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ABSTRACT
LUKUN ZHENG. The spectral theory of Schrodinger operator on general graphs.
(Under the direction of DR. STANISLAV MOLCHANOV)

The goal of this dissertation is to give the sufficient conditions for the absence
of a.c.spectrum or existence of the pure point (p.p.) spectrum for the deterministic
or random Schrodinger operators on the general graphs. For the particular situa-
tions of “non-percolating” graphs like Sierpinski lattice and Quasi-1 dimensional tree,
we’ll prove the Simon-Spencer type results and the localization theorem for Anderson
Hamiltonians. Technical tools here are the extensions of the real-analytic methods
presented for the 1D lattice Z' and corresponding Schrodinger operators in [10]. The
central moment is the cluster expansion of the resolvent with respect to appropriate

partition of I'.
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CHAPTER 1: INTRODUCTION

1.1 A General Summary

The idea on the possible connection between the spectral phase transition for the
Anderson Hamiltonian on the lattices Z¢, d > 3 and the percolation was always
popular in the physical literature. In one direction it is definitely correct. Consider

on the lattice Z! the random Schrédinger operator

Ho(x) = Ap(x) + oV (s,w), Ap(x) = od(x+ 1)+ p(x — 1)

where o is a coupling constant and V' (z,w) are unbounded i.i.d., say, N (0, 1) random
variables. Then for arbitrary small ¢ and for arbitrary large M there are infinitely
many points z : |V(z,w)| > M. Le. the set {z : |V(z,w)| < M} contains only
finite connected components, or they doesn’t percolate, though its concentration can
be arbitrary close to 1. We call Z! non-percolating graph. More formally, let T' be
an abstract graph and X (z,w),z € I' is the Bernoulli field such that P{X(:) =1} =
e, P{X(-) =0} =1—e We call I' a non-percolating graph if for arbitrary ¢ > 0
the set {z : X(z) = 0} contains P — a.s. only bounded connected components. The
class of non-percolating graphs is very rich. It includes, for instance, all nested fractal

lattices, among them, the Sierpinski lattice.



Let’s consider for such graphs Anderson type operators
Ho(x)= Y o) +0oV(z,w)
where {2/ : 2/ ~ z} is the set of nearest neighbours of x and V(z,w) are unbounded
i.i.d. random variables. At the level of the physical intuition we have the following
picture: the realization of oV (+) contains the sequence of the higher and higher ”walls”
and the quantum particle can’t avoid the interaction with such walls in its attempts
to reach infinite. Since the tunnelling through higher and higher walls has smaller and
smaller probability one can expect here some kind of localization phenomena, say, the
absence of the a.c. spectrum. In the case of 1D lattice Z! these a bit fuzzy arguments
were transformed in the mathematical theorem in the famous Simon-Spencer theorem
[3]. Let

Ho(x) = ¢p(z + 1)+ ¢lx — 1) + V(z)p(z),z € Z".

If the potential V(x) is unbounded near +oco (i.e. liszrup |V (x)| = limsup |V (x)| =
z—4o00 z——00
+00), then ¥, = 0.

Of course, for the random i.i.d. unbounded potentials this results provides the
absence of a.c. spectrum P — a.s.. The Simon-Spencer theorem can be extended on
some class of the potentials even in R?,d > 2, see [8]. All results of such kind include
the very strong assumptions of the existence of the infinite system of the ”rings” or
belts b, around origin, where potential V' is higher and higher (i.e. ;Iégnl V(z) = h, —

+00, n — o0). They also require the additional conditions on fast increasing of the

”heights” h,,. B.Simon [3] constructed (for I' = Z?) such Schrodinger operator, where
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V(z) > 0 contains the system of the higher and higher walls (i.e. set {x : V(z) < M}
doesn’t percolate for any M), but spectrum of H contains the a.c. components.

Unfortunately the lattice Z¢, d > 1 “percolate”, there exist the critical thresholds
Bery hep: if B> he, then the set {z : V(z,w) > h} doesn’t percolate, but for h < P
it contains the infinite component.

The goal of this paper is to give the sufficient conditions for the absence of a.c.spectrum
or existence of the pure point (p.p.) spectrum for the deterministic or random
Schrodinger operators on the general graphs. For the particular situations of “non-
percolating” graphs we’ll prove the Simon-Spencer type results and the localization
theorem for Anderson Hamiltonians. Technical tools here are the extensions of the
real-analytic methods presented for the 1D lattice Z! and corresponding Schrodinger
operators in [10]. The central moment is the cluster expansion of the resolvent with

respect to appropriate partition of I.
1.2 Two Particular Examples
The general theory provide the following particular results.

Theorem (A). Consider the Sierpinski lattice S (see figure 1) with Laplacian Ay(x) =
Z ¥ (2') and boundary condition ¥ (0) = 0. Let H = A + V(x,w) is the Anderson

Hamiltonian and V(z,w) are i.i.d. unbounded random variables. Then P — a.s.

H = H(w) has no absolutely continuous spectrum.

This theorem is a particular case of the much more general result, see Corollary

16.

Theorem (B). Consider the Quasi-1 Dimensional Tree T'(see figure 2) with Laplacian



A: (0,0)

Figure 1: Sierpinski lattice 5.

(z,y +1)
(z,y)

”””” (z.y —|1) Tt

(=1,0) (0,0) (1,0) (2,0) (z—1,0) (z,0) (z+1,0) z

Figure 2: Quasi-1 dimensional tree T

Ay(x) = Zw(a:’), x # (—1,0) and boundary condition ¢(—1,0) = 0. Let H =

z/~x

A + V(z,w) be the Anderson Hamiltonian and V(z,w) are i.i.d. random variables
with bounded distribution density f(¢)(|f(¢t)] < M, t € R, for some M < oo) and
f(t)dt > 0 for any A > 0. Then the spectrum of H is pure point with probability

[t|>A
1.



