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ABSTRACT
HUSEYIN ERTURK. Limit theorems for random exponential sums and their

applications to insurance and the random energy model. (Under the direction of
DR. STANISLAV MOLCHANOV)

In this dissertation, we are mainly concerned with the sum of random exponentials,
N(t
Sn(t) = fetxi. Here, t, N(t) — oo in appropriate form and {X;,i > 1} are
i=1
independe;t and identically distributed random variables (i.i.d.). Our first goal is to
find the limiting distributions of Sy(t) for a new class of random variables. For some
classes, such results are known (Ben Arous et al., 2003) [5].

Secondly, we apply these limit theorems to some insurance models and the random
energy model (REM) in statistical physics. Specifically for the first case, we give
the estimate of the ruin probability in terms of the empirical data. For the REM,
we present the analysis of the free energy for a new class of distribution. In some
particular cases, we prove the existence of several critical points for the free energy.
In some other cases, we prove the absence of phase transitions.

Our results give a new approach to compute the ruin probabilities of insurance
portfolios empirically when there is a sequence of insurance portfolios with a custom
growth rate of the claim amounts. The second application introduces a simple method
to drive the free energy in the case the random variables in the statistical sum can
be represented as a function of standard exponential random variables.

The technical tool of this study includes the classical limit theory for the sum of

i.i.d. random variables and different asymptotic methods like the Euler-Maclaurin

formula and Laplace method (from De Bruijn, 1981) [13].
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CHAPTER 1: INTRODUCTION

1.1 A General Summary

The main object in this paper is the partial sum of exponentials of the form

N(t)
Sn(t) = Z et (1)

where the sequence,

{X17X27"'7XN(1€)}7 (2)

is composed of i.i.d. random variables. First, we analyze the limiting behavior of this
object for different growth rates of N(t) when the sequence (2) is double exponentially
distributed (8). In our analysis, we show that the random exponential sum converges
to normal distribution or stable distribution under appropriate additive and multi-
plicative factors of t. After this theoretical analysis, we explore applications of the

statistical sum in insurance mathematics and statistical physics.
1.2 Two Particular Applications

The first application of the partial sum of exponentials is from insurance mathemat-
ics. Consider a portfolio consisting of N policies with individual risks {Xj, ...., Xy}
over a given time period and assume that the nonnegative random variables
{Xy,...., Xn} are i.i.d. Here the aggregate claim amount can be calculated as U =

N

ZXi and the risk reserve process is given by R(s) = u + s — U where (3 is the
i=1
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premium rate, s is time and w is the initial reserve. One problem is to estimate the
Lundberg bounds which approximate the tail distribution of U, Fy(z) = P(U > x).
This requires the solution of the Laplace equation (from Rolski et al., 1999: pp.
125-126) [12]

m(y) = E(yX) =p~ (3)
where p is a small constant. We assume that the solution exists and it is called
the adjustment coefficient, 7. Also, the same equation helps us to approximate the
ruin probability i (s) := P (rglzi(r]lR(s) < 0) for appropriate p which is essential for
insurance companies (from Rolski et al., 1999: pp. 125-126 and pp. 170-171) [12].

In practical applications, 7 is estimated using a statistical method and this estima-
tion utilizes the empirical Laplace transform. Hence, we replace m(v) (3) with the
empirical Laplace transform. Also, we define p on the right hand side of the Laplace
equation as a sequence, p,. When n — oo, p, — 0. Then, we obtain the empirical

Laplace equation:

B 1 N(vn)
mU(P)/n) = N<f>/ ) Z e’YnUz' :pgl . (4)
=1

It means that we have a sequence of adjustment coefficients, ~,, for a sequence of
insurance portfolios, which give a sequence of Lundberg bounds to esimate ruin prob-
abilities from below and above. Our interest is to analyze the asymptotic behaviour
of 7, when n is large. We make use of the exponential sum to develop this estimation
procedure. The estimation of v has been studied by Csérgé and Teugels (1990) [6]
where the classical central limit theorem has been used. Our approach is slightly

different in the sense that we can control the growth rate of the number of individual



risks.

Another application of this study is the REM, which was first introduced by Derrida
(1981) [2]. Eisele (1983) [7] demonstrated the phase transitions (non-analiticity) of
the free energy in the class of Weibull-type distributions. We will show similar results
for the Weibull distribution, relatively heavy-tailed distribution and relatively light-
tailed double exponential distribution using order statistics. Also, we will show that
there are several critical points for the mixed Weibull distribution.

The REM, introduced by Derrida (1981) [2], describes the system of size n with 2™
energy levels where E; = \/nX; and { X;, i = 1,2, ..., N } are i.i.d. random variables
following the N(0,1) distribution. Thermodynamics of the system is quantified by
the statistical sum, or so-called the partition function. This partition function in

Derrida’s model has the following form

N
Zn(8) = Z ePAM)X; (5)

where A(n) = y/n and 8 > 0 is the inverse temperature. We use the same statistical
sum with different selections of A(n). Derrida defines the free energy by the following

formula

X(8) = lim 12970 0)

n—00 n

According to Derrida’s results, the free energy is quantified as

B*/24B2/2, if0<pB<p.
x(B) =

BB it 3> 5

where 5. = \/2log2. It is important to note that x(3) and x/(f) are continuous but
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X"(F) has a jump, which is called a third order phase transition. x(/) is convex and
continuous. The phase transition introduces the presence of two analytic branches
in the free energy. One branch corresponds to the high temperature i.e. g = T <
Beriticar - The second branch corresponds to the low temperature i.e. 5 > Beritical -
Derrida’s paper was extended in several directions. In Eisele (1983) [7], the results
of Derrida (1981) [2] were proven for Weibull-type distributions. Later on, Olivieri
and Picco (1984) [3] and also Pastur (1989) [4] rigorously derived the limits. The
mathematical justification of this result as well as the theory of limit theorems for
the sum Z,(f) was analyzed in detail in the mathematical paper by Bovier, Kurkova
and Lowe (2002) [1]. Ben Arous, Bogachev and Molchanov (2003) [5] extended the

results to the Weibull /Frechet-type tails. It contains the complete theory of of the

limiting distributions for the sum of the random exponentials in the case

N
Zn(B) = Z e
i=1

PXi > a} = exp {_awa)}

Y

where p > 1 and L(a) is a slowly varying function with additional regulatory proper-
ties (from Ben Arous et al., 2003) [5].

The technical tools in Bovier, Kurkova and Lowe (2002) [1] and Ben Arous, Bo-
gachev and Molchanov (2003) [5] are traditional Bahr-Esseen inequality (from Bahr
and Esseen, 1965) [8] and the Lyapunov fraction that are used for the proof of the
law of large numbers and the central limit theorem. Also, standard methods for the

stable distributions are utilized.
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We use the methods developed by Ben Arous, Bogachev and Molchanov (2003) [5]
for the computation of the free energy. In addition to this methodology, we develop
the new approach based on the properties of the variational series of exponential
random variables (from Feller, 1971: pp. 17-21) [11]. This approach covers the
REM outside of the Weibull-type tail and the Bahr-Esseen inequality. We analyze
four types of distributions for the REM: the Weibull, mixed Weibull, light-tailed and

heavy-tailed distribution.



CHAPTER 2: STATEMENT OF VARIABLES AND DISTRIBUTIONS

In this chapter, we state the variables and distributions that are used throughout
the whole dissertation. All of the sequence of random variables in this study are
assumed to be independent identically distributed random variables and we will refer
this term as i.i.d.

The Weibull distribution is the most commonly used distribution. The Weibull

random variable, X, follows the law

¢

exp{——}, ifx>0
1. P(X>z)= @

1, 0.W.
where 1 < ¢ < 0co. Also, we make use of the mixed Weibull distribution

X1, with prob. p and P(X; > x) = exp {——} (7a)
0

2. X =
4
L(n) 4+ X5,  with prob. 1-p and P(X3 > x) = exp {—%} (7h)

where n is a large number and 1 < ¢ < oo. In the next chapter, we work on the
double exponential distribution, which has lighter tails than the Weibull distribution.
Ben Arous, Bogachev and Molchanov (2003) [5] analyze the limiting distributions of
the random exponential sum (1) when the X;’s in the statistical sum are Weibull-type

random variables. We extend this to the double exponential random variable, which



has the distribution function

exp{l—¢€"}, ifaz>0 (8a)
3. P(X>zx)=
1, 0.W. (8b)

In addition to the above distributions, we have a relatively heavy-tailed distribution.
Corresponding heavy tailed random variable is defined as a function of standard
exponential random variables. Heaviness of the tail behavior is relative to the Weibull
distribution. The standard exponential distribution and the relatively heavy-tailed

random variable are respectively expressed as

exp{—z}, ifx>0

4. P(Y >z)= (9)
1, 0.W.
1+Y
X = (10)

Assume that wyx stands for esssup X, and P(X < wyx) = 1, which means X is

finite with probability 1 and the log-tail distribution for the above distributions is
h(z) = —log P(X > z) (11)

where z € R and h(z) is non-negative, non-decreasing and right-continuous. From
the above information, we can state that P(X > x) = ¢~ "®) such that » < wy. If h
is regularly varying at infinity with the index p, we write h € R, where 1 < o < oc.
It means that for any x > 0 we have h(kz)/h(zx) — k¢ as © — 0.

