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ABSTRACT

THI THU THUY LE. Globally convergent numerical methods for several inverse

problems based on Carleman estimates. (Under the direction of DR. LOC
NGUYEN and DR. MICHAEL KLIBANOV)

This dissertation focuses on developing efficient numerical methods and theoretical
analysis for solving various inverse problems that arise in the fields of mathematics,
physics, engineering, and beyond. The goal of inverse problems is to explore inac-
cessible regions using external measurements, which is essential for non-destructive
testing, biomedical imaging, geophysical exploration, and radar applications, among
others. However, solving inverse problems is always challenging. This is because they
are severely ill-posed and highly nonlinear.

We propose in this dissertation a unified framework to solve severely ill-posed and

highly nonlinear inverse problems. The framework is split into two stages:

1. In the first stage, we derive a system of partial differential equations by intro-
ducing a new variable and truncating the Fourier series of the solution to the

governing equation. The obtained system has only one unknown.

2. In the second stage, we solve the system derived in the first stage using the
quasi-reversibility method, the Carleman contraction mapping method, and the
convexification method. The obtained solutions of this stage directly yield the

desired solutions to the inverse problems.

An important contribution of the dissertation is that we will rigorously and numer-
ically prove the efficiency of this framework, including its global convergence to the
true solution. The analytic proofs are based on some Carleman estimates, and the
numerical proofs are provided by successfully testing our methods with highly noisy
simulated data and experimental data provided by US Army Research Laboratory

engineers.
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CHAPTER 1: INTRODUCTION

The field of inverse problems is a diverse and interdisciplinary area of research that
has applications in mathematics, physics, engineering, and many other fields. The
goal of this field is to explore inaccessible regions through external measurements,
which is crucial for non-destructive testing, biomedical imaging, geophysical explo-
ration, and radar, among other applications. This dissertation contributes to this
field by developing effective numerical methods and theoretical analysis for various
inverse problems.

Specifically, the dissertation has developed methods for solving scattering inverse
problems in both the frequency and time domains, inverse source problems for nonlin-
ear parabolic equations, and a linearized kinematic inverse problem with incomplete
data. All of these problems are highly ill-posed and often nonlinear, making their
solutions challenging. Throughout this dissertation, a unified framework is developed

to solve inverse problems. This framework has two stages.

1. In stage 1, we truncate the Fourier series of the solution to the governing equa-
tion [1, 2, 3| or introduce a new change of variable [4]. By this step, we obtain

a system of partial equations.

2. In stage 2, we compute the solution to this system. As soon as this system is
solved, we directly obtain the desired solutions to the inverse problems under

consideration.

While stage 1 is straightforward, stage 2 is challenging, especially when the govern-
ing equation is nonlinear. There are three numerical methods that are proposed and

developed for stage 2 in this dissertation, named the quasi-reversibility method, the
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Carleman contraction mapping method, and the convexification method. All of them
are based on a sophisticated mathematical tool of Carleman estimates. This tool was
first introduced in the field of inverse problems in 1981 in the work of Bukhgeim and
Klibanov [5|. Since then, many works of many authors [6, 7, 8, 9, 10, 11, 12, 13, 2]
have explored the idea of [5]. See a survey about the Carleman estimates and their ap-
plications in [14]. Based on Carleman estimates, these numerical methods are proven
to provide reliable solutions even when the data is highly noisy. Importantly, they
are “globally” convergent, meaning that they do not require advanced knowledge of
the true solution before solving inverse problems. This global property distinguishes
this work from many other publications in the field, which often rely on local meth-
ods such as least squares optimization. Due to the nonlinear nature of the inverse
problems, the least squares functionals are non-convex. They might have multiple
local minima and ravines. Therefore, good initial guesses sufficiently close to the true
solution are important for optimization-based methods to deliver reliable numerical
solutions. However, we only consider the case when such good initial guesses are not
available. This is the main reason for us to develop the convexification and Carle-
man contraction mapping method. These two methods are globally convergent in the

following sense:

1. they deliver good numerical solutions to the inverse problem without knowing

any information of the true solutions,
2. the claim in #1 above is rigorously proved and numerically verified.

The developed numerical algorithms were successfully tested with highly noisy
simulated and experimental data provided by engineers at the US Army Research
Laboratory.

The dissertation is organized as follows.

