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ABSTRACT 
 
 

ARASH DARAFSHEH. Optical super-resolution and periodical focusing effects by 
dielectric microspheres. (Under the direction of DR. VASILY N. ASTRATOV) 

 
 

Optical microscopy is one of the oldest and most important imaging techniques; 

however, its far-field resolution is diffraction-limited. In this dissertation, we proposed 

and developed a novel method of optical microscopy with super-resolution by using high-

index dielectric microspheres immersed in liquid and placed on the surface of the 

structures under study. We used barium titanate glass microspheres with diameters of 

D~2-220 μm and refractive indices n~1.9-2.1 to discern minimal feature sizes ~/4 

(down to ~/7) of various photonic and plasmonic nanostructures, where  is the 

illumination wavelength. We studied the magnification, field of view, and resolving 

power, in detail, as a function of sphere sizes. 

We studied optical coupling, transport, focusing, and polarization properties of linear 

arrays of dielectric spheres. We showed that in arrays of spheres with refractive index 

n=√3, a special type of rays with transverse magnetic (TM) polarization incident on the 

spheres under the Brewster’s angle form periodically focused modes with radial 

polarization and 2D period, where D is the diameter of the spheres. We showed that the 

formation of periodically focused modes in arrays of dielectric spheres gives a physical 

explanation for beam focusing and extraordinarily small attenuation of light in such 

chains. We showed that the light propagation in such arrays is strongly polarization-

dependent, indicating that such arrays can be used as filters of beams with radial 

polarization. The effect of forming progressively smaller focused beams was 

experimentally observed in chains of sapphire spheres in agreement with the theory. 



iv 
 

We expanded the concept of periodically focused modes to design a practical device 

for ultra-precise contact-mode laser tissue-surgery, with self-limiting ablation depth for 

potential application in retina surgery. By integrating arrays of dielectric spheres with 

infrared hollow waveguides and fibers, we fabricated prototypes of the designs and tested 

them with an Er:YAG laser. Furthermore, we proposed another design based on conical 

arrays of dielectric spheres to increase the coupling efficiency of the probe. 
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CHAPTER 1: INTRODUCTION 
 
 

1.1. Outline and Overview of the Dissertation 
 
In this dissertation, we investigate the optical properties of individual dielectric 

microspheres and more complicated structures formed by multiple spheres. Individual 

spheres can confine light inside the cavities leading to strong resonant properties. They 

can also reflect and refract incident beams to focus light. These properties are diversified 

in microspherical arrays, leading to unusual imaging, focusing, and optical transport 

effects.   

Chapter 1 is dedicated to the review of related literature. The plan of this 

introductory chapter directly corresponds to the order in which these dissertation chapters 

are presented, such that sub-sections 1.2-1.4 can be considered as introductions to 

corresponding Chapters 2-4. First, in sub-section 1.2, we consider spatial resolution limits 

[1-10] in optical microscopy and super-resolution imaging techniques [11-65]. Then, in 

sub-section 1.3, we consider resonant [66-84] and non-resonant [85-107] optical 

properties of dielectric microspheres. Finally, in sub-section 1.4 we discuss focusing 

microprobes for laser tissue-surgery applications. In the chapter summary, we present the 

motivation and goals of the present dissertation work. 

In Chapter 2, we propose a novel super-resolution microscopy technique. We show, 

experimentally, that microspheres with diameters (D) in the range 2-220 μm and with 

high refractive indices (n~1.9-2.1) can be used for super-resolution imaging of liquid-
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immersed nanostructures. Using micron-scale microspheres, we demonstrate the ability 

to discern the shape of a pattern with a minimum feature size of λ/7, where λ is the 

illumination wavelength. For spheres with D>50 μm, the discernible feature sizes were 

found to increase to λ/4. Detailed data on the resolution, magnification, and field-of-view 

are then presented in this chapter. This imaging technique can be used in biomedical 

microscopy, microfluidics, and nanophotonics applications. 

In Chapter 3, we introduce the concept of periodically focused modes (PFMs) in 

chains of dielectric spheres. The results presented in this chapter lay foundations for our 

work on developing novel light focusing devices and optical scalpels, which operate 

based on the PFM formation principle. We also show that the PFM concept introduced in 

this dissertation, in the limit of geometrical optics, is inherently related to the concept of 

nanojet-induced modes (NIMs), introduced earlier for chains formed by wavelength-scale 

spheres [108-110]. We show, theoretically, that the Brewster’s angle conditions for 

transverse magnetic (TM) polarized rays can be periodically reproduced in chains of 

spheres with refractive index n=√3 giving rise to PFMs with 2D period, where D is the 

diameter of the spheres. Using ray tracing, for a spherical emitter with the diameter D, we 

show that chains of spheres work as filters for PFMs at 1.72<n<1.85. This leads to 

tapering of the focused beams combined with the reduction of their attenuation along the 

chain. Experimentally, we observe the “beam tapering” effect in chains of 300 μm 

sapphire spheres, with index n~1.77 in visible. Furthermore, we show that the light 

propagation in such chains is strongly polarization-dependent, indicating that such arrays 

can be used as radial polarizers. 
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In Chapter 4, we design, fabricate, and test a device capable of focusing multimodal 

beams in contact with tissue. We study the focusing of multimodal beams by chains of 

dielectric microspheres assembled directly inside the cores of hollow waveguides 

(HWGs). The device designs are optimized for laser surgery in a contact mode with 

strongly absorbing tissue. By analyzing a broad range of parameters, we demonstrate that 

chains formed by three or five spheres, with refractive index 1.65<n<1.75, improve the 

spatial resolution by a factor of 2, compared with a single-sphere designs. By integrating 

arrays of dielectric spheres, with infrared hollow waveguides and fibers, we fabricate 

prototypes of the designs and test them with an Er:YAG laser. Furthermore, we propose 

another design based on conical arrays of dielectric spheres to increase the coupling 

efficiency of the probe. Potential applications include ultra-precise laser ablation or 

coagulation in the eye and brain, cellular surgery, and coupling of light into photonic 

microstructures. 

Conclusions are drawn and future possible extensions of the work are proposed at 

the end of the dissertation.  

 
1.2. Super-resolution Microscopy Techniques 

 
The far-field spatial resolution of a lens-based optical imaging system, the smallest 

discernible features in the object, is limited by the wavelength of the incident light and by 

the numerical aperture (NA) of the objective lens system by almost half of the 

illuminating wavelength due to the diffraction of light waves [1]. 

The numerical aperture (NA) of an objective lens is defined by 

NA ൌ ݊ sin ௠௔௫, (1.1)ߠ
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where n is the refractive index of the object-space medium, in which the lens is working, 

and θmax is the half-angle of the maximum cone of light that can enter (exit) the lens, as 

illustrated in Fig. 1.1. For a circular face lens with aperture diameter D and focal length f 

working in air, NA is written approximately for the case f>>D as: 

NA ൌ ሺ2݂ሻ. (1.2)/ܦ
 
 
 

 
 

Figure 1.1: Numerical aperture (NA) of a lens. 
 

 
 

Image resolution can be improved by using different techniques, such as liquid [18] 

or solid immersion lenses [19-37], near-field probes [39-43], super-oscillatory lenses [44-

46], fluorescent [47-50], nonlinear, and negative refractive index materials [51-57], 

plasmon gratings [57, 58]. In this section, we briefly review basic principles of some of 

these imaging techniques with emphasis on a recently proposed microsphere nanoscope 

[63].  

1.2.1. Diffraction Limit and Resolution Criteria 

The far-field spatial resolution of any aplantic lens-based optical imaging instrument 

is fundamentally limited by the diffraction of light. The diffraction limit manifests itself 

due to the fact that the image of a point in the object plane is a finite-sized spot in the 

image plane, with a certain irradiance distribution known as the point-spread function 

θmax D

f
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(PSF). The PSF is the Fourier transform of the transmittance function of the aperture 

[111].  

The resolution of a microscope depends on the illumination characteristics, such as 

object-space wavelength, state of polarization [112], degree of coherence [113], 

condenser lens [114, 115]; and certain parameters of the aperture, such as shape, size, and 

apodization [8]. 

For a diffraction-limited optical system, an aberration-free system limited only by 

diffraction effects, various criteria such as Abbe [2], Rayleigh [3], Sparrow [4], and 

Houston [5] have been proposed to determine how close two object features, such as two 

point sources with equal intensities, can be to each other spatially to be discerned as two 

individual sources in the image plane. It is assumed that for shorter separations of the 

object points, it is not possible to unambiguously identify them as separate point sources. 

In this review, we consider incoherent image formation. 

In a microscope system, the object features can be considered as a diffraction grating 

whose Fourier transform forms at the back focal plane of the objective lens. 

Superposition of theses spatial frequencies on the image plane forms the image. Since not 

all spatial frequencies pass through the lens, the resolution is limited. Therefore, in terms 

of spatial frequencies, a microscope operates as a low-pass filter; the transmission of the 

highest spatial frequency is a measure of the spatial resolution [9, 42].  

According to the Abbe’s microscope theory [2], incident light is diffracted by the 

object features. Object features separated by d are considered as a diffraction grating with 

period d. The diffracted orders can be collected totally or partially by the imaging system, 

as shown in Fig. 1.2.  
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Figure 1.2: Illustration of the Abbe’s theory where diffraction orders 
pass through (a) or stopped by (b) the lens pupil [42]. Reprinted with 
permission. © 2003 Imperial College Press.    

 
 
 

The mth diffraction maximum occurs at angle θm, which satisfies the following 

grating equation:  

𝑑𝑑 sin𝜃𝜃𝑚𝑚 = 𝑚𝑚𝑚𝑚, (1.3) 

where θm is the angle between the mth diffraction order and the normal vector to the 

grating surface. From Eq. (1.3), it can be seen that the smaller the d (the smaller the 

details of an object) the larger the θm, for a given diffraction order. The zero-order and at 

least one of the first order diffracted rays need to be collected by the objective lens in 

order to resolve that period correctly [10]. The condition for passing one of the first order 

diffracted rays through the lens gives the Abbe diffraction limit: 

𝑑𝑑 = 0.5𝑚𝑚0
NA , (1.4) 

(a)

(b)

θmax

θmax
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where λ0 is the free-space wavelength of illumination. According to the Abbe limit, 

object features separated by less than 0.5λ0/NA cannot be resolved. 

It can be seen from Eq. (1.4) that the resolution is improved by reducing the 

illumination wavelength (λ0), increasing the refractive index of the object-space (n), and 

increasing the acceptance angle of the light collection objective (θmax). The Abbe limit is 

~200-250 nm for conventional white light microscopy systems. Improving the resolution 

beyond the Abbe limit, without reducing the wavelength or increasing the form factor of 

the instrument, has been labeled as super-resolution techniques in the literature [10]. The 

contribution of the near-field components of the scattered field of the object is a vital 

factor in super-resolution techniques, due to the fact that high spatial frequencies 

corresponding to sub-wavelength information of the object are carried by the evanescent 

components of the scattered field. Super-resolution without employing evanescent waves 

can be achieved by optical superoscillations [44-46]. Superoscillation refers to a 

phenomenon where a bandlimited function is able to locally oscillate arbitrarily faster 

than the highest Fourier component in its spectrum [44]. 

In the rest of this sub-section, we review a few other classical resolution criteria 

which are, in principle, related to the width of the main lobe of the PSF of the imaging 

aperture [8]. It should be pointed out that there is an essential distinction between the 

Abbe’s resolution limit, which is based on a physical model, and the Rayleigh resolution 

criterion, which is rather a heuristic estimate of the resolution limit [3, 15]. 

The Rayleigh resolution limit states that two point sources with equal intensities are 

just resolved if the central maximum of the irradiance diffraction pattern produced by one 

point source coincides with the first zero of the irradiance diffraction pattern produced by 
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the second source. In this case, the composite irradiance distribution shows a saddle 

which has 81.1% or 73.6% of the maximum irradiance, respectively, for a square or 

circular shaped aperture, as shown in Fig. 1.3. For a square or circular shaped aperture, 

the PSF is of the form Sinc2 or Jinc2, respectively, where Sinc(x)=sin(πx)/(πx) and 

Jinc(x)=J1(x)/x, in which J1 is the Bessel function of first kind of order 1. In the rest of 

this section, we consider circular apertures. For a circular aperture with diameter D, the 

PSF has an Airy disk [111] appearance: 

ሻݎሺܫ ൌ ଴ܫ ൬
NA൯ݎ1൫݇0ܬ2
NAݎ0݇

൰
2

, (1.5)

where k0=2π/λ0 is the free-space wave number of the illuminating light. 

 
 

 
 

Figure 1.3: Rayleigh criterion for a (a) square and (b) circular aperture. 
 
 
 
In order to satisfy the Rayleigh criterion, the distance between the two point sources 

should be equal to the radius of the Airy disk formed by an individual point source. Since 

the first zero of the J1(x) occurs at x=1.22π, the Rayleigh limit is calculated as: 

∆௫ൌ
0ߣ0.61
NA . (1.6)
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In the context of spectroscopy, the Rayleigh criterion was generalized based on the 

ratio between the saddle irradiance and the maximum irradiance of either side [7]. Since 

for an irradiance pattern with sinc-like dependency, as shown in Fig. 1.3(a), the ratio 

between the saddle and the maximum of either side is 0.81, this number was generalized 

to other systems, such as Fabry-Perot interferometers, and stated that any two spectral 

lines are resolved if the ratio between the saddle and maximum is less than 0.81 [7]. 

However, the choice of this value is rather arbitrary [7]. Sparrow [4] has pointed out that 

the choice of this rather arbitrary value makes it subjective to compare the performance 

of two instruments and a fair comparison can be made only based on an “actual limit of 

resolution” [4, 7]. 

The Sparrow [4] resolution criterion states that two point sources, with equal 

intensities separated by a distance d, are just resolved if the second-order derivative of the 

composite irradiance distribution at the center just vanishes, i.e. 
డమூ

డ௫మ
ൌ 0 at x=0. This 

condition was called “undulation condition” by Sparrow. In this case, the composite 

irradiance distribution shows no saddle at the middle because both central maxima, and 

the minimum in-between coincide [4]. The limit of resolution according to the Sparrow 

criterion is: 

∆௫ൌ
0ߣ0.473
NA . (1.7)

The Houston criterion states that two point sources with equal intensities are just 

resolved if the distance between the central maxima of the composite irradiance 

distribution is equal to the full-width at half maximum (FWHM) of the irradiance 

distribution of either point source [5]. The FWHM of the PSF for a circular aperture with 

diameter D is: 
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∆௫ൌ FWHM ൌ
݂ߣ1.03
ܦ ൌ

0ߣ0.515
NA . (1.8)

Finally, it should be noted that if the PSF is exactly known, then a two-component 

model could be perfectly fitted to the data, regardless of the distance between the two 

point objects. In this case, there would be no limit to resolution. However, due to the 

presence of aberration or irregularity, precise knowledge of the PSF is not possible. In 

addition, the presence of measurement noise is also an issue. Therefore, the resolution 

fundamentally depends on the signal-to-noise ratio (SNR) [116]. 

1.2.2. Near-field Techniques 

In near-field techniques, the role of evanescent waves which contain high spatial 

frequencies corresponding to sub-wavelength features of the sample is vital. In the near-

field scanning optical microscopy (NSOM or SNOM) [38-40] technique, a near-field 

probe, which is usually a single mode optical fiber with a metal-coated tapered tip, is 

placed at a distance of a few nanometers from the sample and is raster-scanned across the 

sample area. Since the tip size of such a probe is much smaller than wavelength, only 

evanescent waves reach the tip. Due to the very short distance between the scanning tip 

and the sample, an accurate feedback system must be used to maintain the distance. 

Spatial resolution in NSOM is not limited by working wavelength and instead is limited 

by the size of the tip. Spatial resolution of the order of tens of nanometers can be 

achieved in SNOM using visible light. However, the throughput of NSOM (~10-6-10-3) 

[41] is significantly smaller than that of solid immersion techniques (~0.1-1) [27].  

Another proposed technique for super-resolution imaging is based on using a 

material with a negative index of refraction. Metamaterials can be engineered to have 

negative refractive indices. Veselago [117], in his study of electrodynamics of materials 
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with simultaneously negative values of permittivity and permeability, showed that a 

planar lens with a negative refractive index can form an image. However, it was pointed 

out by Pendy [51] that such a material can cancel the decay of evanescent waves and can 

be used as a “perfect lens”. Such a “perfect lens” is “shortsighted” and fabrication of such 

a lens at visible regime involves engineering limitations and complexities. This limitation 

can be overcome in some metamaterial designs [52-55]; however, these structures have 

their own limitations; limited frequency ranges of operation, and absorption problems. 

All these structures are very challenging to fabricate. 

1.2.3. Immersion Microscopy Techniques 

For a dry microscope objective, i.e. working in air (n=1), the maximum achievable 

NA is limited by the maximum acceptance half-angle, θmax=/2. This leads to a maximal 

theoretical NA=1 which in practice is typically limited by NA~0.95. However, the NA 

can be increased by filling the object-space with a liquid, such as water or oil [18]. In this 

way, the resolution improvement depends of the refractive index of the immersion oil. In 

the liquid immersion microscopy technique, the objective lens is designed to work in a 

liquid environment. The refractive index of the imaging medium is also important in this 

technique to have a reasonable contrast with the refractive index of the immersion oil.  

Implementation of a solid immersion lens (SIL) to improve spatial resolution of 

conventional microscopy was first reported in 1990 [19]. The similarity between the 

working principle of SIL microscopy and liquid immersion microscopy is that in the 

former the liquid is replaced by a hemispherical [19] or superspherical [20] solid 

dielectric with refractive index n, that is positioned directly on top of the object surface, 

as shown in Fig. 1.4. The high refractive index of the SIL shortens the effective 
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wavelength of the imaging illumination to λ0/n, which improves the resolution. 

Furthermore, magnification and collection efficiency are improved by applying the SIL. 

The key distinction between the solid immersion and liquid immersion microscopy is that 

the former involves the near-field coupling. In order to achieve the coupling of near-field 

components of the scattered field into the SIL, the gap between the SIL and the object’s 

surface should be smaller than the penetration depth of the evanescent field. This is 

achieved by pressing the SIL towards the object’s surface or by filling the gap by using 

an index-matching liquid. 

The SIL concept is related to a theory by Born and Wolf [1] which shows possession 

of two aplantic points (spherical aberration-free focal points) in a dielectric sphere [30]. 

Therefore, if a sphere placed on top of the sample surface is truncated by a plane parallel 

to the sample’s surface and passes through either one of the aplantic points, a spherical 

aberration-free focused spot is achieved just on top of the sample. Based on this theory, 

morphologically, two types of conventional solid immersion lenses can be realized: i) 

hemispherical SIL (h-SIL) [19] and ii) super-spherical SIL (s-SIL) [20].  

 
 

 
 

Figure 1.4: (a) An objective lens, (b) a hemispherical solid immersion 
lens (h-SIL), and (c) a super-spherical solid immersion lens (s-SIL).   
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An h-SIL [Fig. 1.4(b)] is a dielectric hemisphere [19], because one of the aplantic 

points is just at the center of the sphere. Magnification of an h-SIL, calculated by the 

geometrical optics formulae, is n.  

An s-SIL [Fig. 1.4(c)], also known as Weierstrass SIL, is a truncated sphere with 

thickness (1+1/n)R, where R is the radius and n is the refractive index of the sphere [20]. 

This thickness is selected due to the fact that one of the aplantic points of the sphere is 

located at that distance from the vertex of the sphere. Magnification of an s-SIL, 

calculated by the geometrical optics assumptions, is n2.  

In 2010 [35], it was reported that a sub-hemispherical wavelength-scale SIL, 

illuminated with linearly polarized light focused by a high-NA objective lens, can focus 

light in its near field ~25% smaller than the FWHM of a conventional millimeter scale 

SIL (macro SIL) and hence improving the resolving power. The fact that the small 

wavelength-scale lenses or microlenses have better resolution than their enlarged 

counterparts plays an important, and not totally understood, role in different imaging and 

focusing techniques. We will address this property many times in different contexts in 

this dissertation.  

1.2.4. Microsphere Nanoscope 

Near-field microscopy using nanolenses [60], microdroplets [61], and especially, 

microspheres [62-64] emerged as a surprisingly simple way of achieving optical super-

resolution. Recently, it was demonstrated [63] that silica spheres with a refractive index 

n~1.46 and with diameters in the range D~2-9 µm can convert high spatial frequencies 

of the evanescent field into propagating modes, that can be used for far field imaging of 

sub-diffraction-limited features by looking “through the microsphere” into a virtual 
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image produced by the microspheres below the surface of the structure, as illustrated in 

Fig. 1.5. This microsphere nanoscope system is capable of working in both reflection and 

transmission modes.  

Super-resolution microscopy of different samples with sub-diffraction-limited 

features was achieved using silica microspheres in Ref. [63]. One particular sample was a 

commercial Blu-ray® disk (BD) which has 200-nm-wide stripes separated 100 nm apart. 

It was claimed that silica SILs failed to resolve 100 nm spaced line objects on the BD, as 

shown in Fig. 1.5(c) and 1.5(d), respectively, for 0.5 and 2.5 mm diameter h-SILs. 

Whereas, the D=4.74 μm microsphere was able to resolve 100 nm spaced line objects on 

the BD, as shown in Fig. 1.5(e). Similar results were reported for samples with feature 

sizes between 50 and 130 nm, and it was concluded that silica microspheres with 2<D<9 

μm overperform their h-SILs counterparts in terms of nanoimaging [63]. 

 
 

 
 

Figure 1.5: (a) Schematic of an optical nanoscope with microspheres 
placed on top of the sample. The spheres collect the near-field object 
information and form virtual images that are captured by the objective 
lens. (b) Optical microscopy of a Blu-ray® disk without SIL or sphere, 
(c) with a 0.5 mm SIL, (d) with a 2.5 mm SIL, and (e) with a 4.74 μm 
silica microsphere [63]. Reprinted with permission. © 2011 Macmillan 
Publishers Ltd: Nature Communications. 

(b) (c)

(d) (e)

0.5 mm SIL

2.5 mm SIL

Without SIL 
or sphere

(a)

4.74 μm sphere

5 μm

5 μm

5 μm
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Figure 1.6: (a) Super-resolution strength vs. size parameter q. (b) 
Intensity distributions calculated for a freestanding s-SIL, a freestanding 
sphere, and a sphere on surface of a 40-nm-thick gold film (D=4.74 μm, 
n=1.46, and λ=600 nm). (c) FWHM of foci for s-SIL (blue), sphere 
(red), and sphere on substrate (green). (d) Virtual image magnification 
vs. sphere diameter D [63]. Reprinted with permission. © 2011 
Macmillan Publishers Ltd: Nature Communications. 

 
 

 
It was suggested that, on a fundamental level, a connection exists between the super-

resolution imaging of micrometer-scale spheres and their ability to focus light down to 

sub-diffraction-limited dimensions [63]. Such tightly focused beams termed “photonic 

nanojets” are reviewed in more detail in Sections 1.3.2. Super-resolution strength of a 

micrometer-scale sphere was defined as: (focus spot size − Rayleigh limit) / (radius of the 

(a) (c)

(d)

(b)
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sphere). As illustrated in Fig. 1.6(a), the calculations predicted maximal super-resolution 

strength for n=1.8. It has been argued that for n>1.8, the super-resolution strength should 

be reduced along a range of micrometer-scale sphere diameters where this effect can be 

expected [63]. It was shown by numerical modeling that the focus at the sphere-substrate 

contact region becomes sharper, as illustrated in Fig. 1.6 (b,c), and due to the optical 

reciprocity principle [118] the resolution can be improved.  

Since a mathematical model for the near-field magnification has not yet been 

developed for the case of microspheres, it was proposed that the virtual image 

magnification (M) depends on the maximal field enhancement produced by the 

microspheres, similar to the geometrical optics case [63]. Virtual image magnifications 

calculated by geometrical optics approximations were fitted to a transcendental curve of 

the form ܯ ൎ ሺܫ௠௔௫/ܫ଴ሻఉ, where ܫ଴ is the incident field upon the sphere and ܫ௠௔௫ is the 

maximum field enhancement produced by the sphere, already calculated in Ref. [119] as: 

ூ೘ೌೣ

ூబ
ൌ

ଶ଻௡ర

ሺସି௡మሻయ
 ,                                   ݊ ൏ √2. 

ூ೘ೌೣ

ூబ
ൌ

ଶ଻௡ర

ሺସି௡మሻయ
௡మ

ଶ௡൫௡ି√ଶ൯ାଶ
 ,              ݊ ൐ √2. 

(1.9)

(1.10)

It was found that 0.34=ߚ. Since the field enhancement effect increased for larger 

spheres, it was predicted that within the super-resolution window (size range where 

spheres with a given refractive index have super-resolution strength), magnification 

increases for larger spheres, as shown in Fig. 1.6(d) for microspheres with n=1.46 and 

2<D<9 μm. 

More recently, it has been shown that the super-resolution capability of this 

technique can be reinforced by semi-immersing the corresponding low-index 
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microspheres in a liquid micro-droplet, which produces a sharper contrast with a 

comparatively smaller magnification factor [64]. Although the imaging in the presence of 

the liquid is useful for biomedical applications, using semi-immersed spheres is 

technically complicated due to the dynamical droplet’s evaporation process, which leads 

to gradually varying resolution and magnification of the optical setup. In some cases, this 

dynamical process can be used for quick evaluations of different structures and samples. 

However, many of the biomedical samples and cell cultures contain permanent fraction 

of water, and evaporation of water can be damaging for cells. In such cases, permanent 

presence of water is required. It has been argued, however, that the super-resolution 

effect cannot be expected [64] when the microsphere is absolutely submerged by the 

liquid layer. 

 
1.3. Resonant and Non-resonant Optical Properties of Dielectric Spheres 

In this section, we review the mechanisms of light interactions with microspheres. 

Microspheres can support internal resonances called whispering gallery modes (WGMs) 

[38]. One type of light interaction with microspheres involves excitation of WGMs, 

which can be achieved either evanescently or by using internal built-in sources of light 

[69]. Another type of interaction is based on refraction and reflection properties of 

microspheres, which does not require evanescent coupling and can be achieved by 

illuminating microspheres with plane waves from outside space. Plane wave illumination 

leads to a formation of tightly focused beams termed photonic nanojets (PNJs) [86].  

1.3.1. Whispering Gallery Modes in Spherical Cavities 

Electromagnetic waves can be strongly confined in cavities with circular symmetry, 

such as rings, cylinders, toroids, disks, and spheres, due to total internal reflection of light 
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[38, 68-71]. Such confined modes are called whispering gallery modes (WGMs) in 

analogy to acoustic whispering galleries. Due to minimal reflection losses, WGMs can 

reach very high quality (Q) factors. WGMs have many applications, such as biosensors 

[72-77] for single molecule or virus detection, or precisely size sorting [120, 121] of 

microspheres. In this work, WGMs in microspheres are considered. 

Trapped waves inside a microsphere with radius R, propagate close to the surface of 

the sphere so that they traverse a distance of ~2πR in a round trip. Under constructive 

interference condition, standing WGMs are formed in the cavity [122]. Constructive 

interference condition in a cavity with a circular symmetry can be approximated as 

2πR≈l(λ0/n), where λ0/n is the wavelength in the medium with refractive index n. This 

condition can be expressed in terms of the size parameter, x=2πR/λ0 ≈l/n. 

The following approach for solving the electromagnetic field problem for a sphere 

with radius R and refractive index n was adopted from [70, 71]. Hansen’s method [123] 

was used in which solutions of the vectorial Helmholtz equation have angular 

dependence described by the vectorial spherical harmonics [124], defined as: 

௟܆
௠ ൌ સ ௟ܻ

௠ ൈ ඥ݈ሺ݈/ܚ ൅ 1ሻ, (1.11)

௟܇
௠ ൌ સݎ ௟ܻ

௠/ඥ݈ሺ݈ ൅ 1ሻ, (1.12)

௟܈
௠ ൌ ௟ܻ

௠	ܚො. (1.13)

The angular mode number l indicates the order of the spherical harmonic ௟ܻ
௠ that 

describes the angular field distribution. The index m is called the azimuthal mode number 

and can take 2l+1 values from –l to l. 

The electromagnetic fields for both polarizations are represented by: 
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۳௟௠
୘୉ሺܚሻ ൌ ଴ܧ

௙೗ሺ௥ሻ

௞బ௥
௟܆
௠ሺߠ, ߮ሻ, (1.14)

۰௟௠
୘୉ሺܚሻ ൌ ாబ

௜௖
ቆ௙೗

ᇲሺ௥ሻ

௞బ
మ௥
௟܇
௠ሺߠ, ߮ሻ ൅ ඥ݈ሺ݈ ൅ 1ሻ ௙೗ሺܚሻ

௞బ
మ௥మ

௟܈
௠ሺߠ, ߮ሻቇ, 

(1.15)

۳௟௠
୘୑ሺܚሻ ൌ ாబ

௡మ
ቆ௙೗

ᇲሺ௥ሻ

௞బ
మ௥
௟܇
௠ሺߠ, ߮ሻ ൅ ඥ݈ሺ݈ ൅ 1ሻ ௙೗ሺܚሻ

௞బ
మ௥మ

௟܈
௠ሺߠ, ߮ሻቇ, 

(1.16)

۰௟௠
୘୑ሺܚሻ ൌ െ ௜ாబ

௖

௙೗ሺ௥ሻ

௞బ௥
௟܆
௠ሺߠ, ߮ሻ, (1.17)

where 

௟݂ሺݎሻ ൌ ߰௟ሺ݊݇଴ݎሻ                                  for ݎ ൏ ܴ, (1.18)

௟݂ሺݎሻ ൌ ሻݎ௟ሺ݇଴߰ߙ ൅ ݎ ሻ              forݎ௟ሺ݇଴߯ߚ ൐ ܴ (1.19)

are solutions of Riccati-Bessel radial equation. ߰௟ሺߩሻ ൌ ሻߩሻ and ߯௟ሺߩ௟ሺ݆ߩ ൌ  ,ሻߩ௟ሺ݊ߩ

where ݆௟ and ݊௟ are spherical Bessel and Neumann functions, respectively. 

Boundary condition for continuity of the tangential components of the fields was 

used to find the positions of resonances. 

߰௟ሺ݊݇଴ܴሻ ൌ ௟ሺ݇଴ܴሻ߰ܣ ൅ ௟ሺ݇଴ܴሻ, (1.20)߯ܤ

ܲ߰௟
ᇱሺ݊݇଴ܴሻ ൌ ௟߰ܣ

ᇱሺ݇଴ܴሻ ൅ ௟߯ܤ
ᇱሺ݇଴ܴሻ, (1.21)

where P=n for TE polarization, and P=n-1 for TM polarization. 

WGMs are modes of an open system in which a dissipation of energy occurs due to 

the leakage of the electromagnetic fields from the cavity. As an approximation it is 

assumed that the radiative part outside the sphere is negligible. So the resonance 

condition can be shown by the following characteristic equation, which determines the 

relation between wave number and radius of the sphere: 

ܲ	
൅1/2݈ܬ
′ ሺ݊݇0ܴሻ

൅1/2ሺ݊݇0ܴሻ݈ܬ
 = 

ே೗శభ/మ
ᇲ ሺ௞బோሻ

ே೗శభ/మሺ௞బோሻ
 , 

(1.22)

where ܬ and ܰ are Bessel and Neumann functions, respectively.  



20 
 

Various solutions of this equation determine an infinite set of wave vectors 

(eigenfrequencies) for a given R. In this case, introducing another index ݊௥ (radial 

number) is necessary to indicate the correspondence between roots of Eq. (1.22) and 

eigenfrequencies. The characteristic equation is independent of the index m, which shows 

the degeneracy of these modes. Expanding Eq. (1.22) as an asymptotic series in powers 

of ߥ ൌ ሺ݈ ൅ 1/2ሻିଵ/ଷ and Airy functions [66] gives: 

௟,௡ೝݔ݊
௉ ൌ ߥ ൅ ܽଵ௡ೝߥ

ଵ/ଷ ൅ ܽ଴ߥ଴ ൅ ܽିଵ௡ೝߥ
ିଵ/ଷ ൅ ⋯, (1.23)

in which x is the size parameter and 

ܽଵ௡ೝ ൌ 2ିଵ/ଷߙ௡ೝ, (1.24)

ܽ଴ ൌ െ ௉

√௡మିଵ
, (1.25)

ܽିଵ௡ೝ ൌ
ଷ

ଵ଴
2ିଶ/ଷߙ௡ೝ

ଶ , (1.26)

where ߙ௡ೝ are roots of the Airy function Ai(-z) associated with the radial number ݊௥. 

In summary, WGMs in microspheres are characterized [79, 80] by two polarizations 

(TE- and TM-modes) and three modal numbers: radial ݊௥, angular l, and azimuthal m. 

i) The radial number, ݊௥, indicates the number of WGM intensity maxima along 

the radial direction.  

ii) The angular number, l, represents the number of modal wavelengths that fit 

into the circumference of the equatorial plane of the sphere.  

iii) The azimuthal number, m, for a freestanding sphere with a perfect shape is 

degenerate. The value for lെm+1 represents the number of WGM intensity 

maxima in the polar (perpendicular to the equatorial plane) direction.  
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Figure 1.7: (a-c) Schematics of a single sphere on a substrate illustrating 
intensity maxima distributions for WGMs with different m. (d) 
Spectrum of a single green fluorescent sphere (D=5 m) with TE௟

௡ೝ and 
TM௟

௡ೝ WGM peaks measured through a transparent substrate [69, 125]. 
Reprinted with permission. © 2009 SPIE. 

 
 
 
In practice, the degeneracy of the azimuthal number, m, is removed by small 

deformations of the microspheres from the spherical shape [69] or by any perturbation at 

the surface of the sphere. A sphere on the substrate is rotationally invariant around the z-

axis normal to the surface (playing the part of the polar axis), as shown in Fig. 1.7(a). The 

fundamental WGMs with m=l are defined [69] in the equatorial plane of the sphere, 

parallel to the substrate. Such fundamental modes have the highest Q-factors, due to the 

fact they are separated from the substrate by the radius of the sphere. In contrast, the 

modes with m<<l are damped, due to the fact that they have a spatial distribution with 

the maximum intensity approaching the substrate with a high refractive index, as 

illustrated in Figs. 1.7(b) and 1.7(c) for WGMs with ݊௥=2. A typical fluorescence 

spectrum of a single dye-doped D=5 µm polystyrene (n=1.59) sphere on a glass substrate 
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[125] is presented in Fig. 1.7(d). The WGM peaks with orthogonal polarizations are 

labeled TE௟
௡ೝ and TM௟

௡ೝ, respectively. 