CHAPTER 2: BASIC DEFINITIONS AND THE MODEL

Let (I', A) be a undirected infinite graph with symmetric adjacency matrix A(I") =
A*(T) = [a(x,y)]. If a(z,y) = 1, we will call x and y are the nearest neighbors,
denoted by x ~ y. Suppose that for each = € I, the number v(z) of nearest neighbors
x'c 2’ ~ x is bounded: v(x) < K for some fixed K : 2 < K < oo. For the
homogeneous graph (with appropriate group of the symmetries) v(z) = K. In this
case, K is called the index of branching of the graph (I', A). Typical examples of
homogeneous graphs are: lattices Z¢ with index of branching equal to 2d, groups
with finite number of generators, homogeneous trees, etc.

The path [y] of length |[7]| = n, from point x to point y on I', denoted by [y] :  — y

is defined to be a sequence of the points

) = {=itio

such that x; ~ z;_1 fori=1,2,--- ,n and xog = x, x, = y. Here x(y = x is called the
start point, x,, = y is called the end point. All the other points are called the internal

points of the path. We denote (v) : # — y the internal part of [y] : x — vy, that is,

(v) ={zi 7;:_11

with ©; ~ g = x and x,,_; ~ x, = y. If a path contains infinitely many points, then

it is called an infinite path. Any non-empty set B C V with more than one points
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is called connected or 1-connected if Vz,y € B, J[y] : © — y and [y] C B. The

boundary of B is defined as:
OB={y:y ¢ B, and y ~ x, for some = € B}.

In this paper, we assume that graph I' is 1-connected.
A metric d(z,y) on I' and distances d(z, B), d(B;, B,) are defined in the standard
way. The volume of the ball, centered at point xg € I', can not increases faster than

an exponential:

|Br(z0)| = |[{z : d(z,20) < R} < K® +1.

Recall that K = max v(x).
S

Let l5(I") be the Hilbert space of square-summable functions f(z) : I' — C with

the inner product and norm

(fr9) =D f@)g@), [IA1P =D If (@) (1)

for f,g € £o(T).
The lattice Laplacian in the space ¢5(I") is given by a usual formula
Af@) =,  fl@) (2)
z':d(z! x)=1
As easy to see,

1Al = sup [[Af]] < K.

FiAlflI=1

i.e. the lattice Laplacian is bounded.



The Schrodinger operator(Hamiltonian), by the definition, has a form

H=A+V(x) (3)

where V' (z) is an arbitrary real-valued potential. In the most interesting case, V(x) =
o&(z,w) and &(z,w) will be the family of i.i.d.r.v. with bounded continuous density
pe(-). Here z € I', w € (Q,F,P)(a basic probability space), and ¢ > 0 is the
coupling constant(the measure of disorder). In this case, we will call H the Anderson
Hamiltonian on [?(T"). The fundamental and still unsolved problem is to determine
the spectral type of H for the general graphs ( or at least for lattices Z¢, d > 2).
It is known ([6])that for arbitrary graph I' and the very general symmetric bounded
operators L, the spectral measure is pure point(p.p) for the large disorder, o > oy,
where o can be effectively determined by the geometry of the graph I'. If ' = Z! ( or
' =7Z'%x A, Card(A) < o) the spectrum of H is p.p. P-a.s. and the corresponding
eigenfunctions are exponentially decaying for arbitrary small coupling parameter o (
see details in [9]). The second case where the spectral picture is well understood is
the homogeneous tree T, see [5]. The last case is the only one which demonstrate
the Anderson type phase transition from the p.p. spectrum for large ¢ to the mixed

spectrum (a.c. component plus p.p. component) for small o.



CHAPTER 3: EXPANSION THEORY OF THE RESOLVENT KERNEL

3.1  Path Expansion

The resolvent kernel of the operator H
R)\(xuy) - (H - A])_l(x7y>
is well defined at least for complex A\. We will use the following “exact” formula for

Ry (x,y)(so-called path expansion) see [10].

Proposition 1. Let V(z) be the potential of the Schrodinger operator on I' with
Range(V) ={V(x):xz €'} C R. Then

0y ( 1
w54 2 (v ) :

zey

where 0,(z) = 1 if + = y and 0 otherwise. This formula holds, at least for A’s such

that d(\, Range(V')) > K + 6, for some § > 0.

Proof. Since Hy(xz) — Mp(z) = 0,(x), we have
> W) + Via)b(x) — Mp(x) = 6, ().

Thus,

For each 2/, one can use the same formula, and continue these iterations, to get



(4)-

The number of paths [y] with the fixed start point = and the length n is at most

1 1
K" and le_[[} A—=V(z2) < (K+5)|[WH+1'
z€ly

series (4). O

These facts lead to the convergence of the

Similar construction works for the restriction of H on subsets B of I'. Consider

Hp = A+ V(z) with Dirichlet boundary condition:

¢(r) =0

forz el — B.

Proposition 2. Let RE\B)(x,y) = (Hp — M)"*(z,9) be the resolvent kernel of Hjp
(which is well defined at least for [ImA| > K + 9,0 >0 ). Then for z,y € B,

B dy() 1
RS )(x,y):)\_—m+ > H)\——V(z) : (5)

[:z—y \2€]]
lcB

Note that for cardinality of the set B: |B| < oo the spectrum of Hp contains | B|
real eigenvalues (which can be multiple), i.e. R(AB) (x,y) is real and finite for all real

A, except the finite set of eigenvalues of Hp.
3.2 Cluster Expansion

Let us fix some point xy € I', called reference point. A set b C I' is called a belt
with respect to xg if any path that starts from point zy and goes to infinite intersects
with set b. Define the set of all the points trapped by the belt b the enclosure Ej of
the belt b: B, = {z : 3[7] : 29 — =z, and [y] Nb = 0}. Thus E, is 1-connected, that

is, Vo,y € Ec,3[y] : © — y,[y] C Ep. The inner boundary of the belt b is defined to
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be the set db~ = 9b N E, and the outer boundary of the belt b is bt = 9b — Ib~.

