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ABSTRACT

HAO ZHANG. Asymptotic analysis of the Anderson parabolic problem and the
Moser’s type optimal stopping problem. (Under the direction of DR. STANISLAV
A. MOLCHANOV)

The central objects of the thesis are the Anderson parabolic problem and the
Moser’s type optimal stopping problem:

(1) In the lattice parabolic Anderson problem, we study the quenched and annealed
asymptotics for the solutions of the lattice parabolic Anderson equation in the situa-
tion in which the underlying random walk has long jumps and belongs to the domain
of attraction of the stable process.

The i.i.d random potential in our case is unbounded from above with regular
Weibull type tails. Similar models but with the local basic Hamiltonian (lattice
Laplacian) were analyzed in the very first work on intermittency for the parabolic
Anderson problem by J. Gértner and S. Molchanov.

We will show that the long range model demonstrates the new effect. The annealed
(moment) and quenched (almost sure) asymptotics of the solution have the same
order in contrast to the case of the local models for which these orders are essentially
different.

(2) Concerning Moser’s problem, we study two related optimization problems for
i.i.d. random variables X;, ¢« = 1,2,...,n, referred to as the generalized Moser’s
problem: a) Find max,<, EX, (7 < n are the stopping times). b) Find 7: P{X, =
M, }=max, here M,, = maxp<;<, X;. For the wide class of continuous distribution
functions Fx(z) with regular tails, we will present the asymptotic formulas for the
optimal thresholds and analyze the relationship between the Moser’s type problem
and the classical secretary problem with information.

The present paper is structured as follows:



iv

The first two chapters contain preliminary information.

In Chapter 1, we summarize some important properties and results about slowly
varying functions.

In Chapter 2, we introduce the Anderson parabolic model, summarize some main
results, such as the uniqueness and existence and the asymptotic properties of of the
solution u(t,z), for the parabolic Anderson model on Z? and R? with homogenous
potentials, and discuss some limit theorems for random walks with heavy-tailed long
jumps.

In Chapter 3, we prove several results on the annealed and quenched behavior of
u(t,z) as t — oo with Weibull’s potential. We will show that the long range model
demonstrates the new effect. The annealed (moment) and quenched (almost sure)
asymptotics of the solution have the same order in contrast to the case of the local
models for which these orders are essentially different.

In Chapter 4, we study Moser’s problem, present the asymptotic formulas for the
optimal thresholds of the wide class of continuous distribution functions Fy(x) with
regular tails, and analyze the relationship between the Moser’s type problem and the

classical secretary problem with information.



ACKNOWLEDGMENTS

I would like to express my gratitude to my supervisor, Dr. Molchanov, who has
shown me not only the beauty of mathematics but also what I should pursue in my
life. Dr. Molchanov’s expertise, understanding, and patience have added considerably
to my graduate experience. The experience of studying with Dr. Molchanov will be
the most precious memory in my heart. The scenes in my memory will be of sitting
beside my advisor while he patiently writes down every step.

I would like to thank the other members of my committee, Dr. Isaac Sonin, Dr.
Joseph Quinn and Dr. Benjamin Russo, for the assistance they provided at every
level of my study.

I also gratefully acknowledge the help of Dr. J. Whitmeyer.



TABLE OF CONTENTS

CHAPTER 1: SLOWLY VARYING FUNCTIONS AND A
TAUBERIAN THEOREM

1.1 Slowly varying functions
1.2 A Tauberian Theorem

CHAPTER 2: THE ANDERSON PARABOLIC PROBLEM
2.1 The annealed and quenched asymptotics of u(t, z)
2.2 Intermittency

2.3 The Anderson parabolic problem on Z? with
homogeneous random medium

2.4 The random walk on Z¢ with heavy-tailed long jumps

CHAPTER 3: THE PARABOLIC ANDERSON MODEL WITH
LONG RANGE BASIC HAMILTONIAN AND
WEIBULL TYPE RANDOM POTENTIAL

3.1 The annealed asymptotic property of u(¢,0) with
Weibull potential V (z,w,,) :P{V () >z} = exp{—%}

3.2 The quenched asymptotic property of u(t,0) with
Weibull potential V (z,wy,) :P{V(-) > 2} = exp{—%}

3.3 The annealed asymptotic property of u(t,0) with
potential V(z,w,,): P{V(-) > 2} = exp{—L L(x)}

3.4 The quenched asymptotic property of u(t,0) with
potential V (z,w,,): P{V(-) > 1} = exp{—%L(z)}

CHAPTER 4: MOSER’S PROBLEM
4.1 Equations for h,, and S,

4.2 The connection between the generalized Moser’s
problem and the secretary problem with information

REFERENCES

vi

10

15

21

21

23

26

30

34
37
42

46



CHAPTER 1: SLOWLY VARYING FUNCTIONS AND A TAUBERIAN
THEOREM

This chapter contains a review of some technical tools that are important for the
applications in chapters 3 and 4.

1.1 Slowly varying functions

Recall that a slow varying function is a positive measurable function f satisfying

A
J () =1 (x—00), YA>0,
f(z)
and a regularly varying function of index p is a measurable function f > 0 satisfying
A
JOT) v (o ), VA0,
f(z)

alternatively written f € R,. For details and further references see [Bingham et al.,
1989].

In the spirit of the paper [Ben Arous et al., 2005] on REM model, we will introduce
some essential technical developments of the pure Weibull case in chapters 3 and 4.
Specifically, we will study models when the tail probability of a random variable X

has a Weibull type distribution, that is,
P{X >z} = e’%L(I), a>0,

where L(-) is a slowly varying function with some additional regularity assumptions.
We will start with several definitions and propositions.
The following lemmas and definitions are fundamental to our paper and can be

found in [Bingham et al., 1989].

Lemma 1.1. (Uniform Convergence Theorem by Karamata and Korevaar et al.) If
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f(x) is slowly varying then ff(éf)) — 1(x — o00) uniformly on each compact \-set in

(0,00).
It is known (see [Bingham et al., 1989]) that a function f(x) € R, iff f(x) admits

the Karamata representation

(@) = e(x) exp {/ %du)du} (x> a) (1.1)

for some a > 0, where ¢(-) and €(-) are measurable functions and c¢(x) — ¢ > 0,

€(z) — 0 as z — oo.

Definition 1.1. (After [Bingham et al., 1989]) The function f is a normalized reg-
ularly varying function, or f € NR,, if it can be represented in the form (1.1) with

c(-) = constant> 0.

One of the important properties of a normalized regularly varying function f(x),
f(x) € NR,, is provided by the following lemma (see [Bingham et al., 1989, page
24]).

Lemma 1.2. A positive measurable function fis a normalized reqularly varying func-

tion, or f(x) € NR,, iff for every e > 0 % 15 ultimately increasing and j:p(fz

18
ultimately decreasing.

Another important property of a normalized regularly varying function f(z) € NR,

is given by the following lemma (see [Bingham et al., 1989, page 15]).

Lemma 1.3. Let f be a positive measurable function. Then f € NR, iff fis differ-

entiable (a.e.) and when x — oo,

o' (x)
f@)

1.2 A Tauberian Theorem

Kasahara-de Bruijn’s Tauberian theorem (see [Bingham et al., 1989, page 253]) is

fundamental to this paper. In the following, f< (y) is the generalized inverse function



of f, defined f<(y) =inf{z : f(z) > y}.
Theorem 1.1. (Kasahara-de Bruijn’s Tauberian Theorem). Let v be a measure on
(0,00) such that
M) = / Mdu(r) < oo
0
forall A >0. If0<a <1, ¢ €R,, put Y(A) = A/d(\) € Ry_q; then, for B >0,

—Inp(z,00) ~ Bo™ (z) (z — 00) (1.2)
if and only if
In M(A) ~ (1 —a)(a/B)*T=9%<(N) (A = o).

The following theorem (see [Bingham et al., 1989, page 78|) is critical for the
iteration of slowly varying functions.

Theorem 1.2. (See [Bingham et al., 1989]) If L(z) is a slowly varying function and

for some A\g > 1,

LQoz) _ nL(x T — 00
{L(x) 1}1 L(z) = 0 (z — o0) (1.3)

then

L(zLP(z))/L(z) = 1 (x — 00) locally uniformly in 3 € R.

Remark 1.1. Ezamples of slowly varying functions that satisfy condition (1.3) are
(1) f(z) =W’z and (2) f(z) = Inln® 2. Not every slowly varying function satisfies
condition (1.3). The function L(z) = e™’® (0 < 3 < 1) satisfies the condition (1.3)
when 0 < < % and does not satisfy this condition when = % As shown in [Bojanic
and Seneta, 1971], the recursive relationship for function f(x) =™ *(0 < B < 1) is

as follows:



(1 if0<B<3
. _1
Flef (@) i) = { PO P (14)
0 z’foz<0and%<ﬁ<1
[ > ifoc>0and%<ﬁ<1.