We frequently work with the Laplace transform and we require that £ [etXi] < 00
for finite t. The selected distributions above satisfy this condition and a detailed

analysis for Laplace transform is given in Appendix B. We introduce the cumulant



generating function

H(t) = log E[e""] (12)

where H(t) is well-defined and non-decreasing for any ¢t > 0. H(t) — oo as t — 0.

For the Weibull distribution,
0=—-7 (13)

is being used as the exponent of the cumulant generating function with the condition

/ 1 o :
that 1 < o < oo. Note that 1 = — + — . It is important to mention that h € R,
0

1
Y
implies H € R .

As a result of these definitions we express the expected value of the random expo-

nential sum (1),
N

E[Sn(t)] =) E[e™] = N, (14)

=1

For the REM, the random variables in the statistical sum (5) are expressed as a
function of exponential random variables, Y7, ..., Yy (9), such that X; = f(Y;) (10).
This enables us to express the statistical sum in a simplified form and compute the
free energy using the Euler-Maclaurin formula and the Laplace Method. The results
for the free energy depend on the structure of the distribution, which is specified by
f(Y;), and the selection of A(n). A(n) is an analytic and increasing function of n.
For the appropriate selection of A(n), we assume that there exists a p-a.s. limit for
the free energy

@) = Jim 200

n—00 n



Also, there are other variables that we will use for various theorems
B(t) = ()
E[Sn(t)], for 1< A <2
A(t) = E[SN<t)1{y§7—}]7 for A=1

0, for0 <A< 1.

(15)
(16a)

(16b)

(16¢)



CHAPTER 3: LIMIT THEOREMS FOR WEIBULL AND DOUBLE
EXPONENTIAL DISTRIBUTIONS

This section is devoted to the convergence of the random exponential sum (1)
when X;’s (2) have the Weibull (6) or double exponential distribution (8). A similar
analysis has been done for the Weibull distribution by Ben Arous, Bogachev and
Molchanov (2003) [5]. We extend this to the double exponential distribution. We
look for the range of the exponential rate, A\, on N(¢) that gives the necessary and
sufficient conditions for the existence of the law of large numbers (LLN), central
limit theorem (CLT) and convergence to the stable distribution. Before starting our
theorems, we specify the growth rate of N(¢). In this chapter, Case 1 refers to the
Weibull distribution (6) and Case 2 refers to the double exponential distribution (8).

When X;’s have the Weibull-type distribution,
N(t) = MO (17)

is being used as the growth rate. H(t) is the cumulant generating function introduced
n (12). The asymptotic of H(t), Hy(t), can be found in Appendix A. When X;’s have

the double exponential distribution (8), the growth rate is

N(t) = eM. (18)
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We first prove Lemma 1 which is then used in the proof of the LLN and CLT. In later

sections, we prove the LLN, CLT and convergence to the stable distribution.
3.1  Main Lemma

Lemma 1. Consider the function

!

uz) = Mz—-1)— (22 —2) x>1

ifA> XNy (A =M\ =0 — 1 for Case 1) then there exists o > 1 such that vy(x) > 0

for all x € (1,x).

Proof. Note that vy(1) = 0 and v (z) = A — (Q'azgl_l —Dsovy(l)=A—(0 —1) =
A — X, > 0 where A\, = A\; for Case 1. Based on the Taylor’s formula, vy(x) > 0 for

all x > 1 sufficiently close to 1. O

3.2 Main Theorems
Theorem 2. The Law of large numbers (LLN) for different growth rates of N(t),

Sn(t)
—E[SN(t)] = 1. (19)

1. Assume that X;’s (2) in the statistical sum (5) have the Weibull distribution (6).

IfA\>0 — 1=\, (17), the LLN holds.

2. Assume that X;’s (2) in the statistical sum (5) have the double exponential distri-

bution (8). If X\ > 1 (18), the LLN holds.

Proof. Set

e Sn() 1 a tai— H(t
SN(t)_m_NZe “

i=1
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It is sufficient to show that lim; ., F |S%(t) — 1|" = 0 for some r > 1. We first derive

N tx;—H(t)
D i1 ©

-1
N

E|SL(t) -1 =E

T

Zi]il etmifH(t) -1 "

=F
N

=N"E

N
Z etxi—H(t) 1

=1

Using the Bahr-Esseen inequality (from Bahr and Esseen, 1965) [8] and

(x+1)" <2 Yz" + 1) where (z > 0,7 > 1), we get

N T

Z eta:i—H(t) 1

i=1
S 2N1—TE ‘etxi—H(t) + 1|T S 2N1—T2T—1E ‘ert:ti—TH(t) + 1|

NTE

N
<2NTY E|e O |
=1

— 2erfreH(rt)frH(t) + 27'N17r_ (20>

Case 1: Using H € R, and Appendix A,

o (r—1)log(N) H(rt) J B
htrgg)lf D) ~HD + r] =ANr—-1)— <r - r) = vy (7).

/

By Lemma 1, we can choose r > 1 such that vy(r) > 0 when A > \; = g _ 0o —1
0

and this implies that the right hand side converges to 0.

Case 2: For the double exponential distribution, we use the Bahr-Esseen inequality

(from Bahr and Esseen, 1965) [8] to obtain
E |S}k\/(t) - 1|T < QTNI_TGH(Tt)_TH(t) + QTNI_T,

The Cumulant generating function H(t) of the double exponential distribution has

an asymptotic equivalent of

H(t) = tIn(t) —t+m7t+g(1)
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(Refer to Appendix B for details). Only the first two terms play a role in the proof

of the LLN. Using the substitution » = 1 + € and the limit ¢ — 0", we must have

(r—1)log(N) — H(rt) + rH(t) = elog(N) — (1 + €)et + ¢/2(Int — 1) > 0

for the existence of the LLN which implies that

log N =A> 1
0
Theorem 3. The CLT for different growth rates of N(t),
Su(t) Z BISNW] 4 o, 1y, (21)

(Var[Sy()])""?
1. Assume that X;’s (2) in the statistical sum (5) have the Weibull distribution (6).

/

IFA>2¢% =\, (17), the CLT holds.
0

2. Assume that X;’s (2) in the statistical sum (5) have the double exponential distri-

bution (8). If X > 2 (18), the CLT holds.

X1 etX2is a sequence of independent random variables, each

Proof. Suppose that e
with a finite expected value and variance. We know from Lemma 4.1 in Ben Arous et
al. (2003) [5] that Var(etX?) =2 e#2) for the Weibull distribution. This asymptotics

also holds for the double exponential distribution, which can be proven using the

same steps of Lemma 4.1 [5]. Define

N(#)
52 = Z Var(etXi) = N(t)ef®)
i=1
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If for some § > 0, the Lyapunov’s condition

=0

2+6]
t—r00 S%JF‘S -

1 N(t)
lim 3" B[~ B ()
=1

Sn(t) — E[Sn ()]
Var[Sy ()]

is satisfied, then converges to the standard normal distribution.
Using the Lyapunov’s condition and the inequality, (z + 1)" < 2" }(z" + 1) where

(x > 0,r > 1), we obtain

2+6]

1 N (t)
e 3 Bl B
n i=1

tX;
e 7
-1

>~ N ()% exp{H(t)(2 + 0)} exp{—H(2t)(1 + §/2)} E =0

2+6]
etXi 246
(1)

< 2" exp {—In(N(t))6/2 + H(t)(2 +6) — H(2t)(1 +5§/2)} [E {ﬂ} + 1}

eH (1) (2496

< exp {—In(N())8/2 + H(t)(2 + 8) — H(2t)(1 +6/2)} E

= 2" oxp {— In(N(£))3/2 — H(2t)(1 + 6/2) + H(t(2 +6))} (1 + o(1)). (22)

