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ABSTRACT

WILLIAM SCOTT RABURN. Characterizing the Topology of Partially Polarized
Vortex Beams. (Under the direction of DR. GREG GBUR)

Singularities defining the topology for the polarization state of nonuniformly polarized
electromagnetic beams have been a topic of both theoretical and practical interest,
including improvements to remote sensing and free-space optical communications, for
many years. However, atmospheric turbulence can distort the features of singularities
over long propagation distances, limiting their use in many cases. One solution being
considered is the reduction of spatial coherence of light, as partially coherent beams
have shown increased resistance to turbulence under a broad range of situations.
Work on coherence singularities of scalar fields supports this as well. However there
has been relatively little work done to explore singularities of the intersection of the
two phenomena of nonuniform partial coherence and nonuniformly polarized fields.
Namely the singularities in the unified representation of coherence and polarization
state, such as the cross spectral density matrix of nonuniformly partially polarized
wavefields.

In this dissertation, we use a simple model of partially polarized electromagnetic
vortex beams to highlight three different ways that one can define polarization sin-
gularities in scalar wavefields. One of those, projections of the cross spectral density
matrix defining the beam, has not previously been discussed. We then detail the
evolution of those novel partial polarization singularities and how the position and
number of singularities are affected by different levels of atmospheric turbulence. We
find that there are projections where the singularities persist on propagation, sug-
gesting their possible use in applications.

We lastly explore a potentially simpler way to express polarization and partial

polarization singularities as phase singularities. It was established by Green and
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Wolf in 1953 that an electromagnetic wave can be characterized by a complex scalar
potential, including its energy and momentum densities. In this paper, we show
that for electromagnetic beams this scalar potential can be used to fully describe the
beam’s topology. We further demonstrate that this scalar potential can be used to

characterize the topology of partially polarized vector beams as well.
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INTRODUCTION

This dissertation expands the field of singular optics to cover the topology of
nonuniformly partially polarized vortex fields. These are beams where the polar-
ization is nonuniform within the cross section and the degree of polarization varies as
well.

Singular optics is the field of research concerned with singularities in attributes of
fields used to describe electromagnetic waves, and the associated topology. For most
of the history of optics research the emphasis has been on where electro-magnetic field
has higher intensity, however after researchers began noting the topology of the fields
phase near where the intensity is zero more research was done in this direction creating
the subfield of singular optics. Singular optics as a field is the study discontinuities
in some aspect of any category of oscillating electromagnetic fields. This dissertation
explores singular optics in electromagnetic beams specifically. The simplest type of
singularity is in the phase when fields can be treated as scalars.

For electromagnetic fields whether the full vector description is used or it is treated
as a scalar, the electric field as an observable is real valued. Despite this the complex

field U(r,t) is often used for convenience in place of

Ur,t) =U(r,t) + U*(r,t) . (1)

where for monochromatic fields U(r,t) = U(r)e~™!. The phase of a scalar field, or
component of a vector field, then becomes the argument of the complex field making
it much more tractable analytically and often for the monochromatic fields used in

this dissertation the complex value U(r) will be used, without the tilde, in place of
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the real valued scalar or vector field. While many may consider this form merely a
mathematical convenience they are also the field values that follow from the complex
valued electromagnetic 4-potential used in quantum electrodynamics. This singularity
occurs at locations where the intensity is zero. For instance the a phase singularity

is present along the Z axis of any field

Ulz,y,2) = (z £ iy)"u(z,y,2) (2)

where m > 0 is an integer and w is defined at the axis where U(0,0,z) = 0 and
the intensity, Ulr) * U(r), is zero. At that point Arg(U) the phase is undefined
with the a value in the neighborhood of the point changing by an integer multiple
of 27 as the point is circled. These singularities and the space around it make up
what are called optical vortices due to how the phase dependence on the optical axis,
z, and time cause this phase change with the azimuthal angle to take the form of
rotating with respect to both in a manner reminiscent of a vortex. These vortices
and the singularities they surround have found application in fields like free-space
communication, optical tweezing, and imaging processing.

Singular optics includes the study of singularities in many other aspects of fields,
whose locations while associated the zeros of some variable are not necessarily at zeros
of intensity. Most singularities share the structure of a singular point in the cross
section of a beam around which the property that is undefined at the point changes
as the point is circled returning to the same or equivalent value due to the property
being a phase or physical angle. In those cases interesting 'new physics’ come with
introduction of integer valued topological charges, for phase, and indices for others to
describe the singularity. The total charge or index of the beam is conserved, leading
to the singularities acting similarly to pseudo-particles being created and destroyed

in opposite pairs or decaying from a singularity with a higher topological charge
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to multiple lower charge singularities, meaning there is new physics to explore with
every new type. There are still many types of singularities that either haven’t been
studied extensively or haven’t been defined at all and this dissertation will explore
these singularities.

The type of beams that have had their singularities and topology studied more
than any other, aside from scalar beams, are electromagnetic beams. These are beams
where the scalar approximation is no longer applicable and the state of polarization
is not uniform along a beam cross section. In these beams it is the orientation of the
polarization ellipse and handedness that can have singularities rather than the phase
since each of the two components of the field have their own independent phase.

Polarization singularities are more complex then phase singularities or even simply
in singularities in the angle of a real vector field as can be seen in figure 1 of the
polarization ellipse, a shape used to physically describe polarization, where there is
orientation, shape and handedness. Isolated points of circular polarization in the
cross section of a beam, called C-points, are singularities in the orientation of the
polarization ellipse, while isolated lines of linear polarization called L-lines are singu-
larities in the handedness of the polarization. Less typically a singularity in both can
exist and these are known as V-points. Like the phase singularities these polarization
singularities have found use in free-space communication among other applications.

This pattern of a change in the beam, in this case from uniformly polarized to
nonuniformly polarized causing the singularity types present to change, is common
pattern. A beam can also lack a phase singularity when the overall coherence of a
beam decreases. When even simply two monochromatic beams of close frequency
interact they produce a beat effect if the frequency bandwidth of a beam of light can
not be ignored the modes at different frequencies similarly add to each other with
seemingly random phase difference leading to the random value of the field. This

random fluctuation whether it is caused by randomness in the source medium or just



Figure 1: Above is pictured a generic polarization ellipse. It shows the path that the
electric field E(r,t) would trace out over time if the tail of its vector is at the origin.
The orientation of the ellipse is defined by the angle ¥ between the major axis where
|E| = ap and the x axis.

the beam frequency width causes the zeros in intensity to be 'washed out’ by the
random fluctuations that come with decreased coherence. The study of singularities
of partially coherent vortices began more recently but is becoming well established.
Instead of singularities in the field itself, singularities exist in the phase of the cross
spectral density between two points. The phase singularities of this complex scalar
even just within a cross section of the beam are embedded in a four dimensional space
of the two points. This too has been suggested for use in free-space communication
since beams traveling through turbulent air will naturally lose some coherence.

Due to the relatively young age of singular optics there are many types of opti-
cal singularities that have yet to be fully explored or even defined. There are many
types of singularities in optics whose physics are only just beginning to be explored,
remain completely unexplored or even have yet to be identified. Some of these are
more complex beams such as higher moments or multi-frequency beams as well as

combinations of these characteristics with others such as partial coherence or nonuni-



5
form polarization. Each of these can also be further complicated by different media
types that they could be propagating through. There are also other simple esoteric
characterizations of a beam whose singularities may be found.

This dissertation attempts to expand the breadth of singularity types studied by
defining novel singularities and creating a class of beams useful for exploring topologies
associated with partially coherent nonuniformly polarized beams. The singularities
explored represent in a way two ends of the spectrum of topological topics left to be
explored.

The first involves singularities of beams with the combined properties of two types
of beams for which singularities have already been studied by themselves, nonuniform
polarization and partial coherence. As both have relevance to the same application of
free space communication looking into a beam, with the advantages of both is desired.
The topology of both introduce complications, as compared to phase singularities
of coherent scalar fields, due to the matrix definition when considering nonuniform
polarization and the need for a function of two points for nonuniform coherence.
The cross-spectral density matrix used to describe such a beam therefore has a more
complex topology then either the polarization matrix or the scalar cross spectral
density.

The second description of the electromagnetic beam is unlike the first both of a
very simple structure a complex scalar that is a function of position and time. This
is the complex scalar potential that Green and Wolf defined, in 1953, that justifies
the use of scalar waves in optics through its construction dependent on polarization
of modes. Other than as a justification for using scalar wave descriptions in any case
if one is only concerned with energy and momentum, the idea though novel never
found much use on its own but may now find new use when applied to fields such as
singular optics that did not exist at the time the idea was first introduced. We find

that the phase singularities of the complex scalar potential have a meaning distinct
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from that of a simple scalar beam and the polarization of a vector beam. However
the time average of its square and other second order parameters fully reproduce the
topology of the full vector beam just as Green and Wolf originally showed that the
energy and momentum density could be found. Similarly the topology of partially
polarized beams can also be found by expanding those same parameters to two points.

Like the more robustly studied topologies of singular optics the topologies asso-
ciated with these novel singularity types will have interesting physics related to the
interaction of singularities both in propagation and as the character of the beam
changes. They also may prove useful for applications especially free-space communi-
cation.

The chapters of this dissertation consist of three papers that cover these topics.
The first chapter explores three types of singularities that exist for partially polarized
vortex beams, and introduces an appropriate class of beams to explore the form these
singularities take in a cross section of the beam and how they relate to the fully
polarized vector vortex beams. The second paper more fully describes the topology
of one those types of singularities, the vector field given from projections of the cross
spectral density matrix. This is done by analytically propagating our class of beam
through different levels of turbulence and in the process creating a more general class
of beams of partially polarized vortex beams as well.

Finally in the third paper we look at singularities of the complex scalar potential
introduced by Green and Wolfe in the case of beams. Despite its scalar nature we are
able to fully reproduce the topology of the polarization ellipse and this perspective

gives us new insights and in some cases brings simplification when modeling the beam.



CHAPTER 1: SINGULARITIES OF PARTIALLY POLARIZED VORTEX BEAMS

abstract

Singularities in the polarization state of nonuniform electromagnetic beams have
been a topic of both theoretical and practical interest for many years, as have sin-
gularities in the correlation functions of random scalar wavefields. However, there
has been relatively little work done to explore the intersection of these phenomena,
namely singularities in the polarization state of partially coherent wavefields. In this
paper, we use a simple model of a partially coherent electromagnetic vortex beam to
highlight three different ways that one can define polarization singularities in scalar

wavefields, one of which has been not previously been discussed.
1.1 Introduction

The study and application of singularities in wavefields has grown in recent years
into a vibrant and significant subfield of optics, known as singular optics [1, 2, 3]. The
most commonly discussed types of such singularities are phase singularities in scalar
waves, which typically manifest as lines of zero intensity in three-dimensional space.
Around these singularities the phase has a circulating or helical structure, which has
led to them being called optical vortices, here referred to as scalar optical vortices.
Such singularities have been applied to fields such as free-space optical communication
[4, 5], optical tweezing [6, 7| and image processing [8, 9.

To use a scalar wave description of light, the state of polarization is assumed to
be uniform. Research over the past twenty years has demonstrated, however, that
novel effects arise for optical beams that have spatially-varying polarization, known

as vector beams. For vector beams, singularities of phase are no longer typical, and
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instead the most common singularities are singularities of the state of polarization.
These come in two generic types: C-points (points of circular polarization where
the orientation of the polarization ellipse is undefined) and L-lines (lines of linear
polarization where the helicity of the polarization ellipse is undefined). Much work
has been done to elucidate the properties of polarization singularities, and beams with
such singularities have been shown to be useful in a number of applications, including
focusing [10, 11] and atmospheric propagation [12, 13].

But no light wave is truly monochromatic, and in recent years researchers have
delved into the behavior of wavefield singularities when the field is partially coherent.
For the scalar case, it has been shown that phase singularities evolve into singularities
of the two-point correlation function when the spatial coherence of a wavefield is
decreased [14, 15, 16]. There has now been a significant amount of research on
partially coherent scalar vortex beams [17, 18, 19, 20].

In contrast, there has been relatively little work done to investigate the nature of
polarization singularities in partially coherent vector vortex beams, and how they are
related to their fully coherent counterparts; exceptions include the papers of Felde et
al. [21], and Soskin and Polyanskii [22|. The vectorial nature of such beams, however,
presents more than one way to define singularities related to the state of polarization
In this paper, we highlight three ways of characterizing the singularities of a partially
coherent electromagnetic wavefield, one of which has previously gone unmentioned.
We introduce a simple model of a partially coherent electromagnetic beam possessing
a polarization singularity, and examine how that polarization singularity manifests
through the different ways of characterizing it.

We begin by reviewing needed definitions related to polarization singularities and
coherence, and then discuss the different ways of classifying singularities in partially
coherent electromagnetic waves. We then use our model to examine the relationships

between the different classifications, and their significance.



1.2 Polarization singularities

In a coherent paraxial electromagnetic wave, the state of polarization is generally
elliptical, with the polarization ellipse described by its handedness, angle of orienta-
tion W, and ellipticity (ratio of minor to major axis). The most commonly occurring,
or generic, singularities in the cross-section of such a beam are C-points and L-lines,
which correspond to points of circular polarization and lines of linear polarization,
respectively. C-points are singularities in the orientation of the polarization ellipse,
and L-lines are singularities in the handedness of the ellipse. We focus on C-points
and their non-generic cousins here, which are the most topologically interesting.

C-points may be readily found using the Jones vector of the electric field in a circular
polarization basis, which we write as |E), .. Here “LR” refers to the left-hand circular
E; and right-hand circular E'r complex components of the electric field, with vector
dependencies X + iy and X — iy, respectively. A point of pure circular polarization
will manifest anywhere that one of the complex components vanishes, e.g. E; = 0.
The phase 6, of the component at this point is consequently undefined, making, for
example, a right-handed C-point a phase singularity of the scalar component Ej of
the field.