The following lemma (see [Bojanic and Seneta, 1971] and [Bingham et al., 1989,

page 77, 78]) is also related to the iteration of slowly varying functions.

Lemma 1.4. (See [Bingham et al., 1989] and [Bojanic and Seneta, 1971]) If L(x)
is a non-decreasing slowly varying function, L(x) > 1, and L(x) is continuously

differentiable, then
xL(x)
L(x)

InL(z) =0 (1.5)
implies
L(zL%(x))/L(z) = 1 (x — o0) locally uniformly in « € R.
This lemma is very general and useful. Its main defect is the assumption that L(x)
is non-decreasing.
In the following discussion we assume that the slowly varying function L(z) satisfies
the condition that L(xL%(x))/L(z) — 1 (z — o0) locally uniformly in o« € R.

Theorem 1.2 and Lemma 1.4 guarantee this assumption.



CHAPTER 2: THE ANDERSON PARABOLIC PROBLEM

The Anderson model originated in solid state physics. In the original Anderson
model, the movement of an electron in a disordered environment is described by the

non-stationary discrete Schrédinger equation

. Ou 9
zha(t,x) = (—h*A + V(z,wn))u(t, x), (2.1)

in which the potential V' (z,w,,) is independent of time.

Let us cite from [Molchanov, 1994] a different situation in which the Anderson
parabolic problem arises naturally. Consider the following population problem on the
lattice Z¢. Suppose that at time zero the system contains a single particle, which
jumps according to the laws of a continuous time random walk. The model has the
following four properties:

(1) The infinitesimal transition probabilities of the random walk X (¢),¢ > 0 are :

P{X(t+dt)=x+ 2| X(t) =z} = rdt, |z|]=1. (2.2)
P{X(t+dt) =z|X(t) =2} =1— 2drdt.
(2) During the time interval dt any particle at x € Z¢ splits into two with proba-
bility v(x)dt and dies with probability u(z)dt.
(3) The staying time of each particle at any x € Z¢ is exponentially distributed
with parameter 2dx. We call the rate 2dk the diffusion rate.

(4) Each descendent of a particle evolves according to the same law but indepen-

dently of all other particles.



The moment generating function for the number of particles
M, (t,z,y) = E 2"t

satisfies the Skorokhod equation:

B = LM+ v(@) M = (v(w) + plx)) M: + p(x)
M.(0,z,y) =1if z =y (2.3)
M.,(0,z,y) = 1 otherwise,

where the Laplacian operator LM, (¢, z,y) = K Z [M.(t, 2", y) — M.(t,z,y)].

|’ —2|=1
Differentiating (2.3) at z = 1, we obtain the moment equation for the particle field

n(t,y). In particular, u(t,z) = E,n(t,0) satisfies

u — x)u
5 = Lu+V(z) (2.4)
u(0,x) = do(x),

where V(z) = v(z) — p(z) and Lu(t,z) = K Z [u(t,z') — u(t, z)].
&' —z|=1

Next, we replace the term V(z) in the equation (2.4) with V(z,w,,). Here, the
random variable V (z,w,,) belongs to a new probability space (£, [';,, P,,). More

precisely, our new model is:

% = Lu+V(z,wn)u 25)
u(0,z) = py >0,
where V (2, w,) = v(z,wy) — p(z,w,) and the parameter pg is the initial density of
the population..
For the nonnegative potential V(x,w,,), we also can interpret problem (2.5) as
a linearized model of chemical reactions. In this case, the solution of the equation

describes the evolution of the density of reactants u(¢, x) under the influence of a cat-

alyst medium V'(z,w,,). The interpretation of (2.5) as a linearized model of chemical



kinetics is outlined in [Gértner and Molchanov, 1990], Section 1.2.

Consider the case of the potential V(z,w,,) unbounded from above, i.e., P{V(-) >
a} > 0 for any @ > 0. A typical example is i.i.d. N(0,1) r.v.s. See [Molchanov, 1994]
for detailed analysis of the Gaussian case.

General study of the problem (2.5) in the particular case of local diffusion £ = kA
was started in a paper by J. Géartner and S. Molchanov (1990) and later was expanded
in many different directions by J. Géartner and his collaborators. The central idea is
the justification of the intermittency phenomenon: the random environment leads to
a highly non-uniform population structure (see J. Géartner and S. Molchanov (1990,
1998), J. Gértner, W. Koénig and S. Molchanov (2007), S. Molchanov (1994) , S.
Molchanov and H. Zhang (2011), J. Gértner and W. Konig (2000)). Corresponding
effects are known in the physics literature [Molchanov et al., 1988].

2.1  The annealed and quenched asymptotics of u(t, )

The probability measure P that determines the distribution of the random walk in
a given environment w € 2 is referred to as the quenched law, while the probability
measure P, on the random media is referred to as the annealed law. We often use a
subindex to indicate the initial position of the walk, so that, e.g., P.{zg =z} = 1.

Here, and in the future, the symbol ( ) means the expectation with respect to the
probability measure P, of the random media. The notation F or E, will be used for
the expectation over the quenched probability measure P for the random walk and

fixed wyy,.
2.2 Intermittency

Definition 2.1. (see [Molchanov, 1994]) Let u(t,z), t > 0, x € Z% be a family of
non-negative, homogeneous and ergodic-in-space random fields on a joint probability

space (L, T, Pn). Suppose that all moment functions of order p, p = 1,2,... are



finite for all t > 0. In particular, the functions
Ay(t) = In(uP(t,z)), € Z% t>0

depend only on t.

If there exists some monotone increasing scale function A(t), the limits

A0 ()
W= MO T AT AR

are called the moment Lyapunov exponents with scale A(-).

Lemma 2.1. For anyp e N

ﬁ< Vp+1
p ~ p+1

Proof. Applying Holder’s inequality

1 1
T s

E(fg) <(Ef")"(Eg®)

3 =

to f = u(t,z)?"! and ¢ = u(t,z)77, r = L s = p+ 1, we have (u(t,z)?)

<
» =

(u(t, 2Pty O

Definition 2.2. (see [Molchanov, 1994]) u(t,x) is asymptotically intermittent if

Y2 3
< =< =< ...
i1 5 3

The concept of intermittency or intermittent random fields is very popular in several
branches of modern physics, such as statistical (turbulent) hydrodynamics and mag-
netohydrodynamics. Let us cite an explanation of intermittency from [Molchanov,
1994]: “... intermittency means that, in contrast with homogenization, the spatial
structure of u(t, -) is highly irregular for large t. In one or another sense the essential
part of the solution is believed to consist of islands of high peaks which are located
far from each other. The sizes of these islands as well as the heights and shapes of

the corresponding peaks (both of the potential V' (z,w,,) and the solution wu(t,-)) are
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crucial for different asymptotic questions related to our Anderson problem.... The
intermittent random fields are distinguished by the formation of strong pronounced
spatial structures: sharp peaks, foliations and others giving the main contribution to
the physical processes in such media.”

Intermittency corresponds to very irregular behavior of the solution u. In the case
of a stationary random field V (z,w,,), intermittency corresponds to the fact that
there are some small but more and more widely spaced peaks absorbing the total
mass of the solution u. See Gértner and Molchanov (1990), Section 1.1, for a detailed
interpretation of intermittency in this case. A detailed understanding of the geometric
structure of intermittent solutions, therefore, would be extremely useful.

The Anderson parabolic model admits three essentially different variants with re-
spect to the media.

(a) Homogenous models. In this case, we mainly restrict ourselves to i.i.d. random
variables with restrictions on the tails log{e!”'(®) < oo, V ¢t > 0. Here, the potential
V(z,-) is independent of the time ¢ and the position z . We mainly restrict ourselves
to the Gaussian case and more general Weibull type potentials.

(b) Stationary models. The characteristics of this situation are (1) The potentials
V(z,-) V(x,-) are dependent with covariance y(x); (2) The potentials V' (z,-) V(z,-)
do not depend on time. The Poissonian type shot noise potential was considered in
[Carmona and Molchanov, 1995].

(c) Non stationary models. The potential V' (¢, z,w,,) depends on ¢ explicitly, and

time correlations decrease rapidly. See [Carmona and Molchanov, 1994] for details.

Definition 2.3. (see [Molchanov, 1994]) If there exists some monotone increasing

scale function a(t), the limits

are called a.s. Lyapunov exponents or quenched Lyapunov exponents.
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We shall henceforth assume that the cumulant generating function of the V (z,wy,)

is finite on the positive half axis:
H(t) = log(eV ) < 0o, Vt>0.

2.3 The Anderson parabolic problem on Z¢ with homogeneous random medium
2.3.1  The existence and uniqueness of the solution u(t, x)

We will assume throughout the section that that the potential V() consists of
independent, identically distributed random variables with continuous distribution
function F' satisfying F'(x) < 1 for all = (i.e. V/(-) is unbounded from above a.s.). In
this paper we will discuss only a homogeneous environment.

