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ABSTRACT

XINGNAN ZHANG. Multivariate Dickman Distribution and Its Applications.
(Under the direction of DR. MICHAEL GRABCHAK)

In this dissertation, we develop multivariate Dickman distribution and explore its
properties. In addition, we utilize the Dickman distribution to approximate the small
jumps of Lévy processes of finite variation, building upon the work presented in [1] for
the univariate case. Our central theorem establishes that the limit distribution of an
appropriately transformed truncated Lévy process with finite variation is the Dickman
distribution. We also provide equivalent conditions to further characterize this result.
Drawing inspiration from this, we partition the Lévy process into small jumps and
large jumps. Small jumps are effectively approximated by the Dickman distribution,
while the remaining large jumps follow a compound Poisson distribution. We then
apply this to simulate Lévy processes within the generalized multivariate gamma class.
Further, we extend our findings to stochastic integral processes particularly related
to Ornstein-Uhlenbeck (OU) processes. Our investigation encompasses two scenarios:
the truncated OU process and the OU process driven by a truncated Lévy process. In
general, employing the same transformation outlined in our main theorem, we observe
that the limit distribution of the truncated OU process aligns with a multivariate
Dickman distribution. Notably, for the OU process with a truncated driving process,
the limit distribution remains consistent with that of the OU process with a truncated

driving process having the multivariate Dickman distribution.
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CHAPTER 1: INTRODUCTION

The Dickman function, first introduced by Karl Dickman, satisfies the delay dif-
ferential equation xD'(x) + D(x — 1) = 0 with the initial condition D(x) = 1 for
any = € [0,1]. Then, researchers developed two types of Dickman distributions.
The first type, which is called type A Dickman distribution in [2|, takes the form of
F(z) = 1 — D(z). While type B Dickman distribution takes D(X) as the density
of the distribution. The Dickman distribution has been extensively studied in the
literature. It can be applied in various domains such as number of species, random
graphs, small jumps observed in Lévy processes, and Hoare’s quickselect algorithm,
see (3], [4], [1], [5], [6], and [2]. In this dissertation, we study the type B Dickman

distribution and use the definition as Penrose and Wade [5].

Definition 1. A random variable X has the Dickman distribution if
X =U,+U,U;+ U,UU;3 + - - - (1.1)

where U; U(0,1) and U(0,1) stands for uniform distribution on (0,1).
Remark 1. There is also an equivalent definition:

K:2

XL U1+ X) (1.2)

where U ~ U(0,1) and U and X are independent on the right-hand side. The Dickman
distribution is the only one with this property. If we factor out Uy in equation (1.1),
we can get the form of equation (1.2); if we recursively substitute X in Equation (1.2),

then we can have the form of Equation (1.1).
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They also introduced the generalized Dickman distribution, studied its probabilistic
properties, and provided the Laplace transform. Let us introduce the definition in

their work.

Definition 2. A random variable X has a generalized Dickman distribution with

parameter 8 > 0 if

X = Ulé + (U Us)o + (U UUs)o + -+ L U

D=

(1+ X) (1.3)

One probabilistic property of the Dickman distribution is that it is infinitely divis-
ible. See Proposition 3 in [5]. From here, we review closely related concepts and cite

definitions in the monograph of Sato [7].

Definition 3. A probability measure . on R? is infinitely divisible, if Vn € N,

there exists i, on RY such that yu = p”, where u” stands for the n-fold convolution.

Remark 2. The equivalent way to say the infinitely divisible distribution is that a
distribution F' is infinitely divisible if, Vn € N, there exists n i.i.d. random variables

X1, Xo, -+, X, such that X1 + Xo+---+ X, ~ F.

The characteristic function can uniquely describe the infinitely divisible distribu-

tion, which makes it the most important tool for proofs in our work.

Definition 4. The characteristic function of an infinitely divisible distribution

on R® has the form

i(2) = B(e) = exp {—; (2, Az} +i{7,2)

+ /Rd(e“z’@ —1—i(z,x) ]Ix|<1(x))z/(dx)} ,z € RY

where A is a symmetric nonnegative-definite d x d matriz, v € RY, v is a Lévy



measure satisfying

v({0}) =0 and / (Jz* A Dv(dr) < oo (1.5)

R4

We write it as X ~ ID(A, v,v) where (A, v,7) is called the generating triplet of the
distribution of X. The A is the Gaussian covariance matrix, and the v is the Lévy

measure of the distribution.

Remark 3. When v satisfies / |z|v(dz) < oo, we have the following form of the
|z[<1
characteristic function:

i(z) = exp {—% (z,Az) +i(v,2) + /Rd(eﬂz’:’“"> — 1)u(dx)}

where vy = 7 —/ xlig<1(x)v(de) is called the drift. In this case, we write it as
R4
X ~ ID()(A, v, ’)/0)

Remark 4. When we write X ~ IDgy(v,0) in this paper, we mean A =0 and o = 0.

Remark 5. The characteristic function of the generalized Dickman distribution on

R has the following form

F(c*) — exp {e /R (e — 1)11(0,1]<x>x1dx} (1.6)

Lévy process is closely related to the infinitely divisible distribution. For a Lévy
process {X; : t > 0}, when we fix ¢, X; is a random variable and its distribution
is infinitely divisible. Since the Lévy process has been studied in the literature ever
since the 1940’s, we will not strengthen its importance anymore, but we will give the

definition.

Definition 5. A cadlag stochastic process {X; : t > 0} on (2, .#,P) with values in

R? such that Xy = 0 is called a Lévy process if
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1. Independent increments: for every increasing sequence of times tg,tq,-- -,

tn, the random variables Xy, Xy, — Xy, -+, Xy, — Xy,,_, are independent.

2. Stationary increments: the distribution of Xy, — X; does not depend on t,

1.€. Xt+h — Xt i Xh.
3. Stochastic continuity: Ve > 0, ,llin% P(|Xin — Xi| > €) =0.
—

Remark 6. The term “cadlag” in the Definition 5 means right continuous with left

limits, i.e. liin X(s) = X(t) and h*n X(s) ewists.
st sTt

For the distribution of the Lévy process, there is a Lévy measure associated with

the distribution.

Definition 6. Let {X, : t > 0} be a Lévy process on R? and A € B(R?). The Lévy

measure v of the distribution of X is defined by:
v(A) =E(#{t € [0,1] : AX, # 0,AX, € A})

i.e. v(A) is the expected number, per unit time, of jumps whose size belongs to A.

For the Lévy process having the Dickman distribution, there must be a Lévy mea-
sure associated with this distribution. To see what this Lévy measure looks like, let us
start with the next lemma and gradually process the definition of the Dickman-type

Lévy measure.

Lemma 1. Let D be a o-finite measure on (0,00). If, for B € B(R\ {0}), we have,
Va € R, D(aB) = D(B), then for all c € R, D({c}) = 0.

Proof of Lemma 1. For the sake of contradiction, we assume that there exists ¢ € R
s.t. D({c}) > 0. Then, for any a € R, D({c}) = D(a{c}) = D(a*{c}) = ... > 0, i.e.
D({c}) = D({ac}) = D({a*c}) = ... > 0. Note that the set {a"c : n € N,a € R} is

uncountable, by Theorem 10.2 (iv) of [8], this is a contradiction. [



Proposition 1. Let D be a o-finite measure on (0,00). If, for B € Z(R\ {0}), we
have, Ya € R, D(aB) = D(B), then D(B / Olg(z)x'dx, for some 6 > 0.

Proof of Proposition 1. Define § = D((1, ¢]), since D(aB) = D(B) Va € R, then,

for any n € N,

Thus,

nf = nD((1,¢])
= D((1,¢]) + D((e,€?]) + ... + D((e" ", e")
= D((L,e]U (e, U...U(e" €M)

= D((1,¢"])

Note that, n = Ine™ —In 1, then

D((1,e"]) = (lne"—1In1)d

Similarly, for any m € N,

then



Thus,
1 0
D((Ler]) = —
= H(IHG%—lnl)
_ [T 1
= /0 9]1(16;]@)93 dz
Hence,

6 = nD((L,ex]) = D((L,e#))

So, for any rational number ¢ € Q, 8¢ = D((1, ¢%])

1. For any a € R s.t. a > 1, Ina € R and Ina > 0, there exists an increasing

sequence {qx} of rational numbers s.t. klim qr = Ina, then
—00

flna = 6 lim g

k—oo

k—o0

= lim D((1, e®])

k—o0

Since {¢} is increasing, then {(1, e%]} is increasing, by continuity of measure

]}H&D((lveqk]) = D(U(17€Qk]>



So,

D((1,a]) = 6flna
= / 9]1(1@] ($)$_1d$
0

2. Foranya € R s.t. 0 <a <1, thenlna e R and Ina <0

D((a,1]) = D((e™* 1))
— D(eMa(1, e~ )
= D((L,e"™])
= 6(—1Ina)

- / Ol (01) (:L')x_ldx
0

3. Forany 0 <a<1<b,

D((a,0]) = D((a,1JU (1,0])
= D((a, 1) + D((1, b))

— / Ol (q 1) ()™ dx—i—/ GH(l,b}(x)x_ldw
0 0

= / 6)]1(,1 b] dz

8

From above we can conclude that, for any a < b, D((a,b]) = /OO OL (o (2)z " da.

Let o7 = {(a,b] : a € R,b € R}, by Proposition 1.15 of [7], we Eave () C BR),
since o(.27) is the collection of all Borel sets, it follows that D(B) = /OO Ol (z)z ™ da,
for all B € Z(R\ {0}). : |
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Definition 7. We call Dy with parameter 6 and a the generalized Dickman-type

Lévy measure on R, if VB € Z(R),
D2(B) :/ 0l (x)zdz, 6> 0 (1.7)
0

Remark 7. From now on, when we use the notation D, we refer to @ =1 and a =1

in the Definition 7; if we use D¢, we mean 0 =1 and a = €.

As mentioned at the beginning, Dickman distribution can be applied to approxi-
mate the small jumps of the Lévy process. Here, small jumps mean those jumps in
the process whose magnitudes are capped by a constant number ¢, i.e. we truncate
the whole Lévy process by this €. Associated with this truncated Lévy process, there

is a Lévy measure. Let v be a Lévy measure on (0,00). For all € € (0, 1], define

ve(A) = AHA(x)H(O7E]($)V(dx) (1.8)

where A € #((0,00)), and

De(B) = / (20,4 (¢)D(da) (1.9)

where B € %((0,1]).
From Proposition 3.(7) in [5], we know the Lévy process having the Dickman dis-

tribution is a pure jump process, i.e. X ~ IDy(v,0).