The shape deformation, which breaks the symmetry around the z-axis, is very 

important factor since all spheres have a random distribution of this ellipticity on the 

level of at least 1%, in the same way as they have size disorder. WGM splitting caused by 

such ellipticity leads to the appearance of quasi-equidistant closely spaced peaks [67, 84] 

is very significant in a sense that it is comparable with the linewidths of individual modes 

depending on the sphere’s size. This means that this ellipticity is likely to determine the 

real emission and coupling linewidths of WGMs.  

The role of surface perturbation can be represented by a contact point with the 

substrate or contact with another sphere(s). A particle deposited on the surface of the 

sphere can also be considered as a surface perturbation. The strength of perturbation 

determines the amount of splitting between WGMs with different m numbers [69]. 

The shape deformation of a sphere can mix the modes with different m, giving rise to 

a broadening of all modes, due to tunneling to the substrate. These effects are likely 

responsible for the WGM linewidth broadening, observed in the experimental spectra of 

microspheres [69]. 

There are two ways of excitation of WGMs. WGMs can be “forced” due to 

evanescent coupling with tapered fibers [81] or stripe waveguides [126]. In this case, 

only few WGMs with different m numbers are excited because of their different overlap 

with the modes propagating in tapered fibers or stripe waveguides. Alternatively, WGMs 

can be excited using fluorescent properties of built-in light sources, such as dye-doped 

molecules. In this case, WGMs settle themselves depending on their life time, Q-factors, 
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and other conditions. For example, a sphere on a substrate have a fundamental mode in 

the equatorial plane parallel to the substrate.  

1.3.2. Photonic Nanojets and Nanojet Induced Modes 

In the previous section, we considered resonant properties of dielectric spheres. Non-

resonant optical properties of dielectric spheres are not related to the coupling with 

WGMs. Microspheres can be used to focus light with a broad range of wavelengths. The 

focusing effects in sufficiently large (r>>) spheres follow the laws of geometrical optics 

[127]. Paraxial geometrical optics assumptions lead to the following relation for the back 

focal length (b.f.l.) of a sphere with radius R and refractive index n (Appendix D): 

b. f. l. ൌ ோሺଶି௡ሻ

ଶሺ௡ିଵሻ
. (1.27)

According to Eq. (1.27), based on paraxial geometrical optics approximations, 

collimated incident rays are focused inside or outside the sphere, if the refractive index of 

the sphere is greater or smaller than 2, respectively. For the case of n=2, the focal point is 

just at the shadow-side surface of the sphere, which is consistent with several studies on 

optical caustics [128-130].  

By considering wave optics assumption, for an aberration-free converging thin lens 

with circular face (bi-convex or plano-convex), the incident plane wave is focused on the 

far-field with an Airy pattern irradiance distribution, with the FWHM~λ/2 according to 

Eq. (1.8). If we consider a dielectric sphere as a bi-convex converging lens, a focused 

spot size in excess of the diffraction limit is expected due to the presence of spherical 

aberration. However, it has been shown [85-87] that when the beam is focused just on or 

close to the shadow-side surface of the sphere, an interesting phenomenon occurs due to 

the near-field interactions of the sphere’s boundary and the focused beam. In this case, a 
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highly localized electromagnetic beam at the shadow-side surface of the sphere is 

created, which is termed “photonic nanojet” (PNJ) or “photonic jet” (PJ) [85-87] 

(because its appearance is analogous to high-speed gradient that is characteristic of a jet 

in fluid mechanics). Photonic nanojets are defined as narrow intense electromagnetic 

beams propagating into the background medium from the shadow-side surface of a plane-

wave illuminated lossless dielectric microcylinder [85] or microsphere [86] of diameter 

greater than the illuminating wavelength. The physical mechanism of the nanojet light 

confinement effect is a complicated scattering and interference problem. The 

interferences between the incident field and the scattered field by the microsphere lead to 

such a confinement [92, 106]. It was shown [107] that microspheres can have high NA 

and negligible small spherical aberration due to the compensation of the positive 

spherical aberration caused by the spherical surface, and the negative spherical aberration 

caused by the focal shift effects [131-133].  

It was known that the electromagnetic field distributions inside and near the shadow-

side surface of a plane wave-illuminated infinite dielectric cylinder have intense peaks 

along the incident axis, even for non-resonant conditions [134, 135]. However, by using 

finite-difference time-domain (FDTD) numerical solutions of Maxwell’s equations, the 

formation of localized intense nanoscale “photonic jets” in the vicinity of the shadow-

side surface of plane wave-illuminated dielectric microcylinders was shown [85]. It was 

shown that such photonic nanojets have sub-diffraction limit lateral sizes and propagate 

over several wavelengths without significant divergence. The location and the intensity of 

photonic nanojets depended on the refractive index contrast between the particle and its 

surrounding medium, diameter of the particle (D), and the incident wavelength (λ).  



25 
 

Figs. 1.8(a-c) shows the computational results for a cylinder with D=5 μm and refractive 

index of n1, surrounded by a medium with n2=1, illuminated by a plane wave with 

λ2=500 nm [85]. By decreasing the refractive index from n1=3.5 to n1=2.5, the internal 

field peak moved toward the shadow-side surface of the cylinder and emerged from the 

shadow-side surface of the cylinder for n1=1.7 as a strong jet-like distribution with ~900 

nm (1.8λ2) length and ~200 nm (0.4λ2) intensity FWHM, as illustrated in Fig. 1.8(c) [85].  

 
 

 
 

Figure 1.8: (a-c) Evolution of a photonic nanojet as the refractive index 
of the cylinder (D=5 μm) decreases. Refractive index of the background 
medium is n2=1. Plane wave with λ2=500 nm, propagating from left to 
right, impinges on the cylinder with refractive index of (a) n1=3.5, (b) 
n1=2.5, and (c) n1=1.7. (d-f) Formation of photonic nanojets for 
different combinations of D, n1, n2, and λ2. (d) D=5 μm, n1=3.5, n2=2.0, 
λ2=250 nm, (e) D=6 μm, n1=2.3275, n2=1.33, λ2=300 nm, and (f) D=10 
μm, n1= 2.3275, n2=1.33, λ2=300 nm [85]. Reprinted with permission. 
© 2004 Optical Society of America. 
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It was shown [85] that photonic nanojets are generated for different combinations of 

D, n1, n2, and λ2, provided that n1/n2 and D/λ2 not significantly changes from the case of 

Fig. 1.8(c). The FWHMs of the intensity distributions in Figs. 1.8(d-f) are 120, 130, and 

140 nm, respectively, which are smaller than half of the illumination wavelength. 

The possibility of light focusing with sub-diffraction sizes by microspheres was 

mentioned in Ref. [62], without presenting explicit calculation detail about the focused 

beams’ sizes. Formation of photonic nanojets in microspheres was studied in Ref. [86], 

based on rigorous separation-of-variables eigenfunction solution of Maxwell’s equations 

in spherical coordinates. The incident plane wave of unity amplitude was expanded in 

spherical harmonics as [136]: 

۳௜ሺܚሻ ൌ ∑ ݅௣ሼሺ2݌ ൅ 1ሻ/ሾ݌ሺ݌ ൅ 1ሻሿሽሾۻ௢ଵ௣
ሺଵሻ ሺܚሻ െ ௘ଵ௣ۼ݅

ሺଵሻ ሺܚሻሿஶ
௣ୀଵ . (1.28)

The expansion of the scattered field was given by [136]: 

۳௦ሺܚሻ ൌ ∑ ݅௣ሼሺ2݌ ൅ 1ሻ/ሾ݌ሺ݌ ൅ 1ሻሿሽሾ݅ܽ௣ۼ௘ଵ௣
ሺଷሻ ሺܚሻ െ ܾ௣ۻ௢ଵ௣

ሺଷሻ ሺܚሻሿஶ
௣ୀଵ , (1.29)

where M and N are the vector spherical harmonics, with their superscript denotes the 

kind of the spherical Bessel function, ܽ௣ and ܾ௣ are the scattering Mie coefficients, and 

i= √െ1. 

The total external electric field induced by the plane wave was given by: 

۳௜ሺܚሻ ൅ ۳௦ሺܚሻ. (1.30)

The coefficients  ܽ௣ and ܾ௣ were calculated by an algorithm described in [137]. The 

computation results [Figs. 1.9(a-d)], showed nanojet formation at the shadow-side surface 

of a microsphere with n=1.59 and different diameters, illuminated by an x-polarized, z-

propagating plane wave with λ=400 nm [86]. By increasing the sphere diameter, the 

nanojet moved away from the sphere, and its maximum intensity and FWHM increased. 
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It was shown that plane wave-illuminated dielectric microspheres create 3-D photonic 

nanojets with higher intensity compared with the intensity of 2-D nanojets formed by 

dielectric microcylinders. 

Ref. [92] studied the spatial and spectral properties of 3-D nanojets by using rigorous 

Lorentz-Mie theory. The contribution of each spectral component to the nanojet was 

quantitatively studied, and it was found that such nanojets posses both evanescent and 

propagating components. It was found that the evanescent field components enhance and 

sharpen the nanojet field distribution. For example, when the evanescent field was 

removed from the nanojet formed by a D=2 μm sphere, the maximum field enhancement 

dropped by a factor of two, and the width of the nanojet increased by 10% [92]. 

 
 

 
 

Figure 1.9: Photonic nanojets formed by a plane wave-illuminated 
(λ=400 nm) dielectric sphere (n=1.59) with diameter of (a) 1 μm, (b) 2 
μm, (c) 3.5 μm, and (d) 8 μm [86]. Reprinted with permission. © 2005 
Optical Society of America. 
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If a tightly focused (NA>0.8) Gaussian beam incident on a microsphere is 

considered, instead of a plane wave incident, a photonic nanojet with 3-D subwavelength 

dimensions with an effective volume of 0.6(λ/n)3 is formed [93]. The interferences 

between the scattered field by the microsphere and the incident Gaussian field with high 

angular components lead to such a confinement [93]. 

Quantitative parameters of a photonic nanojet are: FWHM, peak intensity, length, 

and radial shift, as schematically illustrated in Fig. 1.10 [89]. 

 
 

 
 

Figure 1.10: Schema of a photonic nanojet [89]. 
 
 
 

Specific properties of photonic nanojets are: 

1) Narrow: The FWHM can be smaller than the diffraction limit [62, 85, 86]. 

2) Intense: Intensity can be enhanced up to 1000 times of the incident intensity [86, 

87]. 

3) Elongated shape: A nanojet has a low divergence for few wavelength (~3λ) and 

can be engineered to have low divergence for more than 20λ [94, 95]. 

4) Non-resonant phenomenon: A nanojet can be created with small (D≈2λ, n~1.6) 

and also with large (D>40λ, n=2) spheres [87, 88].  

5) Possession of both propagating and evanescent components [92]. 
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Tunable parameters for tailoring nanojets are: 

1) Refractive index of the particle [85, 86] and refractive index distribution in the 

particle [94-96, 103]. 

2) Refractive index of the surrounding medium [85, 86]. 

3) Size of the particle [85, 86]. 

4) Wavelength of the illuminated light [85, 86]. 

When the plane wave’s wavelength matches the resonant wavelength of the 

sphere, nanojets formed at the shadow-side surface of the sphere become more 

intense and also narrower, compared with the case of off-resonant illumination. 

Narrowing effect, which can be a two-fold reduction of the FWHM of the 

nanojet, is due to the leakage of the whispering gallery modes from the sphere, 

which is more pronounce at the proximity of the surface due to its evanescent 

nature [138]. 

5) State of polarization of the incident light [99, 101]. 

It is known that the irradiance distribution at the focal plane of a high NA lens, 

illuminated by a plane wave, is asymmetric due to polarization, i.e. the tightly 

focused beam is narrower in a direction perpendicular to the polarization [112]. 

This is also true for nanojets, when the sphere is incident by a linearly polarized 

plane wave [88]. The effect of incident polarization on the shape of nanojets was 

studied in Ref. [101] and it was shown that the irradiance profiles for linear and 

circular polarization incident beams are very similar with effective volume 

~8(λ/n)3. Whereas, an incident beam with azimuthal polarization creates a 
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doughnut beam, and incident beam with radial polarization forms a symmetric 

nanojet with effective volume ~0.7(λ/n)3 [101]. 

6) Illumination condition, such as intensity [93] or phase [99] distribution of the 

incident light. 

 
 

 
 

Figure 1.11: (a) Reconstruction of a photonic nanojet generated by a 3 
μm latex microsphere (white circle). (b) Intensity profile along x-axis at 
the best focus point. Red dots are measured data, solid line is a Gaussian 
fit. (c) Intensity enhancement along z-axis at the center of the nanojet. 
Blue dots are measured data, solid line is a Lorentzian fit. (d) Measured 
FWHM of the nanojet (green dots). The dashed shows simulation results 
[91]. Reprinted with permission. © 2008 Optical Society of America. 

 
 
 
Experimental observation of photonic nanojets formed by single latex (n=1.6) 

microspheres with D=1-5 μm illuminated by a plane wave (λ=520 nm) was reported in 

Ref. [91]. The imaging technique was based on fast scanning confocal microscopy in 
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detection mode. A diffraction-limited observation volume, scanned in three dimensions 

over the microsphere vicinity, was defined by the detection pinhole. 3-D nanojets were 

reconstructed from the collected stack of images, and nanojets with FWHMs of 300, 270, 

and 320 nm were observed for 1, 3, and 5 μm spheres, respectively. Fig. 1.11 illustrates 

the observation of a nanojet created by a 3 μm sphere with FWHM of 270 nm and beam 

propagation distance with subwavelength FWHM of more than 3λ.  

 
 

 
 

Figure 1.12: (a-c) Scattering distribution from microdisks in water 
(λeff=633/1.33=475 nm and refractive index contrast=1.5). (d-f) The 
calculated normalized intensity plots for a disk with diameter of (d) 1.5 
μm, (e) 3 μm, and (f) 6 μm on a normalized linear scale [102]. Reprinted 
with permission. © 2012 Optical Society of America. 

 
 

 
Experimental observation of nanojet formations from microdisks was reported in 

[102]. Nanojets were observed when Si3N4 microdisks with diameters 1-10 μm (400 nm 

height) were illuminated from the side. Scattered light from the disk-substrate system was 

observed by imaging from above, and subwavelength focusing was observed when the 

disks were in air. In water, the refractive index contrast was such that the nanojets were 

(a) (b) (c)

(d) (e) (f)

D=1.5 μm D=3 μm D=6 μm
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formed (Fig. 1.12). The angular distribution of the intensity was in agreement with the 

analytical calculations for the case of an infinite cylinder [102]. It was also found that 

when the disks are illuminated with a focused Gaussian beam perpendicular to the 

substrate, extremely low divergence beams are formed (divergence angle ~10 times 

smaller than a focused Gaussian beam in free space with the same waist) [102]. 

 
 

 
 

Figure 1.13: (a) Scattering spectra measured from a chain of D=9 μm 
polystyrene spheres coupled with a 10 μm dye-doped fluorescent sphere 
(S). The peaks originate from coupling of WGMs resonances of the S-
sphere to other spheres. (b) Normalized scattering intensity peaks 
produced by different spheres along the chain as a function of the 
distance between the centers of the spheres [139]. Reprinted with 
permission. © 2004 American Institute of Physics. 

 
 
 
Ref. [139] is one of the first experimental studies of optical coupling and transport 

phenomena in chains of dielectric microspheres using spatially resolved scattering 

spectroscopy. Linear chains of touching polystyrene (n=1.59) microspheres with mean 

diameters between 3-20 μm and size dispersion of ~1% were assembled by 

micromanipulation of dried microspheres on a flat substrate using a tapered optical fiber 

probe. Dye-doped spheres with fluorescence peaks due to whispering gallery modes 

(a) (b)
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(WGMs) were attached to one end of the chains to couple light into the chains, as 

illustrated in Fig. 1.13(a). A pulsed source with high peak intensity was used to excite 

WGM lasing in the dye-doped source spheres. Since the spectrum of the excited 

fluorescent dye-doped spheres has strong lasing peaks at wavelengths corresponding to 

WGMs of the spheres, and has almost no emission intensity at other wavelengths, the 

coupling of the fluorescence emission into the chains was likely to be provided 

evanescently in this work. Due to evanescently coupling of the spheres, nanojet coupling 

was not expected in this work [139]. Lately, a different way of coupling light into the 

sphere-chains was realized by introducing a gap between the dye-doped source sphere 

and the first sphere in the chain in Ref. [110]. The experimental data showed attenuation 

of ~3-4 dB/Sphere for the modes with the best transport properties [Fig. 1.13(b)] [139]. 

Based on the evanescent mechanism of coupling light from the source sphere [139], the 

optical transport properties were interpreted in terms of coupling between WGM 

resonances with random detuning. In this case, the chain can be seen as a giant photonic 

molecule where individual resonators are detuned, and, as a result, are weakly coupled. 

The efficiency of coupling between size-mismatched microspheres with detuned WGM 

eigenstates was studied by numerical modeling and shown to be sufficiently high [140]. 

Ref. [108] studied optical coupling and transport phenomena in chains of dielectric 

microspheres using numerical calculations based on the generalized multiparticle Mie 

(GMM) theory. Light was coupled into the chains by plane waves launched from free 

space. It was shown that the nature of the electromagnetic field outside the microsphere is 

strongly dependent on its refractive index [108]. For example, for a plane wave-

illuminated (=400 nm) sphere with D=3 μm and n=1.59, the focused beam possesses 
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not only evanescent fields, but also radiative-mode components [Fig. 1.14(a)]. In 

contrast, for n=1.8, the optical power within such a microsphere is totally internally 

reflected, and can tunnel out of the sphere through evanescent coupling [Fig. 1.14(b)]. 

Therefore, two distinct coupling mechanisms of optical transport in terms of the coupling 

efficiency between neighboring microspheres were identified:  

i) Nanojet coupling (nonresonant micro-lensing), Figs. 1.14(c) and 1.14(e). 

ii) Evanescent coupling (resonant WGM-based), Figs. 1.14(d) and 1.14(f). 

 
 

 
 

Figure 1.14: A PNJ formed at the shadow-side surface (circle) of a plane 
wave-illuminated (=400 nm) dielectric sphere (D=3 µm) with (a) 
n=1.59 and (b) n=1.8. Electric field intensity distributions of a chain of 
five spheres with (c) n=1.59 at =429.069 nm and (d) n=1.8 at 
=430.889 nm. (e,f) Peak intensity of each constituent sphere as a 
function of the distance between their centers corresponding to (c) and 
(d), respectively [108]. Reprinted with permission. © 2006 Optical 
Society of America. 
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 Efficient WGM propagation through a chain of evanescently coupled microspheres 

can be achieved under resonant conditions using identical cavities [108]. However, 

optical coupling and transport through nanojet-inducing sphere-chains are less efficient 

due to the scattering losses caused by the radiative nature of photonic nanojets [108].  

Ref. [109], experimentally, investigated the nanojet coupling and their attenuation 

properties in linear chains of touching polystyrene microspheres with diameters in the 2-

10 μm range. Nanojet-coupling in such chains, leading to formation of nanojet-induced 

modes (NIMs), was observed. Locally excited sources of light, formed by several dye-

doped fluorescent microspheres from the same chain of cavities, were used to couple 

light into NIMs, as shown in Figs. 1.15(a,b). The intensity of the CW photoexcitation was 

much smaller in this work, compared with the earlier work [139], indicating that the 

spheres were pumped well below the WGM lasing threshold. Under these conditions, 

most of the power of the source sphere was emitted into propagating modes. Although 

such a multimodal light source is far from the case of plane waves considered in [108], it 

still has some similarity with this case.  

The formation and propagation of nanojet-induced modes were observed by means 

of scattering imaging technique. Fig. 1.15(b) shows efficient focusing in tiny volumes 

close to the touching points of adjacent spheres [109]. The light propagation along the 

chain was accompanied with a gradual narrowing of the focused spots [Figs. 1.15(b,c)]. 

Later, we termed the phenomenon of gradual decrease in sizes of the focused spots along 

the chain “beam tapering” effect. The so-called “beam tapering” effect was most 

pronounced in the first decade of spheres close to the source, where mode conversion into 

nanojet-induced modes, with corresponding mode conversion losses, occurs. Beyond the 
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first decade of spheres, the transverse sizes of these bright spots were saturated at the 

level of ~0.7 μm [Fig. 1.15(c)], which manifests the resolution limit of the imaging setup. 

This size represents only an upper limit for the spot sizes achieved in this work. In 

principle, focusing of plane waves by mesoscale spheres (n~1.6) can produce photonic 

nanojets with sizes smaller than the diffraction limit, as was stated earlier.  

 
 

 
 

Figure 1.15: (a) A chain of polystyrene spheres (D=2.9 μm) coupled 
with fluorescent spheres as local light sources. (b) Scattering imaging 
shows the “beam tapering” effect manifested by progressive reduction 
in the focused spot sizes. (c) Cross-sectional FWHM of the spots [109]. 
Reprinted with permission. © 2007 Optical Society of America.   

 
 
 
The following semi-empirical double-exponent fitting function was used to fit the 

experimental data: 

𝐼𝐼 = 𝐼𝐼110−0.1𝛽𝛽1𝑁𝑁 + 𝐼𝐼210−0.1𝛽𝛽2𝑁𝑁, (1.31) 

where I1 and I2 are intensities of two exponential components, β1 and β2 are their 

attenuation levels per individual sphere (in dB), and N is the propagation distance 
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expressed in number of spheres. The first and second exponents were associated with 

mode conversion losses occurring in the first several spheres, and propagation losses for 

nanojet-induced modes at longer distances from the source, respectively. It was found 

that for all studied chains, the strong initial light loss in the vicinity of the fluorescent 

source is characterized by the attenuation parameter β1 which is of the order of several dB 

per sphere. Further propagation of the nanojet-induced modes was found to occur with 

significantly lower attenuation, β2≤1 dB per sphere. It was shown that the smaller the 

spheres the smaller the β1 and β2. For example, the nanojet-induced mode propagation 

loss of ~0.48 dB per sphere was measured for a chain of 1.9 μm spheres, which was also 

influenced by structural imperfections, such as slight deviations from the axial alignment 

of cavities. The reduction in attenuation in smaller spheres was explained by the 

increasing focusing strength in wave-length scale (D~λ) spheres compared with larger 

spheres. In the limit of geometrical optics (D>>λ), a sphere with n=2 provides a focused 

spot at the shadow-side surface of a sphere, while it has been demonstrated [86] that with 

a decrease of the diameter to a few λ, the required value of the refractive index drops to 

~1.6, which is very close to the refractive index of polystyrene. Further work is 

necessary to reveal the intrinsic radiation loss of nanojet induced modes. The physical 

mechanism of the “beam tapering” effect remained unexplained. 

Ref. [141] studied optical properties of colloidal waveguides fabricated by 

convective assisted capillary force assembly technique. Light transport in chains of 1 μm 

diameter polystyrene spheres was studied, and it was reported that no WGMs were 

detected in the transmitted light through such chains due to the small size of the particles 

and the damping into the surrounding medium. The attenuation of the nanojet induced 
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mode propagation was measured and compared to previous works. The results (Fig. 1.16) 

followed the same trend as previous results, especially in agreement with the observation 

in [109] that the smaller the spheres the smaller the attenuation per sphere. 

 
 

 
 

Figure 1.16: Evolution of attenuation in microsphere-chains as a 
function of the diameter [141]. Reprinted with permission. © 2010 
American Vacuum Society. 

 
 
 
Formation of “microjoints” (Fig. 1.17) with diameters ~300 nm between touching 

polystyrene microspheres in chains of self-assembled spheres (D=2 μm) was observed in 

Ref. [142]. This finding is important because the microjoint formation property is a 

general material property of polystyrene microspheres, and the influence of microjoints 

can be present in all studies of the optical transport properties of such chains performed 

by different groups [109, 110, 141]. Borosilicate glass microspheres, under the same 

assembly process, do not form such microjoints [Fig. 1.17(b)] due to the differences in 

chemical properties of glass and polystyrene. The microjoint formation mechanism was 

later described in Ref. [143]. The hydrophilic initiator residues at the terminals of 

polystyrene microspheres are exposed to water phase. As a result, the surface layer of the 
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microspheres is strongly hydrated and slightly swollen. When two microspheres are close 

enough, the neighbors have a large contact area due to surface tension. During the drying 

process, polystyrene spheres shrink slightly and the contact area is left as a microjoint 

[Figs. 1.17(c-f)].  

The influence of micro-joints with diameters between 0-0.6 μm, formed between 

adjacent microspheres, on the optical transport properties in linear chains, composed of 

seven touching polystyrene microspheres (D=2 μm, λ=505.248 nm) was studied by 

FDTD simulations (FDTD Solutions System, Lumerical Solutions, Inc.) in Ref. [143]. 

The nanojet-induced mode coupling is increased due to micro-joints, while the WGM 

coupling is not influenced by the micro-joints, which suggests that NIM coupling can be 

controlled by changing the diameter of the micro-joint [143]. 

 
 

 
 

Figure 1.17: SEM image of (a) polystyrene spheres showing microjoints 
and (b) Borosilicate glass spheres where no micro-joints were found 
[142]. Reprinted with permission. © 2010 WILEY-VCH Verlag GmbH 
& Co. (c-f) Microjoint formation mechanism: (c) Water molecules are 
preserved at the vicinity of the surface. (d) Spheres are slightly swollen. 
(e) Dehydration by dewetting process. (f) Microspheres shrink slightly 
and the contact region is left as a microjoint [143]. Reprinted with 
permission. © 2011 Optical Society of America. 
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In Ref. [110], light propagation in straight chains of touching 5 μm polystyrene 

microspheres was studied by using spatially resolved spectroscopy. For non-collimated 

incident beams [Fig. 1.18, Case (i)] the maximum losses ~2-3 dB per sphere occured in 

the first few spheres, as shown in Fig. 1.18(c). Further along the chain, the losses became 

progressively smaller. Particularly, Fabry-Pérot fringes with propagation losses of ~0.08 

dB per sphere in the maxima of transmission peaks were observed in long (>20 spheres) 

chains. For the case of quasi-plane wave incident [Fig. 1.18, Case (ii)], the periodical 

focusing of light in such chains was characterized with the periodicity of the nanojets 

corresponding to the size of two spheres (2D). It was concluded that nanojet-induced 

modes are the most favored propagating modes, which survive in long straight chains of 

coupled microspheres with disorder. The physical mechanism of the extraordinarily small 

attenuations of light observed in such long chains remained unexplained. 

 
 

 
 

Figure 1.18: (a) Image of a chain of D=5 μm polystyrene spheres in 
contact with the dye-doped S-sphere. (b) Scattering spectral image at the 
central section in the spheres equatorial plane. (c) Intensity distribution 
measured at 527.3 nm TE41

1  WGM peak (red) and away from the WGM 
peaks at 525.0 nm (blue). The dashed lines are guides for eye. (d-f) 
Similar plots for the case of S-sphere located at a distance of 12 μm 
from the chain [110]. Reprinted with permission. © 2008 American 
Institute of Physics. 

 

Case (i) Case (ii)
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Nanojets and nanojet-induced modes have found several applications in various 

disciplines, such as nanoparticle detection and size sorting [90, 138, 144, 145], high-

density optical data-storage disks [146-148], enhanced Raman scattering [149, 150], 

enhanced optical absorption in photovoltaics [151], nanostructuring and dry laser 

cleaning [152-160], nanoparticle trapping [161], optical nanoantenna [162], fluorescence 

correlation spectroscopy (FCS) [163-168], and Optical waveguides and focusing 

microprobes [109, 110, 141-143]. In the rest of this sub-section we describe application 

of nanojet-induced modes in the design of optical waveguiding and focusing 

microprobes. In Appendix B, a brief review of other applications of nanojets is given. 

Optical waveguiding effects in photonic microstructures are achieved using different 

mechanisms, such as total internal reflection in layered structures [38], photonic 

bandgaps in photonic crystals [169], and weak coupling between high-quality (Q) cavities 

in coupled resonator optical waveguides (CROWs) [170].  

As mentioned before, two distinct coupling mechanisms of optical transport have 

been identified in chains of touching dielectric microspheres: (i) whispering gallery mode 

coupling and (ii) nanojet-induced mode coupling [108-110, 139].  

WGM coupling with random detuning, observed in slightly disordered chains of 

polystyrene microspheres [139], indicates the possibility of developing waveguides based 

on using high-Q resonators with size and positional disorder. In contrast to the resonant 

CROW structures formed by identical cavities, such waveguides have broad bandpass 

transmission characteristics for evanescently coupled signals. These waveguides are 

important for developing functional circuits integrated on a single chip, including optical 

buffers and delay lines, nonlinear elements, and sensors [139]. 
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The NIM coupling observed in chains of polystyrene microspheres [109, 110] can be 

advantageous in some applications requiring broad band transmission combined with 

sharp beam focusing. Variations of microsphere diameters due to fabrication tolerances 

have little impact on waveguiding characteristics, in comparison with WGM coupling 

which is more sensitive to size disorder. 

One interesting potential application of coupled microspheres is making use of the 

“beam tapering” effect. Since the “beam tapering” effect occurs in a broad range of 

wavelengths, it can be used in a variety of biomedical applications requiring a 

combination of tight focusing and high optical output.  

 
1.4. Focusing Surgical Microprobes 

Focusing of light is commonly utilized in optical microprobes, where a stable and 

well-confined electromagnetic beam is scanned or directed over a biological sample or 

photonic structure. Potential applications of such technologies are numerous; including 

ultra-precise laser tissue surgery [171], nanoscale patterning [157, 158], piercing of a cell 

[172], and biomedical optical spectroscopy [173]. Usually, a combination of high spatial 

resolution and high power transmission is desired; however, in a number of biomedical 

applications, where infrared (IR) beams are delivered by hollow waveguides (HWGs) or 

multimode fibers, sharp focusing of light is challenging due to the multimodal nature of 

the transmitted beams. In principle, this problem can be overcome by using single mode 

fibers; however, they are not readily available in the mid IR range. In addition, they have 

limited coupling efficiency with many practical radiation sources, and limited power 

transmission properties. 
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An important potential application of such microprobes is ultra-precise ophthalmic 

laser surgery [174]. Below we provide a brief description of the corresponding medical 

problem. 

Nearly 4.1 million Americans have suffered some form of diabetic retinopathy since 

2004, and that number has progressively increased annually [175]. Diabetic retinopathy is 

caused by damage to blood vessels of the retina and is the leading cause of blindness in 

working-age Americans [176]. Preventative surgeries must be performed to seal the 

leaking blood vessels on the retina. In order to do that, KTP (Potassium Titanyl 

Phosphate) laser radiation (λ=532 nm) delivered by a multimode fiber is utilized to make 

hundreds of therapeutic lesions by photocoagulation alongside a vitrectomy procedure to 

remove debris in the eye [177]. In some advanced cases, such as proliferative diabetic 

retinopathy (PDR), the debris inside the eye stays and forms encrusted layers, as well as 

exudate deposits on the retina. Vision becomes significantly impaired as the density of 

these deposits increases, particularly, if they form on the macular region. The existing 

surgical procedure for PDR involves using micro-hook needles, forceps, and other 

instruments to remove deposits off of the retina [178]. Incomplete removal of these 

deposits is the primary reason for retinal re-detachment and surgical failure rates. These 

techniques produce stress on the surgeon’s steadiness and the patient’s eye, allowing for 

errors like accidental puncture, tearing, and detachment. Therefore, the surgical 

procedure for PDR, advanced retinopathy of prematurity, and other similar intraocular 

surgeries could benefit from ultra-precise contact laser probes for ablation of ophthalmic 

tissues.  
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Over the past two decades, various optical elements including spheres [179], 

hemispheres, dome, cone, slanted shapes [180, 181], cylindrical gradient index (GRIN) 

lenses [174], and tapered fibers have been tested as tips for ophthalmic laser scalpels. 

These devices were usually designed to operate in a non-contact mode in air at a fixed 

working distance from tissue or in contact with tissue, creating relatively large spot 

diameters greater than 100 µm. Controlling the working distance is difficult during the 

surgery and may result in a variable laser spot size and intensity in tissue. These fibers 

and laser probes are not widely used in intraocular laser surgery, except for thermal 

coagulation, because they lose their ability to focus light in aqueous media. 

The most developed laser surgical equipment and procedures are based on using 

lasers with the wavelengths from the region of relative transparency of tissue. One of the 

examples of such procedures is LASIK (Laser-assisted in situ keratomileusis) surgery 

[182], where the local surgical action is achieved due to the focusing of the laser beam 

deeply inside the tissue. However, the fibrotic membranes formed at the back of the eye 

have uneven relief and extremely small thickness. They are only one or two monolayers 

of cells thick, which correspond to 10-20 µm depth of treatment. The accuracy required 

for dissecting or removing these membranes go far beyond what is achievable by using 

existing laser surgery systems, such as LASIK. Inevitably, the retinal areas below the 

membranes would be destroyed in the case of application of such systems. 

Our approach to this problem is based on application of erbium:YAG (Er:YAG, 

YAG=Y3Al5O2) laser with λ=2.94 µm, which is strongly absorbed in tissue with 

extraordinarily shallow surgical action [183-189]. Er:YAG lasers were extensively tested 

in 1990’s for intraocular surgeries. However, the problem of beam focusing inside the 
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eye was not solved. As a result, the spot sizes were fairly big; typically well above 100 

µm. Under these conditions, laser-tissue interaction led to significant cavitation bubble 

process and the tissue cutting speed was found to be slow. The bubbles in tissue 

obstructed the surgical field-of-view, so that in some cases the surgery had to be 

interrupted. 

In our work, we suggest to reduce these problems by using extremely compact 

beams produced by chains of spheres. In chapter 4, we aim to develop contact-mode 

microprobes, which ablate the tissue under touching conditions with the tip of the optical 

scalpel. Although contact surgery may allow for better surgical control and protection for 

adjacent healthy tissue, it has been used only in a limited number of studies [190]. Due to 

the refractive index of the tissue, conventional microprobes, designed to operate in air, 

lose their focusing capability when operated in contact with tissue [174, 179-181]. Our 

ray tracing in a conventional microprobe consisted of an optical fiber and a single 

focusing element, i.e. a sphere as a lens, shows that the focusing is not preserved when 

the probe is in contact condition with an aqueous medium (Fig. 1.19). 