Case 1: Using H € R, and the substitution r = 1 +§/2,

- [1H(N(t))5/2 HQ2t)(1+46/2)  H(2+ 5))}
Fat H(t) H(t) H(t)
o 9¢ {2);, (r—1)— (7“9, —r)| = 29lv/\/29/ (r)

for small 6. By Lemma 1, we can choose r > 1 such that Uy 2l (r) > 0 when )\/29, >

/ ’

A = 2 and this implies that the CLT holds if A > Ay = 2¢ <
0 0

Case 2: We make use of the inequality that we obtained in (22) and we derive

1 N(t)
5 ZE Uetxi _E (etXi)
noi=1

<2 texp{—In(N(t))§/2 — H(2t)(1 +6/2) + H(t(2+6))} (1 +0(1))

2+6]
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where H(t) for the double exponential distribution has an asymptotic equivalent of

Hy(t) = tn(t) — t. Then, the requirement for the CLT is the following condition

lim inf [In(N (£))3/2 + H(20)(1 +6/2) — H(H(2+ 8))] > 0

This inequality implies that we have the CLT if

In(N)

iminf Yy o g g 2O 9/2)

tooo 50+ 5/2 (2+9)=2

Theorem 4. Conditions for Convergence to an Infinitely Divisible Distribution
We use the theorem about the weak convergence of sums of independent random vari-

ables from Ben Arous et al. (2003) [5] which is also given in a similar form in the

book of Petrov (1978) [9]. Suppose that

Yi(t) = (23)

is a sequence of i.i.d. random variables where B(t) is a multiplicative factor. Ad-
ditionally, we define A(t) as an additive factor. Both A(t) and B(t) are increasing
function of t such that A(t), B(t) — oo ast — oo. According to classical theorems

on weak convergence of sums of independent random variables, in order that

N(t)

S0 = V() - 0 24

B(t

converges to an infinitely divisible law with characteristic function

¢(u) = exp {iau - Uqu +/||>0 (ewr -1- 12'—7:xx2> dL(x)} ) (25)




it 1s necessary and sufficient that the following conditions hold:

1. At all continuity points, L(x) satisfies

Im NP{Y <z} forxz<0
L(l‘) — t—o0

—tlim NP{Y >z} forxz>0.
—00

2. 02 satisfies

o = lim limsupNVar[Y1lyy<n] = lim iminf NVar[Y 1y <]

=0T 00 0+ t—oo

3. For each 7 > 0 the following identity is satisfied,

tlggo {NE[Yl{YsT}} - %}

= +/T v dL()—/OO Y qL(z)
T T2 Y 12

Here, a is a constant depending on the distribution function.

16

(26)

(27)

Theorem 5. Suppose that X;’s in (23) are i.i.d. double exponentially distributed

random variables (8). Also, suppose that N(t) is defined as in (18) and X\ satisfies

the tnequality, 0 < A < 2. Then,

(29)

for large t where A(t) and B(t) are given in (16) and (15) respectively. F\ is an

infinitely divisible distribution with the characteristic function,

_ A ux dx
(b,\(u):exp{mu—i-)\e/o (e _1_1+x2> W}’
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where a is given by
e

o for X # 1
a — 2 cos o> (31)

0 forA=1.
Proof. To prove this theorem, we need to show that the three conditions in Theorem

(4) are satisfied.

1. For selected B(t) = (At) (15), the function L(z) (26) is given by

Im NP{Y <z} =0 forz<0
L(x) = e (32)
—tlim NP{Y >z} =—x"e forxz>0.
—00

where Y is given in (23). Because Y > 0, L(z) = 0 holds in the case x < 0.

Assume that x > 0. By using (15), (18) and (23) we obtain

X 1 In B
NP () s o)t = epd s L p [y et B
B(t) t
1 In B 1

%exp{l—k)\t—exp (M)} ’éexp{1+/\t— <1+%) )\t}

= —z
for large ¢, which shows that (32) holds.

2. We claim that (27) holds and 02 = 0 for all X € (0,2). Since
0<Var [Yly<] < E[Y*1iy<n],
we just need to prove that
o = lim im NE [Y?1y<y] =0. (33)

7—0+t—o0



18
We introduce a common variable which will be used throughout this theorem,

e, 7) = RO (34)

Using (15), (18) and (34) for any 7 > 0,

621€X

2 ~
NE [Y1iy<ry] 2 N(H)E {BT@l{XSnW)}}

N(t)e [T
o Bg(z) / exp {2tx + v — €"} Lip<y,ny do

We use the substitution z = y +In(2¢ 4 1) (18), Appendix B.2 and B.3 which give

o) / °(°) exp {(2t + 1)(y — )} Liyntir)—mzreny
— ) / o A =) dy

K 1
=C(t)exp{(2t + 1)(K —e )}(225—1—1) 7] (35)

where

(t) = ggi: exp{ (2t + 1) In(2t + 1)}

K:ln(/\/Q)—i-lnTT—ln <1+%> (36)

The substitution of K (36) into (35) gives us (Refer to Appendix B.4, for details)

A2 e
NE [Y?1iyen] &
Vel = 1

where |¢/(K)| = 1 — A/2 > 0 when t is large. Then

A2 e M

2 9 . 2 — 1 — _— =
7 AN EN ) = B Tt MR T
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3. When X € (0,2), the limit,

Dy(r) = lim {NE[Yl{Y<T}] - %} :

exists for each 7 > 0 where A(t) and B(t) are given in (16), (15) respectively. Then

Dy\(7) can be expressed

1)\6)\7'1_’\ for A # 1
Dy(7) = - (37)

elnt for A =1.

3a.) Assume that A € (0,1). Then A(t) = 0 (16¢). Using the substitution

r=y+In(t+1), (34) and Appendix B.2

e [T x

NE [Yl{ygﬂ.}} = % /0 exp {th‘ +x—e } 1{x§n(t,1’)} dx
=00 [ e+ Dl — )} L nen do

—In(t+1)
D) [ e {(t+ 1)} dy

—In(t+1) !
=D(t)exp {(t +1)(K — )} EEITISl (38)

where
D(t) = ]é (?)6 exp{(t+ 1) In(t + 1)} (39)
K =In(\) + thT —In (1 + %) (40)

The substitution of K (40) into (38) gives us (Refer to Appendix B.4, B.5 for

details)

Arl7re AT Te
NE [Yl{y<n] & R T
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when ¢ is large.
3b.) Assume that A € (1,2). Also, A(t) = F[Sn(t)] (16a). Using the substitution

r=y+In(t+1) (39) and Appendix B.3

NE[Yly<n] — %

e [T <
& ];((tt)) /0 exp {tm +x—e€ } 1{I>n(t7ﬁr)} dx
=00 [ e {4 D= )} Lo d

—In(t+1)
=00 [ e+ 1= dy
= Dyesp {1+ DK =)} |19’(K) | (41)

where
Kzln()\)+mTT—ln<1+%)>O (42)

for large t. Substitution of K (42) into (41) gives us (Refer to Appendix B.4 and

B.6 for details)

At) At e | arie

NEMlreo] =50 = g = 1oa

when t is large.

3c.) Assume that A = 1 and 7 > 1 for definiteness. Also, A(t) = E[Sy(t)1l{y<1y]
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(16b). Using N(t) (18) and B(t) (15),

Alt)
NE[Y1yen] —
Y1y <n] B(0)
N(t)e [+
0
N(t)e /Wﬂ y
= expitr+x —e” ¢ dx
B(t) Juby { }
N(t)e 1
) B(u))e - oxp {tK + K — e} (43)
where
|
K =1Int+ % (44)

for large ¢t. Substitution of K (44) into (43) gives us

Zelnt

NE [Yly<n] - B

when t is large.

3d.) The parameter a defined in (31) satisfies the identity (28) with L(z) specified

by (32),
. At
Di(r) = lim {NE[Yl{Y<T}] - %}
T 61:27)\ 00 el,f)\
o dx — —d 4
a—l—/o T2 /T T2 (45)

where D, (7) is given by (37).

Assume that A € (0,1). It is known that

T x27}\ 7_17)\ T wf)\
d(x) = — d 4
/0 T2 =15 /0 1122 " (46)
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Using (32) and (31), the equation (45) results in
0 —A
T / x
2
2cos ()\;) o 1w

which is true from Gradshteyn and Ryzhik (1994) [10].

When A € (1,2), it is known that

00 £L'>\ 7.1—)\ oo $2_>\
- - _ - 4
/T 1+$2d($) . /T 1+x2dm (47)

Using (32) and (31), equation (45) turns out to be

00 2—A
ST -
()wr) o 1+ a2
2cos 5

which is true again from Gradshteyn and Ryzhik [10].