Under the condition (e*V)) = ¥()\) < oo, V(A € R'), the particle field u(t,z) has

all statistical moments and
mi(t) = (u"(t,0)) = (W"(t,2)), k=1,2,...
Proposition 2.1. (Feynman-Kac formula) The integral over trajectories
u(t,z) = Exef(;5 Vi(ws)ds

15 the solution of
ou
St =Lu+V(r,wn)u
u(0,z) =1,
where X, s > 0, is a random walk on Z¢ with generator L and corresponding expec-

tation E,.
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Proof. By definition,

u(t+ At,z) = E, elo " Vias)ds
—~F, oot V(s Vs ef“fmv )ds
=FE, oo Vi@s)dsy, (¢, 2a,)
1+ fo (zs)ds + At)u(t, war)
= (1 — 2dAkt) (1 + V(z)At + o(At))u(t,x) + (1 + O(AL)) > wu(t,a’)kAt

|/ —x|=1
=u(t,z) + V(z)Atu(t,x) + kAt > (u(t,z’) —u(t,x)) + o(Al).

|z’ —z|=1

So, we have that

utrAtelulte) _ o SN (u(t,af) — ult,x)) + V()u(t, x) + 2481

|z’ —z|=1

As At — 0, the above equation is 24(t,z) =k > (u(t,a’)—u(t, z))+V (z,wn)u(t, ).
|z’ —z|=1

O
Due to the proposition (2.1), the quenched representation of the first moment is
u(t,wm,r) = E, eJo V(@swm)ds
At the same time,
ma(t,0) = (Egels Vssm)isy — p (ol Viwswn)dsy

is the corresponding annealed first moment.
The existence and uniqueness of the solution wu(¢,x) for the Anderson parabolic
problem on Z¢ with homogeneous random medium are solved in [Gértner and Molchanov,

1990]. To facilitate our discussion, we introduce the non-decreasing function

1
¢(7’) ::logl——f?(T)’ re R
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and its left-continuous inverse
Y(s) :=={minr: ¢(r) > s}, s>0.

Note that 1 is strictly increasing and ¢(¢(s)) = s for all s > 0.
As is stated in [Gértner and Molchanov, 1990], the problem (2.5) admits at most

one nonnegative solution. Existence of a nonnegative solution is equivalent to
u(t,z) = Eeh Veads < o (2.6)

It is easily seen from the representation in (2.6) that assumption (2.6) is equivalent
to the fact that all moments and correlations of the u(¢,z) are finite for all time.
To decide whether (2.6) is fulfilled, we need to compare the large deviation of the
position of the random walk (x(s), P), or the speed of decay of the probability that
the random walk (z(s), P) hits a point y in the time interval [0, ¢], with the speed of
growth of w{gaé 1t\/(x).

We know that if the particle’s waiting time 7 ~ exp(x), then the number of jumps

during time ¢ has a Poisson distribution with parameter 2dxt, that is,

(2d/{t)n edent
n! ’

P.(N(t)=n) =

We will use the following notation: z* and x~ denote the positive and negative

parts of # € R, respectively. We let log, x = logx if # > e and log, x = 1 otherwise.
The class g of function 0 : Z¢ — R, is defined as

log., 6
0o = {60 : lim supOng—(x)

< 1}. (2.7)
The class ug of function § : Z¢ — R_ is defined as

loglog, 0
up = {6: limsupw

<1, as.}. (2.8)

Condition (2.8) is slightly stronger than condition (2.7).
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Theorem 2.1. (See [Girtner and Molchanov, 1990]) Assume that the initial datum

po belongs to class gy in (2.7) a.s.

a) If
V4 (0)

m)d> < oo with Vi (0) = maz {V(0),e},

((

then a.s. the Anderson parabolic problem (2.5) has a unique nonnegative solution w:
ult,x) = Epeho Ve py (),

b) If
)?) = o0

and either d > 2 or d =1 and (log(1 + p~)) < oo

((

log, V

then a.s. there is no nonnegative solution to (2.5).
2.3.2  The annealed and quenched asymptotic properties of u(t, x)
The annealed and quenched asymptotic results can be summarized in the following
theorems.

Theorem 2.2. (See [Gartner and Molchanov, 1990]) For every p € N and every
>0,

exp{H (pt) — 2rdpt}(ug) < (u’(t,0)) < exp{H (pt)}(up).
In particular, (uP(t,0)) < oo iff H(pt) < co. If H(t) < oo for all t > 0 and either
the random potential is unbounded from above (i.e. esssupV = oo) or the random

variables V(z), x € Z%, are independent and esssup V # 0, then

In{u?(t, 0))

—1, peN.
i H(pt) b

A more precise version of the above result is
In(uP(t,0)) = H(pt) — 2dpkt + o(t).

Theorem 2.3. (See [Girtner and Molchanov, 1990]) Under the above assumptions,
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with probability one for each x € Z? the nonnegative solution u(t,x) to the random

Cauchy problem has the following asymptotic behavior as t — oo:

a) If

g 1BV 1
s—o0 S y
for some v > d, then
)
b) If
lim M =0
s=00 S
and
Sli_glo[wws) —(s)] =00 for each 6 > 1,
then
(b(w) ~ dlogt.
c) If
lim hfiilpw(es) —¥(s)] =0,
then

logu(t,z) _ W(dlogt) + O(1).

For problem (2.5) with a nonnegative homogeneous initial condition, the second
order asymptotics of the statistical moments (u(t,0)?) and the almost sure growth of
u(t,0) as t — oo were studied in [Gértner and Molchanov, 1998].

In the following, without loss of generality we take py = 1.

The particular case when the V (z,,w,,) are i.i.d. N(0,0%) r.v.s is also essential:

a2
1 a2 e 202
e 222dx ~ .
210 Jq a—00 /2o

It is close to the Weibull situation with o = 2.

P{V(:) > a} =

Let us formulate the annealed (moment) asymptotics and quenched (P,,-a.s.) asymp-



15

totics of u(t,0) in the Gaussian case and the random walk with Laplacian operator
Liw) =45 > [f@+2) - [@)
|z—z|=1
Theorem 2.4. (See [Girtner and Molchanov, 1990] and [Molchanov, 1994])
(a) For every p > 1 and every t > 0,

P, P,
eXP{TU — pkt} < (u’(t,0)) < eXP{TU I3

or

D 2
g W (80) _p° o
t—o0 t2 2

A more precise version of (a) is

(a") In{uP(t,0)) = %02 — pkt + o(t)

(b) Py-a.s.: lim Bt — Vado.
Theorem 2.5. (See [Girtner and Molchanov, 1990] and [Molchanov, 1994])

P,-a.s.: andt — oo,
Inwu(t,0) =tv2dInt — 2dkt + o(t).

Let us stress that the annealed and quenched asymptotics have completely different
orders. It is a general feature of all models with the local basic Hamiltonian (see
[Gértner and Molchanov, 1990], [Molchanov, 1994], etc.). We will see that for the
long range Hamiltonian the opposite situation obtains, that is, the annealed and

quenched asymptotics have the same order.
2.4  The random walk on Z¢ with heavy-tailed long jumps

The asymptotic analysis of the Anderson parabolic problem, the surrounding bi-
furcations (depending on the tail behavior of the random potential), the phenomenon

of the intermittency, etc., are the central topics of the remaining part of this chapter
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and Chapter 3.
We will assume that a(z) = a(—2) > 0, a(0) =0 and }__,,a(z) =1, ie., & is the
rate of the exponentially distributed time that the underlying random walk spends
in each site z € Z% The random walk X(s),s > 0 has the following infinitesimal

transition probabilities:

P{X(s+ds) =z + z|X(s) = 2} = ra(z)ds, z # 0.
(2.9)
P{X(s+ds)=z|X(s) =z} =1— ka(z)ds.

We call the rate « the “diffusivity.”
Let us introduce the operator £ of this random walk and call it the basic Hamilto-

nian:

Lf(x) =& > [f(z+2) = f(x)]a(z), (2.10)

|z|=1
where f € [*(Z9).

If Lf(x) =rAf(x) =55 > [f(x+2) — f(z)] is the lattice Laplacian then we can

2]=1

call the underlying random walk the lattice diffusion with diffusivity x > 0.
We will consider here the non-local random walk with long jumps:
Lf(x) = /’vé:[f(erZ) — f(z)]a(z). (2.11)
270
Regularity conditions on a(z) will be presented later in lemma 2.3.
Clearly, the transition probabilities p(t,z,y) depend on the difference z = y — z
(i.e., the process X has independent increments); due to the symmetry of a(z), they

are symmetric. Furthermore, it follows easily from (2.9) that

dp

3¢ = PP, 0,9), p(0,0,y) = do(y). (2.12)

This equation is most easily analyzed using the Fourier transform (characteristic

function). To do so we use the following lemma.
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Lemma 2.2. Define L£(p) = £ (1 — cos(p, z))a(z).
z#0

A~

Then, Ef(@) = _f<90)£(90)

Proof. By definition,

—~

Lf(p) = w33 a(2)(f(x + 2) = f())

2#0
= kY a(2)fe e eiert fla  2) - Yo f ()
2#0 T x
= kY a(2)(e7®) — 1) f(p) = =k f(p) 2 (1 = cos(gp, 2))a(2)
2#0 2#0
= —f(¥)L(p).
O
In the subsequent discussion we use the following notation:
L) = F@L(0). flo) = T eef(@), £(e) = 31 = coslp,2))al2).
(2.13)

Operator £ is bounded and self adjoint in L?(Z¢). In the dual Fourier space L*(T?, dy)
it acts as the operator of multiplication by —L(¢).