C-points are characterized by the behavior of the orientation angle ¥ as one tra-
verses a closed loop around the singular point. This angle must vary continuously
with position, except at the C-point itself, and therefore can only change by multiples
of 180° around any closed loop. This change is referred to as the topological index n,
and may be formally defined by the following integral,

n = % dr- V¥(r). (1.1)

The topological index of different polarization singularities is additive: a loop taken

around multiple singularities will give an index equal to the sum of the indices of the
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Figure 1.1: Orientation of the major axis of the polarization ellipse for (left) a lemon
(n = 1/2) and (right) a star (n = —1/2), in the plane perpendicular to the optical
axis. The major axis is depicted two ways: with lines indicating the major axis
direction for selected positions and with a colormap to indicate the value of .

individual singularities. C-points in particular come in three generic types: lemons
with index n = +1/2, stars with index n = —1/2, and monstars with index n =
+1/2. The monstar is a less common transition singularity formed in creation and
annihilation events between singularities, so we focus on lemons and stars, which are
illustrated in Fig. 1.1. In this figure, we illustrate the orientation of the major axis
with line segments as well as colors representing the angles.

It is to be noted that the topological index can be readily found from the values of
the topological charges of the two components FE; and Eg of the electric field, as we
now show. The topological charge ¢ is the net number of 27 changes the phase of the
component undergoes in a closed path around the singularity or singularities, and is
formally defined as

t= L dr - Vé(r), (1.2)
2m

where 6 is the phase of the particular component.
To determine the relation between the charges of the components and the index

of the singularity, we apply some intuition about the properties of the polarization
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ellipse. In the LR basis, the two vector components rotate in opposite directions with
angles that we label as ¢ (r,t), ¢r(r,t). The total field will point along the major
axis of the ellipse at a time ¢ty when these two angles correspond with the ellipse

orientation angle, or

U(r) = ¢r(r,to) = ¢r(r, to). (1.3)

But these two rotation angles may be related to the complex phases 01, g(r) by the

relations

or(r,t) =wt —0,(r), o¢gr(r,t) =0g(r) — wt, (1.4)

where w is the angular frequency of light. We may eliminate the time dependence ¢,
from these equations by summing ¢ (r,t) and ¢r(r,t); by further using Eq. (1.3), we
get the relation

Or(r) — 0L (r)

W(r) = Lo (1.5)

If we substitute this expression into Eq. (1.1), we readily find that

% dr - V¥(r) = % {%%dr - VOg(r) — %%dr : VQL(I‘)} : (1.6)

Using the definition of topological charge, we have

1 At
n = §(tR — tL) = 7 (17)

In short, the topological index can be determined directly from the difference of the
enclosed topological charges of the left- and right-handed components; this result was
first determined by Angelsky et al. [23].

It is to be noted that this result indicates that polarization singularities of topolog-
ical index n = £1/2 can come in generic and non-generic forms. In the generic form,

one component has topological charge unity and the other has topological charge zero,
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resulting in a point of circular polarization, and the C-points are the types one expects
to see form naturally in random wavefields. However, any case where the topological
charges differ by an integer will result in a half-integer topological index, and will
have the form of a star or lemon. However, the intensity of the field will be zero at
the singularity, and not a point of circular polarization. We refer to these non-generic

lemons and stars as polarization vortices to distinguish them from C-points.
1.3 Partial coherence in scalar and vector fields

The discussion so far has focused on monochromatic fields. When studying fields
that are fluctuating in space and time, one must turn to a statistical description of
their behavior. For scalar fields, the preferred quantity of study is the cross-spectral
density; for vector fields, the preferred quantity is the cross-spectral density matrix.
In this section we briefly review relevant definitions related to these functions.

For a statistically stationary scalar field, the cross-spectral density W (ry,ry, w) of

the field at two points r; and ry may be defined as

W(ry, ro,w) = (U(ry,w)U(ry,w))e, (1.8)

where we use a tilde to represent the complex conjugate and (---), represents an
average over an ensemble of monochromatic fields {U(r,w)}; as first demonstrated
by Wolf [24], this ensemble can be created for any partially coherent field. The cross-
spectral density is in general frequency dependent, but for quasi-monochromatic fields
of central frequency wy the overall behavior of the field can be well-represented by
the cross-spectral density evaluated at wy; we will consider such cases for simplicity
and suppress the frequency dependence in later expressions.

The cross spectral density can be used to directly calculate two important ob-
servables of the field: the spectral density S(r) = W(r,r) and the spectral degree of

coherence p(ry, ry), a normalized quantity that is equal to the visibility of interference
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fringes observed when measured with Young’s two-pinhole experiment,
W(I‘l, I'Q)

pu(ry, o) = W (1.9)

As also shown by Wolf [24], the cross-spectral density can always be written in a

modal representation called the coherent mode representation, of the form

W(r,rs) = As(r1)ds(rs). (1.10)

Here, \; > 0 is an eigenvalue and ¢,(r) is an orthonormal eigenfunction of the cross-

spectral density, as determined from the relation

AW(F1,F2)$S(T1)d2T1 = As@s(T2). (1.11)

The domain of integration depends on the geometry of the problem, but is typically
taken to be the source plane of a paraxial beam. The summation may be over one
or more indices, and may be finite or infinite; for a two-dimensional domain, it is
typically a double sum.

The coherent mode representation is a convenient way to illustrate that singulari-
ties of phase — associated with zeros of intensity — are not typical features of partially
coherent waves. As first noted in Ref. [14], in order for a zero of intensity to appear
at a given point, the real and imaginary parts of each mode must simultaneously
vanish at that point. If there are N modes, this involves satisfying 2N equations with
2 degrees of freedom in a cross-section of the partially coherent beam. This is an
overspecified problem unless N = 1, which is the fully coherent case. So phase singu-
larities associated with zeros of intensity are not commonly encountered in partially
coherent fields.

Phase singularities of two point correlation functions such as the cross-spectral
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density, however, are common. The cross-spectral density satisfies a pair of Helmholtz
equations, and by fixing one point, say r; = rp, the cross-spectral density is equivalent

to a monochromatic wave in the other variable, satisfying the Helmholtz equation,
(V2 4+ KW (rp,1y) = 0, (1.12)

where k = w/c and V3 is the Laplacian with respect to variable ry. Just as monochro-
matic fields will typically possess optical vortices, the cross-spectral density will typ-
ically possess coherence vortices. It is to be noted, however, that by fixing one point
of observation, we are only seeing a projection of the singularity, which exists in a
higher-dimensional ry, ry space; studies of the structure of the complete singularity
have been done in both the source plane [16] and on propagation [25].

For convenience, we note that the cross-spectral density may be written using bra-

ket notation from quantum theory,

W(ry,ra,w) =Y A (rals),, (s|r1),
s (1.13)

= (ra| Afry),,,

where (r|s), = ¢s(r,w) and A is equivalent to the usual quantum density operator.
When studying paraxial electromagnetic beams, it is most efficient to decompose
them into two orthogonal polarization components a and b. Therefore there are
four different field correlations to consider, between 4 different scalar modes E,(r1),
E.(r2), Ep(r1), and Ey(rz). In order to deal with this increased complexity, the cross

spectral density matrix W is introduced,

W(ri,12) = (Ef(r1) ® E(r2)) (1.14)

= (r2|Afry) .
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A number of observables of the field may be calculated from this matrix, such as the

polarization matrix J(r) = W(r,r) and the electromagnetic degree of coherence [26],

defined as
TI'(W(I'l s I'Q))

V(I (r) Te(J(r2))

where Tr represents the trace of the matrix. In analogy with the scalar cross-spectral

n(ri,Te) = , (1.15)

density, W(ry,rs) can be written in a coherent mode representation.

Wi(ry,r) =Y AEL(r) @ By (r) (1.16)
or in terms of the density operator

Wi(ry,r2) = (ra Afry)
(1.17)
Wij(r1, 1) = (r2, j| Alry, ),

where now (s|r;) = E4(r1) represents a vector coherent mode of the field.
1.4 Singularities in partially coherent vector beams

In making a change from scalar beams to vector beams, the singularities of interest
change from optical vortices to polarization singularities. In making a change from
coherent scalar beams to partially coherent scalar beams, the singularities of interest
change from optical vortices to correlation vortices. We now come to the key ob-
servation of this article: in going from coherent vector beams to partially coherent
vector beams, we end up with more than one way of defining and characterizing the
singularities. In this section, we first discuss two known ways of characterizing them
and then introduce a third.

The first approach is perhaps the most straightforward: at any given point, i.e.
r; = ro = r, we may always uniquely decompose the cross-spectral density into a

fully polarized part and a completely unpolarized part, as first illustrated by Stokes
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[27] and derived in modern form in Ref. [28]. The polarized part by itself will be a

continuous vector field, and will therefore possess C-points that can be characterized

as for a fully coherent field, which we refer to as coherent polarization singularities.

The decomposition may be written in the form

J(r)

= W(r, r) = jpol(r, r)+ junpol(r, r).

The polarized and unpolarized parts may be written as

_ A(r
Junpol(ra I‘) = ( ) ! )
0 A(r)
Jo(rr) — B(r) D(r) |
I D*(r) C(r)

where

Tr(J) £ /[Tr(J)]2 — 4Det(J)
2 )
(s, = ) + 5/ [T — 4Det(3),

(Jrr — Jrr) + %\/[Tr(j)P — 4Det(J),

N~ DN~

JLR-

(1.18)

(1.19)

(1.20)

(1.21)
(1.22)
(1.23)

(1.24)

We may view this characterization of the singularities of the field as looking purely

at their vector nature, by focusing on the “diagonal” (r; = ry) elements of the cross-

spectral density. This decomposition was originally formulated in the zy polarization

basis, but has the same form in the LR basis.

Working in the LR basis has a particular advantage in studying singularities, how-

ever. Because a C-point is defined as a point where the field is circularly polarized,

Jrr = 0 at every C-point. Furthermore, the coherent part of the field can be written
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as the direct product of a Jones vector with itself in the LR basis, with components
Er(r), Eg(r), such that Jog(r) = & (r)Er(r). Since Eq. (1.5) shows that the orienta-
tion angle W(r) is directly related to the phases of the LR field components through
2U(r) = Or(r) — 0. (r), the orientation angle of the ellipse for the coherent part of the
field can be derived directly from the phase of Jpg(r).

It is to be noted that this decomposition cannot be applied globally to the whole
beam. As was shown by Wolf [29], it is not in general possible to separate a paraxial
vector beam into a polarized beam and unpolarized beam, each of which individually
satisfies the wave equation.

An alternative approach for studying the singularities of a vector cross-spectral
density is to focus on the analogy with the scalar case, and look for coherence singu-
larities in the directly observable part of the vector field. When performing Young’s
two-pinhole experiment with partially coherent electromagnetic waves, the visibility
of interference fringes is given by 7n(ry,rs), defined in Eq. (1.15). In analogy with
the scalar case, we may find eta singularities by fixing one observation point r; = rp
and looking for singularities with respect to the second point rs, i.e. points where
n(rp,ry) = 0. As noted by Raghunathan, Schouten and Visser [30, 31], these singu-
larities behave like scalar coherence vortices, with a discrete topological charge. Eta
singularities have been relatively unexplored compared to other classes of singulari-
ties, though they have been observed in Mie scattering [32] and in the propagation of
partially coherent radially polarized beams [33]. Whereas the coherent polarization
singularities focused on the diagonal elements of the cross-spectral density matrix in
space (r; = ry), this representation looks at the diagonal elements with respect to
polarization, in the form of the trace.

There is a third option, however, that may in a sense be considered a hybrid of the
two, or even a generalization. As in the scalar case, we look at the projection of the

cross-spectral density on a fixed reference point rp. Doing that here leaves us with a
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quantity that depends on a single spatial variable ry, but is still a 2 x 2 matrix. We
now further contract the cross-spectral density matrix with a polarization state a as

well.

Wpi(r) = (r|Alrp)|a)

= a-W(rp,r). (1.25)

The resultant quantity is a non-uniform complex vector field, which we expect to
possess polarization singularities; we refer to these as partially coherent polarization
singularities. Whereas the two previous classes of singularities essentially simplified
the cross-spectral density matrix by diagonalizing in either space or polarization and
projecting with respect to the other quantity, here we perform a projection with
respect to both space and polarization.

It is to be noted that the cross-spectral density matrix, and consequently the vector
a, are measured in the LR circular polarization basis. The resulting vector can be

written in terms of L and R components as

WP&(I‘) = CLRWRR(I') + CLLWLR(I'), GRWRL(I‘) + CLLWLL(I') . (1.26)

Several questions arise upon seeing the variety of distinct types of singularities that
can appear in partially coherent vector beams. The first of these is: how are such
singularities related to the singularities of the field in the coherent limit, if at all? The
second question is: what is the significance of these different types of singularities?
In the next section, we introduce a simple model of a partially coherent vector beam

with controllable spatial coherence to answer these questions.
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1.5  Construction of model PC beams

To construct a model of a partially coherent beam with a built-in polarization
singularity, we will utilize the relationship (1.7) between topological index and topo-
logical charge in the LR polarization basis to first construct a coherent field possessing
polarization singularities. This field will then be used in a beam wander model to
produce the cross-spectral density matrix of a partially coherent non-uniformly po-
larized beam. The behavior of the beam’s singularities can then be analyzed as a
function of the spatial coherence.

To model the R and L components of the coherent beam, we will use Laguerre-
Gauss beams of radial order 0 and azimuthal order m; we write these modes as |m).
We write the particular orders of each component as m = tg and m = t.

Written in coordinates natural for vortex beams, r+ = x + iy, and using t = am
where o = £1, the field of a scalar component with singularity centered at ¢ = (c;,c_)

is, in bra-ket notation,
(rle,t) = Con(0?)(ra — co)™e Fel?/20% gikz. (1.27)

The complex scalar constant 0 = w?(0) 4 %; from this we can determine the beam
width w?(z) = 2|0%(z)|/ cos(®(z)) and the Gouy phase, ® = arg(c?). The fields are

taken to be normalized; the normalization factors are included in

m/2+1
COS((D)) . (1.28)

o2

Equation (1.27) describes the behavior of a scalar field at any propagation distance

z. An electromagnetic field built from the scalar modes |c,¢) may then be written as

e A t) = A fe, t2) |L) + A e, tr) |R) . (1.29)
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To summarize the notation: here t; represents the topological charge of the ith com-
ponent, where «; is its sign and m; is its magnitude.

