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ABSTRACT

KOKOUVI HOUNKANLI. The center and cyclicity problems in a family of three
dimensional polynomial systems of ordinary differential equations. (Under the
direction of DR. DOUGLAS S. SHAFER)

This dissertation is mainly a study of the center problem in the context of a family

of three dimensional systems of ordinary differential equations of the form

= —v+ P(u,v,w), 0 =u+ Qu,v,w) W= —Aw+ R(u,v,w),

for which the right-hand sides are polynomials and A # 0. Such systems are called
polynomial systems.

There is a two dimensional local center manifold W through the origin. It is invari-
ant under the flow. The problem is to decide whether there is a focus or a center at
the origin for the flow restricted to W .

For two-dimensional systems a general method due to Poincaré and Lyapunov reduces
the problem to that of solving an infinite system of polynomial equations whose vari-
ables are parameters of the system of differential equations. That is, the center-focus
problem is reduced to the problem of finding the variety of the ideal generated by
a collection of polynomials, called the focus quantities of the system ([12]). In this
thesis we show how these ideas can be generalized to the setting of systems in R3
of the form above. This will involve generalizing to this setting the concepts of the
complexification of real systems, normal forms and the center variety, described for
two-dimensional systems by Valery G. Romanovski and Douglas S. Shafer in the Cen-
ter and Cyclicity Problems: A Computational Algebra Approach. We then apply the
ideas to the Moon-Rand family of systems that arise naturally. We will solve the
center problem by providing sufficient conditions for the existence of a center, and

otherwise determine the stability of the focus on W[ .
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CHAPTER 1: INTRODUCTION

Consider the family of three dimensional polynomial system of ordinary differential

equations of the form,

= —v+ Pu,v,w)
U =u+ Q(u,v,w) (1.1)

W= —Aw+ R(u,v,w),

for which, P(z,y,z),Q(x,y,2) and R(z,y,z) are polynomials without constant or
linear part.

The system and its associated vector field X,

X(u,v,w) =(—v + P(u,v,w))=—+

ou

are analytic on a neighborhood of the origin, for which the eigenvalues of the associ-
ated linear part at the origin are +¢ and —\ with A # 0.

There exists a two dimensional local center manifold WS, through the origin, tangent
to the (u,v)—plane and invariant under the flow ([4, 11, 13]). The center manifold
need not be unique and also it need not be analytic. There is a C" center mani-
fold for every r € N. The local flows induced by X on any two C" center manifolds
are C"! conjugate ([3]). It is known, however, that when the origin is a center for

X | W£,, then the local manifold is unique, and is analytic. The system is not linear
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and moreover the linear part at the singular point, the origin, has eigenvalues that
are purely imaginary. Therefore, the topological type of the origin is not determined
by the linear approximation. Although in general for a non-analytic system on the
plane, an isolated singularity at which the eigenvalues are purely imaginary does not
have to be either a center or a focus, in the situation of (1.1), for the flow induced by
X on any center manifold at the origin, the origin must be either a focus, in which
case there is a neighborhood of the origin in which every orbit spirals towards or
away from the origin, or center, in which case there is a neighborhood of the origin
in which every orbit except the origin is periodic ([1]). Two problems naturally arise
in this context. The first is the center problem, which is to determine whether the
origin is a center or a focus for the flow restricted to W.. The second is the cyclicity
problem, which is to determine the maximum number of limit cycles (isolated closed
orbits) that can emerge from the focus or center when the right hand side of (1.1) is
perturbed slightly.

Recent decades have seen a surge of interest in the center and cyclicity problems.
Certainly an important reason for this is that the resolution of these problems involves
extremely laborious computations, which nowadays can be carried out using powerful
computational facilities. Applications of concepts that could not be utilized even 30
years ago are now feasible, often on a personal computer, because of advances in
the mathematical theory, in the computer software of computational algebra, and in
computer technology. This thesis explains and illustrates methods of computational
algebra, as a means of approaching the center-focus and cyclicity problems in the
context of system (1.1).

The methods we present can be most effectively exploited if the original real system
of differential equations is properly complexified; hence, the idea of complexifying a
real system, and more generally working in a complex setting, is one of the central

ideas of the thesis. Although the idea of extracting information about a real system
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of ordinary differential equations from its complexification goes back to Lyapunov, it
is still relatively scantily used ([12]).

Chapter 2 introduces the primary technical tools for this approach to the center
and cyclicity problems for (1.1). We cover the complexification of real systems of
ordinary differential equations and the basics of the theory of normal forms of ordinary
differential equations, including examples for the normalization procedure. We next
cover the generalization of the Lyapunov center theorem to our new setting, and
other theorems that are aimed at the investigation of the stability of singularities (in
this context termed equilibrium points) by means of Lyapunov functions. We then
describe how the concept of a center can be generalized to complex systems, in order
to take advantage of working over the algebraically closed field C in place of R.

In Chapter 3, we explore the Lyapunov numbers, derive polynomials in the co-
efficients of the system whose vanishing is sufficient for existence of a center on the
local center manifold. We prove that their vanishing is also necessary for existence of
a center, and thus show that the set of parameter values for which there is a center
on the center manifold is an affine variety. We present an efficient computational
algorithm for computing the focus quantities, which are the polynomials that define
the center variety. This program and its efficiency are demonstrated by applying the
algorithm to compute the first few focus quantities for two particular examples of
certain families of quadratic systems.

Chapter 4 is devoted to the application of the theory to the Moon-Rand family of

systems that arose in the problem of modeling certain flexible structures.



CHAPTER 2: COMPLEXIFICATION AND NORMAL FORMS
2.1 Complexification of real systems

Our main concern is to work with the family of systems in the form (1.1), but it
is more appealing to complexify the system because the eigenvalues of the linear part
at the origin of every system in question are complex. We begin by considering the

real space (z,y, z) as a complex plane cross a line.
T =u+ v, z=w. (2.1)
Differentiating (2.1) and using (1.1) we obtain

&=+ v
= (—v + P(u,v,w)) +i(u+ Q(u, v, w))

= i(u+ ) + P(u,v,w) +iQ(u, v, w).

That is,
:)L":z‘x+5<z+x u7z> . (2.2)

2 7 2

Equation (2.2) is a single complex equation that carries all the information in the first

two equations in (1.1). Nothing changes if we adjoin to (2.2) its complex conjugate,

T — —iT z+Z z—Z
x 2x+5(7777z).
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If we let U = R(%E2 R xQZ , z) and replace every occurrence of T in &, 7, and Z by a new

variable y, and replace for any coefficient a;, that arises in S its complex conjugate

@i, by byj, regarded as independent of a;i, then we obtain

& =iz + S(z,y,2)

==X z+U(z,y,2)

The system (2.3) in C? is the complexification of the real system (1.1). This leads to

the study of families of systems that are of the form,

&= P(x,y,z Z Apr TPy 12"
(pg,m)ES

j=Qz,y, 2 — Y bty (2.4)
(p.q.r)€S

= R(z,y,2) = (—\z — Z Corqur TP YT 27
(p1,q1,r1)€T

where the variables z,y, z are complex, the coefficients of P,Q, R are also complex,
where S C ({—1} UNpy) x Ny x Ny is a finite set, every element (p,q,r) of which
satisfies p + ¢ +r > 1, where b,y = Ggpr € S, and where T C Ny x Ny x ({—1} UNp).
The set S specifies the collection of admissible nonzero coefficients, hence the family
of systems under consideration.

The unusual indexing simplifies later expressions that will arise. Similarly, although
system (2.4) is a system of the form (3.13) below, we will find that it is more convenient
to completely factor out the i than it is to use the form (3.13). The complexification
of any individual system of the form (1.1) can be written in the notation of (2.4)
by choosing the set S and 7" and the individual coefficients apq., bgpr and ¢, q,, suit-
ably. The collection of admissible coefficients in (1.1) determines the collection of

admissible coefficients in (2.4). For example, if P, @, and R are arbitrary homoge-
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neous polynomials of a fixed degree, then the nonlinearities in (2.4) correspond to all
homogeneous nonlinearities of the same degree.

In general our interest is in families of systems of the form (2.4) when y is regarded
as independent of z and the coefficients by, do not necessarily satisfy by, = dpgr,
i.e., when they are not necessarily complexifications of real systems. We can then
specialize the general results to the case of complexifications, as with the family of
Moon-Rand systems that will be examined in Chapter 4. In any case the degree of
the polynomials in (1.1) or the allowable non-zero coefficients must be restricted in
order for computations to be feasible. In such a situation the collection of admissible

coefficients is viewed as a parameter space; for (2.4) it will be denoted E(a,b,c).

2.2 Normal Forms

Normal forms of differential equations are essential tools in the study of differential
equations and in their applications. Given a relatively complicated differential system
with a singularity, there exists, in many instances, a local change of coordinates
accompanied by a possible rescaling in time after which the system takes a most
simple form: a normal form. The idea is to modify the system by eliminating as

many terms as possible. System (2.3) (hence (2.4)) may be written as

= Az + X1(z). (2.5)

We will investigate normal forms of complex systems (2.5). Since we are working
with systems whose right-hand sides are power series, we will also allow formal rather
than convergent series as well.

We say that the original system (2.5) under consideration is formally equivalent to a
like system

y=Ay+Y(y) (2.6)



if there is a change of variables

z=H(y) =y+hy) (2.7)

that transforms (2.5) into (2.6), where the coordinate functions of Y and h,Y; and
hj,3 =1,---,n, are formal power series. If all Y; and h; are convergent power series
(and all X; are as well), then by the Inverse Function Theorem the transformation
(2.7) has an analytic inverse on a neighborhood of O and we say that (2.5) and (2.6)
are analytically equivalent.

Consider the following example drawn from ([12]).

Example 2.2.1. Consider the linear system

jfl = 21‘1

i‘2:$2

which has a hyperbolic equilibrium at the origin, and the general quadratic system

with the same linear part,

&y = 211 + ax? + brywy + cxd

. ’ 9 / r2
To = To +ax] + bx179 + C 5.

We make the change of coordinates = y + h® (y) + h®(y) + - -- |, where the linear

terms are the identity because the linear part is already in canonical form. Then,

;‘U:erdh(?)(y)er... = (I+dh(2)(y) + ).

Note that z and y could be either real or complex and that for y sufficiently close to



0 the linear transformation (I + dh®(y) + ---) is invertible. Hence, inserting,

§= L+ dh D) + )l = (1= dhO(y) + ) ',

and writing

azy; + anyiys + ageys + - -

h (y) = :
baoy: + biiyiys + booys + - -
a computation gives
U1 B 2y1 + (a — 2ag0)yi + (b — a11)yrya + cys + - -
U Yo + (@' — 3bao)yi + (V' — 2b11)yry + (¢ + boa)ys + - -

From this last expression it is important to note that five of the six quadratic terms

can be eliminated by a suitable choice of h, so that the normal form through order

two is
|20+ ey
Y2 Yo
In general, in R", for a = (o, , ) € Nj, let 2 denote z{* - - - 257, let |a| =

a1+ -+ ay, and let H, denote the vector space of functions from R™ to R™ each of
whose components is a homogeneous polynomial function of degree s; elements of H
will be termed vector homogeneous functions. Then for & = Az + --- |, working step
by step attempting to eliminate homogeneous terms of higher and higher degree, it
is well known that at each stage

(a) we can eliminate all terms of degree k iff the operator

L:Hy — Hi :ply) = dp(y)Ay — Ap(y) is onto,

(b) otherwise we can be certain to eliminate only those terms that lie in I'mage(L)
and there remain terms in any previously specified complementary subspace Ky of Hy,

such that Hy = Image(L) @ Ki. (In general, for system (2.5) on C" this is proved in
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([12]) using Lemma 2.3.1.) Then, this means that higher order terms Xz in (2.24)

corresponding to pairs (m, «) for which (m, a) —k,, # 0 for all m € {1,2,--- ,n} and
for all @ € Ny for which |a| > 2 are the ones that can definitely be eliminated by a
near-identity transformation (2.7). The remaining terms have the following special

designation.

Definition 2.2.2. Let kq,--- , Kk, be the eigenvalues of the matrix A in (2.5), ordered
according to the choice of a Jordan normal J of A, and let kK = (K1, -+ , Ky,). Suppose
me{l,--- ,n}and o« € N" |a|] =y + -+ + «, > 2, are such that (a, k) — Kk, = 0.
Then m and « are called a resonant pair, the corresponding coefficient X of the
monomial X in the mth component of X is called a resonant coefficient, and the
corresponding term is called a resonant term of X. Index and multi-index pairs,

terms, and coefficients that are not resonant are called nonresonant.

A “normal form” for system (2.5) should be a form that is as simple as possible.
The first step in the simplification process is to change the linear part A in (2.5)
into a Jordan normal form. We will assume that the preliminary step has already

been taken, so we begin with (2.5) in the form
T =Jr+ X(x), (2.8)

where J is a lower-triangular Jordan matrix. (Note that the following definition is
based on this supposition.) The simplest form that we are sure to be able to obtain
is one in which all nonresonant terms are zero, so we will take this as the meaning of

the term “normal form.”

Definition 2.2.3. A normal form for system (2.5) is a system (2.8) in which every
nonresonant coefficient is equal zero. A normalizing transformation for system (2.5)
is any (possibly formal) change of variables (2.7) that transforms (2.5) into a normal

form; it is called distinguished if for each resonant pair m and «, the corresponding
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coefficient h'Y is zero, in which case the resulting normal form is likewise termed

distinguished.

Example 2.2.4. Consider any C'* system (2.5) with an equilibrium at O that has the

form:

T1=x1 + a:cf + brixe + cx1T3 + - - -
Ty = 219 + a'z3 + Vo129 + w3 + - - (2.9)

. "_2 /! /"
T3 =x3+a x]+b'r109 4+ X105+ .

The resonant coefficients are determined by the equations

(a,m)—1:a1+2a2+a3—1:0
(k) —2=01 +205+a3—2=0

(k) —1l=01 +2a9+a3—1=0.

When |a| = 2, the first and third equations do not have a solution and the second
equation has solution (aq, as, a3) € {(2,0,0),(1,0,1),(0,0,2)}; for |a| > 3, no equa-
tion has a solution. Thus by Definition 2.2.3, for any k& € Ny, the normal form through

order k is

g1 =y1 +o(|y")

2)

. 2,0,0 ,0,1 0,0,
Go = 245 + Va2 02 4 VMOV g+ V0P 2 4 o(|y[F)

Js=ys+o(jyl"). O

For families of systems (2.4), the eigenvalues of A are i,—i and —\. The resonant
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coefficients are determined by the equations

(a,k) — 1 =10y —iag — Aaz —i =0
(o, k) +1i=1ia; —iag —Aag +i=0

(o, k) + X =ioq —icg — daz + A = 0.

Solutions of the first equation that correspond to |a| > 2 are the triplets

(n+ 1,n,0),n € Ng,n > 1; solutions of the second equation that correspond to
|a| > 2 are the triplets (n,n 4+ 1,0),n € Ng,n > 1; solutions of the third equation
that correspond to |a| > 2 are the triplets (n,n,1),n € Ng,n > 1. By Definition

2.2.3, the normal form of families of systems (2.4) is

00
i = ixg + § X(n+1,n,0)$711+1y?

n=1

Y1 = —iyr + Z Y(n’%l’o)x?y?ﬂ

n=1

oo
2= —Az + Z Z("’"’l)a:’fy?zl,
n=1
which we will write as

T =1r1 + T ZX(j+1’j’0)(JI1y1)j =1iT + flle(l’lyl)
j=1

Y=~ + % Z YOI (@) = —ig + 1Y (2131) (2.10)
j=1

==Xz + 2 Z Z(j’j’l)(xlyl)j = —Az1 + 21 Z(x191).
j=1
From now X and Y will specify the functions appearing in (2.10).
It is important to note that the qualitative behavior of the system (1.1) is invariant
under the nonlinear change of coordinates (2.7), which has an inverse in a small neigh-

borhood of the origin since it is near-identity transformation; i.e., the two systems
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are topologically conjugate, and therefore they have the same qualitative behavior in
a neighborhood of the origin. The method of reducing the system (1.1) to its normal
form (system (2.3)) by means of a near-identity transformation of coordinates of the

form (2.7) originated in the Ph.D. thesis of Poincaré ([11]).



