 7.10. In Equation 7.11 the position components of Equation 7.10 are expanded,

and the eigenvalue components of the solutions are shown.

y,(0) Vig Vip Vig Vig (| w(0)

Y(0)=VvW(0) = Y1(O) = Voi Voo Vo3 Vou WZ(O) 710
yz(o) Va1 Vap Va3 Vi, W3(0)
y,(0) Var Vaz Vaz Vi w, (0)

w,21,0 4w,22,0 4,230 4,240
y,(0) = ViaW (0)+ Vi W, (0) + ViaWs (0)+ V1,4 Wy (0) 7.11

y,(0) =v, W, (0) +v, , W, (0) + v, , W, (0) + v, ,w, (0)

Substituting Equation 7.9 into Equation 7.11 and separating each eigenvalue
component, the initial coefficients of the two modes can be calculated using Equation 7.12

based on the initial modal conditions.

a'yl 21,0 — Vll( 11y1(0)+vl 2y1(0)+V13y2(0)+V1 4y2 (O))
A () B~ Vo (V2191 (0) +v39: (0)+v;5y, (0) +1,4y, (0))
81 150 = Voa(Va1¥: (0)+V53Y, (0) +v55y, (0) +v,3, (0))

(Vo) (043, (0) +v,3, (0) + v, ¥, (0))

y1/140 V14

ayz 1,0 ~ Vsl( 1,1Y1(0)+V1,2Y1(0)+V1,3y2 (0)+V1,4YZ (O))
(@) Bz = Yoo (Vi (00429, (0)+ vy, (0) + ik, (0)

8y 120 = Vo (V100 (0) 14519, (0) +1:3y, (0)+:1, (0)
2100 = Vo (V291 (023, (0) + V3, (0) 4173y, (0)

Substituting Equations 7.4 and 7.7 into Equation 7.12 and reducing in Equations

7.13 through 7.15, the resulting transformation matrix to determine the initial coefficients
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of the current solution based on the coefficients of the previous solution, A"Yy, and the

delay period, t, is found as Uic,reduced, in Equation 7.16.

aro = Vo (VaTAL +v 00 TAJ ! + v TA) 4V Q0 TA

a
Al (0) — D20 = Vl,z( ’lFA’ l+v*1QoFA‘ 1+v’lFA’ 1+v’lQoFAJ 1)
" Ay1 230 = V13|V 1FAJ A 1QOFA' REATA 1FAJ SV QolﬂAJ l)
81240 = VialV. ‘1FAJ 1+v‘1QoFA‘ 1+v‘1FA‘ 1+v‘1QoFAJ 2) 3
R 7.1
8,5 110 = Vay (VLAY +V3Q0 TAL  +VTA L +v Q0 TA L)
Al (0)_>ay2,/12,0 Vsz( _er’_1+V_1Q FA‘ 1+v‘ll“AJ 1+v‘1§201“AJ 1)
: 85250 = Vaa (V3 ’1FA’ 1+v*1QoFAJ 1+V;13FA’ 1+v;§QorA;;1)
8 100 = Vo (Ve lFAJ 1+v QoFAill+V4’13FA;21+V4y4QoFA;21)
-1 -1 -1 Aj_l
Ay 10 = V1,1[[V1,1 +V1,ZQi|°r I:V +V, Q:Io } AJ L
ly2
_ s
A= e[0T [ evie]er]
Al (0)—> y2
yl AJ 1
Y1a30 = Vi [V31+V3 ZQJOF [Vss +Vy 4Q]°r] AJ Y
T,,-1 -1 -1 -1 -Ajil
apivo= vl v} [ i A
) L"y2
N
8yp 110 = 31[[\/11 +V12Q]°F [V13+VliQ]ol" Aﬁl
y2
_ Aj—l
_ yuzo:Vaz[ V21+V22Q OF[V23+V24Q]0F_ A}!{l
AJ (0)—) _y_21
" 1 AJ
Y2230 = V33[ V31+V3ZQ ol [V33+V34Q:|OF] AJ 4
y2
A"_l
=V +onFv+onr L
msllimdrpaeanl ]



107

) ) | Vi, [vll+v129]ol“ [vlf§+vlfiQ]oF1_
Q10 | | Vi, [v V5 Q o T [V +v,5Q o T
ZVW") Via [v3 A ZQ] o [v3 A iQ] ol |
v1,13,0 _
Al (0) | Byneo | | Vs [V41+V4ZQ:|0F [v43+v44§2:|ol“ AL} 715
AJ (O) ays 10 Vi, [V +v, Q]o r [V13 +Vv, 4Q] o I_I A)J,;l .
a
a‘y’ziiz Vs, _[v;ll + VZ’ZQ]O r [VZ s+ VY, 4Q] ol
_ayz,/14,o_ Vs F’si +V3129% %’33 +V3 4QJ}OF
V|| Va1tV Qo v413 +v414Q ° F__
Al (0) All
I:AJ (0)} U i Reduced |:A§§l:| 7.16

The components of Uicreduced Can be found using Equation 7.17, where ® is a
Kronecker product. The subscript “Reduced” in Uic reduced IS present here because the rows
of Uic reduced COrrespond only to the t of order zero rows of the transition matrix. In the full
transition matrix, the rows of Uic reduced are shifted to match the t of order zero terms to
form Uic.

Uenoma=| U2 02 747
U e e, =| V(20 ~11) o VE(5,2n,-1) @ T+ V(2n, -1,:) o VE(:,2n,) [®[Q0T]

We now have all of the components required to describe the motions of the tool
during one period based on the motion of the tool during the previous period. In Equation
7.18, the Z component of the transition matrix (calculated using Equation 5.14) determines
the motion of the tool based on the “surface left behind” in the previous period, and the Ujic

component sets the initial conditions of the current period based on the conditions at the

end of the previous period.

A 7 z} A“l Al
l—|4 L 1+U v 7.18
{A;j [ZZ Z, A;Zl LAY
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After combining these two components the total transformation matrix, Utum, IS

obtained, as shown in Equation 7.19.

j j—1
A%l :Uturn Aglil )
A, Al

Z Z
Uturn :|:Z; le|+UIC

2

7.19

7.1Example

The transition matrix for turning in Equation 7.19 is now compared to numerical
simulation results to verify that the tool motions described analytically match numerical
results. Euler integration is used in the numerical simulations using a time step which
results in approximately 100 iterations per tool oscillation. In both the analytical and
numerical simulations, the system parameters shown in Table 4 are used, and the initial
conditions at the start of the cutting process are y(0) =0,and y(0) =1m/s. Two example
solutions are plotted using the machining parameters of b=2.5mm at 6000 and 8000 RPM

as shown in the stability lobe diagram in Figure 60.

Table 4: System parameters used in the single mode turning examples.

k 1E7 N/m
m 0.88 kg

c 400 Ns/m
Ks 2E9 N/m?
B 70°
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Single Mode Stability Lobe Diagram

E Example 1
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Figure 60: Two time domain examples for a single mode system evaluated at a depth of cut, b=2.5mm at
6000 and 8000 RPM.

The two example solutions are plotted in Figure 61 over 8 part revolutions. These
results show that the functions, y;, match those of the numerical solution over this range.
Also, the stability predictions based on the stability lobe diagram in Figure 60 agree with

the time domain plots, where example 1 appears to be unstable while example 2 is stable.

. 10* Example 1 10 Example 2
3 3
Vi Y2 V3 Y4 Vs Ve Y7 Vs Yi Y>3 Ya Ys Vs Y7 Vs
2
Simulated
1 ‘ - = = = Analytical

x(t) (m)

6000 RPM (1=.01s) 8000 RPM (1=.0075s)
'30 001 002 0035 004 005 006 007 008 ’30 001 0.02 0.03 004 005 006
t(s) t (s)

Figure 61: Two time domain examples for a single mode system, where the analytical motions for each
period are fount using Equation 7.19. As predicted by the stability lobe diagram, Example 1 is unstable,
and Example 2 is stable.

A second set of example solutions is shown for a two mode system using the modal

parameters shown in Table 5. The machining parameters shown in the stability lobe



110

diagram in Figure 62 are used for the two examples, with b=3.75mm and spindle speeds of
6000 and 8000 RPM. The same numerical simulation parameters used in the single mode

examples are used here.

Table 5: System parameters used in the multi-mode turning examples.

ki, ko 1E7, 4E7 N/m
msy, My 0.88, 1.2 kg
C1, C2 500, 600 Ns/m
Ks 2E9 N/m2

B 70°

Multi-Mode Stability Lobe Diagram
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Figure 62: Two time domain examples for a multi-mode system evaluated at a depth of cut, b=3.75mm at

6000 and 8000 RPM.

3

The resulting time domain plots for the two mode examples are shown in Figure
63. These results also show that the analytical and numerical results agree even though the
system dynamics are more complex as a result of the additional mode. The stability
characteristics of these plots also agree with the predictions of the stability lobe diagram,

where example 1 is unstable and example 2 is stable.
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Figure 63: Two time domain examples for a multi-mode system, where the analytical motions for each

period are fount using Equation 7.19. As predicted by the stability lobe diagram, Example 1 is unstable,
and Example 2 is stable.

7.2Stability Analysis

The ability to describe tool motions analytically during a cutting operation is
convenient, however, it is typically more important to be able to determine whether the
tool motions will be stable or unstable (chatter) based on the parameters of the machining
operation. In this section, the possibility of using characteristics of the transition matrix,
Uwm in Equation 7.19, to determine stability directly is investigated. Here, a modified
version of Floquet theory is used to determine stability based on the eigenvalues of Urn.
Floquet theory is used to evaluate the stability of delay systems where the coefficients
describing the system at periodic points in time are related through a single transition
matrix (Uwm Equation 7.19) (Bayly 2003; Insperger 2002; Insperger 2004; Minis 1993).
From this theory, the eigenvalues of the transition matrix can be used to indicate the
stability of the system, where if the maximum eigenvalue magnitude is less than 1 the
system is stable, and if any of the eigenvalue magnitudes are greater than 1, the system is

unstable.
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The stability lobes generated using Floquet theory are compared with stability lobes
generated using numerical simulation in Figure 64 using the system parameters in Table 4.
For the simulated stability lobes, time domain simulations are run over 50 revolutions using
a time step resulting in approximately 20 iterations per tool oscillation. The simulation is
repeated over a range of 30 values of b from 0.01mm to 10mm and 100 spindle speeds
from 100 to 13000 RPM, resulting in a total number of 3000 simulations. During each
simulation, once per revolution samples are taken of the position of the tool, and the slope
of the last two thirds of the absolute values of the sampled positions is found using the
“polyfit” command in Matlab. If the slope of these points is greater than zero, it is
determined to be unstable, and if the slope is less than zero it is stable.

The analytically determined stability lobes are found by evaluating the eigenvalues
of Uwm with J=8 part revolutions over 100 values of b from 0.01mm to 10mm and 100
spindle speeds from 100 to 13000 RPM. If the magnitude of any of the eigenvalues is
greater than one, the system is unstable, if less than one, the system is stable. Both stability
lobe plots are generated in Matlab as contour plots, where the line associated with the value
zero over a grid of slope values is plotted for the simulated stability lobes, and the line
associated with the value one over a grid of maximum eigenvalue magnitude is plotted for
the analytical stability lobes. (Note that the remaining stability lobe plots in this document
are plotted using this method)

The resulting stability lobe diagrams are shown in Figure 64. It can be seen in this
figure that the stability boundaries closely match at higher spindle speeds, but as the spindle
speed is decreased, the analytically determined stability boundary begins to bend upward

relative to the simulated stability boundary.
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Figure 64: Single Mode stability lobe comparison using numerical simulation with 20 points per oscillation
over 50 revolutions, and the analytical stability prediction found by evaluated the eigenvalues of the
transition matrix in Equation 7.19 using Nye,=8.

The “upward bend” in the analytical stability lobes is a result of the parameter, J,
used to produce the transition matrix, Uwm. Recall that J is the number of part revolutions
(or delay periods) for which the solution to Equation 7.19 is exact. To see how the value
of J affects the analytical stability boundary, in Figure 65, the stability lobes are plotted for
J=2, 4, 6, and 8 along with the stability boundary generated using Tlusty’s FRF approach.
It is clear from this figure that as J is increased, the stability boundaries approach those
predicted by Tlusty, and the upward bend occurs at lower spindle speeds. While increasing
J produces more accurate results, there is a drawback to increasing J due to the size of the
Uwm matrix. For example, in this single mode system, if J is increased from 2 to 8, the size

of Uwm increases from 4x4 to 16x16 (where size(U,,,) = 2N N2, x2N N7 ).

mode mode
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Single Mode Stability Lobe Diagram
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Figure 65: Single mode stability lobe diagram determined analytically using J = 2, 4, 6, and 8 compared
with Tlusty’s stability lobes (gray).