Using this model, a coherent beam of n = 1/2, for example, could be constructed
with (tg,tr) = (m + 1,m) for any integer m. The \; in the model are complex
coefficients whose relative phase affects the orientation of the polarization singularity,
and whose magnitudes define how far from the polarization singularity an L-line will
manifest. However, the location of singularities in the cross spectral density matrix
will be affected by the particular choice made, so they will be taken to both be unity
for the remainder of this article.

The beam wander model is a construction of a partially coherent beam through
an ensemble of coherent beams with shifted central axes. This model was first used
in 2004 [14] to model a partially coherent scalar vortex beam, and may now be
considered a special case of a technique for designing genuine correlation functions
[34]. The transverse position of the central axis is defined by the central point ¢ and
the probability density of the ensemble is given by p(c). For a scalar beam ®(r — c),

the cross-spectral density has the form

W(rp,r) = /_Zloch(c)cb*(rp —c)®P(r —c). (1.30)

[e.e]

The probability density is usually taken to be of Gaussian form, which allows the
entire integral to be evaluated analytically.

To create a polarization vortex beam with a prescribed topological index, it is
convenient to use separate phase vortex solutions for the R and L components and
take advantage of the relationship of their topological charges to index n described in
Eq. (1.7). A scalar model of partially coherent Gaussian beams of arbitrary topologi-
cal charge was introduced by Stahl and Gbur [20], and can be used to apply the beam

wander model to the R and L components. To make partially coherent beams carry-
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ing lemons and stars, we will expand that model to the electromagnetic case and then
choose the azimuthal modes of the L and R components so that $(tg —t) = £1/2.

The result is the following expression for the cross-spectral density matrix,

W(rp,r) = /_C:io?(: p(c) (rlc, 1,t) (c, 1,t|rp), (1.31)

with probability density

1
plc) = — /% (1.32)

Here ¢ represents the amount of wander the beam undergoes; 0 = 0 represents the
coherent limit.

The diagonal terms for this have already been solved in [20], giving

m N 2 - m;—
Wi = W,Qu > 0! (”Z) (Fota)” (1.33)
k=0
In this expression, W, is a Gaussian term dependent on the widths of the mode and

the probability density function, @);; is a coefficient dependent on the topological

charges t; = aym; ,

A% [ 22 212 r—rpl?
Wg:exp{——( + L +’ a )}

4 \ 0262 5202 |o|
22 mi/2+mj/2+1
0un=Leo (o (1.34)
Y27 o] + cos® 2
A? s
- ECZCJA o 75

and H; is a complex function that depends on the two coordinates r and rp of the

cross-spectral density,

1 1

. A .
Hilepr) = A (5 + 55 ) (o4 i) = ss(om i) (139)
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Furthermore, A is a length parameter of the form,
A? = 2u? + w?/6% (1.36)

It is to be noted that the function W, possesses no zeros and therefore does not
affect the number of singularities or their positions for any of the singularity types
considered.

The off-diagonal components of the cross spectral density matrix may be solved in

a similar manner, by evaluating the integral,

e S "
Wiw'x) = S5 [, = 2a)™ (0, = o™ .

« 6_‘1‘,_C|2/2&2€_|r_c|2/2a26_02/62.

Following a procedure analogous to that of Ref. [20], we employ the substitution
p=r.— A*(r,/5%+1/0?)/2, together with binomial expansions of the vortex terms

to get the following expression for the off-diagonal elements of W,

m;

W Q’LJ : Frmi—k prm;—l
Wij = TA2 ZZ , HJ’
k=0 1=0 l (1.38)

[e§) 2 2
x/dp2<£>k“€—%/d¢ pilasl-aik)e.
0 A 0

The integral over ¢ is equal to 2mdq;1—a;k, applying this and a straightforward

Gaussian integral compresses our result to the form,

=iy o)) (1 )
=0

:WgPij (7“+, 71*)7

(1.39)

where P;; is a polynomial factorable into 7 and r_ terms and m;,;, is the minimum
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of {m;,m;}. Using this formula, we can write the cross-spectral vectors, defined in
Eq. (1.25), and electromagnetic degree of coherence, defined in Eq. (1.15), in terms

of the nonzero W, and the polynomials F;; in the form

_ Wy(Prr + Prr)
VI [J(rp)] Tr [J(r)]

n (1.40)

Wpo= W, arPrr+arLPrr arPritarPrLr] (1.41)

Because our expression for the cross-spectral density matrix is analytic, we can
directly determine the number of phase singularities each component must possess.
Referring to Eq. (1.39) for P;;, we see that the largest powers of the polynomial are
of the forms (z — a;iy)™ and (z + o iy)™, resulting in m; and m; distinct roots,
respectively. We may therefore expect that there will be m; first-order singularities
of charge —ay, and m; first-order singularities of charge +c;.

We may use this observation to determine the singular behavior of the beam for
each type of singularity discussed. For coherent polarization singularities, the net

topological index, given by Eq. (1.7), will be determined by the zeros of Wyg, or

n = (—army + armg)/2. (1.42)

The topological index of the coherent part of the beam will therefore remain constant,
regardless of the state of coherence.

For eta singularities, we combine W;; and W;;. The first term will be a polynomial
of order m; in both +a; and —«;, and the second term will be a polynomial of order
m; in both +a; and —c«;. Let us consider the case where both o; > 0 and «; > 0, for
simplicity. Because the order of a sum of polynomials is the maximum of the orders

of the individual polynomials, we find that the number of positive singularities N;r
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and negative singularities NV,~ is given by

Nt = N~ =max(mg,mp). (1.43)

n n

The net topological charge will always be zero, though the number of positive and
negative charges will depend on the order of the components. For example, a lemon
made from tg = 3 and t;, = 2 would have 3 pairs of t = 1 and ¢t = —1 phase vortices.

A similar calculation may be done to determine the number and type of singularities
in Wp;. We again restrict ourselves to the case where a; > 0 and «; > 0. In this
case, the left component of the vector will have max(mpg, my) negative charges and
my, positive charges in general, while the right component of the vector will have mg
positive charges and max(mg, my) negative charges. The total number of lemons and

stars may then be calculated by:

Niemons = positive R-+negative L = mpg + max(mg, myp), (1.44)

Ngars = negative R+positive L = mp + max(mg,mp). (1.45)

This assumes that none of the zeros coincide, which is the typical scenario. It is to be
noted that the number may change in the special case when the projection vector a
is taken to be a pure circular polarization state. By making an appropriate selection
of a, not only the positions of the polarization singularities but their total number

may therefore be manipulated.
1.6 Singularities in model beams

We may now apply our model to investigate and confirm the behavior of the three
classes of singularities for partially coherent electromagnetic beams and their rela-
tionships to the underlying singularity of the coherent beam. In all examples, we

take wy = 0.5 cm.



25

Figure 1.2: Behavior of a coherent polarization singularity as the spatial coherence is
decreased, with (a) 6 = 0.1 cm, (b) § = 0.5 cm, (¢) 6 = 3 cm.

We first consider the case of coherent polarization singularities, characterized by
points where Jyg(r) = 0, where we take tgp = 1, t;, = 0, resulting in a generic lemon.
Figure 1.2 shows the behavior of the polarization singularity as the spatial coherence
is decreased.

It can be seen that the singularity is unchanged in position or even in phase struc-
ture as ¢ is varied. This result is also true for a non-generic lemon, with tz = 3
and t;, = 2 (not shown). We may explain this result as arising from the rotational
symmetry of all constituent parts of the field: the left and right components of the
field, as well as the probability distribution p(c), are all symmetric about their central
axes. Therefore, there is nothing in the model that provides a direction to break sym-
metry and allow the position of the polarization singularity to change. This result is
noteworthy as it suggests that the coherent polarization singularities maintain their
original structure when a beam is randomized under quite general circumstances,
and indicates that the topological index will remain unchanged on randomization, as
predicted by Eq. (1.42).

The situation for eta singularities, where 7(rp,r) = 0, is significantly different. In
Fig. 1.3, there is no eta singularity at the origin in the coherent limit, whereas there
is a polarization singularity at that position. This discrepancy arises because eta
singularities are associated with a zero of Tr[W (ry, )], which typically evolves into

a zero of intensity in the coherent limit. A generic C-point has a non-zero intensity,
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Figure 1.3: Behavior of an eta singularity as the spatial coherence is decreased, with
(a) 6 = 0.1 cm, (b) 6 = 0.5 cm, (c¢) 6 = 3 cm. Heretp = 1, t;, = 0 and the observation
point is taken at r; = (0.35,0.35) cm. Dashed lines have been included to show the
position of the coordinate system origin.

so this polarization singularity is not directly reflected in the behavior of the eta
singularities.

It can be seen that, as the spatial coherence is decreased, a second eta singularity of
opposite charge approaches from the point at infinity along the line of ry, resulting in
a field with a net topological charge of zero near the origin. This is the same behavior
seen for correlation singularities in scalar fields [14].

For a non-generic polarization vortex, the eta singularity behavior connects more
closely to the underlying polarization singularity, as seen in Fig. 1.4. In the coherent
limit, the polarization singularity is also a point of zero intensity due to the overlap
of zeros of the L and R components of the field. Therefore this corresponds to an eta
singularity at the origin, and that eta singularity is preserved as the spatial coherence
is decreased.

In Fig. 1.3, we end up with a single plus-minus pair as coherence is decreased,
whereas in Fig. 1.4 we end up with three pairs. These results are consistent with the
predictions of Eq. (1.43).

We finally consider the behavior of partially coherent polarization singularities
where Wp;(r) = 0, where the behavior of such singularities strongly depend on the
choice of projection a. We may naturally decompose the behavior into the case where

a is parallel to the polarized part of the field at the observation point rp and the case
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Figure 1.4: Behavior of an eta singularity as the spatial coherence is decreased, with
(a) 0 =0.1 cm, (b) 6 = 0.5 cm, (¢) § = 3 cm. Here tg = 2, t;, = 1 and the observation
point is taken at rp = (0.35,0.35) cm. Dashed lines have been included to show the
position of the coordinate system origin.

where a is perpendicular to this polarized part. Figure 1.5 shows the parallel case; we
can see that, in the coherent limit, this projection accurately reproduces the lemon
behavior at the origin.

The situation is different for the perpendicular case, as shown in Fig. 1.6. The net
topological index stays equal to that of the coherent limit, but there are additional
singularities present for this case, even as we approach full coherence.

According to Eq. (1.45), we expect to see two lemons and one star in general in
the projection as the coherence is decreased, and this is true in both Figs. 1.5 and
1.6. To further confirm that our calculation in Eq. (1.45) is correct, we consider the
higher-order polarization vortex case with tz = 2, t;, = 1 in Fig. 1.7. Now we predict

4 lemons and 3 stars, which can be seen in Fig. 1.7(c) and (d). It is to be recalled,

Figure 1.5: Behavior of a partially coherent polarization singularity as the spatial
coherence is decreased, with (a) § = 0.1 cm, (b) 6 = 0.5 cm, (¢) § = 3 cm. Here
tg = 1, t;, = 0 and the observation point is taken at rp = (0.35,0.35) cm. The unit
vector a is taken parallel to the polarized part of the field at rp.
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Figure 1.6: Behavior of a partially coherent polarization singularity as the spatial
coherence is decreased, with (a) § = 0.1 cm, (b) 6 = 0.5 cm, (¢) § = 3 cm. Here
tg = 1, t;, = 0 and the observation point is taken at r; = (0.35,0.35) cm. The unit
vector a is taken perpendicular to the polarized part of the field at rp.

however, that the number of zeros depends on the projection vector a; in our case,
we find that annihilation events happen in Fig. 1.7(e), resulting in fewer singularities

in the low coherence limit.
1.7  Conclusion

Although there is a simple relationship between coherent optical vortices and corre-
lation singularities when looking at scalar wavefields, there are multiple ways to define
singularities of a partially coherent vector field. In this article we have discussed three
different methods for defining partially coherent vector singularities, and introduced
a simple model of a partially coherent vector field to compare them.

Our model demonstrates that, in each case, the singularities that exist in a co-
herent vector field do evolve into singularities of the cross-spectral density matrix,
though each of the partially coherent projections have different relationships to their
coherent counterparts. It is to be noted that each of these projections will have their
own relevance to experimental observations. The coherent polarization singularities
will be reflected in the Stokes parameters of the partially coherent field, whereas
the eta singularities and partially coherent polarization singularities will appear in
Young’s two-pinhole interference experiments, where the fields from two different
spatial points are interfered. Furthermore, because the first two methods involve a

diagonalized projection of the cross-spectral density matrix in space or polarization,
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Figure 1.7: Behavior of a partially coherent polarization singularity as the spatial
coherence is decreased, with (a),(d) § = 0.1 cm, (b),(e) § = 0.5 cm, (c),(f) § = 3 cm.
Here tgp = 2, t;, = 1 and the observation point is taken at ry = (0.35,0.35) cm. The
unit vector a is taken parallel to the polarized part of the field at rp in (a), (b), (c)
and perpendicular in (d), (e), (f).

partially coherent polarization singularities cannot be derived from measurements of
either of these, and vice-versa. They represent distinct manifestations of singularities
in the partially coherent vector case.