The characteristic function of the random walk is

Eoe’@Xt) =3 "p(t,0,y)e' Y = jp(t,0, ),

yezd

where p € [—m,m)? = T% From (2.11) we have
op 5 A
5 = —kL(p), p(0,0,¢) =1, (2.14)

which gives the explicit expression

Blt,0, ) = eME@),

If S a(z2)|z]? < oo, then L(p) ~ (B“;”“"), |o| — 0. For fixed A\ € R%:
2#0
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X o
Ee'® ) s B
t—o0

ie., )\(}9 , s € [0,1], is asymptotically two-dimensional Brownian motion with correla-

tion matrix kB (calculation not shown). Here det B > 0 if Span(z : a(z) > 0) = Z.

We are interested in the situation > a(z)|z|? = co. As usual in the theory of stable
27#0
distributions we impose the regularity condition on a(z) given by (2.15).

Lemma 2.3. (See [Feng et al., 2010]) Suppose

a(z):ﬁ%(l—l—O(#)), 240 (2.15)

with 0 < a < 2, 0 = argé € [-mm)=T' he C¥TY), h >0, and so satisfies the

heavy tails assumption. Then

a)L(p) = Ca|90|a7'l( ) + O(|90|2) as ¢ — 0,
where H(y f h(0)] cos(0 —~)|*df and ¢, = [ 552tdt, (2.16)
0

b)P{z(t) = x} — 55t 3¢(55 ) (1 + o(1)) uniformly in x € Z%.

This lemma is the local form of the usual statement that

? = Stau() & P{ Le I'} = /Sm (2.17)

In addition, this local form indicates the absence of “large deviations.” A similar
“global” theorem was published recently in [Molchanov et al., 2007]. We will give a
sketch of the proof following the idea of [Molchanov et al., 2007]. See [Feng et al.,
2010] for the detailed proof.
Proof. We have L(p) = Za(z)(l —cos(p - z)).

Let us consider the folzl;;?zving integral I(y), which will give a good approximation

of E(QO)7 2 € [_W77T>2 = T2‘

I(p) = Zﬁ;&o Lii(p), where I( f m + (1 —cos(p-2))dZ, A(it) = {Z: |T—1i| <
A7)
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1.

For large |7i], the leading term in the expansion of Iz(¢p) is equal to

N

0(¢) = ezt 57 ) (L cos(- ).

while the remaining terms in the expansion of I;7(¢) will give a contribution of order

O(|90|2)7 | — 0. With Zl/Jﬁ(SO) = ﬁ(g@), we have
740

L(p) = I() + O(l¢l*), || = 0.

Some calculations give

where H(y) = [h(0)]cos(§ — 7)|*db, v = argy, H(y) € C(T"), H(y) > 0 and

—T

Ca = [t dt. Then: L(p) = calp|*H(7) + O(l¢]?), o] — 0.
0

Corollary 2.1. Under our condition on a(z),

LX) N
Eoez(cpitl/a) N e*/{ca|ga| H(Argep)

t—00

(a center symmetric distribution with parameter 0 < « < 2 and angular measure
H(y), v =argyp).
Corollary 2.2. Under our condition on a(z), the random walk X (S) on Z* is tran-

sient for any 0 < a < 2.
In fact:

1 dy

= < Q.
21)%K Jr2 L(p)

1 o o0
p(t7070) = W/T?e tﬁ(ip)dgp :>\/() p(t7070)dt: (

Let us return to the problem (2.5) and impose some technical conditions on the



function L(x) in the spirit of the paper [Ben Arous et al., 2005].
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CHAPTER 3: THE PARABOLIC ANDERSON MODEL WITH LONG RANGE
BASIC HAMILTONIAN AND WEIBULL TYPE RANDOM POTENTIAL

In this chapter, we are concerned with the potential V (z,w,,) such that Ee!V() < oo

for all £ > 0 in the following two Weibull type forms:

PIV() > o} = exp{~h(x)} = exp{~}, (3.1)

and

P{V () >z} = exp{—h(x)} = exp{—%L(x)} with a > 1, (3.2)

where L(z) is a slowly varying function with some restrictions (see below). The main
results in this chapter are published in [Molchanov and Zhang, 2012].

For a tail probability of the form P{V(-) > 2} = exp{—%-}, we have the annealed
asymptotic result of u(¢, ) as follows.

3.1  The annealed asymptotic property of u(¢,0) with Weibull potential V (x,w,,)
P{V(-) >z} = exp{—%}.

For a tail probability of the form P{V (-) > z} = exp {—%-}, we have the following
annealed asymptotic result for u(t, x).
Theorem 3.1. For every p € N and every t > 0,

o 1o o 1a!

pt pt

exp {=—— —prt + O(lnt)} < (u"(t,2)) < exp {=—— + O(lnt)},
i.c., for the scale A(t) = t*,
In{uP(t, p 1
Vp:tllglo < ti, )) = where ——1—5:1

Remark 3.1. Ezcept for the specific calculation of the Laplace transformation, this

theorem is the direct corollary of the corresponding general result from [Gartner and
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Molchanov, 1990].

Proof. (a) Lower estimate of the annealed asymptotics of m,(¢). The first moment

of the solution u(t,0) is
ma(t) = (u(t,0)) = (e @)e .
For the Weibull tail we calculate the term (V) as follows:
(etV Oy = /OO e go 1y,
0

Changing variables by setting = = ¢’y and selecting 3 : 1 + 8 = af gives

<etV(0)> — / eta/(y_%)taﬂya—ldy7
0

Whereﬁzﬁ,o/:ﬁzl%—ﬂ.

The term y — % is maximal when y = 1. Then, using Laplace’s method, we obtain:

oo ’ (e} &/ ’
a(y—Y¥_ — o 1y 2n
/ o = B et gy G It (o)
0

/

Thus, my(t) > e'ar ~FtH T It (ED () For the pth moment of the solution u(t, 0),

we have
oot pte o 1 2m
j2 - @ > — il -
i) = Eotexn(D [ 6w = expl” T —pit G Inta g T 4o}
= exp{ ke prt +O(Int)}.

(b) Upper estimate of m,(t). We obtain the following results after applying Holder’s

inequality, Jensen’s inequality and Fubini’s theorem.

(P (t,2)) = {(Eo exp( / £(z2)ds)?) < ((Eyexp(p / £(z.)ds)) = Ep{(exp(p / £(z.)ds))

o 4o

prt
CY/

<7 / ds By (exp pté (¢,))) = exp{—— + O(n1)}.
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Combining the lower and upper estimates of the m,(t) of the solution u(¢,0), we get

the result. O

Remark 3.2. Following the method in [Molchanov, 1994/, a more precise upper es-
timate can be proved:

o 4o

(InuP(t,x)) = L — prt + O(Int).

Oé/

3.2 The quenched asymptotic property of u(t,0) with Weibull potential V' (x, w,,)
P{V(-) > 2} = exp{—%-}.
For our discussion of the quenched asymptotic properties of the solution u(t,0), we
need the following lemma concerning the asymptotics of fﬁ?ﬁ V(z) as n — oo for the
potential P{V (z,wy,) > a} =exp {—%<}.

Lemma 3.1. P,,-a.s.,

max V(z) ~ (adlnn)/. (3.3)

‘a;lgn n—o00

Proof. Using the Borel-Cantelli lemma for the event AT = {V(z) > (1+e)(adInz)¥/*},

|z| = |z1| + ... + |zx], straightforward calculation proves the lemma. O

Theorem 3.2. P,,-a.s. fort — oo,

Proof. (a) Lower estimate for the quenched asymptotics of u(t,0). To check the lower
estimate, let us consider the “almost optimal” trajectory zs, s > 0. This trajectory
spends time ¢ < 1 at the origin, then jumps to the point xg = xo(t,w,,) of the very
high local maximum of V(z,-) and stays there until moment ¢ (i.e., time at least

t—1)
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Assume that |zo| € [R(1—8"), R] for some R, R > 1 and V' (xy) > (1—6)(adln R)"/*.

Then, for R — oo,

—K 1 (0%
u(t,0) >m}§x e Cy - RirE exp {(t — 1)(1 — 6)(adIn R)/*]}
> CQantm}%X 67(d+5)1nR+t(175 ")(adIn R)"/ * (because a(0, zy) > |x0|c;+ﬁ).