Ultra-precise contact surgery tools should provide compact beam sizes in tissue in 

both the depth and transverse dimensions. It is well known that the optical penetration 

depth in a medium is reduced by the strong absorption of the medium. Since Er:YAG 

laser radiation (2.94=ߣ µm) closely matches a major water absorption peak in tissue and 

couples well into water and body fluids, it is useful for medicine and dentistry 

applications. Minimization of the transverse beam size in tissue, however, requires 

solving the problem of sharp focusing of multimodal beams of light which are delivered 

by hollow waveguides or multimodal fibers. 
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Figure 1.19: Microprobes designed to work at a certain working 
distance, lose their focusing in contact with tissue. 

 
 
 
In the following sub-section, we briefly discuss some issues regarding the use of 

Er:YAG lasers for medical applications along with IR flexible delivery systems. 

1.4.1. Erbium:YAG Laser for Medical Applications 

The Er:YAG laser operates in the mid-infrared region of the electromagnetic 

spectrum at wavelength of 2.94 µm, which corresponds to an absorption peak of water, 

with absorption coefficient of ~1.26×104 and penetration depth of ~1 µm [191]. The 

correspondence between the Er:YAG laser wavelength and maximal water absorption 

(Fig. 1.20) results in the sharpest containment of absorbed energy for any IR laser, which 

accounts for the minimal thermal damage observed in tissue interactions with the 

Er:YAG laser [184] compared with other IR lasers, including neodymium:YAG [192], 

holomium:YAG [193], and CO2 lasers [194-197]. In addition to the mentioned 

advantageous wavelength properties, surgical cutting precision by means of laser 

technology is also dependent on control of pulse duration and spot size [184]. 
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Figure 1.20: Water absorption coefficient and penetration depth as a 
function of wavelength [191]. 

 
 
 
The Er:YAG laser is presently used in the medical fields of ophthalmology [185, 

198-203], dentistry [204, 205], and dermatology [206, 207]. The ablation threshold for 

soft tissue removal with the Er:YAG laser is ~1.6 J/cm2 [208]. Thermal damage depths 

between 10-50 µm at the bottom of the ablation craters created in cornea tissue at high 

fluence have been reported [209]. For proliferative diabetic retinopathy (PDR) surgery, 

short optical penetration depth of the Er:YAG laser leads to ablating the exudate deposits, 

while minimizing thermal damage to the underlying retina, which is critical. In most 

current applications of the Er:YAG laser in dermatology and dentistry, where the tissue is 

readily accessible, a waveguide or fiber is not required to deliver the laser energy to the 

tissue. However, for endoscopic applications, like intraocular surgery, a dedicated fiber 

optic delivery system is required due to the fact that common silica based fibers do not 

transmit beyond ~2.5 µm. Different IR fibers and hollow waveguides have been 

developed to provide flexibility and high power transmission, which are reviewed in the 

following.  
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1.4.2. Infrared Waveguides 

The necessity of using a flexible delivery system is dictated by the conditions of the 

surgery. The motions of the surgeon’s hand should not be restricted during the surgery. 

This is a technically diverse area with several flexible delivery systems historically 

developed for the mid-IR spectral region. For this reason, in this subsection, we consider 

a general classification of such systems which play an important role in the design of 

surgical microprobes.    

1.4.2.1. Classification of Infrared Fibers and Waveguides 

Infrared fiber optics is defined as fibers that transmit radiation with wavelengths 

greater than ~2 µm. Such fibers are classified in three broad categories: glass, crystalline, 

and hollow waveguides (HWGs). These categories may be further subdivided according 

to the material or structure of the fiber [210]. In the following, a classification of IR 

fibers, with an example for each category, is provided [210, 211]: 

1. Glass: 

1.1.  Fluride: (example: ZBLAN.) 

1.2.  Germanate: (example: GeO2.) 

1.3.  Chalcogenide: Sulfide, Selenide, and Telluride (example: AsGeTeSe.) 

2. Crystalline: 

2.1.  Single crystal: (example: Sapphire.) 

2.2.  Polycrystalline: (example: AgBrCl.) 

3. Hollow waveguide: 

3.1.  Metal/dielectric film: (example: Ag/AgI films.) 

3.1.1. Metal-tube waveguides. 
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3.1.2. Plastic-tube waveguides. 

3.1.3. Hollow glass waveguides (HGWs). 

3.2. n<1: (example: Hollow sapphire at 10.6=ߣ μm.) 

Except emerging heavy-metal fluoride glass fiber amplifiers, almost all IR fibers, 

currently available, are multimode with a step-index profile [210]. In comparison with 

silica fibers, IR fibers generally have higher loss, higher refractive index and dn/dT, 

lower melting or softening points, and greater thermal expansion [210]. Higher refractive 

index indicates more reflection or Fresnel loss for both fiber ends. The high dn/dT and 

low melting or softening point lead to thermal lensing and low laser induced damage 

thresholds for solid-core IR fibers [210]. IR fibers commonly used for the delivery of two 

popular IR lasers are: 

1. Er:YAG lasers (~3 µm):  

1.1.  HWG. 

1.2.  Solid core: 

1.2.1. Sapphire. 

1.2.2. Fluoride glass, oxide glass. 

2. CO2 lasers (~10 µm):  

2.1.  HWG. 

Using HWGs is a suitable option for laser-power delivery at all IR laser 

wavelengths. In general, advantages of HWGs are high laser power threshold, low 

insertion loss, no end reflection, ruggedness, and small beam divergence. However, both 

optical and mechanical properties of HWGs remain inferior to silica fibers, and therefore 
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the use of HWGs is still limited to non-telecommunication, short-haul applications 

requiring only a few meters of waveguide [210].  

1.4.2.2. Infrared Hollow Waveguides 

Hollow-core waveguides may be grouped into two categories based on the materials 

of the core side-walls:  

1. Leaky guides: inner wall material has n>1, and metallic and dielectric films are 

deposited on the inside of a metallic, plastic, or glass tube [Fig. 1.21 (a)].  

2. Attenuated total reflectance (ATR) guides: inner wall material has n<1 in the 

wavelength region of interest, such as sapphire (n=0.67 at λ=10.6 μm) or some 

special n<1 oxide glasses. The ATR guides are fiber-like in that the index of the 

core (n≈1) is greater than the index of the cladding [Fig. 1.21 (b)]. 

 
 

 
 

Figure 1.21: Structures of two types of HWGs: (a) leaky and (b) ATR 
guides [211]. Reprinted with permission. © 2000 Taylor & Francis. 

 
 
 
The output beam profile of HWGs depends heavily on the bore size and on the 

quality and launch conditions of the input laser. In principle, HWGs are low-order mode 

guides because the higher-order modes are attenuated by the mode-dependant parameter 

 ,௟ିଵ, see Eq. (1.36). In practiceܬ ௟௠ is the mth root of the Bessel functionݑ 2, where(௟௠ݑ)

however, mode distortion can occur even with a TEM00 input beam [210]. There are 

several ways in which higher-order modes may be generated in HWGs. The simplest 

(a) (b)
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method is to launch a higher-order mode into the HWG with a low f/# launch, which is 

commonly encountered when using an Er:YAG laser, as these lasers are often multimode. 

Another method is to bend the HWG or apply a radial force to the outside of the guide. 

Other factors influencing the generation of higher-order modes are the surface roughness, 

the thickness of the glass wall, and the coupling efficiency [210]. 

There are two types of sources for loss in HWGs:  

1. Propagation loss varies as 1/a3, where a is the bore radius [Fig. 1.22(a)]. 

2. Bending loss varies as 1/R, where R is the bending radius [Fig. 1.22(b)].  

 
 

 
 

Figure 1.22: Key parameters determining the losses in HWGs are (a) 
bore radius, a, and (b) bending radius, R [211]. Reprinted with 
permission. © 2000 Taylor & Francis. 

 
 
 

1.4.2.3. Quantitative Parameters of Infrared Waveguides 

The numerical aperture (NA) of a fiber is related to the critical angle in the fiber, and 

therefore to those rays which are propagated by only total internal reflection. The NA is 

related through Snell’s law to the acceptance angle, θa. The acceptance angle defines a 

cone of angles within which all rays are guided in the fiber, as shown in Fig. 1.23.  

݊଴ sin ௔ߠ ൌ NA.	  (1.32) 

The NA of the fiber is, practically, defined by the Electronics Industry Association 

as the sine of the angle at which the power is fallen to 5% of the peak value [210].  

(a) (b)
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Figure 1.23: Schematic of a fiber optic showing guided and unguided 
rays, acceptance cone, and numerical aperture. 

 
 
 
An important parameter related to the modal properties of a fiber is the fiber or V 

parameter. The V parameter governs the number of modes that can propagate, as well as 

certain aspects of the propagation of light in a fiber. 

V ൌ ଶగ௔

ఒబ
NA ≅ ଶగ௔௡భ√ଶ௱

ఒబ
,  (1.33) 

where ߣ଴ is the free space wavelength. The number of modes that can propagate in a 

multi-mode fiber is given by: 

M ൎ ସ୚మ

గమ
.  (1.34) 

For example, for a multi-mode fiber with diameter 2a=150 μm and NA=0.12 

operating at 2.94 μm, there are ~150 propagating modes.  

The dominating property that distinguishes IR fibers from conventional silica fibers 

is their higher loss. The loss for a fiber is specified in terms of the absorption coefficient, 

α. In general: 
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where L is the length of the fiber, T is the transmission, Pin and Pout are the input and 

output powers, respectively [210]. 

The extinction coefficient κ is related to the absorption coefficient α [cm-1] in the 

material, specifically ߙ ൌ ସగ఑

ఒ
 [210]. 

The wave optics analysis of the modes in HWGs gives solutions of the electric and 

magnetic fields for the TE௟௠, TM௟௠, HE௟௠, and EH௟௠ modes [210]. In cylindrical 

coordinate system, the l parameter is the number of periods in azimuthal direction and m 

parameter is the number of maxima and minima for each component in the radial 

direction. The attenuation coefficient for a straight waveguide with an innermost metallic 

layer with optical constants n and κ is given by: 

௟௠ߙ ൌ ቀ௨೗೘
ଶగ
ቁ
ଶ ఒమ

௔య
ቀ ௡

௡మା఑మ
ቁ
௠௘௧௔௟

.  ,ϐ୧୪୫ܨ
(1.36) 

where ݑ௟௠ is the mth root of the Bessel function ܬ௟ିଵ and Ffilm is a term which accounts 

for the loss due to the dielectric film(s) [210]. The attenuation coefficient ߙ௟௠ is the 

absorption coefficient determined from Maxwell’s field equations, and since usually the 

power loss is measured, the corresponding power loss attenuation α, as given by Eq. 

(1.35), is ߙ2=ߙ௟௠, due to the fact that the power is proportional to the square of the 

electric field [210]. 

 
1.5. Summary 

The field of super-resolution imaging experienced a boost in the 1990’s due to the 

invention of several novel techniques, such as near-field scanning optical microscopy 

(NSOM) and solid immersion lens (SIL) microscopy. Eventually, limitations of these 

techniques impeded their broad applications. The development of microfabrication 
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techniques made possible integrated microlenses in chip-scale structures, which showed 

improvement of the optical resolution over the macro-SILs [60]. New imaging 

technology through microspheres emerged as a potential solution to these problems, due 

to the simplicity and the broad band nature [63]. However, many issues regarding super-

resolution imaging by microspheres remained open, at the time, when we started this 

dissertation. These issues include: i) the possibility of using total liquid-immersion of 

microspheres required in biomedical studies, ii) the possibility of using high index 

spheres, which generally should be helpful in achieving a better resolution, iii) the 

possible role and involvement of surface plasmons in achieving optical super-resolution, 

iv) the possible role of near-field effects in achieving super-resolution. These unresolved 

problems required urgent studies due to the multiple applications of super-resolution 

imaging. One direction of this dissertation was to study these problems. 

In Chapter 2, we show the possibility of optical super-resolution imaging of 

structures totally immersed in a liquid. This has been achieved by using high-index 

spheres. Our obtained results generally point toward possible involvement of plasmons 

on metallic nanostructures. However, the results obtained from nonmetallic Blu-ray® disk 

showed that similar resolution can be also achieved using nonmetallic structures. Finally, 

we obtained detailed data on resolution, field-of-view, and magnification, which strongly 

support the involvement of near-fields in the formation of optical images in such 

structures. The minimal features sizes of ~/7 were discerned by our technique, that 

cannot be explained by conventional far-field imaging mechanisms. 

We reviewed a recent body of work regarding optical transport properties in chains 

of dielectric microspheres. Experimental [109, 110, 139] and theoretical [108, 140] 
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studies have shown that light transport in such chains is based on two distinct 

mechanisms: (i) evanescent WGM coupling and (ii) nanojet coupling. Both mechanisms 

have been observed in chains of polystyrene microspheres with a diameter, D, in 2-10 μm 

range [109, 110, 139]. These studies have revealed two effects which remained poorly 

understood, at the time, when we started this dissertation. Both effects were observed 

when such chains were optically coupled to multimodal sources of light such as dye-

doped fluorescent microspheres. The first effect is an extraordinarily small attenuation of 

light, ~0.08 dB/sphere, observed [110] in such chains at long distances from the light 

source. The second effect is connected with a gradual decrease of the lateral width of the 

beams that are focused periodically along the chains (“beam tapering” effect) [109].  

In Chapter 3, we study light propagation in chains of dielectric spheres in the limit of 

geometrical optics, which is a reasonable approximation for D>>λ, where λ is the 

wavelength of light. By introducing the concept of periodically focused modes (PFMs) in 

sphere-chains, we give a physical explanation for the extraordinarily small attenuation of 

light and the “beam tapering” effect in the limit of sufficiently large spheres, which 

should follow the laws of geometrical optics. Properties of PFMs, such as their focusing, 

attenuation, and polarization properties are studied in Chapter 3. 

Focusing multimodal beams is a challenging task due to their multimodal nature. It 

becomes more challenging when the choice of a transparent lens material is limited. For 

example, in the mid-IR wavelength of λ~3 μm, single mode fibers are not readily 

available and the choice of lens materials with high optical transmission is limited. One 

particular motivation for mid-IR focusing microprobes is their application in laser 

surgery performed at strongly absorbing wavelength of Er:YAG laser. An example of 
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such surgeries is given by vitreoretinal surgery aimed at dissection or removal of fibrotic 

membranes, developed at the surface of retina in the course of proliferative 

vitreoretinopathy. 

In the 1990’s, the Er:YAG laser was identified as a promising candidate for precise 

surgery, due to the strong water absorption in soft tissues at its emission wavelength of 

=2.94 µm. However, Er:YAG laser did not gain widespread acceptance in the 

vitreoretinal surgery due to its relatively large size, slow rate of tissue cutting, and high 

price. In addition, the cutting rate was limited by vaporization bubbles that obstructed the 

surgeon’s view, which made judgment more difficult. Another hurdle to overcome is 

represented by the limited focusing capability of current microprobes used in surgery. 

The mid-IR flexible delivery systems, such as fibers and hollow waveguides, are usually 

multimodal, which makes beam focusing very difficult. Over the past two decades 

various optical elements including spheres, hemispheres, domes, cones, slanted shapes, 

cylindrical gradient index lenses, and tapered fibers have been tested as ophthalmic laser 

probe tips. These devices are usually designed to operate in a non-contact mode in air, 

and lose their focusing capability in contact with tissue.  

In Chapter 4, we design, fabricate, and test a device capable of focusing multimodal 

beams in contact with tissue. We consider mid-IR flexible delivery systems and design 

ultra-precise surgical microprobes formed by chains of dielectric spheres, assembled 

directly inside the cores of hollow waveguides, for laser surgery in a contact mode with a 

strongly absorbing tissue. The working principle of the designed devices is explained by 

the concept of periodically focused modes, which we developed in Chapter 3. 



 
 
 
 
 

CHAPTER 2: SUPER-RESOLUTION IMAGING BY LIQUID-IMMERSED HIGH-
INDEX MICROSPHERES 

 
 

2.1. Introduction 
 

In recent years, research into properties of artificial materials and structures has 

allowed for a remarkable increase in the optical resolution of imaging systems well 

beyond the classical diffraction limit. The ideal imaging device should be able to capture 

the sub-diffraction-limited detail of an object and project it into the far-field with some 

magnification. Although immersion techniques, such as liquid immersion [18] or solid 

immersion lenses [19-37], are used to enhance the resolution of imaging system as 

mentioned in Section 1.2.3, such techniques are diffraction-limited. Spatial resolution 

beyond the diffraction limit is attained by super-resolution imaging devices, which have 

been realized using different techniques such as near-field probes [40-43], fluorescent 

[47-50], nonlinear, and negative index materials [51-56], and plasmon gratings [57, 58], 

as mentioned in Section 1.2 of Chapter 1. However, the applications of these structures 

and devices have been impeded to some extent by their sophisticated engineering designs 

and various technical limitations. In the framework of near-field microscopy, utilizing 

nanolenses [60], microdroplets [61], and especially, microspheres [63, 64] emerged as a 

surprisingly simple way of achieving optical super-resolution. As reviewed in Section 

1.2.4, a microsphere nanoscope [63] based on using silica microspheres with refractive 

index n~1.46 and diameters (D) in the range 2-9 µm can convert high spatial frequencies 

of the evanescent field into propagating modes that can be used for far-field imaging of 
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sub-diffraction-limited features of a sample by looking “through the microsphere” into a 

virtual image produced by the microsphere below the surface of the structure. More 

recently, it has been shown that the super-resolution capability of this technique can be 

reinforced by semi-immersing the corresponding low-index microspheres in a liquid 

micro-droplet, producing a sharper contrast with a comparatively smaller magnification 

factor [64]. Although imaging in the presence of the liquid is useful for biomedical 

applications, using semi-immersed spheres is technically complicated due to the 

dynamical droplet’s evaporation process, which leads to gradually varying resolution and 

magnification of the optical setup. It has been argued, however, that the super-resolution 

effect cannot be expected [64] when the microsphere (n~1.46) is absolutely submerged 

by the liquid layer.  

As reviewed in Section 1.2.4, it has been suggested [63] that, on a fundamental level, 

due to optical reciprocity principle [118] a connection exists between the super-resolution 

ability of micrometer-scale spheres and their ability to create “photonic nanojets”, 

discussed in Sections 1.3.2. As reviewed in Section 1.2.4, the calculations predicted 

maximal super-resolution strength for n=1.8. It has been argued that for n>1.8, the super-

resolution strength should be reduced along with a range of micrometer-scale sphere 

diameters, where this effect can be expected [63].  

The main task of this chapter is to propose and develop a novel imaging technique 

with super-resolution capable of imaging in aqueous environments. We propose a novel 

microscopy technique based on using high-index microspheres immersed in liquids. We, 

experimentally, demonstrate that the super-resolution imaging by microspheres totally 

immersed in a liquid is possible if the refractive index of spheres is higher than 1.9. By 
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using micron-scale barium titanate glass (BTG) microspheres with refractive indices 

n~1.9-2.1 immersed in isopropyl alcohol (IPA) with n~1.37, we demonstrate the ability 

to discern features as small as ~/7, where λ=550 nm is the peak illumination 

wavelength. For spheres with 50<D<200 µm, the discernible feature sizes increase to 

~/4. The lateral field-of-view (FOV) linearly increases with D reaching extraordinary 

large values (~30 µm) for ~200 µm spheres. The lateral magnifications of the virtual 

images are within 2.5-4.5 range for spheres with D in 2-220 µm range. We present more 

detailed data on the resolution, magnification, FOV, and polarization effects. Our 

proposed imaging technique can be used in biomedical microscopy, microfluidics, and 

nanophotonics applications. 

In this Chapter, first we describe the samples investigated in our work in Section 2.2. 

After that, we describe the experimental setup and imaging technique utilized for super-

resolution microscopy in Section 2.3. Then, we show how imaging characteristics such as 

spatial resolution (Section 2.4), lateral magnification, and field of view (Section 2.5.) 

depend on spheres’ sizes. In Section 2.6, we show polarization dependency in the 

observed images. In Section 2.7, we discuss the role of the numerical aperture (NA) of 

the objective lens. In Sections 2.8 and 2.9, respectively, we compare our technique with 

established techniques of solid immersion lens (SIL) microscopy and confocal 

microscopy. Finally, we conclude in Section 2.10. 

 
2.2. Samples 

We studied four types of samples containing line and point objects in our work. The 

first sample with linear objects was obtained using commercially available Blu-ray® disks 

(BD) (Verbatim Americas, LLC, Charlotte, NC) with nominal track pitch sizes of 300 
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nm, consisting of 200 nm width stripes separated by 100 nm width grooves, as shown in 

Fig. 2.1. The 100-μm-thick transparent protection layer of the disk was peeled off prior to 

conducting the experiments.  

 
 

 
 

Figure 2.1: SEM image of a commercially available Blu-ray® disk with 
200 nm width stripes separated by 100 nm width grooves. 

 
 
 
The second type of samples with linear objects was represented by silver nanowires 

(PlasmaChem GmbH, Berlin, Germany) with nominal diameters ~100±20 nm self-

assembled at the top of fused silica glass or GaAs substrates. Nanowire samples were 

assembled at the University of Sheffield, U.K., within a framework of a collaboration 

with the Low-Dimensional Structures and Devices group at the Department of Physics 

and Astronomy. Our scanning electron microscopy (SEM) measurements showed that 

many of the wires are wider than the nominal value, with diameters up to 300 nm. The 

SEM image of several wires is presented in Fig. 2.2.  

200 nm

100 nm
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Figure 2.2: SEM image of silver nanowires with different diameters. 
 
 
 
The third sample with point objects, Fig. 2.3, was represented by 2-D arrays of gold 

nanoparticle dimers (NPDs) with periods of 320 nm and 800 nm in x and y directions, 

respectively. The fabrication was performed by our collaborator, group of Dr. Luca Dal 

Negro from Boston University. The sample was passed to Dr. Astratov during his visit to 

Boston University in the summer of 2010 for joint studies of photonic nanojet-enhanced 

nanoplasmonic antenna effects. Eventually, we used this sample for super-resolution 

imaging studies. Each dimer consisted of two gold nanocylinders with 120 nm diameters 

and 30 nm height (2 nm Cr and 28 nm Au), which were fabricated on a fused silica 

substrate by electron beam lithography, metal evaporation, and lift-off process. The 

minimum edge-to-edge separations in dimers were 60, 120, and 150 nm in different 

arrays. The SEM images in Figs. 2.3(a) and 2.3(b) represent nanoparticle dimers with 150 

nm and 120 nm separation (along y direction), respectively.  

 

2 µm
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Figure 2.3: SEM image of arrays of gold dimers formed by 120 nm 
nanoparticles with (a) 150 nm and (b) 120 nm separations. 

 
 
 
The fourth sample with point objects was fabricated at Air Force Research 

Laboratory (AFRL) by Dr. Nicholaos I. Limberopoulos and his group. This sample is 

represented by metallic nanoplasmonic 2-D arrays fabricated on a sapphire substrate 

using a bi-layer PMMA/ZEP520A e-beam photoresist lift-off mask exposed in a JEOL 

JBX-6300FS e-beam lithography system. The unit cell of the array was represented by 

four metallic cylinders with diameters D and distance d between their centers varying in 

different lattices. An example of such array is illustrated in Fig. 2.4(a) for D=100 nm and 

d=200 nm. Although one of the parameters of the design, d, was variable, the range of 

variation of the feature sizes, such as gaps between the cylinders, generally, demand too 

high resolution to be resolved optically. One feature of this design, namely the fact that 

the array of cylinders has a unitary cell formed by four cylinders in the corners of a 

rhomb instead of dimers, particularly complicates the task of resolving the images of 

individual cylinders. Such rhomb shapes represented in Fig. 2.4(a) can be considered as a 

x

y
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d=200 nm

(b)

S=150 nm

d=200 nm
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120 nm
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combination of two dimers in perpendicular directions. The problem, though, consists in 

superposition of the irradiance distribution produced by such perpendicular dimers. 

Actually, it makes it much more difficult to resolve the irradiance minimum at the center 

of the rhomb. We selected arrays with D=100 nm and d=150 nm where four cylinders 

were overlapped forming a “single atom” unit cell reminiscent of a rhombic shape, as 

illustrated in Fig. 2.4(b). The minimal edge-to-edge separation between the corners of 

such rhomb-like unit cells was S=250 nm. Although this pattern is not particularly 

challenging for imaging using visible light, it is convenient for our studies of the effects 

of finite NA of the microscope objective on the optical resolution described in Section 

2.7. 

 
 

 
 

Figure 2.4: SEM images of two arrays with the comparable cylinder 
diameters D=100 nm and different separations between their centers, 
d=200 nm (a) and d=150 nm (b). 

 
 
 

It should be mentioned that we initiated and developed the super-resolution imaging 

work and performed the optical characterizations at the UNCC. 

D=100 nm

S=250 nm

(a) (b)

d=200 nm
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2.3. Microscopy Technique 

A schematic of our experimental setup and the virtual image formation are illustrated 

in Figs. 2.5(a) and 2.5(b), respectively. We used an FS70 Mitutoyo microscope equipped 

with a halogen lamp and a CCD camera (Edmund Optics, Barrington, NJ) in reflection 

illumination mode. The microscope was equipped with different Mitutoyo objectives: 

100×(NA=0.9), 100×(NA=0.7), 100×(NA=0.5), and 20×(NA=0.4). Images had 

1600×1200 pixels. The system spectral response was strongly peaked at 550 nm. Using 

additional filters we checked that all results are reproducible with narrow band (~20 nm 

bandwidth) illumination centered at 550 nm. 

 
 

 
 

Figure 2.5: (a) Schematic of our novel microscopy method. (b) Virtual 
image formation by a liquid-immersed sphere. 

 
 
 
Two modifications of barium titanate glass (BTG) microspheres (Mo-Sci 

Corporation, Rolla, MO) differing by their chemical composition, and as a result, by their 

refractive index (n~1.9 and ~2.1) were used. The microspheres were positioned on the 

specimen by using different techniques:  

n1

n

n2=1

Liquid

(b)

Virtual 
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Sample

Object

100x
NA=0.9
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i) By micromanipulation of the spheres using a tapered-tip fiber optic or by a 

metallic micro-needle.  

ii) By self-assembly where the liquid (IPA) suspension of microspheres was 

poured on the specimen by a micropipette.  

IPA (or other liquids) was poured on the surface of the sample by a micro-syringe to 

totally cover the microspheres. Similar results were obtained using water or other liquids 

infiltration. 

First, we present the experimental results obtained from the Blu-ray® disk (BD) and 

nanoparticle dimers (NPD) samples. The 100 nm features in the BD cannot be resolved 

by our microscope system. Conventional microscopy allows resolving only the largest 

800 nm period of the NPD array along y direction [corresponding to the 410 nm distance 

in Fig. 2.3(a)] which is illustrated in Fig. 2.6(a) due to the stripe pattern outside the 

microsphere. Neither the 320 nm period, nor the 150 nm edge-to-edge separations in the 

NPDs are resolved in this image.  

We observed that the super-resolution imaging of the BD sample without liquid can 

be achieved using microspheres with small-to-moderate refractive indices, such as 

borosilicate glass (n~1.47), soda lime glass (~1.51), polystyrene (~1.59), and sapphire 

(~1.77). However, all these microspheres were found to lose their imaging capability, if 

they are completely covered with a liquid such as IPA. 

High index (n~1.9-2.1) barium titanate glass (BTG) spheres showed a different 

behavior in these experiments. Without liquid addition they did not produce any imaging. 

However, they provided super-resolution imaging in cases when they were totally 

covered with a liquid, as illustrated for nanoparticle dimers and Blu-ray® disk sample in 
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Figs. 2.6(b) and 2.6(d), respectively. The depth of focusing in these images is below the 

surface of the structure, as can be seen by comparison with conventional images of the 

same structures in Figs. 2.6(a) and 2.6(c), respectively.  

 
 

 
 

Figure 2.6: (a) A BTG sphere with n~1.9 immersed in IPA and (b) 
virtual imaging of the array through the microsphere at a different depth 
compared to (a) by a 100×(NA=0.9) objective. (c) BTG microspheres 
with diameters in the range ~5-20 μm fully immersed in IPA and (d) 
virtual imaging of the BD through the microspheres at a different depth 
compared to (c) by a 20×(NA=0.4) objective. 

 
 
 
The far-field virtual images of individual gold nanoparticles with 150 nm separations 

are clearly resolved in Fig. 2.6(b). The gaps between the cylinders are selected as features 

(g)

(a) (b)

5 μm5 μm
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of interest. Similar resolution can be seen for a Blu-ray® disk, as illustrated in Fig. 2.6(d). 

These results show an ability to discern the shape of a pattern with minimum feature sizes 

~λ/4. This approach is somewhat different from classical resolution criteria mentioned in 

Section 1.2.1, where a resolution criterion is defined based on the ability to resolve the 

distance between two “point sources” with equal intensities. In our case, because of the 

finite sizes of the metallic cylinders the straightforward use of classical criteria of the 

optical resolution is complicated. 

 
2.4. Spatial Resolution 

In order to study the dependence of the resolution strength on the diameters of the 

spheres (D), we used the nanoparticle dimers (NPD) array with 120 nm minimal 

separation, illustrated in Fig. 2.7(a). We found that the resolution is generally deteriorated 

with increasing D, as illustrated in Figs. 2.7(b-d). The irradiance profiles were measured 

along the axis connecting two nanoparticles with the 120 nm separation, as illustrated in 

the insets to Figs. 2.7(b-d). Figs. 2.7(b-d) display double peak patterns which were fitted 

using two Gaussian peaks. The sums of the Gaussian peaks are represented by dashed 

(red) curves in Figs. 2.7(b-d).  

As illustrated in Fig. 2.7(b) for the 4.2 µm sphere, the minimal discernible feature 

sizes ~75 nm (~λ/7) is estimated by assuming that two equally intense points are 

resolved when the saddle irradiance is 0.81 according to the generalized Rayleigh 

criterion, described in Section 1.2.1. This estimation is obtained by moving the two 

individual Gaussian fit functions towards each other in Fig. 2.7(b) until the irradiance of 

0.81 is obtained. For D=53 μm spheres the same criterion leads to the minimal 

discernible feature sizes ~λ/4.5. 
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Figure 2.7: (a) SEM image of an array of gold NPDs formed by 120 nm 
nanoparticles with 120 nm separations. Resolving power of BTG 
microspheres with n~1.9 and different diameters D: (b) 4.2 μm, (c) 21.5 
μm, and (d) 53 μm. Insets show optical microscope images obtained in 
(b-d) cases corresponding to the SEM image in (a). 

 
 
 
The super-resolution strength of liquid-immersed high-index spheres stems from 

different factors: 

i) For all sphere diameters, the resolution is improved due to increase of the 

effective NA of the system composed of microscope objective and liquid-

immersed spheres, by reduction of the wavelength of light in a liquid in a same 

manner as in liquid immersion technique, and by the increase of the acceptance 

cone of the waves scattered by the surface pattern in a similar manner as in 

super-spherical solid immersion lenses (s-SILs). The latter factor is responsible 
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for the robustness of this technique to the variation of the NA of the microscope 

objective. 

ii) For smaller values of the size parameter (q<100), the super-resolution strength 

can be additionally enhanced [63] due to “photonic nanojet” properties of 

mesoscale spheres. The evanescent field plays a significant role in the field 

distribution close to the surface of the sphere [92] for sufficiently large index 

contrasts; however, the role of near-field evanescent waves in the super-

resolution imaging mechanisms requires more studies. 

 
2.5. Lateral Magnification and Field-of-View 

In order to study image magnification (M), we used microspheres with n~1.9 and 

2<D<220 μm, and the nanoparticle dimers (NPD) sample with 150 nm separations, as 

illustrated in Fig. 2.3(a).  

The refraction law is determined by the refractive index contrast, ń=n/n1~1.39. For 

an object located at the sphere surface illustrated in Fig. 2.5(b), the virtual image lateral 

magnification can be calculated according to paraxial geometrical optics as: 

|ܯ| ൌ |ń /(2െń )|~2.3. (2.1)

For spheres with D~220 µm, where geometrical optics is expected to be a 

reasonable approximation, we measured M~2.5. For smallest spheres, 2<D<6 μm, where 

the geometrical ray tracing is not applicable, we observed increasing M with the spheres’ 

diameter similar to the previous studies of imaging by low-index spheres in air [63]. In 

the intermediate diameter range, 6<D<10 μm, we found that M reaches maximal values 

with significant variations from sphere to sphere in the 3.5-4.5 range, as illustrated in Fig. 

2.8(a).  
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The measurements of magnification were complicated by difficulties in reproducing 

the same depth of focusing on the virtual images. In addition, the image magnification 

increases with the distance from the optical axis due to the pincushion distortion [212], 

which can be seen in Fig. 2.6(b) and in the inset to Fig. 2.8(b) due to the fact that the lines 

formed by nanoparticles that do not go through the center of the image are bowed 

inwards, towards the center of the image. To diminish the role of the pincushion effect 

we determined M in the central section of the images. 

 
 

 
 

Figure 2.8: (a) Lateral magnification (M) and (b) FOV obtained by BTG 
microspheres with n~1.9 as a function of D. The inset in (b) illustrates 
FOV for a sphere with D=9 μm. The measurements were performed 
using the NPD array. The dashed lines are guides for an eye. 
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Figure 2.9: (a) A BTG microsphere with n~1.9 and D~125 μm fully 
immersed in IPA at the top of the NPD array with 150 nm separations, 
and (b) imaging through this microsphere by a 100×(NA=0.9) objective 
lens illustrating >20 μm super-resolution FOV. (c) BTG microsphere 
with n~2.1 and D~53 μm fully immersed in IPA at the top of a BD 
sample, and (d) imaging through this microsphere by a 20×(NA=0.4) 
objective lens illustrating the 100 nm grooves of the BD. 