It is of interest to note that there is an analogy here to a discussion that arose
several years ago, relating to the proper definition of the degree of coherence when
dealing with electromagnetic fields. In addition to the aforementioned definition
using eta [26], which is determined by the visibility of interference fringes, Tervo et
al. [35] simultaneously introduced a definition that stresses the statistical correlations
between field components. A third definition was introduced by Réfrégier and Goudail
[36] that stresses invariant properties of the field. It appears that the appropriate
choice of degree of coherence depends on the interests of the experimenter, and we

expect the same is true for the multiple possible definitions of singularities in partially

coherent electromagnetic fields.
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This article focuses on several definitions of electromagnetic singularities. Like the
scalar case [16], however, all these definitions are projections of the true partially
coherent electromagnetic singularities which exist in a higher-dimensional space, and
which is not easily visualized. Future work will involve trying to determine the nature
of such singularities, and it is hoped that the recognition of the various projections
will aid in this investigation.

From a practical perspective, we note that there has been much attention paid in
recent years to the use of optical vortices in free-space optical communication, which
potentially have several advantages over traditional communication schemes [4, 5|.
With this in mind, it would seem that beams possessing vector singularities will be a
natural next step in research, especially considering that vector beams possess some
advantages over scalar beams on propagating in atmospheric turbulence [12|. An
understanding of how polarization singularities evolve when the spatial coherence of
beams is reduced will be essential for such research, and we hope that this paper is a

step in that direction.
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CHAPTER 2: EVOLUTION OF THE POLARIZATION SINGULARITIES IN
PARTIALLY COHERENT BEAMS ON PROPAGATION THROUGH
TURBULENCE

abstract

In recent years, topological singularities of wavefields have been considered as struc-
tures that can improve a variety of optical technologies, including remote sensing and
free-space optical communications. However, atmospheric turbulence can distort the
features of singularities over long propagation distances, limiting their use in many
cases. One solution being considered is the reduction of spatial coherence of light, as
partially coherent beams have shown increased resistance to turbulence under a broad
range of situations. In this paper, we look at the evolution of polarization singularities
that arise in a particular projection of a partially coherent vector beam, and how the
position and number of singularities are affected by atmospheric turbulence. We find
that there are projections where the singularities persist on propagation, suggesting

their possible use in applications.
2.1  Introduction

In recent years, significant effort has focused on the science and applications of
wavefield singularities, becoming a subfield of optics in its own right known as singular
optics [3, 2, 37]. The most familiar form of such singularities are optical vortices in
scalar fields, which are lines of zero intensity in three-dimensional space around which
the field has a circulating or helical phase [38, 39]. These vortices are topological
structures of the wavefield, and for monochromatic waves the phase always increases

or decreases by an integer multiple of 27; this multiple is called the topological charge,
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t, of the vortex.

Entire classes of beams can be constructed with optical vortices on their central
axis; the most notable of these are the Laguerre-Gauss beams, where the azimuthal
order [ of the Laguerre-Gauss mode represents the topological charge of the beam
[40]. Because vortices are discrete features of a wavefield that are robust under small
perturbations, vortex beams have been considered as a means to increase the stability
and data transmission rate in free-space optical communications. One way this can
be done is by using different Laguerre-Gauss modes, which can be multiplexed and
demultiplexed optically, as independent data channels [41, 5|; the individual modes
will be distorted by atmospheric turbulence, however, resulting in modal crosstalk
[42]. An alternative is to use different vortex orders as an “alphabet” to replace
binary data information; it has been shown that vortices can travel long distances
in turbulence without distortion [43]; however, one must measure the phase of the
wavefield at the detector to extract the vortex information.

Vortices are the natural singularities in beams with a uniform state of polarization.
However vector beams, which have a nonuniform state of polarization in their cross-
section, instead possess singularities in the structure of the polarization ellipse, and
the typical type of singularities in this case are points where the polarization is circular
and the ellipse orientation is undefined [44]. A discrete topological index can be
associated with polarization singularities that takes on half-integer values, and these
singularities are also robust under perturbations of the field. These properties suggest
that polarization singularities could also be used as an alternative carrier of data in
free-space optical communications, with additional robustness due to the nonuniform
polarization; it has been shown that certain classes of nonuniformly polarized beams
have reduced intensity fluctuations in turbulence [12].

Another way to reduce the intensity fluctuations of beams in turbulence is to make

the beams partially coherent [45]. A beam with reduced spatial coherence is in a sense
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“pre-randomized” and will have fewer self-interference effects, reducing scintillations.
Optical vortices do not typically appear in such beams, but vortices can appear in
the two-point correlation function of a partially coherent beam, and these vortices
are also robust [46].

When a vector field is also partially coherent, even richer possibilities for wavefield
singularities appear. Recently, we demonstrated that one can envision three different
and largely independent types of singularities in vector partially coherent fields [47].
The first of these are polarization singularities in the fully polarized part of the field;
the second are scalar singularities in the degree of coherence of the field. The third
type are projections of the correlation matrix of the field onto a single polarization
state and observation point, which results in a set of polarization singularities in the
resulting vector field. This third class of singularities, like its partially coherent scalar
and coherent vector counterparts, might prove useful in transmitting data through
free-space.

In this paper, we look theoretically at atmospheric propagation of a class of partially
coherent vector beams carrying singularities. We look at the evolution of the projected
polarization singularities on propagation and their dependence on the source and

turbulence parameters.
2.2 Characterizing partially coherent vector beams and their singularities

A partially coherent field is randomly fluctuating in space and time, usually at
a rate too fast for a detector to measure. Optical coherence theory is therefore
typically concerned with averages of field quantities over an ensemble of realizations
that, assuming ergodicity, is equivalent to a long time average. For scalar fields, the
observable properties of the field are characterized by a two-point correlation function,

the cross-spectral density, that is defined as

W(p,q,w) = (U"(p,w)U(q,w)),, (2.1)
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where p and q represent the position vectors of two points within the field and
the brackets (), represent an average over an ensemble of a monochromatic field
realizations U(p,w), as first introduced by Wolf [48]. In most applications, fields
are quasi-monochromatic and can be well-described by their central frequency w; we
assume this to be the case moving forward and suppress expression of w.

We are most interested in highly directional beam-like fields, for which the polariza-
tion vector lies in a plane perpendicular to the direction of propagation. If the state
of polarization is nonuniform and varies within the beam’s cross-section, possibly in

a random manner, the beam must be characterized by a cross-spectral density matrix

defined as [49]

W(p,q) = (E'(p) ® E(q))

(Ei(p)Ei(q)) (Ei(p)E2(q)) (2.2)
(B5(p)Ei(q)) (E5(p)Ea(q))

where E(p) represents the transverse electric field at point p, E;(p) represents the ith
transverse component, with ¢ = 1,2 and ® represents the outer product of vectors.

The cross spectral density matrix includes the case p = q = r, which provides the
relative correlations between field components at a single point; these correlations
characterize the state of polarization. More details of the properties of the cross-
spectral density matrix can be found in Wolf [28].

In a partially coherent scalar beam, the singularities are pairs of points in the beam
cross-section where the cross-spectral density vanishes and the phase of the cross-
spectral density is therefore undefined. In a coherent vector beam, the singularities are
points where the orientation of the polarization ellipse, characterized by the azimuthal
angle ¥ of the major axis of the ellipse, is undefined. This is typically in the form of
an isolated point of circular polarization or a “C-point,” but also includes higher-order

singularities where the field intensity is zero, often called “V-points” [50].
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For the cross spectral density matrix of partially coherent vector beams, there are
in fact multiple types of vector field singularities that can be characterized. In our
earlier work [47], we outlined three ways to define singularities in W(p, q). The
most straightforward of these methods is to look at the singularities of the polarized
part of the field, derived from W (r,r). This case manifests singularities that are
essentially the same as those of a fully coherent polarized beam, and therefore this
case provides little novelty. The second method is to look at scalar singularities of

the electromagnetic degree of coherence 7(p, q), defined as

Tr[W (p, q)]
VIIW (p,p)|Tt[W (q, q)]’

n(p.q) = (2.3)

where Tr indicates the trace of the matrix. This method results in singularities that
do not appear to be directly connected with the polarization singularities of the field.

The most promising method of defining singularities in W (p, q) is to project the
matrix onto a fixed point p and polarization state a, where a is a generally complex

unit vector. This projection can be written formally as

Wap(q) =a-W(p,q), with p fixed. (2.4)

This projection itself behaves as an ordinary vector beam, and we may define a po-
larization ellipse for this beam with orientation W(q); this vector beam can therefore
possess its own polarization singularities. Formally, we should refer to these as po-
larization singularities of a projection of a vector partially coherent beam, but going
forward we will simply refer to them as polarization singularities. These projected
polarization singularities are the only ones we will concern ourselves with in this
paper.

The projected vector field can be thought of as a cross-section of the singularities

of the full cross-spectral density matrix in the higher dimensional space that defines
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W (p, q). This space is defined by allowing both p and g to vary in the cross-section of
the beam, and is effectively a four-dimensional space. The singularities that appear
at isolated points q for fixed values of p will become surfaces when p is allowed
to vary as well, suggesting the singularities form two-dimensional surfaces in our
four-dimensional space. Similar singular surfaces have been investigated for scalar
wavefields [51] and are well-defined but hard to visualize. The difficulties associated
with this are only exasperated by allowing the coordinates of the projected a on the
Poincaré sphere to vary as well, adding two more dimensions to the space and the
manifold describing the singularities. The projection of Eq. (2.4), in contrast, has
well-defined polarization singularities with half-integer values of topological index,
and these singularities are expected to be somewhat robust under perturbations such
as turbulence.

If we consider the complete propagated field instead of its behavior in a trans-
verse plane, the cross-spectral density matrix W (p, qg) becomes an effectively six-
dimensional space, as p and q are now three-dimensional spatial vectors. However,
we almost always study the cross-spectral density matrix in a single transverse cross-
section, so we are only considering an effectively five-dimensional space. In this case,
with p fixed, our singular points become singular lines.

Even if we construct a cross-spectral density matrix from an ensemble of vector
beams with a pure polarization singularity on the optical axis, we anticipate additional
singularities may be present in our projections due to the effects of partial coherence.
On propagation in free space, the field will become increasingly coherent in accordance
with the van Cittert-Zernike theorem (see, for example, [28]). It is expected that the
additional singularities will therefore disappear or have some measure of viability
approach zero as the propagation distance increases. For a beam propagating in
the atmosphere, however, turbulence is a source of coherence loss for the beam, and

part of our objective will be to see how these competing processes of increasing and
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decreasing coherence affect the singularities of the beam.
2.3 Model of partially polarized vector vortex beam

We are interested in a model of a partially polarized vector vortex beam that in
its coherent limit corresponds to a vector vortex beam with a specified topological
index. The most common model used is of Gaussian Schell-model type, one form of

which can be written as
W (p.q) = E'(p) ® E(q) exp[—R’/d}], (2.5)

where E(p) is a coherent vector vortex beam and the Gaussian function represents
the spatial degree of coherence between different points in space, with R = q — p,
and o, is the correlation length of the beam. Gaussian Schell-model beams are well-
known to lose their singularities on propagation, even in free space, making them
less than ideal for atmospheric applications. They also a topology for the projection
of W in the defined cross section which is indistinguishable from the polarization
singularities of the coherent beam FE used to define it and so includes none of the
novelty of partially coherent polarized beams we are studying.

We instead use a so-called beam wander model for a partially coherent singular
beam, in which the cross-spectral density is constructed out of an ensemble of identical
coherent vector vortex beams with shifted center axes. In the scalar case, entire
classes of beam wander model beams have been constructed out of every azimuthal
order Laguerre-Gauss beam [52] and every radial order Laguerre-Gauss beam [53],
and in the latter case it was shown that the singularities of such beams become more
prominent and deterministic as they propagate in free space.

We may construct a vector vortex beam of arbitrary topological index from scalar
vortex beams with orthogonal circular polarization states. If we construct a beam

from a left circularly polarized beam of topological charge ¢; and a right circularly
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polarized beam of topological charge tg, it has been shown [23] that the topological

index n of the resulting polarization singularity has the value
n = %(tR—tL>. (26)

It is to be noted that this expression implies that we can make different choices of ¢ty
and t7, that will result in the same n and will result in the same overall topological
structure of W. C-points arise when either tx = 0 or t;, = 0; if both are non-zero we
get a V-point.

For our scalar vortex beams ®;(r), with i = L, R, we take the familiar Laguerre-
Gauss beams of radial order zero and azimuthal order t; = +;m;, where m; = |t;].
Here the symbol +; represents the sign of the ith component, which may be taken to
be positive or negative; F; is 4+; multiplied by —1. These may be written in compact

form as

2

o} ore\ 2
(I)z(r) = AZO'2\/TTL_Z'( o2 ) eXp[_W] ) (27)

where A; is the overall amplitude and r+ = = 4+ iy. We have introduced a complex
parameter o? with dimension of area and constant real part ¢?; this accounts for
the Gaussian beam properties such as beam width w, wavefront curvature F' and the
Gouy phase ®. Because we will construct our partially coherent beams out of shifted
copies of these scalar beams, the overall topological index of the polarized part of the
beam will remain unchanged regardless of the state of coherence.

In the beam wander model, the cross spectral density matrix may be constructed
from a weighted incoherent sum of identical vector beams with shifted centers ¢, of

the form

W(p.q) = / LeA(Q) @ (p— ¢) @ (g — c), (2.8)
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where

Ae) = (mo?) exp[—c? /o] (2.9)

is the probability density of the ensemble of transverse c-values, o) is the variance
of the distribution, and ®(g — ¢) is one of the vector beams constructed from the
scalar components of Eq. (2.7). This construction was originally called the “beam
wander model” because the random axial position of the ensemble members is a
rough approximation of the beam wander experienced by coherent beams propagating
through atmospheric turbulence; the beams are now also called Rankine vortex beams
because of the Rankine vortex nature of their orbital angular momentum [54, 55]. As
the wander of the beam is increased, the spatial coherence of the beam decreases.

For notational simplicity, we introduce a parameter v, as an inverse squared width,
with 7, = 0,2, where the subscript a can refer to a number of different defined widths.
In this notation, g, always has dimension of length and ~,,, if complex, may be written
Yo = 74+ 172, Hence the Laguerre-Gauss mode of Eq. (2.7) can be written compactly
as

Di(r) = Ciy™ 1 exp(—v1?/2), (2.10)

where C; is a constant of units m”N/C and ~ is in reference to the beam width o.
We also take vy = 032.