CHAPTER 3: THE CENTER PROBLEM

Definition 3.0.5. A first integral on an open set {2 in R or C" of a smooth or analytic

system of differential equations

Ty :fl(x)a"' ’jjn:fn(z) (31)

defined everywhere on (2 is a differentiable function ¥ : {2 — C that is not constant
on any open subset of € but is constant on trajectories of (3.1) (that is, for any
solution z(t) of 3.1 in  the function ¢ (t) = W¥(x(¢)) is constant). A formal first
integral is a formal power series in x, not all of whose coefficients are zero, which

under term-by-term differentiation satisfies 24 [U(z(¢))] = 0 in Q [12].

Remark 3.0.6. (a) If ¥ is a first integral or formal first integral for system (3.1)
on , if ¥ : C — C is any nonconstant differentiable function, and if A\ is any
constant, then ® = F o ¥ is a first integral or formal first integral for the system
1 =Af1(x), -, Zp = Afn(x) on Q.

(b) If

X(z) = fl(ftr)a%1 ot fn(x)a%n (3.2)

is the smooth or analytic vector field on 2 associated to system (3.1), then a non-
constant differentiable function (or formal powers series) ¥ on € is a first integral (or

formal first integral) for (3.1) if and only if the function X¥ vanishes throughout € :

Ow ov

n
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(c) Our concern is only with a neighborhood of the origin, so by “existence of a first

integral” we will always mean “existence on a neighborhood of the origin”.

Our first result is a generalization to (2.4) a result from the analogous two-
dimensional case (system (2.4) without z). It connects existence of a first integral to

properties of the normal form.

Theorem 3.0.7. System (2.4) admits a formal first integral of the form
U(x,y,2) =ay—+---.
if and only if the functions X and Y in any normal form (2.10) satisfy
X+Y =0.
Proof. Suppose (2.4) has such a formal first integral of the form
U(x,y,z) =ay+---.

Let x = H(y) be the normalizing transformation that produces (2.10) from (2.4).
Recalling from (2.7) the form of H and writing F' = ¥ o H according to our usual

convention, F'(x1,y1, 21) has the form

F(x,y1,21) = Z Flono2as) gy o2 00
(e1,02,3) (3.4)
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Then F is the formal first integral for (2.10), hence

or
Oy
or
Iy
oF
0z

— (1,91, 21) [iz1 + 21 X (2101)]+
— (@1, 1, 21) [=iys + Y ()| + (3.5)

Sz, 51, 2) [ Az + 2 Z(zy) = 0

which we arrange as

. OF . OF OF
11— ($1,y1,21) WY~ — ($1,y1,21) A2 =— ($1,y1>2’1) =
0xy oy 021
oF or
— L1 (ﬂUl, Y1, 21)X($1y1) - y1—(9€1, Y1, Zl)Y(mlyl) (3~6)
O0xy 83/1
or
- Zl(9 (33’173/1,21)2(1713/1)-
21

A simple computation on the left-hand side of (3.6) and inserting (2.10) into the

right-hand side, yield

) y 1,002,003 a1, a2 3
E (i — iy — Aag) F Vg0 208 —
jal>2

- {Zmlzg OélF(al’”’%)Jfalymz?S] [Ziol XU (1)

] (3.7)
/|

_ |:Za|>2 agF(al’QQ’O‘S)IL‘O‘lya22?3:| {Z Yy (,d+1, 0) fElyl

o [Zlal>2 a3F(a1’02’a3)$aly?22?3] |:Z;>i1 Z(j’j’l)(ﬂflyl)j] :

We claim that F'(xy, 1, 21) is a function of (z1;) alone, so that it may be written as

F(zy,y1,21) = filziy) + fo(zy)® + -
The claim is precisely the statement that for any term [F(@1:02:03)3:01902,98 of [7

(a1 — g, 3) # (0,0) implies F(er0293) — () (3.8)
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Equation (3.4) implies that for |o| < 2, F(®192.23) = ( except for F1-10) = 1. That

is,(3.4) shows (3.8) holds for |«| < 2. This implies that the right-hand side of (3.7)
has the form
Tyt s alF(al’aQ’a?’)x?ly?%?S} [2;01 XUHLI0 (95191)31

— |z + 2\0423 a2F(a1,a2,a3)x?1y?2Z?3] |:Z;’°1 Y(j’j+170)<x1y1)j:|

a3 CMSF(“’”’“S)x?ly?%f“?’} [Z}il Z(j’j’l)(anyl)j]

= co(myyy)* + - - -

for ¢y = — (X109 4 Y120y Hence, the left-hand side of (3.7) has the same form.
It has no terms of order 3, because —Aag + (a1 — ag)i # 0 if oy + s + a3 is odd,
F©@ =0 for |a| = 3. The terms of order 4 are cy(z1%1)?, so F(*20 = ¢y and F® =0
for |a| =4, a # (2,2,0).

Now, for k& € N, assume that implication (3.8) holds for |o| < 2k. We want to show
that it also holds for |a| < 2(k+1). For simplicity we will consider equation (3.7) for

|a| > 2k. That is

. . a1,02,0 Qa3
E (i — iy — Aag) F(0102:03) pong 2 05
la|>2k

— |:Za|22k alF(a1,a2,a3)x?1yfézz?3:| |:Z;>‘;1 X (5+1,5,0) (:C1y1)j] 39

- {ZIaIZZk 042F(a1’a2’a3)$?1y?22f3] [Z?L Y33 +H0) (Jflyl)j]

— |:Z|a|22k a3F(a1,a2,a3)I?1y?2Z?3:| [Z;’Ol Z(j,j,l)(x1y1>j:| .
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If implication (3.8) holds for |a| < 2k, then the right-hand side of (3.9) has the form

= [RFERO (@) 2 Jal22k+1 alF(al’aWS)x?ly?%fls} {Zoo | XUHLI0 (xlyl)j]

1=

= | RFERO (@y)* + 2 ja|>2k+41 a2F(a1’a2’a3)$?ly?2zfé3} [Zj; Y(j’jH’O)(xlyl)j}

| S aop e | [5532, 2000 @iy

= cpr(zy)" 4

for cjpy = —kF®RO (X (210 1y (120))  Hence, the left-hand side of (3.9) has the same
form. It has no terms of order 2k+1, hence because —Aag+(a;—ag)i # 0 if o +an+as
is odd, F(® =0 for |a| = 2k + 1. The terms of order 2(k-+1) are cp 1 (z1y1)*+?, so
FUHLEHLD) — ¢ v and F®) = 0 for |a| = 2(k +1),a # (k+ 1,k + 1,0). Hence by
(3.9) implication (3.8) holds for |a| < 2(k+1). Therefore, by mathematical induction,
(3.8) must hold in general, establishing the claim.

But if F(x1,y1,21) = f(x191), then

oF
3718—x1 = 3713/1]”(%3/1%
OF ,
Z- d
ZEm vy f'(x1y1) an
oF
Zla_xl = 0.

Letting w = z1y1, (3.6) becomes

= —w ) ()X (w) — wf (W)Y (w) = —wf'(w)(X (w) + Y (w)).

But because F'is a formal first integral, it is not a constant, so we immediately obtain

X+Y=0.
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Direct calculations show that if X +Y =0, then

‘j(xlaylyzl) =Ty + -

is the first integral of (2.10). The coordinate transformation that places (2.4)(hence
(2.5)) in normal form has the form given in (2.7), hence has an inverse of the form
y=2z+ h(z). Therefore, system (2.4)(hence (2.5)) admits a formal first integral of

the form ¥(x,y,2) =ay +--- .0

Theorem 3.0.8 (Lyapunov Center Theorem). An analytic system on a neighborhood

of the origin in R? of the form

u:_v+
f[]:u_l_... (3].0)
W= —Aw

has a center on some (hence every) local center manifold if and only if the system (in

R3) admits a real analytic local first integral

O(u,v,w) = u® +v> + - (3.11)

in a neighborhood of the origin in R3.

Proof. Section 3 of ([2]).

Now, rewriting (3.11) as

O(u,v,w) = (u+iv)(u—iv) + -,

and by applying (2.1), ®(u,v,w) in (3.11) is equal to xy + --- . This means that

existence of a first integral or formal first integral of (1.1) on a neighborhood of the
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origin is equivalent to existence of a first integral of the form

U(z,y,z) =xy + Z l/j,l,k,lvnxjykz”, where j,k,n € Ny (3.12)
j+k4+n>3

for its complexification (2.4) in a neighborhood of the origin in C®. Here is the gen-

eralization of the concept of a center to the complex setting, based on the Lyapunov

Center Theorem.

Definition 3.0.9. Consider the system

i =ix1 + Xq (21, 22, T3)
i‘g = —iJTz + Xg(l‘l,l’Q,I‘g) (313>

i‘g = —>\£If3 + Xg(l‘l,flfg,a?g),

where x1, x5 and x3 are complex variables and X, X, and X3 are complex series
without constant or linear terms that are convergent in a neighborhood of the origin.
System (3.13) is said to have a center at the origin if it has a formal first integral of

the form

— Jkon
U(xy, 29, x3) = T122 + E Wj fn T LTy (3.14)
j+k+n>3

Theorem 3.0.10. The following statements about real analytic system (1.1) are equiv-
alent:

(1) The origin is a center for the system restricted to any local center manifold.

(2) The system (1.1) admits a formal first integral in the neighborhood of the origin
in R? of the form,

U(u,v,w) =u? +v>4--- .

(3) The system (1.1) admits a real analytic local first integral in the neighborhood of
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the origin in R3 of the form,
O(u,v,w) = u® +v> + - .

Proof.

(1) & (3) is shown by the Lyapunov center theorem above.
(2) = (3): In Section 5 of [2], it is shown that for the functions X and Y in the normal
form (2.10), X + Y = 0 implies that the distinguished normalizing transformation
xz = H(y) =y + h(y) that changes (2.5) to (2.6) is analytic. By the Inverse Function
Theorem it has a local analytic inverse, hence by the last part of the proof of Theorem
3.0.7,the fact that @($1,y1,z1) = x1y; + --- is analytic implies that U(z,y,2) =
xy + --- is a real analytic local first integral in the neighborhood of the origin in R3.

(3) = (2) is automatic. [J

3.1 The Poincaré First Return Map and the Lyapunov Numbers

The object of this section is the real analytic system (1.1) that we write as & = f(u)
on a neighborhood of O in R3, where f(0) = 0 and the eigenvalues of the linear part
of f at O are +i and A with A # 0. The polynomials P,Q and R on the right-
hand sides of (1.1) can be written as P(u,v,w) = Y oy P® (u,v,w), Q(u, v, w) =
chvzz Q™ (u,v,w), and R(u,v,w) = Z,]CVZQ R® (u, v, w), where P*(u,v,w), Q" (u,v,w)
and R*(u,v,w) (if nonzero) are homogeneous polynomials of degree k. But we do not
need to do this in R3 because we will be restricting to the two-dimensional center
manifold and working in local coordinates, which means we are still in R?. We review
the theory of the Poincaré first return map in a neighborhood of the origin in R? for
systems of the form

U = au — bv + P(u,v) (3.15)
3.15

v =bu+ av+ Q(u,v)
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In polar coordinates u = r cos p,v = rsin ¢, system (3.15) becomes

7= ar + P(rcos @, rsin ) cos ¢ + Q(r cos ¢, rsin ) sin ¢
= ar + 12 [P@(cos ¢, sin @) cos ¢ + QP (cos ¢, sin ) sinp + - - - | )
(3.16
¢ =b—1r"P(rcosp,rsinp)sin p — Q(r cos p, rsin @) cos ]

= b — 7[PP(cos ¢, sin ) sin p — QP (cos ¢, sin @) cos p + - - -].

It is clear that for |r| sufficiently small, if b6 > 0 then the polar angle ¢ increases as
t increases, while if b < 0 then the angle decreases as ¢ increases. It is convenient to

consider, in place of system (3.16), the equation of its trajectories on the polar plane
dr  ar+r*F(r,siny,cos p)

— = =R ) 3.17
dy b+ rG(r,sin ¢, cos @) (r,0) (3.17)

The function R(r,¢) is a 2m-periodic function of ¢ and is analytic for all ¢ and for all
|| < r*, for some sufficiently small positive real number 7*. The fact that the origin
is a singularity for (3.15) corresponds to the fact that R(r,¢) =0, so that r =0 is a

solution of (3.17). We can expand R(r, ) in a power series in r :

dr a
Qo R(r, o) =rRi(¢) + r°Ra(p) + r°Rs(p) + - = PR (3.18)

where Ry (p) are 2m-periodic functions of ¢. The series is convergent for all ¢ and for
all sufficiently small r. Denote by r = f(¢, o, 7o) the solution of system (3.18) with
initial conditions r = r¢ and ¢ = . The function f(p, ¢o,70) is an analytic function

of all three variables ¢, g and rg and has the property that

f(p,¢0,0) =0 (3.19)
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(because r = 0 is a solution of (3.18)). We can expand f(p,0,79) in a power series in
70,

r= f(v,0,10) = wi(p)ro + 7~U2(<P)7"(2) T (3.20)

which is convergent for all 0 < ¢ < 27 and for |ro| < r* for r* sufficiently small. This

function is a solution of (3.18), hence

! 1,2

Ry (o) (wy(@)rg + wa ()12 + -+ ) + Ra(@) (wi(@)ro + wa(@)rg 4 -+ ) 4+ -+,

where the primes denote differentiation with respect to ¢. Equating the coefficients
of like powers of 7 in this identity, we obtain recurrence differential equations for the

functions w;(¢p) :

w) = Ryi(p)wy,

wh = Ri()ws + Ra(p)wi,

(3.21)
wy = Ry(p)ws + 2Ra(p)wrws + Ra(p)uy,
The initial condition r = f(0,0, ) = ro yields
wi(0) =1, w;(0) =0 for j > 1. (3.22)

Using these conditions, we can consequently find the functions w;(¢) by integrating

equations (3.21). In particular,

wi(p) =er? (3.23)
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Definition 3.1.1. Fix a system of the form (3.15).

(a) The function

R(ro) = f(2m,0,70) = Muro + narg + 137y + - - (3.24)

(defined for|rg| < r*), where 1 = w;(27) and n; = w;(2m) for j > 2, is called the
Poincaré first return map or just the return map.

(b) The function

D(ro) = R(ro) — ro = mro + n2rg + 1375 + - (3.25)

is called the difference function.

(c) The coefficient 7;, j € N, is called the j* Poincaré-Lyapunov number.

Let R(u) denote the Poincaré first return map on a sufficiently short segment of
the positive u—axis and D (u) = R(u) — u. By the k" Poincaré-Lyapunov quantity
we mean the coefficient 7 in the expression D (u) = mu + nu? + - -+ . It is known
that there always exists a sufficiently smooth function V' from a neighborhood of the
origin into R of the form V(u,v) = (u? + v?) + - -+ such that if ¢ is the vector field
associated to (3.15) then ¢V = Ly(u®+v?)?+ Lg(u?+v*)3+- -+ . ([5]). The coefficient

Loy, will be called the k' Lyapunov quantity.