To better understand how J affects the stability boundary, consider the point A in
Figure 65 in between the J=4 and 6 boundaries. Recall that DDEs are inherently infinite
dimensional systems. The solution process developed in this dissertation provides an
exact, finite dimensional solution to a DDE, however, the solution is only exact over a
finite number of delay periods. If a transition matrix generated to be exact for J periods is
used to generate the tool response for more than J periods, then all coefficients of the
solutions of order greater than J are ignored, and accuracy is lost. For example, in Figure
66 the analytical time responses are shown for 50 revolutions when the transition matrices
are limited to J= 4 and 6 using the machining parameters at point A in Figure 65. It is
known based on Tlusty’s model that the system is unstable at A. When Uwm with J=4 is
evaluated over 50 revolutions, the time response appears to be stable, while the time

response is shown to be unstable if J is increased to 6 (note that both of these results agree
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with their respective stability boundaries). The takeaway from Figure 65 and Figure 66 is
that as the spindle speed decreases (and the delay period increases) higher order terms are
required to accurately predict stability in turning, and all of the stability boundaries become

more accurate as the spindle speed increases (delay period decreases).

1 50 Revolutions at J = 4 05 50 Revolutions atJ =6

x
4
2
= i1y _ =
% |1 =
2 )
4 I L | L | I I 05
o]

. . . . . . ;
01 02 03 04 05 06 D7 08 09 A 0 01 02 03 04 05 06 07 08 09 1
t(s) t(s)

Figure 66: Comparison of analytical solutions at point A in Figure 65 when the transition matrix, Uwm, is
created as J =4 and 6 and carried out over 50 revolutions.

The stability boundaries for the two mode system from Table 5 is plotted in Figure
67 for J=2, 4, 6 and 8 along with the stability boundary predicted by Tlusty. The results
from Figure 67 show that the application of Floquet theory is effective in predicting
stability limits even as more modes are applied to the system. Here again we see that as J
is increased, the accuracy of the stability boundaries increases. However, as J is increased
for a two mode system, the resulting increase in the size of Uwm is more significant, where

an increase of J from 2 to 8 causes an increase in the size of Uwm from 16x16 to 64x64

(where size(U,,,)=2JIN;

mode

x2JINZ2 ).
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Multi-Mode Stability Lobe Diagram
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Figure 67: Multi-mode stability lobe diagram determined analytically using J = 2, 4, 6, and 8 compared
with Tlusty’s stability lobes (gray).

7.3Conclusions

The use of Floquet theory in this chapter to evaluate turning stability based on the
transition matrix, Uwm, has been shown to be effective at higher spindle speeds, with
decreasing accuracy as the spindle speed decreases. As the spindle speed increases, the
stability limits approach those predicted using Tlustys’ FRF approach. One way to increase
the accuracy using the current method at lower spindle speeds is to increase the value of J,
and thus the size of Uwm, at increased computational expense. It is interesting to note that
the upward bends shown in the stability lobes resemble the upward bends known to exist
as a result of increased process damping at lower spindle speeds. However, there is no
consideration of process damping in the current model so there is no physical link between
the upward bends shown here and process damping.

The processes used in this chapter to determine the transition matrix, Uwm, and to

determine stability analytically have shown to be effective for the most basic cutting
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operation (turning). In the following chapters, these methods will be expanded for the

evaluation of more complex machining operations.



CHAPTER 8: STABILITY IN LOW RADIAL IMMERSION MILLING

Low radial immersion milling (LRIM) is a type of milling operation in which the
tool is engaged in the work piece for a relatively short period of time as it rotates.

Classical stability criteria (Altintas 1995; Tlusty 1963) becomes less accurate for
LRIM because the tool is only in the work piece for a short period of time, while it vibrates
freely for the rest of the time. The introduction of intermittent free vibration periods
increases the complexity of the stability prediction process because the system is, in effect,
governed by two different dynamic models depending on if the tool is in the cut or not.
The result of the free vibrations, noted by Davies et al in (Davies 2002), are additional lobe
features that appear in the stability lobe diagram. Davies et al was able to produce these
additional lobes by pairing the “free” dynamic system to an “approximate “cutting”
dynamic system (Davies 2002). Davies’ process was later improved in (Bayly 2003) by
incorporating temporal finite element analysis (TFEA) to better approximate the system
dynamics while cutting and Mann et al gained similar results using the Chebyshev
collocation method (Butcher 2009; Butcher 2005). Other analytical methods which
produce the additional stability lobe features are the multi-frequency solution (Merdol
2004) and the semi-discretization method (Insperger 2002), which has been shown to better
match experimental stability results (Gradisek 2005).

The combination of forced vibrations while the tool is in the cut and free vibrations

while the tool is out of the cut increases the complexity of this type of milling operation.
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However, because the tool is engaged in the work piece for a relatively small angle range
in LRIM, the angle dependent cutting force can be more accurately approximated as acting
in a single direction (as in turning). This fact makes a “turning model” approximation of
the system dynamics more appropriate for LRIM than for higher radial immersion
operations, thus, LRIM is the most obvious machining operation to apply the analytical
methods developed for turning in the previous chapters.

A general schematic of a LRIM operation with a single tooth cutter is shown in the
left side of Figure 68. As the tool rotates, it feeds into the material and makes one cut per
revolution. In this simple model it can be seen that the tool is engaged in the work piece
for a short period of time and the range of angles which the tool is cutting is relatively
small. If it is assumed that the cutting forces can be approximated as acting in a single
direction (as done in (Bayly 2003)), than the LRIM operation can be modelled as a
modified turning operation, where the tool cuts a protrusion of material once per revolution,
as shown in the center of Figure 68. The motion of the tool in this interrupted turning
model is shown in Figure 68 right, where the tool makes a new cut at the start of each
period, T, is in the cut for time, tc, and is freely vibrating for time, tr. The free and cutting
times are determined by the parameter p which describes the ratio of time in the cut relative

to the tool passing period, t. tc and tr can be calculated using Equation 8.1 (Bayly 2003).

t =pr,t,=(1-p)r 8.1
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Figure 68: Single tooth low radial immersion model (left), the turning model approximation of LRIM
(middle) and the single force direction approximation model (right).

In the previous chapter, Floquet theory was applied to determine the stability of
turning operations by evaluating the eigenvalues of the transition matrix, Uwm. Uwm
directly relates the tool motion coefficients of two subsequent periods when the initial
conditions of the current period are equal to the conditions at the end of the previous period.
For the LRIM case, this same approach is used, however, modifications are needed to
account for the free vibrations of the tool.

The presence of the free vibrating periods effectively means that the tool behavior
is governed by two separated dynamic systems. During the cutting sections the forces are
based on present and past states of the tool (DDE) in Equation 8.2, while there are zero
external forces on the tool (ODE) in Equation 8.2 while the tool is freely vibrating (Davies

2002).

bK, , (Y(t-0)-y(t)) 0<¢<2mp

; 0<¢<27 8.2
0 2mp < Pp< 21

my+cy+ky = {

The solution to the DDE Equation 8.2 is already known based on the previous cut

period coefficients and the initial conditions. The general solution to the DDE in Equation
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8.2 is shown in Equation 8.3, where the eigenvalues 4 , ,, are those of the free vibrating

system, and the state solutions based on the initial conditions of the free sections is shown

in Equation 8.4 (Bayly 2003).

y, (D) =ce” +ce’?
8.3
k .|k k
lf,(1,2):\/%i| E_}EQ’Z

i lf ,1eif 2 //lf ,zeﬂf 8 e’lf it e/lf a |
Yf (t) _ /lf’]__/lfvz j’f,l_/lf,z yf (O)
y; (1) A ,12~f,2eif'2t — A ,1ﬁ~f,2e/1f . Ay ,191let _/1f,zelf'2t ¥: (0) 8.4

L /1f,1_/1f,2 /1f,1_/1f,2

|01 )

A schematic of the time response of the tool during LRIM is shown in Figure 69,
where the blue sections indicate the tool motion while cutting, and the red dashed sections
are when the tool is vibrating freely. It can be seen in this figure that the initial conditions
at the beginning of each cutting section are equal to the conditions at the end of the previous
free vibration period. Furthermore, the conditions at the beginning of each free vibration
section are equal to the condition at the end of the cutting section of the same period. The
new transformation matrix for the LRIM case, ULrim, must account for both of these
“condition transfers” in order to determine the motion during one cutting period based on

the motion during the previous cutting period.
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Figure 69: Time response of the tool as it repeatedly enters the cut, where the initial conditions as the tool
enters the cut are equal to the conditions at the end of the free vibration period of the previous period.

In Figure 69 the cutting operation is shown over three rotations, cutting at A B and
C. Although displayed as three separate material sections, A B and C are actually the same
material section shown at three points in time. As such, the wavy surface that the tool
encounters when cutting B is the surface left behind after cutting A, and the surface
encountered at C was left behind after cutting B, and so on. This repeated interaction
between the tool and the surface allows us to apply the same basic procedure to determine
the response of the tool as it repeatedly passes over the same material section as was used
in turning. The primary difference for LRIM is that the initial conditions of each cut are
not equal to the conditions at the end of the previous cut because of the additional free
vibrations. Therefore, the initial condition portions of the transition matrix, Uirim, must
account for these additional free vibrations.

Let us start by considering the initial conditions at the start of cut B in Figure 69.
The initial conditions of ycg at point 3 are equal to the modal conditions of the free

vibrations of, ya, evaluated at tr from the start of yta. The initial conditions of ysa at point
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2 are equal to the conditions at the end of cut A, which is equal to yca evaluated at the cut
time, tc.

The conditions of the first mode at the end of A (point 2) are shown in Equation 8.5
, Where the subscripts of I" and Q indicate that t is replaced by tc in Equations 7.2 and 7.6

respectively.

ycA, Model (tc ) = l_‘tc‘A)j/cA,l
ycA, Model (tc ) = (th © Ftc )Agch,l

8.5

The conditions at the end of the free vibration period, at point 3, can be calculated
based on the initial conditions at point 2 by expanding Equation 8.4 as shown in Equation
8.6, where D is the 2x2 matrix in Equation 8.4.

Y ta, Mode1 (tf ) = ( D(tf )Model’l’l Y ocer (0) + D (tf )Model,l,z yfA,Model(O))
yfA,Model (tf ) = ( D(tf )Model,z,l yfA,Model (O) + D (tf )Model,2,2 YfA,Model (O))

8.6

Note that the free eigenvalues in Equation 8.4 must correspond to the modal

parameters of each individual mode. Recognizing that the conditions of ycAyModel(tc) are

equal to the conditions of Y, vee: (0), and that the conditions at Y i, o (t,) are equal to

the initial conditions of cut B at point 3, we can obtain the expression for the initial

conditions of Yg e (0) shown in Equation 8.7

ycB,Model (O) = ( D (tf )Model,l,l l—‘Itc + D (tf )Model,1,2 (th °© l—‘tc ))A)j/cA,l

ycB,Model (O) = ( D(tf )Model,Z,l l—‘tc + D(tf )Model,2,2 (th © 1—‘tc ))A:/CA,l

8.7

In order to account for the free vibrations in matrix form, the derivation of Uic reduced

is revisited and adjustments are made based in Equation 8.7. Equation 7.12, which is
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shown again below, gives the zeroth order coefficients of the tool motion solution based

on the initial conditions at the beginning of the cut.

yl)LlO - Vll( llyl(o)+V12y1(0)+V13y2(O)+V14y2(0))
A (0)  Biz0 = Yra (Vi (0 + V2%, (0)+ vy, (0) + 2k, (0)
81150 = Vs (Va1¥s (0)+153Y, (0) + v 3y, (0) + 3y, (0))
y1/140 - V14( 4lyl(0)+v42yl(0)+V43y2(0)+v44y2(0))

Ay10 = Vs (11Y1(0)+V12y1(0)+V13y2(0)+v14Y2(0))
(O)—) Ay2.220 = V32( 21Y1(0)+V22y1(0)+V23y2(O)+V24y2(0))
8,530 = Vas (Var¥s (0)+V55Y, (0) +v;3y, (0) +V;3y, (0)
Ay2,24,0 V34( 41y1(0)+v42y1(0)+V43y2(0)+v44Y2(O)

Substituting Equation 8.7 into this equation and reducting in the same way as was

done in Equations 7.13 through 7.16, we obtain a new transition matrix, y (toty) to

f ’
IC,LREM,

determine the zeroth order coefficients for one cut based on the coefficients of the previous

cut when there is a period of free vibration between cuts. The elements of U (tc,tf )IC REM

can be calculated using Equation 8.9, where ® is a Kronecker product.