 
 
 

An important property for imaging applications is connected with the FOV, which 

was in previous studies limited to few microns due to small diameters of low-index 

spheres [63]. We found that high-index liquid-immersed spheres preserve their imaging 

capability at significantly larger diameters. As shown in Figs. 2.9(a) and 2.9(b) for a 

sphere with n~1.9 and D~125 μm, the 150 nm separations in the nanoparticle dimers 

array are resolved by this sphere over an extraordinary large (~22 μm) FOV. Similar 

results were obtained for the Blu-ray® disk sample using a sphere with n~2.1 and D~53 

μm totally immersed in IPA, as illustrated in Figs. 2.9(c) and 2.9(d). 
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As illustrated in the inset to Fig. 2.8(b), FOV was defined as a diameter of a circle at 

the sample surface where we were able to discern the shape of the NPD array with 150 

nm separations. A close to linear dependence of FOV on D was observed, as shown in 

Fig. 2.8(b). 

 
2.6. Polarization Effects 

The polarization effects were studied in the images of the silver wires, as illustrated 

in Fig. 2.10. In Fig. 2.10(b) a linearly polarized incident light was used to image the 

sample through a liquid-immersed BTG sphere with D~10 µm and n~1.91. Fig. 2.10(c) 

was obtained by transmitting the reflected beam from the sample through another linear 

polarizer (analyzer) whose axis is perpendicular to the incident polarization axis. Only is 

the region where the wire is perpendicular to the second polarizer (analyzer) vanished, as 

illustrated in Fig. 2.10(c), which shows that if the incident light is polarized parallel to the 

wire, the reflected light also has a pure state of polarization (linear), and it is also 

polarized parallel to the wire. 

 
 

 
 

Figure 2.10: (a) BTG spheres placed on top of the sample. (b) Imaging 
through liquid-immersed spheres using linearly polarized incident light. 
(c) Placing an analyzer whose axis is perpendicular to the polarizer’s 
axis after the reflected image leads to vanishing of the image of a wire 
which is perpendicular to the analyzer. 
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Figure 2.11: A BD sample imaged by a BTG microsphere with n~1.9 
with polarizer’s axis (a) parallel to the stripes, (b) no polarizer, and (c) 
perpendicular to the stripes. 

 
 

 
The polarization effects were also studied in the images of the Blu-ray® disk (BD) 

samples by transmitting the reflected beam from the sample through a linear polarizer. If 

polarizer’s axis is parallel to the BD stripes, the image has the worst contrast, as 

illustrated in Fig. 2.11(a). The maximal contrast of the image was achieved with a 

polarizer axis perpendicular to the BD stripes, as shown in Fig. 2.11(c). In comparison 

with a wire-grid polarizer [212], the BD sample is a complicated case which requires 

further studies. 

 
2.7. Resolution Gain and Effect of the NA of the Objective Lens 

In this section, we present the results obtained by using silver nanowires samples, 

described in Section 2.2. Due to their long length, the wires are seen by conventional 

microscopy technique, as shown in Fig. 2.12(a) by using a 100×(NA=0.9) objective.  

The diffraction limit of our objective lens can be estimated as ~300 nm using the 

Abbe criterion. The FWHM of the irradiance distribution of a cross section of the wire in 

the image in Fig. 2.12(a) is ~390 nm. By using a BTG microsphere with D~9.6 μm 

immersed in IPA the image of the same wire is shown in Fig. 2.12(b). The size of this 

Polarizer axis No polarizer Polarizer axis

(a) (b) (c)
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image has been reduced by a magnification provided by the microsphere (M=3.6) in 

order to make this image directly comparable to conventional microscopy image in Fig. 

2.12(a). The identical triangles in Figs. 2.12(a,b) connect the same features in these 

images to prove that both images represent the same optical magnification. The width of 

the wire in Fig. 2.12(b) is characterized with FWHM=230±30 nm, which shows ~1.7 

times improvement in the spatial resolution. We believe that the actual size of the wire is 

~200 nm based on SEM imaging of the wires.  

In the previous section we showed that the use of smaller, micro-scale spheres can 

further increase the resolution. So, we believe that a better resolution can be realized by 

using liquid-immersed BTG spheres with 4-5 μm diameters. 

 
 

 
 

Figure 2.12: (a) Micrograph of a silver wire by 100×(NA=0.9) microscope 
objective shows a diffraction-limited size of ~390 nm. (b) Image of the 
same wire by the same objective through a 9.6 μm BTG sphere immersed 
in IPA shows ~230 nm size. Identical triangles connect the same features 
in these images to show that both images are presented in the same scale. 
The irradiance profiles were measured along dashed lines in these images. 
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Figure 2.13: (a) SEM image of the sample. (b) Schematic of the 
experimental setup. (c,d) Optical micrographs of the sample through a 
liquid-immersed 21.7 μm BTG sphere by a 20×(NA=0.4) and 
100×(NA=0.9) objective, respectively. (e) Schematic of conventional 
microscopy. (f-h) Conventional optical micrographs of the sample by 
100×(NA=0.5), (NA=0.7), and (NA=0.9) objectives, respectively. 
Images (c, d, f-h) were normalized by their magnification factor. 

 
 
 
We studied the effect of the NA of the microscope objective in more detail by using 

the sample shown in Fig. 2.13(a), which was described in Section 2.2. These arrays were 

visualized using liquid-immersed BTG microspheres, Figs. 2.13(b-d), and by 

conventional microscopy, Figs. 2.13(e-h). Figs. 2.13(c) and 2.13(d) were obtained 

through a 22 μm BTG sphere immersed in IPA by 20×(NA=0.4) and 100×(NA=0.9) 

objectives, respectively. Optical images of the sample obtained without using 

microspheres are presented in Figs. 2.13(f-h) for 100× microscope objectives with 

NA=0.5, 0.7, and 0.9, respectively.  

As shown in Fig. 2.13(h), the minimal separations between the corners of the rhomb-

like unit cells (~250 nm) are barely resolved by the high NA=0.9 objective. Just a small 
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decrease of NA from 0.9 to 0.7 leads to a very significant degradation of the quality of 

the optical image, as illustrated in Fig. 2.13(g). Instead, the images obtained using 

microspheres are found to be robust to the variations of the NA of the microscope 

objective. Comparison of the images in Figs. 2.13(c) and 2.13(d) reveals that the minimal 

separations between the rhombs are well resolved using the objective with NA=0.4.  

 
2.8. Comparison with Solid Immersion Lens Microscopy 

In this section, we utilized the solid immersion lens (SIL) microscopy technique to 

resolve features of some of the samples used in our previous work and to compare them 

with the results obtained by the liquid-immersed spheres. The experimental setup was the 

same as before, except that instead of the liquid-immersed spheres a dielectric 

hemisphere (h-SIL) was used, as schematically illustrated in Figs. 2.14(b) and 2.15(b). 

 
 

 
 

Figure 2.14: (a) SEM image of the BD sample. (b) Schematic of the 
microscopy setup with an h-SIL. (c-f) Images of the Blu-ray® disk by 
using an h-SIL with refractive index 2.0, 1.77, 1.51, and 1.458, 
respectively. (g) Experimental results and geometrical optics theoretical 
calculations of M vs. n. 
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Figure 2.15: (a) SEM of the NPD sample. (b) Schematic of the 
experimental setup. (c) Optical micrograph of (a) by using a liquid-
immersed BTG microsphere. (d-g) Optical micrographs of (a) by using 
h-SILs with n=2.0, 1.77, 1.51, and 1.458, respectively. (h-j) Irradiance 
profile along the axis of an NPD for (g), (d), and (c), respectively. 

 
 

 
In order to perform imaging with SIL microscopy technique, we used dielectric 

hemispheres (Edmund Optics, Barrington, NJ) with 2 mm diameters made from fused 

silica (n~1.458), N-BK7 (n~1.51), sapphire (n~1.77), and S-LAH79 (n~2). The SILs 
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were placed on top of the samples and gently pressed against the samples to achieve as 

secure a contact condition as possible between the SIL and the sample. In some cases, a 

small amount of IPA was applied to fill the nano-gap between the SIL and the sample 

surface. In principle, a liquid with the same index as the SIL should have been used to 

function as an index matching liquid.  

As shown in Fig. 2.14(c-f), all h-SILs managed to resolve the features on the Blu-

ray® disk (BD), the SEM image of which is presented in Fig. 2.14(a). The same result 

was obtained for the gold nanoparticle dimers (NPD) sample, as illustrated in Fig 2.15(d-

g). The reason that the quality in Figs 2.14(d) and 2.15(e) are poor is due to the fact that 

the material of the SIL was sapphire, which is a birefringent material and produces two 

images.  

As we mentioned in Section 1.2.3, geometrical optics magnification (M), of h-SIL is 

equal to the refractive index of the SIL material, i.e. M=n. The lateral magnification 

factor of the experimental SIL microscopy results for each SIL material was measured 

and compared with the corresponding theoretical value. As can be seen in Fig. 2.14(g), 

there existed a good agreement between experimental and theoretical values of M for h-

SILs. This was an expected result due to the fact that the millimeter-scale size of the the 

SILs fits well in the domain of geometrical optics. 

In Fig. 2.14(g), the magnification values of a sphere, a super-spherical solid 

immersion lens (s-SIL), and a hemispherical solid immersion lens (h-SIL), calculated by 

geometrical optics laws, are compared. It shows that the spheres provide more 

magnification compared to the SILs with the same n in the frame work of geometrical 

optics. As we showed in detail in Fig. 2.8(a) in Section 2.5, we measured magnification 
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values in the range of 2.5-4.5 for liquid-immersed spheres (refractive index contrast ń 

=1.39) with 2<D<220 µm. Since the experimental magnification values of spheres 

depend on the size of the sphere, i.e. M	∝	D, and the magnification values of meso-scale 

spheres cannot be explained by geometrical optics laws, we showed only the 

magnification value of the largest sphere size used in our experiments in Fig. 2.14(g), i.e. 

M=2.53 for D=220 µm. By comparing the experimental results of magnification of the 

SIL microscopy technique with liquid-immersed spheres, it can be concluded that spheres 

provide more magnification compared with their SIL counterparts. It should be pointed 

out that although spheres provide dramatically more magnification in comparison with 

both s- and h-SILs, the magnification factor is not enough to enhance the resolution.  

We used the nanoparticle dimers (NPD) sample to compare the resolution of the SIL 

microscopy technique with the resolution obtained using liquid-immersed spheres. The 

images obtained by the SIL technique are presented in Figs. 2.15(d-g) for different SIL 

materials. Fig. 2.15(c) was obtained by a liquid-immersed sphere. Qualitatively, by 

comparing Figs. 2.15(d-g) with Fig. 2.15(c), it can be directly seen that the microsphere 

provides better resolution as well as more magnification compared with SILs.  

In order to quantitatively compare the resolution of the images obtained by the SILs 

with the resolution of the liquid-immersed spheres, we selected images obtained by the 

SILs with the lowest and highest refractive indices, i.e. n=1.458 and 2.0, as shown in 

Figs. 2.15(g) and 2.15(d), respectively. Furthermore, the image obtained by a ~9 μm 

liquid-immersed sphere, shown in Fig. 2.15(c), was selected. The irradiance profile along 

the nanoparticle dimer’s axis, indicated by a dashed line in Figs. 2.15(g), 2.15(d), and 

2.15(c) was plotted for each case, as illustrated in Figs. 2.15(h-j), respectively. Each 
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profile contains a background, which is a certain level of irradiance in the region located 

outside the image of the dimer. This background level was subtracted in Figs. 2.15(h-j). 

A double-peak Gaussian curve was used for fitting each irradiance profile. The irradiance 

level of the saddle in each plot can be used as an estimate for the image resolution. The 

saddle irradiance in Figs. 2.15(h-j) is ~0.8, 0.4, and 0.1, respectively, which shows 

superior spatial resolution of the images obtained through spheres. It should be noted 

that, although the refractive index contrast for the spheres-liquid case was only ~1.39 

while for air-SILs were 1.458 and 2.0, the sphere provided a better resolution. 

It should be pointed out that the role of mesoscale phenomena should be considered 

to obtain a fair comparison between the SIL microscopy technique and imaging by using 

liquid-immersed spheres, i.e. the performance of the microspheres should be compared 

with the performance of the micron-scale SILs. Nevertheless, advantages of microspheres 

over SILs can be summarized as the following: 

i) Spheres provide more magnification factor comparing with SILs. 

ii) Micron-scale spheres have superior resolution comparing with macro SILs used 

in this work. 

iii) For spheres, resolution enhancement can be achieved even with lower NA 

microscope objectives in comparison with h-SILs. 

iv) Microsphere manufacturing and handling is less complicated comparing with 

micron-scale SIL fabrication. 

 
2.9. Comparison with Confocal Microscopy 

In this section, we compared imaging resolution of our novel technique with the 

resolution of the established technique of confocal microscopy. In order to perform 
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confocal microscopy, we used an Olympus OLS4000 LEXT microscope equipped with a 

100×(NA=0.95) objective lens in confocal mode. Illumination was provided at λ=405 

nm. We used the gold nanoparticle dimers (NPDs) sample with 60 nm dimer’s 

separation, shown in Fig. 2.16(a).  

The result of the confocal microscopy of the sample is presented in Fig. 2.16(b). It 

shows that the 60 nm gaps in dimers are not resolved. However, by using a barium 

titanate glass microsphere with n~1.9 and D~10 µm immersed in isopropyl alcohol (IPA), 

the 60 nm gaps between the dimers are resolved, as illustrated in Figs. 2.16(c) and 

2.16(d). Fig. 2.16(c) has been obtained by the same microscope (Olympus OLS4000 

LEXT, λ=405 nm, 100×NA=0.95) operating in reflection mode (not in the confocal 

mode). Figs. 2.16(a-c) have been normalized by their magnification factors. 

 
 

 
 

Figure 2.16: (a) SEM of the NPD sample with 60 nm dimer separation. 
Optical micrograph of the sample using (b) confocal microscopy and (c) 
a liquid-immersed microsphere. (d) Irradiance distribution along the 
dimer’s axis shown with a dashed line in (c). 
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2.10. Conclusions 

Projection imaging by microspheres [63] has emerged as a surprisingly simple way 

of achieving far-field super-resolution. Applications of microspheres in biomedical 

microscopy often require liquid immersion of the samples which greatly reduces the 

refractive index contrast of the imaging systems and diminishes their super-resolution 

capability. In this work, we solved this problem by proposing a novel imaging technique 

based on using high refractive index spheres in a liquid environment. 

For liquid-immersed barium titanate glass (BTG) microspheres with refractive index 

n~1.9-2.1 and diameters (D) on the order of several microns, we demonstrated the ability 

to discern the shape of a pattern with the minimum feature sizes ~/7. For larger 

microspheres with diameter size 50<D<220 µm, the discernible feature sizes were found 

to increase to ~/4. We observed that the field of view linearly increases with D reaching 

extraordinary large values (>30 µm) for D>200 µm. This property reduces the 

requirements to precise positioning of microspheres. The lateral magnification of the 

virtual images was found to be within 2.5-4.5 range for spheres with diameters in 2-220 

µm range. 

Possible involvement of surface plasmons in the image formation mechanism was 

studied by imaging silver nano-wires. Polarization-dependent imaging in reflection mode 

provided evidence about involvement of plasmonic resonances in silver nano-wires. 

However, this point requires further studies since the imaging of Blu-ray® disk showed 

that the similar resolution can be also achieved using non-metallic structures. 

Comparison between images obtained using liquid-immersed microspheres and 

established techniques of solid immersion lens (SIL) and confocal microscopy showed 



83 
 
superior resolution and more image magnification of our technique. In addition, 

resolution enhancement can be achieved with lower NA microscope objectives compared 

with that for h-SIL. Furthermore, microsphere manufacturing and handling is less 

complicated compared to the [micron-scale] SIL fabrication. 

The imaging method which we proposed in this chapter can be expanded to IR or 

UV wavelengths depending on application and can be realized using spheres made from 

various high-index materials such as titania or semiconductors. Depending on 

application, the structures can be infiltrated with water or with polymer materials. Due to 

its simplicity, the super-resolution imaging by high refractive index microspheres can 

find many applications in biomedical microscopy, microfluidic devices, and 

nanophotonics.  

 



 
 
 
 
 

CHAPTER 3: OPTICAL CHARACTERISTICS OF LINEAR ARRAYS OF 
DIELECTRIC SPHERES 

 
 

3.1. Introduction 
 

A periodic sequence of lenses can relay light between two points [38], as 

schematically illustrated in Fig. 3.1. However, the optical losses in these types of 

periodically focusing waveguides are considered to be high due to the reflections at the 

lenses.  

 
 

 
Figure 3.1: A sequence of identical lenses with focal length f and 
separation d=2f to relay light between two points. 

 
 
 
Integration of TE and TM polarized reflections of a linearly polarized incident plane 

wave on a sphere with n=1.58 immersed in water (n/nb=1.19), allows estimating the total 

reflection loss ~0.27 dB/sphere [213]. This estimation is rather discouraging for 

developing any practical waveguiding structure based on multiple lenses (spheres) since 

the beam transmitted through a large number of lenses is attenuated dramatically. For 

example, the beam passing 100 lenses is expected to be attenuated by three orders of 

magnitude. Nevertheless, the successes in fabrication of well-ordered long chains of 

Losses
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dielectric microspheres by self-assembly or micromanipulation techniques have 

stimulated interest in their optical properties [125, 140-143, 214-221]. Initially, this 

interest was aimed at studying the light coupling between whispering gallery modes 

(WGMs) in chains of spherical resonators termed coupled resonator optical waveguides 

(CROWs), which show waveguiding with interesting dispersion characteristics [170]. 

The notable advance in this area has been the identification of two distinct mechanisms of 

optical transport in the sphere-chains [108, 139]:  

i) Evanescent whispering gallery mode coupling and 

ii) Nanojet coupling based on periodical focusing.  

Both mechanisms have been observed in chains of polystyrene microspheres with 

diameters D~2-10 µm [109, 110, 139]. The optical transport properties of long sphere-

chains are determined by nanojet-induced modes (NIMs) with their period equal to the 

diameter of two spheres (2D) [109, 110].  

These studies have revealed two effects which remained poorly understood, at the 

time, when we started this dissertation. These two effects are extraordinary small 

attenuation of light ~0.08 dB/sphere observed in sphere-chains at long distances from the 

light source [110], and the gradual decrease of the lateral width of the beams that are 

focused periodically along the chain (“beam tapering” effect) [109]. Both effects are 

observed when sphere-chains are optically coupled with multimodal light sources, such 

as dye-doped fluorescent microspheres.  

Taking into account that the experiments were performed with meso-scale spheres 

with 4<D/<20, where  is the wavelength of light, the full understanding of these effects 

requires an exact solution of Maxwell’s equations for the entire range of variation of 



86 
 
spheres’ diameters. In principle, such analysis can be performed by finite difference time 

domain (FDTD) or other techniques; however, this is a very computationally extensive 

problem, especially in three dimensional (3-D) cases. 

In this dissertation, we state a somewhat limited, but still very important task of 

finding if the optical properties of chains of dielectric spheres can be explained in the 

limit of geometrical optics. This approach has limitations since it is only applicable to 

sufficiently large spheres with D>>10λ; however, this is one of the important limiting 

cases of the general theory, and understanding of this case is very useful for developing a 

more general theory. In addition, chains formed by enlarged spheres can be fabricated 

and tested experimentally to prove the validity of the developed theory. 

The main task of this chapter is to study, experimentally and theoretically, the optical 

transport in linear arrays of touching identical dielectric spheres with D>>10λ. More 

specific questions include:  

i) How much optical power is attenuated,  

ii) How the beam size is changed, and  

iii) How the state of polarization (SOP) is altered,  

as a function of the refractive index (n) and number of spheres (N) consisting the chains.  

We show that the optical properties of such chains are fundamentally determined by 

the periodically focused modes (PFMs), shown in Fig. 3.2. These modes have an unusual 

spatial configuration which significantly reduces the reflection losses compared with that 

of incident plane waves. We show, theoretically, that the Brewster’s angle conditions for 

TM polarized incident rays are periodically reproduced in arrays of spheres with 

refractive index n=√3=1.73205… giving rise to lossless PFMs with 2D period and radial 
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(longitudinal when focused) polarization. This situation, sketched in Fig. 3.2, implies that 

the rays are incident on the sphere parallel to the axis of the chain and the off-axial offset 

(h) is fixed at a certain value to provide the Brewster’s angle conditions for the TM 

polarization. One might think that in practice this condition can be met only for a single 

ray or for a circle of rays (with a right offset h) in 3-D case. In fact, we show that in order 

to achieve small losses, this condition is not required strictly and low-loss “quasi-PFMs” 

with 2D period exist in a range of structural parameters. More specifically, we show that 

along with a special case of PFMs that propagate without loss in chains of spheres with 

refractive index n=√3, similar periodic modes exist in a broad range of indices from √2 

to 2. For each n, such quasi-PFMs have various radial extents in the regions between the 

neighboring spheres. We show that for 10-sphere long chains with 1.68<n<1.80, the 

propagation losses for such modes are smaller than 1 dB.  

 
 

 
 

Figure 3.2: Ray picture of a PFM in a linear chain of spheres. 
 
 
 
In many cases, we use a spherical emitter as a light source, with the same diameter D 
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PFM filters in a broad range of indices; however the effect of PFM filtering becomes 

especially pronounced at 1.72<n<1.85, which leads to a gradual “tapering” of the 

focused beams and a decrease of their optical power attenuation along the chain. 

Taking into account the radial symmetry of the problem, TM polarization of the 

incident ray means that in 3-D case it corresponds to radial state of polarization of the 

incident beam. In addition to the spherical source of light, we also consider a collimated 

incident beam modeled in geometrical optics. In the latter case, degree of radial 

polarization in excess of 0.9 is calculated in the output of 10-sphere-long chains with 

1.68<n<1.80. 

Experimentally, the “beam tapering” effect is studied in arrays of D~300 µm 

sapphire (n~1.77 in visible) and polystyrene (n~1.59) spheres optically coupled with a 

same size dye-doped fluorescent sphere as a local light source. We observed “beam 

tapering” effect in chains of sapphire spheres in good agreement with our modeling 

results. 

PFM concept is very useful for developing novel focusing, wave-guiding, and 

polarizing components due to their extraordinary optical properties. 

 
3.2. Periodically Focused Modes 

In this section, we introduce periodically focused modes (PFMs) for linear chains of 

dielectric spheres in the limit of geometrical optics, which are essential for interpreting 

our modeling and experimental results. In the succeeding sections, we use the PFM 

mechanism to interpret our modeling and experimental results.  

In order to find the conditions for a periodic propagation of rays in a linear chain of 

dielectric spheres with diameters D, we consider a ray parallel to the optical axis 
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impinging upon a chain, as illustrated in Fig. 3.2. The refraction of this ray depends on its 

angle of incident (θi), which depends on the lateral offset (h) of the ray with respect to the 

optical axis, as drawn in Fig. 3.2. Due to rotational symmetry, the refraction angles of all 

rays parallel to the optical axis with the same lateral offset h are equal in their respective 

incidence planes. Hence, each ray with a lateral offset h can be considered as a 

representative of a mode or family of rays with the same offset, whose locus is a ring 

with radius h. Such rays are periodically focused with a period of 2D and form PFMs 

when the refracted rays pass through the point where the neighboring spheres touch, 

leading to the following equation: 

௜ߠ ൌ 2 cosିଵሺ݊/2݊௕ሻ, (3.1)

or equivalently for the axial offset of the ray:  

ܦ/݄ ൌ 0.5	sinሺ2cosିଵሺ݊/2݊௕ሻሻ,         (3.2)

where nb is the refractive index of the background medium. Without loss of generality, it 

is considered that nb=1 in this work. The derivation details of the equations used in this 

chapter are in Appendix C. 

The conditions represented by Eqs. (3.1) and (3.2) describe rays, with fixed offset h, 

propagating parallel to the axis of the chain, which corresponds to an infinitely narrow 

circle of rays in a cross-sectional view. However, in any optical experimental situation, 

the illumination inevitably has rays with various offsets and certain range of angles, 

which brings about the question about how practically useful is the PFM concept. In 

other words, how the properties of small attenuation and periodical focusing are tolerable 

to the variations of the parameters of the chains, such as n. The first impression is that the 

variation of n would destroy the 2D periodicity of the PFMs. However, chains of spheres 
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offer another possibility, which allows preserving the 2D periodicity of the modes even 

for spheres’ refractive indices different from √3. More specifically, the 2D periodicity 

can be preserved for a different axial offset of these modes. These modes will not be 

incident on the spherical surfaces at the Brewster’s angles exactly, but their angle of 

incidence will still be close enough to the Brewster’s angle to provide sufficiently small 

attenuation for some range of refractive indices. 

In our further analysis, we assume that these modes play a dominant role in the 

transmission properties of such chains, simply due to the fact that their angles of 

incidence are periodically reproduced and are sufficiently close to the Brewster’s angles. 

So, in our calculations we consider different n’s and calculate the amount of the axial 

offsets required for achieving 2D periodicity as a function of n. The result of the 

computation of the refractive index dependencies of the angle of incidence (θi) and 

normalized axial offset (h/D) for the modes with 2D periodicity is presented in Figs. 

3.3(a) and 3.3(b), respectively. The defined quasi-PFMs exist in a broad range of indices 

(√2<n<2). The angle of incidence and axial offset of these modes decrease with the 

increase of the refractive index, as illustrated in Figs. 3.3(a) and 3.3(b), respectively.  

The incident rays have two possible states of polarization with respect to their plane 

of incidence [212]:  

i) TE (transverse-electric) or S (senkrecht, which means perpendicular in 

German), where the electric-field vector is orthogonal to the plane of incidence. 

ii) TM (transverse-magnetic) or P (parallel), where the electric field vector lies 

within the plane of incidence. 
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Figure 3.3: Refractive index dependences of the (a) angle of incidence 
and (b) normalized axial offset of the PFMs required for 2D periodicity. 

 
 
 
Propagation losses for an incident ray, schematically illustrated in Fig. 3.2, is 

calculated by taking into account Fresnel reflection coefficients [212] at each spherical 

interface using the following equations for the TE and TM polarizations, respectively: 

்ܴா ൌ
sin2ሺ2/݅ߠሻ

sin2ሺ32/݅ߠሻ
, (3.3)

்ܴெ ൌ
tan2ሺ2/݅ߠሻ

tan2ሺ32/݅ߠሻ
, (3.4)

where θi is obtained from Eq. (3.1). 

The modes with 2D periodicity tend to have smaller propagation losses due to the 

fact that their external (θi) and internal (θr) angles of incidence are periodically 

reproduced. Zero propagation loss for TM polarized rays occurs when both the external 

and internal angles of incidence are equal to the corresponding Brewster’s angles. For a 

given ray incident on a sphere, if the external angle of incidence is equal to the 

Brewster’s angle, i.e. ߠ௜ ൌ tanିଵሺ݊/݊௕ሻ, then the internal angle of incidence is 
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consequently equal to the corresponding Brewster’s angle, i.e. ߠ௥ ൌ tanିଵሺ݊௕/݊ሻ, as 

shown in Appendix C. 

The 2D periodicity and the Brewster’s angle of incidence conditions for the rays 

shown in Fig. 3.2 lead to the following equation: 

tanିଵሺ݊/݊௕ሻ ൌ2tanିଵሺ݊௕/݊ሻ. (3.5)

Therefore, the exact conditions for the Brewster’s angle of incidence are satisfied at 

n/nb=√3, θൌπ/3, and h/D=√3/4. 

In physical optics, such rays correspond to PFMs with axial symmetry, 2D period 

along z-axis, and extremely small losses. The closest analog of such beams is cylindrical 

vector beams [222]. Similar to the modes in waveguides, PFMs should have properties 

determined by the phase; however, these properties are beyond the scope of this section. 

It should be noted that in the wave optics, the corresponding beams inevitably have a 

certain radial extent.  

In our geometrical optics modeling, we allow a variation of n in a broad range; 

however, for each n we select the angle of incidence and axial offset of the rays in 

agreement with the dependences presented in Fig. 3.3. Therefore, for each n, the rays 

which form configurations with a 2D period inside the chain are considered. For non-

absorbing spheres, the transmission losses are determined by the reflection coefficients 

given by Eqs. (3.3) and (3.4). For multiple spheres, these coefficients are multiplied to 

calculate the transmittance and corresponding reflection losses for rays with TE and TM 

polarization.  

The transmittance and the reflection loss as a function of n in chains with N=1, 5, 10, 

and 20 spheres for rays with TE and TM polarizations are presented in Figs. 3.4(a) and 
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3.4(b). It is seen that the total transmission (zero loss) occurs at n=√3 for TM 

polarization which satisfies the Brewster’s angle conditions. It is interesting, however, 

that the high transmission properties are preserved in a broad range of indices around 

n=√3 for the TM polarization. It is seen that for 10-sphere-long chains with 

1.68<n<1.80, where both the external and internal angles of incidence are close to the 

corresponding Brewster’s angles, total propagation losses of TM polarized PFMs are 

smaller than 1 dB. For the TE polarization, PFM losses exceed 20 dB in the same range 

of indices, as illustrated in Fig. 3.4(b). This means that for a set of randomly polarized 

collimated incidence rays, the output has mainly rays with TM polarization component, 

as schematically illustrated in Fig. 3.5 for an incident ray parallel to the z-axis with an 

axial offset h. Since these rays are located around a circle with radius h represented by 

Eq. (3.2), the global states of polarization of the output beam tends to be radial. 

 
 

 
 

Figure 3.4: Transmittance (a) and loss (b) in chains of N=1, 5, 10 and 20 
spheres as a function of n for TE and TM polarizations. 
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Figure 3.5: Illustration of evolution of the global SOP of transmitted 
beams through the sphere-chains. (a) The z-propagating incident ray has 
equal TE and TM components. (b) Upon transmission of the ray through 
several spheres, the TE component is attenuated dramatically, while the 
TM component is transmitted without loss (or with much smaller loss). 

 
 
 
Light sources can contain not only collimated, but also non-collimated beams. The 

non-collimated rays are not coupled with the PFMs or quasi-PFMs, so the description of 

the polarization effects is expected to be more complicated in those cases. However, 

simple argument about the Brewster’s angle conditions show that the PFMs are the best 

surviving type of modes in sufficiently long chains. Thus, although different light sources 

can be used, the state of polarization at the output of long chains can still be analyzed 

using the concept of quasi-PFMs. However, certainly, a more detailed modeling is 

required for each light source in order to quantitatively study the degree of polarization of 

the exiting beams. This is among the goals of the following sub-sections of this chapter. 

 
3.3. Description of the Modeling Technique 

Ray tracing is a widely applicable technique for modeling the light propagation in 

optical systems. The modeling of light propagation by ray tracing is commonly called 

geometrical optics [212]. In this work, numerical ray tracing is conducted by an optical 

ETM

ETE

E

(a) (b)

z
x

y
2h

ETM

ETE

E

2h



95 
 
design software, ZEMAX-EE (Radiant Zemax LLC, Redmond, WA), in the non-

sequential mode. It takes into account Fresnel reflections and refractions at the spherical 

interfaces, which leads both to a gradual attenuation of initial rays once they propagate 

through the structure and to the emergence of new rays. The rays are traced down to a 

weight factor (WF) of 10-3 which provides a good convergence of the numerical 

solutions.  

A sphere with diameter D which emits rays with random polarization and direction 

throughout its entire volume is considered as the light source. Such a light source can be 

seen as a collection of point sources inside a spherical volume radiating uniformly in all 

directions. The source sphere (S) is placed in contact with the first sphere of a chain of 

spheres with the same size, as shown in Fig. 3.6.  

Advantages of considering the S-sphere as a light source are:  

i) A direct comparison of the modeling results to experiments performed using 

fluorescent dye-doped spheres can be made because the emission properties of 

the spherical ray emitter mimics the properties of fluorescent microspheres, in 

which the role of the point sources is played by dye molecules. 

ii) All spatial dependencies scale with D, which permits use of dimensionless units: 

X=x/D, Y=y/D, and z=Z/D.  

 
 

 
 

Figure 3.6: A spherical ray emitter (S-sphere) with diameter D is used to 
couple light into chains of spheres with the same diameter D.  
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Figure. 3.7: Calculation of the transmitted power after (a) N=1 and (b) 2 
identical spheres, optically coupled by a spherical ray emitter (S) with 
the same diameter size D. 

 
 
 
The XY beam profiling is performed by positioning a squared-shape detector, with a 

unit dimensionless surface area, perpendicular to the axis in contact with the end-sphere 

in the chain (Fig. 3.7). It is placed at different distances, d=1, 2, …, N, measured in 

dimensionless normalized units from the right vertex of the S-sphere, for arrays of 1, 2, 

…, N spheres, respectively. The irradiance distributions (with units of [W/m2] in 

radiometric terminology) are calculated from the density of the rays at the detector plane 

with their weight factor taken into account.  

The transmitted total optical power was calculated by using a disk-shaped detector, 

with the same diameter as the spheres in order to collect all of the transmitted power, but 

to avoid collection of stray light away from the structure. This detector was also placed 

perpendicular to the axis of the chain in contact to the end-sphere in a given chain. 

The spheres are modeled by considering only the real part of their refractive index 

(i.e. imaginary part of the refractive index is 0 and the real part is constant) and therefore, 

material absorption, dispersion, and scattering are not considered. In general, a value for 

the wavelength should be assigned in the program, which is an important factor in cases 
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where material dispersion is considered, such as in calculation of chromatic aberrations in 

optical systems. In these cases, the materials are either directly selected from the glass 

catalogs of the ZEMAX or defined by considering their dispersion characteristics (Abbe 

number). Since our aim is to characterize optical properties of chains of spheres as a 

function of their refractive indices in a much broader range (which can be achieved by 

using different materials), we neglect the dispersion effects for a given refractive index of 

the spheres. Therefore, the results are independent of the wavelength in the domain of 

validity of geometrical optics assumptions. However, since the program needs an input 

wavelength, λ=550 nm is selected. This value of λ is symbolically selected because it is 

close to the peak emission of the dye-doped spheres used in our experiments. However, 

as stated before, this choice of λ is arbitrary and the results are independent of the 

wavelength because the spheres are considered lossless and modeled by constant 

refractive indices. 

For each case, we study the effect of the refractive index (n) and number of the 

spheres (N) on the transmitted optical power and the beam size on the detector’s plane in 

contact with the end-sphere. The transmitted power is studied over a wide range of 

refractive indices from n=1.4 to 3.0, and the beam size is studied for chains of up to 

N=100 spheres. The spheres in each chain are identical, i.e. they have the same refractive 

index and size. 