Theorem 3.1.2. System (3.15) has a center at the origin if and only if all the Poincaré-

Lyapunov numbers are zero. Moreover, if 71 # 0, or if for some k € N

m="mn2=--=ny = 0,N41 # 0, (3.26)

then all trajectories in a neighborhood of the origin are spirals and the origin is a
focus, which is stable if n; < 0 or (3.26) holds with 72,11 < 0 and is unstable if n; > 0
or (3.26) holds with 7941 > 0.
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Proof. Section 3 in ([12]).

3.2 Focus Quantities

Focus quantities are polynomials in the coefficients of certain polynomial systems
of differential equations on R? or C? whose vanishing provides necessary and sufficient
conditions for the existence of a center. In this section we derive analogous polyno-
mials that determine existence of a center at the origin on the center manifold at the
origin of system (1.1).

Beginning with a family (1.1) we form the complexification (2.4). We will actually
work in more generality by not assuming that the coefficients b, are restricted to
satisfying the condition by, = g To determine if a system of the form (2.4) has
a center at the origin, by Definition 3.0.9 we must look for a formal first integral of
the form (3.12). A function ¥(z,y, z) of the form (3.12) is a formal first integral of a

system of the form (2.4) if and only if

oV ~ oV ~ oV ~
J=""Pp - °= =
XU = ——Plz,y,2) + oy Qz,y,2) + - R(z,y,2) =0,

which reads

i (y + Zj+k+n23j : Vj—l,k—l,nxj_lykzn) (ac - Z(p,q,r)es apq?"xpﬂyqzr) -
¢ (x + Zj+k+n23 k- Vj—lyk—l,nxjyklzn> (_y + Z(pvq,r)es bqprqupﬂzr) -

L. Jqk,m—1 _ _ 1,91 ,71+1 | = ().
(Zj+k+n>3n Vj—1,k—1,nL z >< Az Z(pl,ql,rl)eTCplthmw y-z 0

(3.27)

From (312), we must have 10,00 — 1 and V1,-10 = Yo,-11 = V-110 = V-101 =
v_1_12 =0, so that vy is the coeflicient of zy in ¥(z,y, z). We set apyr = bypr =0

for (p,q,7) & S and ¢p g, = 0 for (p1,q1,7m1) €T
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With these conventions, for ki, ks in {—1} UNy and k3 in Ny the coeflicients gi, k, ks

of xkFlykatl ks iy (3.27) are zero for ki + ky + ks < 1 and for ky + ko + k3 > 1 are

k1 ko ks = — iakLkQ,kS + 7;bl€17k2,/€3 + [_)‘k?: + (kl - k2>i]yk1,k2,k3
ki+ko+ks+1
—1 E Jky —j 41 ko—k+1,k3—nVj—1,k—1,n
Jt+k+n=2
1<j<k1+2
0<k<ko+1
0<n<ks
k1+ko+k3+1
+1 E Kbky —j+1 ko k41, ks —nVj—1 k—1,n (3.28)
j+k+n=2
0<j<ki+1
1<k<kg+2
0<n<ks
ki+ko+ks+1
- E NCly —j+1,ko—k+1,ks—nVj—1,k—1,n-
jt+k+n=2
0<j<k1+1

0<k<ko+1
1<n<kz+1

Starting from (2.4), we wish to find v;_y y_1,, so that g, x, x, = 0 for all (ky, ks, k3),
thus yielding a formal first integral W. If we proceed in a step-by-step process, at the
first stage finding all suitable vy, g, k, for which k; 4+ ko 4+ k3 = 1, at the second stage
finding all suitable vy, g, x, for which k; + kg + k3 = 2, and so on, then for a triplet
ki, ke and ks, if ki # ko and k3 # 0, and if all coefficients v;, j, ;, are already known
for j1 + jo + js < k1 + k2 + k3, then vy, k, k, is uniquely determined by (3.28) and the
conditions that g, r, x, be zero, and the process is successful at this step.

By our specifications of 14 10, % 1.1, .00, V-11,0,V-1,01 and v_; 1, the pro-
cedure can be started. But at every second stage (in fact, at every even value of

ki + ko + k3), there is one triplet kq, ko and k3 such that ky = ko = K > 0 and k3 = 0,
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for which (3.28) becomes

K, K0 = — 10K K0 + 10K K0
2K +1

—1 E JOK—j41,K—k+1,0Y5—1,k—1,0
k=2
1<j<K+2
0<k<K+1

2K+1

+1 E Ebg —j1,K—k+1,0Vj—1,k—1,0
k=2
0<j<K+1
1SK<K 42

2K+1

- E CK—j+1,K—k+1,—1Vj—-1,k—1,1-
J+k+1=2
0<j<K+1
0<k<K+1

(3.29)

The coefficient vk i is now missing, so the process of constructing a formal first
integral W succeeds at this step only if the expression on the right-hand side of (3.29)
is zero. The value of v i is not determined by the equation (3.28) and may be
assigned arbitrarily. For a fixed choice of A in R\ {0}, it is evident from (3.28) that
for all indices ky, ks in {—1} UNy and k3 in Ny, vk, g, ks is a polynomial function of
the coefficients of (2.4), that is, is a polynomial in elements of the set that we denote
E(a,b,c), hence by (3.29) so are the expressions g i for all K. The terms v, g, k,

in (3.29) are obtained by setting gk, x, 1, = 0 in (3.28) at the stage 2K — 1. Thus,

JK,K,0

g Where di=f(}) = [T M+ (= k)il

ki+kot+ks=2K—1

IK,K0 =

Then for the values of A\ = iz, where z is a nonzero integer, dx = 0, that is gx x is
not defined. Therefore, if A is allowed (like the a, b, ¢) to be complex, we do not have
a center variety, and when A is restricted to only real values there is a center variety.

The polynomial ¢ ;¢ is unique, but for K > 2 the polynomial gx o depends
on the arbitrary choices made for v; ;o for 1 << K. So while it is clear that if for

the system (a*,0*,¢*), gk xo(a*,b*,¢*) = 0 for all K € N, then there is a center
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at the origin, since the process of constructing the formal first integral 1) succeeds
at every step, the truth of the converse is not immediately apparent. For even if
for some K > 2 we obtained gx i o(a*,b*,c*) # 0, it is conceivable that if we had
made different choices for the polynomials v, for 1 < K, we might have gotten
gr ro(a*, b*,¢*) = 0. We will show below (Theorem 3.2.3) that in fact whether or not
gr ko vanishes at any particular (a*, b*,¢*) € Ela, b, ] is independent of the choices
of the v; ;9. Thus, the polynomial gk r o may be thought of the K™ " obstacle ” to
the existence of a first integral (3.4). If at a point (a*,b*, ¢*) of our parameter space
Ela,b, |, gk ko(a*,b*,c*) # 0, then the construction process fails at that step, no
formal first integral of the form (3.12) exists for the corresponding system (2.4), and
by Theorem 3.0.8, the system does not have a center at the origin. Only if all the
polynomials gx o vanish, gx xo(a*, b*,¢*) = 0 for all K > 0, does the corresponding
system (2.4) have a formal first integral of the form (3.12), hence have a center at the
origin of C3. Although it is not generally true that a first integral of the form (3.12)
exists, the construction process always yields a series of the form (3.12) for which

XV = %Xﬁ + %y@ + %Zﬁ reduces to

XU = g110(zy)* + g220(@y)’ + g3 z0(zy) + - - . (3.30)
A pseudocode algorithm for applying this idea for computing the coefficients in ¥
and the focus quantities is given in Table 4.1.

Example 3.2.1. Let us consider the set of all systems of the form (2.4) whose sets of

admissible indices ordered from greatest to least under degree lexicographic order are
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Sand T, S ={(1,0,0),(—1,1,1)} and T"={(1,1,-1),(0,0,1)}. Then (2.4) reads

& =i(z — a1007° — a_111Y%2)
§=—i(y — b1 1122 — bo1,0y°) (3.31)

Z=—-Az— C1,1,-17Y — 00,0,122

We will use (3.28) to compute v, x, 1, through the first stage, and use (3.29) to
compute gi 1.
Stage 0: k1 + ko + k3 =0
(K1, ko, k) € {(—1,—1,2),(—1,0,1), (—1,1,0), (0, —1, 1), (0,0,0), (1, —1,0)}.
By definition, vypo =1and vy _19=v_101 =V_110 = Vo-1.1 = V1,10 = 0.

Stage 1: k1 + ko + ks =1:

(k’l, ]{32, k3) € {<_17 _173)a (_17072)7 (_17 17 1)7 <_17 2a0)7 (07 _172)7 (0,0, 1)7

(0,1,0),(1,-1,1),(1,0,0),(2,—1,0)}.

In (3.28), j + k + n runs from 2 to 2.
If (K1, k2, k3) = (—1,—1,3), (4, k,n) € {(1,0,1)} for the first sum, (j,k,n) € {(0,1,1)}
for the second sum, and (j,k,n) € {(0,0,2)} for the third sum. Inserting the values

of Vg, ky.ks from stage 0 into (3.28) yields

g-1,-13=—ta_1,—13+ib_1 13— 3\_1_13 —1a_102V,—1,1 +tbo12V_101

—2¢00,1V-1,-12 = —3>\V—1,—1,3-

Setting g_1,_13 =0 yields v_; _; 3 =0.
If (i, ko, ks) = (—1,0,2),(j,k,n) € {(1,0,1),(1,1,0)} for the first sum, (j,k,n) €
{(0,1,1),(0,2,0)} for the second sum, and (j, k,n) € {(0,0,2),(0,1,1)} for the third
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sum. Inserting the values of v, x, k, from stage 0 into (3.28) yields

G-102 =—1a_102+1b_102+ (—2X\ —4)v_102 — ta_102V0, -1,
- ia1,0,2V0,0,0 + ib0,1,2V—1,0,1 + ibo,—l,QV—l,l,O - 260,0,17/—1,—1,2

— C01V-101 = (—2A —i)v_109.

Settmg g-1,02 = 0 ylelds V_102 = 0.
If (ki, ko, ks) = (—1,1,1),(5,k,n) € {(1,0,1),(1,1,0)} for the first sum, (j,k,n) €
{(0,1,1),(0,2,0)} for the second sum, and (j, k,n) € {(0,0,2),(0,1,1)} for the third

sum. Inserting the values of vg, x, k, from stage 0 into (3.28) yields

9111 =—1da_111 +b_111+ (A —20)v_111 —ia_100V0,—1,1 — 1G1,1,1%0,0,0
+ 250,1,1V—1,0,1 + Z50,0,17/—1,170 — €0,1,0V-1,0,1 — 2Co,1,—17/—1,—172

=—2ia_111+ (A —20)v_11,.

—2ia_1,1,1

Setting g-11,1 = 0 yields Vo111 = ~ia2

Applying the same procedure for all the remaining choices of (kq, ko, k3), we obtain

V_120 = 07
Vy—-12 = 0,
Voo,1 = 0,

Voi,0 = 2b0,1,07

2ib1,—1,1
V-111 = —X7 >

V1,00 = 2a1,0,0,

v —1,0 = 0.

Notice that we have applied the conventions a,,, = by, = 0 if (p,¢,7) ¢ S and
o = 01 (p1,qu1,m1) €T

We now use (3.29) with K = 1 to compute g110. In (3.29) j + &k runs from 2 to 3.
The sums are over the terms (j, k) in the index sets {(1,1),(2,0), (1,2),(3,0)},
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{(0,2),(1,1),(0,3),(1,2),(2,1)} and {(0,1),(1,0),(0,2),(1,1),(2,0)} respectively for

the first, the second and the third sums. Inserting the values of vy, i, 1, from stages

0 and 1 into (3.29), we obtain

gi1,0 = — m1,1,0 + Z'51,1,0 - ml,l,oVo,o,o - 2Z'Clo,z,on,fl,o - Z'611,0,01/0,1,0
— 2000,1,0V1,0,0 — 31A—1,2,0V2,-1,0 + 21b200V—1,1,0 + b1,1,010,0,0
+ 3iba,—1,0V—1,2,0 + 2ib1,0,0v0,1,0 + %bo,1,0V1,00 — C2,1,—1V—1,0,1

—C1,2,-1Y0,—-11 — €2,0,-1VY-1,1,1 — C1,1,—170,0,1 — Co,2,—1V1,—1,1

=0.

This is the first focus quantity for an element of family (3.31).

Similarly, we compute vy, 1, k, at stages 2,3, 4, -- - | for all admissible (&, k2, k3) except

when ky — ko = k3 = 0(k; = ko = K) for which we set vk ko = 0. Then all gk k0

must vanish in order for an element of family (3.31) to have a center at the origin. [J
The computations quickly become too large to be feasible for hand computation.

A Mathematica procedure derived from the algorithm presented in Table 4.1 is shown

in Table 4.2. It is used in the following example.

Example 3.2.2. Let us consider the set of all systems of the form (2.4) that have some
quadratic nonlinearities, so that the sets of admissible indices ordered from greatest
to least under degree lexicographic order, are S and T,

S =1{(1,0,0),(0,0,1),(—=1,1,1),(=1,0,2)} and T = {(2,0,—1),(0,0,1)}. Then (2.4)

reads

T = 2(90 — Q1,00 — A0,01TZ — A-111YZ — A-1027 )
Y= —z(y - b17—171!172 - bo,1,0?J - bo,o,lyz - bo,—1,22’ ) (3'32)

Z=—Az— 02,07_1:52 - cojmz?

We will use the algorithm in Table 4.1 and the associated Mathematica code for
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Example 3.2.2 in Table 4.2 to compute vy, , r, through the second stage and also
compute g;,1,0. We obtain,

at stage=0, by definition vypp =1and v_y_12=v_101 =V_110 = Vo,—-1,1 = V1,-1,0
at stage=1,

Vo1-13= 0,

V102 = —_22151{0’27
Vo111 = _2;?—;\11;
Vo120 =0,

W,—12 = %,

__ —2i(a0,0,1—b0,0,1)
10,01 = X )

Voi1,0 = 2b0,1,07

o 2ib1,,1,1
V1,-11 = 3

V1,00 = 2a1,0,0,
Ve, 1,0 = 0.
When (ky, ko, k3) = (1,1,0), (3.29) becomes g110 = % This is the first
focus quantity, which must be zero in order for an element of family (3.32) to have a
center at the origin. [J

We now show that for fixed K € N, the variety V(g1,1,0, g2,20, - - - ) is the same for

all choices of the polynomials v; o, j < K, which determine gx x o, and thus that the

center variety V¢ is well-defined.

Theorem 3.2.3. Fix sets S and T" and consider family (2.4).

1. Let ¥ be a formal series of the form (3.12) and let g1 1 0(a, b, ¢), g220(a,b,c), -+ be
polynomials satisfying (3.30) with respect to system (2.4). Then system (2.4) with
parameters (a*, b*, ¢*) has a center at the origin if and only if gy 0(a*, b*, ¢*) = 0 for
all ke N.

2. Let U and gj 40 be as in (1) and suppose there exist another function W’ of the form

(3.12) and polynomials ¢ ; o(a,b,c), g550(a,b,c),--- that satisfy (3.30) with respect
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to family (2.4). Then V¢ = V¢,

where Ve = V(g11,0(a,b,¢), g220(a,b,c),---) and where

Vé = V(giyl’o(aa b7 C)? gé,Q,O(CL’ b’ C>’ T )

Proof. 1. Suppose that family (2.4) is as in the statement of the theorem. Let ¥
be a formal series of the form (3.12) and let {gxxo0(a,b,¢c) : K € N} be polynomials
in (a,b,c) that satisty (3.30). If for (a*,0*,¢*) € E(a,b,¢), gpro(a*, b, ¢*) = 0 for all
k € N, then VU is a formal first integral for the corresponding family in (2.4). By
Definition 3.0.9 the system has a center at the origin of C3.

