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ABSTRACT

AMANDA GUTE. Discrete maximum principle preserving scheme for 1-D nonlocal to local
diffusion problem: development, analysis, and simulation. (Under the direction of DR.
RONALD E. SMELSER)

Diffusion is a scientific phenomena that can be modeled by partial differential equations. In
this dissertation we first explore the development of equations for local, nonlocal, and quasi-
nonlocal diffusion. Methods of finding solutions will be discussed as well as the properties of
each diffusion model type. These properties include satisfying the maximum principle and
demonstrating the well-posedness of each model which is through the solutions existence,

uniqueness, and stability.

Also in a recent paper [15]|, a quasi-nonlocal coupling method was introduced to seam-
lessly bridge a nonlocal diffusion model with the classical local diffusion counterpart in a
one-dimensional space. The proposed coupling framework removes interfacial inconsistency,
preserves the balance of fluxes, and satisfies the maximum principle of the diffusion problem.
However, the numerical scheme proposed in that paper does not maintain all of these prop-
erties on a discrete level. We resolve this issue by proposing a new finite difference scheme
that ensures the balance of fluxes and the discrete maximum principle. We rigorously prove
these results and provide the stability and convergence analyses accordingly. In addition, we
provide the Courant-Friedrichs-Lewy (CFL) condition for the new scheme and test a series

of benchmark examples which confirm the theoretical findings.
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CHAPTER 1: INTRODUCTION

Diffusion may not be a novel concept, but it underpins many research fields that analyze
the movement of various mediums using fundamental mathematical processes. The primary
forms of diffusion are local and nonlocal diffusion. Local diffusion is widely studied and
has diverse applications. It relies on cohesive materials, allowing for uninterrupted com-
munication between points, which facilitates quick and straightforward numerical solutions.
Research on local diffusion spans a range of areas, including geology, energy, neuroscience,

cancer studies, and the movement of people and ideas [34] [48] [10] [7].

Nonlocal diffusion is a more recent model that addresses how something spreads in scenarios
where the space is not cohesive. It accounts for disconnections in ideas, material flaws, or
other singularities. While nonlocal diffusion can be used interchangeably with local diffusion,
it typically requires more time for numerical solutions. Nevertheless, its ability to minimize
imperfections keeps it in demand. Research employing nonlocal diffusion can be found in
fields such as geology, imaging, machine learning, and mechanics, among others (8] [22] [38]
[6] [13] [41]. Given the time constraints associated with numerically solving nonlocal models,
there is a growing need to couple nonlocal and local models, a concept that will be explored

in greater detail throughout this dissertation.

We will start by examining the continuous model of local diffusion and its beneficial prop-
erties. Next, we will provide a review of the continuous model for nonlocal diffusion. After
outlining these two models, we will discuss the necessity of a coupling operator to connect
nonlocal and local diffusion models. This will include the development of a specific coupling
operator, which will then be discretized for use in numerical approximation experiments and

analysis.



Next, we will introduce a finite difference numerical discretization scheme that closely aligns
with a previously developed approach but incorporates an essential property of the discretized
maximum principle. This addition ensures guaranteed convergence of the approximate so-
lution provided by this new finite difference scheme for the given quasi-nonlocal coupling
operator. After presenting the finite difference scheme, the sections focus on proving its
consistency, stability, and convergence. In the subsequent section, we will briefly analyze
the Courant-Friedrichs-Lewy (CFL) condition and provide benchmark examples to further
validate our results. We will conclude with a comparison of the approximation results from

the previous scheme and the new scheme.

The final chapter begins by deriving the numerical local to nonlocal operator from the
continuous local to nonlocal operator of the diffusion problem under Dirichlet boundary
conditions. We then develop the coefficient matrix for the numerical operator, addressing
Dirichlet, Neumann, and Robin boundary conditions. Following this, we provide benchmark
examples to evaluate the performance of the developed numerical local to nonlocal diffusion
operator under Neumann and Robin boundary conditions. Finally, we compare the results
of the numerical local to nonlocal finite difference scheme across all three types of boundary

conditions.
1.1  Local Diffusion

Diffusion is a widely studied topic that has generated significant insights and research across
various fields. Essentially, diffusion refers to the process of spreading out, and it encompasses
important concepts in several seemingly unrelated areas. Examples of diffusion include the
movement of atoms, particles, people, animals, ideas, and prices, all of which are extensively

explored in disciplines such as physics, chemistry, biology, sociology, economics, and finance.

Diffusion is a phenomenon where the rate of diffusion is proportional to the negative gradient
of concentration. This implies that particles move from regions of higher concentration to

regions of lower concentration, heat transfers from hotter to cooler areas, or people migrate



from more populated to less populated regions, ultimately leading to a uniform distribution
of the diffusing substance (see an illustration in Figure 1.1). Mathematically, this behavior

can be described using parabolic equations derived from Fick’s second law.
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Figure 1.1: Diffusion flow of particles from higher concentration to lower concentration.

Proposition 1 (Fick’s Second Law, [2|). Fick’s second law is a partial differential equation

defined as

ur(z,t) = Dugy(x,t), (1.1)

where u is concentration, and D is the diffusion coefficient. The solution u(z,t) that satisfies
this partial differential equation predicts how diffusion causes the concentration to change with

respect to space and time.

A physical interpretation of Fick’s second law is that u,, represents the difference between the
average value of the function in the vicinity of a point and its value at that specific point. For
instance, if u(x,t) represents the concentration, then u,, describes how the average density

in the surrounding region differs from the density at that point.

We recall the well-posedness of the local diffusion model when the initial and boundary

conditions are specified.



Theorem 1 (The existence, uniqueness, and stability, see [36]). Let f be a function in

L>(0, L), and let g and h be functions in L>°(0,T). Then, the following problem:

up(z,t) = Duge(x,t) (z,t) € R
u(z,0) = f(x) z € (0,L) 12)
u(0,t) = h(t) te (0,7)

| w(L,t) =g(t) te (0,7)

has a unique solution. Moreover, if fi, fo € L*(0, L) and g1, g2, h1, ho € L*(0,T), and let u,
and uy be the solutions to (1.2) corresponding to the initial data fi, fo and boundary data

g1, 9o and hq, ho, respectively, then

lur — uoll ooy < max {||f1 — follz=(o.r): |91 — G2/l (0, T), [y — hal|1=(0,T)}.

Figure 1.2: Domain body of the diffusion problem.

We will now recall a well-known property of the general solution to the diffusion problem,
referred to as the Maximum Principle Property. In this scenario, the function u represents
the temperature distribution over the interval [0, L], with time ¢ ranging within [0, 7]. Let
R =[0,L] x [0,T] (see Figure 1.2). Physically, as the temperature diffuses over time, the

maximum temperature within R will occur either at the initial time or at the endpoints 0 and



L. No new extreme values will arise within the interior (0, L) as time progresses. In Figure
1.3, the locations where u attains its maximum values are marked in red. The Maximum

Principle is stated below. Its proof can be found in many textbooks of PDEs, for e.g., [36].

Theorem 2 (Maximum Principle for the Local Diffusion Equation, see [36]). If u(z,t)
satisfies the diffusion equation (1.1) in R then the mazimum value of u(x,t) over R is either

wnitially, or on the boundaries.

Figure 1.3: The maximum of the solution is initially, or on the boundaries.

In this dissertation, we develop a numerical scheme based on finite difference methods to
compute solutions for a "combined" local and nonlocal diffusion model. Existing finite
difference schemes for this problem, [15], may not satisfy the Maximum Principle, whereas
our approach does, which is the primary reason for revisiting the Maximum Principle here.
As previously mentioned, our study involves a nonlocal model. For completeness, we will

review the relevant nonlocal equations and some of their properties in the following section.
1.2 Nonlocal Diffusion
The following discussions draw upon references such as (3], [26], [1], [39], [44], [9], [18], [42],

140], [17], and [13].

The nonlocal diffusion problem largely originates from the nonlocal continuum theory known
as peridynamics, which addresses the formulation of governing equations that can be applied

at discontinuities. Unlike traditional local partial differential equations, which rely on spatial



derivatives that become undefined at discontinuities, nonlocal models replace these deriva-
tives with integral expressions that remain well-defined. This approach enables nonlocal
models to accurately handle singularities and discontinuities by using integral operators,
which provide a framework to account for these irregularities in a structured manner, allow-

ing for them to be bypassed or treated through a vanishing property.

The vanishing property arises from the inclusion of a kernel function in the nonlocal model,
which is defined based on a chosen horizon, denoted as 6. The horizon represents the effective
range over which nonlocal interactions occur. As é — 0, the nonlocal model converges to
the local model. The radius of the horizon is determined by the values that establish the
null space within the domain, allowing the solutions to be averaged over this region. Within
the specified ball, the solutions effectively vanish at singularities, facilitating the treatment

of discontinuities in the model.

Nonlocal diffusion can be interpreted as the evolution of a Gaussian distribution, where
the solution changes over time by increasing at points where the mean value is higher than
the current value, and decreasing when the mean value is lower [39]. A commonly used

formulation for modeling nonlocal diffusion is given by

ur(, 1) = / I — ) (uly, 1) — ule,1)) dy.

where J : R — R is a nonnegative, smooth function that satisfies [; J =1 [3].

In contrast to the basic local diffusion model, which requires only the value of u at point
x for evaluating u,,, the nonlocal model requires the values of u at other points y # z to
compute the behavior at . This dependency on values across a broader range enables the

nonlocal approach to capture more complex interactions and account for discontinuities.



Consider the nonlocal Dirichlet boundary value problem defined as

(

i, 1) = / J(z — y)(uly, ) — ulz, £))dy

u(z,0) = up(x)

u(0,t) = u(L,t) =0
where z € Q = [0, L], and ¢ > 0. Then the solution is the function

u(z,t) = up(z) —I—/O /RJ(m —y)(uly, s) — u(x, s))dyds (1.3)

where u € C([0,00); L'(R)).

When studying the nonlocal diffusion problem, it is essential to ensure that a solution exists,
is unique, and remains stable over time, as these properties are crucial for both the theoretical

understanding and practical applications of the model.

The existence of a solution guarantees that the mathematical model accurately describes a
real-world process. For the nonlocal diffusion equation, this means that the integral equation
governing the diffusion process has at least one function that satisfies the equation under
the given initial and boundary conditions. Proving the existence of a solution typically
involves demonstrating that the integral operator in the nonlocal equation, such as u(x,t) =
/ J(x —y)(u(y,t) — u(z,t))dy, can map an initial state to a well-defined solution function.
Tﬂiis is often achieved using mathematical techniques like fixed-point theorems or energy

estimates.

Uniqueness of the solution ensures that the nonlocal diffusion problem has only one solution
that satisfies the given initial and boundary conditions. Without uniqueness, the model
would be ambiguous, leading to multiple interpretations of the physical phenomenon being

studied. To prove uniqueness, it is typically shown that if two different solutions exist, then



the difference between them must be zero for all points in space and time. This is often
accomplished using properties of the integral operator and the smoothness of the kernel

function J, which helps control the behavior of the solutions.

