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ABSTRACT

PRITHIVIRAJ SHANMUGAM. Variable Shearing Holography. (Under the direction of DR.
KONSTANTINOS FALAGGIS)

From the perspective of manufacturing, it is not always ideal to use conventional methods
of surface and optical metrology. Many optical metrology systems like interferometry use a
stable temperature-controlled environment in a laboratory setting as they are sensitive to such
disturbances. The main contributing factor to these levels of sensitivity is the presence of a
reference mirror in non-common path configurations. In many interferometric systems,
interference patterns are generated by overlapping the wavefield generated from the object being
measured with that generated from a reference mirror. Different algorithms can be used further
by modulating the interference patterns to generate the surface maps. Similar setups and
algorithms could be used to not only generate the surface maps, but also the object complex
wavefield which extends its applications in digital holography. The goal of this research is to
develop interferometric holography systems that are robust to environmental effects and suitable
for in-situ metrology in manufacturing processes. Part 1 of this dissertation focuses on
developing a lateral shear interferometric holography system using a pair of geometric-phase
(GP) gratings. Two designs are proposed which allowed for different shear selection strategies.
The proposed designs are robust to environmental effects by virtue of its design as a self-
referenced and common-path configuration. A polarized camera sensor is used to record the
interferograms with different phase shifts. Using an alternating projection algorithm, the
recorded intensity maps are used to estimate the object wavefield. The errors generated by the

algorithm are studied as a function of the shears selected to record the interferograms using



synthetic intensity maps for both designs. The correlation is investigated using spatial and
frequency information density functions and the errors generated by both designs are compared.
Part 2 investigates the limitations of selected shears from the perspective of spatial information
density function. The major outcome from Parts 1 and 2 is the proof that the shear selection
strategies, the shear amounts, and the shear orientations affect the wavefield reconstruction. This
leads to Part 3 of the dissertation which focuses on the optimal selection of shears for this
system. Due to the complexity in the equations that govern the effect of shears on the
reconstruction of different surface frequencies, a statistical approach was opted to optimize the
shears based on simulations that reconstructed a defocused point source wavefield. A point
source wavefield is used for these simulations because it is the ideal wavefield demonstrating the
reconstruction of all possible frequencies within the field of view. The results were compared to
frequency information density maps to correlate the results. Parts 1,2 and 3 show a complete
work starting from exploring designs to identifying optimal shear settings for a coherent digital
holography system to measure transmissive and reflective samples. Part 4 shows a secondary
application for this system that uses the GP grating pairs to make a fringe projection system that
is suitable for diffused surfaces. The system provides flexibility to adjust the characteristics of
the projected fringes easily by changing the space between the gratings and the grating pair
orientation. Example measurements are presented, and the capabilities of the setup are
demonstrated. The proposed design can produce adjustable fringe patterns with fringe spacing
varying from large values to as small as sub-millimeter distances. The fringe orientation can also
be changed, and the patterns can be projected on objects of wide range of sizes without losing the

fringe contrast.



DEDICATION

I would like to dedicate this work to my parents who have constantly supported and
motivated me to get to the finish line. I wouldn’t be who I am without them. I would also like to
dedicate this work to my advisor/mentor, Dr. Konstantinos Falaggis, who has constantly

motivated me and has been a source of inspiration.



ACKNOWLEDGEMENTS

| would like to start by expressing my deepest gratitude to my mentor and dissertation
advisor Dr. Konstantinos Falaggis. His continuous guidance, dedicated support and
encouragement were elemental in me reaching the finish line in this journey. | am grateful to him
for his passion and support in improving my research skills, and knowledge in the field of optical
metrology and optimization processes. His research approach through scrum played a key role in
experiencing an effective and exponential learning curve in this field. | would like to extend my
thanks to Dr. Jimmie Miller, Dr. Matthew A. Davies and Dr. Christopher J. Evans for the
numerous conversations and technical insights over the years in my Ph.D. program. | would also
like to thank Dr. Rosario Porras for her insights in the project from the perspective of optical
science and presentation skills. I thank former UNCC students, Alyson Light and Avery Turley
for their technical insights and training at the initial stages of the project. Special thanks to all my
lab partners, Ana Hiza Ramirez-Andrade, John Hawthorn and Sevda Mamaghani for the endless
discussions and assistance. | would like to extend my thanks to Clark Hovis, Dhanooj Bobba,
Jacob Brooks, Jesse Redford and Rehab Abdelazim for all the discussions in the office and also
through the ASPE student chapter. | am grateful for the infrastructure and labs made available
through the Center for Precision Metrology and also for the trainings provided by Greg Caskey. |
would like to thank Jonathan Koerber and Dr. Thomas Suleski for collaborative works through
[1-V1 foundation. | would also like to thank Sujithra Chandrasekaran and Dr. Ahmed El-
Ghannam for the opportunity to do collaborative works.
This project was sponsored by the Center for Precision Metrology. | would like to thank the
Center for Precision Metrology and its Director, Dr. Edward Morse for financial support without

which this dissertation wouldn’t have been possible. I would also like to thank the Center for

Vi



Freeform Optics and its Directors, Dr. Thomas Suleski, Dr. Konstantinos Falaggis, Dr. Jannick
Rolland and Dr. John Lambropoulos for the financial support and opportunity to work on other

projects in the course of the Ph.D. program.

vii



TABLE OF CONTENTS

LIST OF TABLES ... s
LIST OF FIGURES ... s
LIST OF ABBREVIATIONS ... .o
CHAPTER 1: BACKGROUND AND MOTIVATION ......oooiiiiiiieiicise e

1.1 Interferometry and HOIOGIraphy ..........ccooeiiiiiiiiee e
1.2 Shear INErfErOMELIY .....coiie et re e
1.3. Phase and Wavefield reconstruction algorithms.............ccocevoveviiiiieiencnnenceeeee,
1.4, DisSertation ODJECLIVES ......ecviivieie ettt re e
1.5. Dissertation Structure and OUICOMES ..........cueieierierienenie et
1.6 Real-world Applications from the dissertation.............ccccocevveeiiiii i,

REFERENGCES ... .o et b ettt n e

CHAPTER 2: (PAPER 1) VARIABLE SHEARING HOLOGRAPHY WITH

APPLICATIONS TO PHASE IMAGING AND METROLOGY .....c.cccciiiiiiieiiiiciiciee

(OF1 - 1[0 USSP PRURPRPRRRIN
COPYIIGNT PEIMISSIONS ...ttt bbb bbbt
P20 A [ g1 oo [ Tod o] USSR RPR PRSP
2.2, RESUITS ...ttt ettt e e s et et re e te e e e ane e ae e teene e reenteaneenre s

2.2. 0. SNEAT SBIBCHION...c.eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee ettt e e eeeeeeeeeeeeneeneees

2.2.2. Wavefront reconstruction algorithm for multi-shear variable shear
INEEITEIOMELIY ...ttt bbbt

2.2.3. Estimation of fMn, + x using the initial QUESS ...........ccccveviiiiiiic e,
2.2.4. Application of the Object CONSLrAINT..........ccccveiiieriiiere e
2.2.5. Application of the Measurement CONSEraAINT .........cccovvereeieriieiiere e
2.2.6. Behavior of the algorithm ..o s



2.2.7. Simulation using SYNthetic data..........ccccoevveieiieiice e
2.2.8. EVOIUtiON OF 10SS TUNCLION ......covviiiiiiieie e e
2.2.9. Comparison of the two configurations: (SImulation) ..........cccoccevirieiinniiin e

2.2.10. Transfer function analysis (see also [22]), to estimate frequency
domain INfOrmMation AENSITIES........ccviiiiieiiee e

2.2.11. Spatial support analysis (see also [22]), to estimate spatial domain
INTOrMALION AENSITIES....ecvviitieieieie ettt esbeebe b e nneenes

2.2.12. Effect of pixel shear errors on the resolution of the reconstruction
(Monte Carlo SIMUIALION) ........occiiieie et

2.2.13. Additional processing of measurement data needed for
experimental data (Shear deteCtion)..........cceveiieiieiie i

2.2.14. Additional compensation techniques for the polarization camera............c.cc.ccceeee.
2.3, EXPErimMENtal SELUP: .....oiviieiiiiieieei bbb

2.3.1. Cartesian Coordinate Shear configuration ...........ccccocevveiiiicie s
2.3.2. Constant shearing Polar coordinate shear configuration.............cccceeeverenencnenennenn.
2.4, Materials and MELNOUS .........uiiiiiieiee e

2.8, CONCIUSTION <.

REFERENCES ... .o

CHAPTER 3: (CONFERENCE PROCEEDING) VARIABLE SHEARING

HOLOGRAPHY WITH GEOMETRIC PHASE ELEMENTS.......cocoiiiiiieiee e

L@ v L1 o] OSSPSR
(000 01 (=] (=10 To! O RUUU U SRPRUP PSRRI
COPYIIGNT PEIMISSIONS ...ttt ettt bbb bt
K20 I [T [N ot A o o PRSP SRPRUPR TSR
3.2. Shear holography using diffractive polarization gratingsS...........ccceeeverenenenienieneseeeeen,
3.3. Alternating Projections for wavefield reconstruction............ccccocoveveiie e
3.4. Reconstructed results from eXPeriMent ..........cviveiiiieiieie e
3.5. Effect of shear selection and aperture SIZE...........ccoveiuriiereeie e

S T OXe] 1 [o] (017 o) o FUUE TR

45



REFERENCES ... .o 66

CHAPTER 4: (PAPER 2) EFFECTIVE SELECTION OF SHEARS IN

VARIABLE LATERAL SHEARING HOLOGRAPHY ..o 67
AAUENOTS ...ttt b bbbkttt b bbbt n e 67
PUBHCALION STALUS .......cviieees bbb 67
4.1, INEFOTUCTION. ...ttt bbbttt ettt eb bt et e e ene e 67
4.2. Symmetric Shearing Configurations...........cccvoiiiiiiieie e 72
4.3. Need for Optimal SNEAIS .........coiiiiiiieee e 74
4.4. Effect of shear COnfigQUIration ............ccooiiii i 75
4.5. Identification of optimal shear settings: Shear Angle (8) .........ccoovvveiiiiiiiciiiiices 78
4.6. Identification of optimal shear settings: Shear Magnitude (fR) and
NUMBDET OF SNEAIS (IN) .. bbbt 80
4.7. Frequency information density function (FIDF) ... 85
4.8. CONCIUSION ...ttt ettt eb bt 87

REFERENGCES ... .ottt b et b et e bt e e b e e enb e e nneeannas 89

CHAPTER 5: (PAPER 3) SUB-MILLIMETER FRINGE PROJECTION

PROFILOMETRY AT METER-SCALE FIELD OF VIEWS ..o 91
AAULNOTS. ...t bbbttt bbbt bbbt e e bbb bbbt n e 91
PUBIICALION SEALUS ... 91
5.1, INEFOTUCTION ...ttt bbbttt b bbbt 91
5.2. Realization of Fringe projection system using GP gratings ..........cccccovvvevieiieesiie e 95
5.3, EXPErimMENntal SEIUP......ooiiiiiiiieeee et 99
5.4, RESUILS. ...ttt 102
5.5. ApPlications OF the SELUD .....vcveieeieiie e enes 106



LY T OXe] o [o] (017 o] o U RO 108

REFERENGCES ... oottt nne s 110
CHAPTER 6: CONCLUSION AND FUTURE WORK ......ccoiiiiiiiiieiee e 114
REFERENCES ... 118
APPENDIX-A: JONES MATRIX FOR GP GRATINGS........ccoooiiiiiiiic e, 119

APPENDIX-B: JONES CALCULUS FOR POLARIZATION

PHASE SHIFTING ..ot 122

Xi



LIST OF TABLES

TABLE 4.1. FIDF function for different number of Shears M .........ooov oo, 79

Xii



LIST OF FIGURES

FIGURE 1.1: Modification of conventional designs to perform shear
interferometry. (a) Michelson interferometry design, (b) Mach-Zehnder design............cccceeueenee. 3

FIGURE 1.2: Functioning of GP elements demonstrating shearing.
(@) GP gratings, (D) GP IENS.........ciiiiee ettt et be e nra e reenee e 6

FIGURE 1.3: (a) GP grating, (b) Compact holographic shear
interferometric system using geometric Phase gratingsS.........ccooveverererereresiesieeeee e 12

FIGURE 2.1: Principle of GP grating based shearing interferometry for
the case of linearly polarized gt ... 19

FIGURE 2.2: Examples of interferograms for the case of a spherical wave
at the distance z = 350 mm with different shear amounts in x- and y- direction......................... 20

FIGURE 2.3: Examples of interferograms for the case of a spherical wave
at the distance z = 250 mm with constant shear and different grating
FOLALIONGA] ANGIES ... et e et e e et e et e e e e sbeeteeneesreeneeas 21

FIGURE 2.4: (a) Intensity distribution of a spherical wavefront with

constant amplitude before reaching the linear polarizer, (b) Intensity after

the linear polarizer for four different angles of the polarizer axis to produce

a phase shift between the interfering waves of 0, /2, 7, and 37/2 ......cccoovviiiiieieieiene s 22

FIGURE 2.5: Principle of multi-shear wavefront reconstruction algorithm ..................c.ccccee. 25

FIGURE 2.6: (Simulation) Results of reconstruction with simulation

parameters: FoV 256 x 256 pixels, Pixel size 3.45 um, Wavelength 0.6 um,

Aperture size 90 pixels, Z distance 87.5 mm. (a) Shear selection,

(b) 1deal phase map, (c) Reconstructed phase map, (d) Error map between

ideal and reCONSIIUCTEA ALA...........ccueiieieeie et e e e e nneenneeee s 29

FIGURE 2.7: High frequency artifact from reconstruction algorithm.
(a) Error map zoomed, (b) Error map profile ........cocoooieiiiiiiiie e 29

FIGURE 2.8: (a) Error map before filter (RMS error: 4.1E-3 rad),
(b) Error map after filter (RMS error: 0.42E-3 rad), (c) Profile of error map
before filter, (d) Profile of error map after filter...........coooiiiii i 31

FIGURE 2.9: Evolution of loss function (a) without filter, (b) with filter ............c..cccoovvveinens 32

Xiii



FIGURE 2.10: Comparison of reconstruction results between different

configurations. (a) Shear selection for test 1 in cartesian coordinate

configuration, (b) Shear selection for test 2 in cartesian coordinate

configuration, (c) Shear selection for polar coordinate configuration,

(d) Reconstructed phase map from test 1, (e) Reconstructed phase map

from test 2, (f) Reconstructed phase map from polar coordinate

configuration, (g) Phase error map from reconstruction using test 1 parameters,

(h) Phase error map from reconstruction using test 2 parameters,

(i) Phase error map from reconstruction using polar coordinate configuration..............c.cccceveue. 34

FIGURE 2.11: Transfer function analysis (Frequency information density

plots with points below threshold 2): (a) Test lin cartesian coordinate

configuration (34 datapoints below threshold), (b) Test 2 in cartesian

coordinate configuration (21 datapoints below threshold), (c) Polar

coordinate configuration (1 datapoint below threshold), (d) Test 1 plot

in cartesian coordinate configuration zoomed near small frequency

regions, (e) Test 2 plot in cartesian coordinate configuration zoomed near

small frequency regions, (f) Polar coordinate configuration plot zoomed

near SMall fFreQUENCY FEOIONS .........eciiiiie et et e e e e te e e sneere s 37

FIGURE 2.12: Demonstration of data recorded by each shear: (a) Beam 1
and 2 overlapping, (b) Summation of overlapped regions indicating regions
that have data for reconstruction (YelloW regions) .........c.ccoiviiririiiiiinineseeeeee s 38

FIGURE 2.13: Spatial information density distribution for different shear

patterns on 1024x1024-pixel maps with aperture diameter of 600 pixels.

(a) Single shear of 175 pixels, (b) Two orthogonal and equal shears of

175 pixels, (c) 24 shears in polar configuration with a fixed shear of

175 pixels, (d) 24 shears in polar configuration with a fixed shear of 80.5 pixels...........ccccco...... 39

FIGURE 2.14: Spatial information density distribution across all three

configurations with 24 shears. (a) Test 1 in cartesian coordinate system

(linear pattern), (b) Test 2 in cartesian coordinate (shears in scattered pattern),

(c) Polar coordinate system with shears at unequal angles..........cccocvvivereiieniere e 40

FIGURE 2.15: (a) Box-plot showing a summary of the simulations,

(b) Reconstructed phase map at standard deviation 1 pixel, (c) Reconstructed

phase map at standard deviation 3 pixels, (d) Reconstructed phase map

at standard deVIatioN 5 PIXEIS......coii i e 41

FIGURE 2.16: (a) Intensity map with sheared images of object, (b) Second

derivative of auto-correlation map showing peaks corresponding to shear in
Do Q=121 I o [1=Tox 1 o] o TS OP TS RTRR 43

Xiv



FIGURE 2.17: Schematic of the polarization camera sensor and intensity
maps demonstrating the phase shifts (Intensity maps generated using synthetic
defocused point SOUrce WaVETIEI)........c.coveiiiieiie e 44

FIGURE 2.18: Experimental setup for Cartesian coordinate shear setup
() Schematic (D) EXPEIIMENT .........oiiiieiieii ettt esre e eneesae e e 45

FIGURE 2.19: Grating arrangement in Cartesian coordinate shear setup
(a) Experimental setup, (b) Schematic of the setup, (c) 3D schematic of the setup ............c....... 46

FIGURE 2.20: Reconstructed results from cartesian coordinate shear
experiment (a) Shear selection, (b) Amplitude map, (c) Phase Mmap .......cccccoeveevveveieeieevieceen. 47

FIGURE 2.21: Experimental setup for polar coordinate shear system,
() Schematic, (D) EXPEIIMENT........cciiieiieiiee ettt e eeeneenneeee s 48

FIGURE 2.22: Gratings arrangement in polar coordinate shear configuration
(a) Experimental setup showing the rotation of gratings, (b) Schematic
Of the grating arranQgEMENT...........cov it e e reente e e sneennas 49

FIGURE 2.23: Reconstructed results (a) Amplitude map (b) Phase map
(c) Mask from amplitude map (d) Phase map with mask applied ...........ccccerieriiiieiiienenieseens 49

FIGURE 2.24: Reconstructed results from defocused object (a) Amplitude

map before numerical refocusing (b) Amplitude map after numerical refocusing

(c) Phase map before numerical refocusing (d) Phase map after

NUMETICAI FEFOCUSING . ....c.eitete ittt bbbttt nb bbb 50

FIGURE 2.25: Reconstructed wavefield of defocused object (zoomed)

after post processing: (a) Amplitude map of the full object, (b) Region 1

amplitude map (c) Regions 2 amplitude map (d) Regions 3 amplitude map,

(e) Phase map of the full object, (f) Region 1 phase map, (g) Region 2 phase

map, (N) REgION 3 PRaSE MEAP ......oiiiiiiiiie e 51

FIGURE 3.1: Effect of grating orientation on shear: (a) axial separation

between gratings affect separation between object beams, (b) changing

angle of gratings changes the orientation angle of shears............ccccoocvieviiie i 58
FIGURE 3.2: Principle of the alternating projections algorithm [3]. ........ccccoovviviiiiieiiciiiei 60
FIGURE 3.3: (a) Experimental configuration; (b) Reconstructed amplitude

map of the defocused object; (c) Reconstructed amplitude map after
NUMETTCAL FEFOCUSING ... ettt ettt ettt e e beetesneesbeenee s 61