Proposition 2. let { X[} be the pure jump Lévy process consisting of jumps of {X;}

not exceeding € with Lévy measure v°. Assume/ zvf(dx) < oo. If, for alle € (0,1],
<1

XL X then, v(B) = D5(B), for all B € B(R\ {0})

Proof of Proposition 2. If/ zv(dz) < oo, then by equation (8.7) in |7] we have

<1



the following characteristic function:

fixs (2) = exp {t /R (e — 1)y5(dx)}

then,

fiemixs(2) = fixg (E)

- exp{ R(ei%x - 1)1/€(dx)}

Let M be the Lévy measure of ¢ ' X§, then M(B) = / ]IB(g)I/e(dx) = / Iep(z)v(de)
R € R

= 1(eB) where eB = {ey : y € B}. Since ¢ ' X[ 2 X}, then, by Theorem 7.10(iii) of

7], Peixe = Pxy, 80 fie-1x¢(2) = fix3(2). By Theorem 8.1 of [7], the characteristic

function is unique, hence M(B) = v*(B), i.e. v(eB) = v'(B). Note that,

(eB) = [ La@)log(e)(d)
- / L (@)L ()v(de)
= /R Lo, (z)v(dx)
— W(BN(0,1))
Similarly, v'(B) = v((B N (0,1])). So, we have v(e(B N (0,1])) = v((B N (0,1])). By
Proposition 1, we have v = Dy. Then, we conclude that v = D, m

The dissertation is organized as follows. In Chapter 2, we introduce the multivari-
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ate Dickman distribution and its properties. We also develop the first main theorem
which implies the only possible limit distributions of small jumps of Lévy process are
Brownian motion and Dickman distribution. In the meantime, we provide equivalent
conditions of the main theorem. In Chapter 3, we construct the method of simulating
multivariate Dickman random variables. In Chapter 4, we propose the approximation
of the Lévy process using the multivariate Dickman process and compound Poisson
process and also provide the simulation method and results. In Chapter 5, we study
the density of the truncated Lévy process. Then, we apply our findings to the stochas-
tic integral process in Chapter 6 and consider two scenarios: truncate the stochastic
integral process itself and truncate the background driving Lévy process. In Chapter

7, we apply our results in the stochastic volatility models.



CHAPTER 2: Multivariate Dickman Distribution

In this section, we extend the univariate Dickman distribution to the multivariate
case. We also study its properties and develop several limit theorems. First, we
introduce polar decomposition, which we will use soon.

Suppose B € #(R%\ {0}), then the polar decomposition of a Lévy measure v

has the following form:

v(B) = /sdl /000 Ip(ré)ve(dr)o(dE) (2.1)

where ST' = {x € R? : |z| = 1} is the (d — 1)-sphere; ¢ is a finite measure on S**;
Ve is a measure on (0, 00) which depends on £. See Lemma 2.1 in [9] for details.

Now, we introduce some notation. Define:
Rt ={a€R:a>0} (2.2)
Let C € #(S" ') and a,b € R", we define the following cross product set:

(a,b]C = {z € R%: |z € (a,b], — € C} (2.3)

2]

In Bhattacharjee [10], they introduced a generalized multivariate Dickman distri-

bution.

Definition 8. A random variable X follows a multivariate Dickman distribution

of

d

ES|N

X

Us(V + X) (2.4)



12

where > 0, U ~ U([0,1]), V ~ ﬁ, and U, V, X are independent on the
o

right-hand side.

From Theorem 5 in [11], we know the Lévy process having the multivariate Dickman
distribution is a pure jump process with finite variation. Let us recall the definition

of finite variation.

Definition 9. We say the Lévy process {X;} are of finite variation, if
Vi(X) = supz X, — X, | <0 (2.5)
T —

where A is any partition of (0,t], i.e. 0 =50 <81 < 59 <--- <5, =1

Remark 8. If {X;} is a Lévy process with finite variation, then A = 0 and / (I A
R4
|z|)v(dx) < oo, so the characteristic function of Xy can be written as

fi(z) = E(e"*®)) = exp {z (0, 2) + /Rd(ei<z’w> — 1)1/(dx)} ,z € R? (2.6)

where yo =y — / 2l <1 (z)v(de). And we denote it as X ~ IDg(v, o).
Rd

The same as the univariate case, the following will lead us to the definition of the

multivariate Dickman-type Lévy measure.

Proposition 3. Let D be a o-finite measure on R\ {0}. If, Va € R and VB €
BRI\ {0}), D(aB) = D(B), then there exists a finite measure o defined on S,

s.t.

D(B) = /S . /0 h Ip(ré)r—tdro(dé) (2.7)

Proof of Proposition 3. For any C € #(S*™), define o(C) = D((1, €]C). For any

n € N, we have
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then
no(C) = D((1,€]C) + D((e, €?]C) + ... + D((e" 1, e"]C) = D((1,€"]C)
Note that n = Ine"™ —In 1, thus

D((1,e"]C) = o(C)(lne" —In1)

= C)/Ooﬂ(leﬂ() ldr

_ /S/ Ly onjc () dror(d€)

Similarly, for any m € N,

1 1 2 m—1

D((1,em]C) =D((em,em]C) =...=D((e = ,€]C)
then
mD((1,ew]C) = D((1,ew]C) +D((em,em]C) + ... + D((e" , €]C)
— D((1,C)
= o(0)
thus
1 1
D((1Lew]C) = ~o(C)

= lnem—lnl) (@)

= /Sd / rdro(dg)
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Hence, we have

D((L,e%]0) = —o(C)

= (Inew —In1)o(C)
= /sd 1/ rtdro(dg)

Then, we conclude that, for any ¢ € Q,

(1, e1C / / Togu oo (r€ )~ dror(de)
Sd 1

1. For any a € R s.t. a > 1, we have Ina € R, so there exists an increasing

sequence {q;} of rational numbers s.t.
lim g, =Ina
k—ro0

Then

o(C)lna = o(C) lim g

k—o0
= lim o(C)q
k—o00

— lim D((1,e*]0)

k—o0

Since {¢} is increasing, then {(1,e%])} is increasing. Thus,

lim D((1,e*]C) = D (U((l,eqk]0)>

k—o0
k=1

lim gy

= D((1,e"2"]0)
= D((1,e")0)

= D((La)C)
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The same as the proof of Lemma 1, since D is a o-finite measure, then D({a}) =

0. Hence, we get

lim D((1,e?*]|C) = D((1, a]C)

k—o00

So

D((1,d]C) =

2. ForanyaeRs.t. 0 <a <1,

D((a,1]C) =

3. Forany 0 < a <1<,

D((a,b]C) =

o(C)Ina
o(C)(lna —1n1)
/Sd_l /000 ]I(La]c(rﬁ)r*ldra(dé)

1
pD((1,=
a

1
C)In=
a()na

o(C)(Inl —1Ina)

/ / T Layo(re)r'dro(de)
sd-1.Jo

D((a,1]C) + D((1,0]C)
a(C) ln1 —o(C) ln%

a

o(C)(Inb—1na)

/ / T Tage(re)r dro(de)
sd-1 Jo
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Then we conclude that, for any 0 < a < b,

D((a,b)C) = /Sd_1 /OOO Liapjc(ré)r~"dro(dg)

Let & = {(a,0]C : C € BR¥"™),0 < a < ba € R,b € R}, then o(&) is the

collection of all Borel sets in {x € R? : |2| > 0}, by Proposition 1.15 of [7], it follows

that
D(B) = /Sd—l /000 Ig(ré)r~tdro(d€), for all B € Z(R*\ {0})

Definition 10. We call the measure D, is the multivariate Dickman Lévy mea-

sure with parameter o, if, VB € B(R?),
1
D(B) :/ / I5(r&)r~tdro(d€) (2.8)
si-1 Jo

Definition 11. Let € > 0 be any constant. We call D, a multivariate Dickman-

type Lévy measure with parameters o and e, if , VB € B(R?),

D*(B) = /S /0 () ldro(de) (2.9)

Remark 9. Let {X,} be the Lévy process with the multivariate Dickman-type Lévy

measure D¢, then the cummulant function of X is:

Cu(z) = t/R(e”Z’x) — 1)D(dz) = t/Sd1 /(:(«ei<z’7"5> — 1)r~tdro(d€) (2.10)
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Since

(i)

= (=) /Sd/ me«g] 1dra(d§) .
- tG/Sd_léjU(dﬁ)

then the mean vector is E(X;) = te Eo(dE).

Sd-1

Cu(2)

02
8zj azk ¢ (Z) o

= (=) /sd 1/ ””5 (ir fjfkr ldra(df) .
= 2@ [ G&oldg)

gd—1

E(XjXu) = (—i)2——

1
So the covariance matriz is Cov(X;) = §t62 €T a(d€)
Sd-1

Let {X;} be a pure jump Lévy process of finite variation with Lévy measure v, and
consider { X[} as the truncated process with Lévy measure v as defined in Equation
(1.8), but in R? instead of in R. So {X¢} consists of jumps of {X,;} bounded by e.
Also /|| |z|ve(dx) < /|| |z|v(dx) < oo, then by equation (8.7) in |7] we have the

/<1 z|<1

following_characteristic function:

i) =exp {1 [ (@05~ )}

where v is a Lévy measure on R?, and Ve > 0, v(B) = / Ig(x)v(dx), B €
|z|<e
B(RY). Next, consider the transformation e ' X, then all the jumps will be bounded

by 1. Let M be the Lévy measure of e *X¢, then M¢(B) = / HB(E)I/E(d.T> =
Ra

€

/ Iep(z)v(dz) = v°(eB) where eB = {ey : y € B}. Furthermore, we can have
R4
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/ f(z)M(dz) = / ]IEB(x)f(z)]le|x|<€(:v)l/(dx) = / f(z)yl(dx) for all bounded
B Rd € B eB €
and continuous function f. In this paper, we will always use the notation M¢ as the

Lévy measure of this transformation.

Proposition 4. Let {X;} be the pure jump truncated Lévy process consisting of jumps

of {Xi} bounded by € with Lévy measure v°. Assume / |z|v(dr) < co. Ife tX© <
|lz|<1

X1, then v°(B) = DY(B) for all B € #(R%).

Proof of Proposition /.

() = exp{ [ (e < pe(an) |

N Z
fierxg(2) = fixs (E)

Since e ' X 2 X}, then, by Theorem 7.10(iii) of [7], P-ixe = Px1, 50 fie-1x¢(2) =
fix3(2). By Theorem 8.1 of [7], the characteristic function is unique, hence M(B) =
v (B), i.e. v(eB) = v'(B). Note that,

V(cB) = /R Lo () o (felw(da)
_ /R L)L)

= /Rd Le(Bnose-1)(2)v(dz)
= v(e(BN(0,1]S"1)

Similarly, v*(B) = v((B N (0,1]S*™)). So, we have v(e(B N (0,1]S* 1)) = v((B N

(0,1]S*1)). By Proposition 3, we have v = D. Then, we conclude that »*=D¢. H
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After studying the distributional property of the multivariate distribution, we pro-
ceed to its limiting property. Let {X,} be a pure jump Lévy process with a finite vari-
ation. Define u(e,C) = /d |x|ve(dz) = /d 12| T.qc(x)v(dx), for every C € B(S*).
Consider another pure ju]ilp Lévy procesf {Y;! : t > 0} with the Dickman Lévy mea-
sure D' as defined in Equation (1.9), and we denote this as Y ~ IDy(D',0) which
means it is a pure jump Lévy process with finite variation. Before we arrive at the

limiting property, we start with two lemmas that will be used later.

Lemma 2. Let M® and D' be defined as above. If VO € B(S*™') with o(0C) = 0,

M — 0(C) as €10, then, M* % D',
€

Proof of Lemma 2. Since all jumps of ¢ 'X¢ are bounded by 1, then by Lemma

v,

4.9 in [12], M€ % D! if and only if, for every 0 < h < 1 and every C' € ZB(S™),
T T

M(Jz| > h,
||

€ 0) = DY|z| > h, = € C) with D*({z € R : |z| = h}) = 0.