We may now evaluate the integral of Eq. (2.8), which can be done analytically
because of the choice of a Gaussian for the probability density of Eq. (2.9) and
Laguerre-Gauss modes for the members of the ensemble. The method follows the

same approach of our previous paper [47], and we may write the , jth component of
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the cross-spectral density matrix as

Wis(p, @) = AwWS) (p, q)e 277~ ane* =l (2.11)
* m;— Z

W (p,q) = CIC; Z VP (2.12)

Qi(P,q) = 14z, + %72Riia (2.13)

P(p,q) = Q! = vips, — 11,R,. (2.14)

where again R = q — p, T represents the Hermitian conjugate with respect to the
coordinates p and g, and the coefficient ¢;;, = £!("}")(’;’). In the summation, the the
upper limit m is lowest common degree of polynomial between 7 and j and so is the
minimum of m; and m; when the two charges have the same sign and is 0 when they

do not; The 7, parameters for our model have the forms,

T

N= (2.15)
A
yI?
. = 5 _'_’y/, (2.16)
A

In the coherent limit, i.e. 7, — 00, 71 — 7 and 75 — 0, only the [ = 0 term of the
sum survives and the cross-spectral density matrix factorizes into the product of two
coherent Laguerre-Gauss modes of the form of Eq. (2.7).

If we consider J(r) = W(r, ), only 7, and 7, appear with 7, giving the waist and
Gouy phase while v, indicates coupling of the original beam modes into lower-order
modes through a reduction of spatial coherence.

We have separated out the term W ( P, q) in the cross-spectral density matrix
because the complex exponentials are the same across all components and possess no

zeros, which means that they do not add any topological features to the beam. The
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topology of W can therefore be analyzed by studying the topology of W(S) alone. If

we now consider the projection of the matrix defined by Eq. (2.4), we may write

7 (s) (s 578 578 (s
W= (Wit WEL Wi+ W)

o (2.18)
= |azCR1 > _ 0% (V) P + B85 (7)) P [(f;f) M=t 5o M ,
=0

where the topology is only dependent on the complex ratios 5, = ar/ar and o =
Cr/Cr. This projection will have singular points in ¥ where either W g or W,
are zero.

The number of zeros for a polynomial of one complex variable is the degree of the
polynomial; for most cases under consideration the number of zeros is equal to the sum
of zeros of ¢, and g_. In the case of £;1 = £;1 = £1, the right circular component is
a polynomial of mpg degrees in ¢ and My, = max(mg, my) degrees in q. For the
case of t; = m; this implies that the right circular component will introduce up to mpg
C-points with topological index of n = 1/2 (“lemons”) and max(mg,my) C-points
with topological index of n = —1/2 (“stars”), with left circular polarization at the
singularities. The zeros of the left circular component indicate there will be up to m,
stars and max(mg, m Léijll ) lemons with right circular polarization. The index of the

total beam is therefore
n==4 [%(mR—i—mmaX) —%(mL+mmaX)] = %(tR—tL), (2.19)

which is the desired topological index of the beam.

However, there are
Ny =mp + mgp + 2max(mpg, mp) (2.20)

total singular points in this case rather than one singular point at the optical axis
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as is the case for a coherent and Gaussian Schell beam. Putting in reasonable values
for the parameters v,, v, and C showed that our analysis correctly determines the
number and types of singularities that exist for the cases t = (1 0) and t = (2 1),
where t = (tg tr), in the cross-section of the beam in the source plane.

However, there are cases where the number of singularities is not equal to the
polynomial degrees in this way. For example, when 7, is complex, the number of
singularities can be reduced by multiples of two. Because a complex v, is equivalent
to free space propagation of the beam, we will address these cases in Section 2.5.

Let us analyze the case of t = (1 0), chosen because of its simplicity and because
its singularity is a familiar C-point. Our example, when projected onto the state a,

gives
WS)ZGR!C?zI((&JrBaBE) [Qi 50%[% o] ) (2.21)

and the zeros of its vector components correspond to the partially coherent polariza-
tion singularities. Let us consider how the position of the singularities depends on
the choice of projection, in particular the major axis angle of the projection and the
ratio f3,.

The zero in the left circular component is located at

0 2 _
Gr =ps + —ps + —|BcB,|e V0 (2.22)
Vo V2

where the major axis of the coherent mode used in the beam wander model is Wg =
¢/2+ Wy. If we consider a constant |3,| and vary Wg, we see that this singularity is
located on a circle and all positions on the circle are covered as the major axis goes
through all possible orientations.

The two zeros of the right circular component do not have clean analytical solutions
but setting WS) r = 0 defines the real and imaginary parts as circles, the intersection

of which are the singularities. The positions of the three singularities present, as a
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Figure 2.1: The position of the polarization singularities as the projection vector a is
changed. In (a), the singularity is projected onto a state where only the orientation,
V¥, of the polarization used in the projection is varied while the eccentricity is set so
that |8,8¢| = 0.5 cm™. The color of each point along the line of singularity indicates
the angle W, for which the singularity is located at the point shown. In (b), the
singularity is projected onto a state with a constant major axis ¥, = 0 with |8,0¢|
varied. All 7, are measured in cm™? and we project onto p = (0.5 0) cm.

function of the major axis angle, are shown in Fig. 2.1(a).

In general, a change in V¥, causes rotation of the position of the singular points
near the axis while increases in |5, | move those points away from the beam center.
The one exception for this example beam occurs when for 3,3¢ is real and negative,
meaning W, is perpendicular to the polarized part of the beam at p = p,z, when
the magnitude is such that WS) is real everywhere. In that projection a degenerate
singularity in the form of a circle replaces a pair of singular points. Similarly, for
higher order beams there will be regions in the space of a is where the projection will
possess extra pairs of singularities. However, for these models the number of singular
lines in the space (q,,q,,|a|) stays the same.

In free-space propagation, the topological index of the beam will be generally con-
served, but the number of singularities is not a constant of the beam: singular points
may overlap and become a single point of different index or they may annihilate each
other completely if they have equal and opposite indices. They also will change loca-

tion as z increases, possibly moving towards or away from the optical axis, increasing



44
or decreasing their visibility at the detector. What changes occur, and when, can only
be answered if we extend our model of W to W (p, g, z). We incorporate a discussion
of free space propagation in our discussion of turbulence propagation, as free space is

the limiting case of extremely weak turbulence.
2.4 Propagation of the model

Atmospheric turbulence is modeled as random variations of the index of refrac-
tion n(r,t) in space and time, treated statistically with an ensemble of turbulence
realizations that are effectively static on the time scale of beam propagation. The vari-
ations of refractive index induce random phase fluctuations on any beam propagating
through them, and the general result is a loss of beam coherence. The statistical
properties of the atmosphere are modeled by a spatial frequency power spectrum; in
this paper we use a Gaussian power spectrum for the sake of analytic tractability.
Such a power spectrum is a fair approximation for many turbulent conditions, and
we are more concerned with the effects of a random medium on the beam topology
than how a specific turbulence model affects the propagation.

In free space, the paraxial propagation of a beam can be modeled using Rayleigh-

Sommerfeld diffraction, in the form

E(r,z) = ;p—;eikz//er’E(r’,O) exp (—%gpd]r — 'r’\Q) , (2.23)

where ¢, = —ik/z. We may use Eq. (2.2) to write the components of the cross-spectral
density matrix as

2
Wi(pq.2) = 1% / &y / T Wi(p',q'.0) (2.24)

x exp (i3oq4(la — d)* — lp — P)?)).

The effect of turbulence is incorporated into this model using the extended Huygens-

Fresnel principle [56], in which the field is assumed to acquire a random complex phase
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,p’) during propagation from the source point p’ to the detector point p, i.e.
p,p g g p p

VVz](p7qa /d2 //qu/VVZJ p q 0)

x exp (iso4(lg — d'|> = |lp — P'?)) (2.25)

x (exp(v*(p, P') + ¥ (q,q))) -

For a Gaussian power spectrum, the complex phase term can be approximated as a

quadratic exponential,

(exp(v*(p, ') + ¥(q,q))) = exp [-17(R*+ R- R + R?)], (2.26)

where R=q—p, R = q —p' and v, = %(.5502]{:22)6/5 [57]. Using this quadratic
approximation allows us to develop an analytic model for atmospheric propagation
of our beams.

It is to be noted that the effects of turbulence and diffraction on the propagated
beam are distinct. Turbulence randomizes the phase of the beam, decreasing the
spatial correlations on propagation; diffraction introduces a deterministic phase on
propagation.

The integration of Eq. (2.25) is lengthy but may be done analytically. We choose

to evaluate it in terms of the variables R, R’, p = %(q +p) and p’ = %(q’ +p'), ie

Wi(R. p.2) = £ / &R / &2/ Ay W) (R, p.0)

x exp(—y,0” — 1w R? +ig,p" R)
x exp (ipy(p — p') - (R— R))

X exp(—iyn(Rz +R-R + R’Q)),

(2.27)

where v, = 71, @ = 71 and Yz = 71 + 7y, Where 7, are the values before propaga-

tion.
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In this way, the result for the propagated cross-spectral density is given as

1

Wi = AwWe W —apfrier R (2.28)
= C/C; Z cy P (2.29)
Q; =11 (2)qs, + 57(2) Ry, (2.30)

but with new definitions of the ~, parameters.

These results should be compared with Eqgs. (2.11)-(2.14); we are able to write
the cross-spectral density matrix on propagation in free space or in turbulence in the
same form as the cross-spectral density in the source plane. The parameters of the

propagated model are

~y

n(2) = —ivar, (2.32)
Pd 7’1} . Pd
%(2) = |(patpo) = - 37 T 104 T i (2.33)
,}/p’ p/
2 2
Vs = Yo + vl Il (2.34)
W r
where
T =+ + (0 +¢0)* (2.35)
and
Yo = Vi + Vo + Y (Pateo)/ Y - (2.36)

The last parameter v, is a sum of terms arrived at by reducing a binomial expansion
after each integration. The above parameters can be used for quite general cases,

including propagation through multiple distinct layers of turbulence, but for our initial
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model with vy, =, — iy, and v, = 7y = 7 — 7, the parameters simplify to

Na Yo
=Yy—= — — 2.
M=V T WA (2.37)
%l ’771
= Yor— — 2.38
’73 72 F + fyo F I ( )
. 3
=y. — — 2.39
Yo =Ys — N 2¢da ( )
(2.40)

where 7, = 7/, while 7, = 7y +[73|/71,. Just as in the initial cross section, 7, and

7, still describe a beam spreading in the same way as a simple beam wander, with

ﬁ:ﬁ+%, (2.41)

d

but now 7, is a complex parameter reflecting tilt of the beam that leads to the beam
wander.

Unlike in the model of the beam cross section the Gaussian parameters (with the
exception of yp) do not follow as simply from ~, and ~,, with 7, = 4 but now
v, = —v1 — 74 instead of just —7{ and more than the other parameters v, = 71 +
Vs 4 3¢a(pat@o)n/(ViT) + 242/T no longer fits the mold of our beam wander model.
However these relatively small corrections to these Gaussian parameters do not affect
the topology determined by the three polynomial v parameters with which we are

concerned.
2.5 Topological changes with propagation

We are now interested in analyzing the behavior of the singularities of WS) on
propagation through turbulence. So far, we have considered singularities as points in
a transverse plane, with the propagation distance z as a parameter of the problem. We
may also consider the full evolution of the singularities in three-dimensional space, in

which case the singularities are lines that can potentially branch or combine together.
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We will focus on this case, where we are looking at the topological structures in

three-dimensional space and how those structures depend on various parameters of
the system.

It is to be noted that WS) is itself a projection of the full cross-spectral density

matrix, and the full matrix will have singularities on a higher-dimensional manifold.

Our choice of a and p dictates the projection, and the behavior of the singularities

will depend on those choices.
2.5.1  Stable projections

In our model, we find that the polarization singularities are stable for larger values
of |p|, with no significant topological changes (creation or annihilation on propaga-
tion), whereas at smaller |p| the number of singular points within a cross section is
not conserved with z. When N is stable, the singular points rotate and move as the
values of the v parameters change the locations of the zeros of Eq. (2.18); an example
is shown in Fig. 2.2.

This general observation might suggest that we should choose an observation point
extremely far from the beam axis. In practice, however, the position of the obser-
vation point is limited to lie within the finite size of the detector aperture, so some
creation/annihilation events are expected. These events, however, happen in pairs of
equal and opposite index, so the net topological index will typically be unchanged.
Even if singularities do not annihilate, they may wander out of the detector aperture
and be effectively lost. Nevertheless we will see that, even with these possibilities,
projections of beams with stable topology within a field of view can be found that
are similar to that in Fig. 2.2 when there is a balance of the tendency to gain spatial
coherence with propagation and lose spatial coherence due to turbulence.

On propagation, the number of singularities in the cross-section of the projection
changes through creation or annihilation of pairs of singularities with opposite indices,

typically lemons (n = 1/2) with stars (n = —1/2), and as noted singularities can



49

2
€ o0
S
o 2
4 3000
4 2000
2 1000
q (cm) 2 optical axis (m)
y

Figure 2.2: Example of a stable trajectory of singularities on propagation. The
blue lines represent right-handed circular polarization and the orange line represents
left-handed circular polarization. This beam is propagated with turbulence strength
C? =10 m™?3. The beam uses t = (1 0), C = (0.01 —1) and 7, =7, = 0.5 cm™2.
This is projected onto p = (1 0) cm and a polarization with the major axis 3 times
the minor axis and oriented at 30°.

effectively ‘disappear’ by moving far from the optical axis or ‘appear’ by moving
closer to it from a distant transverse point. An illustration of these effects is shown in
Fig. 2.3. As seen in the figure and in other examples we have tested, this appearance
and disappearance of singularities also happens in pairs so that these decreases or
increases can only affect the topological index of the beam when the singularities are
near the aperture boundary, which occurs only over a small range of z values.
Figure 2.3 also shows that multiple creation and annihilation events can arise in
the propagation of the beam through turbulence. In the three-dimensional view
(¢, qy, 2), the pairs of singularities that are created or annihilated are seen as a
single line connected in a U’ or 'M’ shape. Blue is used to illustrate right-hand
circular polarization and orange illustrates left-hand circular polarization. Strikingly,
in Fig. 2.3, we see that the topological index remains unchanged on propagation
but the handedness of the center singularity flips from right-handed to left-handed.