XV



FIGURE 3.4: (a) Spatial information recorded by one shear for a circular

aperture; (b) Spatial information density map for 24 shears for large separation

distance between gratings that have a fixed shear amount but variable

R LT VR 2 ] v L o] 0 1) OSSR 62

FIGURE 3.5: Experimental demonstration using large shears and square

aperture: (a) Spatial information density map demonstrating regions of low

value where phase reconstruction can fail; (b) Reconstructed amplitude map;

(c) Reconstructed phase map demonstrating failed phase reconstructions in

regions with minimum information density VAIUES ... 63

FIGURE 3.6: Reconstructions with large beam overlap (small shear

separation, 24 rotations): (a) spatial Information density map,

(b) reconstructed amplitude map, (c) reconstructed phase map. For comparison,

(d) spatial information density map with no beam overlap, and reconstructions

are shown in (e) and (f) for the amplitude and the phase map, respectively. .........c.ccceovevvernnen. 64

FIGURE 4.1: GP grating setup for lateral shear interferometry..........c.ccccooevviveiieiievc e 73

FIGURE 4.2: Experimental setups for lateral shearing: (a) 4-grating setup for
XY shear, (b) Available shears in 4-grating setup, (c) 2-grating setup for
polar shear, (d) Available shears in 2-grating SEtUP ........cocvevveieeii i 73

FIGURE 4.3: Error maps demonstrating the effects of shear selection from

simulating wavefield reconstruction of a defocused point source: (a) One

shear along X-direction, (b) One shear at 45 degrees with respect to X-direction,

(c) 4 shears selected along 45, 135, 225 and 315 DEQrees .......coeveeieiieiiiieieece e 75

FIGURE 4.4: Systematic shear selection using equal shears on XY and polar

configurations: (a) Equal shear spacing in 4-grating configuration,

(b) Shears selected with equal angular separation in 2-grating configuration,

(c) Frequency information density function (FIDF) map for 4-grating

configuration, (d) FIDF map for 2-grating configuration, (€) Minimum FIDF

value along X direction for 4-grating configuration, (f) Minimum FIDF

value along X direction for 2-grating configuration ............ccccovveiiieiie i 77

FIGURE 4.5: Effects of low and high values of fR on phase reconstruction...............c.cccccoenee. 81

FIGURE 4.6: Simulation data (7 experiments per parameter set):
(@) fR vs mean phase error, (b) fR vs standard deviation of phase errors...........cccccovevvveeveernene. 82

FIGURE 4.7: Signal to noise ratio plot: (a) S/N ratio vs fR ,
(b) S/N ratio VS NUMDBEr OF SNEAIS .......cveiieicc e 84

FIGURE 4.8: Frequency information density maps for different shears
at [ow and Nigh TR VAIUES..........cviiiee e 85

XVi



FIGURE 4.9: fR vs number of points below cutoff (0.05) at different
NUMDEE OF SNBAIS ...ttt e bt sbeetesneesteenee s 87

FIGURE 5.1: Realization of a fringe projection system using GP gratingS..........cccccevvvierivnncns 96
FIGURE 5.2: Effect of grating positions on projected Fringes.

(a) Original orientation of gratings, (b) Changing the distance between

gratings changes fringe spacing, (c) Grating pair orientation affects the

LT Lo TR 0] 4T g1 LA o] PSSR 98

FIGURE 5.3: Fringe patterns at four different angles of linear polarizers

demonstrating Phase SNIFtING .........coovii i 99
FIGURE 5.4: Fringe projection. (a) Schematic of the setup,

(D) EXPEITMENTAI SELUD ...ttt bbbttt 101
FIGURE 5.5: Objects used for fringe projection eXperiment.............cccccvevevveeveevesiesessie s 102

FIGURE 5.6: Recovered phase maps using the fringe projection system

on coin replica. (a) Intensity map as acquired by the camera with a zoomed

image showing fringe patterns, (b) Phase map of reference flat,

(c) Phase map of the object (coin), (d) Final wrapped phase map after

subtracting reference phase map from the object phase map,

(&) UNWrapped PRasE MAP. .......ooiiiiiiieieieiesie ettt bbbttt 103

FIGURE 5.7: Recovered phase map of 3D printed plate showing Charlotte logo.

(a) Projected fringe patterns on the 3D printed plate with a zoomed images

showing fringes, (b) Recovered phase map of reference flat showing system

distortions, (c) Recovered phase map of 3D printed plate, (d) Final wrapped

phase map after subtracting reference phase map, (e) Unwrapped phase map. ...........c.cco....... 104

FIGURE 5.8: Step height comparison. (a)Intensity map of 3D printed plate

highlighting region of comparison, (b) Measurement from Zygo Nexview

coherence scanning interferometer, (c) Measurement from Fringe

PIOJECTION SYSTEIM ...ttt bbbt bbbttt et et e b et ettt et e 106

FIGURE 5.9: Demonstrating the ability to produce different fringe
spacing. (a) Large spacing, (b) Medium spacing, (c) Sub-millimeter spacing..............cc.c....... 107

FIGURE 5.10: Use of the proposed fringe projection system at larger scales.

(a) Low frequency visible fringes projected in a classroom, (b) High frequency

fringes projected on calibration board placed at 20 meters from the fringe

projection system, (c) Zoomed view of the calibration board showing the

QL L0 =0t o I T TSSO 108

Xvii



GP

LP

LCP

RCP

rad

a.u.

pX

FIDF

SIDF

LIST OF ABBREVIATIONS

Geometric Phase

Linear Polarization

Left Circular Polarization

Right Circular Polarization

Radians

Acrbitrary units

Pixels

Frequency Information Density Function

Spatial Information Density Function

Xviii



CHAPTER 1: BACKGROUND AND MOTIVATION

1.1 Interferometry and Holography

Quantitative measurement of surface is an important topic in many fields such as surface
engineering, imaging bio-samples, optical fabrication, etc. in a small scale and can also be
extended to a large scale such as for reverse engineering and in manufacturing and assembly. A
complex wavefield consists of an amplitude component and a phase component. For many
optical metrology techniques, an understanding of both, the amplitude and phase properties of a
complex wavefield is important. When imaging an object, the depth information of the object is
encoded in the phase of the complex wavefield, and different mechanisms are often employed to
retrieve the phase information to build the height map of the object under measurement. One of
the most common methods for phase retrieval or height map reconstruction is interferometry.
Many conventional interferometric systems use a reference mirror to generate a reference
wavefield and combine it with the object wavefield to produce interference patterns. The
interference patterns can be modulated through phase modulation and the object surface
information can be retrieved through different algorithms. The common option found in
commercial instruments for smooth and polished surfaces is the use of phase-shifting
mechanisms and algorithms. These are often available in Michelson, Fizeau, or Mach-Zehnder
configurations. These configurations can be used with constant phase shifts [1] or using random
phase shifts [2,3]. The phase shifts are introduced by changing the optical path distance by
moving the reference mirror using a piezoelectric transducer (PZT) [4]. An alternative approach
is to introduce a phase shift by manipulating the polarization states of the overlapping beams [5—
7]. The general idea is that the object and reference beams are orthogonally and circularly

polarized, and then brought to the same state of linear polarization. This induces a phase shift



between the two beams which produces interference patterns on the camera plane. Changing the
angle of linear polarization changes the phase shift between the interfering beams and a phase
shifting algorithm can be applied to recover the phase map.

Holography, according to Peter de Groot et. al. [8], is a two-step process: (a) Recording the
amplitude and phase of a propagating wavefield as intensity images using interference, and

(b) reconstruction of the propagating wavefield from the recorded intensity images using optics
or digital reconstruction algorithms. The above-mentioned interferometric systems can be further
modified to record both phase and amplitude and estimate complex wavefields. This expands
their applications in the field of digital holography [9,10] as the estimated complex wavefields
can be further processed with wave propagation algorithms like angular spectrum [11,12] and
perform numerical refocusing. Another approach that can measure both smooth and rough
surfaces is coherence scanning interferometry [13-16]. This method uses an incoherent light
source of a known wavelength bandwidth and characterizes the object surface by scanning along
the vertical axis and analyzing the fringe modulation within the coherence envelope of the light
source. This is often used with a Mirau or a Michelson configuration. A common limitation in all
these systems is that they use a separate reference mirror to generate the reference wave, and so
all these designs are sensitive to environmental disturbances. These systems need a temperature-
controlled laboratory setting and are not suitable for harsh environments such as in-situ
metrology. The use of systems that do not rely on a reference wave is often found as suitable
solutions for implementing in-situ metrology, especially in environments that are prone to

experience more vibrations.



1.2 Shear interferometry

Shear interferometry is an example technique that does not rely on reference wave
generation. In shear interferometry, the system creates a copy of the object wavefield, and one or
both object wavefields are modulated differently and overlapped to produce interference
patterns. Depending on how the object beams are modulated, different types of shear
interferometry systems exist. Some of the different shear configurations that can be found across
the literature are summarized in [4,17]. Lateral shear interferometry systems are more common
and can be easily realized by modifying conventional interferometry designs such as Michelson
and Mach-Zehnder [4]. In a lateral shearing configuration, a copy of the object wavefield is
created and either one or both object wavefields are laterally displaced relative to each other
through different shearing mechanisms. Figure 1.1 shows an example of how conventional

designs can be modified to function as a shear interferometer.

(a) Tilts in the mirrors (b)
/-’adj ust lateral shears
spatially Object —>
Jv wavcticld SS
Tilted parallel
. T ¢ &ﬁ plates induce
Object - — lateral shear
wavefield 4‘_ L
V1 I
.
Detector Detector

FIGURE 1.1: Modification of conventional designs to perform shear interferometry.
(a) Michelson interferometry design, (b) Mach-Zehnder design.
Since a separate reference beam is not generated in these systems, it is possible to design these
systems in common path configurations [18] which makes the system robust and suitable for
harsh environments. A shear interferometry system can be implemented in two methods which

decide which type of algorithm can be used to evaluate the phase information as an



interferometer or to evaluate the complex wavefield as a holography system. The first approach
is to create a copy of the object wavefield and modulate the copy while the original wavefield is
left undisturbed. The shear interferometry setup presented by Falldorf et. al. in [19-21] follows
this approach where the object wavefield was sheared using a spatial light modulator (SLM). The
spatial light modulator functioned as both the shearing element as well as for introducing phase
shift when recording the interferograms. The object wavefield is linearly polarized and is
laterally sheared in the Fourier domain of a 4f setup using the SLM. The zeroth order overlaps
with the first-order diffracted wavefield from the SLM and after passing through a linear
polarizer, the overlapping wavefields interfere on the camera plane. The setup was tested using
both, coherent illumination (532nm Nd: YAG laser) [19] and partially coherent light (fiber-
coupled LED with central wavelength 625nm) [20,21]. The second approach to shear
interferometry is to create a copy of the object wavefield and modulate both object wavefields
simultaneously. This approach was used by Choi et. al. [22] in a radial shearing configuration
using a geometric phase (GP) lens. In radial shearing interferometry, the object wavefield and its
copy are modulated by magnifying them to different sizes. The difference in magnification
amount and the overlap between the modulated object wavefields cause the wavefields to
interfere. In the setup presented by Choi et. al. [22], the object is illuminated by an incoherent
broadband source, and the light scattered from the object is collected using an objective lens. A
geometric phase lens is a polarization-directed flat lens that has a fixed focal length and acts
either as a positive or negative lens depending on the polarization state of the input light. In the
experiment, the input object wavefield is linearly polarized and passed through the GP lens. A
linearly polarized light is a combination of left and right circular polarized light. The GP lens

converts the right circular polarized light to the left circular polarized and converges with a



positive focal length. Simultaneously, the GP lens converts the left circular polarized to right
circular polarized light and diverges with a negative focal length. This enables radial shearing in
the setup. The two object wavefields are then brought to the same state of linear polarization
with a linear polarizer before overlapping on the camera plane to produce the interference
patterns. A relay lens is used after the GP lens to flatten the wavefronts to enhance the fringe
visibility while recording the intensity maps. Since the phase shift is based on manipulating the
polarization states of the overlapping beams, phase shifting is introduced by rotating one of the
linear polarizers.

This dissertation uses the second approach of implementing shear interferometry where both, the
object wavefield and its copy are modulated but in a lateral shearing configuration. This is
implemented using GP gratings. Similar to a GP lens, a GP grating uses a linearly polarized light
as input and then splits the wavefield into left and right circular polarization states in the positive
and negative diffraction angles depending on the polarization states. The difference between the
GP lens and GP grating is shown in figure 1.2. More details on the functioning of GP gratings
can be found in [23]. The functioning of the two GP gratings can be realized in Jones matrix by
rewriting the GP grating pair as two opposite circular polarizers with a phase difference

(Agp = ¢, — ;) between them as shown in Eq 1.1 [23].

_ ‘ 1 i . 1 —i
Jou =HexpGon |, 1] +ewisn [ 7} CEY
The results of interacting wavefields with different polarization states are shown in Appendix-A.

The GP gratings used in the experiments in this dissertation are from Edmund optics (#12-677 -

VIS Coated, 25mm Square, 5° Diffraction Polarization Grating).
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FIGURE 1.2: Functioning of GP elements demonstrating shearing. (a) GP gratings, (b) GP lens

1.3. Phase and Wavefield reconstruction algorithms

The algorithm that is used to estimate the phase or the height map is based on the
mechanism used for modulating the fringe patterns during measurement. For systems that use a
reference mirror and a phase shifting mechanism with constant phase shifts, Surrel [1] developed
a general framework for deriving equations for implementing the N-step phase-shifting
algorithm. Other unconventional phase-shifting algorithms with constant phase shifts that do not
fit in this framework have also been explored in the literature [24,25]. For cases where the phase
shifts are not equal, random, and unknown, Wang et. al. [2] and Albertazzi et. al. [3,26] have
studied and developed algorithms that can detect the phase shift between the recorded frames and
estimate phase maps from the recorded interference patterns.
For interferometric systems that do not use a reference mirror, such as in shear interferometry,
direct use of phase shifting algorithms might not always be the solution to extract phase
information of the object surface. One exception to this statement was shown by the radial
shearing interferometer developed by Choi et. al. [22]. The use of the GP lens in Choi et. al. [22]
expands one of the sheared wavefronts to a large extent that it could be approximated as a flat

reference and so the use of a 4-step phase shifting algorithm was able to extract the phase. But, in



the case of lateral shear interferometry, the use of a phase-shifting algorithm estimates the
gradient of the phase map with respect to the lateral shear used while recording the
interferograms. So alternative approaches to extracting the phase information is needed.

Earlier approaches to solving interferograms from shear interferometry can be classified into
zonal reconstruction and model reconstruction. Rimmer [27] presented a zonal reconstruction
approach by considering phase reconstruction as a least squares problem. The method uses two
orthogonal shears to create a series of linear equations that can be assembled in a matrix format
and turned into a least-squares problem to estimate the phase. A preliminary analysis was also
done by the author to understand the propagation of errors in estimating the phase. A similar
study was also conducted by Fried [28] where the algorithm was developed as a generalized
wavefront reconstruction technique based on the phase difference between two measurements
with a least-squares approach. A more detailed analysis in the evaluation of noise and error was
also done in this study. With advancements in computational power, more approaches on zonal
reconstruction are still being explored. Dai et. al. [29] designed and implemented an algorithm
that can be used for any aperture shape to produce high spatial resolution reconstruction and can
be used to work in tandem with Gerchberg-type algorithms [30,31] using two orthogonal shears.
In Model reconstruction methods, a set of model functions are used, and the coefficients of
difference model functions are estimated to best fit the acquired interferograms. Some prior
knowledge about the shape of the object surface is needed to identify the best model suitable for
the wavefront reconstruction. Harbers et. al. [32] presented a model reconstruction method by
using Zernike polynomials to estimate the object wavefront.

With the advancements in computational power these days, optimization algorithms are often

adopted to solve the shear interferometry problem to estimate the object wavefield. In the shear



interferometry systems presented by Falldorf et. al. in [19-21], the object wavefield is left
undisturbed while the copy of the object wavefield is sheared using an SLM. The authors defined
a loss function based on the cross-amplitude and the estimate of the object wavefield. The cross-
amplitude term was evaluated by applying phase shifting algorithm to the recorded
interferograms. Using the loss function and its gradient, the authors used a gradient descent
iterative approach to estimate the object wavefield.

Our initial approach to solving and estimating the object wavefield was inspired by the gradient
approach method used by Falldorf et. al. [19-21]. In the works done by Falldorf et. al. [19], for
an object wavefield of u(x) and shear s,,, the complex cross-amplitude M,,(X) (Eq. 1.2), loss

function L (Eqg. 1.3) and the gradient of the loss function VL (Eq. 1.4) are defined as follows.
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The shearing interferometry setup used in this dissertation uses a pair of GP gratings to
implement the shear. So, both, the object wavefield and its copy are sheared laterally and
symmetrically about the optical axis. Derivations similar to Eq. 1.2-1.4 were done for this case of

lateral shearing and are shown below in Eq. 1.5-1.7.
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The presence of the i, (X + s,,) and ¥, (X — s,,) complicates the optical setup which is not
feasible to implement using GP gratings without introducing significant errors during the
measurement process. So, for the optical setup that is discussed in this dissertation, an
optimization approach that does not depend on the gradient of the loss function is required. One
such algorithm was developed by Konijnenberg et. al. [33] for a lens-less imaging system in the
X-ray and Extreme Ultraviolet (EUV) community. This is an alternating projections algorithm
that is based on work done by Youla [34] for image restoration. The algorithm developed by
Konijnenberg et. al. [33] has been analyzed and modified for the optical community in this
dissertation to work for lateral shearing in the spatial domain. Further, the algorithm has also
been modified with acceleration techniques based on multiresolution strategies [35] to improve
the convergence rate and achieve faster wavefield reconstruction. Further, the multiresolution
technique also renders the reconstruction algorithm impervious to the choice of initial guess. The
modified alternating projections algorithm developed in this dissertation was also analyzed to
detect the presence of any artifacts that result from the algorithm and further modifications were
done to mitigate these effects. The details of the modification are available in Chapter 2 of this

dissertation.