A counter is defined to be a belt ¢ for which every point in ¢ is irreducible. In other
word, ¢ is not going to be a belt if any point of it is taken away:.

We can define now the following quantity (similar to resolvent of b): for = €

ob~—, y € ObT, put

B(w,y) = Z H (6)

[]:z—y zE(v)

(v)cb
(and similar expression if z € 9b™, y € 9b~). Note that path () stays inside belt b.
In the future the potential V'(-) will be large on b, i.e. for A € I (I is a fixed interval)
the quantity 3%(z,y) will be small. Physically it means that the tunnelling of the
quantum particle through the belt is very unlikely.

Now assume that {b; : ¢ > 1} is a sequence of disjoint belts with respect to the

reference point xy and the corresponding sequence of the enclosures is { Ep, }22,. As-

sume that £, C E,,,, forany i =1,2,3,---. Let Sy, S1,--- be subsets of I' between

i+1)
successive belts(Sy contains zg). That is, S; = Ep, — Ep,_, — by fori =1,2,---. We
define the main blocks (0), (1),--- as:
(0) = Sp U by, 0(0) = b,
(1) = by U Sy Uby,d(1) = db; U Oby
and so on. See figure (3)

We call 9b; the inner boundary of b; and 9b; the outer boundary of b; for i > 1.

Now we will study the cluster expansion of Ry(zg,z). Consider the path expansion

of H:

_ O (2) —1
Rx(ﬂfo,ﬂ?)*)\_—v(er > |11 A=V (2)

:mo—z \ 2€[Y]
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Figure 3: Main blocks and belts

Figure 4: The path [7]

and introduce the procedure of the union of the paths into the special groups(clusters).

Consider a particle following some path [y] : zg — x (Figure 4) . It will stay
in the main block (0) for certain amount of time. And then at some moment it
will reach Ob;. By definition, it is the moment of transition from main block (0) to
main block (1). The particles again can stay for certain amount of time in (0) U (1)
doing transitions between (0) and (1) until at some moment it reaches db3, and this
moment, by definition, is the transition from (1) to (2), etc.

Therefore, for any [y] : o — x, one can define the sequence of the main blocks

with which [y] successively intersects. Let’s introduce the graph I' with the vertices
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being the main blocks: (0), (1), ... and possible transitions (n) — (n £ 1),n > 0
and (0) — 1. For each path [y] on T', one can consider the cluster of the elementary
paths [y] following [] between main blocks. If so, we say that [y] € [y]. The class of

all the paths which stays in (0) forever corresponds to the [y] = (0).

Put

R, = 3 H( )

el #€h

Here the [y]s under summation are from xy to z in the kth main block (k).

By definition, we have

O
Ry (xg,2) = ST V (0] —l— N Z(k) RM (xo,
)—

Let’s provide a deeper analysis of any path [y] € [y]. Assume that [7] contains, say,
transitions (0) — (1) — (2). Then at the moment 7;" the path enters to some point
2y on Ob] for the first time ( the first entrance to (1) ). Let 7; is the last moment
before 7" when the path enters to the belt b; through db; and stays in b; until the
moment 7;7. After moment 7", the trajectory [y] is moving inside (1) and at the
moment 7,” enters to dby ( the first entrance to (2) ). 7, is similarly defined as 7,
so that in the time interval [7, , 75/] it stays inside b, etc.

This classification leads to the simple combinatorial representation of R@ (g, ).
For instance, consider the special case when z = zo. If [7] = (0), RE?] (xo, x9) =
RE\O) (20, T0)-

For other paths [y], say, [y] = (0) — (1) — -+ — (2) — (1) — (0), their

contribution to Ry (xg,xo) equals
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RM (o, Zo) ZR (0, 21) B3 (21, 22) R\ (22, ) x -+

2 1 0
X R(A )('7 Zo1-3) B3 (221-3, 221—2)R(A )(221—2, Zo1-1) B3 (2211, ZQZ)Rg\ )(2’257 ) (xx)
where the summation is over 2z, € b, zp € Ob, ..., 293 € Oby, 299 € by, 2y €

b, zy € Ob] with [ being the number of times the path go through the belts until
it returns back to xg.
For each term RE\k)(zi, z;),k =1,2,---, there are four possible versions according

to the different transitions through the kth belt, i.e.
Ky o . + . - . p®E, oy L + . +.
Ry (2i,25), 2 € Ob), z; € Oby i R)(2i,25), 2 € Ob, 25 € Ob);
By o) o - . = Rl Ly - . +
Ry (21, 25), 2 € Ob 4,25 € Oby s R\ (21, 25), 2 € Oby 4, 25 € by
For each term R(AO)(ZZ-, z;), there are two possible versions:
R&O) (l’o, Zj), Zj < 8[)1_, R&O) (Zj, .ﬁEo), Zj € (%1_

The similar formulas have place for RV (zg,z), = € (k). Say, [3] = (0) — (1) —

— (k+1) — (k),

Rh] $0, Z R wOa Zl)ﬁ)\ (217 ZZ) g\)('z% 23)622 (235 24)RE\2)(Z47 ) Xoeee

b
XRE\kH)(" Zo1-1) B\ (21, Zzz)R(Ak)(Zm, )

where the summation is over all z; € 9by, 29 € Ob, 23 € Oby, 24 € Oby, ..., 291 1 €
(%;H, zy € Ob,, with | being the number of times the path go through the belts

until it reaches to z.
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For convenience of the reference, let’s formulate the main result of this section as

Theorem 3 (The cluster expansion theorem). Let 2y be the reference point and = €

(k), then

’ (100 (k)

Here

R (o, 0) =D R (w0, 20) B3 (21, 20) BN (22, 2) B (25, 24) B (24,7) x -+

XRE\kH)(w ZZl—l)ﬂikH (291-1, Zzz)RE\k)(Zm, ) (8)

where the summations are described above.