The evolution of the top panel of the figure can be described as follows. We begin
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Figure 2.3: Flattened trajectories of polarization singularities along propagation.
These lines are three dimensional curves flattened along 7, not a cross-section. The
blue lines represent right-handed circular polarization and the orange lines represent
left-handed circular polarization. The top has ¢ = (1 0) and the bottom has t = (2 1)
while both have reference point p = (0.2 0) cm, v, = (1 + i) em™, 7, = 0, and
C? =8 x 1071 m™2/3,

with a lemon singularity n = 1/2 that has right-handed circular polarization, and
then at approximately 500 m a pair of singularities appears from infinity of opposite
handedness and equal and opposite topological index. At roughly 1500 m, the original
right-handed lemon annihilates with a right-handed star, leaving behind a left-handed
lemon in its place.

These changes in the topology within the field of view along propagation depend
not only on the turbulence and initial beam parameters but also on the projection
itself; some of these projections can, with a wide enough field of view, be very stable
in not just the total topological index, but also the number of singularities.

In the examples considered, the overall topological structure of the beams (namely,
the number of singularities and their topological index, though not their handedness)
asymptotically approaches a state very close to the original state in the source plane.
This is strikingly reminiscent of the behavior of the degree of polarization of elec-

tromagnetic beams on propagation in turbulence, where the degree of polarization

increases in free space but returns asymptotically to its original value in turbulence
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Figure 2.4: The radial position of the polarization singularities as a function of p,
for several values of the ellipse eccentricity §,. Again, the blue lines represent right-
handed circular polarization and the orange lines represent left-handed circular polar-
ization. For these examples, p = (p, 0) at ¥, = 30° and the eccentricity is determined
by Bq. The beam has t = (1 0), 7, = vy = 0.5 cm? and C? = 10" m/3. For this
beam and turbulence state, each a projected onto has a region of p, for which the
singularities are within a few cm of the optical axis.

[58]. This suggests that the number and/or topological index of partially coherent
polarization singularities could be used as information carriers in free-space optical
communication systems. However, in many cases these singularities end up migrating
away from the optical axis and may lie outside the detector aperture. One way to
correct for this is to adjust the projection so that, at the desired propagation distance,
the singularities are pushed to within the aperture. An example of this is shown in
Fig. 2.4. The radial distance of the singularities of a beam are plotted as a function
of p, for several values of the projection ellipse eccentricity (.

It can be seen that the positions of the singularities are strongly affected by the
projection choice. A slight change in projection could therefore turn a non-viable

information carrying system into a viable one.
2.5.2  Initial coherence interplay with turbulence effects

The propagation of partially coherent fields in turbulence is strongly influenced by
two competing factors: the increase of spatial coherence of light on propagation in
free space, i.e. the van Cittert-Zernike theorem, and the decrease of spatial coherence

due to the random medium. This suggests that the initial state of coherence, i.e. the
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coherence area (inverse of the ~; parameters) of the beam, plays a significant role
in its eventual far field properties, including its topological structure. In the near
to intermediate regions of propagation, the relative strengths of van Cittert-Zernike
increase of coherence and of turbulence decoherence determine if the singularities of
the beam move towards or away from the beam center.

We can demonstrate these observations by looking at extreme cases. The first case
is when the field is mostly coherent and the turbulence is effectively nonexistent, with
|71| < 7s. For larger values of |p|, the additional pair of singularities move off towards
infinity on propagation, leaving a pure singularity near the beam core, as illustrated in
Fig. 2.5(a). The second case is that of |y;| > 75 with nonzero 7,. For such a beam,
the additional pair of polarization singularities that are present in addition to the
center singularity move closer to the beam center on propagation, making them visible
within the detector aperture and changing the total number of singularities measured
(though not their net topological index). This is demonstrated in Fig. 2.5(b). In the
even more extreme case of initially coherent beams the singularities also approach the
center when losing coherence through turbulence resulting in topology similar to our
cross sectional model with partial coherence.

The behavior of a beam’s topology in the far field, where v, terms dominate, is
much more stable. For zero turbulence 7, is always zero and so propagation under
those conditions leads to a far field where the topology of W,, approaches that
of a coherent beam with a singularity pair moving toward infinity. For very weak
turbulence, this is for practical purposes still the case since the range of z values for

which v,, dominates can be thousands of kilometers. However, when

211/5 > /{}_7/5[02]76/5 7 (2.42>

the polynomial parts of the projection, Eqgs. (2.30) and (2.31), become dependent on
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Figure 2.5: Partially coherent polarization singularities of the same beam and pro-
jection propagating through a) weak turbulence and b) strong turbulence. The beam
hast = (10), v, =1 cm™ and v, = 0.5 cm™. The projection is onto |3,| = 0.5 at 0°
and p = (1,0) cm. Again, the blue lines represent right-handed circular polarization
and the orange lines represent left-handed circular polarization.

R alone. This results in all singularities, even those which went far outside of the
field of view or were annihilated, returning towards the center of the beam.

The total number of singularities is therefore not conserved over long propagation
distances in turbulence, even if the topological index is conserved. However, the total
number of singularities can remain stable over a significant distance, depending on

the initial state of coherence and the turbulence strength.
2.5.3  Projections Topology As cross Section of Topology in (p, g, z)

As we have seen, when W is projected onto both position p and polarization a
it produces a vector field in a three-dimensional space, Wap(qx,qy,z), where the
singularities are typically lines. The topological index n of a particular singularity
line is determined by determining the change of the ellipse orientation around a
counterclockwise closed path encircling the line. Lines that connect in annihilation
or creation events on propagation will have oppositely signed indices if the index sign
is defined assuming the +z direction is used to define the counterclockwise direction
for any closed path.

The singularities of W ap (s, gy, 2), however, themselves represent a projection of a
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higher-dimensional singular manifold that itself is potentially more stable than any
individual projection. We may consider less restrictive projections, for example by
considering the behavior of W, (a,p,q,2) = a - W(p, g, z), where a is no longer a
constant unit vector, or Wa¢ (p,q, z), where the angle of p is fixed but the azimuthal
angle is not.

In this section, we get a glimpse of the higher-dimensional singularity structure by
considering a collection of projections for a case when N is not stable on propagation
due to creation and annihilation events.

We have already noted that projections for smaller |p| and smaller 5, can be un-
stable, with Ny not constant along the propagation direction. In such a case the
singularities tend to stay closer to the beam center, allowing the initial singulari-
ties to annihilate each other on propagation and for new singularities to be created
after further propagation. The range of projections where this type of volatility in
N, occurs varies with the beam structure itself, increasing as the phase difference
¢c, — ¢c, between the components of the beam increases. Such a volatile region of
projections can occur for all values of turbulence strength C?, and even in the absence
of turbulence, though higher values will cause changes of N, through annihilation and
creation to occur over smaller ranges of z.

In Fig. 2.6, we illustrate the evolution of the projection Wa¢(p,q, z) in three-
dimensional space as the value of p = |p| is changed. For small values of p, the
singularities completely annihilate for a significant propagation distance and even-
tually a new pair is created. As p increases, the propagation region over which the
singularities are absent grows smaller, and eventually we reach a critical p value for
which no annihilation occurs at all. This demonstrates that the singular manifold was
never truly absent from our cross-spectral density matrix, only that we missed it with
our particular choice of projection. These results suggest that the higher-dimensional

singular manifold is more stable than any of its individual projections. Just as we saw
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Figure 2.6: The partially polarized singularities of the propagated beams are shown
in lines of blue, where the beam has right handed circular polarization and orange
where the beam has left circular polarization. These lines are three dimensional curves
flattened in y of ¢ rather than a cross section. The beam has t = (1 0), 7, = v, =1
cm? and C? = 10" m™/3projected onto a such that 8,60 = —5 m™

in Fig. 2.4 that singularities can be constrained to a particular field of view through
an appropriate choice of projection, we see that creation and annihilation events can
also be suppressed with an appropriate projection.

The higher-dimensional singularity may itself serve as a means to convey infor-
mation in free space optical communication, though it will require more significant
analysis and study, as there is no obvious way to define a topological index n or a
total number of singularities Ny for the singular structure of the full cross-spectral

density matrix.
2.6 Conclusion

In our previous work, we used a beam wander model to study the types of polar-
ization singularities that can arise in a partially coherent vector field in the source
plane and investigated how those singularities depend on source coherence [47|. In
this paper, we have expanded this beam wander model of W to include propagation
of the cross-spectral density matrix both in free space and in atmospheric turbulence,
with a particular interest in the evolution of polarization singularities on propagation.

We focused on those singularities that arise from projecting W onto a single fixed
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observation point and polarization state, which results in polarization singularities
that are mathematically similar to polarization singularities in a coherent vector field.
The net topological index of these beams takes on a discrete half-integer value, as
in the coherent case, and suggests that these singularities might be used as robust
information carriers in free space optical communications. In general, there is no
guarantee that the topological index and the number N, of polarization singularities
will be conserved for a single projection, but we have shown that the stability of these
quantities can be improved by an appropriate modification of the projected state.

In this paper, we focused on vector beam propagation through a single region
of homogeneous turbulence. However, we have shown that W can be written in
the same general mathematical form in the source plane and in the detector plane;
see Egs. (2.11)-(2.14) and (2.28)-(2.31). Therefore, propagation through multiple
turbulence layers with different statistics could be modeled by multiple propagation
steps and the appropriate changes in the inverse v widths.

The combination of vector beam singularities with partial coherence involves sig-
nificant mathematical and theoretical complexity, but it provides another avenue to

create new methods of free space communication.
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CHAPTER 3: A SCALAR POTENTIAL FOR REPRESENTING THE
TOPOLOGY OF ELECTROMAGNETIC BEAMS

abstract

It was established by Green and Wolf in 1953 that an electromagnetic wave can
be characterized by a complex scalar potential, including its energy and momentum
densities. In this paper, we show that for electromagnetic beams this scalar potential
can be used to fully describe the beam’s topology. We further demonstrate that this
scalar potential can be used to characterize a partially coherent vector beam, and

introduce a set of scalar Stokes-like parameters for this purpose.
3.1  Introduction

In 1953, Green and Wolf published the paper “A scalar representation of electro-
magnetic fields,” which demonstrated that any electromagnetic wave propagating in
free space can be represented exactly by a complex scalar wavefield [59]. Their pa-
per, which is widely regarded as a classic of diffraction theory [60], serves as a broad
justification for using scalar waves in electromagnetic theory, and also demonstrates
how an energy and momentum density can be defined for such a scalar wave. Wolf
followed up this work with a second paper in 1959, which showed how the scalar
representation can be employed to introduce a new model of energy transport [61].

Fruitful ideas in physics are often worth revisiting, especially when other devel-
opments have the potential to put the ideas in a new context. In this case, the
Green-Wolf scalar representation takes on new interest since the recognition that
wavefields can possess topological singularities, leading to the extensive field known

as singular optics [3, 2, 37|. The first exploration of such singularities was done by Nye
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and Berry, and they studied phase singularities of scalar wavefields, where the typical
form is a line of zero intensity in three-dimensional space around which the phase
has a circulating or helical structure, now known as an optical vortex [38]. Nearly a
decade later, Nye [44] characterized the singularities of monochromatic paraxial elec-
tromagnetic waves, finding that the typical singularities in three-dimensional space
are C-lines (lines of circular polarization with undefined polarization ellipse orien-
tation), and L-surfaces (surfaces of linear polarization where the handedness of the
field is undefined). Nye and Hajnal later showed that one can also define “true” C-
lines and L-lines for non-paraxial electromagnetic waves [62]. An additional class of
non-typical singularities are locations where the intensity of the electromagnetic field
vanishes and the polarization ellipse orientation is also undefined; in a plane, these
are referred to as V-points [50].

The singularities of complex scalar fields and vector fields are topologically distinct.
In a transverse plane, scalar singularities are points of zero intensity with a phase that
has a topological charge of integer value. In contrast, the singularities of a vector
field in a transverse plane have a half-integer topological index associated with them
and the field does not have to be zero at the singularity point. The existence of a
direct mathematical relationship between scalar and vector fields introduced by Green
and Wolf naturally raises the question: what are the singularities of the Green-Wolf
complex scalar field and how do those singularities relate to the underlying vector
field?

In this paper, we attempt to answer these questions, and demonstrate that the
Green-Wolf complex scalar representation provides a natural and unified method
for talking about a variety of wavefield singularities in paraxial fields. We present

examples to highlight our conclusions.
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3.2 The Green-Wolf scalar representation

We begin by introducing the Green-Wolf scalar representation, using some modifi-
cations that make it easier to apply to wavefield singularities.

In a region free of charges and currents, the electric field E(r,¢) and the magnetic
field B(r, t) may both be derived from the vector potential A (r, ), which satisfies the

free-space wave equation and may be taken to satisfy the divergence condition
V-A(r,t) =0, (3.1)

which represents the Coulomb gauge of electromagnetics. Let us work in Cartesian
(x,y, z) space and assume that the field is propagating into the positive Z space; then

it is straightforward to show that the vector potential may be written in the form
A(r,t) = / [a(k) cos(k - T — kct) + b(k) sin(k - v — kct)] d*k, (3.2)
k>0

where k represents the vector spatial frequency, k, is the zth component of k, and ¢
represents the vacuum speed of light. The integral is over the positive half-space of
k. The representation of Eq. (3.2) is the decomposition of the vector potential into
real vector plane waves of different frequencies and propagation directions. It is to
be noted that this representation does not include evanescent waves and therefore is
only valid for free-propagating waves.