]

Define, for B € Z(R%\ {0}),

n(B) = [ JalTaa)M(do)

oB) = [ lella(o)D @)

then, for all C € #(S*) and h € (0, 1],

0 ((0.01C) = /(Oh]c'”“"’md“’)

-/ 1 4
(0,eh)c €

1
= —/ |2 [L(o,enjc(z)v(dz)
R4

€

p(eh, C)

€
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n((0,1]C) = /(Oh]c|x|D1<dx>

= // ]1(07h}0(r§)|7‘§|7"_1drd§
cJo

h
= U(C’)/O dr
= ho(C)

. . uleh,0)
limne ((0,h]C) = lim——"—

= lim h—MEh’ ¢)
el0 eh

= ho(C)

= n((0,h]C)

Specifically, when h =1, hﬁ)l ne ((0,1]C) =1 ((0,1]C). Then VO < h < 1

Te ((h’ 1]0) = T ((O’ 1]0) — TN ((07 h]C)
— 1 ((0,1]C) —n ((0, h]C)

= n((h,1]C)

Note,

[ e = [ fele(de) = e (b 110)
( (

R1)C || h1]C ||

[ aptde) = [ el de) = D (1)
(h (h

e |zl 1c 7|

1
By theorem 1 of [13], since Tl is bounded continuous on (h, 1]C and n(9((0, h|C)) = 0,
x
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then
1 1
/ —ne(dz) = —n(dx) as e =0
(hajc 2] il 1 Z]
So, M€ ((h,1]C) — D' ((h,1]C), Y0 < h < 1, YC € B(S* ). =

Remark 10. In Lemma 2, M¢ = D' means vague convergence. For the definition
of vague convergence, we can refer to Definition 4.2 in [12]. Lévy processes need this
kind of convergence for finite variation. Because, near 0, small jumps can accumulate
and, at last, generate a Guassin part even if the original process does not have the

Guassin part.

Lemma 3. Let M® and D' be defined as above. If VO € B(S*') with o(0C) = 0,

,M(G, C) N O'(C) as € i/ O, then fOT' any h e (07 1]7
€

/ rrt M (dz) — rr'D'(dz) <= limlim (z,2)*M(dz) = 0
|z|<h ] <h h=0e20 Jiz1<n
Proof of Lemma 3. (=) Suppose, for any h € (0, 1], liné rr' M (dz) =
/ rr'D'(dx), then, when h = 1, lim rrt M (dr) = / ' D' (dx)
|z|<h =0 Jiz|<1 |z|<1
lim rr'M(dr) = limlim (/ rr' M¢(dz) —I—/ x:ETMe(dx))
=0 Jo<|z|<1 h=0e=0 \ Jo<|z|<h h<|z|<1
By Lemma 2 and Theorem 1 in [13], rr'M¢(dz) — ' D(dx), so
h<|z|<1 h<|z|<1
lim rr'M(dzr) = limlim rr' M¢(dz) + lim rx' D' (dx))
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note,
/ D' (dx)
|z[<1
= lim o' D(dx) + lim rr' D (dz)
h=0 Jo<|z|<h h=0 Jh<|z|<1
h
= lim / / ré€Tdro(d€) + lim o' D (dz)
h=0 Jsi-1 Jo h=0 Jh<lz|<1
= limh—2 €T g (d€) + lim o' D (dx)
h—0 2 Jgi h=0 Jpciz)<1
= lim rx’ D' (dx)
h=0 Jh<|z|<1
So lim lim " M¢(dz) = 0.
h—0 e—0 0<|z|<h
(<) Suppose, for any h € (0,1], lim lim zr'M¢(dz) = 0. Then, for 0 <
h—0¢e—0 0<|z|<h
0 < h,
lim zr"M(dz) = limlim " M¢(dz) + lim lim zo M (dx)
= limlim rr M¢(dx)
= lim rx’ D' (dx)
0=0 Js<|z|<h
= / ' D (dx)
|lz|<h
Therefore,/ rrt M¢(dz) — rr'D'(dz) <= limlim rr' M¢(dz) =
2l <h jal <h 12020 Jo<ja|<h
0.
Next, we prove / rr' M (dz) — rr'DY(dr) <= (z,2)*M*(dz) —
jal <h jal <h jal <h

/x D)
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(=) Suppose / rr'M¢(dz) — rx"DY(dx), then, for any z € R,

|z|<h |z|<h

(z, /x|§h rr'Me(dz)z) — (z,/ ' D (dz)z)

lz|<h

(z, /x|§h rr'Mé(dz)z) = /mlgh(z,xa:Tz}ME(dx)
= /x|§h(z,x<z,x>>l\/[e(dx)
_ / PREERUCE

DY (dz)z) = /

|z|<h

(z,2)*D'(dx). Thus,/ (z,2)*M(dz) —

|z|<h

Similarly, (z, /

|z|<h

/xlgh(z,fol(dx).

(<) Suppose / (z,2)*M(dx) — (z,2)*D'(dx), then by Corollary 2.1.9 in

|lz|<h lz|<h

[14], rrT M (dx) — rx’D'(dx). Thus, / rxt M¢(dx) —

|lz|<h lz|<h |lz|<h

rr' DY (dz) <= (z,2)*M(dz) — (z,2)?D'(dx). Therefore

je|<h le|<h ja|<h

lim lim rr'M(dz) =0 <= limlim (z,2)*M(dz) = 0.

Combine these two necessary and sufficient conditions, and we conclude that

/ rr' M¢(dz) — rr'DY(dz) <= lim limsup/ (z,2)*M(dz) = 0
2l <h jal <h

|z|<h h=0" e

Theorem 1. Let o be a finite measure defined on S**. If, YC € B(S*') with
pu(e, C)

—0(C) as € 0, then e ' X° 4yt
€

o(0C) =0 and Ve € (0,1],

Proof of Theorem 1. By Theorem 15.14 of [15] , to prove e ' X* 4 ylis equivalent

to prove:

1. M€ 5 D'
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2. / M (dz) — D' (dz) and
h<lol<t h<lol<t

rrt M¢(dx) — D' (dx), for every h > 0.
lz|<h lz|<h

By Lemma 2, condition 1 holds. Since z is continous and bounded on (h,1], by

Theorem 1 in [13], zM*(dz) — xD*(dz). And, by Lemma 3, it suffices

h<|z|<1 h<|z|<1
to prove

0 < limlim (z,2)*M(dx)

h—0 e—0 |z|<h

limlimsup/ 1222 2ME(dx)
|z|<h

IN

h—=0 0

IN

lim lim sup |Z|2h/ |z|M€(dz)

IN

lim lim sup |z|2h/ |z|M€(dz)
<1

h—0  ¢0

= |z[2hmlimsuph/ mVl(dzl:)
|z|<e

h—=0  ¢0 €

1
= |2 lim lim sup —h/ 2| Ly <e (@) v(d)
—0 € Rd

e—0

1
. 21- . + -
= |7] }lg% lim sup Eh/Rd 2|1 qse—1 (x)v(dx)

e—0
Sd—l
= |z|* lim lim sup hM
h—0  ¢0 €
= |z*0(S* ") lim h
h—0

= 0

So, condition 2 holds. [ |

Corollary 1. Let o be a finite measure defined on S . If, VC € %(S*') with

X€
c(0C) =0 and Ve € (0,1], #e, C) — 0(C) as €} 0 and o(C) # 0, then A
€ (e, C)
Yl
o(C)
X X €
Proof of Corollary 1. = ———, then by Theorem 1 and the Slutsky’s

p(e,C) e p(e,C)
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theorem, we can get

In the following proposition, we provide broad cases that we can use to get the

convergence condition in the Theorem 1.

Proposition 5. Let o be a finite measure defined on S*'. For every C € %(S*™1),

the following statements are equivalent:

1 C
1. Forallp >0, — |z|Pv! (o) — o(0) as €4 0.
P (0,¢]C p

1 C
2. For some p > 0, —/ |z|Pv! (dx) — () as €4 0.
(0,¢]C p

b
1
3. For all0 < h <1, v'((eh,€]C) — o(C) lnE as € 0.
Proof of Proposition 5. It suffices to show 1 = 2 = 3 = 1.

1. (1 = 2) This is obvious.

1 C
2. (2=3) Assume 3 p > 0, s.t. — |z|Pv! (dw) — M. Define
P (0,e]C p
ne(dz) = [z[PM*(dz)

n(dz) = |2'D'(dz)
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V0 < h <1and C € B[R

lim Ne(dx) = lim |z|PM€(dx)
0 Jo,nc 0 Jo,nc
P
= lim ﬁyl (dz)

/ n(dr) = / |z[PD'(dx)
(0,h]C (0,p]C
B // Lionjo (ré)|ré[Prtdro(dE)
cJo
h
— o(C P=1q
o )/0 r r

o(C)
p

— KP

So, liigl ne ((0,h)C)) = n((0,h]C). Then similar to the proof of theorem 1, we
have 7.((h,1]C) — n((h, 1]C). Therefore,

. 1 1 €
lelﬁ)ll/ ((eh,€]C) = 1€1ng ((h,1]C)

= lim —ne(dx)
o Jipae [zl

1
= [ )
(hajc |TIP

So, condition 3 holds.
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1
3. (3 = 1) Assume 1%11/1((6}1,6]0) = o0(C)In 7 V0 < h < 1. Fix p > 0 and
NeN

1
S eian = [ e
& J(Gxde (1C

ngk 1)/ 2P M (de)

Rile;

From the process of proving theorem 1 we know that condition 3 implies M€ =

D!. Therefore, V0 > 0, 36 > 0, if 0 < € < §, then
0
Y min

k=1

[, lePnen) = [ papian
(310 (3.1

/ [PME(dz) — / 2[PD(dx)
(3.1]C (3,1C

29

/ |m|pM€(dx)—/ |z|PD*(dz)| <
(.10 (3,10

PRI

|
= ; 2p(k—1)




N

1 1 1 1 .
So, e_P/( }C|x|pv (dx) —ZW/GJWMPD (dz)| < 6. Since

€

N o€ k=1

/ 2PD\(dz) = / / e (rO) e dro(de)

(3.1C
= J(C’)/ rPldr

o(C) 2 1

= T(l—g)

N|=

take the limit as N — oo

_ 1
]\}gréo e_p/ 6 |z|Pv! (d) ngk 0 /1 |z|PD! (dx)
(s Je e
1
— | 1im = p _ P
— ]\}g%o > /(NE] |z|Pvt (dz) hm ng(k ) /1 Jo |z|PD! (d)
N
1 1 C 1

= | lim —/ |z|Pv! (dz) — lim WM(l - =)

N—oco €P (2%76]0 N—oo pt 2p D 2p

1 1 C 1
= e - 7D

@0 Gide T P

N=1

1 C
— |- |z [P (dz) M‘

€ Jo,c P
< 0

ie. VO >0, 36 >0, if 0 < e < 9, then
1 C)

—/ |x|py1(dm)—g—‘ <0
€ Jio,qc P

So, condition 1 holds.

28
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Proposition 6. If for cvery C € B(S*™") such that 0(0C) = 0, then any of the
statements in Proposition 5 are equivalent to:

X€
4. 2 Ay as €0
€

Proof of Proposition 6.

1. (1 = 4) Assume condition 1 is true, when p =1

1
lim - ol (dz) = tim 99— e
el0 € (0,¢C €l0 €

XE
By theorem1, — Lyt
€

€

X
2. (4 = 3) Assume % v According to the proof of the theorem 1,

€

M¢((h,1]C) — D*((h,1]C)

: 1 _ : €
16%11/ ((eh,e)C) = lgfglM ((h,1)C)

— DY((h1]C)
= Lémﬂ(h,1]c(rﬁ)rldra<d£>

= o(C) /h1 r~tdr
= o(C)ln—

We can generalize Theorem 1 in many ways. First, it is not necessary that we
truncate the Lévy process by a constant €. In the next proposition, we generalize the

truncating constant to a non-negative function.
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f(z)

Proposition 7. Assume f is nonnegative and hH(l)— = a,a € (0,00). Let C €
T— €T

BRY) and {th(ﬁ)} be the Lévy process truncated by f(€). If Mif(’ (;> — U(GC), as € —
€
X/

f(€)

Proof of Proposition 7.