Stability of the solution refers to its sensitivity to small changes in the initial or boundary
conditions. A stable solution will exhibit only small variations in response to such perturba-
tions, ensuring that the model’s predictions are robust and reliable. Stability is particularly
important when performing numerical simulations, where small errors can arise from dis-
cretization or rounding. If the solution is stable, these errors will not grow uncontrollably
over time. To establish stability, it is common to examine the norm of the difference be-
tween two solutions with slightly different initial conditions and show that this norm does

not significantly increase as time progresses.

These properties-existence, uniqueness, and stability are important because they ensure
that the nonlocal diffusion model behaves predictably and can be used to describe complex
physical systems reliably. Existence guarantees that a solution can be found, uniqueness
ensures that the solution is meaningful and interpretable, and stability provides confidence in
the model’s robustness to small changes. Together, these qualities make the nonlocal diffusion
model a valuable tool for modeling materials with micro-cracks, anomalous diffusion, and

other processes involving long-range interactions.

Theorem 3 (Uniqueness and Existence, see [3]). The solution for the nonlocal diffusion

Dirichlet boundary value problem is given by

u(z,t) = up(x) +/0 /RJ(LE —y)(uly, s) — u(z, s))dyds (1.4)

where uy(x) represents the initial condition, and J(x—y) is a nonlocal interaction kernel. The
problem asserts that this solution exists and is unique for any initial condition ug(z) € L'(Q),

where L*(S)) denotes the space of integrable functions over the domain €.



Theorem 4 (Stability, see [3]). The solution u(x,t) to the nonlocal homogeneous Dirichlet

boundary value problem is stable for the initial condition ug € L*(2).

Throughout the remainder of this dissertation, the nonlocal boundary value problem will
be formulated using the nonlocal operator to account for nonlocal effects, thereby capturing
interactions that extend beyond the immediate spatial location. This approach allows us to
model phenomena where the behavior at a given point depends not only on local conditions
but also on the influence of surrounding regions, which is critical in describing processes
such as anomalous diffusion, long-range interactions in materials, or systems with memory
effects. The use of the nonlocal operator provides a more general framework than classical

differential operators, enabling a more comprehensive analysis of such complex systems.

w(z,t) = Lu(z,t)

Y ulz,0) = f(z)

\u(O, t) =u(L,t) =0

This version smoothly introduces the nonlocal diffusion operator, setting up a transition to

its formal definition used in this research.

Definition 1 (Nonlocal Diffusion Operator, see [23]).

Lu(x,t) = / v(s)(u(z + s,t) — u(z,t))ds. (1.5)

-5
In the following section, we will discuss the coupling of nonlocal and local diffusion, exploring
how these two mechanisms can be combined to model systems that exhibit both short-range

and long-range interactions.
1.3 Coupling Nonlocal and Local Diffusion

Nonlocal modeling can be applied to solve even classical local diffusion problems, though it

is computationally expensive. In many cases, singularities and discontinuities in the solution



can be isolated, allowing for a more efficient computational strategy. Specifically, the domain
can be partitioned so that nonlocal models are used only in regions where they are essential,
while local partial differential equations (PDEs) are applied in the rest of the domain. This
hybrid approach, combining local and nonlocal models, has emerged as a promising solution
to the high computational cost associated with using purely nonlocal models. Additionally,
it helps address the complexities that arise from nonlocal boundary conditions, which can

be difficult to manage in purely nonlocal frameworks.

By blending local and nonlocal methods, it is possible to maintain the accuracy and physical
relevance of nonlocal models where needed, while leveraging the simplicity and computational
efficiency of local PDEs in regions where nonlocal effects are negligible. This method not
only reduces the overall computational load but also helps resolve boundary issues more

effectively.

The discussion in this chapter draws from a variety of foundational texts that cover both the
theory and practical implementation of local-to-nonlocal models, including works such as [29],
[18], [23], [12], [28], [30], [31], and [15]. These texts provide a comprehensive understanding
of the challenges and advancements in nonlocal modeling and its integration with local

methods.

There are several categories of approaches to coupling local and nonlocal diffusion models,
including generalized domain decomposition, atomistic-to-continuum coupling, energy-based
methods, and force-based methods. The research presented in this dissertation focuses on
the atomistic-to-continuum methodology, which is particularly well-suited for modeling sys-
tems that require a seamless transition between microscopic (atomistic) and macroscopic

(continuum) behaviors.

In atomistic-to-continuum coupling, the local and nonlocal diffusion models are linked through
a transition region where the two domains do not overlap. This approach allows for a smooth

transition between the local and nonlocal regions, maintaining the integrity of the solution

10



across the boundary between the two domains. This is typically achieved by enforcing con-
servation laws, such as the conservation of energy, to ensure that the total energy of the

system is preserved across both the local and nonlocal regions.

By using this coupling methodology, it becomes possible to capture the fine-scale behavior
of materials in regions where nonlocal effects are significant, while using the more compu-
tationally efficient local models where nonlocal interactions are less important. This hybrid
method addresses the challenges of computational cost and complexity that arise when us-
ing purely nonlocal models, providing a balanced and efficient solution for many physical

problems.

The atomistic-to-continuum approach has proven effective in various applications, including
materials science and mechanics, where the detailed atomistic behavior in localized regions

influences the overall macroscopic behavior of the system.

Figure 1.4 illustrates the decomposition of the domain into distinct regions: nonlocal, tran-
sitional, local, and boundary, respectively. The overall domain is defined as Q = [-1 — 4, 1],

with the subdomains described as follows:

The computational nonlocal boundary layer Q5 = [—1 — §, —1]

The nonlocal region is Qy; = (—1,0),

The transitional region is Qr = [0,0),

The local region is 2, = [4, 1)

The boundary region is Qp = {—1} U {1}.

The entire domain is the union of these regions, expressed as 2 = Qnyp UQpr U QL UQR.
represents the domain of the continuous model, but as seen in Figure 1.4 ;| there’s an addi-
tional region outside this domain, €25 that must be accounted for to initialize the numerical

model. This introduces a nonlocal boundary condition in the numerical approach. However,

11



as delta approaches 0, this nonlocal numerical boundary condition converges to the standard
boundary condition of the continuous model. This ensures that, in the limit, the numerical

solution matches the behavior of the continuous model at the boundary.

NONLOCAL NONLOCAL TRANSITION LOCAL LOCAL
BOUNDARY BOUNDARY
® @ @ o 2 4
-1-48 -1 0 8§ 1

Figure 1.4: Partitioning and boundary layer for a one dimensional domain.

Here, ¢, referred to as the horizon, plays a critical role in controlling the extent of nonlocal
interactions. It is scaled to determine the effective interaction range that is required to
capture the essential features of the solution, such as singularities and discontinuities, within
the nonlocal region. The transitional region 7 serves as a smooth interface where the
nonlocal and local models connect, ensuring that the solution transitions seamlessly between

the different regions without overlap.

Next we will discuss the kernel function used to couple the nonlocal and local diffusion
models. The choice of kernel is critical, as it governs the interaction strength between points
within the nonlocal region and influences the smoothness and accuracy of the transition
between the nonlocal and local domains. By carefully selecting and analyzing the kernel,
we can ensure that the coupling effectively captures the essential features of both diffusion

processes while maintaining stability and consistency across the entire domain.

Definition 2 (Nonlocal diffusion kernel, see [15]). The nonlocal diffusion kernel vs(x) is

defined as

vs(|z|) = 557 (%'), v 1is nonnegative and nonincreasing on (0, 1),

with supp(y) C [0,1] and [ |z|*y(|z|)dz = 1.
R

12



To effectively couple nonlocal and local diffusion, we must examine the energy equations
for both models and formulate a combined energy framework. This involves integrating
the energy contributions from the nonlocal and local regions, ensuring the total energy
is conserved across the transition between the two. A key element in this process is the
introduction of a weight function, which must possess specific characteristics to balance the
contributions from both the nonlocal and local regions. The weight function will dictate the
influence of each model in the transitional region, allowing for a smooth blending of the two

diffusion processes while preserving the physical properties of the system.

Corollary 1 (See, [15]). Given the definition of the weight function as

w(;(x,t)—/o dt / |5|%v(|s|)ds (1.6)
|

s|<%

then it 1s equal to

(1) :2/0x5275(|3\)d3+2:c/00 s75(15|)ds, (1.7)

and its derivative is

ws(z,t) = 2/00 svs(s)ds. (1.8)

Proof. By definition the weight function is

w(;(x,t):/oldt / 15[27(|])ds. (1.9)

lsl<%

By symmetry of the absolute value

/01 dt / |s|27(|s|)ds:2/01 dt/0§s275(|s|)ds. (1.10)
|

s|<%

13



Then with careful restructuring, we find

1 % T 1 00 f
2/ dt/ 3275(|s|)ds:2/ 3275(|s|)/ dtds+2/ 3275(|s|)/ dtds
0 0 0 0 x 0

:2/ 5275(]s|)ds+2x/ svs5(]s|)ds. (1.11)
0 T

Therefore,

ws(x,t) = 2/096 5*v5(|s|)ds + 2 /00 svs(]s|)ds. (1.12)

It is obvious from here that the derivative with respect to x of this definition of the weight

function is

wy(z,t) = 2/00 svs(|s])ds. (1.13)

[]

We have a weight function that plays a crucial role in coupling the nonlocal and local
diffusion models. This weight function is designed to take the value of 0 in the nonlocal
region, where only the nonlocal diffusion model is active, and 1 in the local region, where the
local diffusion model fully governs the behavior. In the transitional region, the value of the
weight function is calculated based on the arrangement of the kernels, allowing for a smooth

transition between the nonlocal and local models.

Definition 3 (Local, Nonlocal, and Quasi-nonlocal Energies, see [15]).

One-dimensional Local Energy

Ef(z,t) = %/ﬂ ws(z, t) |/ (2, )| 2da, (1.14)

14



such that weight function

w(g(x,t):/o dt / |5%y(|s])ds. (1.15)

lsl<%

One-dimensional Nonlocal Energy
1
BV oty =5 [ [ 2oty - o) (utyt) = ulw,0)Pdody (1.16)
QN ONL

where vs(y — x) is a symmetric kernel, and the relationship between y and x is called a

bond(or the "bond" y — x).
One-dimensional Quasi-nonlocal Energy
QNL 1 2 1 / 2
E<Y(x,t) = 5 vs(ly — z|)(u(y, t) — u(z,t)) dydx + 3 U (z,t)|*ws (z, t)dz (1.17)
z<0Uy<0 <0
where the weight function is given by
1
ws(x) = / dt / 5Py (|s])ds, (1.18)
0
Is|<%

and the kernel vs(x) is defined as

vs(|z]) = 7 (%'), v is nonnegative and nonincreasing on (0,1),

with supp(y) C [0,1] and [ |z|*y(|z|)dz = 1.
R
The energy space of the quasi-nonlocal coupling operator, as well as the connection between
local and nonlocal energies, is derived by taking the first variation of the quasi-nonlocal

energy functional. This first variation provides the necessary condition for minimizing the

total energy, and its computation leads to the creation of an operator that governs the

15



system. Specifically, the variation of the energy defines an operator that is used to identify
the unique curve of shortest length connecting two points in the energy space. This curve
represents the optimal transition between nonlocal and local behaviors, ensuring smoothness
and energy consistency across the coupled system. By minimizing the energy, the quasi-
nonlocal operator achieves a balance between the influences of the local and nonlocal diffusion

models, effectively linking the two in a unified framework.