1.4. Dissertation Objectives
The objectives of the dissertation are as follows:
e Design and build a lateral shear interferometry system that can also function as a
holography system
e Develop a working algorithm that can work with the optical setup to reconstruct

wavefield



e Characterize the effects of shear on the reconstructed wavefield
e Identify strategies to optimize the shear selection

e Explore applications to expand the use of GP gratings for measuring diffused surfaces

1.5. Dissertation Structure and Outcomes

The research work presented in this dissertation follows the Three-Article Dissertation
Guidelines of UNC Charlotte. Chapter 2 presents the first article titled “Variable Shearing
Holography with Applications to phase imaging and Metrology”, published in Light: Advanced
Manufacturing in 2022. Chapter 2 discusses and compares two designs for using GP gratings for
lateral shear interferometry systems. A modified version of an alternating projection algorithm is
developed and tested with these setups. The effect of selected shears on reconstructed wavefields
is studied through transfer functions defined as spatial information density function (SIDF) and
frequency information density function (FIDF). Chapter 3 presents a conference proceeding
titled “Variable Shearing Holography with geometric phase elements” published and presented
in SPIE Optical Engineering + Applications in 2022 in San Diego, California, United States.
Chapter 3 discusses the limitations of shears from the perspective of the spatial information
density function. Chapter 4 presents the second article titled “Effective selection of shears in
variable lateral shearing holography”. This chapter presents a statistical analysis based on
simulations using synthetic intensity maps to study the effect of shears on the reconstruction of
wavefields. A synthetically generated defocused point source was used in this study since it
comprises a wide range of frequencies in the selected field of view. The work provides an
effective set of shear parameters to reconstruct wavefields with minimal errors. The result of this

study is also compared with corresponding frequency information density maps to correlate the
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results. This article has been submitted to Applied Optics and is awaiting a reviewer/editorial
response. Chapter 5 presents the third article titled “Fringe projection using geometric phase
elements” which has been submitted to Applied Optics and is awaiting reviewer/editorial
response. Chapters 2 and 3 present the use of GP grating pairs as a shear interferometry system
for reflective and transmissive surfaces. Chapter 4 presents the best shears to operate the shear
interferometry setup that is presented in Chapters 2 and 3. Chapter 5 presents a secondary
application to the GP grating pair setup to operate as a fringe projection system that is suitable
for diffused surfaces. Chapter 6 concludes the dissertation by summarizing the highlights and

major outcomes of the project.

1.6 Real-world Applications from the Dissertation

Reference-less systems with single-path designs enable systems that are robust to
environmental noise, extending their applications in harsh environments outside laboratories. An
example of such design is demonstrated by Viotti and Albertazzi in [36] where the authors
demonstrate the use of a portable speckle interferometry setup to evaluate stresses and detect
defects on gas pipelines. Additionally, the use of flat optics has been attracting a lot of
researchers to implement extremely compact systems using common path designs. Choi et.
al. [22] demonstrated the use of geometric polarization gratings to implement an incoherent
holographic shear interferometric system based on radial shearing. The studies conducted in this
dissertation show a design for using geometric polarization gratings to implement a holographic
interferometric system based on lateral shearing. An example of compact design based on the

systems discussed in this dissertation is shown in Figure 1.3. These systems can also be

11



integrated into existing designs such as the radial shearing system by Choi et. al. [22] to create

hybrid systems for measuring different types of surfaces.

FIGURE 1.3: (a) GP grating, (b) Compact holographic shear interferometric system using
geometric phase gratings

The dissertation also presents the equations necessary for developing a wavefield reconstruction
algorithm using this setup. The reconstruction algorithm developed in this dissertation is not
limited to setups using GP gratings but can be used for any lateral shearing interferometric setup
that shears symmetrically about the optical axis. Further, this dissertation also presents guidelines
for effective shear selection strategies that can be extended to work with any shear
interferometric systems that use symmetrical lateral shearing. The dissertation also presents the
idea that the use of GP grating pairs is not limited to interferometric systems but can also be used
to make fringe projection systems. This shows the potential applications of the designs discussed
in this dissertation to be used in different fields ranging from bio-samples using holographic

systems to additively manufactured surfaces using fringe projection systems.
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2.1 Introduction

Single-beam wavefront reconstruction techniques are exciting alternatives to
interferometry. These techniques are inherently robust to vibrations and often can be designed in
a compact optical setup. Recent research expands those techniques to partial coherent sources,
where LEDs are employed in place of lasers. Another interesting field is the area of bio-imaging,
where existing microscopes are converted into phase measuring devices using a single-beam
phase wavefront reconstruction add-on. A further appealing aspect is that many single-beam
systems can be designed to work with no beamsplitter, allowing the sensor to be closer to the

sample and enabling simpler optical measurements with higher-numerical aperture. In phase
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retrieval, there are two representative families of wavefront reconstruction techniques. Firstly,
techniques based on deterministic models [1-5], and secondly, techniques that employ an
iterative solver that utilizes wave-propagation techniques [6,7] or Fourier relationships [8,9].
With the advent of faster computer systems, new cameras are often developed with a higher pixel
count, diminishing many advances of the higher computational power. Optical measurement
technologies need to adapt to survive this trend through more innovative algorithms, new
measurement concepts, or both.

For instance, in the field of phase retrieval, the convergence may be improved using multi-
resolution and relaxation techniques [10]. Another possibility is to alter the illumination [11] or
combine deterministic and iterative algorithms [12].

However, the elephant in the room of all methods mentioned above is the inverse problem
resulting from the data produced by the unmodulated optical beam. In other words, often, the
data is too similar, and significant efforts need to be made to reduce the similarity (e.g., repeating
the measurement at a large defocus distance [3]).

Recent advances in computational shear interferometry [13,14] allow actively modulating an
incident beam as it interferes with itself. Modulation of the beam increases instantly the diversity
in the data. In particular, when employed with phase-shifting techniques [15], it is possible to
obtain the complex cross-term of two interfering wavefields directly. Despite this sophistication,
the system by Falldorf requires a spatial light modular (SLM), which significantly contributes to
the system costs. The wavefront reconstruction technique reported by Falldorf et al. [13] is
based on a gradient descent approach for non-symmetric shearing systems. However, compared

to the non-symmetric case, deriving the grading of a that non-holomorphic function for the case
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of a “symmetric” shearing system is not straightforward. Hence other approaches like the
alternating projections by Konijnenberg [16] are preferred reconstruction algorithms.

Recent advances in geometric phase (GP) elements lead to the development of GP gratings and
GP lenses that can be employed in lateral and radial shearing interferometry [17-19], with
polarization phase-shifting capabilities [20,21]. The remaining quest is to recover the correct
wavefront from the captured phase-shifted interferograms.

This paper proposes a variable shearing interferometer that consists of a series of GP gratings
and polarization optics. This setup enables measuring a series of phase-shifted interferograms for
a given shear amount, as shown in Figure 2.1. In a subsequent step, we reconstruct the wavefield
using a modified version of the alternating projections algorithm, developed by

Konijnenberg [16], and a series of interferograms with different amounts of shear. The discussed
systems are the first experimentally demonstrated GP grating-based variable shear
interferometers for complex wavefield reconstructions. We discuss various possible
configurations of these instruments and demonstrate the success of two distinct shear selection
strategies (employing one or two grating pairs). We analyze these findings using the “frequency
information density” and the “spatial information density” analyses based on transfer function
and support function concepts introduced by Servin in [22]. We further show a GP grating
configuration with a fixed shear amount, but an adjustable rotational shear axis (one mechanical
rotational axis) is sufficient to obtain robust measurements while maintaining phase-shifting
capabilities using a pixelated polarization camera. We also investigate the effect of other error
sources (e.g., imperfect shear estimation), which affects the resolution of the reconstructed
wavefront. This effect is not commonly known (for coherent systems, the resolution is often a

result of numerical aperture, pixel size, or spatial coherence of the source). To mitigate this
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source of error, we report a shear detection technique using the peaks of the second derivative of
the autocorrelation function of the holograms. Measuring the shear amount directly from the
hologram is different from relying on a well-calibrated system and increases the system's

accuracy.

2.2. Results
2.2.1. Shear Selection

Polarization gratings, also known as geometric phase (GP) gratings, are liquid crystal
polymer-based optical gratings with a diffraction angle that depends on the polarization and
wavelength of light. GP gratings are designed to diffract right-handed circularly polarized light
(RHCP) and left-handed circularly polarized light (LHCP) at a negative angle and positive
diffraction angle, respectively. The value of this angle depends on the prescription; commercially
available gratings with various groove densities result in diffraction angles of the first-order
between 3 and 10 degrees. The diffraction angle can be related directly to the wavelength and

groove density using the well-known equation m 1 = d sin(0).
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FIGURE 2.1: Principle of GP grating based shearing interferometry for the case of linearly
polarized light
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A lateral shear in the spatial domain is achieved when two GP gratings are placed

consecutively [17], as shown in Figure 2.1. In that configuration, both identical GP gratings are

aligned along the same axis and orientation. In this way, the first GP grating deflects the

incoming beams at the angles +/- a, and the second GP grating compensates this deflection by
diffracting the beam into -/+ a. The properties of these GP gratings in this configuration are

outlined in [17]. Adjusting the distance between the first and the second GP grating allows

adjusting the shear amount of the two interfering waves, as shown in Figure 2.2, enabling unique

properties that can be used for adjustable shearing interferometry.
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FIGURE 2.2: Examples of interferograms for the case of a spherical wave at the distance
z = 350 mm with different shear amounts in x- and y- direction.
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As shown in Figure 2.2, shearing along the y-axis is possible by flipping the gratings by 90
degrees. An instrument employing a series of four GP gratings enables shearing in both x- and y-
direction. This configuration shears along the x- and y-axis independently. This system uses 4
gratings in total: one pair for x-shear and the other pair for y-shear.

A different possible configuration is to maintain a fixed shear between two beams and modulate
the fringes by rotating the shear axis about the optical axis, as shown in Figure 2.3. This
configuration requires only one GP gratings pair and is more compact than the other

configuration of Figure 2.2c.
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FIGURE 2.3: Examples of interferograms for the case of a spherical wave at the distance
z = 250 mm with constant shear and different grating rotational angles
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Furthermore, as the linearly polarized light at the instrument's input is converted into left and
right circular polarized components, there is a need to employ a linear polarizer to make these
two waves interfere. Notably, this configuration provides geometric phase-shifting

capability [23], i.e., by rotating the axis of the polarizer, it is possible to create a series of phase-
shifted interferograms, as shown in Figure 2.4. The relation between the polarization angle of the
linear polarizer and the phase shift angle is demonstrated using Jones calculus in Appendix-B.

In the following sections, we propose using GP gratings for multi-shear variable shearing
interferometry with phase-shifting capability. We further evaluate the performance of the

instrument with above-mentioned configurations using multi-shear wavefront reconstruction

techniques.
Left circular polarized light 0 phase shift p1/2 phase shift
() (b)

150 150 150
100 100 100
50 50 s0
(o} 0 0

Right circular polarized light pi phase shift 3pi/2 phase shift

150

100

150 150
100 100
50 50
o 0

FIGURE 2.4: (a) Intensity distribution of a spherical wavefront with constant amplitude before
reaching the linear polarizer, (b) Intensity after the linear polarizer for four different angles of the
polarizer axis to produce a phase shift between the interfering waves of 0, n/2, «, and 3m/2
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2.2.2. Wavefront reconstruction algorithm for multi-shear variable shear interferometry
The previous section showed how GP gratings could obtain a series of phase-shifted

interferograms for various shear amounts. These interferograms allow calculating the complex
cross-terms of the two-interfering waves at each shear. The challenge is to reconstruct the
complex wavefield from this data. In this section, we present an iterative algorithm based on the
approach of Konijnenberg [16] that was inspired by the alternating projection algorithms [9,24].
Consider a general wavefield u with the amplitude A and the phase ¢ as

u=A-exp(ip) (2.1)

which produces the following interferogram I,, s(x) in shearing, as
Lis@ = [uw(Z + d5,)|" + [u(Z = ds,)| + 2R(Ca(R) exp(—i6)} 2.2)
Where ds = [dsx ,dsy] and, ds, and ds,, is the shear in x- and y- direction, § is the phase shift
induced by the rotating polarizer, and C, (X) is the complex cross-term
Ca(®) = u (% — ds,) - u(® + dsy) (2.3)
The term C,,(X) is estimated using phase-shifting techniques, which for the four-bucket

algorithm results in
Co@ = (Ino@® = (@) + i<1ng(f) - In,%n@)) (2.4)

The reconstruction algorithm uses the term C,,(X) that is obtained at different shears ‘s, to
reconstruct the object wavefield through an iterative process. In this work, we employ a modified
version of alternating projections (AP) approach developed by Konijnenberg [16] for the x-ray
community. The algorithm applies two distinct constraint sets, where each constraint allows only
a limited family of solutions. The objective of the wavefield reconstruction algorithm is to

identify the unique solution that satisfies all constraints (and for all shears). These constraints are
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satisfied by employing alternating projections between the two solution domains, in which we
apply both so-called "object constraints™ and so-called "measurement constraints."

Switching between "object constraints™ and "measurement constraints™ is applied continuously
until the algorithm converges to a specific wavefield. The convergence can be conveniently

estimated using the following loss function

2 2
=33, @ - 1o, + e, @ - e, @) (25)

where subscript n denotes that the wavefield uses the shear d_s,r; S is the total number of shears,
and for convenience, we define the estimated wavefield after N iterations as f(x) to distinguish
it from ideal real wavefield u(x). The notation f(x) is used as a general indication to represent
estimated wavefields from both constraints, where the notation f™ (%) denotes the estimate of
the wavefield directly after the measurement constraint is applied, and f© (X)denotes the
estimate of the wavefield directly after the object constraint is applied. For further simplification,
the symbols 'n,+" and 'n,-" in the subscript are used to represent positive and negative shears, i.e.,
frs(X) = f(a'c’ + dTn ) Consequently, the estimated complex cross amplitude term can be

presented as
Costn(Z) = f*(F = ds, ) f(F + d57)
= fo-(X)" fro+(X) (2.6)
and can be generated using the estimated wavefield f n()?) at any shear 5{

Notably, in the presence of noise, there is no exact solution. However, the wavefield
reconstruction algorithm estimates the best fit solution that matches the experiment data. The
loss function serves as a metric to be observed for convergence with an increasing number of

iterations.
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Figure 2.5 shows the steps of the wavefield reconstruction algorithm. After an initial guess, the
algorithm continuously applies the so-called object and measurement constraints alternatingly
until the loss function reaches the desired level. The application of those constraints is discussed

in more detail below.

_ | Shear the initial
7| guess M (@

Tnitial guess f(X)

Y
| Apply object constraint

FMn,i(E) = T{an,t(i)}
. 1 5 = = = = - ==
Fo (k) = ﬁz (FM,w(k )-exp(2m-i-k-ds, ) +F", _(k)-exp(—2m-i-k-ds, ))
n=1

1902 = F e (k) * exp(F2m-i- k- dsy )}

RS

IApply measurement constraint
(Cn(ﬁj - fon,f(ij* ' fUn,+(§)) : fUn,f(ﬁ)
f011,+(§)* " fon,+(§) + fon,f(ﬁ)* ' fGn,f(S(’)

(Ca®) = FO0 @ - 0 (@) - 00, ()
f0|1’+(§<‘)* : fOn'+(§(“) + fOn,—G")‘ . fon,—(i.)

M+ @ = (0@ +

M) = 9 () +

» Reconstructed wavefield

FIGURE 2.5: Principle of multi-shear wavefront reconstruction algorithm

2.2.3. Estimation of f™ (%) using the initial guess

This step of the algorithm uses only the initial guess f( X ) in the first iteration to estimate
fM, £ (X). An initial guess is assumed for f(X) (e.g., a spherical wave, a plane wave, or a
random wavefield) and is laterally sheared by the same shears used in the experiment. For a

wavefield f( X ), the shearing is done in the Fourier domain using the following equations.
F(k) = F{F()} (2.7)

an,J_r(f) = ?_1{F(E). exp(F2m-i- k- d_sn))} (2.8)
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Assuming that the initial guess wavefield is from the measurement constraint domain, the initial

guess and its sheared components are indicated as /™ (3. A wavefield with constant phase

and unit amplitude is used as an initial guess for the reconstructions done in this paper.
2.2.4. Application of the Object constraint

The object constraints are applied by transforming the sheared components of the
estimated wavefield to the Fourier domain and compensating the shear for each f, , (X) to
obtain f( X ) using the Fourier Shift theorem. All calculated values for F( K )are averaged to

obtain a more accurate result.

FM e (0) = 7, (B} (2.9)

S
—>. 1 — - — — - —
Fest(K) = o< > (¥, (K) - exp(2m-i-K-ds, ) + M, _(K) - exp(=2m-i-K- ds, ))
n=1

(2.10)

Finally, Fest(E) is transformed back into the spatial domain using the inverse Fourier transform.
However, because the measurement constraints (applied in the second part of the iteration)

require the wavefield for different shears, we apply again the Fourier shift theorem to obtain
o, .(@as

fOr+(X) = T‘l{Fest(E) -exp(F2m-i- k-ds, )} (2.11)

2.2.5. Application of the Measurement constraint
The measurement constraint equations use the estimated wavefield from the object

constraint f9, 4 (X) and the measured complex cross-term C, (X)(obtained from phase shifting) to
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estimate the wavefield solution in the measurement constraint domain. The following equations

are a modified version of the equations used by Konijnenberg in [16] to estimate the wavefield.

(Cn(i) - fOn,—(i)* ' fon,+(§)) ' fon,—(i)
1£0, )| + 0@

an,+GZ) = fon,+(§) +

(2.12)

(Ca® — O @ 00 ®) - O ®
£, @ + |0 _®|°

- = % +

(2.13)

2.2.6. Behavior of the algorithm

The algorithm uses two sets of constraint equations, object constraint (Eg. 2.10), and
measurement constraint (Egs. 2.12 and 2.13). Each set of constraint equations has a solution set.
The algorithm starts with an initial guess projected onto the object constraint solution set by
using the respective equations. This produces an estimated wavefield which is a projection on the
object constraint solution set. This wavefield is then projected onto the measurement constraint
solution set using the respective equations, and the process repeats until convergence. Ideally, the
solution we are looking for is the one that is at the intersection of these two solution sets.
However, in practice, due to noise and other external factors, such intersection does not exist,
and the algorithm converges when the projections oscillate between the two solution sets with

solutions at the closest proximity to each other.

2.2.7. Simulation using synthetic data
The performance of the algorithm was evaluated by simulations using MATLAB.
Preliminary simulations were made for a resolution of 256 x 256 pixels. For this simulation, a
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point source was generated with a wavelength of 600 nm at a z-distance of 87.5 mm and was
sampled with a pixel size of 3.45 pm. The reconstruction algorithm uses FFTs to shear the
estimated wavefields at different steps in the reconstruction. The use of FFTs, in turn, implicitly
imposes a periodic boundary condition. Therefore, we use an aperture for both simulations and
experiments to mitigate problems during reconstruction that might arise from periodic properties
of FFTs. For this reason, a circular aperture mask with a diameter of 180 pixels was applied.
Future reconstruction algorithms may exclude samples that exceed the computational window,
especially at larger shear. Those samples need to be reconstructed with measurements taken at
smaller shear amounts.