Putting z = In R we find
max [—(d + )z + t(adz)¥?], = (1—-6")t.

The equation for the critical point gives:

~ 1 td
td(Oédﬂ?(])l/ail = d+ ﬁ = Ty = @<—>

The value at the critical point is

w1, d o
t* —( ) e

o d+p
Because £ = (1 — §")t and " is arbitrarily small we have proved the lower estimate

d )a;
d+p"

lim inf M

1
/ 2 _(
t—o00 to o
(b) Upper estimate for the quenched asymptotics of u(t,0). Consider V*(z, w,,) =
max(0,V(z)) > V(2,w,). Obviously [ V*(z,)ds > [}V (xs)ds, ie., a(t,,wn) >
u(t, x).
It follows from the Kac-Feynman formula that 4 1 as a function of ¢ for fixed w,,.

It means that forn <t <n+1,
i(n,0) < a(t,0) < a(n+1,0).

But V(e > 0) and t =n or n+ 1,

o U +
PLa(t,0) > 1495} < Eu(t, 0,) < Eexp (tV (0))

a/
(H—e) 6(1+5)ta—,
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Trivial calculation gives

!/
@

Eexp (tVT(0)) ~ e

and, due to the Borel-Cantelli lemma, V(e > 0)
a(t,0) < 0Ot > to(w),

first for integer t, then, due to the monotonicity of u(t,0), for all t > ty(w).

It means that

In(t, 0)

Inwu(t,0 1
limsupM < lim sup o <(I+e)—.
@ «

t—00 t—o00

Because € can be arbitrarily small we have proved the upper estimate. O

Now we will study models when P{V(-) > z} = exp{—%-L(z)}, and L(") is a
slowly varying function with some additional regularity assumptions. The lemmas
and definitions in Chapter 1 are fundamental to our paper.

To make use of the Tauberian Theorem, we restrict our attention to L(z) that
satisfy:

Assumption 3.3. The function L(z) in (3.2) is slowly varying and L(x) € NRy,

that is,
xL/(x)
L(x)

-0 (z— ).

xh!(z)

z®L(x)
h(zx) )

«

With assumption 3.3, we see that — « when x — 0o, where h(x) =

From lemmas 1.2 and 1.3, h(z) is a normalized regularly varying function and is
ultimately increasing.
This assumption is not completely sufficient for our analysis. To prove results

similar to theorems 3.1 and 3.2, we need the additional technical

Assumption 3.4. L(x) in (3.2) satisfies

L(zL%(x))/L(z) = 1 (x — o0) locally uniformly in « € R.
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We will use assumption 3.4 to control the critical point xy in the application of
the Laplace method. Assumption 3.4 is fulfilled for all “ standard” slowly varying
functions, for example, L(z) = In®(2 + ), 8 € RY, L(z) = Inln”(z + 4), v € R
and L(z) = exp(In’(2 + z)), 0 < B < 1. The function L(z) = exp(In’(2 + z)),
% < B < 1, is slowly varying, but elementary calculations give Ih_)rgo % = +00,

i.e., assumption 3.4 restricts the growth of L(x).

The theorem 1.2 is related to the sufficient condition for assumption 3.4.

3.3 The annealed asymptotic property of u(t,0) with potential V(x,w,,):
P{V(:) >z} = exp{—%L(x)}.

The following theorem gives the annealed asymptotics of u(t, ) for the potential
P{V(z,wy,) > 2} = exp{—%L(z)}.

Theorem 3.5. Under assumptions 3.3 and 3.4, for every p € N and t — oo,
(e D)emt < (uP(t, 2)) < (V)

and

In(uP(t o 1 1

n(u’( ’x_»Lﬁ(tﬁ) = p_/, where o satisfies —+ — = 1.
o a o«

lim -
t—00 to

Proof. The first moment of the solution w(¢,0) with tail probability P{V (:) > z} =

@

exp {—h(z)}, where h(z) = = L(x), is
my(t) = (u(t,0)) > (etVO)ert, (3.4)
Using integration by parts, we get
(eVOy =14 t/oo e P{V(0) > z}dx = 1+ t/oo em’%L(x)dx,
0

0

i.e. we have to evaluate asymptotically

I(t):/ o=@ qy,
0
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The natural idea is to apply the Laplace method. One can do this under the addi-

tional assumption that L(z) € C?_ and ng(lg) — 0. On the level of the logarithmical
asymptotics, however, the initial assumption 3.4 is sufficient.

)ﬁ (which is not exactly the extreme for tz — h(x))

Fix the point xy = (—i—
L(tafl)

and divide [0, 00) into the following intervals:

1 1
A_l = [0, 5%0)7 AO == [51’0, 2ZEO), cee An = [2”1‘0,2”—1—1%0)7

Since z(t) — oo and L is slowly varying, there exists a function § = §(t) — 0,

t — oo such that for z € A,,, n > 0, we have
(1 —0)L(2"x0) < L(z) < (1 + 8)L(2"z).

Finally, the exponent ¢z — h(z) is increasing on [0, 3z) and decreasing on [2z, o0)
as the function of =.
Consider the integral Iy(t) = on !> M@ dy, then

/ et””*(lﬁ)%”wd:ﬂg[o S/ emfuf&)%L(m)dw
Ao A0

The critical points here are z.(t) = (ﬁ) ! ( i# . The usual Laplace method
1F6) a1

(L now is constant) gives

On A_; we can use a very rough estimate:
I4(t) = / e M@ gy < |A_ et P hEY)
A_q

a/(a—1) o 1 L)
X L (%*(%) é L(7320>)

< _eLl/(afl)(wO)

and I_(t) is exponentially smaller than [y(t).
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Similarly, for n > 1,

ano

In(t) :/ etth(x)dl, < ’An| . et~ 5> —h(2"x0)
Ap

o/ (a—1) (2"—ﬂ~ L ag) Lo/ (@=1) (50 )
S 27’Lm0 . eLl/(a—1)<ZO) «@ L(zq) La/(a—l)(tl/(a—l)) (35)
ra/(a—1) n_2(a—5)n
< 2”330 . eLl/(a71)<wo)(2 &)
In (3.5) we use assumption 3.4, which provides that L(xq)/L(t"/D) — 1.
Again, > I,(t) is exponentially smaller than Iy. Finally,
n>1
ta-T 1.t 1
InI(t) ~ ———(Q——)~ —————.
l=oo [ 57 (1‘0) «Q ' [ a1 (-[;a—l)
In the last step, we use assumption 3.4 again. O

Remark 3.3. Under the additional assumption that L(x) € C? . and Iiﬁl(/s) — 0, we

can also use Laplace’s method to prove the theorem.
The first moment of the solution u(t,0) for tail probability P{V (-) > x} = exp{—h(z)},

@

where h(z) = = L(x), is
ma(t) = (u(t,0)) > (¥ ?)e ",

<etV(0)> — / 6tx_h(x)h/(:v)dx.
0
With assumptions 3.3 and 3.4 of the normalized regularly varying function, the func-
tion h(x) is ultimately increasing. So the point xo that mazimized the tx — h(x), or
tx — %L(m) is unique. The above equation can be written as

To—e€ o
<€tV(O)> — / etasf%[/(x) h/(x)dx + /
0

Tro—€

To+e€ s
et:pij(m) h'(x)dx

+ / v L@ (1) de, (3.6)

ot+e

in which the first and third items tend to 0.
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For convenience of notation, we define g(x) = tx — h(z) and notice
g (20) = —(a — D)a§ 2 L(z0) < 0. (3.7)
By Laplace’s method for the second term of (3.6) and also considering (3.7), we get
xot+e€ -0 g
/ e T L@ (1)dw ~ Celvo~ o Eo), (3.8)

where C' = W (o) [*, 9" @7 Ay and xq satisfies ' (xo) = 0, that is,

.I'oL,(iL'())

t — {L‘8‘_1L([L‘0)(1 —|— m

) = 0.

Ast — o0, Tg — 00, so, by assumption 3.3, the above equation is equivalent to

t = a8 L(xo) or xo = (

To solve the iteration function for xq, we set the initial value of xqy as
x(()o) = ta1,

With theorem 1.2, lemma 1.4 and assumption 3.4, we get the solution xo by iteration

13 1
Ty = (L(talw)“ (1+0(1)) (3.9)
and by lemma 1.1 and theorem 1.2,
L(zo) = Lt=1)(1 + o(1)). (3.10)

With (3.7), (3.9) and (3.10), (3.8) is

o
<etV(0)> ~ Ce o La%f(ta%f)(l—i_ (1))

Y

where C' = W (x0) [*, 9" @) 4o With (3.7), (3.9) and the form of W(x), we can
obtain further that

C ~ eO(ln t) )
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Now we can follow the proof of theorem 3.1.