The variation of the combined local and nonlocal energies leads to the formulation of an op-
erator that models the interaction and combination of nonlocal and local diffusion processes.

This operator is referred to as the quasi-nonlocal operator. The quasi-nonlocal operator is

defined as follows:

Definition 4 (Quasi-nonlocal operator, see [15]).

(

2 [ ylly — al)(uly. ) — u(w, )dy, if z <0

yeR

L u(z) = 4 9 [ vs(ly — z|) (u(y,t) — u(x,t))dy + (ws(z, ) (z, 1)), if x € [0,0)

y<0

\um(x,t), if x > 0.

By taking the first variation of the total energy, which includes contributions from both the
nonlocal and local regions, we derive a unified operator that governs the diffusion behavior

across the entire domain, seamlessly bridging the local and nonlocal regimes.

Theorem 5. The quasi-nonlocal operator is the first variation of the total quasi-nonlocal

energy for any test function v € C*(Q) [15].

£ () = Tim E9NL (4 + ev) — E9NE(u)

e—0 €
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Proof.

QNL _ pQNL
£ () = lim E (u+ev) — FE (u)
e—0 €
_1 lim ff 75(|y - $|)(U(y,t) + Ev(ya t) B U(:U7t) B G’U(l‘,t))Qdydl‘ + fw(;(ac,t)|u'(x,t) + E’L),(:C,t)’le‘
2 e—=0 €

sy = 2D (uly, 1) — wl@, ) dyde + [ ws(e, O] (2, 8)|*de

€

e—>0
- // Y xt)( ) — ulz, oy, 1) — uly, o(, £) + u(y, Ho(y, £))dyda

+ ws(z, ) (z, t)v(x, t)

) — /(w(g(x,t)u’(x,t))'v(a;,t)da:
:// vs(ly — $])(2u(a:,t)v(x,t) — 2u(y,t)v(x,t))dydx — /(w(g(x,t)u'(az,t))/v(az,t)daz
=—2 // vs(ly — x])(u(y,t) — u(m,t))v(m,t)dydm — / (ws(x, t)u' (x,t)) v(z, t)dw (1.19)

z<0Uy<0 >0

with assistance from symmetry, boundary conditions, definition of the weight function, and
integration by parts. We can similarly define the operator for the nonlocal and local regions

by taking the first variation of their energies. The results are the following

ENE(u+ ev) — ENE(u)

i) = lig S
. / a1y — 2l)(uly, ) — ulz, B)o(z, Hdy, (1.20)

and

£ () = lim El(u+ ev) — EX(u)

e—0 €

—(ws(z, t)u' (z, 1)) v(x,t) = —u"(z,t)v(x, t). (1.21)

From here, the coupling operator is pieced together to describe the complete operator. These
sections also must be adjusted so they reflect that in the diffusion process force is negative
to the first variation of total energy. It can be concluded that the quasi-nonlocal coupling

operator by regions are
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e Nonlocal Region: =z <0

£rhula,t) =2 [ 2ally = o) uly. )~ ule )dy. (1.22)

yeER

e Transitional Region: 0 <z < ¢

L7y(z,t) = 2 / Ys(ly — ) (uly, t) — u(z, 1)) dy + (ws(z)u'(z,t))". (1.23)

y<0

e Local Region: =z > ¢

LM (2, 1) = upe(z,1). (1.24)

Grouped together as a piecewise function the quasi-nonlocal coupling operator

.

2 fR 5y — 2 (uly, t) — ula,t))dy, if © <0

Lu(x) = ¢ 9 I vs(ly — =) (u(y,t) — u(x,t))dy + (ws(z, ) (z, 1)), if x € [0,0) L

y<0

\um(x,t), if zelf,1).

In Chapter 2, we develop a finite difference scheme specifically designed for the quasi-nonlocal
coupling model. This numerical approach enables the accurate and efficient simulation of
systems that involve both nonlocal and local diffusion processes. By discretizing the quasi-
nonlocal operator using a finite difference method, we can approximate the behavior of the
system across the entire domain, including the transitional region between the local and
nonlocal areas. The finite difference scheme is carefully constructed to ensure stability,

consistency, and convergence, making it a robust tool for solving complex coupled diffusion

18



problems. This method allows for the practical implementation of the quasi-nonlocal model
in computational simulations, providing a foundation for the analysis presented in subsequent

chapter.
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CHAPTER 2: FINITE DIFFERENCE SCHEME FOR QNL COUPLING

See this chapter in [23].

For the last decade, nonlocal integro-differential type models have been employed to describe
physical systems. This is due to their natural ability to model physical phenomena at small
scales and their reduced regularity requirements which lead to greater flexibility [4, 20, 5,
42,11, 13, 14, 16, 17, 19, 21, 24, 25, 27, 32, 33, 37, 43]. These nonlocal models are defined
through a length scale parameter d, the horizon, which measures the extent of nonlocal
interaction. An important feature of nonlocal models is that they restore the corresponding

classical partial differential equation models as the horizon § — 0 [13, 14].

Nonlocal models that are compatible with the local partial differential equations are often
very computationally expensive and require additional attention to the boundary treatments
since a layer of volumetric boundary conditions is needed within the physical system. Mean-
while, nonlocal models need less regularity requirements which helps the descriptions near
defects and singularities. Consequently, tremendous efforts have been devoted to combining
nonlocal and local methods to keep accuracy around the irregularity while retaining efficiency

away from the singularity.(See the review paper [12] for the state-of-art.)

In [15], a quasi-nonlocal (QNL) coupling method was proposed to combine the nonlocal and
local diffusion operators in a seamless way using the variational approach. The coupled op-
erator is proved to preserve many mathematical and physical properties on the continuous
level, including the symmetry of operator, the balance of linear momentum, and the maxi-
mum principle. However, it is not clear how to retain these desired properties with proper
numerical discretization. We will now propose a new finite difference method which inherits

all properties from the continuous case.



We recall that the linear local diffusion model in one-dimensional space can be written as
up(x,t) = uge(z,t) + f(z,1). (2.1)

The corresponding counterpart in the nonlocal setting is the linear nonlocal diffusion model

which reads

u(x,t) = /_5 v5(s) (u(x +s,t) — u(:c,t))ds, (2.2)

s
where ~5(s) denotes the isotropic nonlocal diffusion kernel satisfying the following assumption

with 75(-) being a rescaled kernel,

1
vs(|s]) = 57 <%) , 7 is nonnegative and nonincreasing on (0,1),
s (2.3)

with supp(y) C [0,1] and / 5|27 (|s|)ds = 2.
-5

We will display more details about the coupling and numerical schemes in the following

sections.

More precisely, we will organize the process as follows. In the first section we recall the
energy-based quasi-nonlocal coupling from [15] to build the coupling operator Lgnl bridging
the nonlocal and local diffusion problems and introduce space-time discretizations as well as
the new finite difference method (FDM). In the next section, we estimate the consistency
errors of the proposed scheme using Taylor expansions. The third section’s focus is on
proving the discrete maximum principle and hence, the stability of proposed scheme. In the
next section, we combine the consistency and stability results to conclude the convergence
estimates. Then we mathematically study the Courant-Friedrichs-Lewy (CFL) condition for
the space-time discretization. In the final two sections, we test several benchmark examples

to confirm our theoretical findings, and concluding results.
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2.1 Discretized Quasi-Nonlocal Coupling

Now, we consider the domain to be {25 = [-1 — 4, 1], with the coupling interface of nonlocal
and local models at z* = 0; (—1, 0) denotes the nonlocal region with nonlocal boundary
layer at [—1 — §, —1], transitonal region [0,0), and [0, 1) denotes the local region with local

boundary point at {1}, as illustrated in Figure 2.1.

NONLOCAL NONLOCAL TRANSITION LOCAL LOCAL
BOUNDARY BOUNDARY
® @ ® & L 4
-1-48 -1 0 & 1

Figure 2.1: Partitioning and boundary layer for a discretized one dimensional domain.

In [15], the quasi-nonlocal operator ﬁg”lu(x,t) is introduced to smoothly bridge the local
and nonlocal regions over the transitional region [0, 4]. The corresponding coupled diffusion

problem is proved to be a well-posed initial value problem and is given by

u(z,t) = L&u(z,t) + f(z,t), for T>t>0 and =€ (—1,1),

u(z,0) = up(x), for z € (—1,1), (2.4)

u(z,t) =0, for x=-1, or z=1.
\

Eg"l employed in equation (2.4) is the quasi-nonlocal coupling operator which describes the

diffusion within the nonlocal, transitional, and local regions, respectively. The expression of

22



[,g"l is given below
(

/6 (u(x+s,t) —u(x,t))%(s)ds, if ze(—1,0),

-6

e [ ) (e =0 =t Yas - ([ srwtonts i .
S +</0x3275(8)—I—J:/:S%(S)dS)Um(x)a if =€ 0,9),

Uge(z,t), if z€]0,1).

\

Next, we discuss the numerical settings for the spatial and temporal discretization. We use

ul" to denote the numerical approximation of the exact solution u(z;,t") with spatial and

temporal step sizes being with Ax = % and At :=

T
Np?

respectively. Hence, the spatial
grid is x; and temporal grid is ¢, = nAt. For simplicity, we drop x and ¢ but only use 7
and n accordingly. The relation between Ax and At will be determined later by the CFL

condition. Meanwhile, we assume that the horizon ¢§ is a multiple of Az with § = rAz and

r € N.

Recall that the entire computational domain is Qs := [—-1 — 6, 1], so the interior domain
is @ = (—1,1) with interface at z* = 0; the volumetric boundary layer for the nonlocal
region is €2, = [-1 — 4, —1]; and the local boundary point is 2. = {1}. Next we denote the
set of spatial grids by I and I = Iq U Ig, U I, where I = {1,2,...,2N — 1} denotes the
interior grids, I, = {—(r — 1),...,0} denotes the nonlocal volumetric boundary grids, and
I, = {2N} denotes the local boundary point.

Following the scope of asymptotically compatible schemes [45, 46|, we define the spatial

discretization of the quasi-nonlocal coupling operator Egﬁx as follows.
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Definition 5. Discretized Quasi-nonlocal Coupling Operator

( T n n n iAx
E - s“vs(s)ds,  if x; <0,
(jAz)? (

j=1 j—1)Az

r

n n n jAx
Ui 2wy /J p
Z 2(j — DAz ’ 575(s)ds

) - i—1)Az
J=%+1 )

T

n n Az
Wit — Wy Y
— d
0 2. 2(j — DAz /( $s(s)ds

qnl . -
L§au; = j=mi41 j-h)Az

8 no
—l—(/z sm;(s)ds)%

i

i 0 no oyl 4y
+(/0 52,75(5)d5 + x; /z 376(3)d3> Uit (AI;Z);- Uz—l’ if = €10,0),

n n n
uilyy — 2u Uiy

L (AZL')2 ) Zf ZT;

€[9,1).