To prove the converse, we first make the following observations. Suppose that there
exist £ € N and a choice (a*,b*, ¢*) of the parameters such that g;;o(a*,b*,¢*) =0
for 1 < j < k—1but ggrola®,b*,c*) # 0. Let H(x1,y1,21) be the distinguished
normalizing transformation (2.7), producing the distinguished normal form (2.10),

and consider the function F' = ¥ o H. By construction

oF ) oF )
_(mlayla 21)[2551 + xlX<x1yl)] + _(5’31,91, 21)[—23/1 + yly(i’flyl)]
3.71:1 ayl
or
+ (21,91, 21) [~ Az + 21 Z (2191)]
9z (3.33)

—grro(a®, b, M)z + bz, yr, 20 gy + halar, yr, 20)]P T + -

o * 1x K*\ . k+1 k+1
—gk,k,0<a 7b , C )xl A + -

Through order 2k + 1 this is almost precisely equation (3.5), so if we repeat verba-
tim the argument that follows (3.5), we obtain identity (3.8), through order 2k + 2.

Therefore,

F(z1,y1,21) = filewn) + -+ fer (@)™ + UL ) = flyn) + UL,
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where f; =1 and U(y,y1) begins with terms of order at least 2k + 3. Thus,

oF , oF ,
r1-— =1y f () + ali,v1) and y1=— = iy f (o) + BGL ),
8x1 ayl

where a(1,71) and B(y,y1) begin with terms of order at least 2k + 3, and so the
left-hand side of (3.33) is

ila(y,y1) — B(,y)] + (X (zy) + Y (@) 2y f (1) +

X(zy)a(,y1) + Y (z151)B(1, v1)-

Hence if we subtract from both sides of (3.33)

ilay, 1) — B, y)] + X(zy)a(y, yi) + Y (21y1) 801, 1),

which begins with terms of order at least 2k + 3, we obtain

(X (1) + Y (i) f (101) = Gupol(a®, b5, ) (@) + -+ (3.34)

where X and Y are functions in (2.10). Thus supposing, contrary to what we wish
to show, that system (2.10) for the choice of (a,b,c) = (a*,b*, ¢*) has a center at the
origin of C3, so that it admits a first integral ®(x,y, z) = zy+--- . Then by Theorem
3.0.8, the function X + Y vanishes identically, hence the left-hand side of (3.34) is
identically zero, whereas the right-hand side is not, a contradiction.

2. If Vo # V, then there exists (a*,b*, ¢*) that belongs to one of the varieties V¢
and V7 but not to the other, say (a*,b*,¢*) € Ve and (a*,b*, ¢*) € VZ. The inclusion
(a*,b*,¢*) € Ve means that the system corresponding to (a*,b*,¢*) has a center at
the origin. Therefore by part (1) gj ;. (a*,b*,¢*) = 0 for all k € N. This contradicts

our assumption that (a*,b*,¢*) & Vz. O
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3.3 The Center Variety

Definition 3.3.1. Fix sets S and T of admissible indices of (2.4). The polynomial
gr ko defined by (3.29) is called the Kth focus quantity for the singularity at the
origin of system (2.4). The ideal of focus quantities, B = (g1,1,0, 92,20, ** G50, ") C
Cla, b, c], is called the Bautin ideal, and the affine variety Vo = V(B) is called the
center variety for the singularity at the origin of system (2.4), or more simply, of

system (2.4). By will denote the ideal generated by the first K focus quantities,

Brx = <91,1,07 9220, " ,QK,K,0>~

Remark 3.3.2. Let G(w) = Y 77, Goppw® be the function of complex variable w
defined by G = X + Y. Note that it is a consequence of (3.34) that if, for a par-
ticular (a*, b, ¢*) € E(a,b,c), grro(a*, b, c*) is the first nonzero focus quantity, then
the first nonzero coefficient of G(a*, b*, ¢*) is Gop1(a*, b*, ¢*) and Gopy1(a*, b, ¢*) =

gk,k,()(a*a b*7 C*) .

Thus points of V¢ correspond precisely to systems in family (2.4) that have a center
at the origin of C?, in the sense that there exists a first integral of the form (3.12).
If (a,b,c) € Ve and a,qr = bypr for all (p,q,r) € S, which we denote b = @, then
such point corresponds to a system that is the complexification of the real system
expressed in complex coordinates as (2.4), which then has a topological center at the
origin for the system restricted to the center variety. More generally, we can consider
the intersection of the center variety Vi with the set II := {(a,b,¢) : b = a} whose
elements correspond to complexifications of real systems; we call this the real center
variety V# := Ve N1II. To the set IT there corresponds a family of real systems of
differential equations on R? expressed in complex form as (2.4) or in real form as
(1.1), and for this family there is a space E¥ of real parameters. Within E¥, there is
a variety V' corresponding to systems that have a center at the origin. These ideas are

the generalization to (1.1) of similar concepts for analogous two-dimensional systems
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(essentially (1.1) without z).
By Theorems 3.0.8, and 3.2.3, in order to find either V; or V, one can compute
either the coefficients Gy 1 of the function G defined in Remark 3.3.2 or the focus
quantities g k0, all of which are polynomial functions of the parameters.
From the point of view of applications the most interesting systems are the real
systems. The trouble is, of course, that the field R is not algebraically closed, making
it far more difficult to study real varieties than complex varieties. This is why we will

primarily investigate the center problem for complex systems (2.4).



CHAPTER 4: THE MOON-RAND SYSTEM

4.1 The Polynomial Moon-Rand System

The polynomial Moon-Rand family of systems introduced in ([9]) to model certain
flexible structures is the family of three dimensional polynomial systems of ordinary

differential equations of the form

U ="v

V= —Uu — uw (4.1)
. 2 2

W= — AW + coou” + c11uv + Coav”,

where ), co9, 11 and ¢gy are real parameters and A # 0. There is an isolated equilibrium
at the origin at which the associated linear part has two eigenvalues that are purely
imaginary ( =£i) and one eigenvalue that is real (—\.) We analyze the local flows
induced by X on a neighborhood of the origin in any center manifold of the polynomial
Moon-Rand systems. We then solve the center problem on the center manifold W,
find the Lyapunov numbers to determine the stability of the focus on Wy, and find

the cyclicity of the foci.

4.1.1 Complexification of the Polynomial Moon-Rand System

We start by applying the following change of coordinates to put system (4.1) into

a system of the form (1.1):
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We obtain

U=-V
V=U+UW (4.2)

W = -\W + 020U2 — CuUV + 602‘/2.

We now consider the real space (U, V,W) as a complex plane cross a line, z = U +
iV,w = W, for the complexification of the system (4.2).

Simple computations yield

T =1r+ -T2+ <yz

2 2
Y=—1y — -T2 — =Yz
2 2 (4.3)
) 1 , , 1
Z=— Az + 1(020 — Cog + tc11)z” + 5(020 + co2)xy
1 .
+ —(c20 — Co2 — 2011)y2-

4

We then factor out ¢ from the first two equations to put system (4.3) in the form
of system (2.4), hence, to use the results of the theory previously presented in this

dissertation. We obtain

1 1
T =i[x — (—Exz — éyz)]
. . 1 1
§=—ily— (=522 = 5v2)
; . (4.4)

z :[—)\Z — <—Z—L(CQO — Cp2 + ’icll)l’Q — 5(020 + CQQ)iL‘y

1 .

- 1(020 — Co2 — ZC11)y2)]-

Therefore, the index sets S and T are given by
S = {(0,0,1),(-=1,1,1)} and T = {(2,0,-1),(1,1,-1),(0,2,—1)}, and the corre-
sponding nonzero coefficients are

1
@p,01 = A-1,11 = b1,—1,1 = bo,o,l = 9
2



38

C2,0,-1 = —%1(020 — co2 +ic11),
C11,-1 = —%(020 + co2),
Co2,—1 = —%1(020 — Co2 — iCn)-

4.1.2 Focus Quantities for the Polynomial Moon-Rand System

Let X denote the associated vector field to system (4.2). By the Lyapunov center
theorem, the real system (4.2) has a center at the origin of R on a local center

manifold W if and only if it admits a first integral of the form

QU V,W)=U*+V>+....

We have shown that it is equivalent to the existence of the first integral ¥ of the form
(3.12) for its complexification (4.4). From the discussion after the formula for g ko

in Section 3.2, a series of the form (3.12) for which

XV = xxﬁ + }:Y@ + xzéa

reduces to

XV = 91,1,0(@)2 + 92,2,0(xy)3 + g373’0(;py)4 R

The first focus quantity g;10 is uniquely determined, but for K € N, K > 2, gk k0
depend on the choices made for v;;0,7 € N,j < K. It is natural that we assign
0 to all vj 0,7 € N. The focus quantities gk xo are polynomials in the coefficients
€20, Co2, C11, that have parameter A\, A # 0, and are computed using the algorithm in
Table 4.1 with the associated Mathematica code in Table 4.3. The first five nonzero

focus quantities are computed, but we only show the results for the first two since
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the others have too many terms (more than 300) to display here.

2¢90 — 2cp2 — Ay

8+ 22
B (020 + CQQ)[2CDQ(_4 + /\2) + 2620(12 + )\2) — )\611(12 + )\2)]
9220 = SA(4 + 22)2

gi1,1,0 =

Recall that vanishing of all the focus quantities is sufficient for the existence of the
formal first integral. We also know that by Theorem 3.2.3, for any fixed K € N, the
variety V(gk ko) is the same for all choices of the polynomials v; ;0,7 < K, which

determine gx i, and thus that the center variety V¢ is well-defined.

4.1.3 The Center Variety for the Polynomial Moon-Rand System

We now introduce a concept, the radical of an ideal I, that will be of fundamental

importance in the procedure for identifying the variety V(1) of I.

Definition 4.1.1. Let I C k[z1,--- ,x,] be an ideal. The radical of I, denoted v/, is

the set
VI = {f € k[z1,- - ,x,] : there exists p € N such that f? € I}.

An ideal J € k[zy,--- ,2,] is called a radical ideal if J = /T. ([12]).

Example 4.1.2. [Example 1.3.13 on page 31 of ([12]).] Consider the set of ideals
I®) = {(z — y)P),p € N. All these ideals define the same variety V, which is the
line y = « in the plane k2. It is easy to see that IV 2 I® 2 I® 2 ... and that

VI® = I for every index p, so the only radical ideal among the I® is (M) = (2 —y).

This example indicates that it is the radical of an ideal that is fundamental in
picking out the variety that it and other ideals may determine.
Part of the importance for us of the concept of radical ideal is that when the field

k in question is C, it completely characterizes when two ideals determine the same
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affine variety:

Proposition 4.1.3. Let I and J be ideals in C[xy, - ,x,]. Then,
V(I) = V(J) if and only if vT= /7.

Proof. Section 1.3 of ([12]).

It is a difficult computational problem to compute the radical of a given ideal
(unless the ideal is particulary simple, as was the case in Example 4.1.2). However,
we obtain in Section 1.3 of ([12]), the following method for checking whether or not

a given polynomial belongs to the radical of a given ideal.

Theorem 4.1.4. Let k be an arbitrary field and let I = (f;,--- ,f;) be an
ideal in k[xy,--- ,x,]. Then f € VT if and only if

leJ: =, - {1 —wf) Cklxq, -, x,, W]

Proof. Section 1.3 of ([12]).
This theorem provides the simple algorithm presented in Table 1.4 [The Radi-

cal Membership Test| in ([12]) for deciding whether or not a polynomial f lies in

VAL f).

Definition 4.1.5. Consider systems

x':P(x,y,z), y:Q(l’,y,Z>, Z:R(ZE,y,Z), (45)

where z,y,z € C, ﬁ, @ and R are polynomials without constant terms that have no

nonconstant common factor,and

m = max(deg(P), deg(Q), deg(R)).
A nonconstant polynomial f(x,y, z) € Clx,y, 2] is called an algebraic partial integral
of system (4.5) if there exists a polynomial K(z,vy,z) € Clz,y, 2], such that

of ~ Of ~ Of

%f:_P—i_@_yQ_'—&

5 R=Kf. (4.6)
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The polynomial K is termed a cofactor of f; it has degree at most m — 1.[12].

Theorem 4.1.6 (The center conditions). Consider the polynomial Moon-Rand system
(4.1). Let X denote its associated vector field. Then for the flow induced by X on the
neighborhood of the origin of R? in any center manifold ¢ of (4.1), the origin is a

center if and only if cpo = —%)\cu + c99 = 0.

Proof. Let gk ko denote the numerator of gk ko and
Br = (91,10, 92,20, s IK,K.0)-
Using Singular, a highly efficient computer algebra system for polynomial compu-
tations, we decompose the radicals of Byg,1 < K < 5 into a unique intersection of
prime ideals. We replace for simplicity cog, c11, co2 and A by x, y, z and L respectively.
The code (with only parts of g330,g440 and gss0 displayed) for carrying out the

decompositions and the outputs are as follows.

> LIB "primdec.lib";
> ring r=0,(x,y,z,L),dp;
> poly gl=(2%x - L*y - 2%z);
> poly g2=((x + z)*(-2x(12 + L"2)*x + 12*%Lxy + L"3%y + 8%z
- 2xL"2%z)) ;
> poly g3=(-2x(-98304 - 188672«L"2 - 53744*L"4 - 1360%L"6
+ 947*L"8 +...+2+«L"7*(903*%y~ 2%z + 1471%z~3) +
32*xL"3* (61*y~2xz + 3725%z73)));
> poly g4=-(-2%(-33554432 - 536346624*L"2 -2400976896*L"4
—...+ 2048xL"8%(499118*y~2xz + 3438707%z"3)));
> poly gb=(-2%(18029791672270848 + 244935868857450496*L"2
+ ...- 16777216*%L"8%(1925486675*y"4 +
105107739599%y~2%z~2 + 250632146354*z74))) ;

> ideal jl=gi;



> ideal j2=gl,g2;

> ideal j3=gl,g2,g3;

> ideal j4=gl,g2,g3,g4;

> ideal jb5=gl,g2,g3,g4,gb;
> minAssGTZ(j1);

[1]:

_[1]=-1/2yL+x-z
> minAssGTZ(j2);
[1]:

_[1]1=L2+4

_[2]=-1/2yL+x-z
[2]:

_[1]=yL+4z

_[2]=-1/2yL+x-z
[3]:

_[1]=z

_[2]=-1/2yL+x-z
> minAssGTZ(j3);
[1]:

_[1]1=L2+4

_[2]=-1/2yL+x-z
[2]:

_[11=L2+10

_[2]1=-2zL+5y

_[3]=-1/2yL+x-z
[3]:

_[1]1=L2+1



_[2]=-4zL+y

_[3]=-1/2yL+x-z
[4]:

_[1]==z

_[2]=-1/2yL+x-z
> minAssGTZ(j4);
[1]:

_[11=L2+4

_[2]=-1/2yL+x-z
[2]:

_[1]=L2+1

_[2]=-4zL+y

_[8]=-1/2yL+x-z
[3]:

_[1]==z

_[2]=-1/2yL+x-z
> minAssGTZ(j5);
[1]:

_[1]1=L2+4

_[2]=-1/2yL+x-z
[2]:

_[1]1=L2+1

_[2]=-4zL+y

_[3]=-1/2yL+x-z
[3]:

_[1]==z

_[2]=-1/2yL+x-z
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The first command downloads a Singular library that enables computation of primary
and prime decompositions. The second command declares that the polynomial ring
involved has characteristic zero, that the variables are x, y, z, and L is also treated
as variable, and in the order L > x >y > z, and that the term order to be used (as
specified by the parameter dp) is degree lexicographic order. The next five command
lines specify the polynomials g; ;¢ through gs50. The next five lines declare succes-
sively that the ideals under consideration are Bx = (91,10, - , 9k ,k,0) from K =1 to
K = 5. Finally, minAssGTZ(jK) commands the computation of a primary decompo-
sition of jK using the minimal associated primes via Gianni,Trager,Zacharias (with
modifications by Laplagne)([6]). In the output the symbol L2 is Singular’s short no-
tation for L2. Each output to the exception of the first one, is a list of ideals, where
each ideal is, of course specified by a list of generators.