0, then i)Yl, as € = 0.

i Me ) e C) fle)

e—0 € e—0 Lf(e) €
C
_ o),
a
= a(C)
f(o)
Then, by Theorem 1, X— 4yt |
f(e)

Next, we generalize the Lévy measure. Originally, for every B € Z(S™!), v(B) =
/ / Ig(r&)dro(d¢). Now, we generalize it by a Borel function p, v(B) =
S

[, ] st garotas)

Proposition 8. Let o be a finite measure defind on S*' and X€ be the pure jump

Léuvy process such that X ~ IDy(v<,0), where, for every B € B(S™1),
8) = [ [ 1€t arota)
-1 Jp

Define, for any measurable function h, op(B) = / h(&)o(d€) < co. Define Dy (dz) =
B

Iizj<1(2)Dp(dz), where Dy(B) = / / I5(ré)r—tdro,(d€). Let {Y; :t >0} be a
sd-1.Jo
Lévy process with generating triplet (0,D*,0). If rp(r,&) — h(€) in L' (o) asr — 0,

€

X
i.e. / lrp(r) — h(§)|o(d€) — 0 as r — 0, then — LYl asel 0
§d—1 €

Proof of Proposition 8. For any C € S*! such that ¢(0C) = 0, obviously
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2,(0C) = /8 RIGECSR

e, C) lim Jza 12l go(x)v(dz)

e—0 € e—0 €

fc Jo ro(r, §)dra(dg)

_ hm/ for’”g o (d¢)

e—0

- ! [ e

Note [ [rp(r.€) = H(Io(d) < [ Iro(r.&) = hOIo (), since liy [ 1ro(r.6) =
h(§)|o(d€) = 0, then hm/ lrp(r,&) — h(é)|o(d§) = 0. ¥Vnp > 035 > 0,if r <

/ / rp(r,€) — h(€))or(de)dr| <

€ < 0, then / lrp(r, &) — h(§)|o(d€) < n, thus
p(e, C)

| [ et = moletagiar < [ dr =g 0t MO = [ hiegatas) -
o, (C), then by Theorem 1, £ 4 Ylaselo. |

Remark 11. If o is a finite measure, then rp(r,€) — h(€) uniformly on S™ always

implies rp(r, &) — h(€) in L'(c) as v — 0. Since rp(r, &) — h(&) uniformly on S,
€

7(S1)’

then Ye > 0, 36 > 0, V€ € ST r > 0, if r < 8, then |rp(r,&) — h(€)| <
Thus [ 1ot = W@Io(a9) < [ —solae) =«

For further generalization, we consider the p-tempered a-stable distribution. The
class of T'S? relates to many important subclasses that have been well-studied such as
tempered stable distributions [16], the .J, , class [17], the Thorin class [9], the Goldie-
Steutel-Bondesson class 9], and the class of type-G distributions [18]. For details of
these infinitely divisible distribution classes, reference to [18]. So, it deserves to pay

attention to this class.

Definition 12. For a < 2 and p > 0, an infinitely divisible distribution with no

Gaussian part and Lévy measure v(B) = / / Ig(r&)q(r?, )r—*tdro(d€), B €
gd—1
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B(RY) is called a p-tempered a-stable (T'S?) distribution, where o is a finite mea-
sure on ™! and q : (0,00) x St = (0,00) is a Borel function such that V¢ € S,

q(+, &) is completely monotone and lim q(r, &) = 0.

r—00

In Grabchak [19], the author provided the condition under which v is a Lévy
measure; see Equation (8b) in the paper. In the following, we provide the condition

in a direct way without defining a new measure. Recall v is a Lévy measure if and

only if/ (|z]* A1)v(dz) < co. Define Q(r, &) = q(r?, &)r * = / % Qe (ds).
(0,00)
Th I “ldro(d
en v(B /Sdl/ p(r&)Q(r,&)r dro(ds).

[ nnpan) = [ [T / A

/ h / h r2 A D)r~te " drQe (da) o (d€)
d=1.J0 0

dl/f(

I
UJ\,U\U\
N

re " Edr + / ) T‘le_rpxdr) Q¢(dx)o(dg)
1
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L et Qe(da) o (d€)

L h %t‘le_tdth(dx)+ /1 N / h %t‘le_tdth(dx)) o (d€)

/m 1;t—1 “tdt + /1 h %t‘le_tdt] Qe(dx)

N / Tl -tdthd@) (d€)

%t Lt + /1 h %e-tdt] Qe(dz) + /1 N / h z%e_tdth(dx)) o (d€)
foga s + e Qi) + [ 2o Qutan) ) ola)

= [ ] (1o ey e ) @utaniatag

/S . /0 ) /1 N r e T drQe (dx) o (dE)
/

_l’_
— T

So if/ / x% A [1 + logxﬂ) Qe(dz)o(d€) < oo and
Sd—1
/ / (loga: » 4 —e v 1 ) Qe(dx)o(d€) < oo, then v is a Lévy measure.
gd—1

Proposition 9. Let o be a finite measure defind on S*™' and X be the pure jump

Léuvy process with generating triplet (0,1°,0). If, for any € € S, Q(r, &) — h(€) in

d
S Y oas

L'Y(o) asr — 0, i.ec. / Q(r, &) — h(§)|o(d€) — 0 as r — 0, then X

§d—1 €

€l 0

Proof of Proposition 9. Define p(r,&) = Q(r,&)r™, then it holds immediately fol-

lowing Proposition 8. |



CHAPTER 3: Construct the Random Variable

We have studied the limit properties of multivariate Dickman distribution. Nev-
ertheless, all these are done in the background of Lévy processes. Now, we turn to
the limit property of the multivariate Dickman distribution in the view of distribu-
tion. Finally, this property can lead us to construct multivariate Dickman random

variables.

Definition 13. [ is a slowly varying at 0 function, if for everyt > 0, lim+ @ =
z—0 T

1.

Proposition 10. Suppose o is a probability measure defined on S*' and G is a

probability measure such that 1 — G(z) = (1 — x)*l(1 — ) where [ is a slowly varying

iid

at 0 function and o > 0. Assume T a o, X; ~Gand 0 < X; < 1, and T;

Nn
and X; are independent for ¢ = 1,2,3,---. Define S, = ZTin'n7 where N, s
i=1
an integer depending on n and N, — oo as n — oo. Let'Y be a random variable
that has the infinitely divisible distribution with Lévy measure v,((0,z] x C') = 1 —
1

“ 1
a(C)a (ln (—)) . ]flﬁl(—) — a where a € RT, then S, 5 Y asn — cc.
T n n



Proof of Proposition 10. Let P be the probability measure, for any A =
TN X7
lim N,P(4) = lim N,P (|11 X" > s, —L eC
n—00 n—00 |T1X?|
= lim N,P(X] >s,T) € O)
n—oo
= lim N,P(XT > s)P(T1 € C)
n—oo
= o(C) lim N,P(X; > s)
n—oo
= o(C) lim Np(1 — s7)*l(1 — s7)
n—oo
1—sv\ 11— s%)
= o(C) lim N, n_l( n ( 1 ) 0
@a(m())
= o(Cla|In| -
s
= 1-1,(4)
For all t € R?,
hfélhmsupN LBt X)) I(| X < €)]
€ n— o0
= limlimsup N, / (6 TLXMI(TLXT] < 6)] > s)ds
€ n—r00
= lif(r)llimsupN P(|<t TX)I(|TIXT| < e)* > s)ds
€ n—00
= limlimsup NV, / (£, TIXT))? > s, X < €)ds
L
< limlimsup N, / / ( Vi < X < en)do(t)ds
A
|t|2 2 .
= hmhmsupN W < X; | —Pen < Xy)
n—oo
[t]2€2 1t|
/ lgfon/ ( (In %> ) dsdo(t)

/O ( — e i e(n %))a) do(t

0

36

(s,1] x C,

do(t)ds
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The second equation holds because (¢t,T1X7) is a scalar. By Jensen’s inequality,
E2[(t, XI'TOI(| XTTy| < €)] < E[{t, X[T))*1(|X]"T1| < ¢€)], then we have
lim lim sup N, E?[(t, X]'T1)I(| X' T}| < €)] = 0. Thus, we conclude that

€0 noco

lim limsup N, (E((t, X7'T1)*I(|XTTh| < €)) — E*((t, X{T)I(| XTTh| <€))) =0

€0 nosoo

According to Thoerem 1.2.21 and Example 1.2.22 in Meerschaert and Scheffler [14],
the measure of S, converges vaguely to ® on %((0,1] x S*'). Then by Theorem
3.2.2 in Meerschaert and Scheffler [14], we have S, Ly, |

Remark 12. If we let N, = n, a = 1, l(x) = 1, and X ~ Unif([0,1]), then

N, 1
—ny=

) =1, v, = D', then by Proposition 10, ZTZ-XZ-" LY where the distribution
n® n

of Y has the Dickman Lévy measure D*. -
Remark 13. Recall Equation (2.4) in Definition 8, Remark 12 coincides with the
multivariate Dickman distribution. Thus, we can define the multivariate Dickman
distribution as the summation of series, which is the same as the univariate case. A
random variable X defined on R? follows the multivariate Dickman distribution,
of

X = WU +V2U,Us + VU UpUs + - -

where V; are i.i.d. random variables defined on S, U; are i.i.d. uniform random

variables defined on [0,1], and V; and U; are independent.



CHAPTER 4: Lévy Process Approximation

Cohen and Rosinski (Theorem 2.2) [20] provided the condition under which the
transformed truncated Lévy process converges to the Brownian motion. For every

e € (0,1], let {X; : t > 0} be a Lévy process with characteristic function
fixs(z) = exp {t/ (ei<z’“"3> —1—i(z,z)) Ve(dx)}
R4

Let {W; : t > 0} be a standard Brownian motion and ¥, = / ra’ vé(dz). Assume ¥,
Rd

_1
is non-sigular. Then ¥ 2X¢ % W as ¢ | 0 if and only if (X712, 2)ve(de) —
(S lz,@)>h
0 as € | 0, for every h > 0. And then they use Brownian motion and compound

Poisson process to approximate the Lévy process.

Example 1. Assume X¢ is a Lévy process with generating triplet (0,v°,0) where

1
ve(dr) = —E]I(Qg] (x)dx and W is standard Brownian mothion, then
T
X€
LW

%6\/ 1 —Ine?

1 €
Eez/ xz(—ﬂﬂ(oﬁ](aﬁ))dx = /—xlnxdx
Rd 0

1
= 1€2<1 —1Iné€?)
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For every h > 0,

lim / - ) (—h;x> I (z)dz

T it (1 —Ine
4 o0
- 15%—62(1_11162)/0 ]1(%E h(l_lneg)’d(:ﬁ)(—xlnx)dx

1 1 2
Note, §ex/h(1 —1Ine?) < e then e > exp{é - E} Since we fix h, then when € goes to

0, this condition doesn’t hold. then the indicator function is 0, so the limit is 0.

However, this is not always true. If we have a Dickman-type Lévy measure, this

condition does not hold.