CHAPTER 4: TECHNICAL LEMMAS BASED ON THE RESOLVENT KERNEL
Ry (X0, X) WHERE IM(X\) =€¢>0
In this chapter we will formulate and prove several criteria for the absence of the
a.c. spectrum, localization, etc. All results here will be based on the complex analysis.
See real analytic approach in Chapter 5.
Due to general theory, H = AE(d)). It f € [3(T), then us(d\) = (E(dN)f, f)

SpH

is the spectral measure of the element f and / pr(dX) = / pe(dX) = ][5
Sp(H) Rl

The resolvent Ry = (H — AI)~" is the bounded operator for A ¢ Sp(H), for instance,

for A = Ao + i, \g € R', (Ryf, f) = / M The function fo(z) € [*(T) has

sp(H) # A
the mazimal spectral type if s, (dX\) > p,(d\) for any g € [*(T'). The dense set of
functions fo € [*(T") have the maximal spectral type.
The measure pir(d\) has the Lebesgue decomposition into a.c. component fif ..,
singular continuous component jif .., and finally point component fiy,,.
The a.c. components is responsible for the transport of the quantum particles (elec-

tric conductivity, scattering, etc). The point component is related to the localization

phenomena.
Theorem 4. The limit
mlim Im(Raiei f, f)
e—0

exists for a.e. A € R and equals to ps(\). Here p()) is the density of the a.c. part

of the spectral measure f17(d)). See details in [2].
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Corollary 5. For given energy interval I C R, the a.c. part of the spectral measure
Ufae (dN) is equal to O if

lim I'm(Ryyif, f) = 0
a.e. on \ C [.

Assume that ji,. (d\) = 0 (operator H has no a.c. spectrum). How to separate 1,
and ps..? The following theorem (see [4]) gives the simple criteria for (p.p) spectrum.

Theorem 6 (Simon-Wolff). Assume that for real A on the resolvent kernel, Ry (2o, y) =

Ry 0i(zo,y) and for any oy € T’

. 2 _ ] 2
11_{%2 ‘R)\+ie($o,y)‘ = Z ’RA+Oz(x0>y)‘ < o0.

yel’ yel’

Then the operator H “typically” has p.p. spectrum.
Remark 1. It is not difficult to prove the existence of the limit above.

The last sentence “typically” means that, in the subspace ¢3(0,,) = Span(Rx0z,),
the perturbed operator H, = H + ad,,(-), o € I' (rank-one perturbation) has p.p.
spectrum for a.e. a € R. At the same time(in the wide class of situations), the
operator H, has the pure singular spectrum for some a from the appropriate Gs set
(with measure 0), see [1].

This result is especially convenient for the random Schrodinger operators (Anderson

Hamiltonians):

Hw)=A+0c{(r,w), z €T, we (QF,P),

where o is a coupling constant (the measure of disorder) and the random variables

&(x,w) are i.i.d. with bounded continuous distribution density.
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As we already mentioned, for large o (large disorder) the operator H(w) has p.p.
spectrum P-a.s., see [6].
Let’s formulate and prove the result, closely related to Simon-Spencer approach to

the theorems on the absence of the a.c. spectrum.

Theorem 7. Let I' be a graph with estimate v(z) < K, A is the Laplacian, H =
A + V(z) is the Schorédinger operator with potential V(). Assume that for some

sequence of points D ={z, :n=1,2,...}

> 1
— < Q.
2 V)

Consider the new operator H = A + V(z) with boundary condition ¢(z,) = 0, n =
1,2,..., i.e. the restriction of H on I' — D with Dirichlet boundary condition on D.
Then

SPac.(H) = Spa.c.(H)

and for any f € L*(T), the a.c. components of the spectral measures of f for H and

H are mutually a.c.. In particular, Spa,c,(ﬁ) =) <= Spa.(H) = 0.

Proof. The proof is based on Kato-Birman criterion [11]. See also [2, 3]. If for
some fixed \g = C4, the difference between the resolvents Ry, = (H — A\I)~" and
Ry, = (H — XoI)~! belongs to the trace class, i.e.

Z ‘Rko (z,2) — Ry, (z,2)| < o0,

zel

then pig.c.(H) = pa.c.(H)

Now we will use the path expansion to calculate Ry, (z,z) and Ry, (x, ), z € T for
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Ao = K(K + 1)i.

We have

Ry, (z,2) = AO_ 7t Z H(AO_ >

l:ix—ax z€[y]

for z € T', and

RAO (x,z) =

)\O_ + > H( ),xeF—D

V]:z—x z€[y
[y]ND=0

and Ry, (z,2) =0, z €D,

< ! .
= KK+ 1)

Note that If x, € D, then

1
)\0 — V(Z)
Ry (2,2) = Rog (1, 2)| = | Ry (2,)]

] K K?

( +K<K+1>+<K<K+1>>2+'“)
2

= V)]

1
< |-
- )\0 — V(l’n)

<2

>\0 — V (Zﬂn)
Therefore,

Z‘R,\Oxm RA0$$‘<QZ|V$ < 00. 9)

zeD

But if z ¢ D, we have

’wa) R,\Ox:v): ZH( )).