A series of four phase-shifted intensities were generated for each shear position. The shears
generated for this simulation are shown in Figure 2.6a. Additive white Gaussian noise (AWGN)
with a standard deviation of 20% of the peak intensity has been added to the generated intensities
to model the effect of noise in these simulations. Afterward, to realistically model the effect of
cameras, an 8-bit discretization has been applied to the intensities.

For this simulation, a total of 48 interferograms have been generated corresponding to 12
different shears with 4 phase-shifted interferograms. The ideal wavefront and reconstructed
wavefront are shown in Figures 2.6b and 2.6c¢, respectively. The corresponding phase error of the
reconstructed wavefront is shown in Figure 2.6d. Further investigation of the error map showed

the presence of high-frequency artifacts, as highlighted in Figure 2.7.
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FIGURE 2.6: (Simulation) Results of reconstruction with simulation parameters:
FoV 256 x 256 pixels, Pixel size 3.45 um, Wavelength 0.6 um, Aperture size 90 pixels, Z
distance 87.5 mm. (a) Shear selection, (b) Ideal phase map, (c) Reconstructed phase map,

(d) Error map between ideal and reconstructed data
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FIGURE 2.7: High frequency artifact from reconstruction algorithm.
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These high-frequency artifacts occur at Nyquist frequency and appear to be a product of the
reconstruction algorithm. Further analysis is required to investigate the source of these artifacts.
For the reconstructions discussed in this paper, we use a low-pass Fourier filter to mitigate the
formation of these artifacts.

Figure 2.8 shows error maps generated by mapping the difference between the ideal and
reconstructed wavefield before and after applying the filter. A cross-section of the error profile
before and after filtering is shown in Figures 2.8c and 2.8d, respectively. This simple procedure

reduces the magnitude of the RMS error by one order of magnitude. Because a Fourier low-pass

filter has been employed with a corner frequency of k. = G) . (

1
pixel size

), an artifact is

produced along the boundary of the aperture. However, other filtering techniques may be
applicable depending on the application, and even Zernike polynomials may be fitted to the data.

The use of different filtering techniques is beyond the scope of this work.

2.2.8. Evolution of loss function

As mentioned earlier, the evolution of the loss function indicates how close the algorithm
is to achieving the best solution or achieving convergence. The loss function is evaluated in these
experiments by calculating the change between the solutions generated by the two constraints on
positive and negative sheared estimated wavefields. The loss function was already defined in Eq.
2.5 and is reiterated here in Eq. 2.14 for convenience. Figure 2.9a shows the evolution of loss

function during reconstructions done in Figure 2.8 before the filter was applied.

S

L = Z (lan.+(§) - fon,+(§)|2 + |an,—(§) N fon"(i)lz)

n=1

(2.14)

30



L

i

3
(c) x 10 (d) x-|0-3‘
5 —_
) g1
5 3
2| s
]
£ o =
B -0
‘5 =]
£ g
is| =
-5 -1

50 100 150 200 250 50 100 150 200 250

Pixels Pixels
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(RMS error: 0.42E-3 rad), (c) Profile of error map before filter,
(d) Profile of error map after filter

Figure 2.9a shows that the loss function converges after 30 iterations of the reconstruction
without a Fourier filter. Given the filter's effectiveness in Figure 2.8, we have investigated the
use of the filter within the reconstruction algorithm. The sudden surge at the start of the loss
function in Figure 2.9a is a characteristic feature of phase retrieval and reconstruction
algorithms. The temporary increase of the value of the Loss function is expected because the
solver climbs out of the local minimum. Other phase retrieval algorithms such as the “hybrid
input-output algorithm™ [8] show a similar behavior.
Two cases were considered for this study: (i) using the filter after every 5 iterations and (ii)
applying the filter in every iteration. Figure 2.9b shows that applying a filter enables a drop in
the convergence values in both cases, thus indicating an improvement in the reconstruction

process. Interestingly, the reconstruction algorithm for case (i) consistently converges back to the
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solution containing the high-frequency artifact. Therefore, we recommend employing a Fourier

filter within the wavefront reconstruction algorithm to suppress all undesired artifacts

continuously.
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FIGURE 2.9: Evolution of loss function (a) without filter, (b) with filter

Please note, the algorithm described is a modified version of the alternating projections

algorithm developed by Konijnenberg et al. in [16]. For better clarity we summarize the

differences to the original algorithm from [16].

The data recorded from experiments in [16] are in the Fourier domain. In this paper, all
recorded data from experiments are in the spatial domain.

Eq. 2.10 is the modified version of the object constraint equation. The original equation
(Eq. 2.10 in [16]) was defined in the spatial domain. In this paper, this equation is
defined in the Fourier domain.

Egs. 2.12 and 2.13 are the modified versions of the measurement constraint equations.
The original equations (Egs. 2.15 in [16]) were defined in the Fourier domain. In this
paper, these equations are defined in the spatial domain.

The algorithm in [16] uses two sets of equations in measurement constraint (Egs. 2.15

and 2.16 in [16]), a rough-reconstruction equations for initial convergence (Egs. 2.16
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in [16]) and a fine-reconstruction equations for final refinement (Egs. 2.15 in [16]).
This paper only uses the modified versions of the fine reconstruction equations.

e After initial convergence, we include a Fourier filter in the measurement constraint
equations to mitigate the effects of high-frequency artifacts.

e Multi-resolution technique [10] is incorporated into this algorithm to mitigate the effects

of initial guess and improve convergence.

2.2.9. Comparison of the two configurations: (Simulation)

In the cartesian coordinate shear system, there is the freedom to choose the shear in the X
and Y direction independently. However, the optical configurations shown in Figure 2.2 are
restricted to one quadrant due to geometrical constrains. In principle, this limitation may be
overcome using a 4f- optical setup (obtain positive and negative shears for a grating pair).
However, this configuration increases the size of the system. There is freedom in the polar
coordinate shear system to choose shears across all four quadrants, but these shears lie on a circle
with a constant radius. When these shear systems are implemented experimentally, the shear
amount cannot be controlled directly and estimated.

The choice of shear selection has an impact on the reconstruction of the wavefield. In general,
increasing the number of shears provides more information on the object wavefield for the
algorithm to reconstruct the wavefield. However, improper selection of shears could also lead to
the algorithm not having sufficient frequencies to reconstruct the object wavefield, thus resulting
in artifacts. We want to highlight this typical behavior of this system via simulation using a few

exemplary sets of shears, as shown in Figure 2.10.
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FIGURE 2.10: Comparison of reconstruction results between different configurations.

(a) Shear selection for test 1 in cartesian coordinate configuration, (b) Shear selection for test 2
in cartesian coordinate configuration, (c) Shear selection for polar coordinate configuration,
(d) Reconstructed phase map from test 1, (e) Reconstructed phase map from test 2,

() Reconstructed phase map from polar coordinate configuration, (g) Phase error map from
reconstruction using test 1 parameters, (h) Phase error map from reconstruction using test 2
parameters, (i) Phase error map from reconstruction using polar coordinate configuration

Each simulation was performed with 24 shears, where the selections are shown in Figures 2.10a,

2.10b, and 2.10c. The selections analyze two possible xy-shearing configurations shown in
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Figure 2.10a and 2.10b (see Figure 2.2 for configuration) and the fixed shear with variable shear
axis shown in Figure 2.10c (see Figure 2.3 for configuration).

In test 1 (Figure 2.10a), the shears have been selected along an approximately linear trend. The
reconstructed phase map from this shear selection showed that some of the frequencies were not
being reconstructed correctly, which is a consequence of the ambiguity that arises from the
measured data. The reconstruction results are shown in Figures 2.10d and 2.10g. When the
selection of shears was scattered across one quadrant (Figure 2.10b) as in test 2, the
reconstruction algorithm had sufficient data to reconstruct most of the point-source wavefield, as
shown in Figure 2.10e. However, the error map in Figure 2.10h shows a curvature, indicating the
possibility of some missing frequencies. This slowly varying error is critical as it produces a so-
called form error that is difficult to filter out when observing aperture size measurement objects
(e.g., mirrors or lenses under test). This error may be less critical when the sample is small (e.g.,
in the case of a cell under a microscope). The shear selection shown in Figure 2.10c is based on a
variable shearing axis but with a fixed shear amount. The latter system allows accessing all four
quadrants, and the shears can be selected at all possible rotation angles of the shear axis. The
reconstruction is shown in Figure 2.10f. The error map shown in Figure 2.10i shows that the
error map is dominated only by high-frequency noise patterns, which can be filtered more easily.
These results demonstrate that selecting shears across all quadrants results in better

reconstruction because it provides more information for a successful reconstruction.
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2.2.10. Transfer function analysis (see also [22]), to estimate frequency domain information
densities

To better understand the results and characteristics features in the error maps of Figure
2.10, further study was done using transfer function analysis to investigate the effectiveness of
the selected shear sets to transmit information for wavefield reconstruction. Extensive studies
have been done by Falldorf [25] for non-symmetric shears and Servin [22] for symmetric shears
in understanding the frequency response of spatially shearing systems. Inspired by Servin’s
description [22] for the transfer function, we define the frequency information density as

T(ky ky) = X5_, sin?[2nk. ds,] (2.15)

where k = [k,, k,| is the frequency coordinate and ds = [ds,, ds, | is the shear in x- and y-
directions. This transfer function analysis estimates the “frequency information density” at each
spatial frequency coordinate for a given set of shears. These functions were evaluated and
mapped for all three configurations as shown in Figure 2.11.
Figures 2.11(a), (b) and (c) are the frequency domain information density maps for the three
shear sets described in Figure 2.10. Figures 2.11 (d), (e) and (f) are the same maps but zoomed in
near low spatial frequencies to visualize better the behavior at these regions, where regions
below the threshold of 2 are highlighted in red. Figure 2.11d shows a significantly high amount
of frequency sets that have transfer function values below the threshold. These cluster appear to
dominate in regions where kx =~ ky. This indicates that a large number of frequencies along the
45-degree angle will have poor reconstruction in the estimated wavefield at longer spatial
wavelengths. This conclusion is in agreement with the Figure 2.10g. A similar behavior is
observed in Figures 2.11b and 2.11e, however, the number of frequency sets with transfer

function values below the threshold of 2 are located at both low and high frequencies, with a
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minimal presence near low spatial frequencies. The locations of these cluster indicate that very
low spatial frequencies will appear in the error map but will have better reconstruction than the
previous shear set. This is observed in Figure 2.10h, but there are also high frequency errors
present due to low values of the transfer function at higher spatial frequencies. The polar
configuration in Figure 2.11f has no transfer function values below the threshold of 2, except for

the (trivial) frequency at (0,0). This indicates good reconstruction of the estimated wavefield at

all spatial frequencies.
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FIGURE 2.11: Transfer function analysis (Frequency information density plots with points
below threshold 2): (a) Test 1in cartesian coordinate configuration (34 datapoints below
threshold), (b) Test 2 in cartesian coordinate configuration (21 datapoints below threshold),
(c) Polar coordinate configuration (1 datapoint below threshold), (d) Test 1 plot in cartesian
coordinate configuration zoomed near small frequency regions, (e) Test 2 plot in cartesian
coordinate configuration zoomed near small frequency regions, (f) Polar coordinate
configuration plot zoomed near small frequency regions
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2.2.11. Spatial support analysis (see also [22]), to estimate spatial domain information densities
The following section demonstrates how spatial overlaps between different shears impact
the reconstruction of the final wavefield. When an object wavefield passes through the gratings,
it splits in two, represented as beam 1 and 2 in Figure 2.12a. Depending on the shear amount,
there is an overlap region between the two beams (overlap region is indicated in yellow). Since
the overlap region produces an interference pattern, the phase information from the overlap
region feeds into the algorithm. Figure 2.12b shows which areas of the input beam provide phase

information to the reconstruction algorithm (regions indicated in yellow).

(a)

beam 1 beam 2

(b)

beam 1

\
_

beam 2

FIGURE 2.12: Demonstration of data recorded by each shear: (a) Beam 1 and 2 overlapping,
(b) Summation of overlapped regions indicating regions that have data for reconstruction
(yellow regions)

This idea is further extended to multi-shear interferometry in Figure 2.13. Figure 2.13a shows the
overlap regions from an object beam with a diameter of 600 pixels sheared by 175 pixels along

the x-direction. Figure 2.13b shows the overlap regions if a second shear is added to the
measurement in the orthogonal direction by the same amount. In Figure 2.13b the yellow areas

indicate regions with two overlaps, green areas indicate regions with one overlap, and the dark
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blue areas indicate regions with no overlap. This idea is extended over 24 shears in Figure 2.13c,
showing a significantly higher count of overlaps (or number of effective measurements). This
case also shows an example of a situation where the algorithm will not completely reconstruct all
spatial frequencies near the wavefront's center because the chosen fixed shear is too large (175
pixels). Figure 2.13d shows an alternative set of 24 shears (i.e., with a small shear amount
compared to (c) with 80.5pixels). There all of the spatial locations have been measured at least
20 times. The case presented in Figure 2.13d has the highest potential to successfully reconstruct

the wavefield due to maximum overlap across the whole area.
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FIGURE 2.13: Spatial information density distribution for different shear patterns on
1024x1024-pixel maps with aperture diameter of 600 pixels. (a) Single shear of 175 pixels ,
(b) Two orthogonal and equal shears of 175 pixels, (c) 24 shears in polar configuration with a
fixed shear of 175 pixels, (d) 24 shears in polar configuration with a fixed shear of 80.5 pixels

39



It should be noted that (as discussed by Servin [22]) the wavefront may be reconstructed even at
regions where there is no overlap. This phenomenon is especially true for lower spatial
frequencies because they do not need to be sampled everywhere. However, the reconstruction is
increasingly difficult at higher spatial frequencies at a given location if no interference exists.
The same concept is applied to the three configurations / shear sets discussed in Figure 2.10 and
the overlap distribution is mapped in Figure 2.14. Figures 2.14 (a) and (b) show fewer overlaps
along the boundary at 45-degree angle. The number of effective measurements drops from 24 to
13. On the contrary, Figure 2.14c shows uniform distribution of overlaps covering the majority
area of the object beam. At the border, there are still 20 effective measurements recorded, which

indicates better reconstruction across the whole area of the object.
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FIGURE 2.14: Spatial information density distribution across all three configurations with 24
shears. (a) Test 1 in cartesian coordinate system (linear pattern), (b) Test 2 in cartesian
coordinate (shears in scattered pattern), (c) Polar coordinate system with shears at unequal angles
2.2.12. Effect of pixel shear errors on the resolution of the reconstruction (Monte Carlo

simulation)

Any error present in the estimated shear value propagate through the reconstruction

process and result in an error in the final reconstructed wavefield. This mismatch between actual
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and assumed shear amounts can result in error artifacts in the reconstructed wavefield or missing

frequencies from the original wavefield. Monte-Carlo simulations were carried out to evaluate

the effect of errors in the estimated pixel in reconstructing the wavefield by adding normal

distributed random errors to the shear values in X and Y direction for the shear configuration in

Figure 2.10c (100 simulations for each case). Furthermore, a total of 20% intensity noise (of the

peak value) has been added to all interferograms to include the effects of noise in realistic

measurement conditions.
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FIGURE 2.15: (a) Box-plot showing a summary of the simulations, (b) Reconstructed phase map

at standard deviation 1 pixel, (c) Reconstructed phase map at standard deviation 3 pixels,
(d) Reconstructed phase map at standard deviation 5 pixels
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This series of simulations provides an overview of how the phase errors in reconstructed
wavefields are affected by the imperfect shears. The results of the series of simulations have
been summarized in a box plot, as shown in Figure 2.15. As expected, when observing the RMS
error in the reconstructed phase, there is a clear correlation with the increasing amount of shear
error. However, it is interesting to notice that the different spatial frequencies are affected in
different ways; as the standard deviation of the shear error increases, the ability of the algorithm
to reconstruct higher spatial frequencies decreases. Figures 2.15 (b), (c), and (d) show the
measurement of a USAF target where the Monte Carlo simulation used a shear error of 1-, 3-,

and 5-pixels standard deviation, respectively.

2.2.13. Additional processing of measurement data needed for experimental data (Shear
detection)

The reconstruction algorithm requires the shear amount to be known. As concluded from
the Monte Carlo simulations, the better the estimation of the shear amount, the lower the
reconstruction error and the higher the spatial resolution. In this work, we have estimated the
shear amount by calculating the auto-correlation of the recorded intensity maps. To increase the
robustness of this estimation, we have removed the sinusoidal fringe modulation by averaging all
four measured phase-shifted intensity patterns. One exemplary measurement is shown in Figure
2.16a. The second-order derivative of the auto-correlation map has been computed along one
direction to further enhance the peak in the auto-correlation map. The resulting spikes for the
case in Figure 2.16a are shown in Figure 2.16b, and they are prominently identifiable. The
second-order derivative of the auto-correlation map comprises three peaks: a center peak and a

peak on either side of the center peak, which is located at twice the value of the actual positive
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and negative shear amounts. The shear amount is estimated by tracking one of the peak positions
to the center peak. The difference in X and Y coordinates of the side and center peak gives twice
the shear value for each averaged intensity map. The actual shear can be detected down to an

accuracy of 0.5 pixels.
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FIGURE 2.16: (a) Intensity map with sheared images of object, (b) Second derivative of auto-
correlation map showing peaks corresponding to shear in X and Y direction
2.2.14. Additional compensation techniques for the polarization camera
When working with left and right circular polarized waves, it is convenient to employ

pixelated polarization cameras to record four phase-shifted intensities simultaneously. The
polarization camera enables single-shot phase-shifting during the measurement process for each
shear. The single-shot phase-shifting capability offers an advantage in reducing the number of
translation axes, enhanced stability, and mitigation of alignment errors. The reduction of the
number of translation axes further ensures repeatability.
Commonly, each super-pixel on the detector of the polarization camera has four pixels that
record the image at four different polarizer angles. As the two incident waves have a left-circular
and right-circular polarization, it is possible to obtain simultaneously four interferograms at four

different phase shifts. The orientation of this pixelated array is shown in Figure 2.17, which also
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shows an example of a defocused point source measured at a single fixed shear with 0°, 90°,
180°, and 270° phase shifts. The recorded intensities have a resolution of 1024 x 1024 pixels.
One critical correction is needed before the phase can be calculated. The individual frames are
often clustered in a super-pixel and can be separated without difficulty. However, all four frames
are not located at the same spatial position. An additional interpolation is needed (e.g., including
even the Fourier shift theorem) to obtain all four interferograms at the same spatial location. In
this work, we have compensated this spatial mismatch for the interferograms 12, 13, and 14 (but

not 11), to obtain an interferogram that is shifted by % super-pixels.