3.4 The quenched asymptotic property of u(t,0) with potential V (z,w,,):
P{V(:) >z} = exp{—%-L(x)}.

For the quenched asymptotics of u(t, z), t — oo, as in the previous section we need
the asymptotics of max V' (x) similar to lemma 3.1 .

|z|<n

Lemma 3.2. If function L(x) satisfies assumption 3.4, P,,-a.s., then

dl 1/a
max V(z) ~ (_) |
|z|<n n—oo \ L(In"/*n)
Proof. (a) The lower estimate for V' (x). For notational convenience, we define §(z) =

%. Consider the events A, s = {wy, : V() > (1 +6)8Y%(2)}. Then, for any

0 >0,

P(As) = exp{~(1+8) - Bx)- ~L(8"*(2)))
1
|0+ (oD

The last step follows from assumption 3.4.

Because Zm < 00, we have that for |z| > C(0,w,), V(z) < (1 +
§)BY(z), dlje to the Borel-Cantelli lemma.

(b) The upper estimate for V' (z). We define f(R,) = %. Let us split 24
into I': Ty = {7 : R, < ||7]|ec < Rpy1}, where R, = (1 ++)" and v > 0, and
consider the event B, 5 = {wy, : II%%XV(Q?) < (1—-0)pY*(R,)}. The events B, s are

independent for different n, and due to independence

P{B.s} = P"{V(z) < (1—=8)8"*(R)} = (1—P{V(x)>(1-5)8"R)}""

~ e ITnlP{V(2)>(1-8)8"* (Rn)}
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But with || ~ YR, - (2R,)%" and P{V(z) > (1 — §)3"*(R,)} ~ Wa

— Rn.(an)dfl.ic_/ ’
P{B,s} ~e ! AU < gmerBY ZP{BM} < 00.
n

So, for n > ng(w), II%&XV(I) > (1 —6)BY%(R,). Thus, lemma 3.2 is proved. O

Let us give some illustrations.

Corollary 3.1. If L(z) =In’ 2, P,-a.s.:

1 1/a
max V(x) ~ (ad nn) ol

lz|<n n—oo \ In lnfB n

Corollary 3.2. If L(z) = Inln’ z, P,-a.s.:

1 1/a
max V() ~ (M) |
n—oo

lz|<n Inlnln®n

Corollary 3.3. If L(z) = e’r 0 < B < %, P-a.s.:

adlnn)l/a

Inlnn\ B3

max V(x) ~ (
jal<n o0 \

Proposition 3.1. If L(z) = V™% with P,,-a.s.,

1
V() 1 (adlnn fa
max V(z) ~ ez _
|z|<n n—00 eV e

Inln |z|
e @

1/a
Proof. Consider the events A, 5 = {wm V() > (1+ 5)62%2 ( adln [z| ) } Then,

for any 6 > 0,

P(A.5) = exp {—(1 +0")d1n |z| (1 + O(ﬁ)) }

1
|x|d(1+6’)<1+0( 1ninm))
Since ) L - < 00, we have that for |z| > C(0,wy,), V(z) <
T |I‘d(1+5/)<1+0(7\/m)>

Inln |z|
e @

1/a
(1+ 5)62(%2 ( adln [z| ) , due to the Borel-Cantelli lemma.
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Similarly we can prove the upper limit of V(-). Proposition 3.1 is proved. [

Remark 3.4. Assumption 3.4 is very important in establishing lemma 3.2. For ex-

ample, with the function L(x) = elnl/%,ﬁ > 2, the max V(z) are different for the

lz|<n
different ranges B > 2 and B = 2 as shown in corollary 3.3 and proposition 3.1. The

difference in max V(z) arises in that L(x) = en'/Pa

|z|<n

B > 2 and does not when [ = 2.

satisfies assumption 3.4 when

Using lemma 3.2, we can obtain the quenched asymptotics of u(t, z) for the poten-
tial P{V (z,w,) > 2z} = exp {—%< L(z)}.

Theorem 3.6. Under assumptions 3.3 and 3.4, P,,-a.s., fort — oo:

Inwu(¢,0 1
timsup 240D pats by < L
t—o0 t> o
Inwu(t,0 1 d o 1 1
litrgglf %Lail(tfxll) > E(d%—ﬁ)?’ where o satisfies o + i L.

Proof. (a) The lower estimate for the quenched asymptotics of u(¢,0). Assume that

1/
lzo| € [R(1—6"), R] for some R, R>> 1 and V(zy) > (1 —90) (L?ICH?}Z) . Then, for

R — o0,

1/a
wt L . B _ adln R
u(t,0) 2 max [ - Cy - —eap{(t — 1)(1 - 9) <—L<m; R>> )

1/«
—(d+B)In R+t(1—3") (O““{'R>

> Che "max e L(n® R)
R

Putting x = In= R we find

~(Oéd)1/al' ~ "
max [—(d+ B)z® + 1o T F— (1 — 8",
e 0 g 1S T= (- )

The equation for the critical point is:
1— oL (z0)

N aL(xo) a—1
t————— — Oz(d + ,3)110 =0,
La (1)
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where ¢ = {(ad)/*. Under assumption 3.4
) t
Lo(zg) = —

) = S B

or
()t 3.1)
€rn = a—l) .
" Li(ao)

where f = —L

a(d+p)
We use the iterative method to solve equation (3.11) by setting the initial point
T = fa~1. We obtain
Fatt
o~ —TT——-
° Lot (fa=1)
The value at the critical point is

o 1 d & 1
(753

1

o Lﬁ({ﬁ)'

Because ¢ is arbitrarily small, we have proved the lower estimate:

(b) The upper estimate for the quenched asymptotics of u(¢,0). Applying the upper
estimate of the quenched asymptotics of u(t,0), theorem 3.2 and the result in theorem

3.5, we have
Inu(t,0)

1 1 1
lim su Lo—T(ta-1) < —,
P (ta-1) < ~

t—o00

Combining the lower and upper estimates of the quenched asymptotics of u(t,0), we

obtain the result. O

Let us emphasize that we did not find the exact quenched asymptotics but only
the upper and lower estimates of the same order. To find the true asymptotics we
need a better understanding of the a.s. behavior of the underlying random walk x(t),
t — oo (upper and lower functions, etc.). In the 1-d case the situation is clear, but

the multidimensional case is more difficult.



CHAPTER 4: MOSER’S PROBLEM

It is well known that the position of the maximal term in any sequence of r.v.s is
not a stopping time. Can one, however, guess the maximal term using the Markov
strategy?” The answer to this question (in the case of i.i.d. r.v.s X;, i =1,2,...,n) is
closely related to the following optimal stopping problem.

Let {Xj;,i > 1} be non-negative i.i.d random variables with a continuous distribu-

tion function F(z) and EX < co. We want to calculate

S, =max EX,, (4.1)

T<n

where 7 is the stopping time, i.e. Ifr<py = p(X7, ..., Xi). The particular case when the
X;,i > 1, are uniformly distributed on [0, 1] is known as Moser’s problem. When the
distribution of X}, is known but not uniform on the interval [0, 1], we call the problem
the generalized Moser’s problem. The optimal stopping time 1), can be defined in
terms of the thresholds h,, > h, 1 > ... > hy = 0. Here, 7py = {mink : X3 > h, 1}

In Moser’s problem, a decision maker wants to maximize the expected value of X .
Moser’s problem is closely related to the well-known secretary problem, the goal of
which is to maximize the probability that the decision maker obtains M, = 112?2; X;
or to minimize the rank of X, in the variational sequence Xy > X >_ _ >
X(n). Although considerable attention has been devoted to the secretary problem
and Moser’s problem, little attention has been given previously to the connection
between these problems. In our paper, we will illustrate the connection between
Moser’s problem and the secretary problem with full information. For convenience

of expression, we consider the random variables X; with ¢ = 0,1,...,n instead of

1 =1,...,n. Correspondingly, the optimal rule is to stop when X, > h,,_; instead of
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when Xy > h,_pi1.

We first mention several results concernng the secretary problem and Moser’s prob-
lem. Bruss (2005) and Ferguson (1989a) present detailed surveys about the secretary
problem and Moser’s problem. Generally, there are four kinds of secretary problems:
(I) The classical secretary problem. A decision maker sequentially observes the rel-
ative rank of X, without any information about Xi,..., X,,. The decision maker
wants to maximize P{X,, = M,, M, = max X;}, where 7, is the optimal stopping
time for this problem. The famous result _fo_r the classical secretary problem is that
T}LHSOP{XTS = M,, M, = lr%ag%Xz} = 1. See Dynkin and Yushkevich (1969) for details.
(IT) The secretary probler;l _VVith full information. The situation is as in problem (I)
except that the decision maker knows the distribution of X and that the X, are
i.i.d. random variables. The optimal probability is m, = mTax P{XTf = M,, M, =

f
max X}, where 7/ is the optimal stopping time for this problem. J. Gilbert and

1<i<n

F. Mosteller (1966) obtained the following results: <a)7}LH010W" =e“4 (e —c—
1) floo r~te™*dx ~ 0.5801, and (b) the optimal probability 7, is independent of the
distribution function and is strictly decreasing in n. Here, ¢ ~ 0.804352 is the solution
to > 72, ]CTJ] = 1. See Gilbert and Mosteller (1966) and Samuels (1991) for details.
(IIT) The expected rank problem without information. In this problem, the object of
the decision maker is to minimize the rank of X, , where 7, is the stopping time, but
he has no information about the distribution of Xj;. Chow(1964) obtained an optimal
limit value for problem (III) of 3.8695.
(IV) The expected rank problem with information. The decision maker wants to
minimize the rank of X, with full knowledge about the distribution of Xj. Problem
(IV) is referred to as Robbin’s problem.