[V]:z—z z€[Y]
[YIND#D

Since [y]ND # (), the path [y] must intersect D for the first time at one of the points
x1,%9,.... Let A; = {[y] : * — z and v and D intersect for the first time at z;},

i=1,2....
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Then

ZH( v

YEA; z€[7]

1
< L RET DIV

YEA;
1 Kd(:c,xj) Kd(:c,xj)—i—l
< Y

1 1
< 1+—).
~ V() (K + D)4 ( ! K)

Therefore, for « ¢ D,

(o) = )] < (14 )Z VI

- > 1
Z ‘RAO(J;7I>_R>\0(Z‘JI>’ < (1+_) (10 L 1\d(z.z;)
zel—D KJ 5 |V(IJ)| W (K 1))
But
Z ! <1+ K + K + K+1<
N e — 0.
(K + 1)d@z;) — K+1 (K+1)?

zel'—=D

Hence, we have

3[Rt o] < S S i <o

N

zel'—D

Due to equation (9) and (10), we have

Z ‘R)\O(l“,x) — R,\O(:U,a:)‘ < 0.

zel’

Since the difference belongs to the trace class, operators H and H have the same
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a.c. spectrum. O

Corollary 8. Assume that for the Schrodinger operator H = A 4 V/(x) one can find
the set D = {x,;n =1,2,...} such that I' — D is the union of the disjoint finite sets
(in our terminology, D is the union of the belts). Then under the assumption of the

1
above theorem (Z V]
Tn

< o0), H has no a.c. spectrum.



CHAPTER 5: THE REAL ANALYTIC APPROACH TO THE ABSENCE OF
THE ABSOLUTELY CONTINUOUS SPECTRUM AND LOCALIZATION

In all future constructions, the belts {b;, [ = 1,2,...} will be selected from the

assumption that for the fixed energy interval I on A-axis:

Bf\l (Zl7 ZQ)

max

ahax . < 51, 0 — 0, [ — (11)
z1€00; ,2€004

for all A € I.
There are different options to guarantee the small values of ﬁf\l(-, -). For instance,
assume that |V (z)| > h;, x € b, and h; is sufficiently large, then, for fixed energy

interval I,

2
< —, Ael,zel,
_hl < l

1.e.

2K\ "
?\l('v') SO(T) :(5l7

l

with ¢; = d(db;, 0b]"), for some constant C.

The each product in the cluster expansion contains factors ﬁff(-, -) which will be
small and the resolvents of the main blocks Rg\l)(-7 -), where we have no information
about the potentials. We will use here the Kolmogorov’s lemma which states that

RE\Z)(~, -) for typical A is not "too large” (see the proof of this result in [10] in the
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convenient form).

Proposition 9 (Kolmogorov Lemma). Let M > 0, then
N
4
m (A R =S Y| > M) < % (12)
=1

Here \; are different real numbers, and «; are also real.

Ifa; >0,1=1,2,..., N, then elementary algebraic calculations give

m\: |F(2)] > M) = %

If a, 1 =1,2,..., N have positive terms ;" and negative terms «; , then

M 4Zl|04l|
) () <

The following proposition is the central point of our approach.

m(\: |F(z)| > M) <m(

Proposition 10. Let Hg = A + V(z) with Dirichlet boundary condition: ¢(z) =

0, x € I' — B, where B C I". Consider <R&B)f, g) , f,g € I*(B), then in the obvious

notations,
|B
f¢k ngk .
(#71.9) = Z RS (13
)/11f112) [(g, ¥x)/19]
A—Ap
where A2 k = 1,2,...,|B| are the eigenvalues of Hp and v are the corresponding

orthonormal eigenfunctions. Due to Cauchy-Shwartz inequality and Kolmogorov’s

lemma, we have

m(AGR: ‘(R(AB)f,gﬂ >M) < W'
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Corollary 11. In particular, let f = g = ]8bl+ be the indicator function on 9b;" and

B = (1), we have

_ A Lgel1* 40w |
- MM Mt

m{AeR:| D> RV(n1,2)| = ‘(Rg\l)labj‘ajabfﬂ > M

21,22 Eabl7L

Similarly,

4/106/ 1|00, .,

m|AeR: Z RV (2, 2) > /MM, | < (16
VMM

z1 Gab 22 Eabl+1

< 4|abl+1‘ (17)

> _ )
Ml+1

m|AER: Z RE\Z)(Zl,ZQ) > M,

21 z2eabl+1

|0b;" |00, |
il g

m|AeR: Z RV (2, 2) > /MM, §
\/ MM

z1 €8bl+1 z9 Gabl7L

where M; > 0 is a constant.

Let’s return now to the theorems 4 and 6 giving the criteria for localization (p.p.
spectrum) or absence of a.c. spectrum. Both of them contains Ry (-, ). Unfor-
tunately, Kolmogorov’s lemmma is not applicable for the complex-valued resolvent
kernal Ry ic(z,y), € > 0. We need something else.

In the case of localization, the real analytic result is simple, see [2] or [10].

Theorem 12. Assume that @), 1T I' is the increasing family of the connected sets and
Rox(z,y), n =1,2,... are the resolvents of the operators H,: the restrictions of H
on @, with Dirichlet boundary condition (¢» = 0,2 ¢ @,,). Assume also that for any

79 € I' and for a.e. A € R,

lim sup Z (Rux(0, 1)) < ¢(N) < c0.

n—o0
yEQn
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Then

; . 2 _ . 2 <
11_1}%2 ‘R)\+l€($o,y)‘ Z (R)\Jrzo(any)) — C()\) < 00,

yel’ yel’

i.e. one can apply the theorem 6 on the localization (with appropriate randomization).

The desirable result on the absence of a.c. spectrum (in real analytic terms) gives

the following

Theorem 13 ( A.Gordon). If the operator H = A + V in L?*(T') has a.c. spectrum

(say in the subspace generated by d,,(-)), then

lim sup |R,, (20, xo)| = o0
n—oo

on the essential support of the a.c. component of the spectral measure of the element
5930 ()
This result will be published in the parallel article.