Chapter 2 presents a novel numerical approach for solving the linearized version
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of the travel time tomography problem which is given with incomplete data. Our
method involves the truncation of Fourier series using a special basis introduced in
[15], leading to a boundary value problem for a system of first-order PDEs. We
solve this problem using the quasi-reversibility method, which helps to obtain the
Fourier coefficients of the solution to the linearized eikonal equation that is spatially
dependent. Our method is shown effective even with highly noisy data. We present
numerical results to demonstrate its effectiveness. The work in this chapter is adapted
from [1].

Chapter 3 proposes a new convergent numerical method for reconstructing the ini-
tial condition of a quasilinear parabolic equation from the Dirichlet and Neumann
data measured at the boundary of a bounded domain. Unlike previous methods, we
do not require any prior knowledge of the true solution, despite the high nonlinearity
of the problem. The key in our method is the derivation of a boundary value problem
for a system of coupled quasilinear elliptic equations, whose solution is the vector
function of the spatially dependent Fourier coefficients of the solution to the govern-
ing parabolic equation. We apply an iterative approach to solve this problem and
rigorously establish the global convergence of the system using a Carleman estimate.
The effectiveness of our method is illustrated through numerical examples. The work
in this chapter is adapted from [2|. This work is original and serves as the foundation
of one of our numerical methods, named the Carleman contraction mapping method.
There also exists a numerical method to solve this inverse problem without truncat-
ing the Fourier series of the solution to the governing equation, see [16, Chapter 5,
§5.8.2]. However, this method has been developed only theoretically so far and has
not been tried numerically yet.

Chapter 4, adapted from [4], develops the Carleman contraction mapping method
to solve a Coefficient Inverse Problem for a 1D hyperbolic equation. The numerical

method is based on the contraction mapping principle with the involvement of a Car-
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leman Weight Function. Using a Carleman estimate, the global convergence of the
corresponding numerical method is established. Numerical studies for both computa-
tionally simulated and experimentally collected data are presented. The experimental
part is concerned with the problem of computing dielectric constants of explosive-like
targets in the standoff mode using severely underdetermined data collected by engi-
neers at the US Army Research Laboratory.

Chapter 5, adapted from [3], focuses on analyzing the global convergence of the
gradient descent method for minimizing strictly convex functionals on an open and
bounded set of a Hilbert space. Unlike the case of the entire Hilbert space, such
results are currently unknown for this type of set. We then utilize our findings to
establish a comprehensive framework for numerically solving boundary value problems
for quasilinear partial differential equations using noisy Cauchy data. This procedure
involves using Carleman weight functions to convexify a cost functional from the given
boundary value problem, thereby ensuring the convergence of the aforementioned
gradient descent method. We prove the global convergence of this method as noise
approaches zero, and the convergence rate is Lipschitz. Finally, we apply this method
to solve a highly nonlinear and severely ill-posed coefficient inverse problem known
as the backscattering inverse problem, which has numerous real-world applications.
We present various numerical examples to support our approach.

The final chapter, chapter 6, is for the concluding remarks.



CHAPTER 2: NUMERICAL SOLUTION OF A LINEARIZED TRAVEL TIME
TOMOGRAPHY PROBLEM WITH INCOMPLETE DATA

2.1  Introduction

In this chapter, we develop a new numerical method for the linearized Travel Time
Tomography Problem (TTTP) for the d—D case. Our data are both non-redundant
and incomplete. Using results of [1], we establish the convergence of our method. In
addition, we provide results of numerical experiments in the 2D case. In particular,
we demonstrate that our method provides good accuracy of images of complicated
objects with 5% noise in the data. Furthermore, a satisfactory accuracy of images is
demonstrated even for very high levels of noise between 80% and 170%.

In fact, both the idea of our method and sources/detectors configuration are close
to those of our recent works |2, 1|. However, our case is substantially more difficult
one since the waves in our case propagate along geodesic lines, rather than a radiation
propagating along straight lines in [2, 1]. Still, although we formulate here results
related to the convergence of our method, we do not prove them. The reason is that,
as it turns out, proofs are very similar to those in [1|. In other words, surprisingly,
the analytical apparatus of the convergence theory developed in [1] works well for the
problem considered in this chapter.

In the isotropic case of acoustic/seismic wave propagation, the TTTP is the problem
of the recovery of the spatially distributed speed of propagation of acoustic/seismic
waves from the first times of arrival of those waves. In the electromagnetic case, this
is the problem of the recovery of the spatially distributed dielectric constant from
those times. Another name for the TTTP is an inverse kinematic problem (IKP).