 
3.4. Optical Characteristics 

In the following section, we study three main characteristic features of the sphere-

chains, i.e. power transmission, evolution of the transverse beam profile, and degree of 

radial polarization, using numerical ray tracing. The details of the numerical modeling 
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have been mentioned in the previous section. Here, first we begin with the study of the 

optical power transmission in the chains of up to 100 spheres and show that there is a 

range of refractive indices for which a local minimum occurs in the power attenuation 

plots. Then, we show that the minimum attenuation is accompanied by the “beam 

tapering” effect. Finally, we study the state of polarization and show that the output 

beams have a radial state of polarization, the degree of which increases with the number 

of spheres in the chain. We explain all these characteristic features based on the 

formation of periodically focused modes. 

3.4.1. Optical Power Transport 

In this section, we study the dependency of optical power on the refractive index (n) 

and the number of spheres (N) of the chains. First, the total power is calculated after each 

sphere in the sphere-chains. Then, the power attenuation is calculated in each section of 

the chains. Finally, the power transmission is analyzed in sections of the chains separated 

by different distances from the light source.  

In order to study the optical power transport in chains of spheres, a sphere with a 

given index of refraction n is placed in contact with a same size source sphere (S) and a 

disk shaped plane detector with the same diameter as the spheres is placed perpendicular 

to the axis of the chain in contact with the end-sphere.  

In the limit of geometrical optics, transmitted power is determined by the number of 

rays reaching the detector, with their weight factor taken into account. The total power on 

the detector in each case is denoted by Pn,N, where n stands for the refractive index and N 

represents the number of spheres in the chain. The source sphere does not contribute to 

the length of the chains. 
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In a similar manner, another identical sphere (i.e. with the same n and D) is added to 

the previous sphere to form an array of N=2 spheres, optically coupled from one end with 

the S-sphere, as illustrated in Fig. 3.7(b). By adding spheres successively to the chain and 

moving the detector along the z-axis of the chain, the values for Pn,1, Pn,2, up to Pn,100 are 

calculated. This procedure is performed in order to find the values for Pn,N with 1.3≤ n ≤ 

3 and 1≤ N ≤100. In each chain, values of Pn,N are normalized by the value of Pn,1 in the 

corresponding chain. Therefore, the power after the first sphere is 1 in normalized units 

for all refractive indices, although their absolute powers are different due to different 

Fresnel losses. This approach is considered to provide a convenient way of comparing the 

calculated data to the experimental data, because usually the images of the dye-doped 

fluorescent microspheres are too bright and saturated. 

The calculated relative transmitted powers in chains of N=20 spheres as a function 

of the number of spheres (N) for some refractive indices are presented in Fig. 3.8. The 

slope of each curve in each section of the chain is considered as an estimate of the optical 

power attenuation. The steeper slope in the first few spheres takes place due to the limited 

angular acceptance of the chain, which cannot be efficiently coupled to the spherical light 

source. The mode filtering is especially pronounced in the first few spheres, leading to 

increased losses (~1.2 dB/sphere) in this section of the chains. However, away from the 

source, the attenuation gradually decreases (the plot has less inclination) and at long 

distances from the source (N>10) the magnitude of attenuation is mainly determined by 

the refractive index (Fig. 3.8). The general trend is that the higher the refractive index the 

higher the attenuation. However, there exists a local minimum of attenuation in the 

region of 1.72<n<1.85 due to the periodically focused modes, as will be explained later.  
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Figure 3.8. Transmitted power in chains of 20 spheres for some indices. 
 
 
 
Although coupling is more efficient for collimated beams along the axis, this sub-

optimal source (S-sphere) in terms of coupling to PFMs was selected due to the 

advantages mentioned in Section 3.3. Since main mode filtering processes take place in 

the vicinity of the source spheres, it can be suggested that the propagation effects deeper 

inside the chains are determined by the properties of the chains themselves rather than by 

the light source properties used in modeling. 

The power transport characteristics are studied in more detail by calculating the 

power attenuation per sphere as a function of the refractive index for different sections of 

each chain, as presented in Fig. 3.9 for 16th-20th, 36th-40th, and 56th-60th sphere segments 

of each chain. Since partial reflections by the spheres are proportional to the refractive 

indices of the spheres, according to Fresnel’s equations, higher attenuation for spheres 

with a higher refractive index is expected. However, the strong non-monotonic variations 

in the region of 1.72<n<1.85 do not follow this trend. This behavior can be explained 
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due to the formation of PFMs. Some of the incident rays from the spherical source are 

reasonably close to the PFMs, or quasi-PFMs conditions, because they are close to 

collimated beams and have axial offsets close the optimal offset for PFMs. These rays are 

attenuated less, which is more pronounced as rays propagate further away from the S-

sphere. In geometrical optics, the key property is the fact that although the illumination 

provided by the S-sphere contains a variety of meridional and skew rays, only the PFMs 

survive in long sphere-chains.            

 
 

 
 

Figure 3.9: Attenuation per sphere as a function of the refractive index 
calculated for different segments of the chains. 
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maximum (FWHM) Y20~0.4-0.5. However, for n=1.72, 1.785, and 1.85, the central 

section of the beam acquires a quasi-Gaussian shape with a much narrower FWHM. For 

n=1.785, this is indicated by Y20~0.1. Further increase of n, leads to beam broadening, as 

illustrated for n=1.90.  

The evolutions of the beam profiles at different distances (d) from the S-sphere for a 

chain with n=1.785 are illustrated in Figs. 3.11(a) and 3.11(c). After the first sphere 

(d=1), the beam has a quasi-Gaussian shape with FWHM Y1~0.45, as shown in Fig. 

3.11(c). After propagation through ten spheres, the beam profile displays a narrower 

central peak superimposed on a wide and flat background. After 100 spheres, the central 

peak becomes extraordinarily narrow and Y100~0.04. In addition, an extremely narrow 

“ring” with diameter of ~0.8 and much weaker peak irradiance than the irradiance of the 

central peak is formed. The gradual tapering of the central beam, accompanied by the 

“ring” formation, is seen in the calculated irradiance patterns in Fig. 3.11(a). 

 
 

 
Figure. 3.10: Irradiance profiles after 20 spheres for some indices. 
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Figure. 3.11: (a,b) Irradiance patterns calculated at different distances 
from the S-sphere for n=1.785 and n=√3, respectively. (c,d) 
Normalized irradiance profiles of the calculated patterns shown in (a) 
and (b), respectively. 
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100~0.028. In addition, an extremely narrow “ring” 

with a diameter of ~0.84~√3/2 and much weaker peak irradiance than the irradiance of 

the central peak is formed. The gradual tapering of the central beam accompanied by a 

ring formation is seen in the calculated irradiance patterns in Fig. 3.11(b).  
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Figure 3.12: FWHMs of the central peaks calculated as a function of the 
refractive index at different distances in the chain. 

 
 
 
We study the focusing characteristics in more detail by calculating the FWHMs of 

the irradiance profiles, as a function of the refractive index, for chains of N=1, 5, 10, and 

20 spheres. The “tapering” of the central beam is clearly seen over the 1.72<n<1.85 

range at d ≥10, as illustrated in Fig. 3.12. The reduction of the attenuation of the total 

transmitted power over this range is seen in Fig. 3.9, with a local minimum of attenuation 
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We interpret these observed effects based on the formation and transmission of 

PFMs. Although the illumination provided by the S-sphere contains a variety of 

meridional and skew rays, only PFMs survive in the long chains. Since PFMs are sharply 

focused, the “beam tapering” effect is explained by the dominant contribution of PFMs in 

the output beams. The “ring” pattern appears due to the filtering of the second PFM 

shifted by D. The PFM filtering properties are actually preserved in a range of indices 

1.4 1.6 1.8 2.0 2.2 2.40.0

0.2

0.4

0.6

0.8

20

 

 

 

d =1

10

FW
HM

 (u
ni

ts
 o

f D
 ) 

Refractive Index, n

5

Ta
pe

rin
g



105 
 

from 1.72 to 1.85. For example, superposition of two fundamental PFMs shifted by D in 

a 16≤ d≤ 20 section of a chain with n=1.785 is shown in Fig. 3.13. 

 
 

 
 

Figure 3.13: (a,b) Two PFMs shifted by D. (c) Ray tracing from 16th to 
20th sphere for n=1.785 shows a superposition of two PFMs. 

 
 
 

3.4.3. State of Polarization 

State of polarization (SOP) of a light beam is a consequence of the vectorial nature 

of light. Spatially homogenous SOPs are linear, circular, and elliptical polarizations, 

where the SOP does not depend on the locus in the beam cross section [222]. However, 

spatially variant SOPs exist, such as radial and azimuthal polarizations, as schematically 

presented in Fig. 3.14.  

Cylindrical vector (CV) beams, with axial symmetry in both amplitude and phase 

[222], are a class of beams with spatially variant SOP. They are vector-beam solutions to 

the full vector electromagnetic wave equation [223]. CV beams with radial and azimuthal 

polarizations have attracted recent attention because of their potential to create new 

effects mainly due to their unique focusing properties under high-numerical-aperture 

[222]. Various applications of radially polarized focused beams in high-resolution 
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microscopy, nanoparticle manipulation, remote sensing, and material processing can be 

found in the literature [222]. For example, it has been shown by numerical modeling and 

also experimentally confirmed that beams with radial polarization produce tighter focal 

spots with strong localized longitudinal field component [224, 225].  

 
 

 

 
Figure 3.14: Schematic of xy-plane profiles of beams propagating in z 
direction with (a) radial and (b) azimuthal state of polarization. 

 
 
 
Several active and passive methods [226-247] have been suggested to generate 

cylindrical vector (CV) beams with radial or azimuthal state of polarization. Active or 

passive methods of generating CV beams refer to methods of forming such beams inside 

or outside of the laser cavity, respectively. CV beams can be generated inside a laser 

cavity by placing a uniaxial crystal, whose axis is parallel to the optical axis of the cavity, 

in a telescope arrangement [226], placing a Brewster window [228] into a laser resonator 

with circular symmetry, linear superposition of orthogonally polarized TEM01 Guassian 

modes [230], image-rotating cavities [236], thermal bipolar lensing effect in solid-state 

lasers [237], a conical Brewster prism [240], and polarization-selective cavity mirrors 

with radial [229] or concentric [241] grooves. Generation of such beams outside a laser 

cavity can be utilized by interference of linearly polarized TEM01 and TEM10 Gaussian 
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modes [227], using subwavelength gratings [231-233], mode selection inside an optical 

fiber [235], propagation through a few-mode fiber excited by Lagurre-Gaussian beams 

[238], optical rotation by a liquid-crystal cell [239], a set of two conical reflectors and a 

cylindrical sheet of polarizing film [243], and using internal conical diffraction [245].  

The facts that TM polarized periodically focused modes (PFMs) have extremely 

small losses, whereas TE polarized PFMs have extremely large losses, means that the 

chains of spheres can be used to generate radially polarized modes. In order to study the 

polarizing capability of such chains, a practical source of light, consisting of rays with 

random polarizations and all values of parameter h/D for h<D/2, is considered. Such rays 

are characterized with a broad range of angles of incidence θi. Only the TM polarized 

rays with parameters close to what presented in Fig. 3.3 should effectively contribute to 

the total transmission through sufficiently long chains.  

In this section, we study the state of polarization for the output beams as a function 

of n and N, for sphere-chains coupled with one of the following light sources: 

i) A collection of collimated rays, as shown in Fig. 3.15(a), to represent a plane 

wave incident in geometrical optics and 

ii) The S-sphere to represent an ultimately multimodal incident beam. 

The degree of polarization P(r) of a quasi-monochromatic light beam at point r is 

generally defined as the ratio of the (averaged) irradiance of the polarized portion of the 

beam to its total (averaged) irradiance, both taken at the same point [212]. This rigorous 

and unambiguous definition of the degree of polarization is, however, sometimes difficult 

to use in practical cases. In such situations, various ad hoc definitions of the degree of 

polarization are frequently used in the form: 



108 
 

ܳሺܚሻ ൌ
หݔܫሺܚሻെݕܫሺܚሻห
ሻܚሺݕܫሻ൅ܚሺݔܫ

, 
(3.6)

where Ix and Iy are the averaged irradiances in two mutually orthogonal directions, their 

choice being suggested by the geometry of the problem. Unlike the degree of polarization 

P(r), the quantity Q(r) depends on the choice of the x and y axes. It has been theoretically 

demonstrated [248], however, that the ad hoc definition in the form of Eq. (3.6) will 

correctly represent the degree of polarization P(r), provided that Ix and Iy are taken to be 

true eigenvalues of the polarization matrix representing the symmetry of a given problem. 

For the cylindrical vector beams, the polarization eigenvalues are represented by the 

irradiances of the radially (Ir) and azimuthally (I) polarized beams. 

For the range of indices 1.7<n<1.8, the output beams formed by the chains of even 

number of spheres, illuminated by collimated incident rays (case i), consist of: 

a) A “ring” with radius h determined by Eq. (3.2), 

b) A compact central beam formed by the paraxial rays, and  

c) A weak background illumination.  

Since the dominant contribution to the output optical power is due to the ring shape 

region with radius h, satisfying PFM or quasi-PFM conditions, we performe the 

calculations of the degree of polarization for this ring shape region.  

In order to estimate Ir and I, we use the fact that after an even number of spheres the 

irradiance distribution is radially expanded in the detector plane, as schematically 

illustrated in Fig. 3.14. We place a vertically oriented linear polarizer (along y) after the 

end-sphere in the chain, as illustrated in Fig. 3.15(c), and performe irradiance calculation 

in a narrow stripe region (extended along y) with dimensions D/10D/100 placed after 

the polarizer, as schematically indicated by a stripe labeled Ir in Fig. 3.15(c).  
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Figure 3.15: (a) Collimated rays and (b) S-sphere, used as a light source. 
(c) A linear polarizer, the axis of which is along y, is placed after the 
end-sphere before two small detectors to calculate Ir and Iφ. (d) Degree 
of radial polarization vs. n for N=4, 6, and 10 spheres corresponding to 
(a). (e) Degree of radial polarization vs. n for N=4, 6, 10, and 20 spheres 
corresponding to (b). 

 
 
 

This stripe detector provides a local calculation of the irradiance of TM component of 

the incident rays, which can be taken as a measure of the irradiance of radially polarized 

beams. From the axial symmetry, it follows that an estimate of the irradiance of the 

azimuthally polarized beams can be obtained by using a 90 rotated stripe labeled I in 

Fig. 3.15(c). By using relationships Ix=Ir and Iy=I in Eq. (3.6), we calculate the degree of 

radial polarization as a function of n for chains with different lengths. The degree of 

radial polarization increases with the length of the chain, reaching a very high value of 
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~0.9 for a 10-sphere chain with any refractive index within the n=1.68-1.8 range, as 

shown in Fig. 3.15(d) 

For case (ii), where we had S-sphere as the light source, as shown in Fig. 3.15(b), we 

use the same method and calculate the degree of radial polarization as a function of n for 

chains with different lengths. As presented in Fig. 3.15(e), the degree of radial 

polarization increases as the length of the chain increases, and reaches a high value of 

~0.9 for a 20-sphere chain with any index of refraction within the n=1.7-1.8 range. 

Because of the extreme multimodal nature of the light source (S-sphere), it takes 20 

spheres to reach degree of radial polarization ~0.9 in this case. 

 
3.5. Disorder Effects 

We considered so far that all spheres in the chains were in contact and identical, i.e. 

same size and same refractive index. Furthermore, no material dispersion and scattering 

were considered for the spheres. Any deviation from the ideal condition is a disorder. 

Disorders mainly break the symmetry in the chains; therefore, the ideal conditions for the 

propagation of periodically focused modes are not met. We can assume different types of 

disorders as will be mentioned in this section. In practice, a combination of different 

types of disorders can exist in a given chain.  

In this section, we briefly mention different types of possible disorders and perform 

numerical modeling to study the effect of size variation in a perfectly linear chain of 

spheres. A perfectly linear chain is defined as a chain in which the centers of all spheres 

are placed on a single line, i.e. the optical axis. 

 

 



111 
 

3.5.1. Shape Disorder (Deviation from a Perfect Sphere) 

For a given particle with volume Vp and surface area Ap, sphericity ψ is defined as 

the ratio of the surface area of a sphere with the same volume as the given particle, to the 

surface area of the particle according to Eq. (3.7) [249]:  

߰ ൌ
గభ/య൫଺௏೛൯

మ/య

஺೛
.  

(3.7)

Eq. (3.7) gives ψ=1 for a perfect spherical object, and any departure from a perfect 

sphere gives ψ<1, according to the isoperimetric inequality [250]. 

Any deviation from a perfect spherical shape breaks the symmetry in the chain and 

so in the periodically focused modes. In Fig. 3.16, objects 1 and 4 are perfect spheres, 

whereas objects 2 and 3 are deviated from perfect spheres.  

 
 

 
 

Figure 3.16: Deformation from spherical shape for objects 2 and 3. 
 
 
 
The shape disorder can be overcome to some extent mainly during manufacturing or 

surface finishing process of the microspheres. Furthermore, prior to the assembling of 

these chains, the spheres can be visually investigated for their shape.  

Experimentally, the magnitude of the elliptical deformation of spheres, which is 

related to the sphericity, can be estimated by measuring the splitting of the azimuthal 

whispering gallery modes (WGMs).  

 

1 2 3 4
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3.5.2. Spacing Disorder (Presence of Gap between Spheres) 

We have considered so far that the spheres in a sphere-chain are touching each other. 

Introducing non symmetrical gaps between the spheres breaks the symmetry. In Fig. 

3.17(a), the gaps between adjacent spheres are equal, whereas in Fig. 3.17(b) the gaps are 

not equal. In the case of the presence of symmetry in gaps pattern between the spheres, 

the structure is still periodic and the propagation of periodically focused modes might be 

possible at a different refractive index compared to the case of touching spheres.  

 
 

 

Figure 3.17: Sphere-chains with (a) symmetric and (b) non-symmetric 
gaps. 

 
 
 

3.5.3. Scattering inside Spheres and from Their Surfaces 

Any inhomogeneity in the spheres’ material causes scattering. In order to study the 

effect of scattering on the periodically focused modes, in principle, local scattering points 

can be added to the spheres in our model.  

During the fabrication process of the spheres, by purifying the material and avoiding 

bubble formations, the amount of scattering inside the spheres can be reduced. In order to 

reduce the surface scattering, the surface finishing of the spheres is a critical factor. 
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3.5.4. Size Disorder 

Size disorder happens when the particles have [almost] perfect spherical shapes 

while possessing different diameters. The simplest case of size disorder in sphere-chains 

occurs when the centers of the spheres are placed on the same axis. We term this case of 

size disorder “axial size disorder”. It is also possible that the centers of the spheres are 

not located on the same line; instead, they are located on a same plane. We term this case 

of size disorder a “meridional size disorder”. A more general case of size disorder 

happens when the centers of spheres are not located on a same plane, as shown in Fig. 

3.18 for a chain of barium titanate glass microspheres. We term this case of size disorder 

a “skew size disorder”. The third sphere from the left in Fig. 3.18 looked sharper at a 

different depth of focus, indicating its center is placed at a different plane.  

 
 

 
 

Figure 3.18: A chain of microspheres with “skew size disorder”. 
 
 
 

In this section, we perform numerical modeling to study the effect of size variation 

in a perfectly linear chain of spheres. The centers of the spheres are located on the same 

axis and the spheres are in contact. A േߝ	% size uncertainty is added to their nominal 

diameters. If we consider ߝ percent of deviation in diameters from the nominal value, 

Dnom, then for the diameters of the sphere we can write: 

10 μm
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ܦ ൌ ௡௢௠ܦ േ ሺߝ	%ሻ. (3.8)

This random distribution of diameters can be modeled using a generator of random 

numbers (xi) in the range from 0 to 1 by means of the following formula:  

௜ܦ ൌ ൬1 ൅
ఌ

ଵ଴଴
ሺ2ݔ௜ െ 1ሻ൰ܦ௡௢௠. (3.9)

We generate a set of 20 random numbers and by using Eq. (3.9) assign 5% size 

deviation to the diameters of the spheres. We model chains of 20-spheres long with the 

randomly disordered diameters, and calculate the FWHM after the 20th spheres and the 

optical power attenuation in the 16th-20th spheres regions.  

 
 

 
 

Figure 3.19: (a) Normalized spot sizes after N=20 spheres and (b) 
power attenuation in 16-20th section of the chains as a function of the 
refractive index for the ideal chains (black) and chain with ±5% size 
disorder (red). 

 
 
 
As shown in Fig. 3.19(a), the “beam tapering” effect is not significantly perturbed by 

the disorder. The deviation from the ideal model varies based on the refractive index of 
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the spheres. For some indices, less sensitivity to the size disorder is seen. However, in the 

range 1.72<n<1.85, the attenuation is more by ~8% compared to the perfect model. The 

spot sizes presented in Fig. 3.19(b) are on average larger by ~30% in the disordered 

structures. However, for some indices, spot sizes are smaller compared to the spot sizes 

in the perfect structures. 

It should be noted that the results presented in Fig. 3.19 are for only one realization 

of the size disorder. In order to obtain a more rigorous result, we need to average the 

results over many realizations. By using this example, we just showed in a semi-

quantitative way, that this type of size disorder (axial size disorder) does not significantly 

destroy the optical transport and focusing properties of the sphere-chains.  

In our modeling, we modeled the spheres by a single value of the real part of the 

refractive index, i.e. no dispersion was considered. This assumption is reasonably valid 

when we have a laser source. In addition to dispersion, birefringency effect should also 

be considered for birefringent crystals.  

One important material with good optical properties in visible and IR wavelengths is 

sapphire (or ruby), which is used in our experimental works at different wavelengths of 

illumination light. Room temperature dispersions for sapphire in the wavelength range 

λ=0.2-5.5 µm are obtained from refractive index of Al2O3, according to Eqs. (3.10) and 

(3.11) for ordinary and extraordinary rays, respectively [251]. This dependency is shown 

in Fig. 3.20. 

݊௢ଶ െ 1 ൌ ଵ.ସଷଵଷସଽଷఒమ

ఒమିሺ଴.଴଻ଶ଺଺ଷଵሻమ
൅ ଴.଺ହ଴ହସ଻ଵଷఒమ

ఒమିሺ଴.ଵଵଽଷଶସଶሻమ
൅ ହ.ଷସଵସ଴ଶଵఒమ

ఒమିሺଵ଼.଴ଶ଼ଶହଵሻమ
, (3.10)

݊௘ଶ െ 1 ൌ ଵ.ହ଴ଷଽ଻ହଽఒమ

ఒమିሺ଴.଴଻ସ଴ଶ଼଼ሻమ
൅ ଴.ହହ଴଺ଽଵସଵఒమ

ఒమିሺ଴.ଵଶଵ଺ହଶଽሻమ
൅ ଺.ହଽଶ଻ଷ଻ଽఒమ

ఒమିሺଶ଴.଴଻ଶଶସ଼ሻమ
. (3.11)
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Figure 3.20: Dispersion relations for refractive indices of Al2O3. 
 
 
 

3.6. Experimental Results 

In the following sections, our experimental results are presented and compared to the 

modeling results. Fist, we describe our techniques for assembling linear chains of 

spheres. Consequently, the experimental results on focusing properties, optical power 

transport, and the phase properties of the chains of spheres are presented. 

3.6.1. Assembly of Sphere-chains 

We assembled the sphere-chains in two different ways: 

1) Sphere-chains were assembled on glass substrates using a micro-needle, 

controlled by a hydraulic micromanipulator (Fig. 3.21). 

2) Sphere-chains were assembled inside plastic micro-capillaries (Fig. 3.22).  

The assembly of the sphere-chains by infiltration inside capillaries is generally an 

alternative approach compared to assembly or self-assembly on a substrate. It has an 

advantage that the positions of the spheres are fixed inside the capillaries and they can be 

carried to different experimental setups. However, the field of view is less in the case of 

imaging the scattered light from the sidewalls of capillaries. The motivation of using 
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micro-capillaries comes from an application of such focusing chains in tissue-surgery, 

where they should be assembled as self-supported “needles” of optical scalpels. In the 

next chapter, we use the same technology of assembling the spheres inside the capillaries 

to integrate sphere-chains with infrared hollow waveguides (HWGs) and fibers. 

 
 

   
 

Figure 3.21: (a,b) A chain of N=5 sapphire spheres with D=300 μm, 
assembled on a glass substrate, using a micro needle controlled by a 
hydraulic micromanipulator. (c) Fluorescence emission of the S-sphere 
propagates in the chain. 

 
 
 

 
 

Figure 3.22: (a) A chain of sapphire spheres with D=300 μm assembled 
inside a PTFE tube with ID equal to the spheres diameters. (b) 
Fluorescence emission of the S-sphere propagates in the chain. 
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Infiltration was performed using micromanipulation and micro-pneumatic propelling 

of the spheres. In order to provide tight packing of the microspheres, while keeping the 

chains straight and symmetric along the axis of the cylindrical structure, the size of 

microspheres should match the bore size of the micro-capillary, as shown in Fig. 3.22 for 

300 µm sapphire microspheres inside a polytetrafluoroethylene (PTFE) micro-capillary. 

Using similar technique, sphere-chains with 50 µm spheres (borosilicate glass, soda-lime 

glass, and barium titanate glass) were assembled inside micro-capillaries. 

Since the 50 µm polystyrene microspheres, used in this work, were mixed in a liquid 

for preservation purposes, infiltration of 50 µm polystyrene microspheres was different 

from other spheres mentioned so far. A few droplets of polystyrene microspheres 

(D=49.7±0.7 µm) in water (Duke Scientific Corporation, Palo Alto, CA) were poured 

over a microscope slide (Gold Seal® Products, Portsmouth, NH). Once the polystyrene 

microspheres were dried, they were inserted in a PTFE tube. Then, the fluorescent dye-

doped spheres were inserted to form a chain of polystyrene microspheres with local light 

sources [Fig. 3.27(a)]. Green fluorescent dye-doped polystyrene spheres with D=51±6 

µm (Fluoro-MaxTM, Thermo Scientific, Fremont, CA) were used as local light sources. 

As a micro-capillary, a PTFE tube with 50 and 356 µm inner and outer diameters, 

respectively, and 150 µm wall thickness (Cole-Parmer, Vernon Hills, IL) was used.  

3.6.2. Focusing Properties 

Experimentally, the light focusing properties of linear arrays of dielectric spheres 

were studied for chains of sapphire (Swiss Jewel Company, n=1.77, D=300±3 µm) and 

polystyrene (Thermo Fisher Scientific, n=1.59, D=289±6 µm) microspheres assembled 

on a glass microscope slide. Schematic of our experimental setup is drawn in Fig. 3.23. In 
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order to couple light with the chains of spheres, we used a local light source (S-sphere) 

formed by one dye-doped fluorescent polyethylene sphere (Cospheric, Santa Barbara, 

CA) with the same diameter as the spheres forming the chain, placed at the begging of 

each chain, as shown in Figs. 3.21-3.24. The fluorescence excitation of the S-sphere was 

provided through a 40×NA=0.6 microscope objective at λ=340-370 nm by a mercury 

lamp (USH-103D, USHIO Inc., Japan) integrated with an inverted IX-71 Olympus 

microscope. The intensity of excitation was well below the threshold for lasing 

whispering gallery modes. A fraction of the total fluorescence from the S-sphere is 

coupled to the chain. The propagation of the fluorescence emission of the S-sphere in the 

chains was visible due to the light scattering away from the axis of the chain in a vertical 

direction toward the microscope objective, as shown in Figs. 3.24(a) and 3.24(b). The 

images were registered by a CCD video camera with variable exposure times and 12 bit 

dynamic range.  

 
 

 
 

Figure 3.23: Schematic of the experimental setup for capturing the 
scattered light from the interfaces between the spheres. 
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Figure 3.24: (a) A chain of D=300 μm sapphire microspheres in contact 
with a dye-doped S-sphere. (b) Expanded image of the scattered light at 
the shadow-side surface of the sapphire sphere. (c) Envelope (dashed) of 
the maxima of the A-F irradiance profiles with its FWHM shown as Y1. 

 
 
 
A digital image of the bright region at the shadow-side surface of a single sphere 

attached to the S-sphere was obtained with focusing at the equatorial plane of the sphere, 

as illustrated in Figs. 3.24(a) and 3.24(b). We assumed that due to the surface scattering, 

the brightness along the equator of the spheres is representative of the local intensity of 

the beam guided by the chain in the axial direction. This assumption allowed a simple 

estimation of the beam FWHM using the envelope of the maxima of the irradiance 

profiles measured along closely spaced lines A-F, as illustrated in Fig. 3.24(c).  

A comparison between experimental and modeling results for a polystyrene and 

sapphire sphere is shown in Fig. 3.25. In Figs. 3.25(c) and 3.25(d), the envelopes (dashed 

red line) of the maxima of the irradiance profiles of experimental results for a polystyrene 

and a sapphire sphere, respectively, are presented. Figs 3.25(e) and 3.25(f) are 

corresponding modeling results, which should be compared to the envelope profiles 

F - A

S

(b)

D
1 2 d=5

(a)

-0.2 0.0 0.2
0

1

 

F
E

D
C

B

Ir
ra

di
an

ce
 (

a.
u.

)

Y  (units of D)

A

0

Y1

(c)
z
xy



121 
 

shown in Figs. 3.25(c) and 3.25(d), respectively. As seen in Fig. 3.25, a good agreement 

exists between the modeling and experimental results. 

 
 

 
 

Figure 3.25: (a,b) A polystyrene and sapphire sphere, respectively, with 
D=300 μm coupled with a dye-doped fluorescent S-sphere. (c,d) 
Different irradiance cross sections at the distal surface of the spheres (a) 
and (b), respectively. The envelope of the maxima of the irradiance 
profiles is represented by the dashed curve. (e,f) Modeling results 
corresponding to (c) and (d), respectively. 

 
 

 
We performed experiments for several chains of up to 12 polystyrene and sapphire 

spheres. The spheres were added one by one to each chain and images were recorded for 

each case. The spot sizes (Yd), measured from the images, were normalized to the size of 

the first spot in the corresponding chain (Y1), in order to compare them in a single plot.  
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Figure 3.26: Normalized beam FWHM (Yd /Y1) measured for sapphire 
and polystyrene sphere-chains and comparison to the modeling for 
n=1.77 and 1.59, respectively. 

 
 
 
Our measurements performed for chains of sapphire and polystyrene spheres with 

variable lengths, using the same procedure, showed the pronounced “beam tapering” 

effect in sapphire chains very well, and the absence of this effect in the polystyrene 

chains, as illustrated in Fig. 3.26. A very good agreement exists between the normalized 

beam FWHMs (Yd /Y1) and the corresponding modeling results in both cases, as 

demonstrated in Fig. 3.26. 

Since experimental observations from chains of sapphire microspheres (n=1.77 and 

D=300 µm) shows progressive beam size reduction in agreement with the modeling 

results, and furthermore, experimental results for polystyrene (n=1.59) spheres are also in 

an agreement with the geometrical optics modeling results, which shows that the “beam 

tapering” effect is absent for polystyrene spheres, therefore, we presume that the “beam 

tapering” effect, which was observed previously by Dr. Astratov’s group in chains of 
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mesoscale polystyrene microspheres (n=1.59 and D=2-5 µm) [109], is due to the 

mesoscale optical properties, when the ratio of the sphere diameter and the wavelength of 

light is less than 10. Another potentially important factor can be connected with a 

possible role of microjoints [142, 143] formed between adjacent spheres, as introduced in 

Section 1.3.2 of Chapter 1. Fundamental understanding of the role of mesoscale 

phenomena, such as interference and diffraction, and microjoints developed between the 

microspheres is needed to explain the “beam tapering” effect for wavelength-scale 

polystyrene microspheres. 

3.6.3. Optical Power Transport 

Since the main aim of this chapter was to understand the optical properties of chains 

of spheres in the limit of geometrical optics, we performed detailed measurements of the 

optical power attenuation in structures formed by sufficiently large spheres with 50 µm 

diameters (D~100). We studied sphere-chains made from borosilicate glass (n=1.47), 

soda-lime glass (n=1.50), polystyrene (n=1.59), and barium titanate glass (n=1.9) 

spheres.  

The assembly of the sphere-chains was performed differently in this section 

compared with Section 3.6.2. We used infiltration inside capillaries, as described in 

Section 3.6.1, and found that the field-of-view was sufficient for developing light 

attenuation studies in this section. 

The light optical power attenuation properties of chains of microspheres inside 

micro-capillaries were investigated by imaging through the sidewalls by collecting the 

scattered light, as mentioned in previous section. Fig. 3.27(a) illustrates a chain of 50 µm 

polystyrene spheres assembled inside a plastic micro-capillary. In order to couple light 
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with the sphere-chains, we used local light sources formed by a few fluorescent 

polystyrene spheres (Thermo Scientific, Fremont, CA) with the same diameter as the 

spheres forming the chain, placed at the begging of each chain. Several spheres as light 

sources behave somewhat different from a single S-sphere. The difference is that 

periodically focused modes (PFMs) can settle in the source spheres before entering the 

un-doped spheres. Actually, this difference was experimentally observed in Ref. [109] 

due to different attenuation properties away from such sources.  

 
 

 
 

Figure 3.27: (a) An array of 50 μm polystyrene spheres assembled in a 
plastic tube. (b) Light propagation in (a) when exited by UV. (c) 
Measured (experiment) and calculated (modeling) total transported 
power in (b). (d) Ray tracing results of irradiance profiles for chains of 
polystyrene spheres to be compared to the experimental results (e). 
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The imaging through the transparent cylindrical sidewalls was performed in the same 

experimental setup as described in Sections 3.6.2, except that the fluorescence excitation 

was provided at λ=460-500 nm to match the excitation spectra of the dye-doped 

fluorescent polystyrene spheres used in the experiments of this section. In order to 

eliminate any possibility of detecting excitation at 460-500 nm, the images were obtained 

through a spectral filter at λ>510 nm. 