(2.6)

For the temporal discretization, we employ the simplest explicit Euler scheme due to the
limitation of first order accuracy in the spatial discrezation, which will be proved later. Hence
the full finite difference method discretization of (2.4) is

utt —

where fI' = f(x;,t").

Figure 2.2 displays a sampling set of spatial stencils using N = 5 on domain [—1— 4, 1]. The

step size is Ax = % and the horizon § = rAx with r = 3.
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Nonlocal

Boundary Pure Nonlocal Transtional Pure Local

T 4 42 4 08 46 04 02 0 02 04 06 o8 /1
Local

Boundary

Figure 2.2: Example finite difference stencil with Az = %, horizon 6 = rAz, and r = 3.

Remark 1. In [15], the time-integral is still approzimated by the explicit Euler method, and

the Ngﬁx 1s approximated by the following finite difference scheme given the interface at

" =0:
(- ul - — 22Ul ul AT
2 1+J : 7 1—] / 82’}’5(8>d5, Zf T < 0.
jz:; (jAz)? (i—1)Ax
T n n n ACE
Z e _.2ui juifj /J s%y5(s)ds
g (7Az) (j—1)Az
Az
r UZL_,'_ R u?_ . ]AI
Sqnl o Z #/ svs5(s)ds
E%,Aa:uzn ~ < J:% Jazx (j—-1)Az

8 no_yn
+2(/M s%(s)ds)%

i J no o 4y
+<2/0 s%vs(s)ds + 2 /xl S’Y§<S)d8> it (Al;f);— sz17 if x; €10,9),

n n n
uilyy — 20 +u

L (Ax)? ’

if x; €1[6,1).

(2.8)
Comparing (2.6) with (2.8), we notice that the difference is replacing j in the original scheme
by (j — 1) in the new scheme. This is the main difference in the approximation that allows
the equation (2.6) to satisfy the discrete mazimum principle whereas equation (2.8) does not.

We will rigorously prove this in Section 2.3.
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Remark 2. For numerical schemes that preserve the maximum principles in high dimen-
sional space there are other types of coupling methods developed for two-dimensional prob-
lems. [47, 50] These coupling schemes are based on a domain-decomposition methods via
Neumann or Robin type boundary conditions, and are rigorously proved to keep the maxi-
mum principles.

Regarding the conservation of flux, notice that the operator E?Xx of new scheme (2.6) is sym-

metric, hence, it possesses this property. In general, one has to keep interaction symmetries
across the transitional region of the coupling region. However, the nonlocal neighborhood,
Bs(x), becomes a disk (in two dimensions) or a ball (in three dimensions), making the in-
tersections with the interface more complex. As a result, it is not easy to preserve the flux

i higher dimensions.

2.2 Consistency of the Discretized Quasi-Nonlocal Operator
In this section, we estimate the consistency error of the scheme (2.7) with Egﬁx defined in

(2.6).

Theorem 6. Let the horizon 6 = rAxz with r € N being fized, and suppose u(x,t) is the
strong solution to (2.4), and u} is the discrete solution to the scheme (2.7) with i € Ig
and t" = nAt. Also assume that the exact solution u is sufficiently smooth, specifically
u(x,t) € CH[-1-0,1]x[0,T]). Suppose at any given time level t™ = nAt we have u(x;, t") =
ul'y for alli € Ig = {1,...,2N — 1}, then for the next time level n+ 1 the consistency error

of the scheme satisfies
Ut — u(a, "] < CsAt ((Az) + (At)), for alli=1,...,2N — 1, (2.9)

where Cs is a constant independent of Az and At.
Proof. We evolve u(z;,t") and u]' by one time step At according to three differential regions.

Local: If z; > 0 or simply ¢ € {N +r+1,....2N — 1}, then the continuous and discrete
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equations follow the expressions in the local region. So at (x;,t"), we have the continuous
equation:

u (@3, 1") = uga (i, t") + f(23, "), (2.10)

and the discrete equation:

+ fi (2.11)

Notice from the consistency assumption that u = u(x;,t"), so we can rewrite the discrete

equation as

ultt — u(w, t) (@i, 1) = 2u(xg, 1) + u(ziog, 1)

At B (Ax)?

+ flag, th). (2.12)

We apply the Taylor expansion at the spatial grid (z;) up to the fourth-order derivative and

n+1

obtain an estimate of v, which is

U($i+1, tn) — QU(Q?“ tn) + U(l‘i,h tn>

(Az)?

=u(z;, t") + At ((AQ?) um(:(EzA’Z;)g—i_ O(ar) + f(i, tn))

= 1)+ 5t 1ot

=u(z;, t") + At (um(xi,t") + f(xi,t")) + O(At(Az)?). (2.13)

Now, let us estimate the continuous solution u(z;,#"*1). This time, we apply the Taylor

expansion at the time grid (¢") and get

u(zy, t") =z, ") + Aty (2, 1) + O(AL?)

=u(2;,t") + At | (tge (24, 8") + f(25,8")) | + O(AL), (2.14)
where we substitute u;(x;,t™) by the continuous equation on the local region.
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By subtracting (2.13) from (2.14) we obtain

uf ™t — u(z, ") = O(At(Az)?) + O((At)?). (2.15)

(2

Nonlocal: Next we consider the fully nonlocal region where x; < 0 or simply i € {1,..., N}.

We first have the continuous equation:

e, ") = /_ 5 75(s) (u(xi + 5,87 — u(, t”)) ds + f(z:,1")

)

- / " a(s) <u(xi 4 5,0") — u(, t")) ds

—6

+ /06 5(s) (U(%’ +5,1") — u(w;, tn)>d5 + flai 1)

5
+ / vs(8) (u(mZ + 5, ") — u(wy, t”)) ds + f(z;, t"). (2.16)
0
Because of the isotropic property of the nonlocal kernel ~5(s) summarized in (2.3), we have

(g, t") = /0 vs(s) <u(:1:‘1 + 5,t") = 2u(x;, t") + u(z; — s, t”)) ds + f(x;,t"). (2.17)

Clearly, we can divide the integral into the sum of subintegrals on the union of subintervals,

so we have,

r JAx
(i, t") = Z/ v5(s) (u(;z:Z + 5, t") — 2u(w;, ") + u(z; — s, t”)) ds + f(z;,t").

j=17(-DAz

(2.18)
Meanwhile, we have the discrete equation to advance u? to u}™:
uftt — sty — 2u) /jAI )
- = . s*y5(s)ds + fI". (2.19)
At Z (jAx)? (j—1)Az

j=1
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This gives,

T

—2u] +
u;r}-i—l — u;n +At< Z+J /

=1

JAx

s%y5(s)ds + ff) (2.20)

—-1)Az

Now we want to estimate the continuous solution u(x;, t"*1). We know that

u(s, t") = u(wg, 1) + Atug(a, 1) + O(AL?). (2.21)

Hence, inserting the continuous description of the nonlocal diffusion, (2.18), we obtain

u(ei ™) = u(wi, 1) + Atug(2;, ") + O(AL?)
r JAx u(x; + s,1") — 2u(x;, t" wlxr: — s. 1™
:U(J}i7tn)+At|:Z/ 75(3)32( (i +5,1") — 2u(w;, t") + u(w; — s,1 )>ds

2
(j—1)Az S

+ f(xi,t”)] + O(At?) (2.22)

for each integral term from [(j — 1)Az, jAx] within the summation. We then focus on the
fractional term and apply a Taylor expansion to u(x; + s,t") and u(x; — s,t") for s at (jAx)

up to a fourth-order derivative. This gives an estimate of

(xz,t”H) = u(z;, t")

+ At

r jAx
Z/ 75(5)s? (jAlx)2 ((u(a:iﬂ,t”) — 2u(z;, t") + u(wi_j, 1)) + 0(54)>d5

(j—-1)Azx

+ flag, t") | + O(A)

=u; + At

z’”:/(mx %(S)SZﬁ(( uly s — 2ul + ul ))d5+O(Ax2)

j=17(-DAz

+ f(xi, t")| + O(A). (2.23)
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Then by subtracting (2.20) from (2.23), we can get

ult™t — u(x, ") = O(At) - O(Az)? + O(AF?). (2.24)

)

Transitional: Finally we consider when z; € (0, 6] or equivalently i € {N +1,..., N +r},

and again we will look at the continuous equation for the time derivative u;(x;,t") first.

wlat = | [ 26(6) (= .7) = ) ) s + < / sva(S)déS) ol 17)

+ (/0“” s*v5(s)ds + x; /: S%(S)ds) uxz(xi,t")l + fla, t"), (2.25)

and splitting symmetrically the first integral gives

? %s(s)
(g, t") = / 5 (u(:z:Z — 5, ") = 2u(z;, t") + u(x; + s, t"))ds

+ /: @ (u(x, — 5, t") — u(z; + s, t")) ds + (/j 376(5)(15) Uy (i, ")

N (/me 5275(5)613 +x; /zj 3'75(5)6[8) uxaz(l'i, tn) + f(mza tn)’ (226)

and dividing these two integrals into the sum of subintegrals on the union of subintervals,

and modifying each integrand in the scope of the asymptotically compatible scheme [46], we

find
Ut(ﬂ?i,tn) _ " JAT 75(8)8 (U(-’L’Z — S, tn) — 2u(x“ tn> _|_ U(ZL‘Z + s, tn))ds
] S
j:%-l—l (j—-1)Az
- u(x; — s,t") —u(ml—l—st”) 0 .
+ Z ds + sv5(s)ds | uy(z;,t")
e/ (G-DA 2,
J=RL41

T; 1)
+ (/ S 76 dS + xz/ 875 dS) ua:a:(xla ) + f(l‘“tn> (227)
0
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Now working with the discrete equation for u}"*!

uptt —up —uly —2u) jae
-t = , svs(s)ds
DI v
j=%+1 (] ) €z (j—1)Ax
r n n | Az 6 n n
Uirj—1 — Wi—jp1 /J (/ Ui — Uy
- . sus(s)ds + ([ sa(s)ds | S
j=%z:+1 2(.] - 1)A3§' (j—-1)Az z; Az
Ty ’ uiy — 2ui +uiy n
+ /0 svs(s)ds + xl/ sv5(s)ds (Br)? + (2.28)
This gives,

T

ul . —2ul +ul jhz
ultt =l + At[ Z -1 e / 575(s)ds
(

PRI 2(j — 1)Ax i—1)Az

r n n jAx 0 n n
Uipj—1 — Wijq1 /] (/ ) Uiy — U4
, sv5(s)ds + sv5(s)ds | ————

; . 2 —DAr  Jy1)as (5) . () Ax

T Az
. ’ Uilyy — 20 Uiy n
+ sTys(s)ds + x; | svy5(s)ds 5 + f. (2.29)