Moser’s problem is different from every form of the secretary problem. The sec-

retary problems have (for i.i.d. r.v.s) a non-parametric nature. The answers in the

secretary problem are dimensionless. The answers in Moser’s problem depend essen-
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tially on the distribution of the r.v.s X;, ¢ = 1,...,n, and have the same dimension as
the X;.

Due to Moser, the optimal strategy for the optimization of EX,,7 < n depends
on the optimal thresholds h,_j,; and 7py = {min &k : Xy > h, 41}. For random
variables with the uniform distribution on [0,1], the asymptotic result for h,, is h, =
e = w0 176799,

Karlin (1962) estimated the thresholds h,, for the standard exponential distribution
as h, = Inn+o(1) using h,, = h,+e . The corresponding equation was discussed
in Guttman (1960) for the normal distribution and in J. Gilbert and F. Mosteller
(1966) for the inverse power distribution .

The main contribution of our paper is the consideration not only of exponential,
power and other simple tails of the distributions but also of general regular tails
containing the slowly varying function L (with some minor technical restrictions).

We will derive formulas for the thresholds h; when the tail probability has a Weibull

type distribution, that is,
P{X >z} = 6_%11(35), a>0. (4.2)

The exponential distribution P{X > z} = e *I,>¢ belongs to this class.

We will discuss the asymptotic properties of h,, for two additional cases:

A. S-type distribution. Here X € [0,1] and P{X > 1 —a} = z*L(x),x — 0, and
L(x) is a slowly varying function with additional technical restrictions. Case a@ = 1
corresponds to Moser’s models.

B. Heavy tails case X > 1, P{X > z} = m,a > 1. (We need a > 1 to
guarantee that £X < oo). The function L(z) here is slowly varying either for z — 0
or x — 00.

For a f-type distribution and the heavy tails case, we only give asymptotic prop-

erties of h, with L(z) = In? = instead of the general result for the slowly varying
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function L(x).

In the last section, we will study the connection between Moser’s problem and
the secretary problem with full information: If a decision maker has full information
about the random variable X, and follows the optimal rule for Moser’s problem, what
is the P{X,,, = M,,, M,, = 1%;&31)(1-}? We use m, to represent this probability. Here,
Tar is the optimal stopping tir;lg for Moser’s problem. We get the limit for 7, when X},
has the standard exponential distribution or the uniform distribution on the interval
[0,1]. In the following context, the stopping time 7 refers to the optimal stopping

time 7, for Moser’s problem.

4.1  Equations for h,, and S,
4.1.1  The recursive relationship for h,

Let us first derive the recursive relationship for h,. In Moser’s problem it is known
that the optimal stopping time 7 can be defined in term of the thresholds h,, > h,_1 >
.. >hy > hy=0. Here, 7 = {mink : Xy > h,_y1}. There is an obvious recursive

procedure for the calculation of h,,:
00 h 00 h
S, = max [/ zdF(x) + Snl/ dF (x) } = max [/ zdF () +/ Sp_1dF(x) }
h h 0 h h 0

— /OOO xdF (x) + max /Oh(Snl — x)dF(z),

h

h Sn-1
while /0 (Sp—1 —x)dF(x) = /0 (Sp—1—x)dF(x) —{—/S (Sp—1 —x)dF(x). (4.3)

n—1

From (4.3), we see that fUh(Sn,l — x)dF(x) increases if h < S,_; and foh(Sn,l —

x)dF(x) decreases if h > S,_1, i.e. S, obtains its maximum value when
h - hn = On—1, (44)

hpt1 = hy, + /Oo(m — hy) - dF(z) = h, + /OO P(X > x)dx. (4.5)
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Formulas (4.4) and (4.5) reduce the problem of optimal stopping to the analysis of the

iteration of an appropriate monotone function h, 1 = H(hy,), H(h) = h+ [,” P(X >
x)dx.

L(z) in (4.2) is a slowly varying function with additional technical restrictions.

Assumption 4.1. The function L(x) in (4.2) is slowly varying and L(x) € N Ry,
that s,
xL/(x)
L(x)

=0 (r— o).

xh!(z)

z®L(x)
h(z) '

«

With assumption 4.1, we see that — « when x — 0o, where h(x) =

From lemmas 1.2 and 1.3, h(z) is a normalized regularly varying function and is
ultimately increasing.
This assumption is not completely sufficient for our analysis. We need the following

additional technical assumption.

Assumption 4.2. L(x) in (4.2) satisfies
L(zLP(z))/L(z) = 1 (x — 00) locally uniformly in § € R.

Theorem 1.2 provides sufficient conditions for assumption 4.2.

4.1.2  Asymptotic results for h,, for upper tail distributions with slowly varying
function L(x)

Theorem 4.3. Suppose we have a r.v. with cdf 1 — F(z) = e’gL(””), wn which a > 0

and L(x) satisfies assumptions 4.1 and 4.2, with convergence rate r(x), i.e.,

L(xLP(x)) — L(z)(1 +r(z)), locally uniformly in 8 € R,

T—r0o0

where r(x) # 0 and r(x) — 0 when x — co. Then

(a) When r(z) - O ($32) =1, the threshold

Inlnn

alnn Inlnn

hy = (W)l/a(um ).
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(b) When r(z) - o (222) = 1, the threshold

Inlnn

alnn

1/
h, = (W) (1 4+ O(r(n))).

Proof. Step 1: Let us find recursive relationships for h, and 1/h,. An iterative

relationship for A, can be derived as follows:

© S Q hn+e o -0
hn-l—l - hn+/ P(X > x)dx = hn+/ 6_%L(z)d:p - hn+ </ +/ ) e_TL(m)dl’.
n n n hn+€
(4

6)

By the Laplace method, th:Jre e~ 5 L@ dz tends to 0 as h,, — oco. Thus,

o= (k) oL ()
P = hn — =L@ o, (1+0(1)) = hy, + Cm (1+0(1)).
The iterative relationship can be rewritten as :
hol,=ht-C =0 (1+0(1))
N

Let z,, = t, then

Tni1 = T — —0 (1+ o(1)). (4.7)

With iterative relationship (4.7), we see that Jay such that the function

(1)

CQjaJrle_W
L(3)

is monotonically increasing on the interval (0, ao).

flz) =a— (1+0(1))

Step 2: Case (a): r(z)- O (f2%) = 1. Let us prove the following claim:

Inlnn

There exist positive K and N such that for all n > N the following is true: For

-1/«
all z in the interval 0 < z < (W) (1+Kh;é—nn”) < ap, we have that

a1 M) “1/a
0<x— Cele o (14 5(1)) < <L(( aln(nt1) )) (1+ Klnln(n+1))'

L(%) aln(n+1))1/« In(n+1)

T
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-1/«
In order to show this, put A\, = (LL“"I/Q)) (1 + Klnlﬂ). Then,

((a Inn) Inn

Oéhl(n + ].) _l/a h’lln(n + 1) ]. 1 1 1 Inlnn o Inlnn
An+1 = 1 | = A= (o) DA
" L((aln(n + 1))Y«) In(n + 1) n

or AM;, My, such that L((alnn)=) (1+ Mynhny <[ (ﬁ) < L((alnn)=) (1 + Myllon),

Inn — Inn

Similarly, we have that

lnlnn+o(lrirllr;n)

)\a+1 1 (1+é) Inn
zx%»::(ﬁ> |
lnlnn+o(lnlnn)

L(%) 1_(OlK_M2) Inn Inn
Al > - n(l-(aK M) an o(tnn) _ (1)

n

Then

1
_n -
L(3:)

An

A1 — Ay + (1+0(1))

> (l)l—‘r(MQ—f—%-ﬁ-l—OéK)lnlnn-i-O lnlnn) . (l)l_’_(é_’_l lnlnn+o(lnlnn)

Inn Inn Inn Inn

n n

From here we can see that when n is big enough and K is positive, it is true that

L(sb)
Oé+1e_ al®
Ang1 > An — %(1 +0o(1)).
Case (b): r(z) - o ({3) = 1. The proof is similar to that of case (a) except for

the following changes:

1 1 alnn
L{=)=L{almn)®) (1 Ay = (2B ytfa) 4 K r(n),
(55) = Ellatm) (14 r0) = (i) o+ K o)
L(5-) 1 1—(aK—Ms)r(n)+0(1312n)
O
n
+1 o)
CAQ 6_ AR 1 Inlnn 1 Inlnn
M oA Ghe Ty s (Lyier-amprmrorisn) (Lo
b= P o) 2 () )

Thus, the claim of step 2 is proved. The proof of case (b) is similar to that of case
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(a) for the following steps, so we only write the proof for case (a).
Step 3: Let us find the upper estimate for x,,.
Let k be chosen such that 0 < zj, < (%)fl/a(l -+ K%); this is possible

because x,, tends to 0. Then, with step 2, we can prove by induction that 0 <

aln(N+m) )_1/a(1 + Klnln(N+m)

Thopm < (L((aln(N+m))l/a) (N Tm) ). We get the upper estimate for z,, as

Ty < (W)*l/a(l + KBI21) a5 n becomes sufficiently large.