Corollary 14. If, for any xg € T,

lim sup [ Ry, \ (20, 2o)| < 00
n—oo

a.e. on some interval I, then the spectral measure of the operator H is singular on I

(i.e. its a.c. component equal to 0 in each subspace, generated by d,,()).



CHAPTER 6: THEOREMS ON THE ABSENCE OF THE ABSOLUTELY
CONTINUOUS SPECTRUM AND LOCALIZATION

In this chapter, we’ll prove the major results of the paper. They will be illustrated

by the examples in chapters 6 and 7.

Theorem (I). Consider the graph I' introduced in chapter 1 and the Hamiltonian
H = A+ V(x). Assume that one can find the system of the counters b,, n =1,2,...

(the belts of thickness 1) such that for

hy, = m%X|V(x)|, and |b,|/h, — 0, n — .
ST

Then fi,...(H. ) = 0.

This result is the trivial corollary of the Theorem 7. In fact if h '|b,| — 0, then

1 b,
one can find the sequence {n'}: Z hHbw| < oo but Z V) < Z ’h | < 00

z€Ub,,
The following example illustrates the above theorem.

Ezample 15. Let I' = S* be the Sierpinski lattice and H = A + V(z,w), x €
5S>, where V(z,w) is a system of unbounded i.i.d. random variables. Then P-a.s.

Ha.c.(H) = 0.

Proof. Consider the following events A, = {|V(2"i,w)| > hn, |V(2"0,w)| > hn},
where 7 = (1,0), @ = (%,\/73) Since events A,, are independent and P(A4,) =
P%(|V| > h,) > 0 for appropriate h, — oo, ZP(AH) = 00. The second Borel-

n

Cantelli lemma provides the existence P-a.s. of the infinitely many events A,,. One
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can apply now the above Theorem (I) to the counters containing only two points:

b, = {2"1, 2™} O

In fact, we didn’t use here the specific structure of S* and proved the following

result.

Corollary 16. If for the general graph I' with conditions v(z) < K, one can find
infinite system of the belts b, : |b,| < Cy < oo for appropriate Cy and the i.i.d.
potential V(x,w) is unbounded(P(|V| > A) = P(A) > 0 for any A). Then the

Anderson Hamiltonian H = A + V(z,w) has no a.c. spectrum, P-a.s..

We'll return to the spectral theory of the self-similar fractal graphs(like Sierpinski
lattice or snow flacks) in another paper to cover cases with the bounded random
potentials, where again i, (H) = 0.

The following result is more general than Theorem (I).

Theorem (II). The condition

517/ |06 (|06 — 0, 1 — oo (19)

Bil (ZIJ 22)

implies that Sp,.. (H) = (). Here §, = max
Z1€3b[,z2€6b1L

The proof of this result is the significant part of the future localization theorem.

Proof. Selecting appropriate subsequence of the belts {b;}, one can assume without

loss of generality that

> " duy/ |0k ]9ty | < oo.
m

Let’s now apply the Borel-Cantelli lemma, which will show that the resolvent ker-

nals R(Al)(-, -) are not "too large”.



__obl oy 190
Put M, = al,Ml_ .

Y Y

that Z oy < 00. Then formulas in Corollary 11 will have a form
!
mAeR:||>") <a.

And Borel-Cantelli lemma gives that for a.e. A € R and [ > Lo()),

ob"
Z R(Al)(ZbZQ) < | al ’
21,22€0b l
Similarly,
b}, —
S Rz, m)| < 2L
- A1
Zl,zzEBbH_l
|06/ [|0b; 4
Z Rg\l)(zl72:2) S #’
z1€0b] ,22€0b; 1041
fab+‘|3bf ‘
Z Rg\l)(zl722) S #
oo
Z168b;+1’2268b7- m

In the case Z RE\O) (20, 2z1) one can put

21 eabf

Oy V10br |1
Z R)\ ( 05 1) < \/04_1

21 Eab;

27

, L =1,2,..., where oy > 0 is any sequence such

(21)

(22)

Firstly, assume Lo(A\) = 0 and choose oy = 3,4/ |0b;||0b,. Then, due to Theorem

3, using the fact that the number of of paths [J] of length n is no more than 2",
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521 (21, 22)

Z Rg\l) (ZQa 23)

22,23

)R[;Y](I‘(),l‘o)‘ S X oo

Z Rg\o) (SL’(), Zl)

X Z RE\2)(22l74;z2173> 522(22173722172) Z RE\U(Z21727Z2171) 5&1(2217172%) ZRE\O)(Z
22]1—4,221—3 221—2,%221—1 221
- (V101 VIO (VIoba V196

where the summations are over z; € 9by, 2z € Obf,..., 293 € Oby, 2999 €
by, zy_1 € Ob], 2y € Ob] with [ being the number of times the path go through
the belts until it returns back to xzg.

Therefore
| Ry (0, 20)| < % 5 =3

Let Sy ={A € R: Ly(\) =k}, k> 0. We proved that one the set Sp:

Ry (z0,z0) = ]\}lgéo R(AN) (w0, 70)

and A. Gordon’s Theorem 5.5 states that the a.c. component of the spectral measure
pr(dX), f =64 (x) equals to 0 on Sp.

Assumen that Lo(A) > 0. If Ly(A) = k > 1, we introduce the new operator
Hy=A+V

where

. Viz) ifxe(m):m>k
V:
A, ifre(m):m<k

VAN

1
We select constants Ay so large that on b, : m < k such that 3
Qm
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Then for the resolvent kernel R,\k(x,xo) = ((ﬁk — )\I) o O (x),(SIO), we can
repeat for any k > 1 the previous consideration, which gives that on the set Sp{\ €
R : Lo(X\) = k}, there is no a.c. spectrum of Hj, for f = d,,(x). Due to Kato-Birman
theorem [11], the same is true for H (transition from H to Hj is the finite rank

perturbation of H). It proves the theorem. O

The last theorem in this section gives the sufficient conditions for the localization.