Example 2. Assume X€ is a Lévy process with generating triplet (0,v°,0), where

1
ve(de) = EH(O,e](x)dx. Note that,

Then, for any 2 > h >0,

2 1 €2
lir% , f—QI[(QE](x)—dx = lir% —fdx
e— :T>h T x e— 6\/§ €

2
1 ¢
= lim — z° =
e—0 €2 V2
= liml— —
e—0 2
h
= 1—=+#0
2 #

So, in this case, we can not use Brownian motion to approximate the Lévy process.
In the following sections, we provide an alternative way to approximate a Lévy pro-
cess. By doing this, we complete the family of approximating the Lévy process in a

new perspective.
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4.1  Decomposition

Consider a Lévy process {X;} in RY, where X; ~ IDg(7,v), with the Lévy-

Khinchine representation
fix, (2) = exp {ti(%, z) +t/Rd (ei<z’$> -1) V(dx)} 2 € R? (4.1)
Assume we are given a decomposition
v=v"+1°

where, € € (0,1] and for every B € #(R?), v°(B) = / [jz)<e(x)v(de) and 0°(B) =
B

/ Lzj>e(x)v(de). Also, we assume that
B

|z|v(dx) < 0o and 7°(R?) < oo
Rd

Then

[ lebtan) < [ e
|lz>1 |z[>1
§/ |x|2u5(dx)+/ |z|?v°(dx)
|z|>1 lz|<1

= » |z|*v¢(dz) < oo

/|x|<1 2|7 (dz) < Am 7(dz)

= i (jal < 1)

IN

7(R%) < 00
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Hence, we have the following decomposition

fx,(z) = exp {ti(%, z) —I—t/ (ei(z,x) —1) v(dz)
Rd
exp

~ exp {t /R (e 1) y6<dx)} {t /R (e 1) ﬁ(dx)}

exp {ti(y0, ) }

So
XL X4+ N+ (4.2)

where N€ is a compound Poisson process with the jump measure 7, and 7, is a drift.

Proposition 11. Let {X, : t > 0} be a Lévy process in R? determined by Equation
(4.1) and let decomposition (4.2) be given. Suppose assumptions in Theorem 1 hold.

Let Y, N, and vy be as above. Then for every e € (0,1], there exists a cadlag process

Z¢ ={Z; : t > 0} such that
XLy 4 Nty + 2Z°
such that, for each T > 0,

sup |e ' Zf| B0 ase—0
t€[0,T]

XE
Proof of Proposition 11. By Theorem 1, — % Y. Then by Theorem 15.17 of
€

[15], there exists Lévy process R = {R; : t > 0} such that

REiﬁ and sup ‘R;—Ytl| 20

€ te[0,7T]
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as € — 0, for each T > 0. Let
Z¢=e(R =Y
Then

XE—FNE—F’YO
i ERE+N€—|—’VO

= &Y'+ N 4+y+2°

with sup |e_1Zﬂ L 0ase—0
te[0,7

4.2 Simulation of Lévy process with Dickman-type Lévy measure

As Proposition 11 described, a Lévy process can be approximated by small jumps
and large jumps. In this section, we introduce the algorithm that simulates small
jumps, i.e. X in Equation (4.2), using multivariate Dickman distribution.

The simulation of univariate Dickman distribution and the Vervaat perpetuities
which are closely related to the Dickman distribution has been extensively studied in
the literature, see [21], [22], |23], and [24]. Here we use an exact method in Cont [25].
We use LePage’s series representation for the o-finite measure D(B) =
/ L / h Ip(r&)r—tdro(d€) which we defined in Proposition 3. Specifically, we use
tse meihod that is the same as Example 6.17. In our situation, for all C' € B(S*),

define II(C) = /C U(Egig), then II is a probability measure on the unit sphere S
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of R?, since our o is finite. We can rewrite D as the following

D(B) = /Sd_1 /O OO]IB(rg)r—ldm(dg)
_ /S /0 ) ]IB(rg)rldr%a(Sdl)
= /S /0 N Ip(ré)r~'dro(S*1I1(dE)
=[] oo

p(x,€) is a Lévy measure on (0, 00) for each & € S*!. Thus, for the Dickman Lévy

measure D', we have p(dr, &) = 0l(r < 1)r~*dr, where § = ¢(S*1).

Proposition 12. Assume {I';} is a sequence of arrival times of a standard Poisson
process, {V;} is an independent sequence of independent random variables having dis-
tribution I1 on unit sphere ST, and {U;} is an independent sequence of independent

random variables having uniform distribution on [0,1]. Suppose Y' ~ IDy(D*',0).
Vt € [0, 1], define

n r,
Xp=> e 7 Villpy(Us) (4.3)
i=1
Then X, — Y;' almost surely and uniformly as n — oo.

Proof of Proposition 12. For 0 < x < 1, define

Uz, &) = /00 p(dr, &) = /00 9H|T§|§1(7’§)7’_1dr = 9/00 H(ovl](r)r_ldr = —Inz’

so U (z,6) = e 7,2 > 0. Then define
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Hence,

Then v = lim A(s) = 0E(V). By Theorem 6.2 in Cont [25],

§—00

fix, — exp {t (i(u,v) + /]Rd(fﬁw> — 1 —ilu, 2)I(|z] < 1))D(dg;))}
= exp {t (z’(u,GE(V)} + /Rd(e"<“~’0> — 1 —i(u, 2)I(Jz] < 1))D(d:c)>}

Note,
/Rd<u,x>11(la:| <1)D(dz) = /S /01<u,ry>6r1drﬂ(dz/)
= <u70/gd_l vII(dv))
= (uw.0E(V))
Thus jix, — exp {t/Rd(ei(u,w _ 1)D1(dx)} . _

Proposition 12 works for ¢ € [0, 1]. To simulate the whole process with small jumps,

we extend it to ¢ in[0, T| for any 7" > 0 in the next proposition.

Proposition 13. Assume {I';} is a sequence of arrival times of a standard Poisson
process, {V;} is an independent sequence of independent random variables having dis-

tribution II on unit sphere S*1, and {U;} is an independent sequence of independent
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random variables having uniform distribution on [0,1]. Suppose Y' ~ IDo(D',0).
YVt € [0,T] for any T > 1, define

n r,
Xt = ZeiﬁMH[OV%}(U’L) (44)
=1

Then X, — Y;' almost surely and uniformly as n — oo.

Proof of Proposition 13. First, note that, if X; ~ IDy(D*',0), then

Xr ~ IDo(TD',0). Let {Y;} be another Lévy process such that Y; ~ IDo(TD',0).
The same procedure as previous, we can get U™ '(z,¢) = e T,

o, A) = [ e FONEE = [T (ON(). AG) = 07(1 = )BW),
v=0TE(V), ¢; = 0T(e? T — DE(V)e™ o7 Then the series representation of a Lévy

process with Lévy measure D' has the following form

Y, L3 e ot Vil o (Uy), for t € [0,1] (4.5)

i=1

Note that Xr < Y1, then X,z £ Y, let t = sT', then X, £ Y7, i.e.

Ze 9TVJI[O U;), for t € (0,7

Example 3. In application, we can only use a finite series to approrimate the Lévy

itd

~ FExp(1), define I'; =

process with Dickman-type Lévy measure. Assume Ty, T, - - -

ZTj, then I'; ~ Gamma(n, 1). Let U; ~ U[0,1] and {V;} are i.i.d with mean E(V).

Jj=1
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I,V U are independent. For anyn € N, X, = Ze—%mw](m), fort e [0,T].

i=1

n Fi
E(X;,) = E(Ze‘@TVi]I[O,;}(Ui)>

1+ )t
t O+g) %E(V)@T = OtE(V). Then

(X)) — B(X,) = E(V)6t ( ezf)i 1)

log(AtE(V)) — log ¢
log(6T + 1) — log(0T)°
increase at the speed that is proportional to logé.

So, if we want a precision &, then n > We notice that n will



47
4.3  Simulation of Compound Poisson Process

The remaining large jumps, i.e. N¢in Equation (4.2), is a compound process. Sim-
ulation of a compound Poisson process has been extensively studied in the literature.
Applying the Algorithm 6.1 in [25] to our case, we can simulate the compound Poisson

process at the specific time ¢ using the following steps:

e simulate €; ~ exp(l/)\)7 7 = 1’2’ ceen,

o let M(t) = {max(k)] Zei < t},

e simulate Z; from the distribution 7°/\, i = 1,2,--- | M(t),

e set N(¢ ZZ“

where ¢;s are jumping times from time 0 to ¢, M(¢) is the total number of jumps and
is a Poisson process, i.e. M(t) ~ Pois(At), and A = 7(R%).

To simulate Z and to calculate \, we need to know the specific form of 7. The
gamma distribution can be used to model heavy-tailed and asymmetric data and allow
for flexibility in modeling the tail behavior of data. Thus, for the Lévy measure ¢, we
consider the generalized gamma distribution, i.e., in Definition 12 we are interested

in the case when a = 0. Under this consideration, for any A € Z(R?),

/g / ) /ooo La(r§)r™'e™"Qg(ds)dro(dg),

» 1
then \ = / / / Qe (ds)dro(d€) and XU is a probability measure.
Sd—1

Since we know 7, we can simulate Z ~ 7°/A. However, it is difficult to directly

simulate a random variable from this distribution. Nevertheless, we notice that if we

— /600 /OOO r_le_”’ng(dS)dr _ ]%/OOO F(O,Gps)Qﬁ(dS)7 (46)

define



where I'(.,.) is the upper incomplete gamma function, and

then o, is a probability measure. Let { ~ o,. Given this { and define
OO -1 _—rPs 1
I(s) = r—e " dr = —=I'(0, €s),
e p

and

(€, ds) = %@Adsx

then Ilg is a probability measure. Let S ~ Ilg. Given £ and S, define

1 »
(s, dr) = —r te ™ I(r > €)dr,

I(s)
then Il is a probability distribution. Let R ~ Ilg.

Proposition 14. Let Z = R, then Z ~ v°/\.

48

(4.7)

(4.9)

(4.10)
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Proof of Proposition 14. For any A € Z(R?),

P(Z e A) = E(l(2))
= E(E(E(I4(R¢)]9)[E))

_ / E(E(Ly(RE)[S)|E = 2)07,(d2)

=

(B(LA(R2)[S)) Lo ()

&3
—~
=
hS
=
S
%)
Il
N
=
nn
o,
N
E
2
o,
oy

_ /S /0 N / Oo]IA(TZ>%T—16-T”Sdr%Q§(ds)%a(dz)

= / / L@@I[A(rz)r_le_rpng(ds)dra(dz)
si-1 /e l e A
1
A

Still, it is difficult to simulate R directly. We need to find a distribution that we
can simulate random variables easier than IIp using the acceptance-rejection method.

The next lemma leads us to the distribution we want.

Lemma 4. Let X be a random variable from the distribution having density g(x) =
1 p 1 : :
—z e (z > 6811’). Define R = X/sY?, then R is the random variable from the

I(s)

1
distribution having the density f(r) = —r ‘e " *I(r > ¢).

I(s)



Proof of Lemma 4. The CDF of R is

Fr(r) = P(R<r)

1 b 1
so the pdf of R is f(r) = —(rs%)’le’(mp)ps% = —7r e and r > e

I(s)
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Even for X, we are unable to simulate it directly. However, until now, we can use

the acceptance-rejection method. This leads us to the next lemma.