Light propagation in a chain composed of 50 µm polystyrene spheres is presented in 

Fig. 3.27(b). Since the condition of collection of scattered light is the same along the 

chain, one can assume that the summation of pixel grey level values contained in each 

bright spot should be proportional to the optical power propagating after each sphere 

inside the chain. The total power contained in each bright region is estimated by 

integrating the pixel grey level values within certain area in each bright spot. It is 

important to notice that this is an integrated irradiance (i.e. total optical power) after each 

sphere. Similar to the calculated optical power distributions in Fig. 3.8, the experimental 

data are also normalized on the power level determined after the first sphere in the chain, 

i.e. the position indicated by 1 in Fig. 3.27(b). The experimental results obtained by the 

technique described above are represented by red dots in Fig. 3.27(c), which is in 

reasonable agreement with the results of numerical ray tracing, presented at the same 

plot. A slight difference between the results of measurements and modeling can be 

explained by the role of partially reflecting walls of the micro-capillary, which is not 

taken into account in our calculations. Similar results are obtained for chains formed by 

the borosilicate and soda-lime glass spheres. For chains formed by high-index (n=1.9) 

barium titanate glass spheres, the experimentally measured transmission are less than the 
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theoretical values due to the absorption of light by the material of microspheres at 510-

570 nm. 

Modeling results of irradiance distribution for chains with odd number of spheres 

(n=1.59) are presented in Fig. 3.27(d), and the corresponding experimental irradiance 

profiles are presented in Fig. 3.27(e). By comparing Fig. 3.27(d) to Fig. 3.27(e), it is seen 

that an agreement exist between the modeling results performed for free-standing 

polystyrene spheres, and experimental results performed for spheres assembled inside 

capillaries. As predicted by the modeling [Fig. 3.27(d)], “beam tapering” effect is not 

observed experimentally [Fig. 3.27(e)] for chains of polystyrene spheres with D>>λ. 

3.6.4. Phase Properties 

The experimental study of phase properties of periodically focused modes (PFMs) 

was performed in a collaborative work with Dr. Anatole Lupu from CNRS (Centre 

National de la Recherche Scientifique), France. In summer of 2011, Dr. Astratov was 

awarded a travel grant of a French Program, Triangle de la Physique, which attracts 

internationally recognized scientists to French laboratories. The broader goal of this 

program is to seed the international and national collaborations based on the proposals of 

international visitors. One of these laboratories was Institute for Fundamental Electronics 

(IEF) affiliated with University of Paris, where Dr. Astratov established collaboration 

with Dr. Lupu. The experiment design and interpretation of the results of this section 

were done jointly. The experiments were performed during Dr. Astratov’s visit at IEF 

and they were later continued by Dr. Lupu. The samples were fabricated at UNCC. 

The idea of the collaborative experimental project was to combine the fabrication 

capabilities and basic optical characterization as well as the developed theory at UNCC 
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with more advanced ultrahigh resolution spectral transmission measurements available at 

IEF. These measurements allow studying the PFM phase properties. A simple way to 

take into account the phase properties in PFMs is to assume that quasi-plane waves are 

traveling within the chain, approximately along the trajectory of the optical rays. This 

approach permits us to maintain the simplicity of ray optics but at the same time retain 

the phase associated with the wave, so that the self-consistency condition (similar to that 

in waveguides) or the condition for constructive interference of the waves can be used. 

Using the analogy with the waveguides, we can assume that this approach is applicable 

only to sufficiently large spheres D>>10.  

The experimental study of phase properties of the PFMs is based on launching 

multiple modes into a chain of spheres and studying the spectral oscillations of the 

irradiance of the beam transmitted through the chain, as illustrated in Fig. 3.28. Different 

modes experience back and forth reflections in such structures that can be understood due 

to the presence of multiple low-Q Fabry-Perot resonators with different effective lengths 

(li, where i=1, 2, … is the modal number) depending on the geometrical configuration of 

these modes. By performing a fast Fourier transform (FFT) of the transmission spectra, 

we are able to find the optical path lengths (Li) of these resonators. Using the model of a 

parallel plane Fabry-Pérot cavity, this path length can be represented as Li = li ni,eff, where 

ni,eff is the effective refractive index experienced by a given mode. Thus, the path length 

positions of the peaks in FFT spectra, in principle, allow identification of the modes 

responsible for the optical transport in a given structure. 

The experimental setup used in this work is illustrated in Fig. 3.28(a). The chains of 

high quality ruby spheres (Swiss Jewel Company, n~1.74 at ~1.2 µm) with D=300±3 
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µm were assembled inside transparent flexible Tygon® tubing (Cole-Parmer Instrument 

Company, Vernon Hills, IL) with internal diameter ID=250 µm. The fact that ID<D 

provided a tight packing of spheres with their precise axial alignment inside the tube, as 

shown in Fig. 3.28(b). Using pneumatic and hydraulic micromanipulators the spheres 

were assembled in a contact position inside the tube. The end sphere was slightly 

extended from the tube to provide good optical access to the last focused beam in the 

chain.  

 
 

 
 

Figure 3.28: (a) Experimental setup. (b) Tight packing of D=300 µm 
ruby spheres inside plastic tube. (c) Typical high resolution transmission 
spectrum for a three-sphere chain illustrating a complex pattern of 
oscillations.    
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covers a wide range of wavelengths from 1250 to 1650 nm. The YENISTA system 

provided mode-hop-free sweeping operation through the entire range of tenability, with a 

~1 pm wavelength resolution. The light was coupled into a standard telecommunication 

fiber, which was inserted into a 30 mm piece of hollow waveguide (HWG) (Polymicro, 

Phoenix, AZ) with ID=300±20 µm. The chain of microspheres was integrated with the 

HWG using a silicone tube, as illustrated in Fig. 3.28(a). Although the HWG was not 

designed to operate at ~1.2-1.6 µm, we estimated that the total propagation losses in the 

HWG were limited to a few dB in our experiments. 

The purpose of this setup was to provide illumination with multiple meridional and 

skew rays with an ~10-15º range of propagation directions. The focused beam produced 

by the end sphere was imaged at the Hamamatsu InGaAs camera and at the same time at 

the detector of the YENISTA system, as shown in Fig. 3.28(a). A typical transmission 

spectrum with ~1dB oscillations is illustrated for a three sphere chain in Fig. 3.28(c). 

 

 
 

Figure 3.29: (a,b) FFT amplitudes found in transmission spectra of 
single spheres and 15-sphere long chains with D=300 µm, respectively. 
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The fast Fourier transform (FFT) amplitudes measured for a single sphere and for a 

15-sphere chain are presented in Figs. 3.29(a) and 3.29(b), respectively. The peaks 

represent modes with different spatial periodicity in the structure. The single sphere gives 

rise to a dominant peak with the path length L1=536 µm, which was found to be very 

close to the product Dn1,eff, where n1,eff =1.75 is the refractive index of ruby at ~1.2 µm. 

This allows us to interpret this peak due to the internal reflections of the rays passing 

through the center of the sphere. In contrast, the 15-sphere chain shows a series of peaks 

with the positions which are the multiple integers of L1, as shown in Fig. 3.29(b). The 

dominant peak with a path length L2=1079 µm can be associated with a periodically 

focused mode (PFM). It can be shown that despite the complicated PFM configuration, 

the effective cavity length is close to 2L1 in this case, in very good agreement with the 

position of the dominant FFT peak. Thus, these results provide strong evidence that the 

PFMs are the best surviving modes in long chains of spheres. 

 
3.7. Conclusions 

In this chapter, we introduced the concept of periodically focused modes (PFMs) in 

linear arrays of dielectric spheres in the limit of geometrical optics considerations, which 

is a reasonable approximation for D>>10λ, where D is the diameter of the spheres and λ 

is the illuminating wavelength. We showed that PFMs are a key concept for 

understanding light focusing and transport properties of coupled microspheres with 

sufficiently large diameters. We, theoretically, demonstrated that PFMs are responsible 

for small light attenuation (<0.1 dB/Sphere) in long chains, and efficient transmission of 

PFMs leads to gradual tapering of the periodically focused beams. 
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We showed, theoretically, that when n=√3=1.73… a special type of TM polarized 

incident rays propagate through the chain without attenuation under the Brewster’s angle 

conditions. These rays give rise to PFMs with the period 2D, which can be considered as 

a geometrical optics analog of nanojet induced modes (NIMs) observed in earlier works 

using micron-scale polystyrene microspheres [109, 110]. Via numerical ray tracing, by 

considering a spherical emitter, we showed that chains of spheres are natural PFM filters 

that lead to “beam tapering” effects and dramatic reductions of optical power attenuation 

for 1.72<n<1.85. 

We observed the “beam tapering” effect in chains of sapphire (n~1.77) microspheres 

with D=300 µm and showed very good agreement between the experimental results and 

the theory. The results scale with the diameter of the spheres and can be used for 

developing novel light focusing devices, which can be coupled with multimodal fibers or 

waveguides to operate in contact with a medium such as tissue. Examples of such 

applications include ultra-precise laser procedures in the eye and brain [171, 174] or 

piercing a cell [172], as well as for coupling light into photonic microstructures. Another 

interesting possibility is based on using microspheres made from optically nonlinear 

and/or active materials, where a combination of sharp focusing with periodicity should 

result in efficient optical parametric and lasing processes. 

Furthermore, using geometrical optics approximation, we showed that along with the 

PFMs in sphere-chains with refractive index n=√3, which propagate without loss, similar 

modes should exist in a broad range of indices from √2 to 2, giving rise to quasi-PFMs 

which have the same 2D period, but different amount of lateral extent depending on the 

refractive index of the spheres. These modes have very small propagation losses for TM 
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polarization and extremely high losses for TE polarization that allows developing 

efficient filters of radial polarization. Due to symmetry considerations, such chains can be 

considered as filters of radial polarization. We showed that for 10-sphere long chains 

with 1.68<n<1.80, such modes have total propagation losses smaller than 1 dB. Our 

approach is applicable to sufficiently large spheres with D≥10λ. Using a collection of 

collimated rays with random polarization as a model for the collimated incident beams, 

we demonstrated high degree of radial polarization (~0.9) of the beams formed by the 

10-sphere long chains. These properties make chains of microspheres very interesting 

subject for developing novel focusing elements with polarizing capability. 

Finally, in this chapter, we studied the phase properties of PFMs using a novel 

method based on a combination of ultrahigh resolution spectroscopy with Fourier 

analysis of the transmission spectra of chains of ruby spheres. We demonstrated that 

PFMs are the best surviving modes in long chains of spheres. Transition to physical 

optical properties with interference and diffraction effects is expected in the case of 

smaller spheres (D≤10λ) which can lead to novel applications of such structures. 

 



 
 
 
 
 

CHAPTER 4: DESIGN, FABRICATION, AND TESTING OF FOCUSING 
MULTIMODAL MICROPROBES 

 
 

4.1. Introduction 

Focusing microprobes provide a stable and well-confined electromagnetic beam, 

which can be scanned or directed over a photonic structure or biological sample, with 

potential applications in laser surgery [171], piercing of a cell [172], optical endoscopy 

and spectroscopy [173], high-density optical data storage [146, 148], photo-induced 

pattering of thin films [154, 157, 158], and more. If a tight focusing of the optical beams 

is required in combination with their flexible delivery, the solution is provided by single-

mode optical fibers. However, in a number of biomedical applications, where infrared 

electromagnetic beams are delivered by hollow waveguides (HWGs) or multimode 

fibers, providing sharp focusing of light is a complicated task due to the multimodal 

nature of the transmitted beams. 

In this chapter, we aim to develop ultra-precise contact-mode microprobes, which 

ablate tissue under touching conditions with the tip of the optical scalpel. A potential 

application of our work for treatment of proliferative diabetic retinopathy (PDR) has been 

discussed in Section 1.4 of Chapter 1. 

As reviewed in Section 1.4.2 of Chapter 1, mid-IR flexible delivery systems, such as 

fibers and HWGs, are usually multimodal, that makes the beam focusing very difficult. 

Over the past two decades, various optical elements including spheres [179], 

hemispheres, domes, cones, slanted shapes [180, 181], cylindrical gradient index (GRIN) 
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lenses [174], and tapered fibers have been tested as ophthalmic laser probe tips. These 

devices are usually designed to operate in a non-contact mode in air, and lose their 

focusing capability in contact with tissue, as illustrated in Figs. 4.1(a) and 4.1(b). In 

addition, in the non-contact mode, it is difficult to control the working distance during the 

surgery, that may result in large (>100 µm) and variable beam sizes in tissue. It is 

interesting to note that by using high refractive index spheres, the focusing can be formed 

just at the tip of the device, thus making the position of the maximal irradiance in the 

beam less sensitive to the presence of the external medium, as illustrated in Figs. 4.1(c) 

and 4.1(d). Therefore, designing such a focusing device is desirable for the contact-mode 

operation. 

As reviewed in Section 1.3.2 of Chapter 1, a wavelength-scale microsphere with 

refractive index n~1.6 produces a narrow focused beam termed a “photonic nanojet” on 

the shadow-side surface of the sphere [86, 87]. Such a nanojet propagates with little 

divergence for several wavelengths into the surrounding medium, while maintaining a 

subwavelength transverse beam width. Since the losses are limited by the Fresnel 

reflections, this concept is attractive for designing focusing devices with high optical 

transmission properties. However, the photonic nanojets from single spheres require 

strictly plane-wave [86] or conical [93] beams for illumination, such beams are not 

readily available in many applications. 

Our approach to solve this problem, i.e. focusing a multimodal electromagnetic beam 

just on the back surface of a lens, is based on using the concept of periodically focused 

modes (PFMs), which we developed in Chapter 3 for linear chains of dielectric spheres. 

Such chains are capable of filtering PFMs whit 2D period, where D is the spheres’ 
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diameter. Since the PFMs are focused just on the back surface of the spheres, such chains 

are ideal candidates for solving the mentioned problem. The transmission of the system 

can be quite high since the optical losses are determined by the Fresnel reflections. The 

key result for developing applications is the observation of the “beam tapering” effect, 

i.e. a decrease in the transverse beam size along the chain, as studied in Chapter 3. We 

propose that the chains of microspheres can be used in a contact-mode surgery, because 

the transmitted PFM appearing in close proximity to the surface of the end-sphere is not 

strongly affected by the external medium, due to the fact that the focusing is 

accomplished primarily inside the chain. Additional advantages of these structures are 

their simple integration with HWGs, currently used as flexible delivery systems in laser-

tissue surgery applications, and their ability to focus multimodal input beams. 

 
 

 
 

Figure 4.1: (a) A microprobe made by a low-index (n=1.6) sphere with 
a certain working distance in air. (b) The focusing is lost in tissue. (c) 
High-index sphere provides focusing at the tip. (d) The focusing is 
preserved in tissue. 
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In this chapter, we develop guidelines for designing high resolution contact-mode 

focusing multimodal microprobes. By analyzing a broad range of parameters, we show 

that chains of identical dielectric spheres with 300 μm diameter and refractive index 

n~1.65-1.75 provide two times better spatial resolution compared with a single-sphere 

design. Furthermore, we show that the conical chains of spheres provide more power 

coupling efficiency and peak irradiance in comparison with the chains of same-sized 

spheres. One particular potential advantage of the conical structures is the absence of 

background illuminations, which contribute to the lateral thermal damage zone in tissue, 

in their output beams. 

 
4.2. Fiber-integrated Microprobes Formed by Uniform Sphere-arrays 

 
The aim of our modeling is to create a generic design based on standard available 

optical components. Generally, a combination of desirable optical properties, good 

thermal and mechanical properties, and cost and ease of manufacturing dictates the 

number of readily available materials for any application.  

4.2.1. Modeling Technique 

As illustrated in Fig. 4.2, we assume that a multimode fiber (similar to a germanium 

oxide fiber) with core diameter of 2a=150 µm is inserted into a hollow waveguide 

(similar to a hollow glass waveguide) with an internal diameter of 2a=300 µm. These 

dimensions are typical for mid-IR waveguides [210]. The wavelength λ=2.94 µm is 

[symbolically] selected to match the emission line of the Er:YAG laser. As stated in 

Section 3.3 of Chapter 3, the choice of the wavelength does not influence our modeling 

results which are based on geometrical ray tracing. Smaller hollow waveguide (HWG) 

diameters would allow more compact focusing of the beams, however, diameters smaller 
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than 2a=300 µm are rarely used in practice because of the strongly increasing 

propagation losses α	∝1/a3, where α is the attenuation coefficient [210]. Previously, 

HWGs tapered to 2a=200 µm have been used for achieving compact output beams [252]; 

however, such tapers have significant insertion losses and are challenging to fabricate. 

 
 

 
 

Figure 4.2: A focusing microprobe design based on a linear array of 
spheres placed inside a HWG. 

 
 
 

Linear chains of N identical touching microspheres with diameter D=300 µm and 

refractive indices in the range 1.4- 2.0 are placed close to the HWG edge in a 

configuration in which half of the end sphere is extended from the HWG, as depicted in 

Fig. 4.2 for a 3-sphere chain.  

The absorption of light by the HWG sidewalls are neglected, which is a good 

approximation for d<1 m [210]. The absorption of light and material dispersion in 

microspheres are not considered in our modeling. 

The sub-millimeter dimensions of structures considered in our work make it difficult 

to find the exact solutions of Maxwell’s equations based on numerical or analytical 

techniques, such as an integral formulation [253]. On the other hand, application of 
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geometrical optics is well justified in the case of D>>10λ [179]. In order to perform our 

modeling, we use ZEMAX-EE, which has many advanced capabilities for designing 

similar structures.  

The mid-IR multimode fibers used in laser surgery can support a few hundreds of 

modes and have approximately Gaussian radiant irradiance distributions with typical 

divergence angles of 2β=12°. In order to model a multimode fiber in ray optics, a random 

distribution of point sources of light at the front surface of the fiber core is assumed, as 

shown in Fig. 4.3. Random distribution of such point sources leads to generation of both 

meridional and skew rays. 

 
 

 
 

Figure 4.3: Schematic of the surface of the fiber with rays emitting from 
the core surface. 

 
 
 
A total of 2×106 rays are traced in each calculation. In order to approximate a 

Gaussian distribution in the far-field, the following weight factor (WF) is introduced for 

each ray, depending on its starting polar angle θ:  

WFሺߠሻ ൌ exp	ሺെ2ߠଶ/ߚଶሻ, (4.1)

where [179] 6°=ߚ. The calculated average weight factor is applied in ten equally spaced 

angular steps from 0 to 6° along the cone of directions centered with the normal to the 

fiber surface.  
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Inside the device, the ray tracing takes into account the mirror reflections by the 

sidewalls of the HWG and the Fresnel reflections and refractions at the spherical 

interfaces, which leads to a gradual attenuation of initial rays once they propagate 

through the structure and to the emergence of new rays. We trace the rays down to a level 

of WF=10-4, which provide good convergence of the numerical solutions. The irradiance 

distribution created by a device is calculated from the density of the rays at the detector 

plane with their weight factor taken into account. All calculations are performed with a 

random polarization of light. 

In order to take into account the short penetration depth of light in tissue at λ=2.94 

µm, we placed a totally absorbing detector in contact with the end-sphere in the xy-plane, 

as shown in Fig. 4.2. The square detector with 5000×5000 pixels has 300×300 µm size. 

The use of a flat detector in our modeling is an approximation to the realistic surgical 

conditions due to a variable gap between the surface of the end-sphere and the detector, 

introduced by the curvature of the sphere. In practical surgery, the laser scalpel can be 

slightly pressed against the tissue surface providing close contact with the tissue along 

the surface of the end-sphere.  

We proved numerically that the gap between the surface of the sphere and the 

detector was too narrow to allow for significant divergence of the rays sideways. We 

increased the refractive index of the medium in this gap region up to 1.33 and observed 

changes of the calculated irradiance profiles at the detector plane on the level of a few 

percent for reasonably well focused beams with widths below 20 µm. Thus, we 

concluded that the use of a flat detector in contact with the end sphere provides a good 

estimate of the transverse dimensions of the beam in strongly absorbing tissue. 
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It should be noted that, previously we reported focusing properties of sphere-chains 

in the presence of a non-absorbing tissue with a refractive index of 1.33, where the index 

of the external medium may affect the focusing ability of the spheres. In the designs 

presented in this chapter, however, this influence is minimized due to the fact that the 

focusing is provided primarily inside the device, so that the last focused beam is 

produced at the surface of the end-sphere. This is the key difference between the contact-

mode devices developed in our work and non-contact focusing devices. 

Finally, we should point out that the assumptions made in our modeling are 

simplistic and in practical surgery there will be many different factors. One of the most 

important factors is connected with vaporization of tissue by a focused laser beam. This 

factor can influence the depth of surgery, since the attenuation of the laser beam in a 

vapor is much smaller than in a liquid (tissue). The role of this factor is considered in 

greater detail in Section 4.2.2.3. Another factor is connected with the collateral damage 

which can propagate in tissue away from the focused beam due to the emission of shock 

waves and cavitation bubble formation [174]. These processes, however, are beyond the 

scope of the present work, where we determine the minimal dimensions of the light 

beams.  

4.2.2. Optical Properties 

4.2.2.1. Fiber-to-microsphere Separation 

We start with the focusing properties of a multimode fiber in contact with a single 

sphere (d=0), as illustrated in Fig. 4.4. In principle, a tighter focusing can be achieved by 

using smaller spheres. The diameters of spheres, however, should be larger than the 

diameter of the core of the multimode mid-IR fiber (150 µm) to preserve high optical 
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throughput. Our numerical ray tracing result is illustrated for single spheres with 

diameters 300 µm and 150 µm in Figs. 4.4(a) and 4.4(b), respectively (HWG is not 

shown since the reflections by the HWG sidewalls are not important in such designs). 

Using a Gaussian approximation for the output beam irradiance profile, the full width at 

half maximum (FWHM) ~17 µm and ~10 µm is estimated for a high-index (n~2) sphere 

with 300 µm and 150 µm diameter, respectively, as seen in Fig. 4.4(c).  

 
 

 
 

Figure 4.4: Ray tracing for a single (a) 300 µm and (b) 150 µm sphere 
with n=1.9 in contact with the core of the multimode fiber. (c) 
Calculated FWHM of the central irradiance peaks as a function of n for 
two structures shown in (a) and (b), respectively. 

 
 
 
Fixing the microspheres at a precise and stable position centered with the axis of the 

fiber core can be a rather difficult problem in such structures, especially in surgical 

applications where the tip of the end sphere is in contact with the tissue. It is interesting 

that in the case of bundles of single mode fibers, the positions of much more compact 2 

µm polystyrene spheres have been defined due to the selective wet-chemical etching of a 

micro-well array [164]. A similar approach can, in principle, be used for fixing larger 

1.6 1.7 1.8 1.9 2.0 2.1 2.2

10

100

F
W

H
M

 (
m

)

Refractive index (n)

 D = 300m
      150300

µm
150
µm

(a)

(b)

150
µm

(c)



142 
 

spheres at the edge of a multimode fiber; however, the refraction properties of light in 

such micro-wells and the robustness of such structures require further studies. 

Next, we consider a typical example illustrating how the transverse irradiance 

profiles depend on the fiber-to-sphere distance d for the HWG structure with a single 

D=300 µm sphere with n=1.7, as illustrated in Fig. 4.5. For a small separation of 1 mm, 

the irradiance distribution in the detector plane has a complicated shape with a large 

width of ~40 µm. For d<1.5 mm, the rays do not hit the sidewalls of the HWG. The 

single sphere works as a thick lens with back focal length of 32 µm (Appendix D). The 

detector plane intercepts the rays before they converge in the imaging plane, resulting in 

broad irradiance distributions. 

In contrast, for d>5 mm, the irradiance distribution is more similar to a Gaussian 

shape with a much narrower FWHM of ~13 µm. The shape of the irradiance profile is 

found to be not strongly dependent on d for d>20 mm, as illustrated in Fig. 4.5. This 

result can be understood based on a mirror effect produced by multiple reflections at the 

HWG sidewalls that lead to a formation of multiple virtual sources of light. Due to a 

larger d, the images of these sources are better focused at the plane of the detector, where 

they are overlapped. Generally, this leads to formation of an averaged envelope 

irradiance profile, which is not strongly dependent on d. For this reason, in our further 

analysis, we fix d=20 mm in order to focus on studies of other essential parameters of the 

system such as n and N. An additional advantage of this approach is that our results are 

independent of the way multimode beams are coupled into the HWG. For example, 

similar input beams can be produced by direct coupling of the multimode laser beam into 

the HWG without using the multimode fiber.  
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Figure 4.5: Irradiance profiles calculated for a single sphere with n=1.7 
as a function of the fiber-to-sphere distance (d) inside a HWG. 

 
 
 

4.2.2.2. Optical Focusing and Power Transport 

In terms of the energy conservation, the optical microprobes considered in this work 

create three types of fluxes: 

1) First, they produce a focused beam with the total power Pf and peak irradiance If 

along the optical axis.  

2) Second, in some cases they produce a broad background illumination in the 

forward direction with the total power Pb and irradiance Ib.  

3) Finally, a part of the incident power Pi is reflected by the spheres in a backward 

direction inside the HWG.  

In the absence of absorption, Pi=Pf +Pb+Pr, where Pr is the reflected power. 

We start with a single sphere case. The calculated irradiance distributions have 

approximately Gaussian shapes with FWHMs presented in Fig. 4.6(a). Producing small 

spots at the detector plane requires a sharp focusing of light at the tip of the end-sphere. It 
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can be achieved at n=2 in the paraxial regime. Due to the propagation of non-paraxial 

rays in the HWG, the role of the spherical aberration is significant, which results in 

smaller indices 1.8<n<1.9 required for the minimization of the spot sizes. 

 
 

 
 

Figure 4.6: (a) Calculated FWHMs of the central irradiance peaks as a 
function of n. Irradiance distributions in a single sphere device for (b) 
n=1.675 and (c) 1.75. (d) Irradiance distributions in a five-sphere device 
for (d) n=1.675 and (e) 1.75. 

 
 
 

Power coupling efficiency (η=Pf /Pi) to the central focused beam formed by each 

design is estimated by using a small circular detector, whose radius is equal to the 

FWHM of the focused beam, as illustrated in Fig. 4.7. According to this procedure, first, 

we calculate the entire irradiance profile over a broad area using a square detector, and 

then, we use the small circular detector to determine Pf.  
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Figure 4.7: Integrating the beam irradiance on a circular region, whose 
radius is equal to the FWHM of the focused beam, gives Pf. 

 
 
 
The calculated dependency of η on n is presented in Fig. 4.8(a). The single-sphere 

cases provide relatively high values for η~0.35, in combination with FWHMs~9 µm in 

the range of refractive indices 1.8<n<1.9. Although this combination of parameters is 

reasonable for ultra-precise surgery, the choice of the materials which can be used for 

fabricating microspheres with such high refractive indices and good optical properties at 

λ~3 µm is extremely limited. 

The focusing properties of the designed microprobes are found to be dramatically 

altered for chains of spheres, as illustrated for a five-sphere chain in Figs. 4.6(a). For 

n<1.65, both three- and five-sphere chains produce relatively broad irradiance profiles, 

with non-Gaussian distributions in the detector plane. Large spot sizes are also produced 

by two- and four-sphere chains, as shown in Fig. 4.6(a) for a four-sphere chain at n<1.6.  

Most importantly, three- and five-sphere chains in the range 1.65<n<1.75 are found 

to produce irradiance distributions with a very narrow central peak superimposed on a 

much broader and weaker background (If /Ib~10), as illustrated in Fig. 4.6. The Gaussian 

fit to the central peak shows that the FWHM of the focused beam can be as small as 3-6 

µm for the range of 1.65<n<1.75, which shows more than two times better spatial 
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resolution over single-sphere cases. The wavelength-scale dimensions of the focused 

beams indicate that we are approaching the limitations of the geometrical optics 

assumptions in these designs.  

This greatly improved spatial resolution comes at the cost of the total optical power 

coupled to the focused beam. As shown in Fig. 4.8(a), the power coupling efficiency on a 

level of a few percent can be obtained. The peak irradiance (If) is attenuated in these 

structures by a factor of 0.2-0.4 compared with a single-sphere design with the same 

refractive index, as shown in Fig. 4.8(b). 

 
  

 
 

Figure 4.8: Comparison of (a) efficiency of coupling (η) of the incident 
power to the central focused beam and (b) peak irradiance (If) of the 
focused beam for microprobes formed by a 1, 3, or 5-sphere designs. 

 
 
 
Interpretation of the observed effects is based on the fact that chains of spheres with 

refractive indices in the range 1.65<n<1.75 effectively transmit the periodically focused 

modes (PFMs), the rays which are focused in such structures with a period equal to the 

size of two spheres (2D). These rays have a sharper focus and smaller propagation losses 
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that result in a structural resonance in the optical properties with gradual decrease of the 

focused spot sizes. The reason that in previous chapter we observed the “beam tapering” 

effect at 1.72<n<1.85 is connected with the much broader directionality of the spherical 

light source (S-sphere) used in previous chapter.  

The role of absorption in such structures was estimated for silver sidewalls in the 

HWGs in combination with a weakly absorbing sphere material, such as sapphire, in the 

mid-IR range. Only a minimal power loss of a few percent was observed due to the 

absorption. 

4.2.2.3. Self-limiting Mechanism 

One particular material whose refractive index lies in that range 1.65<n<1.75, where 

chains of spheres shows advantage over a single sphere, is sapphire (or ruby) with 

n~1.71 at λ=2.94 µm. Sapphire is biocompatible and has excellent mid-IR transmission, 

thermal, and mechanical properties. Furthermore, inexpensive sapphire microspheres 

with excellent optical properties are commercially available. Ruby (Cr3+:Al2O3) is 

composed primarily of sapphire (Al2O3) where a small fraction of the Al3+ ions (~0.05%) 

are replaced by Cr3+ ions [38]. 

The simulated irradiance distributions for chains of three, five, and seven spheres 

with n=1.71 are presented in Fig. 4.9. The irradiance profile for each case has been 

normalized, so the spot sizes can be compared on a single graph. As illustrated in Fig. 

4.9, the FWHM is reduced from ~12 µm for a single sphere to ~6 µm for chains of 

spheres. Furthermore, the peak irradiance drops by a factor of 3.25, 5, and 6.5 for chains 

of three, five, and seven spheres, respectively. 
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Figure 4.9: Irradiance distribution on the detector surface in contact with 
the end-sphere in microprobes with N=1, 3, and 5 spheres with n=1.71. 

 
 
 
In order to model the operation of the device in the presence of cavitations bubbles, 

we place the detector at different distances from the tip of the device in a medium with 

n=1 and calculate the beam profiles at different distances from the tip of the device, as 

illustrated in Figs. 4.10(c-f) for devices with N=1, 3, 5 and 7 spheres (n=1.71), 

respectively. In a real surgical environment, the vaporized tissue would create a bubble 

just at the tip of the end-sphere, and the light would propagate through this bubble. In our 

modeling, we neglect the light absorption inside the bubble and assume that the vapor’s 

refractive index is close to n=1. The irradiance profiles in Fig. 4.10 effectively represent 

the irradiance distribution at the distant bubble sidewall. The green dashed lines are used 

as a guide to represent how the irradiance peak of the beam reaching the opposite 

sidewall of the bubble depends on the bubble diameter.  
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Figure 4.10: (a) Schematic of a microprobe with 5 spheres. (b) Red rays 
correspond to PFMs which provide sharp focusing at the surface of 
every odd number of spheres. Blue rays correspond to almost paraxial 
rays. (c-f) Irradiance distributions at different distances from the tip of a 
microprobe composed of 1, 3, 5, and 7 spheres (n=1.71), respectively. 
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For the single-sphere and the three-sphere chain, the irradiance peak experiences 

slow variations as the bubble grows. The irradiance peak for the five- and seven-sphere 

chains shows a peculiar behavior that can be very useful for controlling the depth of 

surgery. Once the bubble reaches ~10 μm size, the irradiance peak drops by a factor of 

four or more and stays at this low level for bubble sizes up to 20-30 μm, which indicates 

a possibility that the depth of the ablation craters in tissue would saturate at the 10-20 μm 

level in a practical surgery. 

The mechanism of light focusing by such structures is based on properties of 

periodically focused modes (PFMs), schematically illustrated in Fig. 4.10(b) using red 

color. Making a transition from the ray picture to the physical optics, corresponding 

modes would have a cylindrical symmetry in radial direction and a period equal to the 

size of two spheres along the axis of the chain. Unusually high transmission properties of 

the PFMs can be understood due to the fact that corresponding rays intersect the spherical 

interfaces under the Brewster’s angle condition for TM polarization, and as a result, they 

are not reflected. In Chapter 3, we showed that these modes play dominant role in the 

optical transmission properties of such chains for n~1.70-1.75. Although the rays with 

different off-axial offsets and angles of incidence are coupled into such chains from the 

source, only the PFMs survive in sufficiently long chains. The fact that the PFMs have 

2D period for spheres with moderate indices of refraction (n<2) can be understood due to 

the significant spherical aberrations introduced by the large lateral offset of these modes. 

This is especially clear when compared with the case of propagation of paraxial and 

almost paraxial rays, shown in Fig. 4.10 using blue color. Paraxial rays have a period 

longer than 2D that is expected for n<2 (n=1.71), due to the absence of spherical 
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aberrations. As a result, the paraxial modes cannot be used for light focusing at the tip of 

the end-sphere. In addition, they attenuated much stronger compared with the PFMs in 

such structures, due to the fact that they intersect spheres at variable angles, which are, 

generally, different from the Brewster’s angle. 

The sharp focusing of light at the tip of the-end sphere for a 5-sphere chain, 

illustrated in Fig. 4.10(e), is explained by the PFM transmission effects. These chains are 

sufficiently long to suppress paraxial and other modes, except the PFMs. So, due to the 

2D periodicity, the PFMs are focused at the tip of the end-sphere with extremely small 

focusing depth <10 µm. The reduction of the irradiance at longer distances is explained 

by the strongly divergent nature of the PFMs, which can act as a factor limiting the depth 

of surgery. When the probe is in contact with the tissue, it provides sharp focusing at the 

tip and locally ablates the tissue, creating a vapor bubble. A gap between the tip and the 

underlying tissue is created and the irradiance peak drops away from the tip due to the 

short focusing depth (fast divergence) of the PFMs, which slows down the tissue 

ablation. 

4.2.2.4. Polarization Properties 

As mentioned in Section 3.4.3 of Chapter 3, the global state of polarization of the 

PFMs is radial due to the facts that TM polarized PFMs have extremely small losses, 

whereas the TE polarized PFMs have extremely large losses.  

In order to study the degree of radial polarization in the designed microprobes in this 

chapter, we consider chains of N=4, 6, and 10 spheres, optically coupled in the same way 

as discussed in section 4.2.1. By placing a linear polarizer and two local detectors, as 

schematically shown in Fig. 4.11(b), and following the procedure explained in Section 
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3.4.3 of Chapter 3, the degree of radial polarization is calculated for the output beams 

[Fig. 4.11(c)].  