For A = 1, equation (45) has the form

T o 1
IntT = d ——d
nrT /o 1+ 22 JH—/T D x

The integral on the right can be computed using calculus as

T+11 x?
_n —_—
o 2 14 22

This completes the proof. O

o
=InTt
.

1
éln (1 —|—x2)

Theorem 6. The charachteristic function ¢, determined by Theorem 5 corresponds

to a stable probability law with the exponent A € (0,2) and the skewness parameter
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B =1 and can be represented in canonical form by

;

exp {—m —Ne|u " exp (-? sgn(u))} for A€ (0,1)

oa(u) = exp {%q u | exp (—? sgn(u))} for X e (1,2)

exp{iu(l—v)e—%e|u| (1+isgn(u) %1n|u|)} for A=1
(48)

where I'(s) = f:o x5 te™® dx is the gamma function, sgn(u) : u/ | uw | for u # 0 and
sgn(u) := 0, and v = 0.5772... is the Euler constant. The proof of this theorem can

be found in the paper by Ben Arous et al. (2003) [5].



CHAPTER 4: APPLICATION: STATISTICAL ESTIMATION OF THE
LUNDBERG ROOT USING THE EMPIRICAL LAPLACE TRANSFORM

Many applications in insurance mathematics are related to compound distributions
and their corresponding ruin probabilities. The ruin probability of an insurance
portfolio is one of the major concerns of an insurance company and it depends on the
tail behavior of the insurance portfolio.

First, we present a section about finding the upper and lower bounds of the tail
probability in the case of compound distributions from the book by Rolski et al.
(1999: pp. 125-131 and 170-171) [12]. Here, the tail probability is approximated
using Lundberg bounds and the corresponding adjustment coefficient. Assume that

the solution of the following Lundberg equation exists

L(y) = /000 e dF (z) = 21) (49)

This solution is called as the adjustment coefficient. The question is how to estimate
the unknown solution of this equation. Csorgo and Teugels (1990) [6] answered this
question by developing an estimation procedure using the empirical Laplace trans-
form.

The first section motivates our study about estimation of Lundberg type bounds.
Then, we use the empirical Laplace transform and customize the growth rate of the

number of individual risks, i.e. the number of claims. The number of individual risks
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is a function of the adjustment coefficient.
4.1  Geometric Compounds

This section is mainly taken from the book of Rolski et al. (1999: pp. 125-131)
[12] and it is followed by the Lundberg root estimation.

Consider a portfolio consisting of infinitely many policies with individual risks
{X1, X5, ...} over a given time period. Assume that the non-negative random variables
{X1, Xy, ...} are i.i.d. Weibull-type random variables (6) with distribution function
Fx. First, we investigate the asymptotic behavior of the tail probability

N
Fy(z) = P(U > ) of the compound U = ZX" when N — oo. Here, N has a

i=1
geometric distribution with a parameter p € (0,1). We are able to determine this by
finding the upper and lower Lundberg bounds, but in practical applications, we do

not know the form of L(t) precisely. Only a sample version of L(t) or Ly(t) is known

for an insurance company. This is defined as the empirical Laplace transform:

Iv() = 3 2. (50)

The compound geometric distribution Fy; is given by

Fy(z) = Z(l —p)p' F¥(x) (51)

Writing the first summand in (51) separately, we get

Fy=1—-p)é+pFx x Fy (52)



26

where

1, ifz>0

0, ifx<0
This is called the defective renewal equation or transient renewal equation. Replacing

the distribution Fy; on the right hand side of (52) by the term (1 — p) dp + p Fix * Fyr

and iterating this procedure, we get

Fy(z) = lim F,(z) (53)
n—oo
for x > 0 where I, is defined as
Fn = (1—]9)50 +pr*Fn_1 (54)

for all n > 1 and F{ is an arbitrary initial distribution on R,. Additionally, assume

that

L(y) = / o Ry (o) = (55)

p

has a solution where p is the parameter of the geometric distribution and Fx(x) is
the distribution function of the Weibull distributed individual risks, { X3, Xs,...}. v
is the adjustment coefficient here. Let xy = sup{z : Fyy(x) < 1}. Then the following
theorem gives us the Lundberg bounds based on the existence of the adjustment

coefficient.

Theorem 7. If X is a geometric compound with characteristics (p, Fx) such that
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(55) admits a positive solution ,y, then

a_e " < Fy(x) <ape

where > 0 and

, e Fx(x)
a_ = inf —
z€[0,x0) fx ey dFX (y)

(56)

e Fx ()
ay = SUPp —=
" vel,zo) [, €Y dFx(y)

Proof. To find the upper bound in (56) we aim to find an initial distribution F such

that the corresponding distribution Fj defined in (54) for n = 1 satisfies

for z > 0. Then Fx(x) * Fi(x) > Fx(x) % Fo(x) for z > 0 and by induction,

Fot1(z) > F,(x) for all x > 0 and n € N. This means that

Fy(z) < Fo(z) (58)

for x > 0. Let Fy(z) =1 —ae ™ = (1 — a)dy(x) + a G(x) where a € (0, 1] is some
constant and G(x) = 1 — e 7*. Inserting this into (54) we obtain

Fi(x) :1—p+p((1—a)FX(a;)—|—a/OIG(x—y)dFX(y))

=1-p+p (Fx(at) - a/ox e V@) dFX(y))
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for all x > 0. Since we want to arrive at (57) we look for a such that

l—p+p (Fx(x) - a/ e~ V@y) dFX(y)) >1—ae’® (59)
0

This inequality can be simplified to

. (1 —p/ox e dFX(y)) > pe™ Fy ()

which is trivial for x > x4 using

1 =p/ eV dFx(y) =p/ e dFx(y) +p/ " dFx(y)
0 0 x

Then (59) is equivalent to

ap/ e dFx(y) > pe™ Fx(z) (60)
Setting " Fx(x) get (57) and tly (58). Th
etting a, = sup —= , wWe ge and consequently : e upper
" :J:E[O,xo)fx e dFy (y)
bound follows and the lower bound can be driven similarly. O]

4.2  Estimation of the Adjustment Coefficient

When we find the bounds to the tail probability in the previous section, we assume
the existence of a solution to the Lundberg equation (55), the adjustment coefficient.
In this section, we study an estimation problem which is motivated by the previous
section. Here, the empirical Laplace transform and the central limit theorem are
applied to convert the Laplace equation (55) into an estimation problem.

We made use of the Laplace transform for Lundberg bounds in Theorem 7. It
is assumed that the Laplace transform L(y) exists in an open neighborhood of the

origin, I = (—o00, 0), where o is the abscissa of convergence of L(y). L() is arbitrarily
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many times differentiable in 7. Also, L(7) is an increasing convex function on I and
has non-negative random variables.

In this section, we introduce additional assumptions. We assume that we have a
sequence of insurance portfolios {0,1,2,...,n,...} and that the n’th portfolio has N,
individual risks. Individual risks {X;, Xs, ..., X, } follow the Weibull law with the
parameter ¢ > 1 and have a distribution function Fx (6). They are i.i.d. random

variables. N, is defined as:

Nn = Nn(’y) = e/\H(’Y)a (61>

g/
where H(v) = 7—, for the Weibull distribution, when ~ is large and \ is a constant.
0

Our goal is to find the solution of the following equation for varying p,

L(y) = /000 e dF(x) = i (62)

Pn

To ensure that there is a solution, we select p,, small enough. It means that we select
DPn = e'rp{_cfyg }

with constant and big enough c¢. We can state that p, — 0 as n — oc.

We define each solution of (62) as t,. Note that ¢, — oo when n — oo and ¢, is
the real Lundberg root of the estimation problem. In real applications, we only have
a sample of information and we don’t have a precise form of L(vy). Hence, we replace

the Laplace transform with the empirical Laplace transform and call the following
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equation the n’th empirical Lundberg equation

Tu(y) = (%) = pi (63)

There is a sequence of solutions for the empirical Lundberg equations with an appro-
priate decay factor p,. We define it as a sequence, 7,.
Based on the above definitions, we have the following array scheme containing i.i.d.

individual risks

X17X27 JXNl
X17X27 7XN2
X17X27' aXNn

Each line refers to a portfolio, which is composed of individual risks. There is a

sequence of real solutions, t,, to the Lundberg Equations

L(t,) = E(e%i) = /000 et dFx(x) = pin (64)

On the other hand, we have a sequence of adjustment coefficients, 7,, and they are

solutions to the equations

Ny ()
_ 1 & 1
Ln n) = E Tan = Tn® dF ’ = — 5

<T ) Nn(Tn) j=1 <€ ) /0 ‘ Al n)(x) DPn (6 )
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where

Fyy (@) = 1<) <No: X; <z}

N (7n)
is the empirical distribution function of the sample. Here, L, (7,) is a random analytic
function for all values of 7,,. We obtain a sample based estimator of the adjustment
coefficient using the empirical Laplace transform.