Lemma 5. Let X be a random variable from the distribution having density g(z)
1 D 1

mm_le_w I(x > es;). Then, for U ~ U(0,1),
s

[€Ps — ln(U)]% : es? > 1
X = (es%)(l_w), U< ! !
. % , esp <1
[1—In(2(1-0))]?, U>§

when the acceptance condition is satisfied, we consider X as a sample from g(z).

Proof of Lemma 5. 1. When es? > 1,

1 » 1
glx) = l(—s)x_le_x I(z > es?)
1 1
< - p—1 eps—xp]l > »).
< l(s)perspx e (x > esr)
1 —1 _ePs—aP 1.
Let ¢; = ——— and hy(z) = p2P~ e I(z > es?) is a pdf, then g(x)

I(s)pes
c1hi(x). The CDF is Hy(z) = / ) pyP e TV dy = 1 — e so H{ Y (x)

esP

<
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[’s —In (1 — x)]% Thus we generate Uy, Uy =5 U(0,1), and let
1 g9(X) _
X =|"s—In(Uy)|r, if Uy < —————= = X" th t X.
[€fs — In(Uy)]7, if Uy < el (X) , then we accep
2. When esv < 1,
1 -1 _—xP 1
g(z) = wx e " l(x > esr)
1 P 1
= mx_le_“” (I(es? <z <1)+I(z>1))
s
—In(es?) ! 1 1 1 gp
< I(es? <z < 1)+ prP~ e T (x> 1)
I(s) —ln(es%) I(s)pe
<

max L —ln(es%) lx—il esv <
’ {l(s)pe’ I(s) }2(—1n(es;)ﬂ( se<l)

paP e (x> 1)) ,

1 p D
due to the fact that —a 'e ™ I(z > 1) < prP e ™ I(z > 1) and

I(s) l(s)pe
1 » 1 1
—z e I(es? <z < 1) < 1 M(es? <z < 1) =

1
l(s) l(s)

—Infesr) @ - I[(es% <z <1). Let ¢ = 2max ! 7—ln(eszﬂ) and
) (s epe 1)

1 » 1 :

ho(x) = = [ paP~te! ™" I(x > 1) + —111(68; <z < 1) | is a pdf, then
2 —In(es?)

g(x) < coho(z).

Ifl

Note P(1 < X < o0) = 0.5, and when = > 1,

1 y—l T
/1 1 dy+/ py? eV dy
es? —In(esr) 1

(1 +1-— el’“’p) =1- %elzp,

HQ([E) =

1
2
1
2

3=

then H,'(z) = [1 —In2(1 — 2)]>.
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Also P(es% <z <1)=0.5, and when esv <z < 1,

1 T y—l
Hy(z) = 5/1ﬁdy

n(esr)
1 Inz
= 3 1 - 1 ’
2 ( 1n<€3p>>

thenH ( ) e(1 2z)In(esP) __ (ESP)(l 2z)

11 . ].
Thus, we generate Uy, Us ~ U,1), if U; < 2 let X = (esp)(l 200 else let
1 . 9(X)
X=[1—-In2(1—-Uy))|» dif Uy, < th t X.
[ n(2( 1))]7, and if Uy < a0 en we accep
|
1 In(es?)
Remark 14. Notice, lim((s) = lim —I'(0, €’s) = co and lim et o
e—0 e—~0 P e—0 l(s)
—1In(ess 1 )
lim n(esr) —lim—— — lim e = 1, solimey =
e—0 f r=le=rm’sdr  e=0 —e~le=€s =0 e—0
, 1 —ln(es%) o .
lim 2 max , = 2. This indicates that the probability of acceptance
0 I(s)pe”  I(s)

1s around 0.5 when € is small.

Now that we have everything, we can simulate the compound Poisson process using

the following algorithm.

Algorithm 1. 1. Simulate e; ~ exp(A\), 1 =1,2,--- n.
2. Let M(t) = {max(k)| Z e; <t}
3. Fori=1,2,--- M(t):

(a) Simulate & ~ o,,.
(b) Given &;, simulate S; ~ Ilg

(c) Given & and S;, simulate R; ~ g, and this is in two cases:
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i. When ES” > 1, generate Uy, Uy U(0,1), and let

3=

9(Xi)
fU, < 22— = X[ th ¢
f 2= C1h1<X) cn se

R, = —z, otherwise repeat this step.

SP
i. When eS” <1, generate Uy, Uy U(0,1), let
1 1 1
= (ES;)HUl]I(U1 < 5) +[1 - WQU)P LU, > 2). If

= [’S; —In (1 — Uy)]

2
X X, | |
Uy < M then set R; = —, otherwise repeat this step.
c2ha (X;) gr
M(t)

4. set N(t ZZ

Example 4. In this ezample, we implement the Algorithm 1 in the bivariate case, i.e.
N€(t) = (N(t), N5(t)). For simplicity, we take p =1, 6 € [0,27), £ = (cosf,sinb),
Q¢ = 61, and o(S*') = 1. Then Tlg(ds) = 6,(ds), the random variable S = 1,

1 »
A=ke=1(s) =1(0,¢), 0, = 0, and IIg(dr) = X0 68)7"’164 *I(r > €)dr. Further,
2
we take o as a uniform distribution on {0; : i = 1,--- ;n}, where 0; = —W(z —1),
n
1
1=1,2,--- ,n, with probability —. Then we have the following theoretical values:
n
€ —€ 1 - 6 €
E(Nf(t)) = te - Z cos b;, E(Ns5(t)) = te” Z sin 0;,

Var(Ni(t)) = tle+1)e” Zcos 0;, Var(Ns(t)) = t(e + 1)e Zsm 0;,

n

1 :
Cov(Ny(t), Ns(t)) = t(e+1)e EZCOS@SIH@.

=1

We can see that they are all linear with t; when we compare the theoretical value with

the empirical value, the error will also be linear with t. To get rid of the effect of t



54

Figure 4.1: Plots of errors comparing different Monte Carlo numbers and different
epsilon values. The z-axis represents t, the time, and the y-axis represents the total
errors.

and focus on the effect of distribution, we define our metric as this:

ErrorMean; (t) = |E(N1€(t))t —m(t)] , ErrorMeany(t) = |E<N2€(t))t — ma(t)]
ErrorVar(t) = \Var(Nf(tt)) — 81(t)|7 ErrorVary(t) = |Var(N25(tt)) — 52(t)]
oty — 1m0 8500 a0

where my(t), ma(t) are sample means, s1(t), s2(t) are sample variances, and sy 5(t) is
the sample covariance. Then we define the total error as the mean square error of the
above errors, i.e. TotalError(t) = { ErrorMeany (t)* + ErrorMeans(t)*+
ErrorVar,(t)* + ErrorVary(t)* + ErrorCov(t)2}1/2

In our experiment, taking n = 10, we first fir € = 0.1 and compare different Monte
Carlo numbers: 10000, 100000, 500000, 1000000; Then we fix Monte Carlo number
N = 1000000 and compare different epsilons: 0.1, 0.8, 1.2, 2. Increasing the Monte
Carlo number will decrease the total error; however, if we want to decrease the total

error further, we need very large numbers.
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4.4  Simulation of Multivariate Dickman Random Variable

Until now, we have three methods to simulate the multivariate Dickman random
variables. Xia and Grabchak [26], introduce the discretization and simulation(DS)
method using univariate random variables to simulate multivariate random variables,
see Theorem 2 in detail. We can also use Equation (4.3) in Proposition 12 by letting
the indicator function always be 1, and we call this the shot noise (SN) method. Last,
we use the method described in Remark 12 as the third method, and we call it the

triangular array (TA) method.

Example 5. In this ezample, we simulate 2-d Dickman random variables. To simu-
late a random variable V defined on S, we first generate 6 ~ Beta(a, ) on [0, 27],
then V = (cos,sin@). By Remark 9, we can calculate the theoretical mean, variance,

and covariance as below:

E(X,) = Blad) (1%)&%1 /0 " cos #0°~ (21 — )P~1dg

E(X,) = Bla.d) (127T)a+6_1 /O 2ﬂsirleea*l(zw—e)ﬁ*(ie
Var(X;) = 2B(a,ﬁ)?27r)“+5—1 /027r cos® 00°(2r — 0)°~1dh
Var(X,) = 2Ba. 5)327r)a+51 /0 " sin? 06°~1(2r — 0)°~1dh
Cov(X1, Xy) = B 5)227T)a+51 /0 - sin(20)0°~ (2 — 0)°~1d6

where X = (X1, Xy) is the 2-d Dickman random variable, B(«, [3) is the beta function.

We use the following metric to measure the error of the simulation:

TotalError = {(E(X;) —mi)® + (E(Xa) — ma)® + (Var(X;) — s1)°

1/2

+(Var(X2) — 82)2 + (COV(Xl,XQ) — 8172)2}

where my, mg are sample means, si, sy are sample variances, and sy o is the sample
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a=1,=1 a=2,0=2
a=2,0=5 a=5p=1

Figure 4.2: Plots of errors in the beta model with all three methods and several
choices of the parameters. The x-axis represents k, the number of terms in the sum,
and the y-axis represents the errors.

covariance.

In our experiment, we compare the result of the simulation under different com-
binations of the parameters («, 8) of the Beta distribution: (1,1), (2,2), (2,5), and
(5,1). We use Monte Carlo to generate random variables and run 160,000 replica-
tions. Generally speaking, the SN method converges quickly in all the cases; the DS
method and the TA method need more terms to converge. All these methods are ap-
proximations, however, in the discrete case, the DS method is an exact method instead
of an approximation. In our experiment, the TA method is only a simplified version
of Proposition 10. People can choose different distributions other than the uniform

distribution.

4.5  Approximation of the Lévy Process

In this section, we provide the simulation of the whole Lévy process. We consider

the same general gamma distribution as in Section 4.3 and parameters as in Example
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4. In this case, X ~ ID¢(0,v) where v(B) = / / I(ré)r~te "dro(d€) for
si-1 Jo
B € R”. Then

B(X,) — ¢ /R (= T (@avldn) = e [ eo(dg)

gd—1

E(Xi, X)) = t/Rd viz;v(de) =t . &&o(dE)

We use Equation (4.4) to simulate V', thus V;' = Ze_%WH[Oy%](Ui), and in the
simulation we take m = 10000. The metric of the errézl"lis the same as Example 4.
In the simulation, we consider the bivariate case and take p = 1, Q¢ = 41, and
o(S“™) = 1. Further, we take ¢ as a uniform distribution on {6; : i = 1,--- ,n},
where 0, = 2%(@— 1),i=1,2,---  n, with probability %, & = (cosb;,sin0;), and take
the tuning parameter n = 30. We first fix the number of Monte Carlo N = 500000
and compare different values of €. The result shows that the total error decreases
as € decreases. The plot on the right compares different numbers of Monte Carlo
when we fix € = 0.1. It shows that the total error will decrease as we increase the
number of Monte Carlo. Note that we do not need a very large number of Monte
Carlo, though it will result in a small total error because the difference is not obvious
between 100000 and 500000. To further reduce the total error, we need a huge number
of Monte Carlo, which is not necessary since the total error is already small enough.

Next, we provide the plots of sample paths of Dickman process and Lévy process.

In the plot, we take m = 10000, ¢ = 0.1, n = 30, and T" = 40 with timestep 0.5.
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Figure 4.3: Plots of errors comparing different Monte Carlo numbers and different e
values. The x-axis represents t, the time, the timestep is 0.5, and the y-axis represents
the total errors.