4 super-pixels

1 super-pixel
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FIGURE 2.17: Schematic of the polarization camera sensor and intensity maps demonstrating
the phase shifts (Intensity maps generated using synthetic defocused point source wavefield)
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2.3. Experimental setup:
2.3.1. Cartesian Coordinate Shear configuration

Figure 2.18 shows the experimental setup for the Cartesian coordinate shear setup, along
with a schematic showing the arrangement of optical components for the setup. The light source
illuminating the object is a class 3B, 520 nm wavelength, 30 mW green laser. The object used for
the experiments is a USAF target. Two sets of lenses with 4f configuration were used to keep the
aperture 1 and the object in focus. Aperture 2 was used to limit the effects of stray light, back
reflections, and the higher-order diffraction orders. A polarization camera was used to capture
the four phase-shifted interferograms simultaneously (FLIR Blackfly-S model BFS-U3-51S5P-

C). The grating arrangement is shown in detail in Figure 2.19.

()

USAF target Y X
gratings  gratings Aperture 2
T " I -
Collimated " | ( ’ Polarization
Laser source | \ | { | Camera
Y v I v I v
Y Aperture 1 A Y /
4f lens setup with 4f lens setup with
f=50mm f=100mm

FIGURE 2.18: Experimental setup for Cartesian coordinate shear setup (a) Schematic (b)
Experiment
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FIGURE 2.19: Grating arrangement in Cartesian coordinate shear setup (a) Experimental setup,
(b) Schematic of the setup, (c) 3D schematic of the setup

The cartesian coordinate shear system in Figure 2.19a has four polarization gratings, two on the
left-hand side (blue) to shear the wavefield in the vertical direction (y-direction), and the two on
the right-hand side (green) to shear the wavefield in the horizontal direction (x-direction). Two
leadscrew stages are connected to the two outermost X and Y polarization gratings which
translate along the Z-axis to create the shears. The leadscrew stages utilize stepper motors and
encoders to accurately determine the stages' position and limit switches for homing the system.
Additive manufacturing (3D printing) was used to construct the stage, and accompanying
electrical circuitry and software were developed for the closed-loop control system. The two
inner gratings are fixed. Since only one grating can move in each grating pair, the shears are
limited to only one quadrant (see Figure 2.10a and 2.10b).
An experiment was carried out to validate the previous findings regarding the shear
configuration in Figure 2.10a. The results for the first configuration are shown in Figure 2.20,
where a total of 24 different shear amounts have been applied (see Figure 2.20a) using an
instrument that can independently adjust the x- and y- shears. The object used in this experiment
is a simple section of an amplitude USAF target, where the remaining sections are blacked out

due to aperture 1 (see Figure 2.18a).

46



The shears were estimated from experimental data using the auto-correlation method, as
discussed in the previous section. Once the shears were estimated, they were given as input to the
algorithm to reconstruct the wavefield. A multi-resolution technique [10] was implemented
within the reconstruction algorithm to mitigate the effects of initial guesses and improve the
convergence. For our dataset with 1024 x 1024 pixels, a 5-level multi-resolution reconstruction
starting from the coarsest grid with 64 x 64 pixels was implemented. The estimated wavefield is
then up-sampled by a factor of 2, and the reconstruction process happens at a higher resolution
(i.e., 128 x 128 pixels) using the newly up-sampled wavefield as the initial guess. This process
repeats until the estimated wavefield reaches the original resolution, i.e., 1024 x 1024 pixels. The

results for this 5-layer multi-resolution approach are shown in Figure 2.20.
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FIGURE 2.20: Reconstructed results from cartesian coordinate shear experiment
(a) Shear selection, (b) Amplitude map, (c) Phase map
The reconstructed amplitude map (Figure 2.20b) shows the object features that would be
expected. However, the phase map in Figure 2.20c shows the presence of parasitic signals. This
reconstruction is expected given the outcome of previous simulations, see Figure 2.10. This is a
direct consequence of the shear selection: most of the shears selected for this experiment are
dominant along the -45° angle. This selection has generated parasitic signals along the 45° angle,

as seen in Figure 2.20c.
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2.3.2. Constant shearing Polar coordinate shear configuration

The other shear configuration that produced consistently better results was the
configuration of a fixed shear with a variable shear axis, see Figure 2.10c. An experimental
implementation is shown in Figure 2.21, where the xy-shear system in Figure 2.18 is replaced
with a simple two grating set up on a rotational mount. Figure 2.22 shows a more detailed view
of the shearing mechanism. Notably, the 2-grating setup can be realized in a more compact
optical setup; however, we chose to keep the 4f configuration to compare the two setups better.
The results for the configuration in Figure 2.21, using 24 different shear amounts, are shown in
Figure 2.23. Similar to the case of Figure 2.20, a portion of the USAF target has been selected

for the measurement, and the field of view is limited by aperture 1 (see Figure 2.21).
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USAF target Rotating

gratings Aperture 2
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4f lens setup with 4f lens setup with
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(b)

FIGURE 2.21: Experimental setup for polar coordinate shear system,
(a) Schematic, (b) Experiment
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FIGURE 2.22: Gratings arrangement in polar coordinate shear configuration (a) Experimental

setup showing the rotation of gratings, (b) Schematic of the grating arrangement

(a)

rad

FIGURE 2.23: Reconstructed results (a) Amplitude map (b) Phase map
(c) Mask from amplitude map (d) Phase map with mask applied

Figures 2.23a and 2.23b show that the solver successfully reconstructs both the amplitude and

the phase map, free of parasitic fringes. For better visualization, a mask has been generated (see

Figure 2.23c) using the amplitude information and applied to the phase data (see Figure 2.23d).
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A further experiment has been conducted to verify that the instrument in Figure 2.21 can capture
and reconstruct the wavefield at a defocused distance. For this purpose, we shift the camera'’s
position by a distance of ~170mm, so that both the object and the aperture get defocused by the
same amount.

The reconstructed wavefield is shown in Figures 2.24a and 2.24c. After reconstruction, the
wavefield was numerically refocused to the visually best reconstruction distance (z=162.94 mm)
using the Angular Spectrum method [26,27]. The results of the refocused wavefield are shown
in Figures 2.24b and 2.24d. For better visualization, various regions of the reconstructions have

been zoomed in and are presented in Figure 2.25.
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FIGURE 2.24: Reconstructed results from defocused object (a) Amplitude map before numerical
refocusing (b) Amplitude map after numerical refocusing (c) Phase map before numerical
refocusing (d) Phase map after numerical refocusing
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FIGURE 2.25: Reconstructed wavefield of defocused object (zoomed) after post processing:
(a) Amplitude map of the full object, (b) Region 1 amplitude map (c) Regions 2 amplitude map
(d) Regions 3 amplitude map, (e) Phase map of the full object, (f) Region 1 phase map,

(9) Region 2 phase map, (h) Region 3 phase map

2.4. Materials and methods

The light source used for the experiment is an FC-520-040-PM laser system (520 nm, 30
mW) from Civil Laser. The object sample is a combined USAF 1951 and Dot Grid Target
(Edmund Optics #62-465). The GP gratings have been purchased from Edmund Optics (#12-677,
96% diffraction efficiency at 550nm, 159grooves/mm, 25 x 25 x 0.45 mm). The light
illuminating the object is linearly polarized to produce 50% RHCP and 50% LHCP at the GP
grating, maximizing the fringe visibility. The camera used for imaging is a FLIR Blackfly-S

model BFS-U3-51S5P-C polarization camera. The lenses used for the 4f-configuration have an

effective focal length of 50mm.

2.5. Conclusion
In this work, a GP grating-based shearing holography system has been presented. The GP

gratings used in this work have the unique ability to have a polarization-sensitive diffraction
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angle, where the RHCP and LHCP light beams are diffracted in two different directions. Figures
2.1, 2.2, and 2.3 show how these properties can be exploited with a linear polarizer to create an
adjustable shearing interferometer. This paper presented two distinct configurations, (i) one that
allows for adjustable xy-shearing, and (ii) one that keeps the shear amount constant but rotates
the shear axis. Another aspect of the GP grating-based shearing interferometer is that a series of
phase-shifted interferograms can be obtained by either rotating the polarizer (see Figure 2.4) or
using a pixelated polarization camera (see Figure 2.17).

The ability to produce a series of phase-shifted interferograms obtained under various shear
amounts opens the possibility to obtain high fidelity data that can be processed in a wavefront
reconstruction algorithm. In this work, we have implemented the approach of Konijnenberg [16]
outlined in Figure 2.5 but added a filtering procedure to remove algorithm-specific artifacts (see
Figures 2.6d, 2.7, 2.8, and 2.9). We further investigated the effect of the shear selection. Figure
2.10 showed that choosing the shears to be on a circle in the sx-sy plane provides consistently
good results, where the error is of high-frequency nature. These findings are supported using
Servin’s [22] transfer function analysis and spatial domain support that were referred to as
“frequency domain information density” (see Figure 2.11) and “spatial domain information
density (see Figure 2.14). One critical step is the estimation of the exact shear amount. Any
discrepancy between the actual shear amount and the values used within the wavefront
reconstruction algorithms will increase, to some degree, the RMS in the reconstructed phase, see
Figure 2.15. However, the results in Figure 2.15 also show that an imperfect shear value has a
strong impact on the resolution of the reconstructed wavefield (even if the RMS increases only
marginally by 10%, for the case of typical levels of intensity noise). To ensure accurate results,

we have reported a shear estimation technique using the second derivative of the autocorrelation
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function, where the spikes of that function estimate shear amount down to an accuracy of 0.5
pixels, as shown in Figure 2.16. The reconstruction algorithm presented in this paper does not
limit the possible applied shears. The algorithm can process sub-pixel shearing as the algorithm
primarily operates on FFTs. However, the shear detection technique presented in this paper is
limited in identifying shears. The procedure detects twice the values of shears for a sheared
interferogram as integer, and hence the shears can be estimated down to integer multiples of 0.5
pixels. More sophisticated shear detection algorithms (using weighted mass algorithms or
techniques based on ideas from Guizar-Sicairos M. et al. [28]) might enable finer shearing
detection down to 0.01 pixels and are subject to future research.

The previous aspects have been verified experimentally for both shearing configurations, as
shown in Figures 2.18 and 2.19 for the xy-shearing component and Figures 2.21 and 2.22 for the
configuration that rotates the shear axis. As expected, the system configuration that keeps both
gratings fixed while the grating pair rotates about the optical axis provides the visually best
reconstruction result with no parasitic fringes, as shown in Figure 2.20 and 2.23. A further
advantage of the setup with the variable shear axis is that it requires only two GP gratings and
can be, in principle, incorporated into a more compact setup. There are also several motorized
rotating mounts available that could automate this process.

Finally, we demonstrate the feasibility of this approach by reconstructing the wavefield of a
defocused object at the distance z=162.94 mm. Refocusing using the Angular Spectrum
method [26,27] produces Figures 2.24 and 2.25.

These findings show the advantage of GP grating-based shear interferometers compared to
conventional dual grating (or dual double-grating) configurations. A conventional dual-axis

grating-based variable shearing interferometer with phase shift capabilities requires two
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independent axial shifts of the x- and y- gratings (to adjust the shear) and lateral shifts of the
gratings in x- and y- direction (for phase-shifting). Having to control four mechanical axes
independently is a significant system complexity, where the freedom to adjust all parameters
appropriately is often compromised due to space constraints. In contrast, the results of this work
show that a GP grating configuration with a fixed shear amount, but an adjustable rotational
shear axis can provide the shear selections for robust measurements while maintaining phase-
shifting capabilities using a pixelated polarization camera. In other words, robust variable
shearing interferometry can be made possible by controlling only one mechanical axis (instead of

four). This finding has implications for future compact interferometer designs.
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3.1. Introduction

Conventional interferometric and holography methods rely on using a separate reference
beam and measuring the deviation in the object wavefield from the reference wavefield. With
current capabilities in computational power, it has become more practical to use shear
interferometric techniques with optimization algorithms to determine complex wavefields using

a series of shear interferograms. Geometric phase elements such as diffractive polarization

S7



gratings [1] and geometric phase lenses [2] enable compact common-path shear holographic
setups. This paper demonstrates an experimental setup using diffractive polarization gratings to
implement shear holography and an alternating projections algorithm to reconstruct the complex
wavefield [3]. We discuss the effect of shear selection and aperture effects using information

density plots and experimentally demonstrate this effect.

3.2. Shear holography using diffractive polarization gratings
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FIGURE 3.1: Effect of grating orientation on shear: (a) axial separation between gratings affect
separation between object beams, (b) changing angle of gratings changes the orientation angle of
shears

Diffraction polarization gratings are liquid crystal polymers that selectively diffract light based
on the polarization state and the diffraction angle conformance with the classical diffraction
equation mA = d sin(0). The polarization gratings diffract incoming linearly polarized light into
left and right-handed circular polarization lights at positive and negative diffraction angles

depending on the polarization state [4]. Using a polarization grating pair enables lateral shear in

the spatial domain, and using a linear polarizer in tandem with the gratings enables interference
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between the sheared beams with geometric phase shifting capabilities. Shears can be varied by
adjusting the distance between the gratings or by changing the orientation of the grating pair
using a pair of polarization gratings, as shown in Figure 3.1. In this paper, we perform shear

holography by changing the angle of the grating pair.

3.3. Alternating Projections for wavefield reconstruction

The grating pair setup creates a copy of the object wavefield and superimposes it on the
original object wavefield to produce interference patterns. Recording shear interferograms with
different shears provide diversity in the data that allows for reconstructing different spatial
frequencies of the object wavefield. If the complex wavefield is denoted as u(x) then the

recorded intensities described as
—y,2 — 2
Is(D) = |u(@+ ds)| + |[u(x — ds)| +2R{C() exp(—id)} (3.1)

where ds is the shear. The cross-term C (%) is described as
Ca® = u'(Z — ds) u(® + ds) = (I,(®) — L) + i<Ig(5c’) - 13_n(z)) (3.2)
2 2

Falldorf et al. [5] demonstrated shear holography using a gradient descent algorithm to
reconstruct wavefields for unsymmetrical shear configuration. We have found that that approach
cannot be applied to a symmetrical shear configuration. As a result, an alternating projections
algorithm was used to reconstruct the wavefield as it does not rely on a gradient function to
determine the complex wavefield.

The alternating projections algorithm used in this paper is based on the algorithm developed by
Konijnenberg et al. [3]. The algorithm starts with an initial guess and works based on projecting

the estimated solution between two constraint equations: measurement constraint and object
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constraint. This process is summarized in Figure 3.2. After 'n' iterations, the algorithm starts
converging to a solution where the deviation in estimated wavefields between the two constraints

is below a tolerance limit.
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FIGURE 3.2: Principle of the alternating projections algorithm [3].

3.4. Reconstructed results from experiment

The following experiment demonstrates polarization gratings to produce symmetrical
shearing and alternating projections algorithm to reconstruct and estimate the object wavefield.
A schematic of the experimental setup is shown in Figure 3.3a. The experiment uses a USAF
target as the object. The setup comprises two 4f setups with 50 mm lenses. The first 4f setup is
placed before the grating pair and ensures the image of the object is in the same plane as aperture
1. Aperture 1 provides spatial boundaries for the reconstruction. The second 4f setup is placed
after the grating pair and focuses the image of the object and aperture onto the camera plane.
Aperture 2 removes higher-order diffractions from the polarization gratings. The grating pair is
placed on a rotational mount, and the different shears are made by rotating the gratings.
For the experiment, the wavelength of the light used was 520 nm. The intensity patterns were
recorded using a polarization camera. 24 stereograms were recorded at different grating angular

positions (i.e., the shear axis is rotated), and the complex cross-term was evaluated for each
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shear. To demonstrate that the complex wavefield is being reconstructed here. The reconstruction
results are shown in Figures 3.3 (b) and (c). Figure 3.3(b) shows the amplitude map from the
reconstruction process and Figure 3.3(c) shows the amplitude map after numerically refocusing

the complex wavefield using angular spectrum [6].
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FIGURE 3.3: (a) Experimental configuration; (b) Reconstructed amplitude map of the defocused
object; (c) Reconstructed amplitude map after numerical refocusing

3.5. Effect of shear selection and aperture size

Further study was made using information density functions [1,7] to understand the
effect of selected shear and aperture size. The effect of aperture size and shear selection is
demonstrated in Figure 3.4. When an object beam overlaps with a sheared copy of itself, the
interference patterns appear in the overlap regions and provide information to the reconstruction
algorithm for the phase component of wavefield estimation. Figure 3.4(a) shows which areas of
the beam provide information to the reconstruction algorithm for one shear setting using a

circular aperture. Figure 3.4(b) demonstrates the combined effect of 24 shear settings, displaying
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which areas of the beam provide information to the reconstruction algorithm when the shears are
larger than the radius of the aperture. This demonstrates a case where there is no overlap at the
center of the beam, and hence no information from that region is provided to the reconstruction
algorithm, thus increasing the possibility for the phase reconstruction to fail. An experiment was
performed using large shear separation and 24 grating angular positions for a square aperture.
The resulting reconstruction results are shown in Figure 3.5 (b) and (c). Figure 3.4(b) shows a
complete amplitude map reconstruction with some reconstruction artifacts. Figure 3.5(c) shows a
patch of phase information missing at the center of the field of view, and the phase
reconstruction is incomplete. Comparing the spatial information density map from Figure 3.5(a)
with the reconstructed phase map in Figure 3.5(c) shows that the regions in the spatial
information density map with minimum value align with the regions where the reconstruction

process failed to reconstruct the phase.
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FIGURE 3.4: (a) Spatial information recorded by one shear for a circular aperture; (b) Spatial
information density map for 24 shears for large separation distance between gratings that have a
fixed shear amount but variable shear axis (24 rotations)
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FIGURE 3.5: Experimental demonstration using large shears and square aperture:

(a) Spatial information density map demonstrating regions of low value where phase
reconstruction can fail; (b) Reconstructed amplitude map; (c) Reconstructed phase map
demonstrating failed phase reconstructions in regions with minimum information density values

The result in Figure 3.5 led to a hypothesis that a lack of overlap between the shearing object
beams could still produce a successful amplitude reconstruction while the reconstruction of the
phase map continued to fail. This hypothesis was verified by separating the gratings by a large
distance such that there was no overlap between the object beams in any grating pair angular
positions. The results of this experiment were compared with an additional experiment where the
gratings were placed close to each other to have large area overlaps, and the intensity maps were
recorded at the same grating pair angles. The results are shown in Figure 3.6. To keep the
experiment comparable, reconstructions were done using a fixed number of iterations (100
iterations) for both cases.