The degree of radial polarization increases with the length of the chain, reaching a 

very high value ~0.9 for a 10-sphere chain with any refractive index within n=1.70-1.80 

range, as illustrated in Fig. 4.11(c). The altering of the state of polarization from random 

polarization to radial state is due to the filtering of the PFMs. 

 
 

 
 

Figure 4.11: (a) A linear polarizer along y-axis is placed after the end-
sphere in the chain before two local detectors. (b) Front view of the 
polarizer and detectors. (c) Degree of radial polarization as a function of 
n for N=4, 6, and 10. 

 
 
 
The light source considered in this section, i.e. a multimode fiber coupled with a 

HWG, can be seen as a somewhat intermediate case between the light sources considered 

in Section 3.4.3, i.e. collimated incident rays and the S-sphere. Although it has a strong 
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preferential direction of rays, the rays are not parallel like in the case of collimated rays 

considered in Section 3.4.3. This leads to a polarization conversion efficiency which is 

expected to be much more than the S-sphere case, but less than the case of the collimated 

rays, which is consistent with the modeling results for different light sources presented in 

Figs. 3.15(d) and 3.15(e). 

4.2.3. Fabrication and Testing 

In this section, we present our experimental results for microprobes composed of 

chains of sapphire or ruby spheres, and compare them to the results of our numerical 

modeling.  

 
 

 
 

Figure 4.12: (a) Schematic of a microprobe with a three-sphere chain. 
(b) Image of a five-sphere microprobe. (c,d) chains of N=3 and 5 
spheres with D=300 μm packed inside Tygon® tubes, respectively.  

 
 

 
Schematic of the device is shown in Fig. 4.12(a). We assembled linear arrays of 

touching high quality sapphire and ruby spheres (Swiss Jewel Company, Philadelphia, 
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PA) with mean diameters D=300±2.5 µm inside transparent flexible Tygon® S-54-HL 

composition tubes (Cole-Parmer Instrument Company, Vernon Hills, IL) with ID=0.25 

and OD=0.76 mm by using a hydraulic micromanipulator in a manner that the gap 

between the spheres is controllable by visual inspection through the sidewalls. The 

samples were made with no gap between the spheres. Tygon® tube is non-toxic, non-

pyrogenic, hydrophobic, and biocompatible, which can be sterilized by ethylene oxide, 

steam, radiation, or chemical methods. The fact that ID<D provided a tight packing of 

the spheres with their precise axial alignment inside the tubes, as shown in Figs. 4.12(c) 

and 4.12(d) for a chain of 3- and 5-spheres, respectively. The end sphere was slightly 

extended from the tube to provide a good optical access to the last focused beam in the 

chain. We used a 5 mm piece of silicone tube with ID~700 µm to connect the 30±2 mm 

piece of HWG (Polymicro Technologies, Phoenix, AZ), with ID=300±20 µm and 

OD=750±25 µm, to the chain of spheres, in a way that the chain of spheres and the HWG 

are axially aligned, as shown schematically in Figs. 4.12(a,b). 

In order to characterize the fabricated microprobes, we performed two types of 

experiments: 

1) Optical characterization by a lens and an IR beam profiler. 

2) Characterization by comparing their burn patterns in a heat sensitive paper. 

The experimental setups used for imaging and burn patterns are illustrated in Figs. 

4.13(a) and 4.13(b), respectively. 

We used a piece of 1 m multimode germanium oxide trunk fiber (Infrared Fiber 

Systems, Silver Spring, MD) to transport light from the Er:YAG diode laser (MIR-Pac, 

Sheaumann Laser Inc., Marlborough, MA), with quasi-continuous operation at =2.94 
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µm, to the HWG (HWEA300750, Polymicro Technologies, Phoenix, AR). In principle, 

another piece of a flexible plastic tube, with an ID equal to the diameter of the fiber and 

OD~300 µm, could be used to fix and align the fiber inside the HWG.  

 
 

 
 

Figure 4.13: Schematic of the experimental setup for (a) imaging the 
output beams and (b) creating burn pattern by the microprobes.  

 
 
 

We used a 12.7-mm-focal-length CaF2 lens to couple erbium laser radiation into the 

germanium oxide trunk fiber. Another lens was placed after the chains for imaging, as 

shown in Fig. 4.13(a). Direct measurement of the output irradiance profile was done by 

using a 124×124 matrix pyroelectric IR beam analyzer (Pyrocam III, Ophir-Spiricon 

LLC., North Logan, UT) in chopped mode. The size of each element was 85×85 µm2. 

In order to study the resolution of the prototype device, we compared the dimensions 

of the beams produced by a bare HWG, a single sapphire or ruby sphere (D=300 µm), 

and sphere-chains. Initially, we directly imaged the beams at the pyroelectric IR beam 
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analyzer, placed at a distance ~1 m from the CaF2 lens, shown in Fig. 4.13(a). In 

addition, to mimic surgical conditions typically encountered in the clinic, the fiber was 

manually manipulated and twisted through a broad range of configurations during the 

experiments. This resulted in a variation of the modal structure of the output beam with a 

corresponding broadening of the focused spot.  

The imaging results, presented in Figs. 4.14(e-h), showed smaller spot sizes for 

three- and five-sphere chains compared with a single-sphere case. However, more direct 

comparison of these results with the calculated irradiance distributions at the surface of 

the end-sphere, shown in Figs. 4.14(a-d), was complicated due to the fact that the quality 

of the imaging of the focused beams was suffered from an incomplete collection of light 

by the lens with NA=0.5, as illustrated in Fig. 4.15(b). For this reason, this method could 

only be used for semi-quantitative characterization of the output beams. 

 
 

 
 

Figure 4.14: Simulation results for (a) HWG, (b) single-sphere, (c) 3-
sphere chain, and (d) 5-sphere chain. IR images of the beams created by 
(e) bare HWG, (f) single sphere, (g) 3-sphere, and (h) 5-sphere chains. 
(i-l) Holes in the burn paper produced by the same structures as in (e-h). 
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The irradiance distributions were directly characterized by using laser alignment 

papers (Zap-It Corp., Salisbury, NH) in contact with the tip of the end-sphere, as 

illustrated in Figs. 4.14(i-l). Such burn patterns experienced the total angular distribution 

of rays produced by the device. This characterization showed a good qualitative 

agreement with the results of the optical beam profiling, which can be seen by comparing 

the burn patterns in Figs. 4.14(i-l) with the corresponding images in Figs. 4.14(e-h) and 

Figs. 4.14(a-d). 

 
 

      
 

Figure 4.15: Beam characterization of the microprobes using a lens with 
NA=0.5. (a) A bare HWG and (b) A HWG with a single sphere 
showing rays beyond the NA of the lens are not captured by the lens. 

 
 
 
Our ray tracing simulation ignores the modal properties of physical beams guided by 

the fiber and HWG. For example, Fig. 4.14(h) shows probably several different modes 

which are characterized by certain “patterns”. In addition, we observed a switching 

between the different “patterns” when the fiber was bent. This effect cannot be properly 

explained by the ray tracing. However, by shaking the fiber during the experiments, we 

tried to mix as many modes as possible to make the beam at the output of the HWG, Fig. 

4.14(e), more similar to the ray tracing result presented in Figs. 4.14(a). Furthermore, 

N=0

N=1

12.7 mm

(a)

(b)
IR beam profiler



158 
 

pixel dimensions of the IR beam analyzer, slight deviation of the fiber from central 

position in the HWG, surface roughness of the metallic layer in the HWG, the 

discontinuity of the modes distribution, and misalignment and size mismatch in the 

chains of spheres are other parameters affecting the experimental results.  

We measured the total output power obtained from each structure by an IR power 

meter (PowerMax, Coherent Inc., Santa Clara, CA). We normalized the output power 

(Pout) of each structure by dividing it by the output power of the bare HWG (P0). For the 

cases of N=1, 3, and 5, we measured Pout/P0=0.75, 0.52, and 0.44, respectively, in 

agreement with the corresponding modeling results of 0.87, 0.63, and 0.5. The losses are 

mainly due to the back reflections of light from the spheres surfaces. Our experimental 

measurements did not show pronounceable difference in the optical properties of ruby 

and sapphire at =2.94 µm. This result can be explained by the fact that Cr3+ ions do not 

contribute to absorption of light at this wavelength. 

The microprobes, which we designed, fabricated and tested in this section, were 

given to the Biomedical Optics Laboratory for ex vivo tests on porcine corneal tissues. 

 
4.3. A Sub-optimal Microprobe Design for Preliminary ex vivo Testing 

In this section, we present our modeling results of sub-optimal microprobe designs. 

The choice of this sub-optimal design was determined by easiness of its practical 

realization at that time.  

In the sub-optimal designs, instead of using identical D=300 μm spheres, a 350 μm 

sphere is used as the end-sphere. The reason for using this enlarged sphere is a necessity 

to fix it at the end of the HWG by using an adhesive. The rest of the spheres are inserted 

inside the HWG as schematically shown in Fig. 4.16. 
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Figure 4.16: (a) A microprobe design with a 350 µm sphere at the end of 
a HWG. (b,c) A three- and five-sphere chains consisting of 300 µm 
spheres placed inside a HWG and a 350 µm sphere at the end of the 
HWG. (d,g), (e,h), and (f,i) Normalized irradiance profiles at 8.5, 10, 
and 9 μm distance from the tip of the end-sphere for designs shown in 
(a), (b), and (c), respectively. 

 
 
 
Our numerical modeling is conducted using the same light source, as mentioned in 

Section 4.2.1, and a 30-mm-HWG. The simulation results are presented in Fig. 4.16(d-i). 

In these sub-optimal designs, the focusing is formed at an ~10 μm distance from the tip. 

The five-sphere chain produces two-fold smaller spot compared with the single-sphere 

case. The enlarged end-sphere experiences relatively smaller positive spherical 
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aberrations because its size is larger than the beam diameter that results in the focusing of 

the beam slightly in front of the tip of the end-sphere. 

Experimental ex vivo results of these microprobes on porcine corneal tissues were in 

agreement with our modeling results. It showed that smaller ablation craters with shorter 

penetration depths were achieved by using sphere-chains compared with a single-sphere 

case. However, such chains created wider lateral thermal damage zones due to the 

interactions of the non-PFMs with tissue. In principle, this issue could be solved by 

reducing the irradiance level of the incident laser beam closer to the ablation threshold. 

It should be noted that in this dissertation, we developed an approach to assemble 

tightly packed spheres inside plastic tubes that allows us to obtain sphere-chains formed 

by the same size spheres. Our approach has been described in Section 3.6.1 of Chapter 3 

and Section 4.2.3 of this chapter.  

In the next section, we propose an alternate design, which creates a more compact 

central beam and suppresses the background illumination associated with the non-PFMs. 

 
4.4. Microprobe Designs Using Conical Arrays of Spheres 

In previous sections, we showed that spheres-chains are capable of focusing multi-

modal incident beams due to the transmission of the periodically focused modes (PFMs). 

In addition, we designed focusing multimodal microprobes that operate based on the 

formation of PFMs in such arrays to be used for an ultra-precise laser-tissue surgery 

application. Sphere-chains showed improvement of the spatial resolution over single-

sphere designs with the same diameter and refractive index. However, this improvement 

in spatial resolution came at the cost of the total power coupled to the focused beam. The 

power coupling efficiency on the order of a few percent and the peak irradiance 
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attenuated by a factor of 0.2-0.4 were calculated for such optimized chains. Furthermore, 

experimental ex vivo results of testing microsphere-chains on corneal tissues showed that 

smaller ablation craters with shorter penetration depths can be achieved compared with 

those of a single-sphere device. However, such chains created wider lateral thermal 

damage zones due to the contribution of the interactions of non-PFMs with the tissue.  

In this section, we aim to improve the power coupling efficiency and peak irradiance 

of the focused beams produced by the microprobes, by designing chains of microspheres 

with progressively smaller diameters. We show that these chains produce spot sizes 

comparable to the previously optimized cases for arrays of identical spheres, but with 3-4 

times more coupling efficiency and 2 times more peak irradiance. In addition, the output 

irradiance profiles from the conical designs show quasi-Gaussian distributions with no 

background illuminations, contributing to the lateral thermal zone, for almost the entire 

range of indices (1.65<n<2.2) considered in this work.  

4.4.1. Modeling Technique 

Similar to the other two designs mentioned in previous sections of this chapter, we 

assume that the Er:YAG laser is coupled with a multimode fiber in order to provide 

maximal flexibility required in surgery. Next, we assume that the fiber is inserted in a 

piece of hollow waveguide (HWG) used as an actual microprobe. In order to design a 

focusing microprobe capable of focusing multimodal beams in contact with an absorbing 

medium with extremely short penetration depth, a focusing conical chain of spheres is 

assembled at the end of the HWG, as illustrated in Fig. 4.17. The conical chain is formed 

by three axially aligned spheres with progressively smaller diameters, which are 

calculated in a way that the spheres can be embedded in a truncated cone (Fig. 4.17). 
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Figure 4.17: Schematic of a conical array of spheres assembled at the 
end of a HWG. 

 
 
 
The core diameter of the multimode fiber and the bore diameter of the HWG are 

considered 150 and 300 µm, respectively. These dimensions are typical for mid-IR 

waveguides [210]. The size of the first sphere is considered fixed, D1=350 µm, so that 

the sphere can be fixed by gluing to the edge of the HWG, as mentioned in Section 4.3. 

The diameter of the second sphere, D2, depends on the size of the third sphere. 

D2=132 µm and D2=94 µm are calculated for the cases of D3=50 µm and D3=25 µm, 

respectively (Appendix E). The spheres’ sizes well correspond to the limit of geometrical 

optics, maybe with the exception of a single case of D3=25 µm (D3~9λ) which needs to 

be considered more carefully since D/~9. In principle, it can be done by using finite-

difference time-domain (FDTD) numerical modeling; however such analysis goes 

beyond this work. It should be noted that the description based on geometrical optics 

should be asymptotically valid in the limit of short wavelengths. 

As showed in Section 4.2.2.1, the distance between the fiber and the first sphere (d) 

is not critically important in the limit of sufficiently large separations (d>20 mm). For 
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this reason, we considered d=30 mm in order to study other parameters of the system, 

such as refractive indices (n) and diameters (D) of the spheres. 

Three main parameters studied in our designs are:  

i) The focused spot size defined as the FWHM of the irradiance distribution on the 

xy-plane in contact with the tip of the end-sphere,  

ii) Peak irradiance of the focused beam, and  

iii) Power coupling efficiency, η=Pf /Pi, defined in section 4.2.2.2. 

4.4.2. Optical Properties 

The irradiance distribution obtained from each design at the detector plane is fitted 

by a Gaussian distribution and the corresponding FWHM is calculated as an estimate of 

the spot size. The FWHMs, peak irradiances, and power coupling efficiencies are 

calculated for conical arrays with D3=50 and D3=25 µm, as a function of the refractive 

index for the range of 1.65≤n≤2.2, presented in Fig. 4.18. The corresponding values of 

FWHM, peak irradiance, and power coupling efficiency for the cases of a single-sphere 

and chains of three identical spheres with D=300 μm, calculated in Section 4.2.2.2, are 

added to the plots in Fig. 4.18 to make direct comparison easier.  

As presented in Fig. 4.18(a), the conical arrays with third sphere sizes D3=50 and 

D3=25 µm show progressively smaller beam sizes compared with the corresponding 

single-sphere cases indicated by N=1. In the case of D3=25 µm, beam sizes ~4-7 µm is 

achieved over the entire range (1.7<n<2.2) of indices considered in this work. In 

contrast, chains formed by three identical spheres, indicated by N=3 in Fig. 4.18(a), 

provide a compact beam with a comparable size only in a narrow range (1.675<n<1.725) 

of indices.  
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Figure 4.18: (a) FWHM, (b) Peak irradiance, and (c) Power coupling 
efficiency as a function of the refractive index for different designs. 

 
 
 

Although the focused beams obtained from the optimum cases in both conical and 

identical sphere arrays have comparable sizes, the advantage of the conical arrays over 

the identical sphere-arrays comes from their greater peak irradiance and power coupling 

efficiency. As shown in Figs. 4.18(b) and 4.18(c), for arrays of identical spheres with 

optimum refractive indices 1.675<n<1.725, the peak irradiance (If) is attenuated by a 

factor of 0.2-0.4 and the power coupling efficiency is on the level of a few percent. 

However, in the conical arrays peak irradiance is attenuated only by a factor of 0.6-0.8, 

which shows improvement by a factor of 2 compared with arrays of three identical 

spheres. Furthermore, coupling efficiencies of about ten percent are calculated for the 

conical structures, which are 3-4 times more than the coupling efficiencies of the arrays 

of identical spheres. Increased coupling efficiency of the conical structures compared 

with that of the arrays of identical spheres, which produce comparable beam sizes to 

those of the conical arrays, is due to the higher peak irradiances produced by the conical 

structures. 
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Figure 4.19: Irradiance profiles of (a) chains of three identical spheres 
with D=300 µm, (b) a conical structure with n=1.71 and D3=50 µm, (c) 
a conical structure with n=1.71 and D3=25 µm. (d-f) normalized 
irradiance distributions corresponding to (a-c), respectively. 

 
 
 
A particular advantage of the conical arrays over the arrays of identical spheres is 

connected with the fact that the background illumination surrounding the central focused 

beam in the latter is practically absent in the former, as illustrated in Fig. 4.19. Irradiance 

distribution of the output beam of a chain of three identical D=300 µm spheres with 

1.675<n<1.725, where they are advantageous in terms of spot sizes, has a central peak 

with a FWHM~3-6 µm superimposed on a broader and weaker background with the total 

power Pb and irradiance Ib due to the contribution of non-PFMs, as shown in Figs. 4.19(a) 

and 4.19(d) for n=1.71. However, the output irradiance profile of a conical structure 

shows a quasi-Gaussian shape with almost no such a background illumination for the 

entire range of indices (1.65<n<2.2) considered in this work, as illustrated in Figs. 

4.19(e) and 4.19(f) for D3=50 and 25 µm, respectively. We consider n=1.71 because it is 
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the refractive index of sapphire (or ruby) at ~3 µm wavelength, and also it is in the range 

where arrays of identical spheres are advantageous over single-sphere microprobe. As 

mentioned earlier, conical arrays provide more peak irradiance compared with the chains 

of identical spheres, which is seen directly by comparing Fig. 4.19(f) with Fig. 4.19(d) 

that shows 2.47 times more peak irradiance in Fig. 4.19(f). 

 
 

 
 

Figure 4.20: Calculated (a) FWHM, (b) Peak irradiance, and (c) Power 
coupling efficiency for D3=25 µm, n1=n2=1.71, and n3=1.71+Δn. 

 
 
 
In the remaining part of this section, we present the modeling results of conical 

arrays of spheres with different refractive indices. We consider a conical array of spheres 

with refractive indices n1, n2, n3, where n3 is the refractive index of the end-sphere with 

D3=25 µm. It is considered that n1=n2=1.71 since the sapphire spheres with excellent 

optical qualities and properties at λ~3 µm can be obtained. We change the index of the 

end-sphere from 1.71 to 2.21 in Δn=0.05 steps and perform the calculations for each 

case. The calculated FWHMs, peak irradiances, and coupling efficiencies, as a function 

of Δn, are presented in Figs. 4.20(a-c), respectively. 

As seen in Fig. 4.20(a), for all calculated cases starting from Δn=0, i.e. 

n1=n2=n3=1.71, to Δn=0.5, i.e. n1=n2=1.71, n3=2.21, the FWHMs are still between 5-6 
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µm, indicating that this conical structure produces a compact focusing for different high-

index spheres. Furthermore, the peak irradiances and power coupling efficiencies are still 

at least twice as what can be obtained from arrays of three identical D=300 µm spheres 

with optimum refractive index. However, the coupling efficiency tends to reduce with Δn, 

indicating that the case of spheres with the same index n=1.71 provides the optimal 

combination of parameters. 

 
4.5. Conclusions 

In this chapter, we studied the focusing properties of multimodal microprobes 

capable of operating in contact conditions with strongly absorbing media. We designed, 

fabricated, and tested a device capable of focusing multimodal beams in contact with a 

tissue.  

The designs were optimized for the wavelength of the Er:YAG laser (λ=2.94 µm), 

which is strongly absorbed in tissue. Our designs showed improvement of the spatial 

resolution of multi-sphere microprobes by a factor of more than two compared with 

single-sphere devices. It was demonstrated that the transverse beam sizes of 3-6 µm are 

possible in three- and five-sphere structures with optimized index of refraction, 

1.65<n<1.75. The peak irradiance and power coupling in these structures were 

determined as well. An additional advantage of multiple-sphere optical microprobes is 

connected with the availability of inexpensive microspheres, with excellent optical and 

mechanical quality and minimal mid-IR absorption, such as sapphire or ruby spheres with 

n=1.71at λ	~3 µm. 

We fabricated the designed microprobes by integrating microsphere-chains with 

infrared hollow waveguides (HWGs) and fibers. Our integration technique was based on 
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placing the spheres inside a flexible tube to provide a tightly packed straight array of 

spheres. Then, the sphere-array was connected to an infrared HWG, optically coupled 

with an infrared multi-mode fiber. Microprobes were characterized by i) IR imaging and 

ii) their burn patterns on heat-sensitive papers. The proposed concept of light focusing, 

developed by the numerical modeling, was experimentally realized.  

Furthermore, we proposed focusing microprobes based on using conical arrays of 

dielectric spheres. A thorough comparison of the results showed the advantage of conical 

arrays with various diameters of the end-sphere, D3=25 µm or D3=50 µm, over other 

structures. Compared with a single 300 µm sphere, the conical designs provided focused 

beams with much smaller FWHM. In comparison with chains of three identical 300 µm 

spheres, the conical structures: i) have 3-4 times more coupling efficiency, ii) provide at 

least 2 times more peak irradiance, iii) are capable of operating in a much wider range of 

sphere indices, and iv) do not produce background illumination. The last property might 

be especially important for developing applications of these structures in ultra-compact 

surgery because of the potentially reduced thermal damage area on the tissue.  

Potential applications of these microprobes include ultra-precise laser procedures in 

the eye and brain, piercing a cell, and coupling of multimodal beams into photonic 

microstructures. 

 



 

 

 
 
 
 
 

CHAPTER 5: CONCLUSIONS AND FUTURE DIRECTIONS 
 
 

In the first part of this dissertation, we investigated super-resolution imaging ability 

of high-index dielectric microspheres in liquid environments. We proposed a super-

resolution microscopy technique based on liquid immersion of high-index microspheres. 

By using barium titanate glass microspheres with n~1.9-2.1 immersed in isopropyl 

alcohol or other liquids, we showed that minimal feature sizes ~λ/7 can be discerned by 

an ~5 μm diameter sphere. Based on our experience, we predict that this technique can 

have broad applications with various structures for imaging and with various sphere 

materials. The prospect of using biological samples, such as cells, needs further study of 

a possible plasmons involvement with metallic surfaces. However, such biomedical 

applications would be of major importance for developing applications of this technique.  

 
 

 

Figure 5.1: Schematic illustrating high-index microspheres embedded in 
a material with an ability to solidify such as PDMS forming a thin film 
which can be transferred and attached to the top of the structure under 
study. The microspheres are embedded in this thin film. 
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The future direction of this research is connected with using spheres made from 

various high index materials such as titania or semiconductors. Depending on the 

application, the spheres can be immersed in a liquid or in polymer materials, as 

schematically illustrated in Fig. 5.1. Due to its simplicity, the super-resolution imaging by 

high-index microspheres can find many applications in biomedical microscopy, micro-

fluidic devices, and nanophotonics. 

Furthermore, the following can be investigated: 

1. Imaging by using a radially polarized incident light on the microspheres, as it is 

known that radial polarization leads to sharper focusing of light [225]. This 

direction can be studied by using low-index (1.45<n<1.6) microspheres in air or 

high-index (n>1.9) spheres in liquids. 

2. The possible contribution of the whispering gallery modes (WGMs), inside the 

microspheres, to the improvement of image resolution. 

3. The role of plasmon excitation can be studied in detail by using samples made 

from different metals on glass or semiconductor substrates and different 

illumination filters. 

4. Develop a near-field imaging theory for the liquid-immersed microspheres to 

explain the two different magnification regimes, which we observed 

experimentally in Chapter 2.  

5. Use dielectric cylinders to resolve sub-diffraction-limited features since it is 

known that dielectric cylinders [85] can also produce photonic nanojets, as 

reviewed in Section 1.3.2 of Chapter 1. For example an etched fiber down to its 

core which gives a cylinder with <8 μm diameter can be placed on top of the 
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samples, as schematically illustrated in Fig. 5.2(a). In our initial studies, we 

placed an etched silica fiber (n~1.46) with diameter ~7 µm semi-immersed in 

isopropyl alcohol (IPA) on the gold nanoparticle dimmers (NPD) sample 

described in Section 2.2 of Chapter 2. The 150 nm separations between dimers 

were clearly resolved using this method, as presented in Figs. 5.2(c) and 5.2(d). 

By comparing Fig. 5.2(d) with Fig. 2.15(h), it can be seen that imaging through 

the dielectric cylinder has better resolution compared with imaging by the 

dielectric hemisphere (h-SIL). The 200 nm gaps in x direction were not resolved 

due to one dimensional nature of the photonic nanojets created by the cylinder.   

 
 

 
 

Figure 5.2: (a) Schematic of the imaging method with an etched optical 
fiber semi-immersed in IPA. (b) SEM of the NPD sample. (c) 
Micrograph of the sample. (d) Irradiance profile along the dashed line 
shown in (c). 
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In the second part of this dissertation, we studied light transport and periodical 

focusing properties of linear chains of touching dielectric spheres. We described a new 

waveguiding mechanism in such chains based on the concept of periodically focused 

modes (PFMs). PFMs are formed if a collimated incident ray satisfies the Brewster’s 

angle condition and crosses the optical axis on the shadow-side surface of the sphere. 

These rays periodically propagate along the chain without loss. In real physical chains, 

these aspects of light propagation and focusing should be studied based on the concepts 

of waves. The formation of optical modes in such structures is novel and interesting. The 

theoretical understanding of these effects requires modeling tools capable of solving 

Maxwell’s equations in complex geometries. We anticipate that the modal propagation 

losses will not be zero in physical optics, however, they can still be quite small, an 

interesting area of future studies. The PFM concept gives a physical explanation for an 

extraordinarily small attenuation of light in such chains, together with a successive 

focused spots’ size reduction. The results of our work, which scale with spheres’ sizes in 

the limit of geometrical optics assumptions, can be used for developing light focusing 

devices, coupled with multimodal light sources. Examples of such applications include 

ultra-precise laser procedures in the eye and brain or piercing a cell, as well as for 

coupling light into photonic microstructures. Directions for future works are the 

following: 

1. Using microspheres made from optically nonlinear and/or active materials, such 

as ruby, where a combination of sharp focusing and periodicity should lead to 

efficient optical parametric and lasing processes. 
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2. Study the role of the observed microjoints [142, 143] formed between 

polystyrene sphere-chains in light transport in such chains. For example, a 

natural question to ask is the following: if chains of glass microspheres, which 

do not show microjoint formation between the spheres, with the same refractive 

index as polystyrene (n=1.59) are assembled, how do their optical transport 

properties differ from their polystyrene counterparts? 

3. Experimentally study the polarization properties of such chains for both 

mesoscale and larger spheres. 

4. Study “beam tapering” effect, optical power transport, and polarization 

properties by means of finite-difference time-domain (FDTD) or finite element 

method (FEM) modeling for the case of smaller spheres D<10.  

In the third part of this dissertation, by using the concept of PFM in chains of 

dielectric spheres, we designed, fabricated, and tested microprobes for laser-tissue 

surgery capable of focusing the input laser beams in contact with tissue. The proposed 

design composed of two main components: i) Er:YAG laser delivery and ii) focusing 

section. Infrared laser is delivered by a multimode fiber and coupled to a hollow 

waveguide. As a focusing section, a chain of sapphire (or ruby) spheres was used to 

provide very compact focusing just at the tip of the probe. In this way, the focusing is not 

perturbed by the tissue. Furthermore, due to the sharp focusing, the beam is very 

diverging just away from the tip, which provides a shallow depth of surgery. The final 

goal of these studies was to commercially manufacture that device for retina surgery, 

where the role of the probe is to provide very fine cuts through the fibrotic membranes 

formed at the retina surface.  
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One interesting direction, which is related to this work, is that by engineering a 

cylindrical vectors beam [222] with radial polarization or a “doughnut beam” incident on 

the sphere, sharp focusing can be achieved by using just one sphere. If such a beam is 

formed at the output of the fiber, then the fiber should be placed in very proximity of the 

sphere and there is no need to use the hollow waveguide (HWG). This approach may 

increase the power coupling efficiency of the microprobe. 

In principle, the work on developing focusing microprobes can be developed towards 

using single mode fibers and single-mode delivery systems. The advantage of such 

systems is connected with better focusing capability, which in many cases does not 

require multiple sphere chains for achieving tightly focused spots. The problem of 

development of these systems though is connected with their poor coupling efficiencies. 

Some advances in this area have been obtained in visible and near-IR regimes [254, 255]. 

However application of such systems in mid-IR regime would require single-mode laser 

sources and flexible delivery systems. This is a highly promising area of applications 

which is under development in the Mesophotonics Laboratory.   
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APPENDIX B: SOME APPLICATIONS OF PHOTONIC NANOJETS 
 
 

Photonic nanojets (PNJs), due to strong localization and high intensity, have 

applications in nanoparticle detection and size sorting [85, 86, 90, 138, 144, 145], high-

density optical data-storage disks [146-148], enhanced Raman scattering [149, 150], 

enhanced optical absorption in photovoltaics [151], nanostructuring and dry laser 

cleaning [152-155, 159, 160], nanoparticle trapping [161], optical nanoantenna [162], and 

Fluorescence correlation spectroscopy (FCS) [163-167]. In this appendix, a brief review 

of some applications of PNJs is given. 

 
B.1. Nanoparticle Detection and Size Sorting 

Nanojet-enhancement backscattering of light, by nanoparticles positioned within a 

PNJ, was first reported for dielectric nanopatricles with side dimensions between 1.25-60 

nm, located within a PNJ formed by a 6 μm diameter dielectric cylinder in Ref. [85] 

through 2-D high-resolution finite-difference time-domain (FDTD) computational 

solution of Maxwell’s equations. Refractive index of the microcylinder, which was 

embedded in a medium with index n2=1.33, was n1=2.3275 (index contrast n1/n2=1.75), 

and the wavelength in the ambient medium was 300 nm. For each nanoparticle, 

enhancement of the effective backscattering cross section by several orders of magnitude 

was reported, for example by ~104 for a 5 nm particle. 

By using the generalized multiparticle Mie (GMM) method, which provides rigorous 

analytical solution for light scattering by multiple spheres, the backscattering 

enhancement induced by 3-D PNJs was studied in Ref. [86]. Gold nanoparticles (n=1.47-

j1.95) with diameters 2-60 nm were located within a PNJ, formed by a dielectric 
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microspheres (n=1.59) with 3.5 μm diameter illuminated by a plane wave with λ=400 

nm. The distance between the center of the nanoparticle and proximal surface of the 

microsphere was assumed 240 nm for all nanoparticles sizes. It was found that the 

nanojet-enhanced backscattering phenomenon is extremely sensitive to the size and 

position of the nanoparticles, which can be used for nanoparticle detection and size 

sorting of nanoparticles [86].  

Based on calculations using GMM theory, Ref. [90] tried to provide a physical 

explanation for the 7-11 orders of magnitude enhancement of backscattered light by 

dielectric particles, with sizes between 100-1 nm. It was found that the enhanced 

backscattering intensity of the nanoparticle is proportional to the third power of its size 

parameter; however, its physical origin remained unexplained. The following mechanism 

was proposed to explain the backscattering enhancement phenomenon: The nanoparticle 

is first excited by the PNJ, emerging from the microsphere, and its scattering intensity is 

raised by 2 orders of magnitude, determined by the intensity of the PNJ. The interaction 

of the reradiated fields by the PNJ-excited nanoparticle with the normal EM modes of the 

microsphere modifies the scattering properties of the nanoparticle, enhances its 

backscattered intensity by 4-9 additional orders of magnitude [90].  

In Ref. [138], by using GMM theory calculations, it was shown that by using a 

dielectric microsphere illuminated at a Mie resonance, a gold nanosphere 100 times 

smaller than the sphere can be detected with ~λ/3 resolution, where λ is wavelength in 

the background medium. Off-resonance spatial resolution of λ/2 was reported. This effect 

was interpreted due to the formation of narrower PNJs when the sphere is illuminated at 

WGM resonant wavelengths [138]. 
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First experimental observation of the backscattering enhancement induced by 

photonic jets, already predicted in [85, 86], was carried out by using a 

polymethylmethacrylate (PMMA) sphere with 7.62 cm (7.62λ) diameter and 

n=1.60+j0.0016, at scaled-up microwave (30 GHz, λ0=1 cm) region of the 

electromagnetic spectrum in Ref. [144]. Numerical FDTD calculation predicted the 

formation of a microwave jet with FWHM waist of 0.5λ0, and 130 times intensity 

enhancement. When metal particles with diameters 1-3 mm (0.1-0.3λ0) were positioned in 

the jet region, enhanced position-dependant perturbation of the overall backscattered 

intensity was observed experimentally. Relatively good agreement between the 

experimental and simulation results was reported. 

Backscattering enhancement induced by PNJs formed by dielectric microspheres 

was experimentally studied at visible wavelengths in Ref. [145]. Sample stage composed 

of multilayered pack of glass, solid polydimethylsiloxane (PDMS), and liquid PDMS 

(n=1.41) was considered to provide precise positioning of the gold nanoparticles 

(diameters 50-100 nm) within the PNJ formed by a 4.4 μm BaTiO3 microsphere (n=2.1) 

embedded within the PDMS. It was observed that when the gold nanoparticle is optimally 

positioned within the nanojet, the backscattering of the microsphere increases 

significantly. The increased backscattering was found to be strongly dependant on the 

illumination wavelength and the NA of the imaging system. The measured data were 

found to be in agreement with the numerical calculations based on Mie-based theory and 

Fourier optics [145]. 
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B.2. High-density Optical Data-storage Disks 

Potential use of PNJs for detection of deeply sub-wavelength pits in an optical data 

storage disk was studied in Refs. [146-148]. Ref. [148] performed microwave (30 GHz, 

λ0=10 mm) experiments, backed up by FDTD simulations, for dimensionally scaled-up 

pits and land in a simulated optical data-storage device, where data are encoded as 

nanoscale pits in a metal substrate. The pits-on-groove configuration used in Blu-ray© 

disks was imitated by machining a 1.25 mm (λ0/8) by 2 mm (λ0/5) hole (this dimension 

for data pit is much smaller than dimensions of data pits in conventional Blu-ray© disks) 

on an aluminum plate consisted of parallel stripes and grooves with 4 mm (λ0/2.5) widths, 

as illustrated in Fig. B.1(a).  