Figure 4.4: Plots of sample path of MD process, Compound Poisson process, and
Lévy process. The x-axis represents ¢, the time, the timestep is 0.5, and the y-axis
represents the value of the process at time ¢.



CHAPTER 5: The Density of the Truncated Subordinator

In previous sections, we studied the limit properties of the truncated Lévy process.
Now, let us turn to study the distributional properties of the density.

Let X ~ IDgy(v,0) with the density function fx. The characteristic function of X
is fix, (u) = etJsa Jo* (€T =Dre(dr)o(dd) et X e the truncated Lévy process with
the Lévy measure v, which is upper bounded by a level b > 0 and has the density

b i(u,r€) _
function fy. The characteristic function is fiys(u) = et Joam o (e —Dm(dr)o(d) ;.

Define V' = /sdl /boo ve(dr)o(dE).

Proposition 15. The density of the truncated Lévy process is

folz) = evi%/ﬂﬁd”./ﬂw

n=0

fx(@ =y —yo— - —y)l([ya| > b) -+ - I(|yn| > D)v(dyr) - - - v(dyy)



Proof of Proposition 15. By Proposition 2.5 xii in |7],

) = [ 2
- (271r)d /Rd e~ 150 foamt Jo (157 —Dre(dr)o(de) g,
_ (21)d/ iz [efgd_lfooo(ei(m@—1)y£(dr)a(df)
s d
: o= st [T —Dwe(ano(@g)] g,
_ (271T)d /Rd o~ i(2:2) g fsa—1 Jg7 (€58 ~1)ve(dr)o (d8)  fya—1 [y ve(dr)o(dg)

e~ Jsa—1 [T et veldr)a(dg) g,

o € / efi(z,@ ede*1 fooo (ei(zwﬁfl)yg (dr)o(d€)

> o ( /S /boo 79 %(dr)a(d@)ndz

n=0

= (fj)d /R e (2) > % ( /S /b et z«(dr)o—(d&))ndz

n=0

g <_n1!)n ( /S N /b " it Vg(dr)o(df))n> dz
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When n =1,

When n = 2,

&.

—1//
_QRde

Rd JRR4

I
\

1 ~ zzr
i | e | / ? ve(dr)o(dg)dz
7T R4 gd—1

a 1/boo( / T [y, (2)dzve (dr)o(d€)
N 1/boo fx(z —r&)ve(dr)o(dE)

Ix(z —y)I(ly| > b)r(dy)

d

—
[\

\%%

Es)

g et ([ [ wireian)

(27T)d /Rde iz >:U’X1( )/Rdelzyl (|y1| >b) (dyl)

\

6Z S (Jys| > b)r(dyz)dz

SR /Rd —iEe=e) o (2)d2I([yr| > D)I([ye| > b)v(dyy)v(dys)

fx (@ =y — y2)l(Jy1] > 0)I(Jya| > b)v(dyr)v(dyz)

Similarly, we have

&

il o o)

 fix, (2 / e C(|yy| > b)v(dyy) -+ -
Rd

/ I ([y] > B (dya)d

|y1| >b) A(|yal > b)v(dyr) - - - v(dyn)
/Rd"' Rdfx(x—yl—yr---—yn)

I(ysl > b) - T(|yn| > 0)r(dys) - - - v(dyn)
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Thus

fb(x) _ 6VZ<_1)TL/RGZ,__ Rde(fﬂ_yl_yZ_"'_yn)

[(ys| > b) - - MJyn| > b)r(dys) - - v(dyn)

Remark 15. the density f, of X, within (0,b) is f,(2)I(0 < 2 < b) = € fx,(2)I(0 <

x <b)

V||y|>b

Corollary 2. Define pp = Vv

, then py is a probability measure. Suppose

)/17}/2)"' 7Yniri\(’1:ub7 then

fX1+Y1+ +Yn< )7 and

folz) = € Z

i (2) = = Ix(z=yi =42 = —yn)
R4 Rd

I([2] > b) -~ - L(lyn| > b)r(dyr) - - - v(dya).

Proof of Corollary 2. Since Y1,Ys,---,Y, ~ i, then fix, vy, y.yy, (u) =

fix, (u) (E(ei<u’y>))n. Since/ / T pe(dr)o(d€) = V/ e 1y (dy) =
sd—1 Jp Rd
VE(e™Y7), then, if Y ~ 1,

R4 O n. gd—1
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Thus,

/Rde‘“z’“)ﬂxd i l (/S / 1) ve(dr)o (df))

= (_V>n —i{z,u)
= /d E e ' >,UX1+Y1+---+Yn(U)du
R

|
0 n!
: — (_V)n —i{z,u)
Rd ™ oon:() !
: — (_V)n —i{z,u)
= h_I}H /dz n € e >MX1+Y1+“'+Yn(u)du
m—oo Jp — !
: — (_V)n —i(z,u) ~
= nll_lgoz o L€ B iy 1y gy () du
n=0 ) R
= (_V)n —i(zu)
= ] € e >/LX1+Y1+"'+Yn(u)du
0 n: Rd
(V)"
= (QW)dZ ol fxiivieav, (2)
n=0 ’

Then, by Proposition 15, f,(z) =

fX1+Y1+ +Yn( ):

oo
'y
n=0

fX1+y1+ +v,(2). By comparing with the result in Proposition 15, we

o0

Z

n=
have

Pavieeay, () = [ oo | fx(zoyi—ge = =)
Rd Rd

I(fy2] > b) -~ - L(lya| > b)r(dy) - - - v(dyn)

Remark 16. Furthermore, we have, for z € R?,

21 24 o0 n
Fxp(z) = / / evz fX1+Y1+ 4, (2)dz -+ - dzg

Vo= (=V
:ez<n!)

n=0

n

Fxy vy, (2)



CHAPTER 6: Extension to Stochastic Integral Process

Definition 14. Given a Lévy process {Z; : t > 0} on R? and ¢ > 0. Let {X,:t >0}

be a stochastic process such that dX; = —cX,dt + dZ;, then {X;} is a OU-process.

The differential equation in Definition 14 has an almost surely unique solution
X, = /t e~ =947, see Proposition 2.9 in Arteaga and Sato [27]. We call {X,}
having tohis integral form a stochastic integral process, for a detailed introduction of
the stochastic integral process see [9] and [28|. Now, let’s consider a more general

stochastic integral process X; = / fi(s)dZs where {Z;} is a Lévy process having
0

the Lévy measure v, such that / (1A |z|)v,(dz) < oo and f; is a strictly positive
Rd

real-valued bounded measurable function on finite interval depending on the time ¢,

and we denote the Lévy measure of X; as vy,. The characteristic function of X; is

(see Proposition 2.2 in Arteaga and Sato [27])

E(e#X)) = exp{/ Uz, (fil(s } = exp{/ /Rd Ufe(s)z) _ 1)Vz(dx)ds}

(6.1)
So vy, (B / /Rd Ip(fi(s)r)v.(dr)ds

Assume Vv > 0, {5} } is a stochastic integral process having the solution S] =
/ fi(s)dY) where {Y;"} is a Lévy process having the Dickman-type Lévy measure
0
D'(B) = /d 1 /OO I5(r&)Lp(r)r'dro(d¢). We denote the Lévy measure of S) as
. si-1 Jo

g
Proposition 16. The characteristic function of —- is
Y

s t <
E(¢"*57) = exp {/0 /Sd_l /0 ("= — D1 f()] (T)_ldra(dﬁ)ds}
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Proof of Proposition 16.

E(ei<z’svg>) = exp {/Ot /Rd( W)= _ 1)D?(dz)ds }
- exp{/0 /S /o () 1)]1(0,7}(r)r_1dra(d§)ds}
= exp {/0 /Sd 1/0 (eife(&)zre) _ I)H(O,l](T)T_ldTO'(df)dS}
- exp{/0 /Sd 1/O (=8 — 1), 1,\ft(s)}(r)7"_1dra(d§)ds}

Remark 17. It’s obvious that from the third equation in the proof of Proposition 16,

- Ly (6.2)

However, S} does not have stationary increments; thus it is not a Lévy process, Propo-
sition 4 does not apply, and vsy £ D7.

g7
Remark 18. Assume M] is the Lévy measure of ==, then from the proof of Propo-
8

sition 16 we know that

M} (B) = vg) (B / /S ) / Ty (f,(s)r€)r—1dro(de)ds (6.3)

Recall, in Theorem 1, we truncate the Lévy process and then transform it. For
the stochastic integral process, we have two ways to get the same transformation: we
directly truncate the stochastic process X; or truncate the background driving Lévy

process Z;.
6.1  Truncate the Stochastic Integral Process

Suppose {X;} is a truncated stochastic process having Lévy measure vx«(B) =

/ (0. (|z])vx, (dz) / / Ip(fi(s)2)oq(|z])v.(dz)ds for B € Z(R?). Let Y,' be
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defined as in Theorem 1, i.e. Y ~ IDy(D',0). Define . (e, C) =
/ 2lLo.ge(@)v.(da), for any C € B(S*).
R4

Proposition 17. If, VO € B(S™") with 0(0C) = 0 and Ve > 0,

(e C) 7(C)

XE
as € 1 0, then =% i>Y;1 for any t > 0.
€

Proof of Proposition 17. For any fixed T' > 0, from Equation (6.1) we can infer
that the distribution of { X} is infinitely divisible. Also, for every infinitely divisible
distribution, there is an associated Lévy process. Thus, there is a Lévy process {L;}

such that X7, 2 L%, and they have the same Lévy measure. As € — 0,

px(e,C) 1/ |z [L0,qc (x)vx (dz)
_ / / [ r()2|Loac(fuls)z)v. (dz)ds
= / 5 fr(s)|2[To.e/ s (x)v2(dz)ds

_ (" Jee 2o sric@)ra(de) |
€/ fr(s)
_ / pale/ F(5).C) |

€/ fr(s)

— To(C)

€

L
Define 0*(C) = T'o(C'), obviously ¢*(0C) = 0. Then, by Theorem 1, we have — <
€

€

X
Y. Thus, we get —= KN Y7} |

In the next example, we show how to use Proposition 17 and consider the back-

ground driving process as a Gamma process.

Example 6. If Z, has the Lévy measure v,(B) = / / Ip(ré)r~te "dro(d€) for
si-1.Jo

any Borel set B, then {Z;} is a Gamma process. Assume the stochastic integral



67

process {X;} is driven by this Gamma process.

= %/Rd [2[Lo,qc(z)v.(dz)
- % /S /O 1€l e (ré)r e dro(ds)

_ % /C /0 e~ dro(de)
e

€

— o(C)

Xﬁ
Then, by Proposition 17, —- a4 Y.
€

6.2  Truncate the Driving Lévy Process

Suppose {X;} is driven by a truncated Lévy process {Z;} and we denote the
Lévy measure of X{ as vxe. Define vy, (B) = / Ig(fi(s)x)Loq(|z|)v.(dz) for any
Rd

B € #(R%), the characteristic function of X{ is

B ) = e { [ ais]

t
_ exp{ / / (el<ft(s)z’x>—1)]1(07€](|x|)yz(dx)ds}
0 Rd

_ exp{ /0 t /]R (el - 1)Vft(dx)ds}

t
then V}t(B):/ / Ig(z)vy, (dz)ds.
0 JRrd .
Suppose, for v > 0, S} = / fi(s)dY;” where {Y;"} is the truncated Lévy pro-
0

cess having Dickman-type Lévy measure D?. From Remark 18, the Lévy measure
y

t )
of % is Mj(B) = / / / I (r&)lo f(sn (r)rdro(d€)ds. Define p.(e,C) =
0 sa-1 Jo

/ 12|L0.qc(x)v.(dz), for any C € B(S*).
Rd

Theorem 2. If, VC € B(S™™") with ¢(0C) = 0, 1e(e.C) — o(C) as € | 0, then, for

€
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as € — 0.