Theorem (IIT). Assume that there exists the sequence of the belts {b;, [ > 1} with
boundaries 9b;" such that for given energy interval I, the quantities {d;, [ > 1} intro-

duced above satisfy the central condition of the Theorem (II):

617/ 061|106 | — 0, I = o<

and the following series converges for a.e. A € I:

> <H 512|55T||<%f|) VIm)I(V10b% | + /1067 1 [)n'

n=1 \Il=1
for some 0 > 0 where |(n)| is the cardinality of the nth main block. Then for any
o€

|R(z0, )| € L*('), for a.e. A€ 1.

Corollary 17. If one can construct such belts for the random Schrodinger operator

(and arbitrary zo € T'):
H=A+V(r,w), we (,F,P)

with i.i.d. random variable V(x,-), € " which have bounded distribution density
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f(v), then P — a.s. the spectrum of H = H(w) is pure point.
We will prove this theorem using the following strategy. Let’s fix point zy € I and

consider the resolvent kernel Ry(zg,z),A € I. Using the convergence of the series

Z 11/10b; 1|0b;" | and the technical Lemma 18 (similar to Kolmogorov’s lemma) we’ll
=1
prove that

I Bazo,-) IIP= ) R3(w0,2) < o0

z€Q

P-a.s. and a.e. for A € I.

In this proof we will not use the existence of the distribution density p(z) for the
random variables V' (z,w), but only the assumptions on d;, and |({)].

In fact we'll prove that || Ry(zo,-) ||*< oo for fixed value of the potential at the
reference point 2y € I'. Using rank-one perturbation (see details in [2] or [10]), one
can present Ry (o, ) as the rational function of V (xo) and Ry (zg, ), where Ry (zo, )

is the corresponding resolvent kernel of the operator
H=A+V(x)

where V(z) = V(x) for x # xo and V(x,) = 0. Since V(z0) has a.c. distribution
(density), the Simon-Wolf criterion [4] (H = H+V (zg,w)dy, ) gives now that spectrum
of H is pure point P-a.s. on the interval I in the cyclic subspace I*(T,6,,) C *(T')
generated by the function f(x) = d,,(z).

But the point zy is arbitrary and [*(T') is generated by the d-functions d,,, zo € T

It completes the proof.
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Lemma 18. Let h{V(\) = Z Z R3(a,z) for n > 1. then

acdbt z€(n)

NIz

- (23)

m {A Y > M} <

This Lemma is a generalization of the similar result in [10], where 0b; contains a

single point. In fact, for A & {\, x}

2

h ) =D ) Z A A
acdb z€(n) ok
_ Z I(zn% 2 |(n)] an
acob k=1 —)\"k k=1 (= A0

Here (o = »_ ¥2.(a) = [[ysl® and {¢ni}, {Mk}, & = 1,...,|(n)| are the
a€db;
eigenfuntions and eigenvalues of the restriction of H onto the main block (n).

Now one can repeat the corresponding arguments in [10]. The similar arguments

work for summations over a € 0b,

Corollary 19. Using the Borel-Cantelli lemma, one can prove that, for any 6 > 0,

P-a.s.

3 ZRM) < 4V0)] (VIOET + VideaT) n e (24)

acdbtuob, \z€(n

for n > ng(w).

Now we can repeat the same calculation as in [10] (Theorem 2.4) or in Theorem (II)
above: we assume first that we have desirable estimations for Rg\l) (a,b), a € Ob},b €

abf or a € Ob;,b € db;.,, ete. and for || RV (a,-) |3 (which are true for all I > Iy(w)

I+17

P-a.s. and a.e. in A € I due to Borel-Cantelli lemma). L.e. we assume that estimates

(21) — (23) and (24) have place for n > 1. Consider some path [§] on the set of main
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blocks (1),{ =1,2,... which end at (n).

We'll estimate first the contribution of [] into || R(A")(a, 3 |I3. The main contribu-
tion is given by the shortest path (0) — (1) — --- — (n) of length n and it can be
estimated as

Baanl <[ (wmbmabnf > A

acdb,;

Since 0,4/ |0b;"||0b; | < %, the contributions of the paths of length n+1, n+2, ..., n+
k,... are exponentially decaying in k. Summations over all paths [J] of the length
n,n+1,... and after over n complete the proof for lo(w) = 1.

If [o(w) > 1, we can consider new Hamiltonian H which has “very large potentials”
inside the first [o main blocks and our initial potential V' (z,w) inside blocks (n) with
n > lo.

The operator H is the finite rank perturbation of H, which preserves the square
integrability of the resolvent, see [2]. But for H we have desirable estimations for all
[>1.

The idea of transition using finite rank perturbation from the general [y to lp = 1

is the same as in the proof of the absence of the a.c. spectrum (Theorem (I), (II)).



CHAPTER 7: EXAMPLES

We will illustrate the general Theorem (III) by several examples. In all these
examples, the belts will be “relatively short”. The belt factors in these examples will

be compensated by large values of the potential on the belts.

Ezample 20 (Localization on Sierpinski lattice S ). Let’s start from the fractal
(nested) lattice and consider as a typical example the Sierpinski Lattice S>°. Let
S™ be the part of S with vertices 0, 277, and 2"@. The volume of S™ is given as
|S"| = SHHT—FS See fig 1.