From the gauge condition (3.1), each plane wave must be transverse, i.e. a-k =0
and b -k = 0. Green and Wolf satisfy this condition by introducing a pair of unit

vectors 1; and Iy,

(3.3)

L(k) = kx L] (3.4)
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where n is a fixed unit vector such as X, § or z. The vectors a(k) and b(k) are then

decomposed in terms of these unit vectors,

a = a111 + a2].27 (35)

b = byl; + bl,. (3.6)

Green and Wolf immediately generated a complex scalar field V(r,t) associated

with this vector potential by creating the complex combinations

a = ay +iag, (3.7)
B = by + iby, (3.8)
such that
V(r,t) = / [a(k) cos(k -t — kct) + B(k)sin(k - v — kct)] d°k. (3.9)
k>0

They observed that the vector potential can always be retrieved at any point from
the corresponding complex scalar field by mapping the complex components into
their corresponding vector components. Furthermore, the electromagnetic momentum

density g(r,t) can be determined from the scalar potential by the expression,

oV ov
g(r,t) = —%0 SV SV (3.10)

with the asterisk denoting the complex conjugate.
In optics, it is more common to work with the electric field, which is simply related

to the vector potential by the expression

E(r,t) = ——A(r,1). (3.11)
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We may then define a pair of new vectors

c(k) = kb(k), (3.12)

d(k) = —ka(k), (3.13)
and with these vectors the electric field has the form
E(r,t) = / [c(k) cos(k - — ket) + d(k)sin(k - v — kct)] d°k. (3.14)
k2>0

A complex scalar representation E(r,t) of the electric field is then introduced by

the expressions

c(k) = ¢ +icy, (3.15)
d(k) = dy + ids, (3.16)

such that
E(r,t) = / [c(k) cos(k -t — kct) + d(k)sin(k - v — kct)] d°k. (3.17)

For a monochromatic field, the polarization ellipse of the electric field and the
corresponding vector ellipse of the vector potential will have a very simple relation,
and A can be used in place of E, and we will do so when it is convenient. For a
general time-dependent field, however, Eq. (3.11) indicates that the fields will not be

equivalent.
3.3  Monochromatic beams and their singularities

We are interested in seeing how the topology of singularities in the real vector field
are related to the singularities in the complex scalar field.

Let us restrict ourselves to the simplest case: monochromatic paraxial fields, i.e.
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beams. In such a case, the fields may be taken to lie fully in the z — y plane to a
good approximation, with negligible z-components. There are two natural choices for
the basis vectors 1; and 15 in this case: the first is to take 1; = X, which results in
l, = §. It is to be noted that it is also possible to choose n in Egs. (3.3) and (3.4) as
Z, in which case the set of vectors 1; and 15 (keeping only transverse components) are

azimuthally-variant and possess a singularity at the origin themselves,

l; = —sin ¢X + cos ¢y, (3.18)

I, = — cos ¢X — sin ¢y. (3.19)

We will stick to the fixed X, ¥ basis for simplicity, but this freedom of basis choice
is noteworthy: although the gauge of A is fixed, we retain some freedom in defining
our fields and potentials through the basis.

In our fixed transverse basis, the total vector field takes on a particularly simple

form, as each component can be integrated separately, so that

E(r,t) = C(r,t) + D(r, 1), (3.20)

with
Clr, 1) = /k [er(R)%+ ca(l)5]cos(lc 1 — het) P (3.21)
D(r,t) = / [dy (k)% + dy(k)§] sin(k - v — kct)d?k. (3.22)

Because we are working with monochromatic fields, it is to be noted that |k| = ko is
now a constant and the integral is only over the direction of k. To further study the

properties of these fields, we express the sine and cosine functions in complex form in
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the usual way. We may then write

Ofr.f) = 3 /k 0092+ a0 [expfiA] + expl—iA] . (3.23)

?

D(r,t) = — - /k (9% + (3] [explia] - expl—iA] &k, (3.24)

where we have written A = k - r — kgct for brevity. We may then write the electric

field in terms of two integrals,

1
B(r1) = /k e oy — i — idoy] expfi A
2>
1
k>>0

We may define the propagated form of each component of the field as

Gi(r) = /k e explik- ], (3.26)

with ¢ = 1,2 and a similar definition for d;. We may then write an expression for the

real-valued electric field in the form,
E(r,t) = Re { [51& 4G —idR — zdzy} exp[—iwt]} , (3.27)

where w = koc and we have suppressed the obvious spatial argument of the compo-
nents for brevity.

We now focus only on the positive frequency component, i.e. exp|—iwt] with w > 0,
and label the field of this component as E,. We now rewrite it in terms of the circular

polarization basis,
X iy

7

where a ‘4’ sign represents left-handed circular polarization. With some effort we

(3.28)

ey =
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arrive at the result

E,(r,t) = % { [51 8y —i(dy — z‘cig)] &,
+ [él iy —i(dy + z'cZQ)] é_} exp|—iwt]. (3.29)

Turning to the singularities of the vector field, we now see that C-points arise in

two distinct circumstances. There will be a left-handed C-point if

& + 16y — i(dy + idy) = 0, (3.30)
and a right-handed C-point if

& —iéy —i(dy —idy) = 0. (3.31)

Let us turn to the complex scalar field to see how the singularities compare. Starting
from Eq. (3.17), we can follow the same process used to derive Eq. (3.27). We then

find that we may write

E(r,t) = {51 iy —i(dy + z'cig)} exp|—iwt]

+
Nl ORI

{or =ity —i(d - z’jQ)}* expliwt]. (3.32)

In complex scalar form, the field may be written as two complex monochromatic fields,
one with frequency +w and one with frequency —w. On comparison with Eqs. (3.30)
and (3.31), we find that zeros of the positive frequency component are the locations of
right-hand C-points and zeros of the negative frequency component are the locations
of left-hand C-points.

It is important to note that the positive and negative frequency components of the

scalar field are no longer complex conjugates of each other and now represent the



65
different circular components of the field. The two vector components of the field
have transformed into different temporal frequencies in the scalar representation.

These results are striking because the topology of scalar singularities, i.e. optical
vortices, is distinct from the topology of vector singularities such as C-points. Optical
vortices are dislocations in a complex scalar field whose generic forms have integer
valued topological charge, ¢ = £1, while C-points are disclinations in a real vector field
whose generic forms have half-integer valued topological index, n = +1/2. Despite
these differences, the scalar representation shows that the topologies of the two classes
of fields can be directly related.

To better understand the nature of the singularities, let us simplify our expressions
to the forms,

E,(r,t) = [Us(r)éy + U_(r)é_] exp[—iwt], (3.33)

and

E(r,t) = U_(r) exp|—iwt] + U] (r) expliwt], (3.34)

where U, (r) and U_(r) represent the complex fields associated with the left-hand
circular and right-hand circular components of the electric field, respectively.
Let us assume that there is a local singularity near the origin in a transverse x —y
plane, such that
Uu(r) = (x + Piy), (3.35)

where o = £1, f = £1. (The singularity can of course be positioned away from the
origin without changing the results which follow.) It has been shown [37, Section
7.5] that the singularity will be a star if o = 41 and a lemon if a«f = —1. We can
therefore introduce both types of C-points into left-handed or right-handed circular
polarization by an appropriate choice of vortex sign.

One interesting consequence of these observations is that it is a straightforward

process to construct a paraxial electromagnetic wave with polarization singularities
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Figure 3.1: This figure shows how the phase of Vf) (r) represented by the colors on
the diagram from -7 to 7 correspond with double the physical angle of the major axis
in the polarization ellipse describing the field at that point.

of any desired type and location by constructing a pair of complex scalar paraxial

waves with corresponding vortices and conjugate time dependence.
3.4 Physical properties of the complex scalar

We have seen that, for paraxial electromagnetic beams, the complex scalar po-
tential provides an alternative representation for the singularities of the vector field.
However, the scalar potential provides even more information about the state of the
vector field, including the complete properties of the polarization ellipse, as we now
show.

We work in this case with the scalar representation of the vector potential, having
noted that it is directly related to the representation of the electric field for paraxial

monochromatic beams. We may then write the scalar representation as
V(r,t) =V_(r)e ™" + V(r)e™", (3.36)

where V_(r) and V. (r) represent the potentials associated with right-handed and

left-handed circular polarization, respectively. Let us write each of these potentials
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in terms of an amplitude v;(r) and phase ¢;(r), with j = +, —; we then have

V(r,t) = v_(r)e'®-0=wt Ly (r)emilé+—wt, (3.37)

Let us factor out a phase term,

n(r) = [(Jo-(r) — o4(r)]/2, (3.38)

P(r,t) = — + wt. (3.39)

With some simple manipulations, Eq. (3.37) takes on the form
V(r,t) = e {v,(r)e’“p(r’t) + v+(r)eiw(r’t)} : (3.40)
This can be written in terms of cosines and sines as
Vi(r,t) = ") Lup(r) cos[ih(r, t)] + iv,, (v) sin[e(r, )]}, (3.41)
where we have introduced

v (r) = vi(r) + v_(r), (3.42)

U (r) = vy (r) —v_(r). (3.43)

Equation (3.41) represents a complex field that traces out an ellipse in the complex
plane in time, and it is the complex form of the polarization ellipse. All of the
parameters of the polarization ellipse can be extracted from this complex expression,

and in fact can be done more readily than can be done using the vector field. The
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quantities vy (r) and v,,(r) represent the major and minor axes of the ellipse, and
the sign of v,,(r) determines the handedness of the ellipse. The quantity n(r) gives
the orientation of the polarization ellipse, while 1 (r,t) gives the current position of
the vector field relative to the major axis. The electric field is readily shown to be at
located at the same point along the polarization ellipse as the potential at a different
time t' where ¥ (r,t') = ¢ (r,t) + pi/2.

The special cases of linear and circular polarization, which also represent singu-
larities of the vector field, are easy to determine in this representation. Circular
polarization arises when vy, = 4wv,,, and linear polarization arises when v,, = 0.
These same polarization states may also be represented using v, and v_. Circular
polarization is the case where either v, = 0 or v_ = 0, and linear polarization arises

when v, =v_.
3.5 Stokes-like parameters for describing singularities

Because our complex scalar field is explicitly time dependent, it is convenient to in-
stead express its singularities in terms of time-averaged second-order field parameters.
These parameters are directly analogous to the Stokes parameters Sy, St, Sz, S3 for
vector fields, and allow us to isolate singular points from directly observable properties
of the field.

Let us introduce three parameters Vi (r), Vf)(r), and V{?(r) as

Va2 (x) = (V*(r, )V (x, 1)) (3.44)
VP(r) = (V(r,t)V(r,1)) (3.45)
V2 () = (V¥ (r,0) 28,V (r, 1)), (3.46)

where (...) represents the time average. For monochromatic fields, this can be an
average over a single cycle or a long time average. We will see that the zeros of these

three parameters represent V-points, C-points, and L-lines, respectively.
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Let us start with Vf)(r). On substitution from Egs. (3.40) or (3.41) into Eq. (3.44)

and taking the time average, we have

2 2
VJ£2) (I‘) — 9¢2in(r),, (I‘)"U_,_(I') — 2in(r) UM(r) 5 Um(r) (3‘47)
This function vanishes when either v, = 0 or v_ = 0, or equivalently when vy, = v,,.

These represent points of circular polarization, C-points, and the complex function
Vf) (r) is analogous to the complex Stokes vector S; + iS5, which vanishes at points
of circular polarization.

Turning to ‘/3(2) (r), it is straightforward to show that it takes on the form
Va? (r) = v (r) = v (r) = —vm(x)on(x). (3.48)

This parameter will vanish when v,,(r) = 0; it therefore characterizes the location of
L-lines, which are singularities of the handedness of the polarization ellipse. (Recall
that the handedness is given by the sign of v,,, which is undefined when v,, = 0.)
This choice of ‘/23(2) (r) was made because V_(r) exp[—iwt] and V. (r) exp[iwt] are eigen-
functions of the operator f}@t, with eigenvalues of —1 and +1. The quantity VS(Q) (r)
is therefore analogous to the Stokes parameter S35, which vanishes when the field is
linearly polarized.

Finally, considering Vo(z) (r), we have

Vo2 (r) = 2 (r) + 02 (r) = 2 . (3.49)

This parameter clearly represents the total intensity of the beam at point r, and this
scalar quantity is thus equivalent to the Stokes parameter Sy(r) of the vector field.
Zeros of intensity in a vector field are not typical, but when they occur it is usually at

a point in the transverse plane; these are V-points and therefore VO(Q) (r) is a parameter
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that isolates the V-points of the field. Such points are also points of undetermined

handedness and ellipse orientation, so V-points also satisfy Vi (r) = Vf)(r) =0.
3.6 Extension to partially polarized vector beams

In his second paper on the scalar potential [61], Wolf noted that his potential
could be used to model unpolarized beams, therefore extending his method to beams
that possess a degree of randomness to them. Much more recently, Wolf merged the
theories of coherence and polarization into a single unified formalism [49, 28|, and
it is of interest to see whether the scalar potential can be extended to beams with
general coherence and polarization properties.

We work in the space-frequency domain of electromagnetic fields, in which case the
second-order coherence and polarization properties of a beam can be represented by

a cross-spectral density tensor W(ry, ro, w), whose components are defined as
Wij(r1, 12, w) = (B} (r1,w) Ej(r2,w)),, , (3.50)

where i, j = x,y and (...), represents an average over an ensemble of monochromatic
fields at frequency w [24]. This tensor characterizes the correlations between different
polarization components at two points in space. We may also define the cross-spectral
density tensor in terms of circular polarization components, i, 7 = +, —. We will work
at a single frequency for the rest of this discussion and suppress further explicit use
of w as an argument.