A’ (0) Al
I:AJ (O)j| U (tcatf )|C,LR|M |:A321 88
UIC 11 U|c12
U (tc’tf )IC.LRIM :l:U,C 21U, 22:|
8.9
U (tc’tf )IC,LRIM,nl,nZ :[V(an_l':)T oV ( 2I‘l -1 :| |:D(tf )Mueten2 11 f© D(tf )Modenz,l,Z (Q‘C Orm)]
+[V(2n1_1':)T :| |:D(tf )Moden 21 ‘C D(tf )Modenz.Z,Z (th Orlc):|

Finally, the components of the transition matrix relating the coefficients of one cut
based on the coefficients of the previous cut are combined in Equation 8.10 to form

U(te,tr)LriMm.
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Al L
{Ajyl:| =U (tc’tf )LRIM {Aiizl:|’

y2

Z, Z
U (tc’tf )LRIM - [Zi Zﬂ +U (tc’tf )IC,LRIM

8.10

8.1Example

The time domain solutions to Equation 8.2 found using Equation 8.10 are now
compared with simulated time domain results for the turning approximation model for
LRIM shown in Figure 69. For these examples the system parameters shown in Table 6
are used, which are the same parameters used in (Bayly 2003) for the analysis of LRIM
using the TFEA approach. Two examples are shown which are plotted in the LRIM

stability lobe diagram in Figure 70, having a depth of cut of b=4mm at 5500 and 5850 RPM

using p=0.1.

Table 6: System parameters used in the LRIM examples (Note these are the same parameters used in Bayly
et al, 2003 (Bayly 2003))..

k 2.2E6 N/m
m 2.5859 kg
c 18.1272 Ns/m
Ks cos(B) 2E8 N/m?

LRIM Stability Lobe Diagram (p=0.1)
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Figure 70: Two time domain examples for a single mode system evaluated at a depth of cut, b=4mm at
5500 and 5850 RPM.
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The resulting time domain solutions for the two LRIM examples are shown in

Figure 71 when the initial conditions at the start of the cutting process are

y(0) =0,and y(0) =1m/s. In Figure 71 the red analytical portions of the solution only

represent the motion of the tool while the tool is in the cut since the analytical solution only
provides the tool point motions during this time. It can be seen in the first 8 part revolutions
that the analytical solutions match the simulated solutions, and at these spindle speeds, the
time which the tool is in the cut is significantly shorter than the oscillation period of the
tool. By observing the first 8 revolutions, it is difficult to determine the long term stability
of the system, however, when plotted over the first 50 revolutions, it is clear that example

1 is unstable while example 2 is stable, as indicated by the stability lobe diagram.

LRIM Time Domain Plots (p =0.1)
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Figure 71: Comparison of the time domain plots for example 1 and 2 with the numerical simulation for the
first 8 revolutions (top) and the first 50 revolutions (bottom). Note that the analytical solutions are only
plotted during time that the tool is engaged in the cut, and the numerical solutions are plotted over the
entire time range..
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8.2Stability

Stability lobe diagrams are produced based on the transition matrix, Urriv, by
determining whether the maximum eigenvalue magnitude is greater than or less than one.
The resulting stability lobe diagrams are compared with stability lobes produced through
numerical simulation, using the same process used in the turning stability lobes. The
resulting stability lobe diagrams are shown in Figure 72 when the time step used for the
simulation produces 20 and 100 calculations per tool oscillation. When only 20 points per
oscillation are used (as was the case for turning), the two stability lobes are similar, but
have significant differences. When the time step is decreased to 100 points per oscillation
the simulated stability lobes align more closely to the analytical stability lobes. As the tool
is only engaged in the material for a relatively short period of time, a more refined time

step is needed for the LRIM simulations to accurately predict the tool motions.
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Figure 72: Analytical LRIM stability lobe diagrams using J = 4 compared with numerical simulations using
50 revolutions and approximately 20 points per oscillation (left) and 100 points per oscillation (right) for
the simulations.

A significant difference between analytical stability lobes for turning and LRIM is

the importance of J on the accuracy of the stability lobes. In Figure 73 the LRIM stability
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lobes are shown for J=2, 4, 6 and 8. The first observation is that the LRIM lobes do not
show the same upward bend that appears in the turning lobes as the spindle speed is
decreased. Furthermore, the difference between the stability lobes as J is increased is much
less significant for LRIM than it is for turning. In Figure 73 the is a small adjustment in
the lobes when J is increased from 2 to 4, but the lobes as J is increased from 4 to 6 to 8
are nearly identical. The difference in the dependence on J for turning and LRIM can be
attributed to the fact that the tool is only engaged in the work piece for a short period of
time in LRIM. As such, the higher order terms of the solution have a smaller effect on the
motion of the tool over the short cutting periods (i.e. the values of the high order polynomial
terms are relatively small for small values of t), and the tool motion can be more accurately

approximated using fewer terms.

LRIM Stability Lobe Diagram (p =0.1)
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Figure 73: Comparison of analytical LRIM stability lobes using Nrev = 2, 4, 6, and 8, where the stability
lobes for Nrev = 4, 6, and 8 are nearly identical.
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The LRIM stability lobes produced using the current analytical approach are now
compared with those generated using the TFEA method in (Bayly 2003). For both methods
the same model is used (see Figure 68) to approximate the LRIM process and the same
system parameters are used for the analysis. In Figure 74 the stability lobes produced using
both methods are plotted together for p=0.05, 0.1, 0.25 and 0.5. It can be seen in this
comparison that the stability lobes are nearly identical using both methods, where the

greatest deviation (although small) occurs in the p=0.5 plot near 2900 RPM.

TFEA
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Figure 74: Comparison of the LRIM stability lobes produces using the current approach (red) and the
TFEA method for p = 0.05, 0.1, 0.25, and 0.5 (TFEA stability lobes from Bayly et al, 2003) (Bayly 2003).

8.3Conclusions

The analytical processes developed in this dissertation have been shown to be
effective for modeling intermittent cutting operations, where the time domain results match
numerical results, and the stability results match those obtained using TFEA. In the next

chapter the matrix solutions for intermittent cutting are used for variable pitch cutting.



CHAPTER 9: LRIM WITH VARIABLE PITCH CUTTERS

The use of variable pitch cutters have been applied in milling applications in order
to alter the stability characteristics of equal pitch tool cutters. Researchers have
investigated variable pitch as a potential for increasing stability limits by “interrupting” the
regenerative processes in the cutting operation (Smith 2010). This work has focused on
characterizing the effects of and designing variable pitch and variable helix angle cutters
to improve performance (Altintas 1999; Olgac 2006; Sims 2008; Tlusty 1983). The results
of this work have shown some increases in the stability limits, or shifts in the ideal spindle
speeds.

In this chapter, a model is developed to analyze a variable pitch LRIM cutting
process. The LRIM component of this model again allows for the force to be approximated
as acting in a single direction. It also allows for the assumption that the tool has a period
of free vibrations in between each cut, as is required for the model developed here. Figure
75 illustrates the variable pitch LRIM cutting process model. In this example there are
three cutting teeth used which are separated by angles ¢ag.c. The unequal angle spacing
between the cutters causes the free vibration period to differ in length after each tooth exits
the cut, trag.c, While the time that the tooth is in the cut is the same for each cutter, t.. The
free and cutting times can be calculated using Equation 9.1, and the resulting system of

ODEs and DDEs describing the system are shown in Equation 9.2. Figure 75 also shows
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the cutting and free periods for one complete tool revolution, where the material sections

labeled A, B and C indicate which tool is cutting.

yd! i
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Figure 75: LRIM with variable pitch cutters, where the time in the cut is the same for each tooth, but the
free vibration periods vary for each tooth.
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Analysis of the variable pitch system is more complex than the equal pitch (or
single tooth) cutters because multiple free vibrations periods and multiple delay periods
must be considered. Rather than searching for a direct solution to the DDE with multiple
delays in Equation 9.2, we can simply piece together the solution by using the transition

matrices already developed for LRIM. The transition matrix for LRIM, Urrim, determines
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the tool motions when the tool encounters a surface described by the set of coefficients, Al
! when the tool was in the previous cut for time, tc, and vibrating freely for a time, tr, before
reentering the cut. In effect, the times (tc and tf) used to construct U rim account for the
delay period between two consecutive cuts, so in the current three tooth cutter example
with three delays in Equation 9.2, three transition matrices (ULrim) are needed to describe
the tool motions going from tooth A to B to C and back to A.

In Equation 9.3 the relations between the tool motions in the three subsequent cuts
are shown, where Ayagsc are the coefficients (for a two mode system) describing the tool
motions while each tooth is cutting. The transition matrix, U(ttf)Lrim, relates the
coefficients from one cut to the next when the time of the first cut is t¢, and the time of the
free vibration in between cuts is tr. For the LRIM case, this transition matrix need only be
derived once because there is a single tc and single tr. For variable pitch, this transition
matrix must be determined multiple times to account for the multiple free vibration periods.

For example, U (t,t,,) _ IS used to determine Aj;" based on ALY, U (t,t,)

is used to determine A - based on AJ;", and U (t,,t,.) _isused to determine A}, based
LREM

on Aigl. By combining these relations in Equation 9.4, the multiple relations for the
multiple free periods are reduced to a single transition matrix, Uvarpitch, in Equation 9.5
which directly relates the coefficients of Al, and AJ,'. As a result, it is possible to

determine the motion of the tool during cut A based solely on the motion of the tool during
the previous cut A, where all of the complex behaviors, due to multiple cuts and free

vibrations in between two A cuts, are built into the transition matrix, Uvarpitch.



133

j-1
AyBl
-1
AyBZ

A _u(t Aser 9.3
ALYt [ AT |

U

c’ fA LRIM AJAE

A;Al U Ai,clll
_A;/AZ L fC e | ALY
A A
AiAz =Y (tc,tfc )'-R”V' v (tc’th)LRlM Aiaﬁ
i 1 9.4
A A
AiyAz =U (tote) o U (tote) g YU (Grtia) oy, {A‘YAE
Al U ALl
A;/AZ VarPitch A;/A; 05

UVarPltch =U(t ( fc) RIM U (tc’th)LRIM U (tc’th)LRIM

NOTE that the subscripts of Ayasc indicate which tooth that is in the cut, however,
the basis functions for each are the same because all of the cutting parameters are the same
for each tool. In other words, the relationship between cuts A and B in the variable pitch
model are the same as the relationship between two subsequent LRIM cuts with equal pitch
or a single tooth cutter. This allows us to use the same relationships already established,

U (L tg) o 1O relate motions between different cutting teeth. (In other machining setups

the basis function between two cut sections can change due to a cutting parameter change,
and a different approach must be used to relate the motions between the two sections).
9.1Example

Two example time domain solutions are evaluated and compared with numerical
simulations of the variable pitch LRIM model. The system parameters found in Table 7
are used in the examples, and the machining parameters labeled in the stability lobe

diagram in Figure 76.



Table 7: System parameters used in the Variable Pitch LRIM examples (Note these are the same
parameters used in Bayly et al, 2003 (Bayly 2003))..

k 2.2E6 N/m

m 2.5859 kg

¢ 18.1272 Ns/m

K cos(p) 2E8 N/m?

0125 0°. 100°, 250°

Variable Pitch LRIM Stability Lobe Diagram (p = 0.3)
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Figure 76: Two time domain examples for variable pitch LRIM milling evaluated at a depth of cut,
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The resulting time domain plots are shown in Figure 77 for the first 6 revolutions.

In Figure 77, the simulated results are plotted in two different colors depending on whether

the tool is in the cut or not, where the blue sections are when the tool is in the cut, and the

black sections are when the tool is freely vibrating. The red analytical sections of Figure

77 are only plotted for when tooth A is in the cut. This is because the transition matrix,

Uvarpritch, need only “keep track” of the motions while only one tooth is in the cut per

revolution, and all of the motions between A cuts are accounted for within Uvarpitch.
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Variable Pitch LRIM Time Domain Plots (p =0.3)
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Figure 77: Simulated and analytical time-domain plots for the two variable pitch LRIM examples. The
simulated response is shown as black when the tool is out of the cut and blue when the tool is in the cut.
The Analytical solution (red) only determines the motion of the tool when tooth A is in the cut and is
determined using Equation 9.5

9.2Stability

Stability lobe diagrams are produced based on the eigenvalues of Uvarpitch Using the
system parameters of Table 7. The stability lobes produced using Uvarpitch are compared
with simulation based stability lobes in Figure 78. The simulations used for Figure 78 used
a time step which produced approximately 300 calculations per tool oscillation, and the
same stability criteria developed in the simulated turning stability lobes is used. The results
from Figure 78 show that the stability lobes produced analytically and through simulation

do closely agree over the range of machining parameters evaluated.
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- Variable Pitch LRIM Stability Lobe Diagram (p = 0.3)
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Figure 78: Analytical variable pitch LRIM stability lobe diagram with Ny,=4 compared with numerically
simulated stability lobes evaluated over 50 revolutions using approximately 300 points per oscillation.