 
 

 
 

Figure B.1: (a) Photograph of a machined aluminum disk with a pit-on-
groove structure. Dimensions are scaled up to 30 GHz (λ0=10 mm): 
a=1.25 mm (λ0/8), b=2 mm (λ0/5), W=4 mm (λ0/2.5), and h=1 mm 
(λ0/10). (b) Comparison between experimental and simulation results for 
the no-pit-to-pit power ratio vs. wavelength [148]. Reprinted with 
permission. © 2008 American Institute of Physics. 

 
 
 
The aluminum plate was covered with a Duroid layer with an optimized 11.75 mm 

(1.175 λ0) thickness. A 50.8 mm (5.1 λ0) diameter acrylic sphere (n=1.60) with 4 mm 

(λ0/2.5) distance from the Duroid layer was used to create the “microwave jet”. 1 dB in 

(a) (b)
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amplitude and 1% in wavelength agreement between the measurements and the FDTD 

model were reported, which indicate a no-pit-to-pit power ~700 times (28 dB) greater 

than the 1.2 value reported in Ref. [256] using a conventional lens for an octagonal pit of 

approximately the same lateral area in wavelength units. Furthermore, they showed that 

the peak no-pit-to-pit power ratio is sensitive to the pit depth as well, indicating that a pit-

depth modulation can also be employed to increase the data capacity. Refs. [146, 147] 

conducted similar FDTD numerical modeling in optical wavelengths and concluded that 

the use of PNJs lead to development of optical data-storage disks, with much greater 

capacity and speed than those of the present state-of-the-art. 

 
B.3. Enhanced Raman Scattering 

Enhancement of Raman scattering was achieved by self-assembled silica 

microspheres [149] and by individual polystyrene microspheres [150]. In Ref. [149], 

silicon substrates covered with monolayers of self-assembled closely packed spherical 

silica particles, with different diameters in the range 0.33-5.08 μm, were employed to 

study particle-enhanced Raman scattering. A 50× microscope objective lens with 

NA=0.7 was used to focus the excitation argon laser beam (λ=514.5 nm) into a spot with 

~2.5 μm FWHM waist. Same lens was used to collect the Raman scattering. The 

enhancement of Raman scattering was observed for all spheres’ sizes; However, the 

enhancement was found to be size dependent. It was found that the strongest 

enhancement occurs when the particle diameter is equal to the spot size formed by the 

incident laser beam. By using numerical FDTD modeling using OPTIWAVETM 

(Optiwave Systems, Inc., Ottawa, Canada), it was shown that PNJs formed by 2.34 μm 

silica particles were confined to a sub-diffraction length of 100 nm, with waists of 120 
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nm. It was assumed that the presence of strongly localized electromagnetic fields within 

the nanojets leads to the enhancement of Raman scattering.  

In Ref. [150], enhanced Raman scattering by individual polystyrene spheres was 

investigated (Fig. B.2) and was shown that the Raman scattering enhancement depends 

on both the microsphere size and the NA of the collection lens. In comparison with 

conventional surface-enhanced Raman scattering approaches, microsphere-enhanced 

Raman spectroscopy may be advantageous, due to the simplicity of sample preparation 

and precise control of the position and size of the microspheres. 

 
 

 
 

Figure B.2: Typical Raman spectra of bulk Si with collection objective 
lens 20×NA=0.40 without (i) and with (ii) a polystyrene microsphere. 
The inset shows the schematic diagram of the experimental setup [150]. 
Reprinted with permission. © 2010 John Wiley & Sons, Ltd. 

 
 

 
B.4. Enhanced Optical Absorption in Photovoltaics 

It has been shown that using dielectric mesoscopic particles (DMPs) as “mesoscopic 

lenses” in a solar cell leads to locally enhanced optical absorption and an overall increase 

in the power conversion efficiency [257]. Enhancing light interactions with the 



205 
 

photovoltaic material leads to using thinner and thus less expensive photo-active region, 

which is an improvement in the conditions for charge carrier collection and a raise in the 

efficiency by virtue of the concentrated energy density in the photovoltaic medium [258].  

Ref. [151] studied the light focusing properties of wavelength-scale dielectric 

spheroidal particles, motivated by their implementation in photovoltaic devices. By using 

an analytical separation-of-variables method to determine the electromagnetic field 

distribution inside and in the near-field outside the particles, physical parameters of the 

spheroids were optimized to achieve maximum forward scattering in the near-field 

region. It was found that for spheres with mesoscopic sizes, the optimal refractive index 

to achieve maximum field enhancement just at the shadow-side surface of the sphere is 

n~√3. 

 
B.5. Nanostructuring and Dry Laser Cleaning 

Refs. [152-155] are among the first studies of employing local field enhancement 

effects of microspheres for surface nanostructuring and laser-assisted particle removal 

(dry laser cleaning). By applying short and ultra-short laser pulses on polystyrene spheres 

with D=0.32-1.7 μm, deposited on a silicon or glass surface, creation of nanoholes 

underneath the spheres was observed in Ref. [152]. It was concluded that the focusing 

effect of spheres, in combination with the near-field effects, contribute to the size and 

shape of the created holes. The mentioned studies were performed few years before the 

realization of the “photonic nanojets” effect. 

In Ref. [160], a multiphysics numerical model was developed to simulate a micro-

slot laser cleaning process. Using finite integral technique (FIT), performed with CST 

Microwave Studio (Computer Simulation Technology AG), single and multiple glass 
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(n=1.51) microspheres with diameters 1-2 μm, placed at the bottom of a micro-slot, were 

considered, as illustrated in Fig. B.3. UV laser radiation at λ=248 nm was considered to 

enhance the cleaning effect [259]. The influences of the slot width, microsphere’s size, 

and the layout on the near-field distribution were studied. Field intensity enhancement of 

~25%, influenced by the slot width and the number of spheres, was reported. 

 
 

 
 

Figure B.3: Schematic of (a) one, (b) two, and (c) three glass (n=1.51) 
microspheres, with diameter 1 μm, placed in a micro-slot [160]. 
Reprinted with permission. © 2012 IOP Publishing Ltd. 

 
 
 

Ref. [156] reported a low-cost and high-throughput fabrication process of 2-D arrays 

of sub-wavelength nanoholes or nanopillars, using silica or polystyrene microspheres. As 

illustrated in Fig. B.4, in this technique, a monolayer of self-assembled microspheres was 

deposited on top of the photoresist. A very short UV exposure interacted with the 

photoresist only in the locations of the nanojets formed by microspheres. After 

developing the photoresist, nanoholes or nanopillars were formed for positive or negative 

photoresists, respectively. By using 3-D FDTD computations, it was shown that the sizes 

of nanojets formed by silica spheres, with D=0.5-5 μm (λ=365 nm), weakly depend on 



207 
 

 

the spheres’ diameters, i.e. variation of FWHMs is ~0.6 % of the change in D. Therefore, 

uniform pattern size can be achieved, even for relatively poor sphere size uniformity. The 

period of the holes and pillars, formed with this technique, can be controlled precisely by 

the size of the spheres. 

 
 

 
 

Figure B.4: A schematic illustration of the fabrication process of 
periodic nano-arrays: (a) spin-on deposition of a photoresist on a 
substrate. (b) A monolayer microspheres on top of the photoresist. (c) 
UV light (λ=400 nm) exposure of (b). (d) Calculated intensity profile in 
the photoresist plane. (e) Obtained sub-wavelength patterns. (f) An 
AFM image of a developed photoresist (hole sizes are ~250 nm) [156]. 
Reprinted with permission. © 2007 IOP Publishing Ltd. 

 
 
 

Ref. [157] used an optically trapped microsphere, near the surface of a polyimide 

substrate, for direct-writing [260] of nanopatterns with minimum sizes of ~100 nm 

(<λ/3). The microsphere was used as an objective lens to focus the processing laser. The 

roles of the microsphere’s size and material, substrate material, and pulsed laser energy 

were studied. The optimal experimental results were achieved by using a 0.76 μm 

(a) (b)

(c) (d)

(e) (f)
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polystyrene sphere, which provided small spot size with good positioning accuracy and 

optical intensity enhancement. 

 
B.6. Nanoparticle Trapping 

Ref. [161], through numerical modeling, studied the optical forces acting on a 

metallic nanoparticle, when brought into a PNJ formed by a plane wave-illuminated 

microcylinder. It was found that WGMs are formed in the microcylinder, even at off- 

resonance wavelengths, if the scattering from the nanoparticle is strong enough. The 

optical force depends on the separation distance, size and dielectric permittivity of the 

particle, size and intensity of the PNJ, and wavelength of the light. Furthermore, resonant 

condition of either the mircocylinder or the nanoparticle leads to enhancement of the 

optical force and also the PNJ’s attractive force can be changed to a repulsive force by 

varying the state of polarization of the incident beam. The reversal of the force was 

attributed to the particle’s polarizability and localized surface plasmon excitation. 

 
B.7. Optical Nanoantenna 

By numerical modeling, Ref. [162] designed an optical antenna [261] consisted of a 

pair of silver nanospheres (D=60 nm separated by 8 nm) for large enhancements of both 

excitation strength and radiative decay rates, and a high refractive index TiO2 dielectric 

microsphere (D=500 nm) to efficiently collect light without spoiling the emitter quantum 

efficiency. Simulations results showed 3 orders of magnitude potential enhancements of 

fluorescence rate over the entire optical frequency range.  
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B.8. Fluorescence Correlation Spectroscopy 

Ref. [165, 166] considered using PNJ effect to enhance excitation and collection of 

single fluorescent molecules in the vicinity of the PNJ formed by dielectric microspheres. 

It was reported that by using latex microspheres (n=1.6) illuminated by a focused 

Gaussian beam, the detection volume reduction of one order of magnitude less than the 

diffraction limit is achieved. The excitation intensity sensed by the fluorescent molecule 

is increased by a factor of ~2.2 and the collection efficiency is increased ~60%. The net 

effect is that the collected fluorescence rate per molecule is increased by a factor of 5 in 

comparison with confocal microscopy. 

It was proposed later, that by using latex microsphere placed at the end of an optical 

fiber, remote fluorescence correlation spectroscopy (FCS) with sensitivity at single 

molecule level can be performed due to the PNJ effect [164]. 

Ref. [167] considered using PNJ effect in two-photon FCS to increases the 

absorption cross section of Two-photon excitation fluorescence. It was reported that two-

photon fluorescence rates per molecule are enhanced by ~1 order of magnitude and 

confocal analysis volume decreases by a factor of 8, which enables FCS for higher 

analyte concentrations.  

In Ref. [168], an FCS system based on tailoring of the PNJs by using incident 

cylindrical vector beams [222] combined with stimulated emission depletion microscopy 

(STED) was proposed for creating attoliter (10-18 Lit = 0.001 μm3) detection volume. The 

authors proposed using a microsphere illuminated by a radially polarized plane wave, 

which compresses the axial part of the PNJ, to excite two-photon fluorescence. The 

azimuthally polarized beam illuminates the same sphere to obtain depletion field, which 
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reduces the transverse range of the effective volume. Via numerical modeling using 

FDTD method based on vector electromagnetic wave theory, the excitation and depletion 

fields of photonic nanojets were simulated using FDTD Solution (Lumerical Solution, 

Inc., Vancouver, Canada). The result of the numerical modeling showed that the effective 

volume of the PNJ can reach 0.002 μm3 (2 aL), which provides 2 orders of magnitude 

reduced effective volume compared with conventional confocal microscopy.  
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APPENDIX C: DERIVATION OF PFMS CONDITIONS 
 
 

In this appendix, first, we derive the equations satisfying the periodically focused 

mode (PFM) conditions in a linear array of dielectric spheres. In order to satisfy the PFM 

conditions, the incident ray is considered to be parallel with the optical axis. To achieve 

2D period of propagation of the incident ray, the ray is forced to go through the point 

where two spheres touch, as illustrated in Fig. C.1. 

 
 

  
 

Figure C.1: Ray picture of a PFM in an array of spheres. 
 
 
 
From the geometry of the triangle AOB in Fig. C.1, we have: 

௜ߠ ൌ  ௥. (C-1)ߠ2

Applying Snell’s law of refraction at the surface of the sphere gives: 

݊௕ sin ௜ߠ ൌ ݊ sin  ௥. (C-2)ߠ

Substituting Eq. (C-1) in (C-2) yields: 

݊௕ sin ௜ߠ ൌ ݊ sin ቀఏ೔
ଶ
ቁ. (C-3) 

The following trigonometric identity is used to simplify Eq. (C-3): 

sin ௜ߠ ≡ 2 sin ቀఏ೔
ଶ
ቁ cos ቀఏ೔

ଶ
ቁ. (C-4) 
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The following equation is deduced from Eqs. (C-3) and (C-4): 

௜ߠ ൌ 2 cosିଵሺ ௡

ଶ௡್
ሻ. (C-5) 

From the geometry of Fig. C.1, the following equation holds: 

sin ௜ߠ ൌ 2 ௛

஽
. (C-6) 

By substituting Eq. (C-5) in (C-6), the following equation is obtained for the axial 

offset of the rays satisfying PFM or quasi-PFM conditions: 

௛

஽
ൌ ଵ

ଶ
	sin ቀ2cosିଵሺ ௡

ଶ௡್
ሻቁ.         (C-7) 

In the following, it is shown that when any given ray travelling in a background 

medium (nb) impinges upon a sphere with refractive index ݊ at the Brewster’s angle 

௜ߠ) ൌ tanିଵሺ݊/݊௕ሻ) between materials with ݊௕ and ݊, it will consequently be incident on 

the exiting boundary at the corresponding Brewster’s angle (ߠ௥ ൌ tanିଵሺ݊௕/݊ሻ) between 

materials ݊ and ݊௕. 

 
 

  
 

Figure C.2: An arbitrary ray incident at the Brewster’s angle on a 
sphere. 

 
 
 
For a given ray travelling in a background medium (nb) impinges upon a sphere (n), 

as illustrated in Fig. C.2, the Brewster’s angle between materials with ݊௕ and ݊ is: 
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nnb

i

r

A

B

i
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௜ߠ ൌ tanିଵሺ݊/݊௕ሻ. (C-8) 

For an incident ray at the Brewster’s angle, always we have [212]: 

௜ߠ ൅ ௥ߠ ൌ  (C-9) .2/ߨ

The following trigonometric identity is applied to Eq. (C-8): 

tan ߠ ≡ ሾtanሺగ
ଶ
െ  ሻሿିଵ. (C-10)ߠ

Applying Eqs. (C-9) and (C-10) to Eq. (C-8) yields: 

௥ߠ ൌ tanିଵሺ݊௕/݊ሻ, (C-11) 

which is the Brewster’s angle for a ray hitting the boundary between n and nb. 

Finally, we calculate the optical path length (OPL) of periodically focused modes in 

arrays of dielectric spheres. We consider a 2-sphere chain as an optical resonator, as 

shown in Fig. C.3. The OPL in the 2-sphere resonator from point A to D is:  

OPL ൌ݊	ABതതതത ൅ ݊௕BCതതതത ൅ ݊ CDതതതത. (C-12) 

From the geometry of Fig. C.3, we have the following relations: 

ABതതതത ൌAEതതതതሺcos  ௥ሻିଵ, (C-13)ߠ
 

AEതതതത ൌ ݎ ൅ ݎ cos  ௥. (C-14)ߠ2

 
 

 
 

Figure C.3: Optical path length in a 2-sphere chain. 
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We use the following trigonometric identity to find the optical path length: 

cos ߠ2 ≡2cosଶ ߠ െ 1. (C-15) 

Substituting Eq. (C.14) in Eq. (C.13), and using Eqs. (C.1), (C.5), and (C.15) yields: 

ABതതതത ൌ ሺ1ݎ ൅ cos ௥ሻሺcosߠ2 ௥ሻିଵߠ ൌ  ௕. (C-16)݊/݊ݎ

From the geometry of Fig. C.3, we have the following relations: 

BCതതതത ൌ 2EFതതതത ൌ ሺ1ݎ2 െ cos  ௥ሻ. (C-17)ߠ2

By using Eqs. (C.1), (C.5), and (C.15), we can show: 

BCതതതത ൌ ሾ2ݎ2 െ ݊ଶ/ሺ2݊௕
ଶሻሿ. (C-18) 

Therefore, the optical path length is: 

OPL ൌ2݊ݎଶ/݊௕ ൅ ݎ2 ሾ2݊௕ െ ݊ଶ/ሺ2݊௕ሻሿ. (C-19) 

If we assume ݊௕ ൌ 1, then we have: 

OPL ൌݎሺ݊ଶ ൅ 4ሻ. (C-20) 
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APPENDIX D: MATRIX OPTICS FOR SPHERE-CHAINS 
 
 

In this appendix, we derive the ABCD matrix [262] for linear arrays of touching 

identical dielectric spheres, and show that there is an essential distinction between the 

focusing properties of paraxial rays and that of periodically focused modes (PFMs). First 

we find the ABCD matrix for a general spherical thick lens, with refractive index n and 

radii of curvature R1 and R2 separated by a distance d. It is assumed that we have n1 and 

n2 for the object and image spaces, respectively, i.e. the surface with radius R1(R2) is 

surrounded by a medium with refractive index n1(n2), as shown in Fig. D.1. When both 

sides of the lens are in air, we have n1=n2=nb=1.  

Several equivalent variations of matrices can be found in the literature to represent 

optical systems. Here, we mention briefly two of them. The following formats of matrices 

are adopted from [262] and [212], respectively. 

ቂ
௢௨௧ݎ
௢௨௧ߠ

ቃ ൌ ቂA B
C D

ቃ ቂ
௜௡ݎ
௜௡ߠ

ቃ, (D.1) 

and 

ቂ
݊௧ଵߙ௧ଵ
௧ଵݕ

ቃ ൌ ቂ
ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ

ቃ ቂ
݊௜ଵߙ௜ଵ
௜ଵݕ

ቃ, 
(D.2) 

where r (or y) is positive if the intercept of the ray with the reference plane is above the z-

axis. The angle is positive if the direction of rotation from the z-axis to the positive ray 

direction is counterclockwise. Thus, a positive angle means that r increases as a function 

of z. The following relation holds between matrices of Eqs. (D.1) and (D.2): 

ቂA B
C D

ቃ ൌ ቂ
ܽଶଶ ܽଶଵ݊ଵ

ܽଵଶ/݊ଶ ܽଵଵ݊ଵ/݊ଶ
ቃ. (D.3) 
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Figure D.1: A thick lens surrounded by two different media. 
 
 
 

The cardinal points [212], which are properties of the lens, are deduced from the 

system matrix due to the fact that the latter is expressed in terms of physical lens 

parameters, such as radii of curvature, thickness, and indices of refraction. 

Front focal length (f.f.l.) and object focus (fo) are positive if they are to the left of the 

left vertex of the lens. Back focal length (b.f.l.) and image focus (fi) are positive if they 

are to the right of the right vertex of the lens. Principal planes are located at distances h1 

and h2 which are positive when the plane lies to the right of their respective vertex [212]. 

According to the mentioned sign convention, the following relations hold: 

f. f. l. ൅݄ଵ ൌ ଴݂, (D.4) 

b. f. l. െ݄ଶ ൌ ௜݂, (D.5) 

where the location of principal planes are obtained from the following relations [212]: 

VଵHଵ ൌ ݄ଵ ൌ
௡భሺଵି௔భభሻ

ି௔భమ
ൌ ௡భି௡మୈ

ି௡మେ
, (D.6) 

VଶHଶ ൌ ݄ଶ ൌ
௡మሺ௔మమିଵሻ

ି௔భమ
ൌ ଵି୅

େ
. (D.7) 

The object and image foci are obtained from [212]: 

ܽଵଶ ൌ ݊ଶܥ ൌ െ௡భ
௙೚
ൌ െ௡మ

௙೔
, (D.8) 

n n2n1

b.f.l.

0<R1 R2<0

d

V1 H1 V2H2
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where fo and fi are measured with respect to their corresponding principal planes, i.e. H1 

and H2, respectively.  

The ratio –A/C from the ABCD matrix gives the effective back focal length (b.f.l.), 

measured from the right vertex of the lens [262], as shown in Fig. D.1.  

For a spherical convex/concave refracting surface (Fig. D.2), the ABCD matrix is 

written as [262]: 

M ൌ ቈ
1 0

ଵ

ோ
	௡ಽି௡ೃ

௡ೃ

௡ಽ
௡ೃ

቉. (D.9) 

According to the sign convention, radius of curvature is positive (R>0) for a convex 

surface and negative for a concave (R<0) surface [212]. 

 
 

 
 

Figure D.2: (a) A spherical concave and (b) convex surface considered 
to find the ABCD matrix. nL and nR represent the refractive index of the 
left-hand and right-hand side of the surface, respectively. 

 
 
 
In order to derive the ABCD matrix for the lens shown in Fig. D.1, we begin from 

the left surface of the lens as and write: 

M୪ ൌ ቈ
1 0

௡భି௡

ோభ௡

௡భ
௡
቉. (D.10) 

Ray propagation in a dielectric layer of thickness d is represented by the following 

matrix [262]: 

nL nR

R>0

nL nR

R<0

(a) (b)
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Mୢ ൌ ቂ1 ݀
0 1

ቃ. (D.11) 

For the right surface of the lens we have: 

M୰ ൌ ቈ
1 0

௡ି௡మ
ோమ௡మ

௡

௡మ
቉. (D.12) 

The ABCD matrix of the lens is obtained by the multiplication of these three 

matrices in reverse order [262]: 

M	ൌ M୰MୢM୪ ൌ ቎

ோభ௡ାௗሺ௡భି௡ሻ

ோభ௡

ௗ௡భ
௡

௡ି௡మ
ோమ௡మ

െ ௡ି௡భ
ோభ௡మ

െ ௗሺ௡ି௡భሻሺ௡ି௡మሻ

ோభோమ௡௡మ

௡భ
௡మ
൅ ௗሺ௡ି௡మሻ௡భ

ோమ௡௡మ

቏. (D.13) 

And the effective back focal length is: 

b. f. l. ൌ ି୅

େ
ൌ

೏ሺ೙ష೙భሻషೃభ೙
ೃభ೙

೙ష೙మ
ೃమ೙మ

ି೙ష೙భ
ೃభ೙మ

ି೏ሺ೙ష೙భሻ
ሺ೙ష೙మሻ

ೃభೃమ೙೙మ

. (D.14) 

If both surfaces of the lens are placed in the same medium, i.e. n1=n2=nb, then [262]: 

M ൌ ቎

ோభ௡ାௗሺ௡್ି௡ሻ

ோభ௡

ௗ௡್
௡

௡ି௡್
௡್

ሺ ଵ
ோమ
െ ଵ

ோభ
ሻ െ ௗሺ௡ି௡್ሻమ

ோభோమ௡௡್

ோమ௡ାௗሺ௡ି௡್ሻ

ோమ௡

቏. (D.15) 

And 

b. f. l. ൌ
೏൫೙ష೙್൯షೃభ೙

ೃభ೙

೙ష೙್
೙್

ሺ భ
ೃమ
ି భ
ೃభ
ሻି

೏൫೙ష೙್൯
మ

ೃభೃమ೙೙್

. (D.16) 

For the case of n1=n2=1, where it is assumed that the lens is in air, we have: 

M ൌ ቎

ோభ௡ାௗሺଵି௡ሻ

ோభ௡

ௗ

௡

ሺ݊ െ 1ሻሺ ଵ
ோమ
െ ଵ

ோభ
ሻ െ ௗሺ௡ିଵሻమ

ோభோమ௡

ோమ௡ାௗሺ௡ିଵሻ

ோమ௡

቏. (D.17) 

And 

b. f. l. ൌ
೏ሺ೙షభሻషೃభ೙

ೃభ೙

ሺ௡ିଵሻሺ భ
ೃమ
ି భ
ೃభ
ሻି೏

ሺ೙షభሻమ

ೃభೃమ೙

. (D.18) 
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For the special case of a sphere with radius R, we have |R1|=|R2|=R and d=2R. 

According to the sign convention, we have R1>0 and R2<0. Therefore: 

M ൌ ቎

ଶ௡భି௡

௡

ଶோ௡భ
௡

ଶ௡భ௡మି௡ሺ௡భା௡మሻ

ோ௡௡మ

ଶ௡భ௡మି௡௡భ
௡௡మ

቏. (D.19) 

And 

b. f. l. ൌ ோ௡మሺଶ௡భି௡ሻ

௡ሺ௡భା௡మሻିଶ௡భ௡మ
.  (D.20) 

If we assume n1=1, for n=2 we have b.f.l.=0 for all R, which means that in paraxial 

regime, rays are focused at the back surface (concave surface) of the spheres and b.f.l. is 

not affected by n2. 

For the case of n1=n2=nb, we have:  

M ൌ ቎

ଶ௡್ି௡

௡

ଶோ௡್
௡

ଶሺ௡್ି௡ሻ

ோ௡

ଶ௡್ି௡

௡

቏. (D.21) 

And 

b. f. l. ൌ ோሺଶ௡್ି௡ሻ

ଶሺ௡ି௡್ሻ
. (D.22) 

In this case, according to Eq. (D.22), the condition n=2 does not provide focusing at 

the back surface of the sphere, in contrast with previous case, where we had n1=1. Here, 

we need n=2nb to provide the focusing at the back surface of the sphere. 

Finally, if it assumed that n1=n2= 1, then: 

M ൌ ቎

ଶି௡

௡

ଶோ

௡
ଶሺଵି௡ሻ

ோ௡

ଶି௡

௡

቏. (D.23) 

And 

b. f. l. ൌ ோሺଶି௡ሻ

ଶሺ௡ିଵሻ
. (D.24) 
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In this case, for n=2, we have b.f.l.=0 for all R, which means that in paraxial regime 

rays are focused at the back surface (concave surface) of the spheres. It can be seen that 

for 1<n<2 we have b.f.l.>0, which means that the focusing happens outside the spheres. 

For n>2, we have b.f.l.<0, which means focusing happens inside the sphere. 

Now, we consider a linear chain of three identical spheres surrounded by air from all 

sides, as shown in Fig. D.3.  

 
 

 
 

Figure D.3: A linear chain of N=3 identical touching dielectric spheres. 
 
 

 
The ABCD matrix for a 2-sphere system is calculated as:  

Mଶ ൌ MଵMଵ ൌ Mଵ
ଶ ൌ ቎

ሺଶି௡ሻమାସሺଵି௡ሻ

௡మ
ସோሺଶି௡ሻ

௡మ

ସሺଵି௡ሻሺଶି௡ሻ

ோ௡మ
ሺଶି௡ሻమାସሺଵି௡ሻ

௡మ

቏, 
(D.25) 

where M1 is the ABCD matrix for a single sphere. Effective back focal length of a chain 

of N=2 spheres is: 

b. f. l. ൌ
ିோ൫ሺଶି௡ሻమାସሺଵି௡ሻ൯

ସሺଵି௡ሻሺଶି௡ሻ
. (D.26) 

At n=2, we have b.f.l.=∞ for all R, which indicates collimated output rays in the 

paraxial regime. 

M1 M1 M1

M2

M3

n

R
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By considering b.f.l.=0 and solving Eq. (D.26) for n for a given R, we can find the 

refractive index needed to provide focusing at the concave surface of the second sphere. 

For example, R=0.125 mm and n=1.5 gives b.f.l.=0, but for R=0.150 mm the above 

equation has no solution for b.f.l.=0.  

For a chain of N=3 spheres, we have: 

Mଷ ൌ MଵMଶ ൌ Mଵ
ଷ ൌ ቎

ሺଶି௡ሻయାଵଶሺଶି௡ሻሺଵି௡ሻ

௡య
଺ோሺଶି௡ሻమା଼ோሺଵି௡ሻ

௡య

଺ሺଶି௡ሻమሺଵି௡ሻା଼ሺଵି௡ሻమ

ோ௡య
ሺଶି௡ሻయାଵଶሺଶି௡ሻሺଵି௡ሻ

௡య

቏. 
(D.27) 

And: 

b. f. l. ൌ
ିோ൫ሺଶି௡ሻయାଵଶሺଶି௡ሻሺଵି௡ሻ൯

଺ሺଶି௡ሻమሺଵି௡ሻା଼ሺଵି௡ሻమ
. (D.28) 

Again, it can be seen that at n=2, we have b.f.l.=0 for all R. 

For N=4 we have: 

Mସ ൌ ቎

ሺଶି௡ሻరାଶସሺଶି௡ሻమሺଵି௡ሻାଵ଺ሺଵି௡ሻమ

௡ర
଼ோሺଶି௡ሻయାଷଶோሺଶି௡ሻሺଵି௡ሻ

௡ర

଼ሺଶି௡ሻయሺଵି௡ሻାଷଶሺଶି௡ሻሺଵି௡ሻమ

ோ௡ర
ሺଶି௡ሻరାଶସሺଶି௡ሻమሺଵି௡ሻାଵ଺ሺଵି௡ሻమ

௡ర

቏. (D.29) 

b. f. l. ൌ
ିோ൫ሺଶି௡ሻరାଶସሺଶି௡ሻమሺଵି௡ሻାଵ଺ሺଵି௡ሻమ൯

଼ሺଶି௡ሻయሺଵି௡ሻାଷଶሺଶି௡ሻሺଵି௡ሻమ
. (D.30) 

For N=5 we have: 

Mହ ൌ (D.31) 

  ቎

ሺଶି௡ሻఱାସ଴ሺଶି௡ሻయሺଵି௡ሻା଼଴ሺଶି௡ሻሺଵି௡ሻమ

௡ఱ
ଵ଴ோሺଶି௡ሻరା଼଴ோሺଶି௡ሻమሺଵି௡ሻାଷଶோ

௡ఱ

ଵ଴ሺଶି௡ሻరሺଵି௡ሻା଼଴ሺଶି௡ሻమሺଵି௡ሻమାଷଶሺଵି௡ሻయ

ோ௡ఱ
ሺଶି௡ሻఱାସ଴ሺଶି௡ሻయሺଵି௡ሻା଼଴ሺଶି௡ሻሺଵି௡ሻమ

௡ఱ

቏. 

b. f. l. ൌ
ିோ൫ሺଶି௡ሻఱାସ଴ሺଶି௡ሻయሺଵି௡ሻା଼଴ሺଶି௡ሻሺଵି௡ሻమ൯

ଵ଴ሺଶି௡ሻరሺଵି௡ሻା଼଴ሺଶି௡ሻమሺଵି௡ሻమାଷଶሺଵି௡ሻయ
. (D.32) 

Using the same procedure for a chain of N spheres, we have: 

M୒ ൌ Mଵ
୒. (D.33) 
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In Fig. D.4, we show the b.f.l. as a function of n for chains of N=1-5 identical 

spheres with D=300 µm, by using Eqs. (D.24), (D.26), (D.28), (D.30), and (D.32), which 

shows that by adding more spheres to the chain, generally, the paraxial b.f.l. moves away 

from the back surface of the end-sphere. For example, for sapphire spheres considered in 

Section 4.2.2.3 of Chapter 4, with n=1.71, the paraxial b.f.l. for 1, 3, and 5 spheres is 31, 

100, and 203 µm, respectively. However, as we showed in Section 4.2.2.3, due to the 

dominant contribution of PFMs (which experience much smaller loss compared with 

paraxial rays) in the output beams, the focusing (maximum irradiance) is provided just at 

the back surface of the end-sphere for chains considered in Section 4.2.2.3. This point 

indicates that an essential distinction exists between the focusing properties of paraxial 

rays and that of the PFMs.  

 
 

 
 

Figure D.4: Paraxial back focal length as a function of refractive index 
for linear arrays of touching spheres with D=300 µm. 
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APPENDIX E: SPHERES SIZES IN A CONICAL DESIGN 
 
 

In this appendix, we find the relation among radii of the spheres in a conical 

structure. From the geometry of Fig. E.1, we can write the following equalities: 

ሺݎଵ െ ଶሻଶݎ ൅ ଵݔ
ଶ ൌ ሺݎଵ ൅ ଶሻଶݎ → ଵݔ ൌ  ଶ, (E.1)ݎଵݎ√2

ሺݎଶ െ ଷሻଶݎ ൅ ଶݔ
ଶ ൌ ሺݎଶ ൅ ଷሻଶݎ → ଶݔ ൌ 2ඥݎଶݎଷ, (E.2) 

௫య
௫మା௫య

ൌ ௥య
௥మ
→ ଷݔ ൌ

௥య௫మ
௥మି௥య

ൌ
ଶ௥యඥ௥మ௥య
௥మି௥య

, (E.3) 

௫రା௥య
௫రାଶ௥యା௥మ

ൌ ௥య
௥మ
→ ସݔ ൌ

ଶ௥య
మ

௥మି௥య
, (E.4) 

ଵݎ
ଶ ൅ ሺݔଵ ൅ ଶݔ ൅ ଷሻଶݔ ൌ ሺݎଵ ൅ ଶݎ2 ൅ ଷݎ2 ൅  ସሻଶ, (E.5)ݔ

Substituting values of ݔଵ to ݔସ from Eqs. (E.1-E.4) in Eq. (E.5), yields: 

ଵݎ
ଶ ൅ ൬2√ݎଵݎଶ ൅ 2ඥݎଶݎଷ ൅

ଶ௥యඥ௥మ௥య
௥మି௥య

൰
ଶ

ൌ ቀݎଵ ൅ ଶݎ2 ൅ ଷݎ2 ൅
ଶ௥య

మ

௥మି௥య
ቁ
ଶ
. (E.6) 

By selecting the values for r1 (175 µm) and r3 (25 or 50 µm), the value for r2 for each 

case is calculated from Eq. (E.6).  

 
 

 
Figure E.1: Schematic of a conical design with three spheres. 
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