Figure 3.6(a) shows the information density map for a smaller shear setting (60 pixels shear
separation at all angles) where the gratings are placed closed to each other. Figure 3.6(b) shows
the information density map for a shear setting with no overlap between the beams in any grating
angular positions. Since there is no overlap, the map appears constant at all spatial positions, i.e.,

spatial information density value = 0 at all spatial positions. Comparing the amplitude maps in

Figure 3.6 (b) and (e) show that having no overlap between the object beam can still successfully
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reconstruct the amplitude map but at the cost of losing the resolution. Comparing the phase maps
(Figures 3.6 (c) and (f)) show that having no overlap between the object beams results in no
reconstruction of the phase map. Hence, under no overlap conditions, this setup still has the

potential to be used as an amplitude imager.
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FIGURE 3.6: Reconstructions with large beam overlap (small shear separation, 24 rotations):
(a) spatial Information density map, (b) reconstructed amplitude map, (c) reconstructed phase
map. For comparison, (d) spatial information density map with no beam overlap, and

reconstructions are shown in (e) and (f) for the amplitude and the phase map, respectively.

3.6. Conclusion
This paper shows an experimental demonstration of using diffractive polarization

gratings for common-path compact shear holography. We demonstrated a holographic recording
by reconstructing a defocused object's complex wavefield. In addition, we demonstrated the

effect of selected shears in the reconstruction of amplitude and phase maps. We concluded that

the complex cross term from the overlapping regions of the object beam provides information for
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the phase reconstruction. In cases with no overlap, the reconstruction algorithm is still stable
enough to reconstruct the amplitude map, and the system becomes an amplitude imager. The
reconstruction process, however, does not produce any phase changes due to a lack of

information from having no overlapping regions.
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4.1. Introduction

Interferometry is a common method for the measurement of shape and surface deviations
of objects. Although different interferometric systems have different designs [1], most systems
use the same principle of generating a known reference wavefield and overlapping it on the
object wavefield to produce the interferometric patterns. Modulating one of the wavefields
through techniques such as phase shifting methods [2] enable the recovery of three-dimensional
information about the object through phase measurements. The same principles can be used for
wavefield reconstruction by acquiring both amplitude and phase information of the input
wavefields which further extends its applications in the field of wavefront sensing and digital
holography [1,3]. The disadvantage of this method is that the system requires producing a well-
known wavefield and has high stability and coherency requirements. Shear interferometers
enable systems with more relaxed stability requirements that are suitable for harsh environments
since they eliminate the need for a reference wave. The general idea of shear interferometer is to
create a copy of the input wavefield, also known as object wavefield, then modulate either one or

both wavefields by shearing them with respect to each other.
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Lateral shear interferometers are systems that split the input wavefield into two and displace one
or both beams by a fixed lateral distance. Falldorf et. al. [4,5] demonstrated lateral shearing
configuration using a spatial light modulator (SLM) where the first-order diffracted beam from
the SLM overlaps with that of the zeroth order to produce the interference patterns. The spatial
light modulator also does the phase shifting in this setup. Aleman-Castaneda et. al. [6]
implemented a more compact common-path setup shear interferometer with lateral shearing
based on geometric phase using a pair of spatially varying axis birefringent plates. Shanmugam
et. al. [7] investigated a common-path setup with lateral shearing using diffractive polarization
gratings. The phase shifting in this setup was done by geometric phase using a polarization
camera.

Radial shear interferometers split the input wavefield into two where the shear is created by
resizing each wavefield radially by a different amount. Aleman-Castaneda et. al. [6] showed the
presence of interference by using a pair of geometric phase lenses in a common-path design.
Choi et. al. [8] investigated wavefront retrieval in an incoherent holographic interferometric
system designed using one geometric phase lens. Choi et. al. performed a simultaneous recording
of holograms in the red, blue, and green channels and demonstrated wavefront retrieval through a
4-bucket phase shifting method.

Bryngdahl et. al. presented an alternative approach to shearing for studying objects or wavefields
that have circular geometries [9]. The authors in [9] present a shear system where the input
wavefield is split into two with one wavefield staying constant while the other wavefield is
rotated about the optical axis in equal steps using a pair of phase filters. This is an example of an

azimuthal shear interferometric system. Longitudinal shear, laterally reversed shear, and radially
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reversed shear are some examples of other methods found in the literature for shearing input
wavefronts in shear interferometric systems [1,9].

In conventional interferometers, the difference in phase between the object wavefield and the
reference wavefield forms the interference patterns. So, methods like phase shifting

techniques [2] directly evaluate the surface deviations on the object and can recover the
wavefront. In shear interferometry, interference occurs due to overlap between different points of
the same object wavefield sheared by some known quantity. The difference in the wavefronts at
each point of the detector plane can be evaluated using phase-shifting techniques but recovering
the object wavefront is still a subject of much interest.

One approach to retrieving the phase is through zonal reconstruction using the least squares
approach. Early studies on zonal-based approach were done by Saunders [10] and Rimmer [11]
and later improved by several authors for lateral shear configurations. Zou and Rolland [12]
showed an improvement in the accuracy of the retrieved wavefield by combining the least
squares approach with an iterative process based on Gerchberg-Saxton algorithm. The least
squares approach still suffered from low spatial resolution because the sampling intervals of the
retrieved wavefront had to be equal to the shear amount. This was solved by Dai et. al. [13]
where the authors proposed a new least squares approach combined with Gerchberg-Saxton
algorithm and zero padding, to use two orthogonal shears to recover the wavefield. The
advantage of this method was that the shears can be selected at arbitrary integral multiple of the
wavefield’s sampling interval and can still perform wavefield reconstruction at high spatial
resolution.

Another approach to retrieving the object wavefield is modal-based phase reconstruction. The

performance of this method depends on the choice of the model used for the phase reconstruction
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and the object being measured. Most optical prescriptions and aberrations in optical systems can
be described using the Zernike polynomials. So, models based on Zernike polynomials are a
natural choice for measuring optics or for characterizing aberrations in optical systems. Harbers
et. al. [14] demonstrated the use of Zernike polynomials-based model to characterize wavefronts
measured using lateral shear interferometric systems.

With advances in computational shear interferometry, the use of optimization algorithms for
wavefield reconstruction is more prominent for systems that use lateral shear configurations.
Falldorf et. al. [4,5,15] studied shear interferometric systems that use a spatial light modulator
where one wavefront remains constant while the copied wavefront shears over the constant
wavefront. The authors used a gradient descent approach to solve the problem and retrieved the
wavefront. Shanmugam et. al. [7,16] studied shear systems that laterally shear both beams
symmetrically by using diffractive polarization gratings. The authors used a modified version of
Konijnenberg’s reconstruction algorithm from [17] which is based on alternating projections
algorithm [18]. The major advantage of these techniques is that they do not assume that the
shear measurement is related to the surface slope, i.e., no Taylor series approximation have been
made in the reconstruction model.

In all the shear configurations, the choice of shears used for the experiments plays an important
role in how efficiently the wavefield can be reconstructed. In computational shear interferometry
using lateral shear configuration, the choice of shears impacts the surface frequencies that can be
reconstructed during wavefield retrieval. Servin et. al. [19] did an extensive study on these
effects in symmetrical lateral shearing systems and characterized a filter function that acts as a
frequency response transfer function to the selected shear. The authors further investigated the

effect of different pupil geometries using single and two orthogonal shears and using support
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functions that are based on the areas of overlap between the sheared wavefronts. Falldorf defined
characteristic transfer functions in [20] for both the amplitude and phase of a wavefield that
allows for identifying which frequencies are transmitted during the shear experiments. Inspired
by the works presented in [19,20], Shanmugam et. al. investigated the effects of multiple shears
in a lateral shear configuration using information density maps and correlated the results with
reconstructed wavefields from simulations [7] and from experiments [16]. The authors defined
two types of information density maps to characterize the effects of shears on reconstructed
wavefields. The frequency information density map maps out the surface frequencies in two
orthogonal directions (X and Y) and their relative strengths in their availability to be
reconstructed during phase retrieval. The spatial information density map defines the number of
times each pixel receives information from the overlapping regions as a result of all the shears
used for wavefield reconstruction. None of the previous studies provided a systematic guideline
on how to choose the shear amounts for multi-shear reconstruction techniques. At first glance,
the shear selection problem resembles the wavelength selection problem often found in multi-
wavelength interferometry or the selection of defocus planes in multi-plane phase retrieval
problems. However, the aforementioned areas deal with a one-dimensional optimization problem
(optimizing a 1D cost function using one parameter), and the shear selection problem presented
in this chapter needs to optimize a two-dimensional cost function using two parameters (the
shear in x- and y-direction). Failure to obtain an optimum shear selection result in ambiguous
measurements where the shear interferometer is not able to measure a series of spatial

frequencies.
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In this work, we present a systematic shear selection strategy that solves this problem and
provides measurements that measure all spatial frequencies that can be captured by the camera

detector.

4.2. Symmetric Shearing Configurations

The shearing configurations used for these simulations are based on symmetrical shearing
discussed in [7] using geometric polarization gratings. Geometric polarization (GP) gratings,
also known as diffractive polarization gratings, are optical elements that diffract light based on
its current polarization state. The setup with GP gratings is shown in Figure 4.1. The simulations
discussed in this paper use a linearly polarized input wavefield. The first GP grating diffracts the
linearly polarized light into right and left-handed circularly polarized light, which are the first-
order diffracted beams on either side of the zeroth order respectively. The first-order diffracted
circularly polarized beams pass through a second GP grating which corrects the beam angle and
makes them parallel to the optical axis. Overall, the setup shown in Figure 4.1 takes an object
input wavefield, creates a copy of the wavefield, and symmetrically shears the two object
wavefields. The magnitude of shear (fR) is a direct function of the separation between the two

gratings (Zc).
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FIGURE 4.2: Experimental setups for lateral shearing: (a) 4-grating setup for XY shear, (b)
Available shears in 4-grating setup, (c) 2-grating setup for polar shear, (d) Available shears in 2-
grating setup

Based on the experimental setups discussed in [7], two designs are considered for this study.

The first design uses 4 gratings that enable an independent XY shearing system, but the shears
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are constrained to one quadrant of the shear plane. The second design uses two gratings that
rotate together about the optical axis. This makes the setup more compact and enables access to
all quadrants on the shear plane. The limitation of the two-grating system is that rotation happens

with a fixed shear distance between the object wavefields. The designs are shown in Figure 4.2.

4.3. Need for optimal shears

Each shear when recording the shear interferograms affects the frequencies that are
retrieved during the phase reconstruction process. This is demonstrated by simulating phase
retrieval of a defocused point source and observing the error maps while using single shears for
reconstruction in Figures 4.3a and 4.3b.
The example shown in Figure 4.3a demonstrates that using a shear of 30 pixels in X direction,

(i.e.) Sy = 30 pixels and S,, = 0 pixels, results in an error map with almost no reconstruction

in the vertical direction and incomplete reconstructions that appear at a spacing of 60 pixels in
the horizontal direction. The spacing of this periodic error matches the value of 2S5, because a
shear of 30 pixels would shear both beams symmetrically resulting in a spatial and lateral
distance of 60 pixels between the overlapping wavefields. A similar observation is seen in the
error map in Figure 4.3b where one shear along a 45-degree angle was used to generate the
synthetic interferograms. Based on these observations, it can be concluded that it is plausible to
choose a certain combination of shears which can result in longer reconstruction time or
incomplete reconstructions. An error map from an incomplete reconstruction is shown in Figure
4.3c which is a consequence of selecting shears that are not capable of retrieving all the

frequencies from the input wavefield. This demonstrates the need for optimal shear selection.
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FIGURE 4.3: Error maps demonstrating the effects of shear selection from simulating wavefield
reconstruction of a defocused point source: (a) One shear along X-direction, (b) One shear at 45
degrees with respect to X-direction, (c) 4 shears selected along 45, 135, 225 and 315 degrees

4.4. Effect of shear configuration

The effects of shear selection while recording interferograms were previously studied
analytically by Falldorf [20] and Servin et. al., [19] and were further explored by studying the
combined effect of multiple shears through information density functions by Shanmugam et.
al., [7]. The frequency information density function (FIDF) [7], shown in Eq. 4.1, primarily
determines which frequencies have a higher potential for being retrieved through phase

reconstruction for a given set of shears.

M
FIDF = Z sin?(27* fi* Sym P + 270 fy* Sym * D)

m=1

(4.1)
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where (fy, f,) are frequencies in 1/um in X and Y direction, (Sy,S, ) are the shears in pixels in
X and Y direction, p is the spatial resolution in um, and M is the total number of shear sets used.
To understand how the shear configurations discussed in Figure 4.2 affects the phase
reconstruction, 256 shear sets were selected from both configurations based on the regions
available for shear selection shown in Figures 4.2b and 4.2d. The shear sets were selected such
that they formed equispaced points in the area available for shears in configuration 1 and the
shear sets in configuration 2 were separated by equal angles across all 4 quadrants. The idea was
to characterize the FIDF maps for both configurations using a sufficiently high number of closely
spaced points. The results are shown in Figure 4.4.

The 4-grating configuration in Figures 4.4 (b) and (c) shows multiple frequencies at regular
intervals that reach near zero values which indicates that the phase reconstruction process would
fail in retrieving these frequencies. The values of these failed frequencies are correlated to the
spacing between shear points used in Figure 4.4a. Adding random integer noise to the selected
shears to perturb periodicity could potentially mitigate this effect but did not prove to be a
reliable method as it could also result in reduced frequency information density values resulting
in missing frequencies in the reconstructed phase along a 45-degree angle. An example of this
effect was discussed in simulations shown in [7]. The results produced by the two-grating
system (Figure 4.4e and 4.4f) show consistent retrieval of all frequencies except for the trivial
frequency. This comparison shows that the two-grating design is relatively less susceptible to
incomplete or failed reconstructions as the FIDF map in Figure 4.4e does not show any pits as a

result of this shear selection method.
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FIGURE 4.4: Systematic shear selection using equal shears on XY and polar configurations:
(a) Equal shear spacing in 4-grating configuration, (b) Shears selected with equal angular
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4-grating configuration, (d) FIDF map for 2-grating configuration, () Minimum FIDF value
along X direction for 4-grating configuration, (f) Minimum FIDF value along X direction for
2-grating configuration
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4.5. Identification of optimal shear settings: Shear Angle (8)

Since the optimal design for shear configuration is the two-grating system (Figure 4.2c),
shears can be represented using the magnitude of shear (fR) and the angle of shear (8). So, Eq.
4.1 can be modified as follows.

FIDF = Z sin®(27 fo * Sym P+ 270" f* Sym " D)

m=1

= fR - cos(6,,)

= fR - sin(6,,)

FIDF = Z sin?(2m - f, *p - fR-cos(Bp) + 21 f, - p - fR - sin(6,,))

m=1
(4.2)
To identify the optimal shear settings, the effect of three variables in Eq. 4.2 must be explored
(i.e) fR,0,,,and M. For these simulations with M shears, we choose angles (8) separated by
(/M) to ensure that frequencies from all orientations can be retrieved. To study this effect on the
FIDF function, this is incorporated into Eq. 4.2 such that the angle starts from 0 radians and goes

up to ((M-1)mn/M) radians. So, Eq. 4.2 becomes

M-1

FIDF Z 2n fx'p fR- cos(r;;)+ 2 fy,p-fR- sln(mMﬂ))

=0

3

(4.3)

For the purpose of simplicity to study the effect of using 6 = /M, Eq. 4.3 can also be written as

M-1

FIDF Z A cos r;[n)_i_ B - sin (%))

=0

3

(4.4)
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where A= 2m-f,-p-fRand B = 2m-f,-p- fR.

To understand the effect of the (pi/M) approach, Eq. 4.4 was studied for “different number of

shears” and simplified using Wolfram Mathematica. The results are shown in Table 4.1.

TABLE 4.1. FIDF function for different number of shears M
M FIDF

4 %(4 — Cos[24] — Cos[2B] — 2Cos[v24]Cos[V2B])

%(6 — Cos[B](2Cos[V3A4] + Cos[B]) — Cos[A](Cos[A] + 2Cos[v3B]) + Sin[A]?

6
+ Sin[B]?)
1 /4 T T
3 (7 — Cos[24] — Cos[ZBCos[ﬁ] — ZASm[E]] — Cos[2 (BCos[ﬁ]
L T T [ T
+ ASII‘I[E])] - Cos[2ACos[7] - ZBSm[7]] - Cos[2(ACos[7]
7
T 3 . 3m 3
+ BSm[;])] — Cos[ZBCos[ﬁ] - ZASm[ﬁ]] — Cos[Z(BCos[E]
3n
+ ASin[ﬁ])])

%(12 — Cos[B](2Cos[V3A] + Cos[B]) — 2Cos[v2A]Cos[V2B] — Cos[A](Cos[4]

12 + 2Cos[V3B]) — 2Cos[ /2 ++/34]Cos] /2 —+/3B]
— 2Cos| /2 —V/34]Cos[ /2 +V/3B] + Sin[A]? + Sin[B]?)
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Table 4.1 shows that through this approach, the terms A and B are split between multiple cosine
and sine terms enabling efficient retrieval of frequencies for phase reconstruction with FIDF
values always greater than zero for all frequencies. The only frequency when FIDF becomes zero
is at the trivial frequency (i.e.) f, = 0 um™! and fy=0 um™1t. Also, with an increased number
of shears, more Cosine terms appear with the constants A and B appear as multiplied with
irrational numbers making it less probable for FIDF to reach zero value. This shows that the /M

approach is an efficient method for selecting values for shear angle (0).

4.6. ldentification of optimal shear settings: Shear Magnitude (fR) and number of shears (N)
The magnitude of shear fR is directly correlated with the distance (Zg) between the two
GP gratings used in the polar configuration as shown in Figures 4.1 and 4.2. The lowest value of
fR is limited by the physical constraint on how close the gratings can be spaced in the physical
setup. The thickness of each grating is 0.45 mm, and the gratings are placed in the setup by
fixing them to cage plates using thin tapes. For the purpose of simulations, the smallest value fR
can reach is assumed to be 10 pixels. The upper limit for fR is provided by the spatial
information density function (SIDF) which was defined in [7]. The spatial information density
function is a map that shows the summation of overlaps from all shear settings in the field of
view of object wavefield when recording the interferograms. Areas with a larger number of
overlaps lead to faster reconstruction. Two observations were made in [16] relating to spatial
information density function maps when the shear settings produced regions of zero overlap in
the field of view of the object wavefield. The first observation was that, while there were no
overlaps in the object beams, the reconstruction algorithm was still able to reconstruct the

amplitude map. The second observation was, due to lack of overlaps between the object beams to
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produce interference, no phase information was reconstructed in regions of zero overlap. This
leads to the conclusion that the upper limit for fR is the maximum value of fR before regions of
zero overlap show up in spatial information density map. For a circular aperture of radius ‘a’, the

upper limit for fR would be ‘a/2’. The aperture radius used for these simulations is 350 pixels.
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FIGURE 4.5: Effects of low and high values of fR on phase reconstruction

Figure 4.5 shows error maps from phase reconstruction demonstrating the different effects of fR
on phase maps when its value is closer to either maximum or minimum limit. This is
demonstrated using 6 and 7-shear sets. At low values of fR, the nature of errors in phase is of
low frequencies. At fR = 10 pixels for 7 shears, the error map in Figure 4.5 shows a spherical
error in the reconstructed phase. At 6 shears, the error maps show the presence of vortex pairs at
fR = 10 pixels. At higher fR (i.e., fR = 150 pixels), the errors produced in phase reconstruction

are high frequencies in nature. These high-frequency errors either occur in the form of high-
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frequency noise (see Figure 4.5 for 7 shears and fR 150 pixels) or in the form of structured errors

(see Figure 4.5 for 6 shears and fR 150 pixels). So, the optimal value or range for fR must be

identified for ideal reconstruction.
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FIGURE 4.6: Simulation data (7 experiments per parameter set): (a) fR vs mean phase error,

(b) fR vs standard deviation of phase errors

The optimal range for magnitude of shear ‘fR’ and number of shears ‘M’ for ideal reconstruction

was identified through an empirical approach. Phase reconstruction simulations were performed
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using 14 different shear magnitudes ‘fR’ ranging from 10 pixels to 170 pixels for 4, 5, 6, 7, 8, 11,
12 and 24 shears. The synthetic intensity maps generated for these simulations have a random
noise factor added to it with an amplitude equal to 20% of maximum intensity value. To account
for the variability caused by this noise, the simulations were repeated 7 times and the standard
deviations were also evaluated. The phase reconstructions were performed using a 3-layer
multiresolution method [21]. The phase reconstruction algorithm used for the simulations is an
alternating projections algorithm and more details about the algorithm can be found in [7].
Figure 4.6 shows the mean and standard deviations produced from these simulations.