The analytical stability lobes for the variable pitch angles shown in Table 7 are
compared with the stability lobes of an equal pitch, three tooth cutter in Figure 79. As
expected, the shape of the equal tooth spacing stability lobes resemble those of the LRIM
lobes in the previous chapter. The variable pitch lobes show a less ordered structure which
agrees more closely with the equal pitch cutter at higher spindle speeds, then deviates as
spindle speed decreases. From this example there is no clear advantage to the variable
pitch cutter in terms of raising the stability limit, although there are areas of high stability
limits which occur at different spindle speed locations when compared with the equal angle
cutter. It is possible that a different tooth number and angle combination would result in a
more beneficial stability characteristics, however, investigation of the optimum tool

arrangement is outside the scope of the current work.
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Variable and Equal Pitch LRIM Stability Lobe

- Diagram Comparison (p = 0.3)
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Figure 79: Stability lobe comparison between an equal pitch and variable pitch cutter using the system
parameters from Table 7.

9.3Conclusions

It is shown here that application of the matrix solutions for the time-domain and
stability analysis of a variable pitch cutting operation match those predicted numerically.
The key takeaway from this section, however, is that the solution process developed for
LRIM can be applied to systems with increased complexity due to the increased number of
time delays (see Equation 9.2). Despite increasing from a single time delay in the previous
chapters to three here, the solution process is a simple matter of “piecing together” the

multi-delay solution using the same tools developed for single delay systems.



CHAPTER 10: MILLING USING AVERAGE ANGLE APPROXIMATION

At higher radial immersions the single force direction approximation loses accuracy
because change in force direction as the tool sweeps around the cut has a more significant
effect on the motion of the tool. In this chapter the milling process is approximated using
the solution methods developed in this dissertation to model the effects of changing the
number of teeth in the cut. Milling operations have been analyzed previously by
approximating the variable force direction using the average angle (Tlusty 1999), or
average force values (Altintas 1995; Tlusty 1999). In this chapter, the analytical results
produced will be compared with the average angle approximation approach. Although
only an approximation of the effects of the variable force direction, the average angle
approximation provides an additional “machining scenario” that can be used to expand and
test the current analytical approach.

Consider the 50% radial immersion diagram using a 6 tooth cutter in Figure 80. In
Figure 80A, the dynamic system is oriented to allow motions of a single mode system only
in the direction normal to the average cut angle, ¢avg, Surface. The average angle orientation
of the dynamic system is a simplification of Tlusty’s model, which uses force direction
factors to project the cutting force onto two modes oriented in different directions. The
average angle simplification shown here projects all of the tool motions in the y-direction
(normal to the average cut angle), and if the cutting forces in the y-direction are

approximated to be proportional to the motion of the tool in this direction (using the
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average angle approximation), than the analytical tools developed in the previous chapters
can be applied to approximate the tool behavior. The resulting linearized approximation
of the milling process is shown in Figure 80B, where the tool forces in the y-direction are

proportional to the tool motions in the y-direction.

Figure 80: (A) Single DOF milling operation where all motions are normal to the average cut angle
direction, and (B) a linear approximation of the milling operation assuming the average angle
approximation.

While the system presented in Figure 80 is a significant simplification of Tlusty’s
average angle approximation model, it allows us to investigate the use of the analytical
tools developed in previous chapters to model in detail how the “number of teeth in the
cut” affects the behavior of the system. The issue of number of teeth in the cut arises in
milling because there are typically multiple cutting teeth on the tool, and depending on the
number of teeth and the radial immersion, the number of teeth that are engaged in the work
piece can change as the tool rotates. In Tlusty’s stability model for milling using the

average angle approximation (which is a modification of his turning stability model with
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an assumed single force direction), the number of teeth in the cut is accounted for by
shifting the stability lobe diagram by a factor, N¢*. N¢* represents the average number of
teeth in the cut during one rotation of the tool. N¢* can be calculated using Equation 10.1,
where Nt is the number of teeth and ¢cut is the total angle in which the tool is engaged in
the cut. The resulting stability limit in this model is found using Equation 10.2, where Ks
is the cutting force constant and FRForient iS the oriented FRF which accounts for the force
direction factors.

*_ Nt cut 10.1

N, =
27

-1
blim = =
2KS Re[FRForiem] N,

10.2

The analytical model developed in this work provides an opportunity to investigate
the effects of the number of teeth in the cut in a more direct way. Rather than assume that
the system dynamics can be adequately represented by considering the average number of
teeth in the cut, we can explicitly model how the tool behaves when the number of teeth in
the cut repeatedly switches from one to two (or two to three etc.) as the tool rotates.

Take for example the six tooth cutter in Figure 80A. As the tool rotates the tooth
passing frequency is associated with the angle separation between two adjacent teeth, ¢-.
Referring to Figure 80A, each time a tooth enters the cut there is another tooth which is
already engaged in the cut (tooth 1 is in the cut when tooth 2 enters the cut). As the tool
continues to rotate, both teeth are engaged over an angle range of ¢z, until tooth 1 exits the
cut (in the tooth 1’ and 2’ positions). After tooth 1 exits the cut, tooth 2 is alone in the cut

over the range ¢, until it reaches tooth position 1 and the third tooth enters the cut.
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As a result of teeth entering and exiting the cut at different times as the tool rotates
through one ¢. period, the system effectively exhibits different dynamic characteristics
depending on whether there is one or two teeth engaged in the work piece. To account for
these effects, the multiple teeth of the six tooth mill are modeled as a single tooth cutter
which passes through regions of b and 2b chip width depending on the number of teeth in
the cut, as shown in Figure 81B. Note that the motions of the multiple cutters in Figure
81A can be modeled as a single cutter in Figure 81B because the multiple teeth are assumed

to be rigidly attached to the same mill, thus their motions are equal.
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Figure 81: Linear approximation of the milling operation and (B) and the single tool approximation, where
the effective chip width alternates between b and 2b.

The DDE describing the tool motions in the model illustrated in Figure 81 is shown

in Equation 10.3, where the angles, ¢, db, and ¢2p are illustrated in Figure 80.

20K, , (Y(t-2)y())  0<p<d,

; 0< 10.3
bK,, (Y(t-7)Y(1) by <P<dy +4, <p<g

my+cy+Kky = {

In the low radial immersion model discussed previously, the system dynamics were
separated into two separate sections depending on whether the tool was in the cut or freely

vibrating. A similar circumstance exists in the current model, where the equations of
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motion differ depending on the effective chip width (b or 2b). As the equations of motion
for the tool are dependent on the value of b in the state-space solution, there will be two
separate equations of motion (or basis functions) describing the tool motion depending on
whether there is one or two teeth in the cut. For example, the motion equations for the b
and 2b sections shown in Figure 82 will have the forms shown in Equation 10.4 assuming
a single mode system, where the eigenvalues, A, and Azb, are found by applying b and 2b

respectively to the state-space solution (see Equation 3.8).
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Figure 82: Depiction of the tool motion, where the conditions at the intersections of the b and 2b cut
regions are equal.

As the chip width effects the state space solutions which are accounted for in the Z
portion of the transition matrixes, a new subscript is added to the Z matrices to describe

the state space solutions for each section (Zp and Zz). In other words, the Z, and Zop
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matrices are used to determine the motion of the tool in the b and 2b sections respectively
based on the motion of the tool in the b and the 2b sections of the previous period.

The initial conditions at the beginning of each cut region are found as the conditions
of the tool at the end of the previous cut region using Uic. As there are two separate state
space solutions for the two regions, some extra effort is required to match the conditions at
the end of one region to the conditions at the beginning of the next within the Uic matrix.
First, the conditions at the end of the previous cut region are found by applying the cut time
of the previous region and the eigenvalues of the state space solution of the previous cut
region. This determines the modal states at the end of the previous region based on the
motion function of the previous region. Second, the states at the end of the previous region
must be applied as initial conditions of the current region based on the eigenvector matrix,
V, of the current region.

For example, the motion of the tool as it passes between cut regions over two t
cycles is shown in Figure 82. The motion of the tool for yJ, is found as a response to the

tool motion during the previous 2b region using z, Al*', where AJ* is the set of

2b !
coefficients describing the motion during the previous 2b region. The motion of y24! based

on initial conditions is found as U (t,,2,,V,,)A}, where A} is the set of coefficients

describing the motion during the previous cut region, ty is the time the tool is engaged in
the previous cut region, An, IS the set of eigenvalues associated with the b state space
solution, and V2 is the eigenvector matrix associated with the 2b state space solution. The
resulting equations used to determine the tool motions for both cut regions are shown in

Equation 10.5



144

Agb = Zszggl +Uc (tb Ay, Vo )AtJ»

J_ i1 i1 10.5
Ab = ZbAb +U|c (t2b’)"2b'Vb)A2b

After substituting Ay’ into Az’ (see Equation 10.6), the transition matrix, Umill.avg.ang,
is found directly relating the motions of the tool during one t period to the motions of the

tool during the previous t period in Equation 10.7.

Agb = Zszgt;l +U (tb ' )"b’VZb)(ZbAthl +Uc (th’)"zb’Vb )Aégl) 10.6

[A;}[ Z, Ut Vo }[Aﬂ
Aéb UIC(tb’;"b'VZb)Zb Zzb+UIC(b’ b? 2b UIC(th’)"Zb’Vb) Aéb

Al _u. Al
Aéb Mill,avg.ang. Al—l

The reduced form (only degree zero rows) of the Uic matrices in Equation 10.7 can

10.7

by calculated using Equation 10.8, where I, and Q, are found using Equations 10.9

and 10.10,

B U(tb,kb,Vzb)C U tb, b 2 c12
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Q, =[Q,,Q,,]
10.1Example
The solution to Equation 10.3 using Equation 10.7 is now compared with numerical

simulation. The system parameters used for the analysis are shown in Table 9. Two
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example solutions are shown using spindle speeds of 3,500 and 4,000 RPM both at a depth
of cut of 2mm, as shown in the stability lobe diagram in Figure 83 for a six tooth cutter and

50% radial immersion.

Table 8: System parameters used in the single mode average angle approximation milling examples.

k 1E7 N/m
m 0.88 kg

Cc 400 Ns/m
Ks 2E9 N/m?
B 70°

Avg. Ang. Mill. Approx. Stability Lobe Diagram (REM=0.5, N=6, N,*=1.5)
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Figure 83: Two time domain examples for average angle milling approximation evaluated at a depth of
cut, b=2mm at 4000 and 3500 RPM.

In Figure 84 the two example solutions are compared with the numerically
simulated solutions. The analytical solutions are plotted in blue for the regions in which
only one tooth is in the cut, and red in the regions where two teeth are in the cut. It can be
seen in Figure 84 that the analytical solutions match the numerical solutions, and that the
transition matrix, Uwmiiavg.Ang, Successfully couples the modal conditions as the tool passes
between the b and 2b cut sections. The results from Figure 84 also show that the stability
behavior predicted in the stability lobe diagram in Figure 83 agree with the behavior of the

numerical and analytical solutions.
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. Avg. Ang. Mill. Approx. Time Domain Plots (REM=0.5, N=6, N;*=1.5)
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Figure 84: Simulated and analytical time domain plots for the example average angle milling
approximations.

Using the relatively high spindle speeds in the solutions shown in Figure 84 it is

difficult to observe the effect that changing the number of teeth in the cut has on the

behavior of the system. In Figure 85 an additional solution is shown at a depth of cut of

2mm and a spindle speed of 200 RPM. At this slower spindle speed there are more

vibrations that occur during each cut section so the difference in behavior as the number of

teeth in the cut changes can be more easily seen. When only one tooth is in the cut (blue)

the vibration amplitudes during each pass tend to decrease, while the amplitudes increase

over time when there are two teeth in the cut due to the doubling of the effective depth of

cut.
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Figure 85: An additional example of average angle milling at a reduced spindle speed, showing the
difference in dynamic behavior in the 1b and 2b sections of the cut.

10.2Stability

The stability lobe diagrams generated by evaluating the eigenvalues of the matrix,
Uwmii,Avg.Ang, 1N Equation 10.7 are compared with those predicted using Tlusty’s average
angle approximation approach using Equation 10.2. The three stability lobe diagrams for
the six tooth cutter with the system parameters shown in Table 8 for radial immersions of
30, 50 and 70% are shown in Figure 86. The results from Figure 86 show that the predicted
stability lobes generated using the current approach match those predicted by Tlusty at
higher RPM, where the lobes found using the current approach show the same upward bend

observed in the turning stability lobes at lower RPMs.
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Avg. Angle Milling Approximation Stability Lobe Diagrams (N=6)
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Figure 86: Average angle milling stability lobes at REM = 0.3, 0.5 and 0.7 found by evaluating the
eigenvalues of Uwiiavg.ang. (red), compared with Tlusty’s stability lobes (gray).

10.3Conclusions

The degree to which the stability lobes match using both methods is an interesting
outcome of this study. The stability lobes generated using the current approach take into
account the additional complexity associated with the repeated change in the number of
teeth in the cut. In Tlusty’s approach, the stability lobes are generated by effectively
assuming that a single tooth is constantly engaged in the cut, and then scaling that stability
limit by the factor N¢*. In the end, both approaches provide the same effective result in

terms of stability.