The outputs indicate that /By & vBz & vBs & By = v/Bs. Hence, we suspect
that Ve = V(B,). Moreover, we obtain the prime decomposition of the variety V' (By)

as the union of three varieties V'(.J;) which are:

1
J1 = <>\2 +4, —5)\011 + ¢20 — Co2)
1
Jg = <)\2 + 1, —4)\602 + C11, —5/\611 + Cop — Cog>

J3 = (coz, —5)\011 + C20 — Coz)

Notice that setting the generators of either J; or Jy to zero yields complex num-
bers, which contradicts the fact that system (4.1) in question is real. Therefore, the
necessary conditions given by setting the polynomial generators of J3 equal to zero
are:

1
Co2 — —§>\CH + Coo = 0 (47)

for the origin to be a center for X | WS .

Conversely, suppose that conditions (4.7) hold. We must show that there exists,
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on a neighborhood of the origin, a first integral ® of (4.1) of the form ®(u,v,w) =

u? + v* + -+ . By the Darboux theory (see [12]), for a polynomial vector field X
of degree m on R3, if Fy,---, F, are polynomial functions on R3 for which there
are polynomials K, --- , K and constants aq,--- ,ay such that X(F;) = K;F; for
1 <j<kand) ojK; =0, then a first integral is F' = Fy"* --- F;'*. (Each surface
f; = 01is an invariant surface for X; each Fj is called an algebraic partial integral with
cofactor K;, which can have degree at most deg(X) — 1.) To apply this theory we let
X denote the vector field associated to system (4.1) when conditions (4.7) hold and
search for polynomials F' (which could have any degree) and K (of degree at most 1)
satisfying
X(F)=KF.

So let F(U, v, w) = [FQOOUZ + Fuouv + Floluw + F020U2 + F()HUU) + F002w2 + e ], and
K(u,v,w) = [Kooo + K100t + Ko10v + Koprw]. Using the Mathematica code (where
\[Lambda] represents A) below, we are able to construct the polynomials F'(u,v,w)

and K (u,v,w).

Flu_, v_, w_] axu"2 + bxukxv + cxuxw + d*v™2 + exvxw +

fxw™2 +gxu + hxv + ixw + j;

Klu_, v_, w_]

k + 1*%u + m*v + n*w;

Filu_, v_, w_]

Expand [D[F[u, v, w], ul*v +
D[F[u, v, wl, vl*(-u - u*xv) +
D[F[u, v, w], wl*(-\[Lambda]*w +
x¥(u"2) + y*uxv + zx(v°2))];

Fo2lu_, v_, w_]

Expand[K[u, v, wl*F[u, v, wl];

F3[u_, v_, w_]

Expand [F2[u, v, w] - Fi[u, v, w]];
z=0;

Coefficient [F3[u, 0, 0], ul
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Coefficient [F3[0, v, 0], v]

Coefficient[F3[0, 0, wl, w]
Coefficient [F3[u, 0, 0], u~2]
Coefficient [F3[u, 0, 0], u~3]
Coefficient[F3[u, v, 0], uxv]
Coefficient [F3[u, v, 0], uwxuxv]
Coefficient [F3[u, v, 0], u*v*v]
Coefficient [F3[u, 0, w], u*xw]
Coefficient [F3[u, 0, w], wku*w]
Coefficient [F3[u, 0, w], wkwkw]
Coefficient [F3[0, v, 0], v*v]
Coefficient[F3[0, v, 0], v*v*v]
Coefficient [F3[0, v, w], v*v*w]
Coefficient [F3[0, v, w], v*w]
Coefficient[F3[0, v, w], v*wkw]
Coefficient [F3[u, v, w], wkv*w]
Coefficient[F3[0, 0, wl, w*w]

Coefficient [F3[0, 0, w], wkwkw]

The first two lines define the polynomial F'(u,v,w) where its coefficients Fygo, Fi1o,
Fio1, Foso, Foi1, Fooz, Fioo, Foio, Foor and Fyoo are replaced by a, b, ¢, d, e, f, g, h, 1
and j respectively. The third line defines the cofactor polynomial K (u, v, w) where its
coefficients Koo, Ko10, Koo1 and Ky are replaced by k, [, m and n respectively. The
next three lines define the expression X where the coefficients cyg, ¢11 and cgo are
replaced z, y, and z respectively, and the following line defines the expression KF,
both expressions are clearly polynomials in coefficients of F' and K. The next line
defines the polynomial XF — K F' that need to be a zero polynomial. Line nine set

the coefficient z = ¢y to zero to meet the first of the two center conditions (4.7). The
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last nineteen lines extract the coefficients of the zero polynomial XF' — K F' that we

set each equal to zero. The output (where \[Lambda] represents \) is the following.

h+gk+3jl1

-g+hk+jm

ik + jn+ i \[Lambda]

b+ak+gl-1ix

al-cx

2a+2d+h+bk+hl+gm-iy

b+bl+am

2d+d1l+b

e+ck+1il

cl+an-2

fl+cn

-b+dk+hm

d m

em+dn

-c+ek+im+ hn+ e \[Lambda]

fm+en

m

+

f

ex-cy
ey
g n + ¢ \[Lambda]

X

e+t+el+cm+bn-2*°Ffy

fk+in+ 2 f \[Lambdal

fn

We then solve the equations obtained that have fewer coefficient variables and run

the code again, but this time with the values of the coefficients found. For instance,

we solve dm = fn =0 toset d = f = m =n = 0 when we run the code again, so

to create zeroes and to leave us with fewer equations with less coefficient variables to

solve for. We obtain

h+gk+j1
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-g +hk
i k + i \[Lambda]
b+ak+gl-1ix
al-cx
-2a+h+bk+hl-1iy
b+bl-ex-cy
ey
e+ ck+ il + c \[Lambdal

0
-c + e k + e \[Lambdal
0

e +tel

Next we set b = ¢ = e = g = h = | = 0, and after running the code again with
these values, we obtain all zeroes except for the following: ik + A, ak — iz and
—2a — iy. Therefore, substituting back the coefficients of F'(u,v,w) and K (u,v,w),

yield the following first three equations to which we add a forth equation that is just
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the second of the center conditions (4.7):

Foo1(Kopo +A) =0
Fo00 K000 — Foorcao = 0

—2F50 — Fooicr1 =0

Coo — 5)\011 =0

The above four equations yield

Kooo = —A

Fa00 = —cap

Foor = A
Here we find that

F(u,v,w) = —cou® + Iw = 0, (4.8)

with cofactor K(u,v,w) = —J, is an invariant surface that satisfies our conditions.

This result is not sufficient for applying the Darboux theory, but we notice that the
surface given by (4.8) is tangent to the (u,v)—plane, the center eigenspace, hence
because it is invariant it must be a center manifold. Solving (4.8) for w and inserting
this expression into the first two equations in (4.1) gives X | W, in local coordinates

about the origin:

. Co0 3
vV=—Uu— —Uu

on W,
In Section 2.14 of ([11]), this system is one particular type of Hamiltonian system,

the Newtonian system with the Hamiltonian function H(u,v) = T'(v) + U(u) where
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T(v) = % is the kinetic energy and

u 2
Co0 3 U C20 4
U(u)——/ (—s — —s")ds = —+ —u
o A 2 4\

is the potential energy. Therefore, by Theorem 3 in Section 2.14 of ([11]), since the
origin is a strict local minimum of the analytic function U(u), it is a center for the

polynomial Moon-Rand system (4.1). O

4.1.4 The Lyapunov numbers and the stability of the focus

In this section we turn our attention to the case that the center conditions (4.7)

are not met. That is if
1
coa # 0 or — 5)\011 +c90 £ 0 or both. (4.10)

We investigate the stability of the focus at the origin, with respect to X | W¢. To
do this, we implement a code in Mathematica to compute the first few Lyapunov
numbers by using the Poincaré first return map in the Definition 3.1.1. Then we
appeal to Theorem 3.1.2 to decide whether or not the focus at the origin is stable or

not.

Definition 4.1.7. When (3.26) in Theorem 3.1.2 holds for k& > 0 the focus at the origin

is called a fine focus of order k.

Theorem 4.1.8 (The stability of the focus). Consider the polynomial Moon-Rand
system (4.1) with its associated vector field X. Suppose that system (4.1) meets

conditions (4.10). For any flow induced by X on any center manifold W of system
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(4.1) at the origin of R? the following hold:

7T(2C20 — 2C02 — )\CH>

L. if 2c99 — 2co2 — Acyp # 0, then 93 = — A4+ A2

and the origin

is the first order fine focus which is stable when 73 < 0 and unstable when

n3 > 0;

A
2. if Co2 = —% + Coo and )\CH — 4(320 7£ O, then

Acyp — 4 Ay — 2
ns = _7T< i 16;(231)—(1- ;1) ¢x0) and the origin is the second order fine

focus which is stable when n5 < 0 and unstable when 75 > 0;

AcC
3. if cpe = = Co0, AC1p —4cop =0 and cy; # 0 (to agree with our

2
_ 10+ M)t
5124 + A2)(16 + A7)

assumption), then n; = and the origin is the third

order fine focus which is stable when — Acy; < 0 and unstable when

—)\CH > 0.

Proof. Any center manifold at the origin for system (4.1) (whether the center

conditions are met or not) can be expressed as the graph of a function

w = h(u,v)

such that h(0,0) = 0 (it passes through the origin) and h,(0,0) = h,(0,0) = 0 (it is
tangent to the (u,v)—plane, which is the center eigenspace, at the origin). Since the

center manifold is arbitrary smooth h can be written in the form

h(u, U) = h20U2 + hll’LLU + h02U2 + e

with as many terms as are needed for a particular computation.
We obtain an expression for X | W, in local coordinates about the origin by inserting

an initial segment of the series for h into @ and v (since X | W[, is the graph of the
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function h(u,v).) Thus

U
X | Wi,
O = —u — uh(u,v) = —u — hoou?® — hy1u?v — hguv?® + - - -
(4.11)

To find the h;j, (that are in terms of A and the ¢;;;) we equate coefficient of like powers
of u and v in the expression that we get by differentiating the formula for the center

manifold, w = h(u,v) and using the expression for @ with w replaced by h, namely,
Ryt + hyt) = —Ah + cou? + cyuv + coav?.

We can manually compute the first few terms in h. Using just the quadratic terms in

h, this is already pretty large when written out:

U(2h20U + hnU + - )+
(—U — u(h20u2 + hnuv + h02U2 —+ .- ))(huu + 2h02U + .. )

= —)\(hgou2 -+ huuv + h02U2 + - ) + CQQU2 + criuv + 0021}2,

we obtain

)\611 + (2 + )\2)020 + 2602
hao =

A4+ A?) ’
- Ac11 — 2¢o0 + 2¢00
4+ N2 ’
hoy — —Ac1g + 2090 + (2 + )\2)002.
A4+ %)

These coefficients are sufficient for finding the first few Lyapunov quantities with the
approach to stability described in section 3.1 (with the direction of time reversed,

hence the Lyapunov quantities computed are the negatives of the correct values.)
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Using the notations in section 3.1, for system (4.11), (3.17) reads

dr 7 cospsinph(rcos @, rsin p)

- =R 4.12
dp 1 + cos? h(r cos p, rsin p) (r,0), (4.12)

and (3.18) reads

—— =R(r, ) = rRi(¢) + 1" Ra(p) + 1’ Rs(p) + -+~

=(r cos @ sin ph(r cos o, rsin @))[1 — (cos® ph(r cos o, rsin ))
+ (cos? ph(rcosp, rsing))* + -]

=13 cos @ sin p(hyg cos? @ + hyy cos psin @ + gy sin? o + -+ )[1

— 12 cos? p(hgg cos® ¢ + hyy cos psin @ + hggsin 4 -+ ) + -+ -]

where Ry(p) = Ra(p) =0,
R3() = cospsinp(hgycos? ¢ + hyy cos psin g + hggsin® @), andR;(p) for 3 < j < 9
(that are material) will be computed using Mathematica. With initial conditions

(3.22), the first three equations in (3.21) give

1. w; =Ri(p)w; =0, wy(0) =1 yields wi(p) =1,
2. wh =Ry (p)ws + Ry(p)w? =0, wy(0) =0 yields wsy(yp) = 0,and

3. wy =Ry (¢)ws + 2Rz ()wiws + Rg(QD)’LU:f = R3(p), w3(0) =0 yields

1 —costp 4o —sindyp sin?
=—h h hos.
1 20 39 1+ L e

w3 ()

Therefore, by Definition 3.1.1, 71 =1 = 0 and

Ny = —w3(27) = —Thy = —”(’\012@23%;2602). This together with Theorem 3.1.2 es-

tablish part 1. Proceeding on the assumption that 13 = 0 allows us to eliminate a
parameter (cop = —%cu + ¢g0,) thereby simplifying the computations. At this point
hand computations are too long to perform. We implement a code in Mathematica

(see Table 4.4) that computes the next few terms in h, R, and Rjs, and 1, and ;s
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(whose results are displayed below.)

m(Ac11—4e20)(Ae11 —2¢20)

ns = 0 and 75 = — T6A(4+2)

Next, if n5 = 0 then Acy; — 4egg = 0 or Aepp — 2¢99 = 0. We must exclude the last
condition (Aci; — 2c99 = 0) since then the origin is a center by Theorem 4.1.6. There-
fore, we proceed on the assumption that Ac;; — 2¢o9 # 0 and that 13 = 0 by setting
Cop = jz\cn with ¢1; # 0 (otherwise it would imply cos = 0). The Mathematica code

in Table 4.4 gives 76 = 0 and n; = A0 LAy ) that has the same sign as —\cyg.

T 512(4+A2)(16+A2

These together with Theorem 3.1.2 establish parts 2 and 3. [J

Remark 4.1.9. If we want to get n; = 13 = 15 = 19y = 0, we must have cyyp = ¢1; =
coe = 0. Then the origin is a center for the flow restricted to W . This means for

system (4.1), if the origin is a focus, it can only be of at most third order.

In this next section we will investigate the possible number of limit cycles (isolated
periodic orbits) occurring in the phase portrait of system (4.1) in a neighborhood of

the origin.

4.1.5 Bifurcation of the Limit Cycles

We consider the problem of the cyclicity of a simple singularity of system (4.1)
(that is, one at which the determinant of the linear part is nonzero.)
Let = be a subset of R?* and let p : R x = — R : (r,€) — PB(r,€) be an ana-
lytic function, which represents the difference function, and which we will write in a

neighborhood of the origin of » = 0 in the form

P(r,&) = R(r, &) —r = m(E)r +na(E)r® +ns(€)r + -+ - . (4.13)

Definition 4.1.10. We consider a family of systems (4.1) with coefficients drawn from
the parameter space = equipped with a topology. A limit periodic set is a point set

[ in the phase portrait of the system (4.1) that corresponds to some choice &, of the
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parameters that has the property that a limit cycle can be made to bifurcate from
[' under a suitable but arbitrary small change in the parameters. That is, for any
neighborhood M of I' in R? and any neighborhood N of & in = there exists & € N
such that the system corresponding to parameter choice & has a limit cycle lying
wholly within M. The limit periodic I' has cyclicity ¢ with respect to = if and only
if for any choice £ of parameters in the neighborhood of &, in = the corresponding
system (4.1) has at most ¢ limit cycles wholly contained in a neighborhood of I'; and

¢ is the smallest number with this property ([12]).