Again we want to estimate difference between u(x;, t"*!) and ul"**

For each integral term [(j — 1)Ax, jAz| within the summation of (2.27), we then use a
Taylor expansion for u(z; + s,t") and u(z; — s,t") for s at (j — 1)Ax, which is similar to the

processing we did for the nonlocal region.
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u(z;, tn+1) u(z;, t")

r jAx ’76(8)8 n . . )
A / 20 — D)ag \ Wit ) = 2ulwi 1) + ul@ioji, #7) + O(s) )ds
j= it UDAT J
S
T Z / ] _ 1 AI ( (xi—l-j—lvtn) - U(Ii_j+1,tn) -+ O(S)>d8

< (s )(u(mi+1,t2x—(xi,t")+ O(M))

b i1, 1) — 20z, 1" i1, "
< s% ds—i—:cl/ 375(3)d5> (u(x +1,1") (Xﬂ; )+($ 1 )+O(Ax2))

i

+ fla, t" ] + O(AP?). (2.30)

By subtracting (2.29) from (2.30) we have

ul ™ — u(x, ") = O(AH)O(Az) + O(AF?). (2.31)
Therefore, |lu(z;, ") —ul" | Lo = O(At)O(Ax)+O(At?) with the highest restrictions from
the transitional region. Since the order of accuracy is greater than zero, the finite difference

scheme is consistent. O

2.3 Stability of the Discretized Quasi-nonlocal Operator

Global stability of the scheme is attained by the discrete maximum principle. To prove
the discrete maximum principle for the quasi-nonlocal coupling equation with an underlying
finite difference discretization the spatial operator (— Eq”l .) must be positive-definite, and
the time discretization, that is a single explicit Euler integrator, must be a convex scheme.
Recall the domain ©Q = [—1, 1] with interface at * = 0. The volumetric boundary layer for
the nonlocal region is Q,, = (—1 — 9, —1], and the local boundary point is Q2. = {1}. The

corresponding sets of spatial grids are I = {1,2,...,2N — 1} for Q, I, = {—(r —1),...,0}
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for Q,, and Ig, = {2N} for Q.. Let I = Ig U I, U Ig, denote the union of total stencils
within the entire domain (Interior and Boundary), and Ip = I, U I, denote the stencils
within the boundary regions 2, U €. (Boundary).

Next we will prove the positive-definiteness of (—L?Zr) in Theorem 7, which is the discrete

maximum principle for the static case; and then extend the result to the dynamic case in

Theorem 8 where the time derivative is involved.

Theorem 7. Discrete Maximum Principle for the Static Case The discrete operator

Egﬁx satisfies the mazimum principle. For u(x;) € (*(I) with ( — Egzx) (u(z;)) < 0 and

7 € Iq, and for any i € I = Iq U Ig, we have

) < ). 2.32
max u(z;) < max u(z;) (2.32)

Furthermore, equality holds, and u(x;) is a constant function on stencils I.

Proof. Suppose the discrete function u achieves its strictly maximum values at an interior

grid j* € Iq.

Case I Nonlocal: Consider j* € {1,2,..., N}. Then since u(z;+) is a strict maximum

: j* - 2U($ ‘*) + U(I '*—k> kAz
LI g (x0) = (s 1) J J / s%ys(s)ds < 0 2.33
5,A J ) ; (kAx)2 (h—1)Ac ( ) ( )
qnl

which contradicts —£f'y ,u(z}) < 0 unless u is constant.

Case II Transitional: Consider j* € {N + 1, N +2,..., N +r}. We observe that

/ ' s*vs(s)ds > (k — 1)Ax/ ' s7s5(s)ds. (2.34)
(

k—1)Azx (k—1)Ax
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Using u(z;+)

qnd L) — u(x]'*+k‘fl) - 2u(l'j*) -+ U/(.Tj*ikJrl) /kAa: 9
Esavtn(iy) = Z 2(k —1)*(Ax)? (k—1)Ax s (s)ds

W(Tjryph—1) — u(Tje 1) /Mx svs(s)ds
(

2(k - 1)A$ k—1)Az

s )u@ﬁﬂi_u@ﬁ)

( s
( s%vs(s)ds + 1 /:* S%(s)ds> wy41) = Q(ZLA(?)Z) i u(xjhl). (2.35)

J

Also since u(x;+) is a strict maximum we know

w(@je k1) — 20(2;+) + u(zjeps1)
20k — 12(Ax)?

<0, (2.36)

and combined with (2.34), this gives

- 1) — 2u(ms) + u(Ti_paq) kAz
LI u(z;) < UCHSVS) J I (k-1 Aw/ svs(s)ds
6,A J ) Z 2<]€—1>2<A.T>2 ( ) ( g )

£ i ) [
o 2(k —1)Ax (k—1)Az
=41

i (/6 876(8)ds) U(%»«H)A; u(z;e)

Ij*

. (/Om Poa(s)ds - 1. /:* S%(s)ds) u(xjeqr) — 2(12(:;3-;) + u(xj*_l)‘ (2.37)

J
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Simplifying we conclude

T

n —2u(xj) + 2u(wjegrr) [FA
EZ’AZQ:U}L(I]'*> S Z 2](k — 1)A;’: + /(;DA:E S’}/(;(S)ds

5k

x
—]
k_A

+1

T

R

T j*

. (/0% Ps(s)ds 1z /:* 375(3)d5> u(Tjey1) — 2(12?)'*2) + u(zje—1) <0

J

(2.38)

which contradicts —£%% u(z;) < 0.

Case III Local: Consider j* € {N +r + 1,...,2N — 1}. Then since u(z;) is a strict

maximum

(Az)?

LI u(z)e) = <0 (2.39)

which contradicts —£%% u(z;) < 0. O
Next, we will consider the time-dependent case.

Theorem 8. Discrete Maximum Principle for the dynamic case Suppose fori € [ =
IoUIg and n = 0,1,...., Np — 1 with T' = Np - At that {ul} solves the following discrete

quasi-nonlocal diffusion equation.

p
uTLJrl—u?

N = ‘ngxu? + fzn, fori € Ilg, and Ny >n > 0,

uw) =g fori eI (Initial Condition), (2.40)

u =q, forie€ Ig, n >0 (Boundary Condition),

then ul satisfies the discrete mazimum principle

ul <max{¢’licr, q'licrzm>0} (2.41)

35



gwen that fI* <0 for alli € I, alln >0, and % < %.

Proof. We denote M = max{¢?|icr, ¢"'licizn>0}. Clearly, at n = 0 we have u) < M for all
1€ ] =1qUIg. We assume that this holds for n = m with 0 < m < Ny — 2. Now we would

like to advance it to the next time level n = m + 1.

Case I Nonlocal: Consider i € {1,2,..., N} which is the nonlocal region. Then

et a4 (L 1)

<ul + ALY

2At kA At G~ult o, A
m ik T i ds.
( A2 Z k?/ 5"y (s )uz T A2 Z L2 /( s7v5(s)ds

Notice that

1 kAx r kAx 1
Z ﬁ/ s2y5(s)ds < / s2v5(s)ds = / s*y5(s)ds = 1 (2.42)
( 0

At 1
and N < 7 SO »
2At v
> 0. 2.43
(-Ee T ., o) 2 249
Hence,
2t /’“M At s ufty, oty (P
wrt < s*vs(s)ds |ul* + ok k/ s*5(s)ds
(-5 mey e [
2At /Mx ) At <M+ M [
< s*75(s)ds | M + s™vs(s)ds
( Az? Z k2 Ag? Pt k? (k—1)Az
= M. (2.44)

Case II Transitional: Consider i € {N + 1,..., N 4+ r} which is the transitional region.
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Then

wt <yt 4 Atﬁgﬁx um

T

m m m kAz
Ut g — 2w / 2
s vs(s)ds
k%ﬂ 2(k —1)?Ax? (k=1)Az

T m m kAz 1 m m
Uiige—1 — Ui Uip) — Uy
g d ds | —/———
2(k —1)Ax /(k—l)A:c a(s)ds + (/x 7i(s) S) Ax

k=2i+1

x; 4 m m m
‘9 uity — 20 +wty
d i d
+ (/0 s7ys(s)ds + x /z $7s(s) s) A2

K3

=u" + At

=A-u"+ Y (Beull +Crulyy + Dufly + Bl (2.45)

:%+1
where those notations are defined as

At : —1 Maw At 0
A=1+ m( IZ —(k 1y /(k_l)ms 75(8)615) + M(_ /x sm;(s)ds)

k=xt+1

_2at / s2y5(s)ds + xz/ sv5(s)ds |,
Ax?\ J, 2

At kAx At kAx
By=— 2 ds — ———— ds,
g Qsz(k - 1)2 /(k—l)Agc i 76(8) i 2A$(k - 1) /(k—l)Az 8’75(8) i

At kAzx ) At kAx
e ds 4 —— d
Ch 2A2(k —1)? /(,“)MS Vo(s)ds + 27z (k —1 /(Mx $Ys(s)ds,

) Jk
At [° At (" '
D = s /x s7s(s)ds + E(/@ s%95(s)ds + x; /x 576(5)d3)7a"d
At
E Az? (

" o(s)ds i [ svp(s)ds). (2.46)
/ [ o)

Clearly, A + Z (By +Cx)+ D+ E =1, and By,Cy, D, E > 0 when Az is sufficiently
k=—1+1

small and because — f(lzmlc A SVs(8)ds > — f(kAz s2vs(s)ds.
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Now we want to prove that A > 0. It is equivalent to prove

1 A— At Er: 1 /kAcr , (o) +2(/xi ) (s)ds + /6 (s)d )
— A= —_— s“ys(s)ds s“ys(s)ds + x; svs(s)ds
AIQ k:%+l (k - 1)2 (k—1)Az 0 z;
5
—i—AJ;/ svs(s)ds| < 1. (2.47)
Notice that
At

T 1 kAz ) kAx 1 )
—_— s s d8+2l‘i/ (—)s s)ds
Z ((k - 1)2 /(k—l)A:): 75( ) (k—=1)Az \ S 76( )

k=—1+1

kAx 1 z;
+ A:I;/ (—) 3275(s)ds) + 2/ s75(s)ds
(k—DAz \S 0

At !