CHAPTER 11: VARIABLE CUTTING FORCE DIRECTION MILLING

The approaches developed in the previous sections are now applied to approximate
tool point motions for milling operations. The method of using different effective dynamic
system sections and piecing them together through end and initial conditions is now applied
to single tooth milling operations, where the separate dynamic systems to be pieced
together account for the changing direction forces acting on the tool as it sweeps through
the cut.

In a full milling model, the forces acting on the tool continually change direction
as the angle of the cutter rotates through the cut region. A diagram of a single tooth mill
is shown in Figure 87 which shows the cutting force, F, acting at an angle  from the surface

normal, and the angle 0 in the fixed X-Y coordinate frame.

e

y

B
v o
Ly (X_—wa

BA 0,

Figure 87: Angle dependent force direction for 2 DOF Milling model.

=

The magnitude and direction of the angle dependent cutting force, F, are found by

expanding the regenerative force model to include the cutting angle, ¢, and motions in two
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orthogonal directions. The resulting cutting force model is shown in Figure 88. The
magnitude of F is found by multiplying the cutting force constant, Ks, by the instantaneous
chip area, bhy. It is assumed that the chip width, b, is constant, so the only variable
component of the chip area, and thus the tool force, is the chip thickness, hy. The
instantaneous chip thickness is found as the thickness of the chip in the direction normal to
the cut surface, labeled N in Figure 88. In the regenerative force model, the chip thickness
is determined by considering the normal components of the tool motion during the current
period and the previous period. The normal components of the x and y axes are found
using Equation 11.1, where the normal angle, 6n, is found using Equation 11.2. The
resulting instantaneous chip thickness, hy, and the resulting force projections onto the x and
y directions are found using Equation 11.3, where the force angle, 0r, is found using

Equation 11.2.

”f%& (en(t-0) + (D)

Y XONORSING)

X (D) (1) R

xn(8) + yn(D)

Figure 88: Force diagram for milling where the force magnitudes are proportional to the chip thickness, hy.

Xy = Xxcos(6 )

Yn = ySin(eN )

111
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0. =% _

R 11.2
T

HF:E_¢_ﬂ

h, =(x(t—7)—x(t))cos(6y ) +(y(t—7)—y(t))sin(6,)
F, =h,bK,cos(6:) 11.3
F, = h¢stsin(9F)

The angle dependent regenerative cutting forces in the x and y directions from
Equation 11.3 are applied to the system of equations describing the motions of the tool in
the x and y directions in Equation 11.4

M X+ ¢, %+ kX =bK, cos(6, )(x,cos(6y)+Y,sin(8, )-xcos(6y)-ysin(6,))  11.4
m,§+c,y+k,y =bK_ sin(6. )(x cos(8,)+y,sin(8,)-xcos(6,)-ysin(8,))

A state-space solution is used to solve the 2DOF system in Equation 11.4 using the
same process used to solve for the tool motions in turning. The first step is to separate the
current time and delay terms by bringing all current time terms to the left side of the
equation, as shown in Equation 11.5.

_ _ 11.5
m X +¢, %+ (k, +bK, cos(6; )cos(8, ))x+(bK, cos(6 )sin(6))y =bK, cos(6; )(x. cos(6y )+ y.sin(6))
m,§ +c,y +(k, +bK,sin(6; )sin(8, )y +(bK,sin(6; Jcos(6, ))x = bK, sin(6 )(x, cos(6y )+ y.sin(6y))
Using the state variable, r, the state-space representation of Equation 11.5 is shown

in Equation 11.6 and the matrix form of the state-space representation is shown in Equation

11.7.



152

11.6
h=X =X L=y L=y
=
i, = mi(—cxrZ ~(k, +bK, cos(6 )cos(6, ) )r, - (bK, cos(6; )sin (6 ))r3)+ oK, cos(6 )(x cos(6, )+, sin(6, )
=T,
f,= mi(—cyr4 ~(k, +bK,sin(6; )sin (8, ))r, = (bK,sin (6 )cos(6, ))r1)+ stsr:]n(eF)(x, cos(6,)+y,sin(6, )
y y
0 1 0 0] 0 11.7
8] | (K +bK,cos( )cos(6y,)) —c,  —(PK,cos(6,)sin(6,)) o |[6 bK, cos(6,)
Ll m, mix m, r, m, X, cos(6y,)
0~ 0 0 0 1 (" 0 +y,sin(6,,)
r, —(bK,sin (6 )cos (6, )) —(k, +bK,sin(6:)sin(6y,)) —c, |(%) | bKsin(6x,)
m, 0 m, m, m,

{Ruf =[AJ{Ra} +{Fu (. COS(%%yr(%);in(@w,i))

The process for solving Equation 11.7 is the same process illustrated in Figure 57,
although there are some minor modifications required for the transition matrix, Z, to
account for the two orthogonal modes (as opposed to multiple modes in the same direction).
Recall Equation 5.16 (shown again below) for determining the modal coefficients based
on the previous modal coefficients, where Z1 > are defined in Equation 5.14. In the single
force direction solution (for the turning model) the total motion of the tool is found as the
sum of the modal motions which all act in the same direction. In the milling case, where
the modes are orthogonal, the forces are not related to the total motion of the x and y modes
due to the sine and cosine terms present in the forcing function (

{Fu}(X. 1 005(6y,) + Y. (4 )sin(6,,))) - These directional scaling factors can be applied to the

solution in the final Z transition matrix, Zmin,ei, as shown in Equation 11.8.

Ail _ Z Z A>J:<1_l
A, Z, Z, || A
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i i i i / ‘J_ll
Y. Y¢ Y. 11.8

{Zw cos(Oy;) Z,.4 sin(@N'i)}
Zmill,¢i =

1z, cos(Oy;) Z, 48in(6y;)

Another more significant difference for the milling solution is the fact that Equation
11.7 can only be used to approximate the motion of the tool assuming a fixed angle, ¢,
where OF and On are also fixed, to prevent variable entries in the state space solution. In
reality, the terms in matrix A of Equation 11.7 continually change as the angle of the tool
changes throughout the cut. However, the solution methods developed thus far (illustrated
in Figure 57) are only valid for linear systems in which the terms of matrix A are constant.
While this limitation prevents us from determining the motion of the tool exactly as it
rotates in the cut, we can approximate the tool motion by discretizing the cut into multiple
linearized increments and applying the solution process to each increment individually.

Consider the 50% radial immersion milling operation shown in Figure 89. As the
tool rotates in the full milling diagram (top left), the angle of the surface normal, and thus
the cutting force, relative to the fixed x and y reference coordinates are continually
changing. One way to approximate the effects of this continuous change in force direction
is to linearize the system by assuming that all of the cutting forces act in a single average
angle associated with the average angle of the cut. This situation, illustrated in Figure 89
with Nincs=1, is equivalent to the average angle approximation developed by Tlusty. While
the average angle approximation is the simplest way to approximate the milling process,
higher accuracy can be achieved by breaking the cut into more linearized increments. As

shown in Figure 89 for up to five increments, as the arc of the tool is broken into finer and
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finer segments, the resulting force model more accurately represents the forces in the full

milling diagram.

Nincs:2
Iy,
m ¢av,2
av I
Nies=4 Nines=3
— [€—
¢av,4 “& ¢av,5
N \ !
<4 ¢av,3 av 4

Pay
x x ¢ ¢av,2 ‘TT ¢av2 3

av 1

Figure 89: Increasing the number of linear increments used to approximate the effects of changing cutting
force direction in milling.

The multiple incremental linear segments in Figure 89 each account for the tool
motion while the tool is in the angle range specified by ¢avi, and within that range the
surface normal and the cutting force angle are assumed to be constant. As the angle, dav,i,

alters the matrix terms in the state-space solution, each segment will possess a separate

basis function with coefficients, A}, and A} . In effect, the system shows different

dynamic characteristics from segment to segment similar to how the dynamic
characteristics differed depending on whether there is one or two teeth in the cut in the
average angle approximation model in the previous chapter. Once the state-space solutions

are known for each increment, the end and initial conditions at the points where the
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segments meet must be tied to determine the tool motion over the entire cut. For discussion

purposes, the coefficients describing the motion in the x and y directions are combined to

form A}y, as shown in 11.9.

) Al i
Ahra=| ) 11.9

y. g
Consider the 50% radial immersion cut shown in Figure 90 with three linear
increments. Starting with the final increment over the range ¢av,3, the motion of the tool in

this segment is related to the motion of the tool in this segment during the previous

revolution by A

Y03 = Zuin gsPky 43+ 1 e initial conditions of the ¢av3, segment are found as

the end conditions of the previous segment using Al, . =U, (20 hp2r Vo) AL where

XY,g2 !
Aﬁwz are the coefficients of the previous segment, ty2 is the time the tool is in the previous

segment, A¢2 are the eigenvalues for the previous segment, and V3 is the eigenvector matrix
of the current segment. The total resulting tool motion during the ¢av,3 segment is found
using Equation 11.10. Moving back increment by increment the tool motions can be
determined in this way except for the first increment, ¢av,1, where additional information is

required to account for the free vibration of the tool as shown in Equation 11.10.
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1
! ! Free
\Vibrations

an 2

Figure 90: Example milling approximation using three linear increments to model the changing force
direction.
A§<Y $3 Zmill ¢3AXY #3 +U|c ( ¢2'}‘¢2’V )Axv #2
Ag(Y 92 me ¢2A§(Y #2 +U IC (t¢1’;"¢1’V )A;(Y # 11.10
Ag(Y il Zmi|| ¢1A§(Y1¢1 +U IC ( free? ¢3’)‘¢31V )Agwl¢3
Substituting components of Equation 11.10 so that the motion in each current
increment is defined in terms of the motion during the previous pass, as shown in Equation
11.11, a final transition matrix can be determined relating the motion of the tool during the
current previous pass, as shown in Equation 11.12

A;(Y T Zmill ¢1A;<Y1¢1 +U|c( free? ¢3,7v V )Al "

$31 XY 43

A;(Y 92 = =Z ¢2A§<Y $2 +Up (tm,)\.m,V )(Zmill,¢1AXY,¢1 +U|c( free ¢3v;"¢31V )Ag&l,w) 11.11

i _ j-1
Axv.¢3 =Z ¢3A><Y #3

+U |c( ¢zv)‘¢21V )(me ¢2Axv 42 +U|c( ¢11;“¢11V )(Zmiu,mAg&l,m +U|c( free? ¢3,X¢3,V )A;(Y ¢3))

i j-1
AJXY # Zmill,¢1 0 U IC,¢1 AJXY1¢1
A)_(Y 82 (= U IC,¢ZZmiII,¢1 Zmill,¢2 U IC,¢2U IC.¢41 AXY1¢2
Aiyw U |c,¢3U |C,¢2Zmi||,¢1 U IC,¢SZmiII,¢2 Zmill,¢3 +U |c,¢3U |c,¢2U IC,¢41 Ai(Y,¢3
where 11.12

Ulc,¢1:U|c( free ¢3’}"¢3’V ) Ulc,¢2=U (t¢1’)‘¢1’V ) UIC,¢3=U (¢2’)"¢2’V )
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11.1Example

The incremented milling solution developed in the previous sections is compared
with numerical milling solutions in this section. In these examples the analytical solutions
are compared with two types of milling simulations. The first simulation is a full milling
simulation in which the cutting force direction changes during each time step based on the
instantaneous angle of the tool. ¢. In the second simulation the cutting force directions are
constant over each incremental angle range, directly simulating the incremental analytical

solutions. The dynamic parameters used in the examples are provided in Table 9.

Table 9: System parameters used in the multi-mode turning examples.

Kx, Ky 1E7, 5E7 N/m
Mx, My 0.88, 1 kg

Cx, Cy 500, 60 Ns/m
Ks 2E9 N/m?

B 70°

The example solution is performed using a spindle speed of 20,000 RPM at a depth
of cut of 7mm and a radial immersion of 100%. Using these dynamic and cutting
parameters, the analytical solutions are compared with the numerical solutions as the
number of linear increments used in the analytical solutions are increased from one to five
over five tool revolutions. The resulting solutions for the x and y motions are shown in
Figure 91, where the analytical solutions (red dashed) are only plotted while the tool is in
the cut. The results from Figure 91 show firstly that the analytical results regardless of the
number of increments do match the incremented numerical solutions. However, the degree
to which the analytical solution matches the full milling simulation is highly dependent on
the number of increments used. When only a single increment is used there are significant

differences between the analytical and numerical solutions, appearing during the first tool
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revolution. As the number of increments is increased, the analytical solution approaches
the full milling simulation, where at Nincs=5, there is little visible difference between all

three solutions.