Consider the Anderson Hamiltonian H = A + V(Z,w), where & € S and V(-,w)
are unbounded i.i.d. random variables with bounded density function f(z) on R.
Consider for fixed A the sequence of independent events Ba, = {|V(2"i,w)| >
A, [V(2"F, w)| > A}, where 7 = (1,0) and @ = (1/2, v/3/2). Then P(B,,) =
PP(A) = (/| Af(a:)dx)Q. Let 74 be the moment of the first occurrence of Ba,

>

in the sequence By, Bai, .... Then 74 has geometric distribution: P(t4 = k) =

1
(1 — p*(A)p*(A) for k = 1,2,..., with Ery = 2A) It is easy to see that
p

p*(A)7a oy Exp(l) as A — oc.

Consider the increasing sequence {A4,, = n} : n — oo and the moments 7,,. Since

¢
ZP (p*(n)T, > (1+€)Inn) < Z nlie < oo for some constant ¢y and any € > 0,

n

(1+¢e)lnn

f > .
T or n > ng(w)

we have ( due to Borel- Cantelli lemma) P-a.s. 7, <
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The successive belts b,,n > 1 contains the pairs of the points {274» i, 27an i}, Of
Inn
p*(A)

, where ¢q, ¢y are some constants.

course, we have |(n)| < ¢;3™ < ¢; exp ([(1 +¢)In3
CQ(I)

n

) < oo and for fixed energy

interval I, Bf’\’“ <

Assume that P{|V(-)| > A} = p(4) > 4§ for any A > 0, where c3 is a constant.

Then Theorem (III) provides the P-a.s. localization certenly if

n 2
Z (H ﬁf\k> VIm)| < Z exp (C4n —2nlnn+ csn?In n)
n k=1 n

(since v/|(n)| ( |0b:F| + 4/ |8bn+1]) < 4|(n)]). The last series converges if § < 3.
Theorem 21. Condition P{|V(-)] > A} = p(A) > AH’ 6 < 1 is sufficient for P-a.s.
localization on S°°.

The same proof works for all nested fractal lattices.

Let’s stress that we didn’t use here the fundamental properties of the self-similarity

of S°°. The spectral analysis of the Laplacian on S* can provide much better local-
ization results and cover the case of the “light” tails of V(-,w). We’ll return to this
subject in other publications and prove the localization for cases when p(A) > % for
any 6 > 0.
Ezxample 22. Consider the Quasi-1 dimensional tree as shown in figure 2, denoted by
T. The set of vertices is {& = (x1,x2) : z1, z2 are nonnegative integers} U {(—1,0)}.
Consider the Anderson Hamiltonian H = A + V(Z,w) on T, where V (-, w) is are
i.i.d. random variables with density f(z) such that P(V(&;w) > A) = /AOO f(z)dx =
p(A) >0 for all A € R.

For fixed energy interval I, let’s select a constant A such that —, A€l and

[\3)—‘
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Table 1: The sequence 7,.

Moments | Definition

el min{z1 > 0:|V(z1,0,w)| > A, }

T2 min{z1 : |[V(21,0,w)| > A, |V(z1 + 1,0,w)| > A}

Tn min{zi1 > Th—1: |[V(z1,0,w)| > A,...,|[V(z1 +n—1,0,w)| > A}

introduce the following points on = — azis and on the vertical lines {(z,y) : y > 0}
for positive integers x. Put

Similarly, for fixed x, on the vertical line {(x,y) : y > 0}, we define

Tpn = min{y > 0: |V (z,y,w)| > A, }

Tx,Z = mln{y > Ta:,l : |V(ZE,y,W)| > A7 |V(ZE,y + 17w)| > A}

Ten = mln{y > Tzn—1 - ‘V(I,y,(ﬂ)’ > Aa R |V(x,y—i—n - 17("})' > A}

The random variables 7, To—71, .. ., T —=Tn—1,- -} Te1, Te2 =Tl - - - » Ten—Tan—1s - - -
0,1,2,... are independent. As easy to see, T, — T,,_1 OF T, — Ty,—1 are majorated

by the random variable nf;, or nf; ,, where 0 and 0; , are geometrically distributed

z,n’

with parameter p™(A). Like in the previous example p"(A)0% — Exp(1). and Borel-

Cantelli lemma gives P-a.s.

(14+¢€)lnn

gr <7
T pr(A)

n > no(w)
ie.

(14+¢€)nlnn
p*(A)

Tn — Tpn—1 S , Z no(W)

The same calculations show that p"(A)6; , < (1+¢€)(Inn+Inw) except finitely many

Jx:



36
pairs (x,n), i.e.

< (1+ ¢€) In(nz)

Ten < ZT+n>n(w).
P (A) 1)

The belt b, consists of the points {(z1,0),7, < 21 < 7, +n — 1} on the z — azxis and

for any fixed x the points {(z,vy), 7o <y < 7, +n — 1}. As a result,

(1+€)nlnn
(1+e€)nlnn (1+e)nln (n ) ) c(A)n*Inn 5 S(A
n)| < . < < ¢(A)n? In nen
= =5 e =T =
n n 2
b 1 b —9n?
for some ¢(A),9(A) > 0. Also we have f\* < 5 and HﬁA’“ < e ", for
k=1
some ¥ > 0.

Applying the general result of Theorem (IIT), we’ll get

Theorem 23. For the Anderson Hamiltonian on the graph 7'(see figure 2)with bound-
ary condition ¢(—1,0) = 0, where V(Z,w) are i.i.d. random variables with bounded
distribution density f(v) such that / f(v)dv = p(A) > 0 for any A > 0, the

lv|>A

spectrum of H is pure point with probability 1.

Remark 2. One can prove that the spectrum of the pure Laplacian A on the graph

T is a.c..

Remark 3. The Hausdorff dimension of the graph T equals 2: it is simply the lattice

72 after removing some edges.
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