We introduce some expressions to be used in limits.

Ny (mn)
Wi, () = > {e™% — E(em¥)} (66)

j=1

Also, one term Taylor series expansion gives us the identity
exp (7, X;) = exp (£, X;) + (7, — tn) X exp (7(4)X;) (67)

where 7,(j) satisfies the inequalities min(7,,t,) < 7,(j) < max(7,,t,). We also use

the following abbreviations:

Nu(rn
Sn, (7n) = Z (68)

where 7,,(7) is determined by the above equations.
We estimate t,, by solving the equation Ly, (7,,) = 1/p, and L(t,) = 1/p, when p,

is small. Combining the two equations results in

0 = Nu(7a) (Ln(7a) = L(tn))

Nn 7’L
B(e9)

Jj=1



Applying the Taylor series approximation from (67) gives us
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Nn(Tn) Nn(Tn) Nn(Tn) '
> (e = B(eN) = D (e — B(e) 4 (ra — 1) Y Xm0 =0
j=1 j=1 j=1

Also, rearrangement of terms leads to

(% — B(e))

Nn(mn)
Z XjeTn(])XJ
j=1
Assume that the growth rate for the number of claims satisfies

A A =202
0

Then, the LLN holds from Theorem 2 and we can write

Ny (tn)

(69)

(70)

(72)

where the denominator in (71) and the nominator in (72) are equal to 1/p,. This

implies the asymptotic equivalence of E[e™Xi] 2 exp{72/0} and Ee"Xi] = exp{te/o}

in probability for the Weibull distribution. Using this fact and the expressions (66)

and (68), we can approximate the ratio in (69) as

(et"Xj . E(etan>) ' (e‘ran _ E(eTan))

1%
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Theorem 3 and condition (70) imply that

Nn(Tn)
Z (eTan _E(eTan>>
Jj=1 d
. 7z N(0,1) (74)
Var Z e
j=1

We know from Lemma 4.1 (Ben Arous et al. 2003: p. 16)[5] that Var(etX) = (2%
for the Weibull distribution. Because ¢ > 1 in (13), cross terms have lower degree

and we get asymptotic equivalency

as
N ()
Wi, (1) = Y (™% = E(e™))
j=1
N () 1/2
=Var | Y €™ N(0,1) = Ny(r,)2"Cm2N (0, 1). (75)
j=1

The asymptotic of Sy, (7;,) is driven in Appendix A as

Ny ()
Snu(1a) = ) Xje™™ 2 Ny(r) BIX;e™ ]
=1

/

4

~ N, (7,) exp {TQL,} = N, (1) exp{H(7,)} (76)

Here, we have the LLN because of the condition (70). As a result of these limits, the



asymptotic confidence interval for ¢, is

lim P {7, — zaj2 J(70) < tp < T+ 202 J(10) }

n—o0

=1—-«
where ¢(24/2) =1 — /2 for 0 < a <1 and

J(1) = Nn(Tn)il/Q exp{H(27,)/2 — H(7,)}
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(77)



CHAPTER 5: APPLICATION: THE REM MODEL

The free energy was driven using concepts of convergence in probability in papers
by Eisele (1983) [7] and Bovier et al. (2002) [1]. However ,this computation required
long derivations. Hence, we develop a different approach using order statistics, the
Euler-Maclaurin series and the Laplace method which simplifies the process. In the
first part, we introduce variables for our computations. Then, we derive the free
energy for the the Weibull distribution using the limiting distributions similar to the
paper by Ben Arous et al. (2003) [5]. Then, we develop the new approach using order
statistics. The free energy is calculated for the Weibull, relatively heavy-tailed (10)
and relatively light-tailed (8) distributions using this method. Once the statistical
sum is represented in terms of exponential random variables, deriving the free energy

is quite straight forward.
5.1  Variable Definitions

Assume that { X;, i =1,2,..., N } are i.i.d. random variables. We already defined

the free energy in Chapter 1 as

where
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is the statistical sum or partition function and [ is strictly positive. For simplicity,

we assume that

N = [e"] (80)

lnN:n+Q(e’”)

A(n) in the statistical sum is selected in such a way that the free energy converges.

For different distributions, we will select the proper growth factor for A(n).
5.2 The REM Using Limit Theorems for the Weibull Distribution

Assume that { X;, i = 1,2,..., N } are i.i.d. random variables with the Weibull

distribution and we select

/

A(n) = nl/e (81)

as the proper growth factor where ¢ is introduced in (13) for the Weibull distribution.
The cumulant generating function for the Weibull is

’

o

H(t) = log B[] = % (82)

for large t. H(t) is well defined, non-decreasing and H(t)/t — oo as t — oco. Also,
A(n) is an increasing funtion of n. As a result of these definitions, we express the

expected value of the statistical sum for large n as

) .
E[Z,(p)] = ZE [eﬁA(")Xi} & [e"]exp {ﬁg/ } (83)

=1
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5.2.1 Main Theorems

Theorem 8. The Law of Large Numbers for the statistical sum

Let In E[ePAMX] = H(BA(n)). For sufficiently small €, if

ne — H((1 + ¢)BA(n)) + (1 + ) H(BA(n))] > 0

then we have

Zn(B)
VA I .
as n — 0o.
Proof. Set t= SA(n). Also, define
Z(B) _ 1y
* _ n _ te;—H(t)
20 = B T v & )

We have to prove that Z*(8) % 0 as n — oco. It is sufficient to show that

lim E|Z:(8) — 1" =0

n—o0
for some r > 1. Using the Bahr-Esseen inequality and
(z+1)" <271 (2" +1)
where (z > 0,7 > 1), we obtained in the proof of the LLN, Theorem 2
E|Z:(B) — 1|7 < 2 N1 ell ) =ril®) 4 oy (86)

For the existence of the limit, we must have lim E|Z*(8) — 1|” = 0. Substituting

n—o0

t=pA(n), r=1+¢€ N = [e"] (80) to the right hand side of the inequality (86), we



obtain the condition

liminf [ne — H((1+ ¢)BA(n)) + (14 ¢)H(BA(n))]

t—o00
e—0T

for the existence of the LLN.
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> 0

]

Theorem 9. Assume that X;’s are i.i.d. Weibull-type random variables and we have

the following conditions

M, y(n) = max (eﬁA(”)Xi)

fori=1,..,N = [e"] and BA(n) = ﬁnl/é’/.

P <)

log M; n(n)

for large n where In B(n) = Bo/°n .

(87)
Then

—a

— K(x)=e¢"

In B(n)

!/

e

A
Proof. Let’s call A = SA(n), which implies that n = @. Then

P -

/)

2

eAXi

:P (B<n>
:P (Xi <

:1 - {_A‘angéB(n):r) H N

exp {—exp {lnN —

N

<a)

ln(B(n):c))} N

A

A~2In®(B(n)x)

it

The asymptotic of the exponent can be computed using the binomial formula

A"In®(B(n)x)
0

InN —

Inz

n—n'"2372In? B(n) (1 + anB(n)) /o

n—n'"287n? B(n)/o+n'"32In? ' B(n)Inx
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Plugging In B(n) = 30'/°n into the above equation , we obtain

Mj x(n) o/?
P (Tn) < ZL‘) — — B Inz

Then, we can state that logM; y(n) = In B(n) for large n. O

5.2.2  The Computation of the Random Energy

Lemma 10. Assume that we have a sequence of i.i.d. Weibull-type random variables
Xi,.... XN (6). When we select A(n) = Bnl/gl, the statistical sum satisfies the LLN
for0 < g < 91/9/ = Beriticar - Also, the free energy can be quantified by the following

formula in this interval

Proof. In Appendix B, we have proven that the moment generating function satisfies
H(BA(n)) = H(ﬁnl/gl) =nf(S) + o(n) for large n. Using the equivalent of H(t), we

obtain that

1/0'\ ~ (ﬁnl/gl)gl _ pen
H(pn'¢) = J 7 (88)

Using Theorem 8, we must have the following condition for the LLN when € is small

ne— H((1+¢€)BA(n))+ (1+€)H(BA(n)) >0.