Examples of limit periodic sets under consideration are singularities of focus or
center type. It is worth to recall that zeros of (4.13) regarded as an equation in r
alone, correspond to cycles (closed orbits, that is, orbits that are ovals) of system
(4.1); isolated zeros correspond to limit cycles (isolated closed orbits).

We now treat the cyclicity of the polynomial Moon-Rand system restricted to
Wg.. Even though W is not unique, existence of a topological conjugacy between

the flows on any two center manifolds insures that the cyclicity is well-defined.

Theorem 4.1.11. Consider the polynomial Moon-Rand system (4.1) with its associ-
ated vector field X.

1. If the origin is a third order focus, then the origin on the local center manifold has
cyclicity two: the origin can be made to bifurcate two, but no more than two, limit
cycles on a neighborhood of the origin in W .

2. If the origin is a second order focus, then the origin on the local center manifold
has cyclicity one: the origin can be made to bifurcate one, but at most one limit cycle
on a neighborhood of the origin in W_.

3. If the origin is a first order focus, then the origin on the local center manifold has
cyclicity zero on a neighborhood of the origin in W ..

4. If the origin is a center, then the origin on the local center manifold on a

neighborhood of the origin in W¢_ can be made to bifurcate two limit cycles if
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Coo = €11 = o2 = 0 and one limit cycle if c9g, 17 # 0.

Proof. 1. If the origin is a third order focus, then (4.13) reads

B(r, &) = m(E)r +ns(E)r® + 05 (E)r® + nr()r" + o(r, €)

= Z(r,&) + n:()r" + o(r,€),

(4.14)

on {(r,¢) : |r| < e and |£ — &*| < d}, for some positive real numbers § and €, and
n;(0,£*) =0 for j = 1,3,5, and 17(0,£*) # 0 and 0(0,&) = 0. To finish the proof we
will imitate, but in a much simpler way, the proof of Proposition 6.1.2 of ([12]).

Let §; and € be such that 0 < §; < d and 0 < ¢; < € and | n;(r,§) |< 1 if
7| < € and [ — & < &) for j = 1,3,5. let B(£*,6;) denote the closed ball in R3
of radius d; centered at £*. For each j € {1,3,5},7; is not the zero function, else
the corresponding term is not present in (4.14). We begin by defining the set V4 by
Vo :={£ € B(£*,01) :m;(€) =0forall j =1,3,5}, aclosed, proper subset of B(£*, dy).
For &, € Vp, as a function of r, Z(r, &) vanishes identically on (0, ¢), so the origin is
indeed a second order focus since 17(0, &) # 0.

For any & € B(£*,01) \ Vo, let I € {1, 3,5} be the least index for which (&) # 0.
Then Z(r, &) = m(&)rk + r¥tlo(r &), where v(r, &) is a real analytic function on
[—€1,€1]. Thus the k" derivative of Z(r, &) is nonzero at r = 0, so Z(r,&) is not
identically zero, hence has a finite number Sy(&y) of zeros in (0,¢€;). Since, for all
values of (¢, ¢11, Co2) in Z, and for all admissible values of A\,7; = 0, then [ € {3,5}.

Let Vi = {£ € B(£",61) : n5(§) = 0};Vi D Vo. For & € Vi, if m3(§) = 0,
then Z(r,&y) vanishes identically on (0,¢€1); if 73(§) # 0, then, as a function of
r, Z(r, &) = n3(&)r3 (1 + v(r, &)) has no zeros in (0, ¢;).

For £ € B(£*,61) \ V1, we divide Z(r,€) by r*(1 + n3(£)) to form a real analytic

function ZW(r, €) of  on [—¢1, €1] that can be written in the form ZM (r, &) = 113;;(36()5) +

%. Then we differentiate with respect to r to obtain a real analytic function

ZW(r,€) of 7 on [—ey, €] that can be written in the form ZWM(r, &) = 21’%22). As a
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function of r, Z(l)(r, €) has the same number Sy(€) of zeros in (0, ¢€;) as does Z(r,§).
As a function of r, ZM(r, €) is not identically zero, and moreover has no zeros in
(0,€1). By Rolle’s Theorem, Z(M(r, €) has at most one more zero in (0, ;) than does
ZW(r,€), s0 Sp(€) < 1

Let Vo = {& € B(£%,01) = m3(§) = 0};Va D Vi D W For & € Vy, if 15(&) = 0,
then Z(r,&y) vanishes identically on (0,¢€;); if 75(§) # 0, then, as a function of
r, Z(r, &) = n5(&)r° has no zeros in (0, ¢).

For £ € B(£*,61) \ Va, we divide Z(r, &) by r3(1 + n3(£)) to form a real analytic

function Z (r €) of r on [—ey, €] that can be written in the form AL (r,&) = 1+n(3()£) +

5 (£)r?
1+n3(€)"

Z®(r, &) of r on [—e1, 1] that can be written in the form Z®)(r &) = 21157(]5(5 As a

function of r, Z®(r, £) has the same number Sy(€) of zeros in (0, ¢;) as does ZM (r, €).

Then we differentiate with respect to r to obtain a real analytic function

As a function of r, Z®) (7, ) is not identically zero, and moreover has no zeros in (0, ¢;).
By Rolle’s Theorem, Z® (r, £) has at most one more zero in (0, ¢;) than does Z® (r, €),
s0 Sp(&) < 2. Therefore the upper bound in point 1 holds for all £ € B(£*,dy).

Similarly, if the origin is a second order focus, then the origin on the local center
manifold can be made to bifurcate at most one limit cycle on a neighborhood of the
origin in W .

3. For all values of (¢, €11, co2) in Z, and for all admissible values of A\, 7;(§) = 0.
Therefore, we will not be able to create any isolated zeros with a change in the
parameters if the origin is a first order focus. This proves 3.

4. If co9 = ¢11 = oo = 0, then we will be able to perturb the system to create
a third order fine focus near the origin. Thus statement (1) applies. If cg9, 11 # 0,
then there is no third order fine focus near the center at the origin. We will then be
able to perturb the system to create a second order fine focus near the origin. Thus
statement (2) applies. This proves 4.

The bounds in points 1 and 2 are sharp because the Lyapunov numbers can
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be adjusted independently. (The bounds in point 4 might not be sharp because of

possible lack of analyticity of the center manifold under perturbation.) O

4.2 The Generalized Rational Moon-Rand System

In this section we analyze the generalized rational Moon-Rand family of systems

which are three dimensional systems of ordinary differential equations of the form,

U=
U= —U— UW

2 2
. CooU” + C11UV + Coov
W= —\w +

1+ nu?

where A, cog, €11, o2 and 7 are real parameters with n # 0.

We first perform a time rescaling by 1 + nu? on system (4.15) to obtain

or

w = (1 +nu®)v
v = (1 +nu?)(—u — uw)

= — A1+ nu)w + coou® + cryuv + coov?

0= v+ nuiv
— 3 3
V= —u—uw — nu’ — nu-w

W = —A\w + eou? + cpuv + cgov? — )\77u2w

that has the same structures in consideration as (4.15).

(4.15)

(4.16)

Theorem 4.2.1. Consider the generalized rational Moon-Rand system (4.15). Let X

denote the associated vector field to system (4.16) obtained by performing a time

rescaling by 1 + nu? on system (4.15). Then for the flow induced by X on the neigh-

borhood of the origin of R? in any center manifold W¢ of (4.16), the origin is a center
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if and only if cop + A = cz0 — %Cu +An =0 or ¢y = c11 = co2 = 0.

Proof. As for the Polynomial Moon-Rand system in section 4.1, we complexify

system (4.16) and hand computations give

1 1
T =i[r — (—§xz —5YE Zx3 - gx2y - g:pr
3

gx3z 8nx2yz — gnxyzz — gySZ)]

, 1 1 U n
g=—ily — (=502 — syz — a2’y — Sxy’ — Ty’

_0y3, 3—nx2yz — S—T]xyzz — —52)]
8 8 8 8

. 1 ) 1
z=[-\z — (_Z(CQO — cog +icy)x? — 5(020 + co2)xy

1 . 2 A1) 2 An A1) 2
— Z(Czo — Co2 — iCc11)Y") + I:E z+ 7$y2 + Iy z).

Therefore, the index sets S and T are given by

S ={(0,0,1),(-1,1,1),(2,0,0), (1,1,0),(0,2,0),(2,0,1),(1,1,1),
(0,2,1),(-1,3,1)}

T ={(2,0,-1),(1,1,-1),(0,2,-1),(2,0,0),(1,1,0),(0,2,0)},

and the corresponding nonzero coefficients are

_ _ _ 1
ap,0,1 = G-111 = b1,71,1 = 50,0,1 =9
_ _ _ _ _n
20,0 = A0,2,0 = b270,0 = 5072,0 =1
_ _ _n
ai1,0 = 51,1,0 = 79
a201 = A-131 = 53,71,1 = 50,2,1 = —g,
_ -} —b — _3n
aii11 = Goz2,1 = 0111 = 0201 = —7%,
_ 1 :
C20,-1 = —71(020 — Cp2 + 2011)7
_ 1
C11,-1 = —5(020 + ¢p2),
_ 1 ;
Co,2,—1 = —1(020 — Co2 — 2011),

)

A
€2,00 = €0,2,0 = zq
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A
C1,1,0 = 5 -
The first five nonzero focus quantities ¢110, -, 550 in the coefficients ¢y, coo, c11,

with parameters A\, 7, # 0, are computed using the algorithm in Table 4.1 with the
associated Mathematica code in Table 4.5. We only show below the results for the

first two since the others have too many terms to display here.

2020 — )\611 — 2002

91,10 = 204 1+ \2)
(c20 + co2) 2 2 2
92,2,0 :mp(lQ + A )Czo — )\(12 + A )011 + 2(—4 + A )002+
4 (4 + 2]

As in the proof of Theorem 4.1.6, we use Singular to decompose the radicals of
By,1 < 7 <5 into a unique intersection of prime ideals. We replace for simplicity
20, C11, Co2, A and 1 by x, y, z, L and M respectively. The code (with only parts of
03,30, 140 and gs 50 displayed) for carrying out the decompositions and the outputs
are displayed in Table 4.5. We also obtain the prime decomposition of the variety
V(Bs) as the union of five varieties V'(J;),1 < i < 5 which are:

J1 =(An + coa, 20 — 50~ Coz)

A
Jy =(N* +4, co0 — 5011 — Co2)
Js =(9N% + 4, —9\n + - - + 162502848c2, IN'®n + - - - + 260025846,

Co0 — 5011 - Coz)

A
Jir =N+ 1, —4Xco2 + ci1, Ca0 — 51— Co2)
A

Js =<002, C11,Co0 — 5011 - Coz>

Notice that setting the generators of either J5, J3 or J4 to zero yields complex numbers,
which contradicts the fact that system (4.15) in question is real. Therefore, the

necessary conditions are given by setting the polynomial generators of J; or J; to
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zero. We get

A
Co2 + )\7] = Cop — 5011 + )\7] =0 or Cop = C11 = Cp2 = 0 (418)

for the origin to be a center for X | W[,
Conversely, when conditions (4.18) hold, we search for polynomials F' (which could

have any degree) and K (of degree at most 3) satisfying
X(F) = KF. (4.19)

So let F(u,v,w) = Fypou® + Fhiou®v + Fypyu’w + Fipguv? + - -+ (this time we were
unsuccessful to find a quadratic F that satisfies (4.19)) and K (u,v,w) = Kzpu® +
Korpu?v + Kogu?w + Kqgouv? 4 -+ - .

Using the Mathematica code in Table 4.6 (where, \[Lambda] and \[Eta] represent
A and 7 respectively), we were able to construct the polynomials F(u,v,w) and
K(u,v,w). In the process, we first obtained a system of eighty four equations with
forty variables that we were unable to solve with Mathematica. Then we manually

solved for a few equations by successively setting

Fooo = 0,
Fo10 = Fioo = 0; Koo = — A,
Fooz = Foiz = Fio2 = Fi11 = Fi0 = 0 and

Foo1 = Fozo = 0.

This reduced the system of equations to sixty-three equations with fewer unknown
coefficient variables that we were able to solve with the Mathematica code in Table
4.6. The output yields a material solution which is the following.

2n—c11)F.
{F300 — 0, Fa10 — 0, Fpo0 — %,Fno — 0, F1o1 — 0,



Foao — Fao1, Fo11 — 0, Fooz — 0, Foor — %,Kwo — 0, Ko10 — 0,
Koor = 0, Koo = —1A, K110 = 0, K101 — 0, Koz0 — 0, K11 — 0,
Kooz — 0, K300 — 0, K210 — 0, K201 — 0, K190 — 0, K111 — 0,
Kig2 — 0, Kogo — 0, Kg21 — 0, K12 — 0, Kooz — 0}.

For convenience, we choose Fby; = 27, and obtain

F(u,v,w) = 2nu*w + (29 — c11)u’® + 2nv* + 2w, and

K(u,v,w) = —niu® — \

that satisfy conditions (4.19). We have found an invariant algebraic surface

F(u,v,w) = 2nu*w + (29 — c11)u® + 2nv* +2w =0
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(4.20)

that is tangent to the (u,v)—plane, hence it must be the center manifold. Solving

(4.20) for w and inserting this expression into the first two equations in (4.16) gives

X | WE, in local coordinates about the origin:

U= v+ nutv

V= —u— %ug + nuv?.
If we set
i=U(u,v)=v+nu*v and ©=V(u,v)=—u-— %u3—|—nuv2
then,

U(u, —v) = —U(u,v) and V(u,—v) = V(u,v),

(4.21)

so system (4.21) possesses a time-reversible symmetry with respect to the u—axis.

Therefore, the origin is a center by Theorem 3.5.5. in ([12]). O
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Theorem 4.2.2. Consider the generalized rational Moon-Rand system (4.16) with its

associated vector field X. Suppose that system (4.16) does not meet conditions (4.18).
For any flow induced by X on any center manifold W€ of system (4.16) at the origin
of R? the following hold:

7T(2C20 — /\CH — 2002)
14+ 22

1. If n3 = # 0 then the origin is a first order

fine focus which is asymptotically stable if and only if

2620 — )\CH - 2C02 <0 (OI' unstable iff 2C20 — )\CH — 2602 > 0)

T(Acrr — 4eg)(2¢20 — Acnn + 2n)

16A(1 1 2) 70

2. If »3=0 and 75 =

A A
[that is if cpo = —% + co0 # —An and ¢y # %] then

the origin is a second order fine focus whose stability

is determined by the sign of A(Acip — 4egg) (2020 — Acrg + 2A7).

3. If n3=mn;=0 and
e (4n — c11)(64n + 4nA2 + 10cy; + Acpy)

= 0
' 512(4 + A2)(16 + A2) 7
A A
that is if cop = —% + Co0 #F —AN, 20 = % # An (e # 0)
641 + 4n\?
and ¢ # —M] then the origin is a third order fine

10 + A2

focus whose stability is determined by the sign of

Aer1(4n — c11) (647 + 4n)\* + 101, + Mepy).