Simulated (Full Milling)
Simulated (Incremental Milling)
— — = = Analytical (Incremental Milling)

-3 -4
1 X 10 X Position 5~ 10 Y Position
I AT AVAVAVAVAN
Nincs =1
T 0.005 0.01 0,015 0 0.005 0.01 0.015
x 10°

0.005 0.01 0.015

0.01

0.005 0.01 0.015 0 0.005 0.01 0.015

Figure 91: Comparison of the full milling simulation and the incremental milling simulation as the number
of linearized increments increases. The analytical plots model the incremental simulations and are plotted
only while the tool is in the cut. The parameters used for the simulations are shown in Table 9 with:
REM=100%, N=1, RPM=20,000, b=7mm.
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11.2Conclusions

The segmented linearization approach to approximate full milling shows that the
nonlinear behavior of the tool in milling can be predicted to various degrees of accuracy
depending on the number of increments used. While this approach appears to be effective
for predicting the time domain behavior of the system, applications of Floquet theory on
the transition matrix in Equation 11.12 to predict stability have been unsuccessful. At this

time the cause of this issue is unknown and will be a topic of future research.



CHAPTER 12: CONCLUSIONS AND FUTURE WORK

The initial goal of the work presented in this dissertation was to develop a new
strategy for analytically solving linear delay differential equations by taking advantage of
the fact that the sequential responses can be calculated independently of the time delay
period, and can be combined to form the solution. While the sequential response approach
has been shown to be effective in determining the time response of a tool with single or
multiple modes, this approach alone showed little improvement over numerical approaches
for practical applications, where the primary objective for these types of systems is to
determine the limits of stability.

However, it was the equations and techniques developed for the sequential response
solution approach that provided the ability to expand to a more applicable, matrix solution.
By applying the sequential response approach it was possible to analytically determine the
behavior of the tool during one period based on the behavior of the tool during the previous
period. Combining this approach with the method of steps to determine the initial
conditions of each period, it was possible to create a single transition matrix which fully
describes the tool behavior from period to period. Once this transition matrix was
developed it was possible to apply Floquet theory to directly predict the stability of the
system analytically without the need to determine the time response.

Once the tools were in place to predict stability for the most simple machining

operation (turning), the process of expanding to more complex machining operations was
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relatively trivial. The key is to recognize the two basic analytical tools present in all of the
applications presented in this dissertation; the Z transition matrices which determine how
the tool will respond when it encounters the surface profile left behind during the previous
pass, and Uic, which describes the initial conditions of the tool based on its previous
motions. By combining these two analytical tools in different ways to effectively “piece
together” the machining operations, it was possible to determine the time response and
stability of more complex systems.

Moving forward, there is still much research that can be done in this area. Firstly,
there is still a need to perform further experimental tests to verify both the time response
and stability predictions of the analytical methods developed here. It was shown in this
dissertation that the time response predictions closely match those measured
experimentally for turning, despite the influence of process damping. However, further
tests can be done to experimentally verify the other machining operations studied here.
Although process damping was not a focus of this research, it would be possible to use the
processes developed in this dissertation to correct for process damping to perform a more
thorough characterization of process damping.

Another focus of future work will be on determining why Floquet theory fails to
predict stability in the case of full milling while the same transition matrix accurately
predicts the time response of the tool.

The final potential focus of future work would be to study more thoroughly the
application of the methods developed in this paper for other applications. As the solution
process developed here for delayed systems is based on a state-space model, there is no

reason that it could not be generalized to accommodate linear DDEs of higher order.



162

REFERENCES

Altintas, Y., Budak, E.
1995Analytical Prediction of Stability Lobes in Milling. Annals of CIRP 44(1).

Altintas, Y., Engin, S., Budak, E.
1999Analytical Stability Prediction and Desigh of Variable Pitch Cutters. Journal
of Manufacturing Science and Engineering 121.

Altintas, Y., Enynian, M., Onozuka, H.
2008aldentification of Dynamic Cutting Force Coefficients and Chatter Stability
with Process Damping. CIRP Annals of Manufacturing Technology 57(1).

Altintas, Y., Stepan, G., Merdol, D., Dombovari, Z.
2008bChatter Stability of Milling in Frequency and Discrete Time Domain. Cirp
Journal of Manufacturing Science and Technology 1:35-44.

Bayly, P. V., Halley, J. E., Mann, B. P., Davies, M. A.
2003Stability of Interupted Cutting by Temporal Finite Element Analysis. Journal
of Manufacturing Science and Engineering 125(2):220-225.

Budak, E., Altintas, Y.
1998aAnalytical Prediction of Chatter Stability in Milling-Part 1. General
Formulation. Journal of Dynamic Systems, Measurement and Control 120.

Budak, E., Altintas, Y.
1998bAnalytical Prediction of Chatter Stability in Milling-Part Il: Application of
the General Formulation to Common Miling Systems. Journal of Dynamic
Systems, Measurement and Control 120.

Butcher, E., Mann, B.
2009Delay Differential Equations, Recent Advances and New Directions: Springer
Us.

Butcher, E. Nindujarla, P., Bueler, E.
2005Stability of Up and Down Milling Using Chebyshev Collocation Method.
DETC2005-84880, Long Beach, California, USA, 2005.

C., Tyler.
2012PROCESS DAMPING ANALYTICAL STABILITY ANALYSIS AND
VALIDATION, Mechanical Engineering, UNC Charlotte.

Davies, M. A,, Pratt, J. R., Dutterer, B., Burns, T. J.
2002Stability Prediction for Low Radial Immersion Milling. Journal of
Manufacturing Science and Engineering 124:217-225.



163

Ding, H., Ding, Y., Zhu, L.
20120n Time-Domain Methods for Milling Stability Analysis. Chinese Science
Bulletin 57:4336-4345.

Ding, Y., Zhu, L., Zhang, X., Ding, H.
2010A Full-Discretization Method for Prediction of Milling Stability. International
Journal of Machine Tools and Manufacture 50:502-5009.

Eynian, M.
2010Chatter Stability of Turning and Milling with Process Damping, Mechanical
Engineering, University of British Columbia.

Eynian, M., Altintas, Y.
August, 2009Chatter Stability of General Turning Operations with Process
Damping. Journal of Manufacturing Science and Engineering 131:041005-1
through 10.

Ganguly, V., Schmitz, T.
2014Correction for Synchronization Errors in Dynamic Measurements.
Proceedings of NAMRI/SME 42.

Gradisek, J., Govekar, E., Grabec, |., Kalveram, M., Weinert, K., Insperger, T., Stepan, G.
20050n Stability Prediction for Low Radial Immersion Milling. Machine Science
and Technology 9:117-130.

Gyliene, V., Ostasevicius, V.
2013The Validation of Fe Modeling of Orthogonal Turning Process using Cowper-
Symonds Material Behavior Law. Engineering Transactions 61(4):249-263.

Insperger, T.
2010Full-Discretization and Semi-Discretization for Milling Stability Prediction:
Some Comments. International Journal of Maching Tools and Manufacture 50:658-
662.

Insperger, T., Stepan, G.
2002Semi-Discretization Method for Delayed Systems. International Journal for
Numerical Methods in Engineering 55(5):503-518.

Insperger, T., Stepan, G.
2004Updated Semi-Deiscretization Method for Periodic Delay Differential
Equations. International Journal for Numerical Methods in Engineering 61:117-
141.



164

Kurata, Y., Merdol, S. D., Altintas, Y. Suzuki, N., Shamoto, E.
2010Chatter Stability in Turning and Milling with in process Identified Process
Damping. Journal of Advanced Mechanical Design, Systems, and Manufactuing
4(6).

Mann, B. P., Patel, B. R.
2010Stability of Delay Equations Written as State Space Models. Journal of Sound
and Vibraion 16(7-8).

Marsh, E. R., Yantek, D. S., Davies, M. A., Gilsinn, D. E.
1998Simulation and Measurement of Chatter in Diomond Turning. Journal of
Manufacturing Science and Engineering 120:230.

Merdol, S. D., Altintas, Y.,
2004Multi Frequency Solution of Chatter Stability for Low Immersion Milling.
Journal of Manufacturing Science and Engineering 126:459-466.

Minis, 1., Yanushevsky, R.
1993A New Theoretical Approach for Prediction of Machine Tool Chatter in
Milling. Journal of Engineering for Industry 115:1-8.

Myshkis, A. D.
1998Differential Equations, Ordinary with Distributed Arguments. In
Encyclopedia of Mathematics. Pp. 144-147, Vol. 3. Boston: Kluwer Academinc
Publishers.

Olgac, N., Sipahi, R.
2006Dynamics and Stability of Variable-pitch Milling. Journal of Vibrations and
Control 13(7).

Ozoegwu, C. G., Omenyi, S. N.
2012Time Domain Chatter Stability Comparison of Turning and Milling Processes.
International Journal of Multidisciplinary Sciences and Engineering 3(11):25.

Schmitz, T. L., Smith, K. S.
2009Machining Dynamics - Frequency Response to Improved Productivity. New
York, NY: Springer.

Shampine, L. F., Thompson, S.
2001Solving DDEs in Matlab. Applied Numerical Mathematics 37:441-458.

Sims, N., Mann, B., Huyanan, S.
2008Analytical prediction of chatter stability for variable pitch and variable helix
milling tools. Journal of Sound and Vibraion 317(2-5):664-686.



165

Smith, S.
2010Fighting Chatter with Nonproportional Spacing. Bluswarf.com.

Smith, S., Tlusty, J.
1993Efficient Simulation Programs for Chatter in Milling. Annals of the CIRP
42(1).

Stepan, G.
1989Retarded Dynamical Systems: Stability and Characteristic Functions: John
Wiley and Son., Inc.

Stepan, G.
2001Modelling Nonlinear Regenerative Effects in Metal Cutting. Philosophical
Transiactions of the Royal Society of London 359:739-757.

Taylor, C. M., Turner, S., Sims, N.D.
2010Chatter, Process Damping, and Chip Segmentation in Turning: A Signal
Processing Approach. Journal of Sound and Vibraion 329(23):4922-4935.

Tlusty, J.
1999Manufacturing Processes and Equipment. Upper Saddle River, New Jersey:
Prentice Hall.

Tlusty, J., Ismail, F.
1981Basic Non-linearities in Maching Chatter. Annals of CIRP 30:299-304.

Tlusty, J., Polacek, W.
1963The Stability of Machine Tools Against Self Excited Vibrations. ASME
International Research in Productoin Engineering 1:465-474.

Tlusty, J., Zaton, F., Ismail, F.
1983Stability Lobes in Milling. Annals of CIRP 32(1).

Tobias, S. A., Fishwick, W.
1958Theory of Regenerative Machine Tool Chatter. The Engineer 205(199-203).

Tunc, T., Budak, E.
2012Effect of cutting conditions and tool geometry on process damping in
machining. INTERNATIONAL JOURNAL OF MACHINE TOOLS AND
MANUFACTURE.



166

APPENDIX A: SEQUENTIAL RESPONSE SOLUTIONS

12.1Detailed Sequential Response Solutions

This section provides a detailed solution to equation 2.15 when the input function,
hnom(t), contains decaying oscillation terms. We will start with the solution to the
oscillating input in equation 2.28 (for the calculation of x»(t)). This portion of the ODE
and the corresponding particular solution, x,, are shown in equation 12.1. In order to solve

for the constants, Wo, W1, and W, we first take the first two time derivatives of Xpo.

.. C. k, bR At f o
Rt x= HV0 [e (Gsin(e,t) +H cos(a)pt))],

12.1
Xy, =Wee™ {lea tsin (a)pt — %} +W,, t cos(a)pt — %ﬂ

Using Matlab, the first time derivative is:

Xp:XNO*exp(—A*t)*(—A*t*Wla*sin(wp*t—(pi/2))—A*t*Wlb*cos(wp*t—
(pi/2)) ...
+Wla*sin (wp*t-(pi/2))+Wlb*cos (wp*t-(pi/2)) ...
+t*Wla*cos (wp*t—-(pi/2)) *wp-t*Wlb*sin (wp*t-
(pi/2)) *wp)

And the second time derivative is:

Xp: -WO0*exp (-A*t) * (-A"2*t*Wla*sin (wp*t-(pi/2))-A"2*t*Wlb*cos (wp*t—
(pi/2)) ...
+2*A*Wla*sin (wp*t-(pi/2))+2*A*Wlb*cos (wp*t—(pi/2)) ...
+2*A*t*Wla*cos (wp*t-(pi/2) ) *wp-2*A*t*Wlb*sin (wp*t-
(pi/2)) *wp. ..
-2*Wla*cos (wp*t-(pi/2)) *wp+2*Wlb*sin (wp*t-
(pi/2)) *wp...
+t*Wla*sin (wp*t—(pi/2)) *wp 2+t*Wlb*cos (wp*t—
(pi/2)) *wp"2)

Applying the time derivatives to the left side of the ODE, we obtain:

k
Xp+2A)'(p+—po=—WO*exp(—A*t) * ..
m
(-t* (kp/m) *Wla*sin (wp*t-(pi/2))-t* (kp/m) *Wlb*cos (wp*t-
(pi/2)) ...
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+AN2*t*Wla*sin (wp*t—-(pi/2) ) +A"2*t*Wlb*cos (wp*t—

(pi/2)) ...