The binomial formula implies that

!/ !/

ne — H((1+ BAM)) + (1+ O H(BAM)) = ne — (1 + ¢)° /BZ,” L+ /BZ,”
>~ ne — (1 + egl> Bz,n +(1+ e)ﬁz,n =ne—¢ (g/ — 1> 5;/” (89)

for small e. (89) should be positive for the LLN, which implies that § must satisfy



40

the inequality 0 < 8 < o/ o Also, we formulated the statistical sum in (83). When

the LLN holds,

/69

x(6)=1imw=l+f(ﬂ)=1+?

n—oo n

O

Theorem 11. (Ben Arous et al., 2013: p. 48) [5] When the LLN is not satisfied

which means 6 > 5critical;

InM;y(n)

In Zn(8) L

asn — 0o. Here, My n(n) = max(ePAMXi i =1 . N = [e"]), BA(n) is an increas-

ing function of n and X; are i.i.d. Weibull-type random variables.

Proof. The proof of this theorem can be found in the paper by Ben Arous et al. (2013:

p. 48) [5]. O

Using Theorem 9 and Theorem 11, we can state that

InZ, In M
x(8) = lim n2,(B) _ jyp 2 M (n)
n—00 n n—oo n
InB /
— hm n (n) — /691/0 lf B Z Bcritical _ Ql/g
n—oo n

Combining this result and Lemma 10, the free energy can be calculated as follows:

ﬂg : 1/9/ _
1 + ?7 if B <o - 5cm'tical

X(B) =
BQI/QJ if B Z ﬁcritical
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This result is obtained using convergence in probability concepts. In the next section,

we introduce the method of order statistics.
5.3  The REM Using Order Statistics

We compute the free energy using order statistics. The central assumption in this
section is that the random variables in the statistical sum (79) can be expressed as

an increasing function of standard exponentially distributed random variables.
5.3.1  Formulation of the Statistical Sum

We introduce exponential random variables that will be rearranged in the statistical

sum. Let

{Y1,Y2,..,Y;, ... YN} (90)

e, ifx >0
P{Y; >z} =

1, 0.W.

such that X; = f(Y;) where f is a monotone increasing function of standard expo-
nentially distributed random variables, Y;. Also, we reorder the sequence in (90) to

obtain the variational sequence of the sample

Yv(l) > }/(2) > > Yv(z) > > Yv(N) . (91)
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We make use of a proposition from Feller Volume 2 (see Feller, 1971: p. 19) [11] to

express each ordered random variable in (91) and we obtain

W W

}/(1):W1+—22—|— ............ +WN
W- W

Yio) = —22 o + TN
W Wy

G Tty (92)
Wi
Y= N

where {W7, Wa, ..., W;, ..., Wx} is another set of i.i.d. standard exponential random
variables.
This helps us to derive the partition function in terms of standard exponential

random variables:
N N
Zn(B) _ Z ePAMXi Z PAMf(Yi)
i=1 i=1
N
W; %%
—Ze:cp{ﬁA(n)f (T—i-—l—TN)} (93)
i=1

To be able to simplify the above expression, —,H—...—l—WN, we prove three propositions
7

to obtain its asymptotic equivalent in the following section.

Proposition 12. Suppose that {Y1,Y3,....,Y,,....; YN} are standard exponentially dis-
tributed random variables. Then, My, = max(Y1,Ys,...,Yn) —In N converges to the

standard Gumbel distribution as N — 00.

Proof. Let F(z) =1—e " for z € [0,00). When x € R, the cumulative distribution
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function of My, can be expressed as

P{My, <z} = P{max{¥},Ys..,Yn} <z +InN}
= FY(z+InN)
= {1—exp{—z—InN}}"

which converges to exp{—e~*} as N — oc. O

Proposition 13. Let {Wy, W, ..., W, ..., Wx} be a set of i.i.d. standard exponential

random variables. Then,

Wi -1
Z

follows Gumbel distribution such that

P {Z VVIZ_ 1 < :v} = exp{—e_xﬂ}

=t

where 7y is the Fuler constant.

Proof. Let My, = max(Y1,Ys,...,Yn) —InN where {Y7,Y5,.... Y}, ..., Yy} are ii.d.
standard exponentially distributed random variables. Using the representation in

(92), we can write for any x € R that

P{MYN S .CE}

1 1 1 1
:P{maX(Yl,Yg,...,YN)—l———...— §x+1nN—1—§—...——}

N
wW,—1 1 1 1
:P{Z ;i S$+1HN—(1+§+...+7+...+N)}

=1

converges to a standard Gumbel distribution as N — oo, which was proven in Propo-
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sition 12. Note that

. 1 1 1
7:]\}1_1(}{1)0{111N—(1—|—§+...+7+...+N)}

where v is the Euler constant. Then we can drive the the distribution function as

follows

=t

P {Z VVZZ_ ! < x} = e:vp{—e_””}

[]

W, —1 W, —1 112
NotethatE[Zf; ll }anndVar(Zf; ll )ZF

Proposition 14. Let {Wy, Wy, ..., W, ..., Wx} be a set of i.i.d. standard exponential

W; 1% .
random variables. Then the summation, — + ... + TN’ can be approximated by
7
W, W, YW -1
Tl+...+TN’£’lnN—lni+§ lz =InN —Ini + O(1) (94)

when N 1is large.

Proof. From the Euler-Maclaurin formula, we get the following approximation for

large N
N

Zl—/Nldx—i-O(l)—lnN—lni—i-O E +
l:il_ ;T = =\ N

Using the result above,

IS
VRS
S| =
N————

©

N

N N N
M/i [/[/N 1 ”’l_l . l_l =
— 4+ ..+ — = - =InN —1 1
R D DEE P n nHzE:Z- o) (96)

=t =1

when N and i are large. Also, Kolmogorov’s two series theorem implies that the series
N

N N
W, —1. W;—1 W, —1
E 7 is convergent as g Var ( 7 ) and lE_' E { 7 ] are convergent.

=i =i

W, —1

N
Also, Proposition 13 states that Z converges to a Gumbel distribution. This
=t

proves the approximation (94).
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[
By substituting (94) into (93), the statistical sum is expressed as follows:
N - W
i N
Zn(B) = ; exp {,BA(n)f (T + ...+ T) }
N
= Y eap{BA(n)f (InN —Ini+ O(1))} (97)
=1

5.3.2  Computation of Limits

In this section, we compute the free energy for i.i.d. random variables in the
statistical sum, (79), which are functions of standard exponential random variables,
such that X; = f(Y;) (90). We make use of the simplified statistical sum formula (97)
and obtain the asymptotic behavior of the free energy. At the very end, we show two

phase transitions for the mixed Weibull distribution.
5.3.3  The Weibull-Type Distribution

X, = f(Y;) = Yil/ggl/@ and X;’s are i.i.d. random variables because Y;’s are i.i.d
standard exponential random variables as in (90). It is apparent that X;’s have the

Weibull distribution

P{Xi>a}:P{K>a—;}:exp{—%;)} (98)
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where a > 0. Also, we select A(n) = n'/ ¢ in the statistical sum (79). The statistical

sum can be expressed as

N

Z,(8) = Zexp{ﬁA(n)Xi}

= Zexp{ﬁnl/glgl/g (n—lnz’+g(1))l/9} (99)
i=1
by using (80) and (94). Also, the Euler-MacLaurin series gives us the approximate
integral of this series
N

Z exp {Bnl/gl gl/g(n —Ini+ Q(l))l/g}

=1

:/Nexp{ﬂgl/gnl/gl(n—lnx+g(1))l/9} dx—i—g(exp{ﬁgl/gn}) (100)
1

Note that for some ¢ > 0, we can find bounds on Zy (), such that

N N
Zexp {ﬂnl/g 0'/e (n—1Ini— c)l/g} < Zn(p) < Zexp {ﬁnl/g 0'/e (n— lni—i-c)l/g}
i—1 i—1

where N} = [e"7¢]. The integral in (100) is computed by replacing O(1) with ¢ in
Appendix A using the Laplace method. This helps us find the lower and upper bounds
of Zn(B). As they only differ by a constant multiplier, these constant multipliers

cancel out in the limit so as to give the free energy as

g /
1+ =, if0<pB<p.=0",

n—oo n

Bo'le, if B> B,

Note that x(6.) = ¢ and x'(B.) =1
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5.3.4  Relatively Heavy-Tailed Distribution

1+Y;
In(1+Y;)’
variables (90). Note that these random variables have heavier tails than the Weibull

Let x; = f(Y;) = where Y; s are i.i.d standard exponential random

distribution.