A
4. If N3y =1 ="nN7r = 0 [that is if Coo = ——0211 + Co9 7é —)\7],
Ac 64n + 4n\?
Co0 = % #An (c11 #0) and ¢y = —H] then
5T A(13 4 A?)(16 + A2
Ny = A3 + AT)(16 + X) # 0,and the origin is a fourth

8(10 + A2)*

order fine focus whose stability is determined by the sign of A.

Proof. As we did in Theorem 4.1.8 we compute the Lyapunov quantities for
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X | W, using the same ideas in the proof of the polynomial Moon-Rand system, for
the generalized rational Moon-Rand system. Using the same notations we obtained

m =n =0for 1 <k <4, and first

7T(2020 — /\CH — 2002)
14+ 22

N3 =

which has the same sign as 2cqg — Ac11 — 2¢p9, this proves 1.

Acit
2

Setting 13 = 0 yields cgs = — + o9 # — A1, where the inequality is necessary for

the system not to meet conditions (4.18). With the substitution of ¢yy, we obtain

_ m(Acrr — 4dego)(2c00 — Aerr + 2An)
T 16A(4 + A2)

which has the same sign as A(Acy1 —4cegg) (2020 — Acr1 + 2An). The assumption —% +

Cop # —An implies 2¢o9 — Ay + 2An # 0 hence 15 # 0 if and only if ¢y # ’\04“, this
proves 2.

Next setting n3 = 75 = 0 yields [ cop = =29 + o9 # — A1), €29 = 291 #£ A (cq1 # 0)
|, where the last two inequalities are necessary for the system not to meet conditions

4.18). Substituting csg = 294, gives
1

mAc11(4n — 11)(64n + 49\ + 10¢11 + Neqy)
512(4 + A2)(16 + A7)

N =

which has the same sign as Aci1(4n — c11) (641 +4nA% +10c1; + A%cqp). The assumption
o0 = 241 £ Ay (e11 # 0) implies 7 # 0 if and only if 64n + 4nA* + 10c1; + A2eqy # 0

2 .
(or c11 # —6410:4%A ), this proves 3.

_ 64n44n)2

1oz so for m3 = 15 = 1y = 0 and obtain

Finally, we substitute ¢, =

C5mA(L3 4 A2)(16 + A?)
B 8(10 + A2)4

Mo
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that is a nonzero number that has the same sign as A, this proves 4. [J

Theorem 4.2.3. Consider the generalized rational Moon-Rand system (4.16) with its
associated vector field X.

1. If the origin for 2 < k < 4 is a kth order fine focus, then the origin on the local
center manifold has cyclicity k : the origin can be made to bifurcate k — 1 limit cycles
on a neighborhood of the origin in W .

2. If the origin is a first order focus, then the origin on the local center manifold
has cyclicity zero: no limit cycles bifurcate from the origin on a neighborhood of the
origin in W .

3. If the origin is a center, then the origin on the local center manifold on a neigh-
borhood of the origin in Wp.

can be made to bifurcate:

a. one limit cycle if ¢py = —%cll + co0 = —An and Acyp — 4egg # 0.

b. two limit cycles if cgo = —%cu + coo = —An and Acyy — 4egg = 0.

c. two limit cycles if cog = ¢11 = cp2 = 0.

Proof. The proof is similar to the one of Theorem 4.1.11 for the polynomial
Moon-Rand system since the computation of the Lyapunov quantities give analogous
results, so we use the same technique to create zeros that correspond to limit cycles
under small perturbation of the parameter system (¢, c11, Co2, A, 1) within system

(4.16). O



1]

[10]

[11]

[12]

[13]
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67
APPENDIX: TABLES

Table 1: The Algorithm for computing g1.1,0,8220," " 8kko0-

The Algorithm for computing vy, x, ks and  gxko-

Input:

S ={(p,q,1)|(p,q,1) € S}
T = {(p1, a1, 11)|(p1, @1, 11) € T}

Stage = 2k.

Output:

Vi ko ks (K1, k2 € {=1} UNy and ks € Ny), ki + ko + ks < 2k
£1,1,05,82,2,0, " * 5 8k k,0-

Procedure:

g:=Array|g,{stage,stage,1},{1,1,0}]
v:=Array|v,{stage+3,stage+3,stage+3},{-1,-1,0}]
a:=Array|a,{stage+3,stage+3,stage+3},{-1,-1,0}]
b:=Array[b,{stage+3,stage+3,stage+3},{-1,-1,0}]
c:=Array|[c,{stage+3,stage+3,stage+3},{0,0,-1}]

For i=-1 To stage+3 Do

For j=-1 To stage+3 Do

For k=-1 To stage+3 Do

v [i,j,k]=0

If(i,j, k) € S Then ali,], k] = aijx; b[j,1,k] = bj;x Otherwise ali,j, k] = b[j,i,k] =0
If (i,j,k) € T Then c[i,j, k] = c¢ijx Otherwise cli,j, k] = bl[i,j, k]

v[0,0,0]=1

For i=1 To stage Do

For k; = —1 To i+1 Do

For ky = —1 To i-k; Do

ky = i-(k; — ko)

Compute A=the first sum in (3.28)
Compute B=the second sum in (3.28)
Compute A=the third sum in (3.28)

If k3 = kg — ky = 0 Then Compute gy, i, 0 using (3.29); Set v, k.0 =0
Otherwise Compute v, k, , by solving for it in (3.28)
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Table 2: The Mathematica code for Example 3.2.2

S=1{(1,0,0),(0,0,1), (-1, L,1), (—L0,2)}; T = {(2,0, —1), (0,0, ) };
Stage=2;

g:=Array|g,{stage,stage,1},{1,1,0}];
v:=Array[v,{stage+3,stage+3,stage+3},{-1,-1,0};
a:=Array[a,{stage+3,stage+3,stage+3},{-1,-1,0}];
b:=Array[b,{stage+3,stage+3,stage+3},{-1,-1,0}];
c:=Array|[c,{stage+3,stage+3,stage+3},{0,0,-1}];

Forli = —1,i < stage + 3,i+ +,

For[j = —1,j < stage + 3,j + +,

Forlk = —1,k < stage + 3,k + +,

v [i,j,k|=0;

If[MemberQ[S,{i,j,k}], a[i,j,k]=Subscript|a,i,jk];b[j,i,k]=Subscript[b,j,i,k],
ali,j,k]=0;blj,i.k]=0;

If{MemberQ|T,{i,j,k}|, c[i,j,k|]=Subscript|c,i,j,k],cli,j,k]|=0]]]];

v 0,0,0]=1;

Forli = 1,i < stage,i+ +,

Forlkl = —1,kl <i+ 1,kl + +,

For[k2 = —1,k2 <i—k1,k2 + +,

k3=1i— (kI +k2);:A=0;B=0,Z=0;

For[j=1,j <kl +2,j+ +,

For[k =0,k <k2+ 1,k + +,

Forln = 0,n < k3,n + +,

M2 < j+k+n<kl+k2+k3+1,

A=A+j*akl —j+1,k2—k+1,k3 —n]xv[j— 1,k — 1,n]]]]];
Forlj = 0,j < k1 +1,j+ +,

Forlk =1,k <k2+2 k + +,

Forln =0,n <k3,n+ +,

2 < j+k+n<kl+k24+k3+1,

B=B+kxblkl —j+1,k2—k+1,k3—n]*vf[j—1,k—1,n]
Forlj = 0,j <kl +1,j++,

Forlk =0,k <k2+ 1,k + +,

Forn=1,n<k3+1,n++,

2 < j+k+n<kl+k2+k3+1,

Z=7+nxckl —j+1,k2—k+1,k3—n]*vfj—1,k—1,n]]]]];
Ifky == ko — ky == 0, g, 1,0 = i * a[kl, k2, k3] + i % b[kL, k2, k3] — ix A +i%xB — Z
v[k1,k2,k3] = 0,

v[kl,k2,k3] = (1/((— * X\) = (k3) + (k1 — k2) 1)) % (i * alkl, k2,k3] — i » b[k1, k2, k3]
+ix A —ixB+7Z);]]];

Forli = 1,i < stage,i+ +,

For[kl = —1,k1 <i+1,k1 + +,

For[k2 = —1,k2 <i—k1,k2 + +,
k3=1i—(kl+k2);A=0;B=0;Z=0;

Print[Subscript(v, k1,k2,k3],” =7, Simplify[v[k1, k2, k3]]];]]];
For[i = 1,1 < stage/2,i+ +,

Print[Subscript[g, 1,1,0],” =", Simplify[g[i, i, 0]]]];
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Table 3: g110,- - ,85,50- for Polynomial Moon-Rand system

S=1{(0,0,1),(—L1,1)}; T={(2,0,-1),(1,1,-1),(0,2, 1)}
Stage=10;

g:=Array|g,{stage,stage,1},{1,1,0}];
v:=Array|v,{stage+3,stage+3,stage+3},{-1,-1,0};
a:=Array|a,{stage+3,stage+3,stage+3},{-1,-1,0}];
b:=Array[b,{stage+3,stage+3,stage+3},{-1,-1,0}];
c:=Array|c,{stage+3,stage+3,stage+3},{0,0,-1}];
a[0,0,1]=a[-1,1,1]=b[0,0,1]=b[1,-1,1]=—1:

C[Z,O,—l]:_%(CQO — Cop2 + iCll);
c[1,1-1]=—3(c20 + Co2);
0[0,2,-1]:—%(020 — Cpo2 — ’i611>;
v 0,0,0]=1;

Forli = 1,i < stage,i+ +,

Forlkl = —1,kl <i+ 1,kl + +,

For[k2 = —1,k2 <i—k1,k2 + +,
k3=1i—(kl+k2);A=0;B=0;Z=0;

For[j=1,j <kl +2,j+ +,

For[k =0,k <k2+ 1,k + +,

Forln = 0,n < k3,n+ +,

2 <j+k+n<kl+k2+k3+1,

A=A+jxakl —j+1,k2—k+1,k3 —n]*v[j— 1,k — 1,n]]]]];
For[j=0,j <kl +1,j+ +,

Forlk =1,k <k2+2 k + +,

Forln =0,n <k3,n+ +,

f2<j+k+n<kl+k2+k3+1,

B=B+kxbkl —j+1,k2—k+1,k3 —n]*v[j—1,k—1,n]]]]];
For[j=0,j <kl +1,j++,

Forlk =0,k <k2+ 1,k + +,

Forn=1,n<k3+1,n++,
f2<j+k+n<kl+k2+k3+1,
Z=7Z+nxckl—j+1,k2—k+1,k3—n]xv[j—1k—1,n]]];
If ks == ko —k; == 0, gk, 5,0 = i xalkl, k2, k3] + i xb[kl,k2,k3] —ix A +ixB —Z;
v[kl,k2,k3] =0,

v[kl,k2,k3] = (1/((— * A\) = (k3) + (k1 — k2) 1)) % (i * alkl, k2,k3] — i » b[k1, k2, k3]
+ix A —ixB+7Z);]]];

Forli = 1,i < stage,i+ +,

For[kl = —1,k1 < i+ 1kl + +,

Fork2 = —1,k2 <i—k1,k2 + +,
k3=i—(kl+k2);A=0;B=0;Z=0;

Forli = 1,i < stage/2,i + +,

Print[Subscript[g, 1,1,0],” =", Simplify[g[i, i, 0]]]];
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Table 4: Poincaré-Lyapunov numbers for the Polynomial Moon-Rand system

Print["\POINCARE — LYAPUNOV NUMBERS / STABILITY OF THE FOCI"];
Clear[u]; Clear|v]; Clear|s|; Clear[h]; Clear|\]; Clear[W]; Clear[R];
Remove["Global'x"];

(%Defining the center manifold

w = h(u,v) = hogu? + hyjuv + hgav? + hygu + hyjudv + - - - %)

hju_,v_] = (Subscript[h, 20]) * u® + (Subscript[h, 11]) * u * v+
(Subscript[h," 02”]) * v* + (Subscript[h, 40]) * u*+

(Subscript|h, 31]) * (u?) * v + (Subscript[h, 22]) * (u?) * (v?)+

(Subscript[h, 13]) * u * (v3) + (Subscript[h," ()4”]) * vi4

(Subscript/h, 60]) * ul + (Subscrlpt[h 51]) * (u°) * v+

(Subscript|h, 42]) * (u*) * (v*) 4+ (Subscript|h, 33]) * (u?) * (v*)+
(Subscript|h, 24]) * (u?) * (v*) + (Subscript|h, 15]) * u * (v°)+
(Subscript[h," 06"]) * v5;

(*Defining the zero functlon

s(u,v) = hyu + hyv + Ah(u, v) — cyou? — cpyuv — coavix)

sfu_,v_] = Dlh[u, v],u] * v 4+ D[h[u, v], v] * (—u — u* h[u, v]) + A * h[u, v]—
(Subscript|c, 20]) * u? — (Subscript[c, 11]) * u * v — (Subscript|c," 02"]) * v?;
(xSolving for hgg, hy1, hoe, and assigning resultsx)

sols = Solve [ Coefficient|s[u, 0], u?] == 0, Coefficient[s[u, v],u * v] == 0,
Coefficient[s[0, v], v?] == 0, Subscript[h, 20], Subscript[h, 11], Subscript[h," 02"]; ]
Subscript[h, 20] = Simplify[Subscript|h, 20]/.sols|[[1]]];

Subscript[h, 11] = Simplify[Subscript|h, 11]/.sols[[1]]];

Subscript|h," 02"] = Simplify[Subscript[h," 02"]/.sols[[1]]];

Print[“h{,," =", Subscript[h, 20]];

Print[“hY,," =", Subscript[h, 11]];

Print[“hy,," =", Subscript[h," 02”]];

r cos[¢] sinf[¢]h(r cos[y],r sin [Lp])
1—cos?[¢]h(r cos|p],rsin[p])

r cos|y] sin[p]h(r cos[y], rsinp])[1 — cos?[p]h(r cos|p], rsin[p])
Rlr_, p_] := (r * cos[p] * sin[ep] * h[r x cos[p], r * sin[p]]) * (1 +
h[r * cos[e], T * sin[p]] + (—((cos[¢])?) * h[r * cos[¢], r * sin[e]])?+
(—((cos[0])?) # hlr * cos[], r + sinfp]])*;)

(*Deﬁningg—;:
+oee )
(= (COSM)Q)*)

Print[Subscript[R, 1], =", Coefficient[R[r, ¢], r]];

Print[Subscript[R, 2], =", Coefficient[R]r, ¢], r%]];
Print[Subscript[R, 3]," =’ 2 , Coefficient[R[r, o], r3]];
Print[Subscript[R, 4]," =’ 2 , Coefficient[R[r, o], r]];
Print[Subscript[R, 5]," = . , Coefficient[R]r, o], r°]];
Print[Subscript[R, 6]," =’ 2 , Coefficient[R]r, o], r9]];
Print[Subscript[R, 7]," =’ 2 , Coefficient[R]r, ], r’]];
Print[Subscript[R, 8]," =’ 2 , Coefficient [R[r, o], %]];

(*Computing ws(¢) by 1ntegrat1ng ws(p) = Ra(y) and

using the initial condition w3(0) = 0. 73 = w3(27) = N3(27). *)

ws[p_] = Integrate[Coefficient[R][r, ], r3], o];

N3[p_] = ws[p] — ws[0];

Print[“n; =", Simplify[N3[2 * Pi]]];

(*Conditions for ns = 0%)

Print[*With”, Subscript[c," 02”]," =", Subscript[c, 20] — A % Subscript|c, 11]/2];
Subscript|c," 02”] = Subscript|c, 20] — A * Subscript|c, 11]/2;




Table 4.4 : (continued)
(xSolving for hyg, hs1, hog, hys, hoy, and assigning corresponding results.x)
sols4 = Solve [{Coefficient|[s[u, 0], u'] == 0,