1 kAx ) 2 kAx )
g —_— 5°v5(8)ds + ———— / s°vs(s)ds
A$2 k;-i-l ((k — ].)2 /(k—l)Aa: ( ) (l{? — 1)ALE (k—1)Az ( )
T Az

Azr kAx ) z; )
+ —— s s)ds | + 2/ s s)ds
(/f — 1Az /k—1)m %(5) ) 0 %5(s)

kAx T
Z / s%y5(s)ds + 4/ 3275(s)ds]
0

B A$2 b1 ~1)Az
% k:%;:ﬂ /(:Aljm Sa(s)ds + /oxi Ss(s)ds| = Z_iz 05 S (s)ds
Since AL <ds01-A<1. Thereonre, .
kAx kAx
AZ 00 B2 i [, O B 0

Summarizing the coefficients of equation (2.45) gives

b AaBkaCkaaEZO

T

e A+ Y (Bi+C)+D+E=1

p
k=i 41
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Hence u}"t! < <A+ Z (B + Ck) +D+E)M =M.
k=1 +1

Case III Local: Consider i € {N +r +1,...,2N — 1} which is the local region. Then

up ™ =+ Ar? <Ui+1 = 2u;" + Ui—1) + Atfi" < (1 - A—ﬁ)uz N (ui—H + Ui—1>

with 25 < 1 which gives all positive coefficients, so u]"*" < M.

Combining case I, IT, III we can conclude that given u;* < M for all ¢ € I, and % < }1 we
have u"*' < M for all i € Ig. According to induction, the theorem is proved.

[]

Corollary 2. Suppose fori € [ =IgUlg, n=0,1,... Ny — 1, and T = Nr - At that {u'}

solves the following discrete QNL diffusion equation (2.40) then we have the following upper

At 1
2 < 47

bound for ui gwen that <

uf ST || fllery + maz{|lg] len), 1167 e ) }- (2.48)

Proof. We introduce a comparison function

wi = + (T =n- At flle=) = uf

2 K3

(2.49)

for ¢ € I, and n > 0. Then we have

ur

v nl n n

where ( I& =1 f]]e 1)> < 0. Therefore by Theorem 8, w}" satisfies the discrete maximum

principle ' < max{w?|;e;, w}|ier,} for all i € I and n > 0, given that £5 < 1.
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Notice that

w) =u) + T - || flleory < max{]|g] ey 1@ e rm)} + T - || fllesory (2.50)

and also that

W' liers = i liers + (T—H'At) e (ry < max{||g e rys 1@ o rm) }+ T f ooy (2.51)

combined with the fact that u!'|;c; < wl|;er proves the corollary. O]

Remark 3. Although in the proof of the stability analysis, we require that A% < }L to proceed

with the analysis; meanwhile, we notice in the simulation that with AA—; close to %, we still

have stable numerical results.

2.4  Convergence of Discretized Quasi-nonlocal Operator

In this section, we prove the convergence results of the proposed FDM scheme.

Theorem 9. Global error estimate of the discrete solution Suppose u(x,t) is the
strong solution to (2.4) and u} is the discrete solution to the scheme (2.7) with i € I,n =

0,1,...,Nr — 1, and Ny At =T, respectively. Then we have

lu(x;, t") —ul| < T - Cs(Ax + At) (2.52)
given that % < }1.

Proof. We define e = u(xz;, t") — ul

P =12 ..,2N -1, n=0,1,..., Nr to be the error
between the exact and discrete solutions. Then from the consistency analysis, and since

I = f(x4,t"), we have that

2
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entl_en

i l .
g — L6l =i, fori€lg, andn >0

e =0,i € (Initial Error)

el =0, i€l (Boundary Error)

(2.53)

where |e.;| < Cs(Ax + At) according to the consistency analysis. Hence we consider the

following auxiliary function

wl = el — (nAt) - Cs(Ax + At).

Observe that

w?+1 — w;n n n
et = Cs(Az + At)((n+ 1)AL)] — [ef — Cs(Az + At)(nAt)]
B At
67'1+1 —e; nl
= # — C(;(Al' + At) — ,Cg’AxG?

=¢e.; — Cs(Ax + At) < 0.

Then w] satisfies

n <

A L qnl y
L — E&Azwz 3 7 6 [Q,

Jw?=0, iclI, (Initial),

wl = —(nAt) - Cs(Ax + At), i€l (Boundary),
\

because of the the discrete maximum principle proved in Theorem 8, so

w? <max{wlli € I, wl|icr,} =0, Vi€ lq.

(2.54)

gnl n
— L pz€

i

(2.55)

(2.56)

(2.57)

Therefore, €' < (nAt) - Cs(Ax 4+ At). Similarly when w! = el + (nAt) - Cs(Ax + At)
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we have €' > —(nAt) - Cs(Ax + At). Hence, |e}| < (nAt) - Cs(Ax + At) which gives

|u(z, t") —ul| < T - Cs(Ax + At).

2.5 Study of the Courant-Friedricks-Lewy (CFL) Condiditon

In this section, we study the CFL condition of the new finite difference scheme by employing
the Von Neumann stability analysis. We denote ﬁ—i by A1 and (AA—J)Q by A2 and insert u] =
(9(9))" e¥=19% into the scheme (2.6) where 6 is a given wave number. We have the following

three cases:

e Case I Nonlocal: for z; < 0, the growth factor is

9(0) =1+ X Z Q(Cos(ej.m) ) /m s275(s)ds. (2.58)

=1 77 (j-1)Az

e Case II Transitional: for 0 < z; < 4, the growth factor is

_ " (cos(A(j — 1)Az) — 1) [iAe
g(0) =1+ X\ j%ﬂ G=1) /(j—1)m svs(s)ds
"L V=Isin(0(j — 1)Az) [IAT
~M ; s7s(s)ds
jzziﬂ (Gj—1) /(j—l)Aac 75(5) 2.50)

+ M ( / 5 575(3)d5> (cos(0Az) + v/ ~1sin(fAz) — 1)

K3

o ( /0 " 5(s)ds + 2 / 6 S%(S)ds) (2cos(9AT) — 2).

e Case III Local: for z; > 4, the growth factor is

9(0) =1+ Xy(2cos(0Az) — 2). (2.60)

Proof. Performing the Von Nuemman analysis for stability we substitute u? = (g(f))" eV~ 10%
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Case I:
r jAx

U, U, u?—&-j T QU? + u?—j / 2
— = d 2.61
At Z (jAr)? : 5775(s)ds (2.61)

j=1 j—1)Ax

Substituting u? = (g(6))" e¥V~10% gives

— r g(&)”e\/j‘%" eMTIHAx_2+6_¢T19Ax Az
GO eV (g(6) — 1) = 2 3 (e ) Pa(s)ds.
j=1 J (j—-1)Az
(2.62)
Therefore, we can conclude the growth factor for the nonlocal region is
"\ 2(cos(fjAx) —1) [IA®
g0) =1+ ( (cost - )= 1) / $%y5(s)ds. (2.63)
j=1 J (J-1Az
Case II:
utt — : Ui — 20wy /ij
—— = . svs(s)ds
At IZ 2(j — 1Az (—1)Ax (®)
J—E-i-l
r n n jAx
Uiy i — Uiy /J
Z . s75(s)ds
2(j - DA ;
s 2T DAT Jeona
0 n n
ur —u’
d i+1 %
+ (/x 575(8) s) N
T é
! ul = 2u) 4 Ui
+ (/0 svs(s)ds —|—xi/z. sw(s)ds) 1 (Ar)? : (2.64)
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Similarly to the nonlocal region substituting u? = (g(6))" e¥V~1%% gives

g(0)" eV 1" (g(0) — 1) =

JAxT

1 —10x; —16(j— T —v/—=10(j— T
A Z L g(O)r ey T (VTG g | VT8 / 575(5)ds
T (] ) (j—-1)Az

iAx
( g)ne\/fwmi (eﬁe(j—l)Ax _ e—ﬁ@(j—l)Az)) /] Svd(s)ds

1
M2 ST
T

( )(We%m_l))
( s)ds + x; / 6 5%<5)ds) (g(@)"eﬁ(m (eV—10he 24 eﬁfm)).

(2.65)

Therefore, we can conclude the growth factor for the transitional region is

o) <1+ 30 AEERSIZD

M (=1
T Az

- —Tsin(6(j — 1)Az) [I5
Ly s g

s7v5(s)ds

(j - 1) i—1)Ax

=41

A ( / 5 m@)ds) (cos(0Az) + v—Tsin(kAz) — 1)

o ( /O " s(s)ds + 2 / 6 sm;(s)ds) (2cos(6A7) — 2). (2.66)

Case III:
witt g - 2uf
At (Az)2 (267)
Finally, substituting u? = (g(6))" eY~1%% gives
g(0) eV =107 (g(0) — 1) = Ay (g(e)neﬁ%i (eV=108e 2 4 e—ﬁ’m)). (2.68)
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Therefore, we can conclude the growth factor for the local region is

9(0) =1+ Xa(2cos(0Az) — 2). (2.69)

Clearly, we have Ay = Az, so once we get the CFL constraint on A;, the CFL condition
for Ay will be satisfied when Az is sufficiently small. Because it is very difficult to analyt-
ically find this upper bound we implement the growth factor ¢g(#) numerically to identify

restrictions on A\; and Ay to ensure [g(0)| < 1. O

Growth Factor = g(6)
N

16

I I I I AN I I I I |
0 0.1 0.2 03 0.4 \S—5/ 0.6 0.7 0.8 0.9 1

CFL = A t/(A x)?

Figure 2.3: Maximum Growth Rate of (2.58), (2.59), (2.60) for the new finite difference
method versus that of (2.8) for the original finite difference method.

For linear local diffusion models with explicit Euler integration and the middle-point finite-
difference discretization, the CFL is restricted by CFL = % < 0.5. This provides the largest
step size in time to reduce computational cost while preserves stability. By numerically
analyzing the growth factor in Figure 2.3, we found that the nonlocal and local regions
match the typical restrictions for stability, but the transitional region is slightly less than
0.5. This factor needs to be considered for stability restrictions to the CFL on the whole
coupling system. On the other hand, compared with the original FDM scheme proposed in
[15], the new FDM discretization can afford a larger CFL condition, which suggests that the

new scheme is more stable.
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2.6 Numerical Examples

In this section, we test several numerical examples to confirm the stability and convergence

results. We fix the nonlocal diffusion kernel to be a constant kernel

3
75(8) = ﬁX[—é, 5](8)-

1. For the first example, we consider the asymptotic compatibility (AC) of the discretized
operator Egﬁm to the local diffusion problem as the horizon ¢ and spatial discretization

Ax go to zero at the same time.

We consider the external force f as
f(z,t) =30z +e (2% — 1) + 2. (2.70)

Then, the exact solution to the local diffusion u*; = uf, + f with u*(—1,¢) = u‘(1,¢) = 0

and u‘(z,0) = (1 —2?) — (2 — 1) is

u(z,t) = (1 —2%) — e (2% = 1). (2.71)

To test the AC convergence, we fix § = rAxz with r = 3 and set the CFL to be
CFL = 0.45, that is At = 0.2A2?, and the termination time is chosen to be T = 1.

First order convergence with respect to Ax is observed. The convergence order and
Lo differences between u‘(x,t) and discrete solution of ugﬁm are listed in Table

2.1. Also the visual comparison of the two solutions at t = 0 and ¢ = T are displayed

in Figure 2.4 with good agreement.
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Table 2.1: L, 0.7] differences between the local continuous solution u! and discrete solution
qnl

us n,- We fix 0 = 3Az, and the kernel is 7;(s) = %X[,M](s). The termination time T = 1
and At = 0.2Ax2.