P{X; > a} :P{ 1+ ) > a} :exp{—alna—alnlna—i—ﬁ(l)} (101)

In(1+Y;

We select A(n) = Inn in the statistical sum (79). By using (80) and (94), the

asymptotic of the statistical sum can be expressed as

1+n—1In¢
In(1+n —Inq)

() = Zewp{ﬁA(n)Xi}%’Zexp{ﬁ I

= Ze:r;p{ﬁ 1+n—lnz)}—65"2j§ (102)

=1

N €B
?7

=1

When § < 1, we use the Euler-MacLaurin series to approximate the asymptotic of

oo
B
e
The sequence of the sums, converges to the finite limit, g 3 ifft 5 > 1.
— q

the the series in terms of an integral. It gives us

al e’ N1 ~ exp{n(l — B)}
;z'_ﬁ:eﬁ/l — o = e’ 3 (103)

When g = 1, we again use the Euler-MacLaurin series to approximate the asymptotic

of the series in terms of an integral. It gives us

%“ / —dxr=elnN (104)
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Then, the free energy is given as

(8) = Tim 129%=(5) _ L if0<B<B =1,

n—oo n

B, itf>p5
Also, note that x(8.) = 1, X'(5.) = 1 and they are continuous.

5.3.5  The Double Exponential Distribution

Let X; = f(Y;) = InY; where Y; s are i.i.d random variables with the standard
exponential distribution (90). Note that these random variables have lighter tails

than the Weibull distribution.
P{X;>a} =P{lnY; > a} =exp{—e’} (105)

for a > 0. We select A(n) = 1l in the statistical sum (79). By using (80) and (94),
nn

the asymptotic of the statistical sum can be expressed as

N N

Zn(B) = Z exp{BA(n)X;} = Z exp {ﬁ % In(n — In 1)}

i=1 =1

logZ, :
We express the upper and lower bounds of x,(8) = og—(m for large n in the
n

following inequality

n n

+ (106)
n n n n n
where Ny = [e*] for A < 1. Simplification of this inequality gives us
In(1— X logZ,
A+B”+“7(1 ) 09n(6)<1+ﬁ (107)
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for large n. Because A is arbitrarily close to 1, we deduce that

lim lOngL(ﬂ)

n— oo n

=1+5

for any 5 > 0.
5.4  The Mixed Weibull Distribution

We repeat the experiment of selecting mixed Weibull-type random variables. In
this experiment, we either choose the Weibull-type random variable with probability
p or the shifted Weibull-type random variable with probability ¢ = 1 — p. As a result
of this experiment, the random variables in the statistical sum (93) can be expressed

as

4
Y, with probability p and P(Y; > z) = exp {_x_}

X = Y

0
an'/® + oY,, with probability q and P(Yy > x) = exp {—x—}
0

Also, assume that we repeat this experiment N = [e"] times. We obtain v,, Weibull
and N — v,, shifted Weibull random variables. Such a mixed distribution has the
following interpretation: Out of N i.i.d. random variables, { X7, X, ..., X;,...Xy}, in
the statistical sum, the set of indexes is the union of v,, successes, Ylj g =1,2, ..., 0,,
and N — v, failures, an/® + oY}, k = 1,2,..., N — v,. Here, v, has the binomial

distribution B(N,p). Also, A(n) = n"/ ¢ Then, we can express the statistical sum
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(93) as follows.

Z(B) = Zexp{ﬁA(n)Xi}

N—vp,

= D _eap{BAMY/}+ D eap {BA(n) (an'/ +0¥})}

[ N—v,

= S (A} + enplan) 3 e {aort)

j=1 k=1

= Z,(8)+ Z,(B)
It means that the exponent in the sum varies depending on the result of the ex-
periment. If the Weibull-type sample is selected in a single draw, the exponent is
BA(n) = pnt/ ¢ If the shifted Weibull-type sample is selected in the same single
draw, the exponent is cfA(n) = ﬁnl/gla. When o is different than 1, this gives two
critical points in the free energy.

For the mixed Weibull case, we have v,, successes as a result of random sampling.
We assume that v,,, Ylj , Y. are independent. In the previous section 5.3.3, we obtained
the free energy for the Weibull case. We can still make use of this section’s results for
Ylj ’s. For YF’s, we simply use the same formulation from 5.3.3 by replacing 8 with

of. Using the independence of the random variables, it can be stated that

Un ’ p[en] 12
A DD DI
i=1 i=1
Q/ /
ETP { <1 + ﬁg/ ) n} ) if B < Ql/g - 5critical1
exrp {ﬁgl/gn} ) if ﬁ > 6criticall

In the case of shifted samples, we obtain:
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[e"]—vn (1-p)[e] /

Z'?L(B) = eaﬁn Z eﬁnl/glaxi =~ eaﬁn Z 6,30’711/9 X;

i=1 =1

¢ 1/
ETP { (1 + CLB + (ﬁg,> ) 77/} y if ﬁ < QO_ - ﬁcriticalz

€xp { (aﬁ + 6001/9) n} ’ if 6 > 6critical2

1

InZ,
To be able to calculate the free energy, x(f) = lim nZn(B)

n—00 n

, we make use of the

following inequality

max(Z,(8), Z;(8)) < = Zu(B) < 2max(Z,(8) Z,(B))

Inmax(Z(8),Z%(B)) < InZ,(8) < In2+Inmax(Z(B),Z2(B))

1 2 1 2
iy Bmax(Z,(6), Z,(5)) i [2Zn(B) _ o 02+ Inmax(Z,(6), Z,(6))
n—oo mn n—oo n n—oo n
which implies that
1 2
L WZB) L max(Z)(5), Z2(9))
n—00 n n—00 n
For large n, when o > 1
. InZ,(8
x(8) = lim )
n—o0 n
( ’ ’ /
0 0 /e
1 + max (6_/7 aﬁ + (ﬁo_/) ) ) lf ﬁ < € = 6critical2
0 Y o
Q/

I

B : /
max(l + ?7 aﬁ + 50.01/9)’ if Bcriticalg S B < QI/Q = ﬁcriticall

Bmax(0"/?,a+ o0'/?), if Beritical, < B

\



For large n, when o < 1

x(8)

I

lim

InZ,(5)

n—00 n

(

\

0 J
1 + max (ﬁ@, ,af + (BZ,) ) , it B < Beriticals

o o .
max <<Ql/gv 1 + aﬁ + (/BQ/) ) 9 lf ﬁcm‘ticall S ﬁ < ﬁcm'ticalg

6 max (01/9’ a + Ugl/g) ) if 5critical2 S B
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CHAPTER 6: CONCLUSION

We studied the limit theorems for the sum of random exponentials and their ap-
plications. The LLN, the CLT and the convergence to the stable distribution under
additive and multiplicative factors have been analyzed for a new class of distribution:
the double exponential distribution. This can be extended to other families of dis-
tributions. In terms of application, we reviewed the ruin probability estimation of
insurance portfolios using a sample based approach. The LLN and the CLT are the
main limit theorems. Another application is the REM from the statistical physics.
We derived the free energy for the REM through a different methodology when the
random variables in the partial sum could be expressed as an increasing function of
standard exponential random variables.

Classical studies on the ruin probability estimation of insurance portfolios have been
done based on the assumption that the number of claims goes to infinity without any
dependence to a parameter. In the fourth chapter, our approach is more controlled
by defining the number of claims as a function of the adjustment coefficient and then
sending it to infinity. The sample based ruin probability estimates should give better
estimates on the insurance portfolios. Because this study is done from a theoretical
perspective and there is no empirical data, we do not know how precise our method
would be in practice compared to the existing estimation methods. This can be

addressed in an empirical paper with real life insurance data. If this approach is
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tested and yields consistent results with the market data, the insurance companies
could use a more accurate approach based on our results. Also, we assumed that the
claims have the Weibull-type distribution. This can be reformulated to different class
of distributions depending on the claim distributions.

We worked with probability limits for the REM in the fifth chapter. On the other
hand, our new approach was about the representation of random variables in terms
of standard exponential random variables and the application to the REM. Our con-
tribution in this subject is in terms of the simplification of the computation for the

free energy. Also, this method can be applied to more general class of distributions.
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APPENDIX A: THE ASYMPTOTIC BEHAVIOR OF THE WEIBULL

INTEGRAL FOR THE REM
Integral for the Weibull Random Variable

We claim that the following integral’s asymptotic equivalent for large n is as follows

N i
In1(B) = ln/ exp {ﬁ@l/gnl/g (n—lnx+c)1/9} dx
1

e ’
n<1+i,)+5(n), if0< B < B, =0,

(108)

nBo'/? +7o(1), if B> p..

where N is defined in (80).