Waves are originated from some sources located either at the boundary of the closed



6
bounded domain of interest or outside of this domain. Times of the first arrival from
those sources are measured on the part of the boundary of that domain. The TTTP
has well-known applications in Geophysics, see, e.g. the book of Romanov |3, Chapter
3.

The pioneering chapters about the solution of the 1D TTTP were published by
Herglotz [4] (1905) and then by Wiechert and Zoeppritz [5] (1907). Their method
is described in the book of Romanov [3, Section 3 of Chapter 3|. It was recently
discovered that, in addition to Geophysics, the IKP has applications in the phaseless
inverse scattering problem [6, 7, §|.

The next natural question after the classical 1D case of [4, 5| was about 2 and 3
dimensional cases. The first uniqueness and Lipschitz stability result for the 2D case
was obtained by Mukhometov [9], also see [10, 11]. Next, these results were obtained
by Mukhometov and Romanov for the 3D case in [12, 3]. We also refer to the work
of Stefanov, Uhlmann and Vasy [13] for a more recent publication for the 3D case.
As to the numerical methods for the inverse kinematic problem, we refer to [14] for
the 2D case and to [15] for the 3D case.

In all past publications about the IKP, the data are redundant in the 3D case and
complete in both 2D and 3D cases. In two recent works, the first author [16, 17|
two globally convergent numerical methods for the 3D TTTP with non-redundant
incomplete data were developed.

Along with the full IKP, a significant applied interest is also in a linearized IKP,
see [3, Chapter 3]. Below d > 2 is the dimension of the space RY. Points of this
space are denoted as x € R?. Let ¢ = const. > 0 be the speed of sound in a certain
reference medium in R, which we do not specify, and ¢ (x) > 0 be the variable speed

of sound. Then the refractive index is [3, Chapter 3]

n(x) = ¢/ec(x) (2.1)
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To linearize, one should assume that n (x) = ng(x) + n; (x), where ng (x) is the
known background function and n; (x) with |n; (x)| < ng (x) is its unknown per-
turbation, which is the subject of the solution of the linearized TTTP. Thus, one
assumes that the refractive index is basically known, whereas its small perturbation
n; is unknown. This problem is also called the geodesic X-ray transform problem.
The Lipschitz stability and uniqueness theorem for this problem in the isotropic case
was first obtained in [18], see Theorem 3.2 in Section 4 of Chapter 3 of [3]. In the
nonisotropic case this problem was studied in [19]. In [20] numerical studies of this
problem in the isotropic case were performed.

In our derivation, we end up with an over-determined boundary value problem for
a system of coupled linear PDEs of the first order. It is well known that the quasi-
reversibility method is an effective tool for numerical solutions of over determined
boundary value problems for PDEs. Lattés and Lions [21] were the first ones who
propose the quasi-reversibility method. This technique was developed further in, e.g.
[22, 23, 24, 25, 2, 26, 1]. In particular, it was shown in [25] that while it is rather easy
to prove, using Riesz theorem, the existence, and uniqueness of the minimizer of a
certain functional related to this method, the proof of convergence of those minimizers
to the correct solution requires a stronger tool of Carleman estimates.

Another important feature of this chapter is a special orthonormal basis in the space
L? (—a, @), where @ > 0 is a certain number. The functions of this basis depend only
on the position of the point source. This basis was first introduced in [27] and was
further used in 28, 16, 29, 17, 30, 2, 31, 1]. Just like in these previous publications,
we use here an approximate mathematical model. More precisely, we assume that
a certain function associated with the solution of the governing linearized Eikonal
equation can be represented via a truncated Fourier series with respect to this basis.
This assumption forms the first element of that model. The second element is that

we assume that the first derivatives with respect to all variables are written via finite
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differences, and the step size of these finite differences with respect to all variables,
except for one, is bounded from below by a positive number hy > 0.

We do not prove convergence for the case when hg — 0 and the number NV of terms
in that truncated series tends to infinity. Thus, we come up with a finite-dimensional
approximate mathematical model. We point out that similar approximate mathemat-
ical models are used quite often in studies of numerical methods for inverse problems,
and numerical results are usually encouraging, see, e.g., [32, 33, 34, 29, 1, 35|. Just
as ourselves, proofs of convergence results in such cases when e.g. N — oo, hy — 0T
are usually not conducted since they are very challenging tasks due to the ill-posed
nature of inverse problems.