At a glance, it may seem unlikely that we can fully characterize coherence and
polarization with a scalar representation, because our tensor relies on calculating an
outer product of vector components, where no such outer product exists for com-
plex fields. Motivated by the previous section of this paper, however, we note that

W (ry, s, w) may also be fully described by generalized Stokes parameters, introduced
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by Korotkova and Wolf [63]. In a circular basis, these parameters have the form,

S()<I‘1, I‘Q) = W++(I‘1, I'z) + W__(I'l, I‘Q), (351)
S+(r1,r2) = 2W_+(I'1,I'2), (352)
Sg(I‘l,I'g) = W++(I‘1, I'Q) - W__(I‘l, I'Q), (353)

and we have used Sy = 5] +i55.

Now let us compare these expressions with our Stokes-like scalar parameters of
Section 3.5. We apply the definitions of those Stokes-like parameters and, because
our fields are not monochromatic, take both a time average and an ensemble average.

Using Eq. (3.36) to define V(r,t), we end up with the expressions,

KV (11, 15) = B2 ((V* (11, )V (12, 1)) (3.54)
— Wy (rg, 1) + Wo_(r1,13), (3.55)
PV (11, 15) = K2 ((V (r1, )V (2, 1)) (3.56)
— W (r1,r5) + Wy _(rg,1y), (3.57)
K2V (11, 1) = K2 ((V* (11, 8) L9,V (xa, 1)) (3.58)
= W__(ry,r3) — Wiy (ra,1y). (3.59)

We can see that these parameters do not exactly match their vector counterparts,
due to the reordering of the arguments of the coefficients. (The factors of k% come
from Eqgs. (3.12) and (3.13) relating the potentials to the fields.) However, we may

use the Hermitian property of the cross-spectral density tensor, i.e.

Wij(ri,12) = Wi(rs, 1), (3.60)
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to rewrite terms. We find that the Stokes parameters Sy and S3 may be written as

So(r1, 1) = k*Re [1/0(2)(1"1, m)] +ik?m [V;”(rl, rQ)} , (3.61)

53(1'1, I'Q) = —/{;QRe |:‘/3(2) (I'l,rg)] + ’L]{JQIII] [%(2) (I‘l, I'2>i| . (362)

To do something similar for S, we need to introduce an additional parameter V_(Q),
defined as
VO (e, 1) = (V (11, 8) 28,V (15, 1))). (3.63)

In terms of elements of the cross-spectral density tensor, it may be written as
VP (01, 15) = Wi _(r1,12) — Wo_(ra,17). (3.64)
We may then write the Stokes parameter S, as
S, (ry,1e) = k? Vf) (ri,ra) + V_(Z)(rl, ry)| . (3.65)

We therefore see that the entire state of coherence of the beam at frequency w is
characterized by a single complex correlation potential. The ability to do so comes
from separating the orthogonal polarization components into complex fields of positive
and negative frequencies, as Eq. (3.34) indicates. The singularities and corresponding
topological structure of the partially coherent field can therefore be analyzed using
the scalar potential. The singularities of a partially coherent vector beam come in a
number of varieties, and we refer to our previous work [47] for a detailed discussion
of the possibilities. We note, however, that the simplest class of singularities, known

as eta singularities [64], can be written in terms of the generalized Stokes parameter
507

So(r1,T2)
\/50(1'1, 1‘1)50(1“2, 1'2) ’

n(ry,ry) = (3.66)
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and can therefore also be written in terms of our generalized Stokes-like parameters

‘/0(2) and ‘/;3(2).
3.7 Dynamic topology of V' along L lines

Returning to the coherent case, we note that the complex scalar V(r,t) also has a
phase and therefore has its own topology and topological defects that are distinct from
the polarization singularities discussed previously. The topology of these singularities
is, however, dynamic, evolving over time, due to the explicit non-separable time
dependence of the scalar potential of Eq. (3.36).

Let us briefly consider the nature of these singularities. In a transverse plane, the
singularities of a single complex field are typically points; if we add time as a variable,
then the singularities will trace out lines as time evolves. Because the field is periodic
in time with frequency w, we expect that these lines will be closed paths or will extend
out to infinity (i.e. a closed path that passes through the point at infinity). Looking
at Eq. (3.41), which expresses the complex fields in terms of major and minor axes
of the polarization ellipse, we can see that the scalar field can only be zero at points
where v,,(r) = 0; we therefore expect that the singularities will follow the trajectory
of the L-lines of the polarization ellipse.

As a simple example, we consider a monochromatic full Poincaré beam, which
possesses all states of polarization in its cross-section [65]. A simple example, in the

waist plane z = 0, has a complex electric field vector of the form,
E(r) = Epe /"8 [64 + (x +iy)é_], (3.67)

where p? = 22 + 32, wy is the width of the beam, and Ej is taken real for simplicity.
This beam will be linearly polarized at points where the amplitudes of €, and é_ are

equal, i.e. p=1.
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The corresponding complex potential is of the form,
kV (r,t) = Ege "/ (€™ + (z +iy)e ™. (3.68)

If we separate out the real and imaginary parts of this potential and require them to

be equal to zero, we find the conditions

—(x + 1) cos(wt) = ysin(wt), (3.69)

ycos(wt) = (x — 1) sin(wt). (3.70)

If we eliminate time from the equations, we get an equation for the path of the
singularity,

2yt =1, (3.71)

which is simply the circle of linear polarization p = 1.

At any snapshot in time one can see the phase singularity has the same topo-
logical charge even though other features change as the singular point in phase, or
equivalently the direction of the vector field.

A less trivial example,

[t-|
Vo=V, (L) eit—¢
Wo

P\
o (2) e
Wo

(3.72)

where t4 can be considered the topological charge of the corresponding component,
leads to different numbers of these dynamic singularities as well as, if neither charge is
zero, stationary singularities due to vy, and v, being zero at the origin. Though The
stationary points are points of singularity in the orientation of the polarization n(r)

that also correspond to points of linear polarization( These are only by coincidence
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elsewhere called V-points). The more typical C-points are as we have mentioned not
singularities in V. Since the dynamic singularities in V occur for the spots along the

L-line, v,,, = 0, where %(t_ +ty)¢p —wt = mr for any integer m there will be

Ndyn =t_ + t+ (373)

of these dynamic singularities.
3.8  Conclusions

The scalar potential of Green and Wolf has long been used to justify the description
of vector electromagnetic fields by complex scalar fields. With the advent of singular
optics, it was of interest to see how the topological defects of vector fields translate
into the scalar potential. We have shown that the complex scalar potential allows us
to characterize the full behavior of a paraxial monochromatic electromagnetic field
and all of its topological defects, and shows how the dislocations of a scalar field may
be related to the disclinations of a vector field. Furthermore, we have demonstrated
that this scalar representation can even be used for characterizing a partially coherent
electromagnetic beam frequency by frequency, including a full derivation of the Stokes
parameters.

There are some intuitive advantages to using the scalar representation. The prop-
erties of the polarization ellipse, for example, can be easily found from the complex
representation as shown in Eq. (3.41), whereas the formulas for these properties in
the context of the vector field are significantly less insightful.

We have also seen that the scalar field possesses its own topological features that
are directly related to the polarization singularities of the vector field. These time-
dependent scalar singularities are reminiscent of, but distinct from, the relativistically
invariant Riemann-Silberstein vortices [66] introduced in 2003 and that are connected

with a hypothetical photon wave function [67]; it is our hope that the singularities of
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the scalar potential will also provoke thoughtful debate.

We note that the bulk of our discussions have focused on paraxial monochromatic
fields, even though it has already been shown that the scalar potential can be used for
more general cases. It is an open and interesting question whether the singularities of
the complex scalar potential have a definite relationship to the vector electromagnetic

singularities in this more general case.
Funding

Air Force Office of Scientific Research |United States| (FA9550-21-1-0171); Office
of Naval Research, MURI (N00014-20-1-2558).

Disclosures

The authors declare no conflicts of interest.



Conclusions

We are motivated to explore the topologies of beams with a combination of nonuni-
formly polarized and nonuniform coherence between points within a cross section, as
it is a natural extension of polarization and coherence singularities and because both
show promise as free space carriers that are robust over propagation through tur-
bulence. As such we looked into the extension of vector vortex beams as Partially
polarized vortex beams, finding that they allow for the existence of more intricate
topologies than corresponding monochromatic nonuniformly polarized beams or of
coherence of the individual components that make them up, in the form of additional
singular points.

These partial polarization singularities could be of use in increasing its bandwidth
if used as a free space data-carrier in addition to the advantages already motivating
the use of partially coherent and nonuniformly polarized vortices. These additional
singular points only exist for the topology of field properties that depend on two
points, when the cross spectral density of a point with itself is observed, W (r, r,w) =
J(r,w), there are no additional singularities compared to the coherent case. The extra
singularities is the result of using a model where the dependence on the distance
between two points, R = q — p, is not limited to the Gaussian parameters. The
Gaussian Schell model is expressed W (p,q) = E;(p) ® E,(q)exp[—7,R?|, where
E(r) is coherent, and therefore hides the more typical topology within the original
cross section.

Our model, created with a Gaussian beam wander, accomplished this giving ex-
tra partially polarized singular point for the projection of the cross spectral density

matrix onto a point and polarization. The topology for the phase of the electromag-
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netic degree of coherence also has extra singularities but as this number is simply
double the singularities in the polarization at a single point this is not a useful in
multiplexing the data signal. The total number of partially polarized singularities
gives two independent values the number of lemons and starts in equation 1.45. From
the standpoint of observation it could be easier to measure directly the number of
singularities, Nying = Niemons + Nstars along with the topological index for the entire
beam, Nyt = %(Nlem(ms - NStars)-

We further find in chapter two that with appropriate choice of projections the
‘extra’ two point partial polarization singularities, the number of singularities up to
the periphery of the beam center is conserved. Though under certain projections the
singularities are annihilated only to be created at a much farther distance or move
far from the beam center while approaching an opposite index singularity, these can
be avoided if the parameters of the vortex beams and turbulence level are known
to someone setting up communication with these singularities as the data-carrier.
Although we did not write much about the projections onto or in the neighborhood
of a point and a polarization orthogonal to the polarized part at that point, which
can have more singular points or even singular lines, and did not analyze the effect of
propagation on them, knowledge of the beam parameters also allows these projections
to be easily avoided so that each input of positively charges (¢, ,t_) corresponds to
only one pair of Nings — Nbeam = 4 max(m., m_).

The multidimensional singularity, for which the projection is just a cross section,
was also explored more fully particularly the example with ¢ = (1 0). This was
done not only by exploring the three dimensional projection that leaves just (g, z) as
variable coordinates, but also exploring the position of the singularities over changing
projection values while holding z constant. With changes in W,, where a is the
polarization projected onto, the singularities change position along a loop at the

cross section of our model with the two left handed circularly polarized C-points
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moving closer together with orientations perpendicular to the polarization ellipse of
the polarized beam, J,,(p), at the coordinate projected onto. The singularities were
found to move movement towards and away from the beam center as the shape of
that polarization ellipse changes as measured by |(,| with the exact function and its
minimums determined by the projected position used.

We also discussed how for certain projections the number of singularities can change
with propagation through pair annihilation and then creation. When looking at the
higher dimensional singularity that the projection is a cross section of we showed that
this corresponds to projections that didn’t contain the singularities that still existed.
This indicates that although the physical meaning of the part of the beam coherent
with the field at the projection gives the singularity clear meaning the projection may
not be ideal for visualization of the higher dimensional singularity or for observation
without more knowledge about which values of p and a make the projection the
most visible. One avenue of follow up research that is inspired by this is studying
projections onto p = %(p + q) instead p not being able to be limited to only small
magnitudes where only one singularity exists as seen in figure 2.4 and the symme-
try of the polynomials will allow for a much more stable number of singularities on
propagation, and may be more easily observable as well.

While we have concluded that these singularities are persistent over long distances
we have not analyzed the feasibility of measuring or setting up an apparatus to switch
the topological charges of the circular components both at a high enough frequency
to use it as a data carrier. Making a signal requires only the dynamic switching of
the topological charges while the elements that structure the coherence of the beam
do not necessarily need to be adjustable. For application as a data-carrier the optical
elements establishing partial coherence do not have to be variable only those causing
variation in the topological index n and m = min(my,m_), or ¢, and ¢_. This

variability could eventually be provided by tunable polarization vortex microlasers,
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a developing technology, but for the application of free space communication where
miniaturization isn’t necessary a multitude of setups with two separate adaptive spiral
phase plates allows for the production of such a signal. Methodologies for measuring
the components of W have been devised as early as 2003 [68] and has been realized
experimentally [69, 70].

Many of our observations rely to some degree on the class of beams we use to
model specific combination of topological indexes. While for the case of the beam
cross section the beams initial coherence can be fine tuned through the setup at the
source, the propagation through turbulence will create a beam wander like topology
just as our more general propagated model with parameters chosen to give coherent
or Schell models generated a topology similar to our initial beam wander model on
propagation. The model therefore seems very useful for representing the more complex
beam while staying in a form that lends itself to analytical analysis.

Finally our utilization of the Green Wolf scalar potential V' showed that the topo-
logical features of nonuniform polarization in beams could be instead treated as the
topology of phase of a complex scalar field. Though the phase that gives the topol-
ogy of polarization orientation is not directly from V| when constructed for a beam
in the manner described it gives the direction of the electric field in z,y,t) whose
singularities can be thought of as lines in space time or dynamic singularities moving
along the L-lines along time. The L-lines themselves along with ¢ points and other
singularities in ¥ are completely defined by the single scalar potential function, but
are found by calculating 2nd order parameters of V.

One drawback of this method is the inability to factor a monochromatic field into
spatial and temporal parts by using the complex electric field instead of the real
electric field. Other than that lack, the simplification that comes from the scalar field
can be advantageous for computation and intuition about the beam. The line between

phases of the waveform and the angle describing the orientation of the waveform’s
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polarization ellipse is blurred more than for the vector representation.
It may prove to continue to be useful as it did for representing partially polarized
vortex beams as partially coherent complex scalar potential and expanding our param-
eters to a more general two point statistic for topology in other non-monochromatic

beam types.
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