Proof. Let y =Inx — ¢ and y = nz. These substitutions provide us with:

N /
/ exp {ﬂgl/gnl/g (n—lnx+c)1/@} dx
1

1
= nec/ exp {n (z + Bgl/g(l — z)l/")} dx
0
where we define g(z) = 2 + B0'/2(1 — 2)'/¢ and it follows that

B
ol/¢ (1-— 2)1/e

g(z)=1-

Then, the conditions below are satisfied:

/ QI
If B < 0'/¢ = f., then g(2) has a maximum at z = 1 — 6—
0

If 5> o/ ¢ then g(z) has a maximum at z; = 0, as our integration region is restricted

to (0,1). Then, the asymptotic of the integral can be driven using the Laplace Method.
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It is expressed as:

n(l—i—Bé:)-i-ﬁ(n), if0<f<f.=o",
InI(B) = ¢
nBoVe +5(n), if 5> f.

Another Integral with the Weibull Distribution and the LLN

Suppose that X;’s have the Weibull distribution (6). We are interested in finding the

asymptotic equivalent of
Nn(mn)

Sna(m) = ) Xjer© (109)
j=1

for large 7,,, which is used in (73). First, we prove the asymptotic equivalence of
integral E[X;e™*i], then the LLN. N, (7,) is given in (17).
Using the substitution = = t‘—’l_ly, we obtain
+oo

E[XrertX] — XrertXfX(l,) d(l‘)
0

’ ’ +00 ’ yQ
— ¢re +o0 r/ yQ*IJrr exp {T’tg (y _ _) } d<y>
0 ro
o

Also, g(y) =y — Y has a maximum at y = /(=1 and the following conditions are
ro

satisfied:

o/ (e=1)

ro

g(r/e Dy = pl/le-D) _ =17y

g”(rl/(g_l)) = —(o— 1)T1/[(9—1)(@—2)}/T <0
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Then we can find the asymptotic expression using the Laplace method:

/

r rtX (rt>g
log E[X"e""] = ~—— 4 smaller terms
0
as t — 0o. In the limit, we can see that log E[Xe'] = té’l/g/ for large t.

Theorem 15. The Law of large numbers (LLN),

SNN (Tn) b2
—E[SN(Tn)] — 1. (110)

Assume that X;’s in the statistical sum (109) have the Weibull distribution (6).

If\>0 —1= M\ (17), the LLN holds.

Proof. Set InE[X;e™Xi] = M(r,) and

S* ( ) SNn<Tn) 1 Nng(ﬂfl)X TnX;—M(Tn)
Tn) = = T "
M E[Sn, (mn)]  Nu(ma) = ’

It is sufficient to show that lim; ., &

S¥, (Tn) — 1|r = 0 for some r > 1.

Sm) X e X M) "
E S* ) — 1 L— E J= — 1
1Sk, (7) = 1 N(7)
S et R
= E|= N (7) = Na(m) " E [Xjem i) 1]
n\'n 7j=1

Using the Bahr-Esseen inequality and (z +1)" < 2" }(2" + 1), where (z > 0,7 > 1),

r

Nalrn) Na(72)
Na(ra) "E| Y [Xpem M) 1)l <Ny (r) 7 Y B |Xgem OO ]
J=1 j=1

< 2N (7)) B X e XM 11| N (1) 2B X

< QTNn(Tn)l—rE (X;“erij) e—T‘M(Tn) + QTNn(Tn)l—r (111)
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Then
N (r —1)log Nyp(70) E (X;erTan) _ J _
hglolgf M) R Ve +rl=Ar—-1)— (r — T) = u\(r)

’

By Lemma 1, we can choose r > 1 such that vy(r) > 0 when A > \; = ¢ - 0o —1
0

and this implies that the right hand side converges to 0. O

This concludes that

Nn(n)
Sw(m) = Y Xje™ 2 N, () B[X e ]
j=1
7'9/
> N, (7,) exp{ % p = Npo(7,) exp{H(7,)} (112)
0

in probability for large n and H () is the cumulant generating function of the Weibull

distribution.
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APPENDIX B: APPLICATION OF THE LAPLACE METHOD TO WEIBULL

AND DOUBLE EXPONENTIAL DISTRIBUTIONS
The Weibull Distribution

Suppose that X has the Weibull distribution (6). We are interested in finding the
asymptotic equivalent of the cumulant generating function (12). Using the substitu-

tion x = tgl_ly, we obtain

] = / X fy () d(a)

’ +oo ’ yQ
= ¢ / y°~texp {tg (y — —) } d(y) .
0 0
0

Also, g(y) = y—= has a maximum at y = 1 and the following conditions are satisfied:
0

1
g(1l) = 1—-
(1) .
g(1) =0
g (1) = —p+1<0.

Then, we can find the asymptotic expression using the Laplace method:

e 1,2
H(t) = log E[e""] = 7 + %log(t) +3 log(rﬂl) +o(1)

’

as t — 0o. In the limit we can see that Hy(t) = th/g'.
The Double Exponential Distribution

1. We calculate the cumulant generating function (12) for large t, when X has the

double exponential distribution (8). The density of this distribution is expressed
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as
fx(z) =exp{l+x—¢€"}

for x > 0. Use the substitution z = y + In(¢ + 1) to obtain

B[] = / TN fy (@) da)

:exp{l—i—ln(t—i-l)—|—tln(7f—|—1)}/_1 ) 1)exp{(t—|—1)(y—ey)} dy

Also, g(y) := y — ¢¥ has a maximum at y = 0 from ¢ (y) = 1 — ¥ = 0. Then we

can apply the Laplace method to obtain:

Int
H(t) = log E[etX] = tln(t) —t+ n? + smaller terms ast — oo

. We evaluate integrals of type

+o0o
/ exp {Ma(t)(y — )} 1yexy dy
—Mi(t)

using the Laplace transform, where K < 0 is the maximum point of the region
of integration and M (t), My(t) — oo as t — oo. For large ¢, this integral is

equivalent to

/ exp {(Ma(t)(y — )} dy

— M (t)

Because ¢g(y) = y — €Y has a maximum at y = 0, ¢’(y) > 0 for negative y and the
maximum point is outside of the interval of integration, the major contribution to

the integral comes from the neighborhood of the boundary point K. Then, the
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Laplace method gives us

: Y = ex — e !

. We evaluate integrals of type

/0 " exp {Ma(0)(y — )} 1pyor dy

using the Laplace transform, where K > 0 is the maximum point of the region of

integration and Ms(t) — oo as t — oo. For large t, this integral is equivalent to

/ " exp {Ma(t)(y — )} dy

K
Because g(y) = y — €¥ has a maximum at y = 0, ¢'(y) < 0 for positive y and the
maximum point is outside of the interval of integration, the major contribution to
the integral comes from the neighborhood of the boundary point K. Then, the

Laplace method gives us

/: oxp {My(t)(y — e¥)} dy = exp { My (t)(K — )} IR0 llg,( K) |

In B(t) +1
mBE+In7 In(at 4+ 1) for large t,

. We derive the asymptotic equivalent of K =
by (15),

In B(t) +1 ]
K — %—1n(at+1):ln)\+lnt+¥—lﬂ(at‘l‘l)

Int 1
=~ In(A — —In(1+—).
n(\/a) + ; n( +at>
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5. We simplify NE[Y *1{y <] using the result (35)

NE[Y Uy <n]

_ N@®
- B

(at +1) [ ¢'(K) |

exp{(at + 1) In(at + 1)} exp {(at + 1)(K — e™)}

| 1
Assume that A/a < 1. Using (15), (18), and K = In(\/a) + % —In (1 + a),

we obtain

(at +1) | g'(K) |

v (at + 1)at+1
(At)at
e

&ae)\ t K
:aet( /\a ) exp { (at + 1)(K —e®)} (at + 1) | ¢'(K) |

a t at+1
= aet (& eA) (é> N T AT €
A a (at +1)]g'(K)|

AT e

g (K]

NE[Y*lyy<n] = e exp {(at +1)(K — ")}

where g(y) =y — exp{y} and |¢'(K)[ =1 - )/a.

6. We then simplify NE[Y 1{y<-] using the result (41)

NE[Y Liy<n] - %

exp{(t+ 1)In(t + 1)} exp {(t + 1)(K — ")} ¢

(+ D[ g(®) |

_ N(®)
- Bt

where A(t) is given in (16a) for 0 < A < 1. Using (15), (18), and

K:ln)\+1nTT—ln(1+%)



we obtain

at+ D™

NEW Lyyon] = e

exp{(t—l— 1)(K—6K)}

e

— ot (X) exp {(t+ 1)(K —e™)} (t+1)| ¢(K) |

A\’ e
B T T e s W
(%)  DIg ()
ATl Ae
l9'(K)

where g(y) =y — exp{y} and |¢/(K)| =1 - A.

t+1) | g(K)|
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