The chapter is organized as follows. In Section 2.2, we formulate the inverse prob-
lem. Next, in Section 2.3, we introduce the truncation technique and our numeri-
cal method. Then, in Section 2.4, we recall the quasi-reversibility method and its
convergence in the case of partial finite differences. In Section 2.5 we present the

implementation and numerical results. Finally, Section 2.6 is for concluding remarks.
2.2 The linearization

Consider numbers R, a,b such that R > 1 and 0 < a < b. Set
Q= (-R,R)*" " x (a,b) C R (2.2)

Recall that by (2.1) n (x) = ¢/c¢(x), where ¢(x) is the speed of sound propagation
and n (x) is the refractive index. Let the function ng (x) be the known refractive

index of the background. We assume that

ng,n € C*(RY); nj(x),n’(x) >1inQ, (2.3)

n2(x) = n?(x)=1forxc R\ Q. (2.4)
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For any two points x; and x, in R¢, define the geodesic line generated by ng con-

necting x; and X, as:

Fo(x1,X%2) = argmin{ /no(f)da(f) where v : [0,1] — R?

o

is a smooth map with v(0) = x3,v(1) = XQ}. (2.5)

Here do(&) is the elementary arc length. Note that by (2.5) the geodesic line

[o(x1,x2) connects points x; and x. Let

ap(x) = ni(x) for all x € R (2.6)
The corresponding travel time between x; and x5 is the integral

[ i@ = [ Vai@ioe
Introduce the line of sources L located on the x;-axis as

Ly = [—a,a] x {(0,0,...,0)}, (2.7)

where @ is a fixed positive number. It follows from (2.2) and (2.7) that
QNLs=2. (2.8)

For x,, € L, the travel time along I'y(x,x,,) of the wave from x,, to x is

uo(X,Xq) = /F ) Va(&)do(¢), xeR% (2.9)

Assumption 2.2.1 (regularity of geodesic lines) We assume everywhere in this

chapter that the geodesic lines are regular in the following sense: for each point x of
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the closed domain Q and for each point X, of the line of sources Ly there exists a

single geodesic line T'g(x,x,,) connecting them.

The inverse problem we consider arises from the highly nonlinear and severely ill-
posed inverse kinematic problem. We now present the formal linearization arguments
in exactly the same way as they are presented in the book of Romanov |3, Section
4 of Chapter 3]. Just as in this book, we avoid a setting via functional spaces for
brevity.

Assume that the function a(x) = n?(x) contains a perturbation term of the back-

ground function ag(x) = n3(x). In other words,
a(x) = ag(x) + 2ey/ag(x)p(x), x € R, (2.10)

where € > 0 is a sufficiently small number. Here, the function p € C (Rd) and
p(x) =0 for x ¢ Q. Hence, by (2.8) p(x) = 0 for points x in a small neighborhood of

the line of sources L,. Denote

(%, Xo) = / GG

the travel time from the point x, € Lg to the point x € €2, where I'y(x,X,) is the
geodesic line generated by the function n(x). It is well-known that u,(x, x,,) satisfies

the Eikonal equation [3, Chapter 3]
|Viun(x,%.)* = a(x), x€Q,x, € L. (2.11)

Let ug(x,x,) be the travel time function in (2.9) corresponding to the background
ag. Then

|Vito (%, %) [* = ap(x), x € Q,%x, € L. (2.12)



Due to (2.10) we represent Vyun(X,X,) as

qun(X, Xa) - VXU()(X) Xa) + EVxu(l) (X, on)'

Hence, ignoring the term with €2, we obtain

|V tin (X, X0 )|? & |Vitio (%, %a) | 4 26V (%, X0 ) VitV (x, X4 ).

Denoting

ut =y
and comparing (2.14) with (2.10) and (2.12), we obtain

VXU/O (X> Xa)

- Vu(x,x4) = p(x).
Lo V) =

11

(2.13)

(2.14)

(2.15)

(2.16)

Thus, equation (2.16) is the “linearization" of the nonlinear equation (2.11). By

(2.12) |Vxuo(x,X4)| /1/a0(x) = 1. Hence, this is a unit vector, which is tangent to

the curve I'g(x,x,,) at the point x [3, Chapter 3]. Hence, the left hand side of (2.16)

is the derivative of the function u(x, x,) along the curve I'y(x, x,,). Thus, integrating,

we obtain [3, Chapter 3|

u(x, x,) = / o OO

(2.17)