Step 4: Let us find the lower estimate for z,,.

In a similar fashion, we can find the lower bound for z,, as z,, > ( W)_l/ “(1+

K h}é—nn”) as n becomes sufficiently large.

1/a
Step 5: From the results for x,,, we get that h,, = (%) (1+0o(kkny) O

((alnn)l/«) Inn
Remark 4.1. In theorem 4.3, we present results only up to order h}é—“ﬂ" If r(n) =

(lnlnn

=2), then we have to expand the recursive relationship (4.7) to higher orders to

get results. Technically the proof of theorem 4.3 shows all the details.

With L(x) = In” 2, the rate of convergence r(z) = 312 By theorem 4.3, we get:

Inlnn

Corollary 4.1. For a r.v. with CDF 1 — F(z) = e_%lnﬁw, in which a > 0, the

1+8

thresholds h,, = Coln® nln~« Inn(1 + O(BBBn)) “yhere C) = o7

Inlnn
For a (-type distribution and the heavy tails case, we only give the asymptotic
properties of h, with L(z) = In” z instead of the general result for the slowly varying

function L(x).

Proposition 4.1. For a r.v. with CDF 1 — F(z) ~ C(A—z)*In’ -1, a > 0, the

thresholds A — h,, ~ Con’i lrfg n, where Cy = (%)é-

Proposition 4.2. For a rw. with CDF 1 — F(z) = m, the thresholds h, ~
(a—1)a—B-1 )é

1. B
Cona Iln™ o n, where Cy = ( c
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4.2 The connection between the generalized Moser’s problem and the secretary
problem with information

In this section we will prove one particular result on the connection between the
generalized Moser’s problem and the secretary problem. Assume that random variable
X has an exponential distribution with pdf f(z)=e"".

With pdf f(x) = e~*, the slowly varying function L(z) = 1, with convergence rate
r(x) = 0. So we can not apply theorem 4.3. We need the following lemma to obtain
the asymptotic results for h,,.

Lemma 4.1. If random variable X has an exponential distribution with pdf f(x) =

e™", the thresholds h, =Inn+ 22 + o(22) a5 n — occ.

1

Proof. : For an exponential random variable X with pdf f(z) = e™!, we obtain the

following iterative relationship for the thresholds:
Bps1 = hy + e (4.8)

After setting h,, = Inn+ 13—;‘ - (14 2,,) and plugging the form of h,, into (4.8), we have

ol ) —<ﬁ S SV
Zn, 0n2,0rzn+k— T T Zn 0n2.

m=n (m—1)-Inm

1

Tnpl = ————
L+ (n—1)Inn

o0 1 k 1 _ (1
For " >_, T 0% .-, [ —— — 0. So, we have 2, = o(;z) as n — ooc.

Finally, we get that h, = Inn+ 22 + o(122) as n — oco. O

Theorem 4.4. If Xy, Xy, ... , X,, are i.i.d. exponential random variables with pdf
f(z) = e *I>p, then lim, o, P{X, = M,, M,, = max X;} = (e — 2) 100 %dm + %

0<i<n
Here 7 is the optimal stopping time for the generalized Moser’s problem m<axEXT.
Proof. There are two cases for events {X, = M,, M,, = max X;}: Case I. X, < h,

0<i<n
and Case II: h,, < X, < 0.

Case I: When X, < h,,, the range of X is U[h;, hi11),1=0,1,2,....,n — 1.

If stopping time 7 = q with h,_, < X, (or X;) < hy_pt1, it is necessary that
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(1) X; be less than its threshold h,_; fori =p,p+1,...,q — 1.

2) hpp < Xy < hyp_py1. It is obvious that X, is greater than its corresponding
p q p q
thresholds h,,_q.

(3) Xi < Xy if i <pori>q. In the following discussion, we use a = 2, 3 = 1,

IN
=™
IN

—_

where p,q =0, 1, ..., n, to simplify the notation. It is clear that 0 < «

(4
]
¥
14
[4
]
[
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3
s
s
&
[}
1
1
&
13
]
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i

3
s
3
3
3
k]

Figure 4.1: X, < h,, (left) and h,, < X, < oo (right).

The Figure 1 (left) shows the idea behind the calculation for the P{X, = M,,, M,, =
max X;, X, < h,}.

0<i<n

P{X, = M,, M, = max X;, X, < h,}
0<i<n

= Z P{XT = Mn; M, = maXXi7 hnfﬁn <X. < hnfﬁn+1}

0<i<n
0<p<1
- Z Z P{XT - Mn’ Mn - OIE'a<XXi7 hn—ﬁn S XT < hn—ﬁ’n-‘rl and T = Oén}v
0<B<1 B<a<l Ssn

while P{X; = M,, M,, = max X;, hy_pn < X; < hyp_gn+1 and 7= an}

0<i<n
hn—6n+1 an

=>. > / {11 PO < hoa)} - FPmenon(2)dF (x),
0<B<1 p<a<lin-pn  i=pn

For an exponentially distributed random variable X; with pdf f(x) = e *I,>0 we

have that

P(Xi < i) = 1 — et = =" L Oem2ner) = ehihusin 4 (e~ 2hanr)
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n—1 Inn

“ Rt T OEE))
H P(X; < hy_y) = 1 :;(1 + 0(12—2”)).

i=06n

_1-a+p

I By pn < & < h_pnir, Flx) = e mmm (14 0(2r)), Forn=on(p) — ¢ 155 (1 4

o(=2)),

n

1 Inn

(1+0(—-))dps.

n2

1
n—np

1
hn—ﬁn—H — hn—ﬁn = (1 + O(E))7 and dF(I) =

n—np

From the above approximation, the probability

P{XT = Mnu M, = maXXi7 hnfﬁn <X < hnfﬁn+1 and T = ()é?l}

0<i<n
1 1—-« 1—a+8 Inn
=—=——=¢ 17 (1+0(—)).
n2 (1 - 5)36 ( + ( n ))
When n goes to infinity, the above probability can be written in double integral form
as
Lol
lim P{X, = My, M, = max X;, X, < hn} = T2 T dadp
neso0 T ny n OSlSn (2 T n 0 ﬁ (1 - /6)3

:(6—2)/ € dr ~0.1576.
1

x

Case II: If stopping time 7 = ¢ with h,, < X, ( or X;) < oo, it is necessary that
(1) X; be less than its threshold h,_; for j < i; (2)X; > h,; (3) X; > X, if j > 4.
Figure 1 (right) shows the idea behind the calculation for the P{X, = M,, M, =
max X;, h, < X, < oo}.

0<i<n

P{X, = M,, M, = max X;, h, < X, < oo}

0<i<n

_ /h T Fe @R + 3 T Fihy) / " R ()P ().

i=2 j=n hn
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To calculate P{X, = M,,, M,, = ()Iga%XXh h, < X, < oo}, we use the results:

1 1 i—1 1
F(hy) =1 = —+0(-7) and HF(hj) =—+o(-).
Jj=n
So, lim P{X. =M, M, = X. h <X = lim 1 11 11”“—1
OanL% { T — ns n_org%i% 19 Im > T<OO}_nlﬁrgo _{( _E)_( _E) }_g

Finally, we obtain the result:

oo —x 1
lim P{X, = M,, M, = rilaxXi} = (e— 2)/ € dw+ = ~0.5255.
1 e

n—00 0<i<n x
O
Theorem 4.5. If Xy, X1, ... , X, are i.i.d. uniform random variables with pdf
f(@) = Ip<o<i(z), then lim P{X, = M,, M, = maxX;} = 1(e? —5) [[° dz +

n—00 0<i<n z

%l + %. Here T is the optimal stopping time for the generalized Moser’s problem

maxFX.

T<n

Remark 4.2. Under the conditions X, < h, or h, < X, <1, we obtain the following

x

results: lim P{X, = M,, M,, = max X;, X, < h,} = %(62 —5) 200 —

n—00 0<i<n

lim P{X, = My, M, = maxXih, < X, < 1} = $ 4 £ = 03515 < /e, and

n—oo

lim P{X, = M,, M, = max X;} ~ 0.4099.

n—00 0<i<

dz ~ 0.0584,
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