The mean phase error plots in Figure 4.6a and standard deviation plots in Figure 4.6b show that
low values of fR (i.e., fR < 20 pixels) produce high phase errors with high standard deviations.
With an increase in the number of shears, it can be observed that the mean phase error decreases.
In addition, it can also be observed that the standard deviation values also go down. The mean
phase error is relatively low for fR values between 20 and 70 pixels for all shears. For 4, 5, and
6 shears, the mean phase errors for fR greater than 70 pixels are sporadic and high, while for 7,
8, 11, 12, and 24 shears the phase errors do not significantly change for the same values of fR. A
similar effect can also be observed in the standard deviation plot in Figure 4.6b. The standard
deviation plot demonstrates that the phase reconstruction is more sensitive to the intensity noise
and less repeatable for 4, 5, and 6 shears for high values of fR (i.e., fR > 70pixels) and at low
values of fR (i.e., fR < 20 pixels). Comparing Figures 4.6a and 4.6b, the following conclusions
can be made: (i) Phase reconstruction using 7 or more shears with fR between 20 and 70 pixels is
optimal for ideal reconstruction, (ii) An increase in the number of shears decides the lowest error
that can be achieved from the phase retrieval process. To better understand the influence of the

parameters, the magnitude of shear (fR) and the number of shears (M), the data from simulations
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were used to evaluate the signal-to-noise ratio for both parameters using Minitab. For this
purpose, the simulation data were assumed as custom Taguchi design and the output settings

were set to ‘smaller is better’. This makes the software use Eq. 4.5 for evaluating the signal-to-

noise ratio.

S/Nratio = —10 x log,,(X(Y?) /n) (4.5)

Where Y = output (i.e., phase error) and n is the number of repetitions. The signal-to-noise ratio
was calculated for each parameter set and the mean signal-to-noise ratio was estimated for each

value of ‘fR” and ‘M’. The signal-to-noise ratios for both parameters is plotted in Figure 4.7.
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FIGURE 4.7: Signal to noise ratio plot: (a) S/N ratio vs fR , (b) S/N ratio vs number of shears

The plots in Figure 4.7 agree with the conclusions previously derived from Figure 4.6. From
both, Figures 4.6 and 4.7, it can be concluded that the magnitude of shear parameter is more

robust and produces less phase errors when the value is between 20 and 70 pixels. Also, the
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significant shift in the signal-to-noise ratio of the number of shears parameter between 6 and 7
shears show that the use of 4, 5 and 6 shears is not reliable, and a minimum of 7 shears should be
used to get consistent results with less phase error values. Based on the observations from
Figures 4.6 and 4.7, it can be concluded that the optimal setting for the ideal reconstruction of the

phase map is to have fR between 20 and 70 pixels with 7 or more shear sets.

4.7. Frequency information density function (FIDF)
To understand how these simulations were influenced by the frequency information
density function, the FIDF maps were generated for all simulation parameters. A few example

FIDF maps for 4, 6, 7, and 12 shears at shear magnitudes 10, 30, and 150 pixels are shown in

Figure 4.8.
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FIGURE 4.8: Frequency information density maps for different shears at low and high fR values
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All the observations made in previous sections can be linked to the frequency information
density function. The FIDF map shows the distribution of frequencies demonstrating which
frequencies can be easily retrieved during the phase reconstruction process. To understand and
identify frequencies that could potentially have problems being retrieved during phase
reconstruction, a cutoff of 0.05 was set up to identify those points. These frequencies are marked
with red dots in Figure 4.8. The FIDF maps in Figure 4.8 show that a very low value of fR (i.e.,
fR = 10) has more frequencies below the cutoff than fR around 30 pixels. A low number of
shears leads to more frequencies below the cutoff. For example, at fR = 30 pixels, 6 shears have
fewer points below the cutoff than 4 shears. The number of frequency sets that fail the cutoff is
significantly higher at high fR (i.e., fR = 150 pixels) for a low number of shears. In general, a
shear-magnitude of fR 30 and 150 pixels shows good potential for retrieving the frequencies
provided the number of shears is a minimum of 7. To get a more comprehensive idea, the
number of frequencies that are below the cutoff were identified for all simulation parameters and
plotted against fR for all shears in Figure 4.9. Figure 4.9 shows similar characteristics to the
observations made in Figure 4.6. 4, 5, and 6 shears show that there are more frequencies with
FIDF values below the cutoff for all values of fR, thus making it not suitable for efficient phase

retrieval.
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4.8. Conclusion

Two shearing designs were studied for identifying the optimal set of parameters to
identify the ideal shear settings. Through a preliminary simulation using a sufficiently large
number of shear sets, the downfall of the 4-gratings arrangement. It was concluded the two-
grating arrangement was the best option for optimal reconstruction. For the two-grating
arrangement, a ©/M approach was adopted where the gratings were rotated together at equal
angles to acquire the interferograms. The other parameters that needed to be optimized were the
shear-magnitude ‘fR’ and number of shears ‘M’. This was done using an empirical approach
through simulations with synthetic intensity maps. The synthetic intensity maps were generated
with a noise of amplitude 20% of maximum intensity and the phase maps were reconstructed
using alternating projections algorithm. By studying the results of these simulations, it was
identified that optimal settings for fR are between 20 and 70 pixels and a minimum of 7 shears

should be used for ideal reconstruction. The number of shears affects the lowest error that can be
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achieved and has an inverse relation between them. For the settings used in the simulations, the
best results were obtained for fR = 20 and 30 pixels at 24 shears and the mean phase error was
0.0442 and 0.0438 radians respectively with their corresponding standard deviations being
0.0002 and 0.0001 radians for 7 simulations. The paper concludes by comparing the results to the
frequency information density function for the same simulation settings and analyzing the

correlation between the observed phase errors and the behavior of the FIDF maps.
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5.1. Introduction

Advancements in tactile and optical approaches to performing three-dimensional
measurements of complex surfaces are gaining interest to researchers and industries. Most tactile
approaches, such as profilometry for surface roughness measurements and coordinate measuring
machines (CMM) [1-4] for small-to-large scale form measurements, have a common limitation
of having large measurement times. Optical measuring instruments such as interferometry and
confocal microscopes are more common for commercial applications. Optical approaches
leverage the advantages inherent to their working principles to offer improved accuracy while
achieving relatively high measurement speeds [5]. Most interferometric system relies on
generating a reference wavefield and overlapping with the object wavefield to produce
interference patterns. The surface height map can be retrieved with well-established phase
shifting techniques with constant phase shifts [6] or variable phase shifts [7,8] between
successive frames. Most phase-shifting interferometric techniques are limited to measuring
smooth surfaces and often have high coherency and mechanical stability requirements [9].

Solutions such as shear interferometry [10,11] exist to perform phase measurements with
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systems with low coherency requirements while more robust to environmental effects. The most
common interferometric option for diffused surfaces is white light interferometry based on
coherence scanning [12,13], and other options include incoherent digital holography

methods [14]. However, these systems are still limited to small fields of view.

Structured Light Hlumination (SLI) systems [15-17] play a significant role in 3D surface
measurements across various technological and scientific domains. These systems are valued for
their simplicity, as they project one or more illumination patterns onto an object and capture the
resulting distorted patterns with a camera. The information in these measurement frames is then
used to determine the object's shape. Several projection patterns can be utilized for this purpose.
Sinusoidal SLI systems [15,16] uses a series of phase-shifted sinusoidal patterns, and the
measured intensities are processed using a temporal phase-shifting algorithm [18] to generate
the phase map, which reveals the surface information. However, unlike some coherent
measurement techniques [19,20], sinusoidal SLI introduces an ambiguity in the phase,
necessitating phase unwrapping to achieve accurate absolute shape measurements [21-26].
Various techniques have been employed for this purpose, using either a multi-frequency
approach [27-30], or binary and grey-level coding [31,32].

A major disadvantage of digital light projector (DLP) based techniques is the limited depth of
focus and the pixel count. Both limited the size of the smallest fringe period, especially when
projecting onto a tilted plane. Systems that overcome this problem exist but have a significantly
higher complexity [33]. However, in general producing sinusoidal fringe patterns with high
contrast and implementing methods for accurate phase shifting is often challenging in fringe

projection systems. A common method is project gratings using incoherent light sources, which
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often suffer from fringe visibility, uniform irradiance, and distortions due to imperfections in
gratings [34].

An alternative approach that can mitigate most of these limitations is using coherent and
collimated light sources to produce interference patterns between two planer wavefronts [35].
This produces high-contrast fringes, but the system is more prone to errors from vibrations and
speckles from rough surfaces. According to [34,36], a good fringe projection system should
have the following characteristics: good quality fringes with high contrast over large height
variations, less sensitivity to vibrations, flexibility to adapt to different object sizes, and easy,
consistent, and accurate phase shifting methods.

Oreb and Dorsch [34] proposed a method with Talbot self-imaging using a sinusoidal grating
with phase-shifting capabilities that are introduced by laterally moving the grating. The Talbot
image created in [34] averages out imperfections in the grating and produces sinusoidal fringes
with better quality and contrast. Stoykova et. al. also conducted a similar study [37], where the
authors produced sinusoidal fringes through coherent illumination of sinusoidal gratings. The
authors studied the visibility and effect of higher-order diffractions at different wavelengths in
the Fresnel zone. The optimal plane to have the best fringe contrast was identified at different
wavelengths.

One method explored by Yoneyama et. al. [35] was designed specifically to measure objects
moving at a constant speed while fringes were projected onto the object. With the object moving
at a constant speed and the camera recording the deformed fringe patterns, the constant spatial
offset of the moving object between the recorded intensity maps automatically provides the
constant phase shift without additional mechanisms. This makes the system more suitable for

analyzing discrete and continuous components in manufacturing industries. The authors studied
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this experimentally by producing fringe patterns with a Michelson interferometry system and
projecting them on a moving object. The velocity of the moving object was evaluated based on
fringe characteristics and the frame rate of the camera used for recording. Quan et al. [38]
proposed an alternative and unconventional phase-shifting approach of using only two phase
shifts with an increment of 7. The experiment was conducted by projecting the fringes using an
LCD projector, enabling phase-shifting capabilities. The results of this method were compared
with that of a conventional 4-step phase shifting method, and a discrepancy of 4.2% was
observed. Another phase-shifting method explored by Wu et. al. [39] was through frequency
modulation of a single-mode laser diode. The frequency modulation was done by modulating the
injection current. This system offers the advantage that no moving parts are involved in
producing the phase shifts. This makes the system mechanically stable, but modulating the
frequency causes changes in the power, which introduces more errors when recovering the phase
through phase shifting techniques. The authors propose a 10-step phase-shifting algorithm to
make the system more robust to these power changes and also errors from phase shifting.
Moreau et. al. [36] investigated an interferometric fringe projection system where the fringes
were produced by splitting the input light into two orthogonal polarization states using a prism
with Bragg grating and combining them after passing through a linear polarizer. A phase retarder
is used to control the phase shifts between the interfering beams. The spatial shearing introduced
between the interfering beams affects the fringe spacing. This shearing is introduced by a glass
substrate fixed to the side of the prism along with the grating. Although patterns with multiple
fringe-spacings are possible, they are limited to discrete values depending on the geometry of the
glass substrate attached to the prism. However, more flexibility is needed to select optimum

fringe periods [30].
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It should be noted, that although adjustable fringe periods can be achieved using an
interferometric fiber-optic fringe projection system [39] the system stability if limited by the
environmental vibrations.

Creating stable fringes has highest priority. For instance, Sdnchez et. al. [40] reported a stable
fringe projector based on a common-path Gates interferometer, but the fringe period is not
adjustable, nor the fringes cannot be rotated. This does not allow unwrapping the phase using
either a multi-frequency approach [31] or a technique that rotates the fringes [27].

In this paper, we explore the use of geometric phase gratings for interferometric fringe projection
systems. The system is designed to be common-path which makes the fringe pattern more stable
to any environmental effects. The study is based on a coherent laser source which ensures high
fringe contrast and extremely high depth of focus. The gratings enable polarization splitting and
lateral shearing, and the beams travel along a common path through a linear polarizer and
interfere. Rotating the linear polarizer enables polarization phase shifting. In this paper, the phase
recovery is done using the Fourier transform method [41] and the results are discussed. The
paper concludes by demonstrating the flexibility of the system to do a fringe projection on
objects with a wide range of sizes and the ability of the system to produce fine sub-millimeter
fringe spacing to perform measurements with high resolution. The system has the advantage of
producing fringes that are not limited by the grating parameters or projector parameters and are

only limited by the pixel size of the camera to resolve the fringes.

5.2. Realization of Fringe projection system using GP gratings
Geometric phase gratings [42], also known as, polarization gratings, are thin optical

gratings that selectively diffract light based on the polarization state of the incoming light. For
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linear polarized light, those gratings convert an incoming beam into two beams of equal intensity
that are left and right circular polarized but diffracted at distinct angles. Based on these
properties, a pair of GP gratings can be used to realize an interferometric holography system with
lateral shearing and phase-shifting capabilities. This was previously demonstrated in [11]

and [43] which used an alternating projections algorithm to perform wavefield reconstruction. In
this paper, we demonstrate the use of a GP grating pair as a fringe projection system. Figure 5.1

shows how a fringe projection system can be realized using a GP grating pair.

Input
pointsource p|!
wavefield =——

Camera

FIGURE 5.1: Realization of a fringe projection system using GP gratings

For the fringe projection system, the GP grating pairs use a linearly polarized point source as the
input. The first grating splits the input light into left and right circular polarized in two equal and
opposite directions. The second grating corrects for this angle and makes the wavefronts parallel.
After the beams pass through a linear polarizer, both beams are in the same state of linear

polarization and interfere.
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Consider an arbitrary wavefield U (x, y) that is Fourier transformed by a lens of focal length F.

At the Fourier plane, the Fourier transform of the wavefield is given as U(fx,fy), where f, = %
and f, = % When placing a pair of GP gratings at the Fourier plane, two beams are generated

which can be expressed as

Uy = U= fo ) (5.2)
and
Uy = ZU(f + fo fy) (52)

where f, = /,LiF and s is the shear produced by the GP gratings. A second lens with focal length F

can transform the two wavefields back to the image plane and so Eq. 5.1 and 5.2 become

1 .
U =5 U(x, y)et?mfox (5.3)
and
U, = % U(x, y)e~i2mfox (5.4)

When these two wavefields pass through a linear polarizer, they interfere, and the final intensity
is given as:

I(x,y) = [U; + U,][U; + U,]"

I(x,y) =1, + I, + 2Re[U,U;]

I1Cx,y) = U Cx, )| + |U(x, y)|?cos (4nfox) (5.5)

Eq. 5.5 shows that an interferometric shearing system at the Fourier plane, produces a perfect
sinusoidal modulation.

The shear in X and Y directions in this system is a function of the distance between the gratings
(Zc) and the orientation of the gratings. This directly affects the value of fo in Eq. 5.5. With the
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gratings mounted on a rotational mount, the system enables variable fringe spacing by changing
the spacing Zg between the gratings and also variable fringe orientation through grating rotation.
This is demonstrated in Figure 5.2. Furthermore, since the system requires the use of a linear

polarizer to produce interference, this grating pair can also be set up in tandem with polarization

phase shifting by rotating the linear polarizer. This is shown in Figure 5.3.

(a) : : .
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\
RCP LCP
-ﬁ» Lin?:ar
GPl  GP2 polarizer
(b) ' ' il
RCP
LCP
LP
fR
LCP
Linear

GP2 polarizer

Linear
polarizer

FIGURE 5.2: Effect of grating positions on projected Fringes. (a) Original orientation of
gratings, (b) Changing the distance between gratings changes fringe spacing, (c) Grating pair
orientation affects the fringe orientation.
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FIGURE 5.3: Fringe patterns at four different angles of linear polarizers demonstrating phase
shifting
5.3. Experimental Setup
Figure 5.4a shows the schematic and Figure 5.4b shows the experimental setup used for

the fringe projection experiments. The light source used is a class 3B, 520 nm wavelength, 30
mW green laser collimated with a 40 mm focal length triplet lens. The object used for the study
is a 3-inch replica of a one-dollar coin and a 3D printed PLA plate with the Charlotte logo. The
objects used for the experiment were painted with white acrylic to improve the scattering
properties of the surface for the experiment and are shown in Figure 5.5. The GP gratings used
for the experiment were from Edmund Optics (#12-677). The GP grating pair were mounted on a
Thorlabs ELL14K rotation piezoelectric resonant motor. The motor was placed right before the

Fourier plane of the 4f setup. The 4f setup was made with a 50 mm focal length and a 100 mm

99



focal length lenses. The gratings were placed in the Fourier plane to minimize the area of
interaction between the input wavefield and the gratings to mitigate any distortions from external
stresses applied to the gratings. The 4f setup with the grating pairs produces two collimated
sheared wavefields. A variable aperture was placed next to the GP grating pair to block any
higher-order diffractions from the gratings. Under this setup, there is a limitation on the distance
between the gratings over which the sheared beams stop overlapping. This limitation is removed
by using a lens with a short focal length (20 mm) after the 4f setup. This lens expands both
beams indefinitely enabling the beams to overlap irrespective of the separation distance between
the gratings. The output beams are left and right circularly polarized. Using a linear polarizer at
the end of the setup brings both beams to a linear polarized state and the wavefields interfere to
produce linear fringe patterns on the object. These fringe patterns are projected onto the object
which is placed at 45 degrees to the optical axis of the fringe projection setup. The projected
fringes are recorded using a FLIR FL3-U3-13E4M-C monochrome camera with a 50 mm focal
length camera lens. Linear fringe patterns were projected on the object and were recorded by the

camera.
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FIGURE 5.4: Fringe projection. (a) Schematic of the setup, (b) Experimental setup
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FIGURE 5.5: Objects used for fringe projection experiment

5.4. Results

The recorded intensity maps were processed using a Fourier transform phase estimation
technique proposed by Takeda et. al. in [41] and the phase maps were reconstructed. To
reconstruct the phase free from system distortions and errors, a reference phase was created by
recording the fringe patterns on a flat ceramic plate placed at the same angle as the object with
respect to the optical axis of the system. The phase maps were recovered from both the objects
and the reference flat ceramic plate, and the final phase map was recovered by subtracting the
reference phase map from the object phase maps. This is demonstrated in Figure 5.6. Figure 5.6a
shows the intensity map of the fringe patterns projected on the coin. The fringe patterns are of
very high frequency and can be seen on a zoomed image in Figure 5.6a. Figure 5.6b shows the
distortions and errors in the phase map from the system and is considered the reference phase
map. Figure 5.6c¢ is the phase map acquired from the projected fringes on the coin. Some
similarities can be seen in the phase maps in Figures 5.6b and 5.6¢ due to the presence of system

errors in the recovered phase map shown in Figure 5.6b. Figure 5.6d shows the resulting phase

102



map after subtracting the reference phase map (Figure 5.6b) from the coin phase map (Figure

5.6¢) and Figure 5.6e shows the unwrapped phase map of the object.