-2*wp*Wla*cos (wp*t—(pi/2))+2*wp*Wlb*sin (wp*t—
(pi/2)) ...

+t*wpt2*Wla*sin (wp*t-(pi/2))+t*wp 2*Wlb*cos (wp*t—-
(pi/2))) ...

Note that c¢/m is replaced by 2A in the above equation to reduce the number of

variables.
- - 2 2 kp - -
After applying the relation, @, + A" ——=0, (see equation 2.23) the equation
m
reduces to:

Xp+2Axp+k—n:xp:wo*exp (-A*t) * (2*Wla*wp*cos (wp*t-pi/2) -
2*Wlb*wp*sin (wp*t-pi/2)) 12.2
The constants of xp2 can now be solved for by equating equation 12.2 to the right
side of the ODE in equation 12.1, recognizing that sin(wpt-pi/2) = -cos(wpt) and so on.

During the next pass, the input function, hnom3(t), will contain oscillating terms

described by xp2 as well as oscillating terms from the complementary solution,

C

X =e M {Wz,asm(“)pt_%}rwz,b cos(a)pt—%ﬂ , which takes into account all of the

particular solutions and the ICs. The oscillation terms for the input for the following pass

(to find x3) will then be:
Mo oee = Cof ™ |:C1,a tsin (a)pt —%) +C,pt cos(a)pt —%) +C,,sin (wpt —%) +C,, cos(a)pt —%ﬂ 12.3

And the particular solution to this input will have the form:

X500 =W ™ {Wlatzsin(a)pt—zz}wlbt2 cos(a)pt—zz}w2 tsinw (nt—25]+wz,,tcos[a)t—2£j} 12.4
’ 2 ‘ 2 @ b 2 ' P 2

p.3,0sc
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Again, when x3(t) is calculated, the complementary solution will add sine and
cosine terms which are not multiplied by t. So, as the number of passes increases, the
oscillating portion of the responses will contain sine and cosine terms multiplied by
increasing orders of t, where the highest order is t*(j-1), and the lowest is t"0, for the
response, xj(t). The primary objective of the sequential response analysis is to find all of
the W coefficients to describe the oscillating component of the tool motion during each
pass.

We could go on solving the sequential responses individually in this way... Let’s
look for patterns in the solution to simplify the process.

Skipping ahead now to the response to the sixth pass, the oscillating portion of the

input function has the form:

. T
Clyat“sm(a)pt _4Ej

T
+Cppt’ cos(a)pt —4Ej 125

+ Cz,at3 sin(a)pt - 4%) + Cz,btgcos(a)pt _ 4%j

R,

— Coe—At
m

nom,6,0sC

+C5asin[a)pt—4£j+C5bcos(a)pt—4£)
' 2 ' 2)
And the particular solution has the form:

Wl,atf’sin(a)pt —5%)+lebt5cos(a)pt —5%)

p,6,0sc

=W,e ™| +W, t*sin (a)pt - SEJ +W, t* cos[a)pt - Szj 12.6
’ 2 ’ 2

+W; tsin (a)pt - 5%) +W; cos(a)pt - 5%)
Differentiating equation 12.6 and applying to the differential equation, we get:

k
Xp+2A)'(p+—po=WO*exp(—A*t)*... 12.7
m
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(10*wp*Wl*t" 4*cos (wp*t-5* (pi/2) ) -10*wp*W2*t "4*sin (wp*t—
5% (pi/2)) ...

+20*W1*t"3*sin (wp*t-5* (pi/2) ) +20*W2*t"3*cos (Wwp*t—

5*%(pi/2)) ...
+8*W3*t"3*wp*cos (Wwp*t-5* (pi/2))-8*wp*W4*t"3*sin (wp*t—
5% (pi/2)) ...
+12*W3* L "2*sin (Wwp*t=-5* (pi/2) ) +12*W4*t~2*cos (wp*t—
5% (pi/2)) ...
+6* W5 L "2*wp*cos (Wwp*t-5* (pi/2) ) -6*wp*W6*t"2*sin (Wwp*t—
5*%(pi/2)) ...
+6*W5*t*sin (wp*t-5* (pi/2))+6*W6*t*cos (wp*t-5* (pi/2)) ...
+4*W7*t*wp*cos (Wp*t-5* (pi/2)) —4*wp*W8*t*sin (wp*t—
5% (pi/2)) ...

+2*WT*sin (Wp*t=5% (pi/2)) +2*W8*cos (wp*t-5% (pi/2)) ...
+2*WI*Wp*cos (Wp*t-5% (pi/2)) -2*wp*W10*sin (wp*t-5* (pi/2)))
From equation 12.7 we start to see two patterns emerge; factors of 2, 4, 6, 8, and
10 (2i) appear in the second line for each order of t, and factors of 2, 6, 12, and 20 (i(i+1))
appear on the first line. These patterns continue as the number of passes increases, and
from them we can obtain a general form for the evaluated particular solution as shown in

equations 12.8 through 12.10.

it
bR Mom 5 (£) = Coe™ Zt j-i-1 (Cia sin (a)pt -(j—-2) %j +C,, COS(a)pt —(j-2) %jj 12.8

i=1
General solution

j-1

_ j—i . . T . T
X, ; =Woe Atztl (Wiasm(a)pt—(J _1)E)+W"’ COS(a)pt—(j _1)ED 12.9

i=1

k ,
X, +£>‘<p,j +—Lx, =W ™ (2% (j-Dti? (lea cos(a)pt —(j —1)%] —~W,, sin (a)pt -(j-1 %jD

m m
o (j—i)(j—i—l)(Wi’asin ot—(i-DZ |+W,, cos| w t-(j-1) = )
O AT

i1 +2wﬂj_i_DﬁMﬂﬁmE(wJ—(j—D%J_mhwsm(wﬂ_(j_ng))
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Note that equation 12.10 is the result after terms are cancelled based on

k
o +A ——L=0.
m

It is now a matter of solving for the coefficients in equation 12.9 by equating
equation 12.10 to equation 12.8. Keep in mind that the C coefficients in equation 12.8 are
the W coefficients from the previous pass.

Here again, we could go on solving for the coefficients individually in this way...
Let’s look for patterns that can simplify the process.

We will start by looking at the coefficient, Wo. Wo is simply equal to Co, where Co
is equal to Wo from the previous pass multiplied by bR/m. So as the number of passes

increases, Wy can be determined by the following equation:

-1
W, =V, (%Rj 12.11

The Vo term in equation 12.11 is present because the factor multiplied by the
oscillating term after the first pass is Vo (i.e. Vo is the initial Co) (See equation 2.25). In
subsequent passes, the Wo term is repeatedly multiplied by bR/m according to equation
2.15.

W, takes care of the effect of the forcing constant which carries through from
solution to solution. Moving forward, we can consider the constant terms, C, to be simply
equal to the W coefficients from the previous pass.

The next coefficients to be solved for are those associated with the highest order t
terms, W1. Because of the shift in phase from equation 12.8 and equation 12.10, W1, will

be associated with C1,4, and W1p with C1p. Looking at Wy, it is always multiplied by
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. _ C. . I
2a)p(J —1)in equation 12.10 so that W, , = ——2—. After the first pass the initial C1a
" 20,(j-1)
constant is G (equation 2.27) and as the number of passes increase, W1, is found by

C
——2__ asshown in equation 12.12. From the

repeatedly applying the equation, W, , = :

P y applying q 1 200, (j-1)
pattern that emerges for W1,a in terms of the initial constant, G, the resulting value of W1,
can be found directly using equation 12.13. The same equation is used to determine the

value of W1, accept that G is replaced by H, as shown in equation 12.14.

JI=LWwW,=G
=2 Wl,a = i
2 p
. G
j=3W,=——— 12.12
" (e,)(40,)
j = 4’ Wl,a = G
(2w,)(4w,)(60,)
I=5W, = G
(2w,)(4w,)(6w,)(Bw,)
G
W, = . 12.13
o (1-D2e,)"
H 12.14

e = D0,

The general solution for the remaining W coefficients becomes more cumbersome
because each W term is dependent both on a C term and another W term (i.e. W2 is
dependent on C, and W1). One feature of equation 12.10 which is not easily apparent, but
will simplify the generalization process. Each order t set of coefficients, say W, has two
values, W> s corresponding to the sine term and W-, corresponding to the cosine term. The

a and b terms of W are always independent of each other, but the W2, term is dependent
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on the W1, term. However, just as the equations for W1, and W1, are dependent on either
the initial G term or the H term, the cascading solutions for the remaining coefficients also
follow two separate independent paths, one always dependent of the initial G term and the
other always dependent on the initial H term. For example, W2, is dependent on W14(G)
and C24(G). So in effect, the W coefficients in equation 12.10 will follow two separate
paths which follow the same pattern as the number of W terms increases, and the only
difference between the two coefficients at each level of W will depend on the initial values
G and H. This can also be seen in equation 2.31 where the first three responses are given
with phase shifts at each order of t, such that the G line of coefficients always corresponds
to sine, and the H line of coefficients always corresponds to cosine (the non-phase shifting
form in equation 12.8 and 12.10 is an artifact of the derivation process).

20, (J=1=DW;; +(J=D)(J =1-DW;;, =C;;

I

W, = (mJ(c“ ~(J-)(-1-)W,,); i=2,34,... 12.15

The dependency on the previous solution (j-1) and other coefficients of the same
solution (j) creates a cascading effect, where the coefficients for any solution are dependent
on the coefficients of all previous solutions. As such, it is convenient to organize all of the
coefficients together in matrix form as shown in equation 12.16, where the rows represent
all of the coefficients for the j" solution, and the columns represent the order of t that the

coefficients correspond to.
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I —
S S S 12.16
ji=1(W, 0 0 O
W =2lW, W, 0 O
j=3W, W, W, 0
i=a (W, W, W, W,

The diagonal W1 terms can be calculated directly using equations 12.13 and 12.14
(there will be two W matrices, one for the G line of coefficients and one for H). The lower
triangle terms, excluding the first column, can be calculated by rearranging equation 12.15
, keeping in mind that now i is the column number moving from left to right, and that the

C terms are actually the W terms from the row above the solution number being evaluated.

W(j,i)=ﬁ[i(i—l)W(j,i+1)+W(j—1,i—1)] 12.17

There is one final thing to consider when constructing the coefficient matrix, W,
and that is the calculation of the first column coefficients corresponding to t°. Looking at

equation 12.9, you will notice that the coefficients of the particular solution correspond to

t" down to t*. The coefficients corresponding to t® come from the complementary solution,
X = e ™ {Wj . Sin (a)pt —Z] +W;, cos(w t—zﬂ , which must also take into account the
’ ' 2 ‘ 2

linear components of the solution.

The first column coefficients can be calculated using equation 12.18 for the G
matrix, and equation 12.19 for the H matrix. They were derived by repeatedly solving the
differential equations with zero initial velocity and displacement.

i1
W, (j,1) =2 WG(j,i+1)—£mJ 12.18

n Kk

p
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j-1
W, (j,)=H J{km] 12.19

For completeness, the linear components of the sequential response functions can

be calculated using Equation 12.20. This pattern can be easily observed in equation 2.31
V,i(t—jH) 12.20
In APPENDIX B the derivations discussed in this section will be combined to

generate the complete sequential response solutions.