Coefficient|[s[u, v], (u?) x v] == 0,

Coefficient[s[u, v], (u?) * (v?)] == 0,

Coefficient[s[u, v], u * (v3)] == 0,

Coefficient[s[0, v], v*] == 0 },

{Subscript[h, 40], Subscript[h, 31], Subscript[h, 22], Subscript|h, 13],
Subscript|h," 04”]}];

Subscript[h, 40] = Simplify[Subscript|h, 40

[ [ [h, 40]/.sols4
Subscript|h, 31] = Simplify[Subscript|h, 31

[ [ [b,

[

1)
J-solsA[[1]
Subscript[h, 22] = Simplify[Subscript[h, 22]/.sols4[[1]]];
Subscript|h, 13] = Simplify[Subscript|h, 13]/.sols4[[1]]];
Subscript[h," 04”] = Simplify[Subscript[h," 04”]/.sols4[[1]]];
(*Computing ws () by integrating ws(¢) = 3R3(p)ws(p) + Rs(¢) and
using the initial condition w5(0) = 0. 75 = w5(27) = N5(27). *)

[ Wt S i St

N5[p_] = ws[ep] — ws[0];

Print[“n; =", Simplify[N3[2 * Pi]]," andn; =", Factor[Simplify[N5[2 x Pi]]]];
(*Cond1t1ons for ns = 0x)

Print[*With”, Subscript[c, 20]," =", A * Subscript|c, 11]/4];

Subscript[c, 20] = A * Subscript|c, 11]/4;

sols6 = Solve [{ Coefﬁcient[s[u, 0], u®] == 0,
Coefficient|s[u, v], (u5) *v] == 0,

Coefficient[s[u, v], (u?) * (v )] == 0,

Coefficient[s[u, v], (u?) x (v3)] == O,

Coefficient[s[u, v], (u?) x (v1)] == 0,
Coefficient[s[u, v], u * (v®)] == 07

Coefficient[s[0, v], v == 0 },

{ Subscript|h, 60], Subscript[h, 51], Subscript[h, 42], Subscript|h, 33],
Subscript[h, 24], Subscript[h, 15], Subscript[h, 06] }];
Subscript|h, 60] = Simplify[Subscript|h, 60]/.sols6[[1]]];
Subscript|h, 51] = Simplify[Subscript|h, 51]/.sols6][1]]];
Subscript|h, 42] = Simplify[Subscript|h, 42]/.sols6[[1]]];
Subscript|h, 33] = Simplify[Subscript|h, 33]/.sols6[[1]]];
Subscript|h, 24] = Simplify[Subscript|h, 24]/.sols6[[1]]];
Subscript|h, 15] = Simplify[Subscript|h, 15]/.sols6[[1]]];

Subscript[h," 06”] = Simplify[Subscript[h," 06”]/.sols6][1]]];

(*Computing n7(y) by integrating

w7 () = 3Ra(p) (Wi () + ws()) + 5Rs(p)ws() + R?( ) and

using the intial condition w7(0) = 0. n; = w7(27) = N7(27). *)

wr[p_] = Simplify [ Integrate [ Coefficient[R][r, ¢], 3] * ((w3[p])? + ws[p])+

5 * Coefficient[R[r, ¢], 1] * w3[¢] 4+ Coefficient[R][r, ], 7], ¢ ]];

N7[p_] = wrp] — w[0];

Print[“ns = n5 =", Simplify[N5[2 x Pi]]," andn; =", Factor[Simplify[N7[2 * Pi]]]];

ws[p_] = Integrate [ 3 x Coefficient[R][r, ¢], r*] * w3[p] + Coefficient[R][r, ], 1°], p];

71

(xSolving for hgg, hs1, has, hss, hog, hys, heg, and assigning corresponding results .x)




Table 5: Prime decomposition of B for the Generalized Rational Moon-Rand

72

LIB "primdec.lib";
ring r=0, (x,y,z,L,M),dp;
poly gl=2xx - Lxy - 2x%z;
poly g2=-((x + z)*(24*x + 4*L*x(4*M - 3xy) +
L™3%(4+M - y) - 8xz + 2xL"2x(x + 2)));
> poly g3=16%L"13*xM" 2%y + 196608*x*(x + z)"2 +...
+y* (-501*%x"2 - 138%y~2 + 1222*x*z + 1171%z72));
> poly g4=-1152%L"24+M"3*y -...
-x* (76%y~2 + 45%z7~2) - 61*%(2%y 2%z + z73)));
> poly gb=31352832*xL"41xM"4*y - ...
-85878606571852*y~2%z"~2 + 60687397590549%z74)) ) ;
ideal jl=gi;
ideal j2=gl,g2;
ideal j3=gl,g2,g3;
ideal j4=gl,g2,g3,g4;
ideal j5=gl,g2,g3,g4,g5;
minAssGTZ(j1);
[1]:
_[1]=-1/2yL+x-z
> minAssGTZ(j2);
[1]:
_[1]=LM+z
_[2]=-1/2yL+x-z
[2]:
_[1]1=L2+4
_[2]=-1/2yL+x-z
[3]:
_[1]=yL+4z
_[2]=-1/2yL+x-z
> minAssGTZ(j3);
[1]:
_[1]1=LM+z
_[2]=-1/2yL+x-z
[2]:
_[1]1=L2+4
_[2]=-1/2yL+x-z
[3]:
_[1]=-L3M+zL2-16LM+10z
_[2]=2L2M-2zL+5y+32M
_[3]=-1/2yL+x-z
[4]:
_[1]=L2+1
_[2]=-4zL+y
_[3]=-1/2yL+x-z

vV V V V

V V V V V V



Table 4.5 : (continued)

[5]:
_[1]=z
_[2]=y
_[3]=-1/2yL+x-z

> minAssGTZ(j4) ;
[1]:
_[1]1=LM+z
_[2]=-1/2yL+x-z
[2]:
_[1]=L2+4
_[2]=-1/2yL+x-z
[3]:
_[1]1=9L2+4
_[2]=-9L19M-265L17M-3149L15M-20887L13M-81782L11M-
2143241.9M-211640L7M-1245136L5M+9628192L.3M-
260025856LM+162502848z
_[3]1=9L18M+265L16M+3149L.14M+20887L12M+81782L10M+
2143241.8M+211640L6M+12451361L.4M-9628192L.2M+
40625712y+260025856M
_[4]=-1/2yL+x-z
[4]:
_[11=L2+1
_[2]=-4zL+y
_[3]=-1/2yL+x-z
[5]:
_[1]==z
_[2]=y
_[3]=-1/2yL+x-z
> minAssGTZ(j5);
[1]:
_[1]=LM+z
_[2]=-1/2yL+x-z
[2]:
_[11=L2+4
_[2]=-1/2yL+x-z

73



Table 4.5 : (continued)

[3]:

_[1]=9L2+4

_[2]1=-9L19M-265L17M-3149L15M-20887L13M-81782L1 1M~

2143241.9M-211640L7M-1245136L5M+9628192L.3M-
260025856L.M+162502848z
_[3]=9L18M+265L16M+3149L14M+20887L12M+81782L10M+
2143241.8M+211640L6M+12451361L.4M-9628192L.2M+
40625712y+260025856M
_[4]=-1/2yL+x-z

[4]:

_[1]=L2+1
_[2]=-4zL+y
_[3]=-1/2yL+x-z

[5]:

_[1]==z
_[2]=y
_[3]=-1/2yL+x-z

74
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Clear [\ [Lambda]]; Clear[j]; Clear[k];

Flu_, v_, w_] := Subscript[F, 300]*u~3 +
Subscript[F, 210]*(u~2)*v +
Subscript[F, 201]*(u~2)*w + Subscript[F, 120]*ux(v~2) +
Subscript [F, 111]*u*v*w + Subscript[F, 102]*ux(w"2) +
Subscript [F, "030"]*v"3 + Subscript[F, "021"]x(v"2)*w +
Subscript[F, "012"]*vx(w"2) + Subscript[F, "003"]*w~3 +
Subscript [F, 200]*u~2 + Subscript[F, 110]*uxv +
Subscript[F, 101]*u*w + Subscript([F, "020"]*v"2 +
Subscript [F, "011"]l*v*w + Subscript[F, "002"]*w"2 +
Subscript [F, 100]*u + Subscript[F, "010"]x*v +
Subscript[F, "001"]*w + Subscript[F, "000"];

Klu_, v_, w_] := Subscript[K, "000"] + Subscript[K, 100]*u +
Subscript[K, "010"]*v + Subscript([K, "001"]xw +
Subscript [K, 200]*u”2 + Subscript[K, 110]*u*v +
Subscript[K, 101]*u*w + Subscript[K, "020"]*v"2 +
Subscript[K, "011"]*vxw + Subscript[K, "002"]*w"2 +
Subscript[K, 300]*u~3 + Subscript([K, 210]*(u~2)*v +
Subscript[K, 201]*(u~2)*w + Subscript[K, 120]*ux(v~2) +
Subscript[K, 111]*u*v*w + Subscript[K, 102]*ux(w"2) +
Subscript[K, "030"]*v~3 + Subscript[K, "021"]*(v"2)*w +
Subscript[K, "012"]*v*(w"2) + Subscript[K, "003"]*w"3 ;

-\ [Lambda] *\ [Eta] ;

Subscript[C, "02"] =
= (\[Lambdal /2)*Subscript[C, 11] - \[Lambda]*\[Etal;

Subscript [C, 20]

Filu_, v_, w_] = Expand[D[F[u, v, w], ul*vx(1 + \[Etal*u~2) +
D[F[u, v, w], vl*(-u - uxw)*(1 + \[Etal*u~2) +
D[F[u, v, wl, wl*(-\[Lambdal*w*(1 + \[Etal*u~2) +
Subscript [C, 20]*(u~2) + Subscript[C, 11]*uxv +

Subscript[C, "02"]1*(v"2))];

Folu_, v_, w_]

Expand[K[u, v, wl*F[u, v, wl];

F3[u_, v_, w_]

Expand[F2[u, v, w] - Fi[u, v, wl];

Subscript[F, "000"] Subscript[F, "010"]

Subscript[K, "000"] = -\[Lambda];

Subscript[F, "003"] = Subscript[F, "012"] = Subscript[F, 102]
Subscript[F, 111] = Subscript([F, 120] 0;

Subscript[F, "021"] = Subscript[F, "030"] = 0;

I
o

Subscript[F, 100]



Table 4.6 : (continued)

sols = Solvel[{

Coefficient[F3[u, 0, 0], u™2] == 0,
Coefficient[F3[u, v, 0], u*v] == 0,
Coefficient[F3[u, 0, wl, u*w] == O,
Coefficient [F3[0, v, 0], v*v] == 0,
Coefficient[F3[0, v, w], v*w] == 0,
Coefficient[F3[0, 0, w], w™2] == 0,
Coefficient [F3[u, 0, 0], u3] == 0

0], (u"2)*v] == 0,
wl], (UW2)*w] == 0,
0], ux(v"2)] == 0,

Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,

-

-

-

Coefficient[F3[u, v, w], u*vxw] == 0,
Coefficient [F3[u, 0, w], ux(w"2)] == 0,
Coefficient[F3[0, v, 0], v°3] == 0,

Coefficient[F3[O0,
Coefficient [F3[O0,

wl, (v"2)*xw] == 0,
w], vk(w"2)] == 0,

-

-

Coefficient[F3[0, 0, w], w3] == 0,
Coefficient[F3[u, 0, 0], u~4] == 0,
Coefficient [F3[u, v, 0], u™3*v] == 0,
Coefficient[F3[u, 0, w], u™3*w] == 0,
Coefficient[F3[u, v, 0], u™2xv"2] == 0,
Coefficient[F3[u, v, wl], u 2*%vxw] == 0,
Coefficient [F3[u, wl, u2xw"2] == 0,
Coefficient[F3[u, v, 0], uxv~3] ==

Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,

-

wl, ux(v™2)*w] == 0,
wl, uwxvx(w"2)] == 0
w], ux(w~3)] == 0,

-

-

Coefficient [F3[0, v, 0], v~4] == 0,
Coefficient[F3[0, v, wl, (v"3)*w] == 0,
Coefficient[F3[0, v, wl, (v"2)x(w"2)] == 0,
Coefficient [F3[0, v, w], vx(w"3)] == 0,

Coefficient [F3[O0,
Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,

wl, w'4] == 0,
0], u"5] == 0,
0], u~4x*xv] ==
w], utd*xw] ==
0], u™3*v"2] == 0
wl, u"3xvkxw] == 0
wl, u"3xw"~2] == 0,

0

e e e
N o o
o

-

Coefficient [F3[u, O,
Coefficient[F3[u, v, 0], u™2*xv~3] == 0,
Coefficient[F3[u, v, wl, u™2+v 2*y] =

Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,
Coefficient [F3[u,

W], u"2xvkxyw~2] ==
wl, u"2xw"3] == 0,
0], uxv~4] == 0,

w], ukv~3*%w] == 0,
w], ukv 2*xyw~2] == 0,

- - - -

<4 9 9 O<d € € O € O OO0 <€ € € 9 O9 9 9 09 909 00«9 < <O 89 O0Odg O0OO0O«gw g« Og O

-
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Table 4.6 : (continued)

Coefficient[F3[u, v, w], uxvxw~3] == 0,
Coefficient[F3[u, 0, wl, u*xw"4] == 0,

Coefficient[F3[0, v, 0], v°5] == 0,
Coefficient [F3[0, v, w], (v'4)xw] == 0,
Coefficient[F3[0, v, w], (v-3)*x(w~2)] == 0,
Coefficient[F3[0, v, w], (v"2)*x(w"3)] == 0,
Coefficient[F3[0, v, w], vx(w"4)] == 0,
Coefficient[F3[0, 0, w], w°5] == 0,

Coefficient[F3[u, 0, 0], u"6] == 0,
Coefficient [F3[u, v, 0], u~b*v] == 0,

Coefficient[F3[u, 0, w], u"b*w] == 0,
Coefficient [F3[u, v, 0], u™4*v-2] == 0,
Coefficient [F3[u, v, w], u 4xvxw] == 0,
Coefficient[F3[u, 0, wl, u™4*w"2] == 0,
Coefficient [F3[u, v, 0], u™3*xv~3] == 0,
Coefficient [F3[u, v, wl, u™3*xv " 2*xy] == 0,
Coefficient [F3[u, v, w], u 3*vxy~2] == 0,
Coefficient [F3[u, 0, w], u™3*w~3] == 0,
Coefficient [F3[u, v, 0], u™2xv~4] == 0,
Coefficient[F3[u, v, w], u™2*v~3*w] == 0,
Coefficient[F3[u, v, wl, u ™ 2*%v"2%w~2] == 0,

Coefficient[F3[u, v, wl, u™2xv¥w~3] == 0,
Coefficient [F3[u, 0, wl], u™2*w"4] == 0},
{Subscript[F, 300],Subscript[F, 210], Subscript[F, 201],

Subscript[F,
Subscript [F,
Subscript [F,
Subscript [K,
Subscript [K,
Subscript (K,
Subscript [K,
Subscript [K,
Subscript [X,

200] ,Subscript[F, 110], Subscript[F, 101],
"020"],Subscript [F, "011"],Subscript[F, "002"],
"001"],Subscript[K, 100], Subscript[X, "010"],
"001"],Subscript[K, 200], Subscript[K, 110],
101] ,Subscript[K, "020"], Subscript[K, "011"],
"002"] ,Subscript[K, 300], Subscript[K, 210],
201] ,Subscript[K, 120], Subscript[XK, 111],

102] ,Subscript[K, "030"], Subscriptl[K, "021"],
"012"], Subscript[K, "003"] }]