X¢ Y
anyt>0,—ti>—t
€ v

Proof of Theorem 2. The same as Theorem 1, it suffices to prove

(%

1. M —= M.

2. / M (dzx) — xM] (dx) and
h<|z|<1 h<|z|<1

rr'M(dz) — xxM] (dz), for every h > 0.
|z[<h |z|<h

Define 7. (dx) = |z|M;(dz) and n(dz) = |z|M](dz). For any 0 < h,

ne((0.0]C) = /( 2| Mz (dx)

= /—H(o,eh]c(m)VXg(dﬂc)
R4
t

_ / e (@)vy (da)ds
0 Jrd €

— /0 Rdft(S)|::_|H(O,h6]0(ft(5)$)ﬂ(ojd(|x|)yz(dx)ds
— /(;ft(s)%u«l/\h/ft<3)))€,C)d3

(¢, C)

€

Thus, given — 0(C), by dominated convergence theorem,

ne((0,H]C) — / J8) (L A B/ £i(5))o(C)ds = o(C) / (h A fils))ds
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n((0,H]C) = /Oh]c'"””'md””)

_ //S/ 1€ 1L pic ()L o (o ()~ dror(d€)ds
_ / / ooy (r)drds

= o(C) /O(h/\ft( ))ds

Thus, 7.((0,]C) — n((0,h|C) as € — 0 for any h > 0. Then the same as the proof

in Lemma 2, n. — 7. Also, the same as the proof of Theorem 1, / xM¢(dz) —
h<|z|<1

/ xM](dx). By Lemma 3, to show / rr'M(dz) — rrt M] (dz), it
h<|z|<1 |

a|<h jo|<h

suffices to show lim lim (z,2)*M¢(dx) = 0.



convergent.

IA

IA

IN

VAN

properties related to the process.

Corollary 3. If, VC € Z(S*™") with 0(0C) = 0,

for any 0 <r <t,

lim lim sup/ (z,2)*M¢(dx)

lim lim sup/ |2 2z|* M (da)
lz|<h

h—=0 =0

lim lim sup |z]2/ |z|M; (dz)
|lz|<h

h—=0  ¢0

lim limsup|z|2/ |z|M; (dz)
h=0 0 lz|<1

|z |211m llmsup/|| Ml/Xe(dm)
z|<e

h—0  ¢0

|z | hmhmsup/ /Rd ’ft I0,q( (| fi(s )$|)H(o,e]<|$|)Vz(dx)d3

h—0  ¢0
]z\ﬂnnhmsup// ft(S)]I(O’(l/\e/ft(s))]gd—l(x)l/z(d.]}')dS
h—0  ¢0
B hm hmsup/ fo(8)=u((1 A1/ fi(s))e, ST 1)ds
e—0

2 Po(st) / (1A 1/ i(s))ds lim

t
2|20 (S¢1 dslim h
|20 (

0 h—0
0

~

NZ<€7 C)
€

r

X¢— X¢© S — S
L r 4 2t as € — 0.
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. Xf ., S
Theorem 2 tells us for any ¢ > 0, E(e"*=) — E(¢"*=7) as ¢ — 0. However,
this one-dimensional convergence only involves random variables. It does not show
In the next corollary, we study the property of

increments of the stochastic integral process and show that the increments are also

— o(C) as € | 0, then,
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Proof of Corollary 3.

€

B(eltn)) = F(ef Sharun i ()25
= E(e! Thmun S F0)AZ5 4 [ 11425 0))

— E(eészqunfont(s)dZﬁ,s)E(eé ¢ un [Ffe s)dZns)

The last equation holds because f is deterministic, and the increments of the Lévy
L XE 87
process are independent. From Theorem 2, we know E(e/“<)) — E(¢'®=7) and

E(eé o1 un fg Je($)dZnqy E(e%zgml“" Jo ft(s)dy’ls) thus we must have

E(eé n= 1u"f fi S)dZns) _>E(6'Y n= lu”.f ft dYnS)

€ €
X§f-X

E(efv—= ")) = E(eézzﬂun(for(ft(s)‘f“ NAZ5, o+ [ fils ))

= E(ef Znm tn J U&= ()AZ5, Bt Tha un J} S(9)4Z5,0)
S E(ed Zhmr tn g GO Fr ATy By o3 Dy J} fe(5)AY

= B(er T un (5 )=o)t [ A ()N0)

s]-s}

= B )

To further study the limit property of the stochastic integral process, we provide

the convergence of finite-dimensional distribution in the next proposition.

Proposition 18. Forany k e N, let 0 =ty < t; <ty < --- < ty,

X = (X4, X4y, X1,), and S = (Sy,, Spyy -+, S). If, VC € B(S™) with 0(0C) =

:(e,C X q 5
0, 1e(6.C) —0o(C) ase 0, then = 5 2 g5 — 0.
€ € v
Proof of Proposition 18. First, the characteristic function of — is E(e"'*"</) =
€
E(e- Z2:1<“’“X§n>). Notice, for any n = 1,2,--- &k, (un, X; ) = (un, X;, — X[ |

_l’_
XfTH) = (un,an—XleH—(un,anfl) Thus, we have (u, X¢) = (u;+- - A, X5, )
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(ug + - g, Xy, — X))+ A+ (upmn + ug, X

te—1

_Xtek,2>+<uk/‘7X _Xtek 1>

BeiX) — (ei(<“1+'"+Uk:Xf1>+<“2+“'+“k’X52XEIH'“H%X o 1>>>
_ R <€g<u1+~--+uk,xgl>> E <€e<“2+ g, X, X§1>> . E (ee<uk Xp — X5, 1>>
B (6%<“1+“'+“k’531>) E (€§<u2+ +ug, 8], S?1>> . E (6§<uk 7, S,?k_1>)
= E(€£<u,5“’>)

The convergence dues to Corollary 3: the increments are also convergent. [

Now, we will give an example to show how Theorem 2 works. Let’s consider the
background driving Lévy process having the p-temple a-stable distribution as defined

in the Definition 12.

Example 7. Assume {Z;} is a Lévy process having the p-temple a-stable distribution,

i.e. v,(B / / I5(ré)q(r?, &)r~*"*dro(d¢) for any Borel set B € R If, for
§d—1

any € € ST q(rP, )r™ — () in L' (o) as v — 0, where h is any Borel function
X¢ Y
defined on S*' such that o1(C) = / h(€)o(d€) < co. then =+ A o ase—0
c € v

NZ<€7 C)

€

= 1/ |$UI06]C( )Vz(dx)
= / / rTogc(ré)a(r, €)r=""dro(dé)

-2 /C /0 a7, ) dro(de)

Cq(r?, Oredr . (e,.C
Note lin Jo a(r f”” S = limg(e",£)e = h(€), so M S /O h()o(de) =

€

X
o1(C). It’s straightforward that o, satisfies the condition in Theorem 2, then —% LN
€
S/
— ase—0
Y

Next, let’s consider the situation in which the condition in Theorem 2 is not satis-
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fied.

Example 8. Consider {X;} is driven by a Lévy process {Z;} having Lévy measure
v, (see Theorem 1 in [29]), that is, for any Borel set B € R and o > 0 but o # 1,

/ / Ip(r€)ar" (- In(r))*~dr.
ue.0) = [ lellaacte)s (@

_ / / rar~(~In(r)*'dro(de)

= o(0) [ a=tn(r) s

It’s obvious that when o > 1, u(e,C) — oo. So the condition in Theorem 2 is not

satisfied. Actually, the characteristic function of =% is
€

E(e0)) = B(eEXd)
- exp{ [ / [ e (e
dua(d{)ds}
= exp{/ot /sd—l /Ooo(ei<z’r£> - 1)]1(0’6_0@_3)](r)ozr_l(—ln(ec(t re))et
dra(df)ds}

t oo
= €Xp {/ / / (78 — Dlg e—cte—s)y(r)ar™
0 Jsi-1Jo

(—Ilnr— ln(ec(t_s)e))O‘_ldra(df)ds}

S,
This can not converge to the characteristic function of = described in Proposition
v

16.



CHAPTER 7: Application In Stochastic Volatility

One of the applications of the O-U process in mathematical finance is the stochastic
volatility model, see [30]. Before we talk about the details of the application, let’s

introduce the definition we will use later.

Definition 15. A filtration is an increasing family of o-algebras (%) such that

\% Z S, ys g gt-
Let {W;} be the standard Brownian motion and (.%#;) be the filtration generated

by the Lévy process {Z;}. Assume the PDE of the jump-diffusion model is

AXf = B(o9)%dt + o5dW, + pd Z¢

d(cf)? = —A(oH)*dt +dzf

where {Z;} is the truncated background driving Lévy process, 8 > 0, p > 0, A > 0.

Note that the volatility o; follows the O-U process instead of a constant process, and

1 — e~ At—s)
we assume (0g)*> = 0. Define &(\,t — s) = %, then by Equation 15.27 in
[25] we have the following solutions:
t ¢
Xe = 3 / (o)2ds + / <AV, + pZ (7.1)
0 0

t t] _ o At—s) t
/ (09)%ds = / - Az = / E(Nt— s)dZ° (7.2)
0 0 A 0
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Now, considering Y ~ IDy(D*,0), and

vio= 5/ ds+/ otdW, + pY;!

t e~ At—s) t
/(a;)zds = /—dY;:/ &\t — s)dY;!
0 0 A 0

In the next proposition, we consider the transformation of the stochastic integral

componentwisely and then give the joint convergence condition.

1 ¢ 1 [t 1
Proposition 19. Suppose X; = (—B/ (ag)st,j/ agdWS,—pi) and V! =
e Jo € Jo €

' ' 1€, C)
(ﬁ / (o1)2ds, / agdws,pytl). I VO € B with o(0C) = 0, " C)
0 0

o(C) as el 0, then X; A Vit as e — 0.

€

Proof of Proposition 19. First, for any constant u,

E(eu\}g Ji a;dWS> _ E<€gf fg(ag)2ds)
— E <€zf Jo f(A,t—smz;)

_ (eg Ji “;A”(A,t—s)dZ;)
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E(ew,xn) ~ E

= E

ullﬁfo(a 2ds+u2\[f0 osdWsug < pZE)

E< w1 lﬁfo 2ds+u2ff0 otdWs+uszd epZs

7))

— E Ullﬂfo((f 2ds+u3 pZ§E< uz\kféa;dVV}))

I
™

%f (u1,6’+ )2ds+ug pZ5>

- E e%f u1ﬁ+ VENt— s)dZ6+ fougde)

_ E( ullﬂfo(ff V2ds+uzt pZ,fe26 fo(a 2ds)

_ (ot R s e s)+usp}dze)

2
For any fixed U = (uy,u9,u3) and t, (u15 + %)éa()\,t — 8) + ugp is a real func-
2
tion of s, suppose we define f(s) = (w8 + %)é"()\,t — 5) + usp and define Of =

€

O
f(s)dZ¢. Recall Theorem 2, we have proven that —- A S} where S} is driven
€

by a Dickman-type Lévy process {Y;'} in the same setting as X, but with ¢ = 1. So

E( uy + 6f0 deruszO otdWs+usd PZ‘) . E( u1B fo )2ds+us fo ol dWSJrungl) ]
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