APPENDIX B: SINGLE MODE MATRIX EQUATION

12.2Single Mode Matrix Equations

Equations of Matrix solution

X(t) =0, [ WsLg, () + W, Ly, (©) |+S, (1)
V(t) =0, [ WsLg, 1)+ W, L, () ]+S,(1)

Acc(t) =0, [ WsLg o () +W, L, (1) ]

i—
& ;
(i-D'(2w,)"™
J L e
WG:\L w_p(WG(LH‘l)—[E} ] N
J/ .
L Za)p(i—l)[i(i_l)WG(j’i"‘l)JFWG(j—1,i—1)]
Diagonal terms
WG(J’J):

(I-D!(2w,)"™
First column terms
1 m)
We(j,l)——[WG(J',Hl)—(—J J
w, k

Lower triangle terms

We(j,i)=ﬁ[i(i—l)WG(j,i+l)+WG(j—1,i—1)]
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12.21

12.22

12.23

12.24

12.25

12.26

12.27
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All upper triangle terms are zero

i—
S 0 0
(J-D)'20,)"™
J 1
12.28
W onjl L
Wi = " J(kpj >
\2 N0
1 L. - . .
_ Za)p(i_l)[l(l—l)WH(j,I+1)+WH(j—1,I—1)] \l_
Diagonal terms
W, (], ])= H 12.29
T (-D12e,) |
First column terms
j-1
. [ m
W, (j,)=H j[—] 12.30
kp
Lower triangle terms
W, (],1)=——10-DW, (],1+1)+W,(]-1i-1 12.31
4 (J:1) 2a>p(|—1)[( YW, (J,i+D) +W,, (] )]
All upper triangle terms are zero
j-1
i vo(b—R] 0 0
=y M 12.32
O 0 N o
0 0 N\

L vectors for position

|t e sin (wpt —(j-1 %)
Le, () =V . 12.33

\



177

jltie™ cos(a)pt —(j —1)%)
LH,x(t) :‘L \L

\

12.34

The L vectors for velocity are found by differentiating the Lx matrices multiplied

by the exponential term, LGYV(t):%(LG'X(t)), LH’V(t):%(LH’X(t)).
|t {mp Cos(wpt —(j -1)5)- Asin (a)pt —(j-) fﬂ
j 2 2
\ j-2,-At| 7 ; ; T
Lo, (1) = +7%e™ | (J-D)sin wpt—(J—l)E 12.35
J
- i —
| —tie ™ {a)p sin (a)pt —(] —1)£]+ Acos(a)pt -(j-) zﬂ
j 2 2
¢ J_2 _At - - 7[
L, (@)= +t' ™™ | (j—1) cos a)pt—(j—l)E 12.36
\s
i v |
The L vectors for acceleration are found as,

Lea® = (6 La,0). Ly = (e L, 0),

tilg At |:(A2 _pr)sin (a)pt —(j _]_)%j—ZAa)p COS(wpt -(i-) %j:|
+tjzeAt(z(j_l)){a)pcos(mpt—(j—1)%)—Asin(a>pt—(j—l)%ﬂ 12.37

0% (=) (j-2)sin| (i)

2
\:

— —

Le.()=




L,.0)=

il A {ZAa)p sin (wpt —(j —D%)—(AZ —wpz)cos(a)pt —(j _l)%ﬂ
_ti2g At (2( i _1)){@p sin (a)pt —(] —1)%}— Acos(a;pt —(j —1)%}}

%M (j-1)(j- 2)cos(a)pt -(-D %j

s
\
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12.38

Note that the exponential term, e, does not appear on the L matrices because it

is pulled out and placed at the front of equations 12.22 and 12.23.

j Voj(t_jH)
S (=1 J
J
j Voj
s,()=4| {

\

12.39

12.40
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APPENDIX C: CALCULATION OF CRITICAL STAILITY LIMIT

12.3biim,crit , Chatter frequency, and maximum amplitude location
12.3.1Location of Maximum Amplitude
The equation describing the oscillation envelope for the j" sequential response is

given in equation 12.41

1 bRY™
f(t)=C V| — | tite™ 12.41
i® [a)p(j—l)!(za)p)l-lJ O(mj

To find the time, t, of the maximum oscillation, we differentiate equation 12.42,

where C combines all of the constant terms, and solve for t after setting the derivative equal

to zero.

j—1,—At
f,(t)=Ct'e 12.42

f{(t)=C[(j-Dt/ %™ - At e ™ |=0
(j-Dt%e ™ = At e ™
(j-1) = At 12.43
)

A

From equation 12.43, the maximum oscillation amplitude for the j response occurs

-1
A

at t=

, and the value of the maximum amplitude can be calculated using equation

12.44.

. it i1 (i
fimax = fj(J_lj: 1 V, bR (J_lJ e A( Aj 12.44
’ A w, (j-1)! 2ma, A
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12.32Calculation of bjim crit

biim,crit iS calculated as the value of b at which the maximum amplitudes from two
subsequent responses are equal as the number of responses goes to infinity as shown in
equation 12.45

bIim,crit when fj,max =f as J —>®© 12.45

— T j+1l,max
To do this, we use equation 12.44 and set two subsequent maximum amplitudes
equal to each other, as shown in equation 12.46, and solve for the value of b which satisfies

this condition.

[ (el am )+

((J— il)J( j-1)te {ﬁ]{zi’rﬁ% J( j)el 12.47

[ bR J: (J)! (J'—.l)_j_lel 12.48

2Ama)p

. AN
bR |__] [Jflj ¢! 12.49
2Ame, | (J-1) ]

The two identities in equation 12.50 are used to eliminate the j term from equation

12.49, resulting in the reduced equation for b in equation 12.52

. . ]
lim— -1, I_im(l—_lj e 12.50
J—)oo(J _1) joo

bR | _,4 1251
2Ama)p
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B 2Ama)p
R

12.52

The wp term in equation 12.52 is a function of b, so we must expand the equation

to obtain the final value of bjim crit. AS

o, = 5+b—R—§25, A:g\/K 12.53
m m m m
(e sy m-e)
b? = m mz m 12.54
R

G G

o 1] 4 k)+\/ 6(¢*’) , 16(¢%?)(1-¢")
> -

R? R?

12.55

:%[(gz)i\/(é )+(¢?)( 472)} 12.56
:ZKTC[ s ( Y{1-¢)|
( 1)

R=K,cosp 12.57
After reducing the expanded equation in equations 12.54 through 12.56, we obtain

the final equation for biim crit in equation 12.58.

2k
b. . = +1 12.58
lim,crit KS cos ()7(4’ )

Equation 12.58 is the value of biimcrit derived from the time domain solution. In

equations 12.59 (Schmitz 2009) through 12.63 the same quantity is derived based on the



182

frequency response solution. The resulting value of biim it is the same from both methods,
as seen in equation 12.58 and 12.63.

-1
b_ . =
mett 2K, cos g min(Re[FRF])

12.59

1 1-r? .
Re[FRF] :E{(l—rz)z +(2§r)2] min(Re[FRF]) when r =«/1+ 20 12.60

min(Re[FRF]) = = 1-1-2
D k| @=1428) +4£2(1+20)

1 -2
k(202 +447(1+2¢)

12.61
1 1
20k L+(1+ 24)}
)
Ak 1+ ¢
bIim,crit = _1 1262
2K, cosﬂ[_lJ(lJ
4k \1+¢
_ 2k
blim,crit - KS COSﬂ(l—Fg) 1263

12.3.3Chatter Frequency at biim crit

The frequency response solution predicts a chatter frequency when b=blimcrit as:

o, =wn(1+é”)=E(1+§) 12.64

In the time domain solution the tool frequency, wyp, is determined based on the
system parameters and the depth of cut, b. When the cutting frequency, wy, is calculated

when b=blimcrit, the same chatter frequency is obtained (see equation 12.65).



o= [EE G

_\/_ R2k§(1+§) k

\/7\/1+2§ (1+¢)-

\/7«/1+2§+g“

=\/:(1+§)
m

52—
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12.65



APPENDIX D: DDE SOLUTION EXAMPLES

12.4 Additional DDE Solution Examples

184

The general approach used to solve the delay differential equation describing the

dynamics of a machine tool are applied in this section to find the solutions for two more

basic DDEs.

y'+y(t-7)=0, y(0)=1, y,=1

YO_]-
Yi==Yo=-1 - y=-t
2
i=%=t o> y=o
2
t? t®
r_ _ —— -
Yo=Y == Yo =5
t? t*
Ya=Ys=% > Y=o,
~1)' ¢!
, (1

y'+y(t-7)=0, y(0)=1, y, =1

12.66

12.67

12.68

12.69

12.70

12.71

12.72



Y] ==Y;(t)

Yo =1

t
n—_1 __>
Y1 - Y >

2 4
"

oot o, ot
) 2 24

t t°
u:___) -
Ys 24 Ys 720

6 t8

:——) e
720 Ya 40320

"”

Ya
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12.73

12.74

12.75

12.76

12.77
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APPENDIX E: MULTI-MODE COEFFICIENT SOLUTIONS

12.5Multi-mode solutions for aw

The aw coefficients are solved by applying the forcing term which contains a
polynomial multiplied by an exponential to the first order differential equation. An
example of the solution process is shown below when the polynomial in the forcing
function is of degree 2. In Equation 12.78 the form the of particular solution, wn,, is shown

when n#u.

W, =AW +(agnyu’0+a t+a

n" nu gn,u,l gn,u,2

tz)e‘ut

12.78
Wn,u = (awn,u,O + aWn,u,lt + awn,u,Zt2 )eiut ' n#u

Applying the particular solution form to the differential equation and equating to

the forcing term, w, . —2,w,, =g, . the following equation is obtained. The coefficients are

then calculated by equating the polynomial degree terms and solving based on the forcing
coefficients as shown in Equation 12.79. As the degree of the input polynomial increases
with each successive response, the solution coefficients, aw, can be calculated directly

using 3.17 when nu.
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Wn,u _/ann,u = gn,u , N#U
_ 2\ AAt
gn,u - (agn,u,o + agn,u,lt + agn,u,2t )e
_ 2\ S At
Wn,u - (awn,u,O + awn,u,lt + awn,u,2t )e

Wn,u = ;Lu (awn,u,o + awn,u,lt + awn,u,2t2 )e%t + (awn,u,l + Zawn,u,zt)e/m

12.79
a n,u, _awn,u,
t°: (j“u _in)awn,u,o Funu1 T Agnuo > Bunuo W
a nul 2aWn,U,
th: (ﬂ“u _ﬂ’n)awn,u,l +2avvn,u,2 = Agnu1 ™ Eunus = g (;u -1 ) 2
. _ o agn,u,2
t (ﬂ'u _ﬂ'n)awn,u,Z - agn,u,z = Bz = (ﬂ -A )

The solution approach in Equation 12.79 cannot be applied in the case where n=u

due to the zero denominator (Au,-An=0). A solution is obtained in the case where n=u by

increasing the degree of the particular solution by one. Applying the modified particular

solution as shown in Equation 12.81, a new set of coefficient solutions are obtained, which

are shown in Equation 12.81 and can be calculated directly using the formula in Equation

3.17. Note that in the case where n=u, the coefficient, awnuo, is determined based on the

initial conditions.

— 2\ gt
Wn,u - ﬁ’an,u + (agn,u,o + agn,u,lt + agn,u,zt )e

12.80
2 3
Wn,u = (awn,u,o + awn,u,lt + awn,u,zt + awn,u,St )eﬂut ’ n=u



W, —AW,, =0,,, n=uU

Ons = (oo + Bgn sl +8gn gt )€

W,y = (0 + By sl + By gt + ot )€™

W,y = 2, (Qnuo + Bunuat + Bunuol” + By uat’ )€ + (20
0 (A=A ) Bunuo + Bunut = 8gnuo —> Bunut = Bgnuo

a
1. _ _ “gnul
t: (ﬂ“u _j’n)awn,u,l + 2aWn,u,2 - agn,u,l - awn,u,2 - 2
t2 . ﬂ, ﬂ 3 _ _ a‘gn,u,2
. ( u n)awn,u,z + a‘wn,u,3 - agn,u,2 - aWn,u,3 - 3

t3 : (ﬂu _ﬂn)awn,u,s =0

12.6 Multi-mode matrix coefficient solutions
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+2a  t+3a tz)el“t

wn,u,2 wn,u,3

12.81

In the case when n+u, the w coefficients, awnu,y, are dependent on the higher order

w coefficients, awnuv+1. Using the higher order w coefficients to calculate the lower order

coefficients is convenient when calculating using Equation (1.82), however, it is possible

to obtain these values based only on the g coefficients for a matrix solution. Take for

example the solutions for w1 (n=1) and the forcing mode is 2 (u=2) in a 2 mode system

when the maximum order of the g coefficients is 3. Equation (1.83) gives the solutions for

the w1 coefficients based on Equation (1.82), and the solutions are given in reduced form

in Equation (1.85).

a

__gn,Auv

awn,iu,v+1_ V+1 , N=u

agn,;tu,v - (V +1) awn,/iu,v+1

awn,/lu,v = ﬂu _in

(1.82)
‘n=u
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_ 2 3\ a ot
010 = (agl,/IZ,O + agl,lZ,lt + agl,/12,2t + agl,lZ,St )e

_ 2 3\ oAt
W2 = (awl,zz,o R R R WP S o - WP )e

a
Q1,123 /129”2/;1
a
a _g %128
a, Q1022 =38, 123 _ . A=A
142,2 = A4 P
a
ag1,42,2 _3/19le
a -2
8 101 = Ag1221 -2a,, 222 _ ghazt A=A
=4 A=A
a
Ag1,22,2 Sﬂjljzﬂi
Ag1,221 2 Py
a i
91,42,0 .
Q120 = gu;o ZVMM = 2 _ij 4 (1.83)
2 2
Q1223
Ay 105 = gLA2,
1,423 PRy
a, Q31022 38y 153
1,42,2 2
h (a) o
a, _ 84121 2ag1,/12,2 6agl,/12,3 .
1,421 2 3
=t (L-4) (LH-4)
a, _ 851500  8g121 2agl,12,2 B 6ag1,zz,3
12,0 —

bomh (=h) (=4) (=4)
The generalized w coefficient solutions are given in Equation 5.6, where the

subscript vg indicates the order of the g coefficient, and V is the highest order g coefficient.

a
gn, iuv .
——;, n=u
awn Au, vil T V+1
v _1)(V+Vg)(v )! B 10y, (1.85)

' n#u

awn,/lu,v _vg=v (V)' ﬂ, _1 )(1+vg—v)