Az | ||u(zg, ") — ugzm(z’i, t")|res, oz | Order
= 0.1422 —

0% 7.168e—2 0.988
o 3.614e—2 0.988
5 1.820e—2 0.990
5 9.151e—3 0.992
o5 4.594e—3 0.994

Actual Solution vs Approximate Solution at fime=0 Actual Solution vs Approximate Solution at time=T
2r Approx. | | Approx. | |

18F = = =Actual | | 8l = = =Actual | |

16
14r
12r

1t
0.8
0.6 [
04r

0.2

0

-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1
(a) solutions at t =0 (b) solutions at t =1

Figure 2.4: Plots of solutions to the approximate and actual solutions. The kernel function
was chosen as 75(s) = 5 x[—s6)(s). The coupling inference is at #* = 0, and the mesh size is

Ax = with a horizon as § = -, the temporal step size is At = 0.45Az2.

1
400 400

2. In the following example, we compare the original scheme Egnl (2.8) proposed in [15] with the

new proposed scheme L’g”Al , in (2.6).

We are going to compare the AC convergence between (2.6) and (2.8). The exact local
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continuous solution is chosen to be
u(z,t) = e (1 — 2)%(1 4 z)%2? (2.72)
and the corresponding external force is

f({E, t) :uf - ui:p
(2.73)

=—¢ ' ((z — 22+ (2 — 242% + 302%)) .

Again the kernel used is v5(s) = 5% with § = 3Ax. We denote the solution obtained by [Z?X -

by u?ﬁx and the solution obtained by Eg’iz by &gﬁx.

First order AC convergence with respect to Az are observed in Table 2.2 for both schemes
(2.6) and (2.8), respectively. The approximation using scheme (2.6) at larger step size has a
second order convergence rate, and at smaller step size tends to be of first order.

Table 2.2: L, 0.7] differences between the local continuous solution u‘ and two discrete

solutions ugzz, ﬁgﬁm using the FDM schemes (2.6) and (2.8), respectively. We fix § = 3Axz,
and the kernel is 75(s) = 5. The termination time is 7' =1 and At = 0.2Az?.

Az | ||uf(x, t") — ﬂgzx(xi, t")||pe | Order | [|uf(z;,t") — ugﬁm(a:i, t")|| e | Order
% 9.255e—3 — 7.200e—3 —
1—(1)0 4.692e—3 0.980 1.698e—3 2.08
ﬁ 2.356e—3 0.994 4.121e—4 1.09
ﬁ 1.179e—3 0.998 1.931e—4 1.09
ﬁ 5.900e—4 0.999 9.628e—5 1.00
Floo 2.951e—4 1.00 4.806e—5 1.00

Next, we compare the three solutions obtained from the new scheme (1), the exact local
continuous solution (2), and the original scheme (3) in Figure 2.5. Notice that the exact local
continuous solution u‘(z,t) should remain non negative throughout the entire computational

domain 2 x [0, T], however, both ugﬁ , and ﬁgﬁ , become slightly negative around the interface
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z* = 0. This does not contradict the discrete maximum principle of EgnAl ., as the external force
f(z,t) defined in (2.73) does not retain negativity on [—1, 1] as required in the assumption of

Theorem 8.

Actual vs Approximate Solutions at time=T
T T T T T

(a) solutions at t =0 (b) solutions at t =1

Figure 2.5: Numerical comparison between the new scheme (2.6) and original scheme (2.8)
used to approximate (2.72) with external force given by (2.73). The spatial step size is
Az = 5 and At=0.25Az2

200

2.7  New Finite Difference Scheme Conclusion

We propose a new scheme to discretize the quasi-nonlocal (QNL) coupling operator intro-
duced in [15] for the nonlocal-to-local diffusion problem. This new finite difference approx-
imation preserves the properties of continuous equation on a discrete level. Consistency,
stability, the maximum principle and the global convergence analysis of the scheme are
proved rigorously. We analytically find the CFL conditions through the Von Neumann sta-
bility analysis and numerically calculate the CFL values for a given spatial discretization.
The numerical calculations of the CFL provide an additional alert around the interface when
considering the temporal step size for an explicit time integrator. The CFL restrictions on

the transitional region were discovered to be slightly less than %

with the explicit Euler
method employed in a diffusion problem. Multiple numerical examples are then provided
and summarized to verify the theoretical findings. A comparison with the original scheme

used in [15] is also provided which confirmed the improvements of the new scheme. See this

chapter in [23].
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CHAPTER 3: DEVELOPMENT OF THE COEFFICIENT MATRIX, AND MORE
NUMERICAL EXAMPLES

In this chapter, we develop the coefficient matrices necessary for the finite difference scheme
that couples nonlocal and local diffusion. Additionally, we investigate the effects of applying
different boundary conditions, specifically Neumann and Robin boundary conditions, on the
approximate solutions produced by the nonlocal to local finite difference scheme outlined
in this dissertation. These boundary conditions play a crucial role in shaping the behavior
of the solution near the boundaries of the domain, and their impact on the accuracy and

stability of the numerical results will be explored.

To provide context, refer the diffusion equation, which serves as the foundational model for
this investigation:

ur(z,t) = uge(x, t) + f(2,1) (3.1)

where, u(x,t) represents the temperature distribution over time and space. In addition,
recall the diffusion equation with nonlocal to local coupling operator and Dirichlet boundary

conditions

ui(z,t) = L™u(z,t) + f(z,t) 2 €[-1,1]
u(z,0) = ug(x) ze(—1,1) (32)

u(z,t) =0 xe{-1}U{l}

\

In the development of the coefficient matrix for the quasi-nonlocal coupling scheme, it is
also useful to revisit the formulation of the 1-dimensional quasi-nonlocal energy. The quasi-

nonlocal energy plays a key role in governing the behavior of the system and is integral to



constructing the finite difference scheme, as it provides a foundation for deriving the operator

and ensuring consistency in the coupling between the local and nonlocal regions.
QNL 1 2 1 / 2
E¥T (u) = 5 w5(ly —2)(uly,t) —u(z, 1) "dyde + 5 [ [u'(z, ) ws(z, t)de (3.3)
<Uy<0 <0
with the weight function definition and characteristics

1

w(;(x,t):/dt / |s|%v(|s|)ds (3.4)

0 |sl<2
ws(z,t) :2/32%(|s|)d$+23:/375(|s|)ds (3.5)
0 T

ws(z,t) = 2/375(s)d5, (3.6)
and the kernel is defined as

1
vs(|s]) = 57 (%) , 7y is nonnegative and nonincreasing on (0,1),
(3.7)

)
with supp(vy) C [0, 1] and / |5)%y(|s])ds = 2.
-3

Finally, refer to the continuous nonlocal to local operator, which plays a fundamental role
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in the coupling of local and nonlocal diffusion models.

.

2 fR 5y — 2 (u(y, t) — ula,t))dy, if <0

L™z, t) =2 [ ys(ly — 2]) (u(y, t) — u(x, t)) dy + (ws(z, ) (z, 1)), if z € [0,0)

y<0

\u”(:c,t), if x > 4.

In the next section, we will derive the numerical operator from the continuous nonlocal to
local operator, and subsequently develop the corresponding coefficient matrix for Dirichlet
boundary conditions. This process will enable us to discretize the problem effectively, ensur-
ing that the finite difference scheme accurately captures the behavior of the system under

the specified boundary conditions.
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3.1  Numerical Constants

In this section, we focus on the derivation of the numerical operator from the continuous
operator and the subsequent development of the coefficient matrix for Dirichlet boundary
conditions. This process begins by discretizing the continuous local-to-nonlocal operator us-
ing an appropriate finite difference scheme, transforming the continuous differential operator
into its numerical counterpart. The next step involves constructing the coefficient matrix
that corresponds to the discretized system under Dirichlet boundary conditions, ensuring
that the boundary values are properly incorporated into the scheme. This matrix formula-
tion is crucial for solving the system efficiently while maintaining accuracy and stability in

the transition between local and nonlocal diffusion.

Theorem 10. The following continuous operators Eg"lu(x,t) can be approximated by nu-

: I
merical operators LI\ !

Nonlocal Domain

LIMu(z,t) = j (u(m +5,1) — u(a:,t))%(s)ds ~

sAxti =

o AT -G -1 L, 29A2(P - (-1 L, yAz(P - (- 1Y)
Eq l Z 3]2 u’i+j — 3]2 U’i + A
j=1
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Transitional Domain

LIMu(z,t) = / ’ vs(s) (u(:p —s,t) — u(x,t))ds + ( / 6 svg(s)ds) Uy (1)

+ (/Om s%y5(s) + x/: s%(s)ds> o (1) =

T

'Cg,AlIu’L = Z (ui+j—1 - QUZ + ui—j+1)(

4(7 — 1
J=xE+1 (7=1)
- n n 7A$<32 B (j - 1>2)
'_Z (ui+j—1 ui—j—l—l)( 4 — 1)
J=xs+1

Y& =)\, .
+< INT (uiy — uy')
3 2 2
s (=D (n g m
i ((3A$2) +xl< 2Ax? ))(UH-I 2ui + uily) (3.9)

Local Domain (Second order central difference)

w(@igr,t") — 2u(w;, t") + u(zi—q, t")

‘anlu(:pa t) = Uge (2, t) = A2 ~
1 2
nl n n n n
Eg,m“i BN R N A + A2 dit1 (3.10)

Proof. Nonlocal Domain: Symmetry of u(z,t) gives the following rearrangement of the

continuous operator

)

LMu(x,t) = / (u(m +s,t) — u(x,t))m;(s)ds

=

—9 j ~5(5) (u(a: +5,1) — ulz, t)) ds

75(3) <2u(x +5,1) — 2u(z, t)) ds

S — . S~ _

vs(8) <u(x + s,t) — 2u(x,t) + u(x — s, t)) ds (3.11)
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Next we discretize the continuous model such that

jAzx

" " u(x + s,t) — 2u(x,t) + u(x — s,t
Ll lu(x,t) ~ Z / 3275(3)( ( ) 22 ) ( )>ds
=N Ax
@i, ) — 2u(en )+ ulwiy ) [
w(Tiqj, ") — 2u(w;, t") + w(wi—j, t" / 9
= Z - s*vs5(s)ds
— (jAz)? ,
(J-1)Ax

_Z 2u +ul —J 1 3 ‘J
(jAx)? 3 1Az
—2ul +ui s 1 .
Uiy 3.( 3 : 3
= —A —(j—1
]Zl Gac? <3 z ’Y(J (-1 ))

Az -G -1 L, AP -G -1)°) AP -(-1)?°)
= Z 5 ui-‘y—j — 5 U; + %) 4
3J 37

= LIN ul (3.12)

7

Transitional Domain:

Loy (1) = / " (s) (u(z ) - u(x,t))ds + ( / 5 sw(s)ds) )
+ (/0 32%(5)”/:8%( )ds)um( )

n n n j Ax
Ui — 22U gy /j
= d

= Ai 41 j—1)Ax
i (I /jh (5)d
: sysls)as
jZ%—i—l 2(] - 1)A:U (j—-1)Az
1 n n
ul o —ul
+ (/ sw(s)ds)%
T; é
i ulr g — 2w+ up
+ (/ svs(s)ds —i—xi/ sw(s)ds) = 5 L (3.13)
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Then the discretized continuous operator can be written as

T

no=2utr+utr 52
qnl —~ uH—] 1 1 i—j+1 Y
Ll )~ ) 2(j — DAz ( 2

(j-1)Az

jAzx )
(j—1)Az

— T

r

B Z Uiyj1 = Ui 82_7
. 2(j — 1Az 2

6 n n
Uip1 — Uy
_ Az
Zq

— 1
=34 ’
- /u/l s U’L* A
]:%—H( +j5—1 ]Jrl)( 4(] _ 1)
(0% — 7

gfﬁxuy (3.14)

Note: In all analyses, the radius » = 3 is used consistently. As a result, there are always
exactly three nodes within the transition region, regardless of the size of the domain or the
step size used in the finite difference scheme. This fixed radius ensures a uniform treatment
of the transition region between the local and nonlocal models, simplifying the analysis while

maintaining consistency across different configurations.

o6



Local Domain: By second order central finite difference

7 7tn -2 i?tn i—atn
Egnlu(a:,t) = Uyy (2, 1) = u@irn, ) — 2u(@;, t*) + (i1, ")

~

Ax?
T AR T At T At
= Li,uf (3.15)

]

We establish that » = 3, which defines the number of nodes in the transition region. From
this, we derive that 6 = rAx = 3Ax, where Ax is the spatial step size. The parameter v,

which is related to the interaction strength in the nonlocal model, is given by:

Next, we define the nonlocal region constant by

YAz — (- 1)%)
+ 3,2 Ui—j

352 +3j+1 o —2(352+ 35 + 1)\ , 352+ 35 +1\ ,,
- Z N s T r3Az2;2 Ui+ BAg22 )t

NL ~ Az - (-1 , AP -(-1)P°) ,
LN u(z, t) —Z 372 Uity — 372 u;

(3.16)
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Then we define the transitional region constants by

LTu(z,t) = Z (Wl g — 2ul +ul ) (’yAx(j —(j—1) ))

4(7 -1
¥ (-1
- YAz (5? = (j = 1))
- E (Un+j—1 - Un—j+1)( ;
K3 (2 4 _ 1
et (J—1)

(M5 Yt — )

+
3 2 2
+ <(3Ax2> +$Z(—2Am2 ))(uwrl 2u + ul )

- 3(25 — 1
= Z (ui ;o —2u +ui ) (4&2;2 G _> 1)) Nonlocal Gradient Constant

J=AL+1

d . )( 3(25 — 1)

- (u?—i-j—l — U1 43 AT2(j — 1)

> Nonlocal Gradient Constant

2
)) (uiy; —uj') Local Gradient Constant

)) (uf,; —2u! +uy ;) Local Diffusion Constant. (3.17)

Finally, we define the local region constant by

1 2 1
L _ n n n
The spatial index N determines the step size, with Az = % This step size governs the

discretization of the domain, which consists of a total of 2IN + r nodes, distributed across

the different sections of the domain.

Thus, for a domain (—1 — 4,1}, or any domain using this partitioning scheme, the node
distribution ensures proper handling of both local and nonlocal regions, with the transition
region providing a smooth connection between them. The total number of nodes reflects
the combination of these sections, providing a structured framework for the finite difference

scheme used in the analysis.
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This represents the general structure of the coefficient matrix for the previous numerical
examples under Dirichlet boundary conditions. The matrix incorporates the nonlocal, tran-
sitional, and local diffusion constants while accounting for the boundary conditions, where
u(z,t) = 0 on the boundary. As a result, the boundary nodes are either adjusted, leading to

a reduced matrix that governs the internal nodes within the domain.

In previous works such as [35] and [49], studies examined non-Dirichlet boundary conditions.
To gain a broader understanding of how the non local to local finite difference scheme applies
to diffusion problems, we extended our analysis to include non-Dirichlet boundary conditions
as well. The next two sections address the development of the coefficient matrix for the local

to nonlocal diffusion finite difference scheme under Neumann and Robin boundary conditions.

Referring back to Theorem 5, the continuous local to nonlocal operator was derived using
energy variation. This continuous operator was then transformed into the numerical operator
used throughout this study. When Neumann or Robin boundary conditions are applied
instead of Dirichlet conditions, we find that Neumann and Robin boundary conditions alter
the operator. These modifications will be explored further, detailing their impact on the

construction of the coefficient matrix and the behavior of the numerical solution.
3.2 Neumann Boundary Conditions Numerical Example

In this section, we will examine the Neumann boundary condition problem for the nonlocal
to local coupling model. This analysis will focus on how the Neumann boundary conditions
impact the transition between local and nonlocal diffusion within the finite difference scheme,

and the structure of the coefficient matrix.

Using the same definitions and conditions described in the previous section, we proceed with
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the Neumann boundary condition problem

;

wi(z,t) = L™(z,t) + f(z,t) z€[-1,1]

u(z,0) = ug(x) x e (—1,1)

uz(x,t) =0 ze{-1}U{l}.

\

The Neumann boundary conditions and definition of w,(z,t) give

uzr(—1 — 3Ax,t) = up(—1 — 2Ax,t) = up(—1 — Az, t) = u,(—1,t) = u,(1,¢) =0 (3.19)

which have nodal placement at

Uz (T1,1) = up (o, t) = up(x3,t) = up(x4,t) = up(Toniri1,t) =0, (3.20)

and
Az, t) — t
ug(w, 1) = LEF x’A) u(@,t) (3.21)
T
Then
t) — t
Uz (21,t) = e )A wnh (3.22)
T
which gives
—Up + Uy = 0. (323)
Similarly,
—Ug + U3 = 0
— Uz + Uy = 0
—ug+us =0
— U2N+4r + UIN+r—1 = 0. (324)
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Neumann Boundary Condition Problem Numerical Example:
Let N = 800.
Exact Solution: u(z,t) = (1 — 2?)%e™?
Force Function: w; = ug, + f, so f(z,t) = —(1 — 2*)%e™" — 4e7%(32% — 1)

Actual Solution vs Approximate Solution at time=0 Actual Solution vs Approximate Solution at time=T
T T T T T T T T T T T T T T

2+ Approx. |4 2 Approx. |+
= = Actual = = Actual

181 —4 18

16 4 1.6

141 4 14t

081

(a) solutions at t =0 (b) solutions at t =1

Figure 3.1: Numerical comparison between approximate and actual solution with Neumann
Boundary Conditions

Convergence with respect to Az is not observed. The convergence order and Lgy, 0,7] differ-
ences between u‘(z,t) and discrete solution of ugﬁx are listed in Table 3.1. Also the visual
comparison of the two solutions at ¢ = 0 and ¢ = T are displayed in Figure 3.1 with good

agreement.
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Table 3.1: L&, [0,7] differences between the local continuous solution u! and discrete solution

ugﬁx. We fix 6 = 3Az, and the kernel is v5(s) = %X[s4)(s). The termination time 7" =1

and At = 0.2Az2.

Az | ||u(zs, ") — ugﬁz(xi, tn)HLﬁxm,T] Order

% 0.04346549603691 —

ﬁ 0.030145239020954 0.527940440511889
ﬁ 0.027006661648969 0.158614852261122
ﬁ 0.026252371349129 0.040867570465478
ﬁ 0.026073054548579 0.009888136300599
Tloo 0.026032317322593 0.002255867438372

3.3  Robin Boundary Conditions Numerical Example

In this section, we repeat the process from the previous section, applying the same con-
straints, but now focusing on the nonlocal to local coupling with Robin boundary conditions.
This analysis will explore how Robin boundary conditions, which combine both the func-
tion’s value and its derivative at the boundary, affect the coefficient matrix and numerical

solution.

Now we consider the Robin boundary value problem

ui(z,t) = Lu(z,t) + f(z,t) z€[-1,1]

 u(x,0) = ug(x) x e (—1,1)

ug(z,t) —u(z,t) =0 xe{-1} U{l}.

\

This time, the Robin boundary conditions and definition of u,(z,t) give

Uz (x1,t) — u(zy,t) =0 (3.25)

62



which implies

u(za,t) — u(wy,t)
Ax

—u(z1,t) =0, or (—1—Az)u; +uy =0. (3.26)
Similarly,

(=1 —Ax)us +u3 =0
(=1 —Ax)ug+us =0
(=1 —Ax)ug +us =0

(—1 — Am)u2]\]+r + UIN+r—1 = 0. (327)

Robin Boundary Condition Problem Numerical Example:
Let N = 800.
Exact Solution: u(x,t) = (1 — 2%)%e™!
Force Function: u; = g, + f, so f(x,t) = —(1 — 2?)%e™ — 4e7*(32% — 1)

Actual Solution vs Approximate Solution at time=0 Actual Solution vs Approximate Solution at time=T
T T T T T T T T T T T T T T T T

T T
2+ Approx. |4 2 Approx. |+
= = Actual = = Actual

L L L L L L L L L L L L L L L L L L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(a) solutions at ¢t =0 (b) solutions at t =1

Figure 3.2: Numerical comparison between approximate and actual solution with Robin
Boundary Conditions

Convergence with respect to Az is not observed. The convergence order and Lg, 0.7] differ-

ences between u‘(z,t) and discrete solution of ugrgm are listed in Table 3.2. Also the visual
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comparison of the two solutions at ¢ = 0 and ¢ = T are displayed in Figure 3.2 with good

agreement.

Table 3.2: L&, 0.7] differences between the local continuous solution u! and discrete solution

ugﬁx. We fix § = 3Az, and the kernel is v5(s) = & X[s4(s). The termination time 7' =1

and At = 0.2Ax2.

Ax | |Ju (i, t7) = ufin, (w0, )|z, 0,11 Order

& 0.122199153334667 -

T 0.125828421422572 —0.042223537562521
s 0.124434138360483 0.016075485469575

i 0.122940268407174 0.017424801546374

o 0.121998183762725 0.011097869972930

. 0.121478882814311 0.006154124078986

3.4 Boundary Conditions Conclusion

The results from the numerical examples using Dirichlet, Neumann, and Robin boundary
conditions provide a clear comparison. The most accurate results are achieved with models
that implement Dirichlet boundary conditions. In contrast, applying the LNL finite differ-
ence scheme with either Neumann or Robin boundary conditions does not yield approxima-
tions with strong convergence. The results for the Robin boundary condition example were

particularly weaker compared to those with Neumann boundary conditions.

Nuemann and Robin boundary conditions alter the continuous operator derived from energy
variation. This suggests potential for future work, where modifications to the continuous
model could account for these type of solutions, leading to more accurate approximations
under Nuemann and Robin boundary conditions. Despite these challenges, we still applied
the finite difference scheme to approximate solutions with Robin boundary conditions to

compare the outcomes across the different boundary types
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