(b)

FIGURE 5.6: Recovered phase maps using the fringe projection system on coin replica. (a)
Intensity map as acquired by the camera with a zoomed image showing fringe patterns, (b) Phase
map of reference flat, (c) Phase map of the object (coin), (d) Final wrapped phase map after
subtracting reference phase map from the object phase map, (e) Unwrapped phase map.

Similar experiments were conducted on a second object (3D printed PLA plate with Charlotte

logo). The 3D-printed object was also coated with white acrylic paint to enhance the scattering
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properties of the surface as shown in Figure 5.5. The experiment was repeated by projecting
fringes on the object and the images were recorded and processed. The phase maps recovered
from Fourier transform phase estimation by Takeda et. al. [41] and unwrapped phase maps are

shown in Figure 5.7.

FIGURE 5.7: Recovered phase map of 3D printed plate showing Charlotte logo. (a) Projected
fringe patterns on the 3D printed plate with a zoomed images showing fringes, (b) Recovered
phase map of reference flat showing system distortions, (c) Recovered phase map of 3D printed
plate, (d) Final wrapped phase map after subtracting reference phase map,

(e) Unwrapped phase map.
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Figure 5.7a shows the intensity map as recorded by the camera. Figure 5.7b shows the phase map
of the system errors as recorded when the fringes are projected on a flat plate. Figure 5.7c also
shows these errors along with the logo printed on the PLA plate. Figure 5.7d shows the wrapped
phase map after subtracting the reference phase map (Figure 5.7b) from the object phase map
(Figure 5.7c). The unwrapped phase map in Figure 5.7e shows a clear distinction between the top
surface topography and bottom surface topography of the logo enabling measurement of step
heights along the contour of the logo. An example step height feature is shown in Figure 5.8 and
is compared to a measurement from a Zygo Nexview coherence scanning interferometer on the
same region. Figure 5.8a shows the region on the object where the step heights were compared.
The step height measurement on the Zygo Nexview reported a value of 600 um for Figure 5.8b.
Figure 5.8c shows the unwrapped phase map from the fringe projection system. The phase values
in Figure 5.8c varied between 2.3 radians and 2.5 radians on the top layer while the bottom
surface varied between 0.6 radians and 0.8 radians. So, the average step height was 1.7 radians in

Figure 5.8c.
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FIGURE 5.8: Step height comparison. (a)Intensity map of 3D printed plate highlighting region
of comparison, (b) Measurement from Zygo Nexview coherence scanning interferometer,
(c) Measurement from Fringe projection system

5.5. Applications of the setup

The setup was shown to have the capabilities to change fringe spacing and fringe
orientation in Figure 5.2. The distance between the grating can be changed to adjust the fringe
spacing. The gratings were mounted on a motorized rotational mount. So, rotating the grating
enables different fringe orientations. The setup was also shown to have the ability to employ
phase shifting techniques (Figure 5.3) and was shown to work with single shot techniques like
Takeda’s Fourier spectrum phase recovery method (Figures 5.6 and 5.7). The fringe spacing is a
function of the separation distance between the gratings in the pair. In such designs, the
maximum separation distance between the gratings is limited by the beam diameter beyond
which the beams stop overlapping to produce fringe patterns. The presence of the short focal
length lens in the proposed system after the 4f setup causes the overlapping beams to expand

indefinitely and so, the beams will continue to overlap irrespective of the distance between the
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gratings. This allows for a large separation distance between the gratings which enables high-
frequency fringe patterns to be produced. Figure 5.9 shows this capability. The object used in
Figure 5.9 isa 3" x 3" low reflective grid distortion Target (Edmund optics #62-954). The
diameter of the dots in the target is 0.5 mm and the center-to-center spacing between the dots is 1
mm. The fine fringes in Figure 5.9c show an average of 3 to 4 fringes between two consecutive

dots. This indicates a fringe spacing between 250 pm and 330 pm.

FIGURE 5.9: Demonstrating the ability to produce different fringe spacing. (a) Large spacing ,
(b) Medium spacing, (c) Sub-millimeter spacing

Due to the use of the short focal length lens at the end of the setup, this setup also enables
projecting fringes on objects of different scales. The objects on which this fringe projection
system was tested are shown in Figure 5.5. The coin replica is a 3-inch diameter disk and the 3D
printed PLA plate is a 3” x 3” square plate. Figure 5.10 demonstrates the use of these setups on a
much larger scale. The fringes were projected in a classroom in Duke Centennial Hall at the
University of North Carolina at Charlotte. Figure 5.10a shows low-frequency fringes which can
be visibly seen. Figure 5.10b shows the same classroom with a calibration board at the end of the

room. The distance between the fringe projection setup and the calibration board is
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approximately 20 meters. The fringes are of very high frequency that cannot be visibly observed
in Figure 5.10b unless viewed up close as shown in Figure 5.10c. The calibration board used in
this demonstration has dots with a diameter 10 mm and the center-to-center distance between the
dots was 30mm. The ability to change fringe spacing over such a large area by adjusting the
separation distance between the gratings and also by changing the focal length of the last lens
(short focal lens), expands the potential applications of this setup in different fields for large

form measurements.

(b) (©)

FIGURE 5.10: Use of the proposed fringe projection system at larger scales. (a) Low frequency
visible fringes projected in a classroom, (b) High frequency fringes projected on calibration
board placed at 20 meters from the fringe projection system, (c) Zoomed view of the calibration
board showing the projected fringes.

5.6. Conclusion

The setup presented in this paper using GP grating pair mounted on a rotational mount
offers the flexibility to work with adjustable fringe spacing and fringe orientations. The system is
capable of producing sub-millimeter fringe spacing and can be used for very large field of views

extending over several meters. The versatility of different fringe characteristics comes from the

property that the fringe properties can be changed by just adjusting the distance between the
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grating pairs and the grating pair rotation. The use of a coherent light source produces high-
contrast fringe patterns for large measurement volumes without losing fringe contrasts. The
common-path interferometric design enables the system to be robust to environmental effects.
Depending on the object surface being measured, the use of coherent light might produce
speckles. Further investigations into mitigating the speckle effect through post-processing can
improve the efficiency of the proposed fringe projection setup. Applications for this work are
found in in-situ measurements for laser powder bed fusion, where sub-millimeter fringe periods

are required for large field of views.
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CHAPTER 6: CONCLUSION AND FUTURE WORK

The focus of the dissertation is to design, develop and characterize interferometric holography
systems based on shear interferometry that records interferograms through lateral shearing and
reconstruct the object wavefield through an iterative optimization process. To our knowledge,
based on the available literature, this is the first study to design, develop and characterize the
effects of shears in a GP gratings-based coherent shear interferometry system for reflective and
transmissive objects. The second objective of this dissertation is to further explore and expand
potential applications of using GP grating pairs to perform fringe projection and extend this
study to measure diffused surfaces as well.

Chapter 2 focuses on the shear interferometry system. Two designs for shear interferometry were
discussed in this chapter by placing the GP grating pairs in different configurations and their
performance was compared. These two designs varied in methods for shear selection for
recording the interferograms and reconstructing the complex wavefield. The effect of shear
selection was studied using synthetic data and verified by defining two transfer functions
namely, spatial information density function (SIDF) and frequency information density function
(FIDF). The SIDF identifies potential regions in the phase map where reconstructions could fail
based on the overlap of the interfering beams while the FIDF identifies potential surface
frequencies that the algorithm could fail to reconstruct. After studying and mitigating the
artifacts created by the algorithm, the stability of the algorithm was also studied through Monte
Carlo simulations. Chapter 2 concludes by demonstrating a holography system by recording a
wavefield in a defocused plane and bringing the wavefield into refocus using numerical

refocusing techniques.
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Chapter 3 studies the limitations offered by the spatial information density function. The chapter
concludes that the complex cross-term used in the alternating projection algorithm during
wavefield reconstruction has phase information only in regions where the sheared object beams
overlap. The presence of zero regions in the SIDF map indicates that no phase information will
be recovered in these regions. However, this chapter also shows that the complex cross-term still
has amplitude information, and the reconstruction algorithm can still successfully generate the
amplitude map. So, in the absence of object beam overlap, the system functions as an amplitude
imager.

Chapter 4 studies effective shear selection methods for optimal wavefield reconstruction with
minimal errors. This study was done using synthetic intensity maps created by shearing a
synthetically generated defocused point source wavefield. Although few studies exist in the
literature that addresses the effect of individual shears on the reconstruction of different surface
frequencies, to our knowledge, this is the first study that studies the combined effect of shears
and provides strategies for shear selection for effective wavefield reconstruction. The study is
done through simulations of a defocused point source wavefield reconstruction under varying
shear conditions and the results are analyzed through a statistical analysis to highlight the major
findings.

Chapters 2 and 3 discuss the use of GP gratings for shear interferometry and holography system
suitable for reflective and transmissive surfaces. Chapter 4 discusses effective shear selection
methods for the shear holography system. Chapter 5 expands the study to diffused surfaces by
converting the system into a fringe projection system. The fringe projection system proposed and
tested in this chapter has the flexibility to adjust the fringe patterns both in fringe orientation and

also fringe spacing. The system can produce a wide range of fringe spacing varying from large
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spacing to sub-millimeter spacing. Further, the produced fringe patterns can be projected on
objects of a wide range of sizes. This was demonstrated by comparing projecting fringes on
small objects such as 3D printed objects and replica coins and on large objects such as large
calibration boards placed at 2 meters from the fringe projection setup in a classroom located in
Duke Centennial Hall at the University of North Carolina at Charlotte.

The dissertation demonstrates the flexibility to use the GP grating pairs as both, a shear
holography system that can measure transmissive and reflective surfaces and as a fringe
projection system that can measure diffused surfaces.

The use of flat optics such as GP gratings and GP lenses to make compact and robust optical
metrology systems is relatively a novel and emerging area of interest among researchers. Very
few works are available in literature that have explored potential designs for implementing
optical metrology systems using these types of optics [1-3]. This dissertation explores the use of
GP grating pairs for holographic interferometric systems using a coherent light source to
measure reflective and transmissive surfaces. Preliminary experiments using incoherent light
sources, such as a green LED, showed problems with getting good fringe contrast. Further work
could be explored on this aspect to extend the use of GP grating pair in holographic systems to
measure diffused surfaces. Developing holography systems using GP grating pairs for diffused
surfaces could enable the design of complex and hybrid systems that can measure all types of
surfaces. Further, these system designs could be combined with systems that use GP lenses to
make complex yet robust systems for different applications.

Another aspect of future works could focus on shear selection. To our knowledge, this
dissertation is the first in the literature that explores existing works, such as [4,5] on correlating

surface frequencies with individual shears and studies the combined effect of N shears (Chapter
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2 and Chapter 3). Based on this study, Chapter 4 provides a fundamental approach to selecting
the shears effectively. This work could still be expanded on to further optimize the shear

selection strategy.
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APPENDIX-A: JONES MATRIX FOR GP GRATINGS

The optical systems presented in this dissertation use geometric phase (GP) grating pairs to
implement holographic shear interferometric system and fringe projection system. Appendix-A
shows how different wavefields with different polarized states interact with GP grating pairs
using Jones Calculus. As previously discussed in Chapter 1, the Jones matrix for the GP grating
pair can be presented as two opposite circular polarizers with a phase difference (¢ = ¢, — ¢,)

between them. The Jones matrix for the GP grating pair is shown in Eq.A.1.
i : 1 +i . 1 —i
Jous =2 {expGon) [ 2, V'] +explon [ T} (A1)
If the input to the GP grating pair is a linearly polarized light with a polarization angle «, the

Jones vector for the input wavefield is

LP = [ (A2)

tan (a)]

The interaction of the input wavefield (LP) with the GP grating pair is
_J : 1 +i , 1 —-in [ 1
Joue 1P =% {exoGen [ 1, 4+ exoGo0 ], T |eance]

Joue - 1P = 1{(1+ jan(@) - expGi) | L | + (1 = jran(@) -expGo) - [[]}  a9)

Eq. A.3 shows that when linear polarized wavefield at any polarization angle («) interacts with
the GP grating pair, the input light is split as a right circular polarized beam and a left circular
polarized beam. The Jones vector for right circular polarized (RCP) beam and left circular

polarized (LCP) beam are shown in equation (A.4).
RCP = [_1]] ; LCP = []1] (A.4)

Similarly, the interaction of a left circular polarized beam and right circular polarized beam with

the GP grating pair produces outputs as shown in Eq.A.5 and Eq.A.6.
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Jowe - REP =2 {expGon |1 4|+ ewGon [} ]} L] = exeen-[1] a9

Jout " LCP = é {eXp(f¢1) [_1] ]1] + exp(jg2) []1 _1]]} [11] =Jj - exp(joz) - []1] (A.6)

Egs. A.5 and A.6 show that the GP grating pair preserve the polarization state when the input is a
circular polarized wavefield.
Egs. A.3, A.5 and A.6 show how the GP grating-pair affects the polarization states of the input
wavefield. When a linearly polarized beam passes through a GP grating pair, it is split into left
and right circular polarized beams (Eq. A.3). When a left or right circular polarized beam passes
through a GP grating pair, the polarization state is preserved (Eg. A.5 and A.6). In addition to the
effects on the polarization state of the input beam, a GP grating pair also laterally shifts the
position of the output beam depending on its polarization state and the orientation of the GP
grating pair. The magnitude of lateral shift depends on the separation distance between the
gratings in the grating pair, and the orientation of lateral shift depends on the grating orientation.
For a fixed separation distance between the gratings in the pair, the left and right circular
polarized beams are laterally and symmetrically shifted about the optical axis. In other words, if
the left circular polarized beam is shifted by a lateral distance ‘s’, then the right circular
polarized beam is shifted by a lateral distance ‘-s’. This effect can be presented using J,,; from
Eg. A.1 as shown in Eq. A.7

[Output wavefield] = (], - [Input wavefield]) * f (s, 0) (A7)

where f (s, 8) is a function lateral shear ‘s’ and grating angle 6.
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The output wavefield, according to Eg. A.7, is a convolution of the matrix from Jones calculus
with a function f (s, ) to laterally shift the output beam by +s depending on its polarization

state, and along the orientation 6 depending on the orientation of the GP grating pair.
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APPENDIX-B: JONES CALCULUS FOR POLARIZATION PHASE SHIFTING

The phase shifting used in this dissertation is based on polarization phase shifting. Appendix-A
demonstrates the relation between polarization shift angle (8) and phase shift angle (6) through
Jones Calculus, while recording the interferograms. The GP grating pair splits a linearly
polarized object wavefield into a right circular polarized (RCP) beam and a left circular polarized
(LCP) beam. The LCP and RCP beam overlap on the detector plane of a polarized camera. Each
pixel on the polarized camera records the signal at a fixed polarization state. The polarization
angle (&) defines the phase shift angle () introduced between the overlapping wavefields.

The Jones matrix for a linear polarizer at polarization angle (&) is shown in Eq. B.1.

cos?(6) cos (8)sin ()
_ [ _ 0) (B.1)
cos(6) sin(8) sin“(6)
The LCP and RCP wavefields from the GP grating pair are shown in Eq.B.2 and Eq.B.3.
1 .
LCP = []] exp (o) (B.2)
1 .
RCP = [—j] exp (jo) (B.3)

The wavefields u, (x) and u, (x) after passing through the linear polarizer are shown in Eq.B.4

and Eq.B.5.
u(x) =LP XLCP = [Z(l)r?g)) exp(jp, + jo) (B.4)
1, (x) = LP X RCP = [Z?r?((g exp(jb, — j6) (B.5)

The resulting wavefield u(x) from u, (x) and u, (x) is shown in Eq.B.6.
u(x) = lu ()I* + luz ()1 + uz()uy (x) + uj()u,(x)

u(x) =2+ 2cos (26 + Ap) (B.6)
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From Eqg. B.6, it can be concluded that

2 X polarization angle shift (6) = phase shift (0) (B.7)
The polarization camera uses super-pixels each with 4 pixels having polarization angles 0, 45, 90
and 135 degrees. This results in producing phase shifts of 0, 90, 180 and 270 degrees.
Egs. B4 and B5 were derived by considering only the effect of GP gratings on the polarization
states of the input beams. If the lateral shift effect, as discussed in Appendix-A, is considered

here, then Eqgs B.4 and B.5 can be rewritten as Eqs. B.8 and B.9.

u(x+s)=LP X LCP = {[Z(l);g)) exp(jo, +j6)} * f(s,0) (B.8)
wu,(x — ) = LP X RCP = {[‘;’s((g)) exp(jb, — ja)} v £(s,0) (B.9)

where convolving with the function f (s, 8) laterally shifts the output beam by magnitude +s
depending on the polarization state and in orientation 6 depending on the orientation of the
grating pair.

The resulting wavefield u(x) from u, (x + s) and u,(x — s) is shown in Eq.B.10.

u(x) = lug(x+ )12+ lup(x —9)|1?+ up(x —s) ug (x +s) + uf(x+5s) - u(x —s)

u(x) = lug(x +5)|1? + |up(x — 5)|? + 2Re{u;(x + s) - uy(x — s)} (B.10)
Eqg. B.10 shows that the interference occurs only in the regions of overlap between the
wavefields u, (x + s) and u, (x — s). Simplifying Eq. B.10 results in the same equation as Eq.
B.6 and ends with the same conclusion as Eq. B.7 in the regions overlapped by the wavefields

u(x + s) and u, (x — s).
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