Let 0Qgy, be the smooth part of the boundary 02 of the domain 2. For each

a € (—a,a), define

0Q, = {x € 0 : Vxup(x,%,) - v(x) < 0},

00} = {x € 0 : Vxuo(x,%,) - v(x) > 0},
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where x, = («,0,...,0) € Ly and v(x) is the outward looking unit normal vector at
the point x € 04, If ng = 1, then I'j(x3,x3) is the line segment connecting these

two points. Hence, it follows from (2.2), (2.7), (2.8), (2.13) and (2.15) that

u(x,%x,) = 0,x € 092, (2.18)

The aim of this chapter is to solve the following inverse problem:

Problem 2.2.1 (linearized travel time tomography problem) Let the function
u = u(x,x,) € C' (Q x [—@,al) be the solution of boundary value problem (2.16),
(2.18). Given the data f(x,X,),

u(X,Xq), X € 00F, %, € L,
f(x,%a) = (2.19)
0, x € 00, ,X, € L,

determine the function p(x), x € ).

Note that the data (2.19) are non-redundant ones. Indeed, the source x, € Lg
depends on one variable and the point x € 9" depends on d — 1 variables. Hence
the function f(x,x,) depends on d variables, so as the target unknown function p(x).

From now on, to separate the coordinate number d of the point x, we write x =

(1,...,24-1,2). The transport equation in (2.16) is read as

azuo (X7 Xa) i ain'O (X, Xa)

O.u(x,Xy) +

O, u(X,X,) = p(x), )
e 2™ o) Ju(X, Xq) = p(x) (2.20)

which is equivalent to
d—1

0.up(X,Xq)0,u(x,Xq) + Z O, U0 (X, Xo ) O, u(X, Xo ) = y/A9(X)p(X) (2.21)

i=1
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for all x € Q, x, € L.
2.3 A boundary value problem for a system of coupled PDEs of the first order

This section aims to derive a system of partial differential equations, which can be
stably solved by the quasi-reversibility method in the semi-finite difference scheme.
The solution of this system yields the desired numerical solution to Problem 2.2.1.
Recall that Problem 2.2.1 is the linearized travel time tomography problem, and it is
labeled this way by its title.

We will employ a special basis of L?(—a, @) where 2@ is the length of the line of
source Ly, see (2.7). Foreachn =1,2,--- | let ¢,(a) = a" 'exp(a). The set {¢,}>°,
is complete in L?(—a, @). Applying the Gram-Schmidt orthonormalization process to

this set, we obtain a basis of L?(—a, @), named as {¥,,}>° ;. We have the proposition
Proposition 2.3.1 (see [27]) The basis {V,,}5°, satisfies the following properties:
1. U, s not identically zero for alln > 1.

2. For all m,n > 1

o 1 ifm=n,

—a 0 ifn<m.

Thus, the matriz Sy = (Syn)Y is inwvertible for all integers N > 1.

mn=1’

We now derive a system of partial differential equations for the Fourier coefficients

of the function

wW(X,Xq) = (X, Xq)0,up(X,Xo) X € Q,X, € Ly (2.22)
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with respect to the basis {¥,,}22 . Differentiate (2.21) with respect to a. We obtain

d—1

0
S [@uo(x, Xo)0,u(X, Xy ) + ; O, U0 (X, X ) O, (X, X0 )| =0 (2.23)

for all x € Q, x, € Lg. From now on, we impose the following condition.

Assumption 2.3.1 (Monotonicity condition in the z-direction) The traveling
time function ug, defined in (2.9) with n replaced by ny, is strictly increasing with
respect to z. In other words, 0,up(X,Xs) > 0 for allx = (x1,...,x4-1,2) € Q and for

all x, € L.

Assumption 2.3.1 means that the higher in the z-direction, the longer the traveling
time is. A sufficient condition for Assumption 2.3.1 to be true is formulated in (2.24)
of Lemma 3.1. A similar monotonicity condition can be found in formulas (3.24) and
(3.24") of section 2 of chapter 3 of the book [3]. Also, a similar condition was imposed
in originating works for the 1D problem of Herglotz and Wiechert and Zoeppritz [4, 5|:
see section 3 of chapter 3 of [3]. Besides, figures 5 and 10 of [36] justify this condition
from the geophysical standpoint. Recall that by (2.6) and (2.3) ay € C? (Rd) and
ag(x) > 1 in R% Therefore, the following lemma follows immediately from Lemma

4.1 of [17]:

Lemma 2.3.1 Let conditions (2.3) and (2.6) hold. Also, let
D.ag (x) > 0 for all x € Q. (2.24)

Then

O, up (X,Xq) > al.

a
T Va2 42

for allx € Q,a € [—a,
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Although Lemma 2.3.1 is proven in [17] only in the 3D case, the proof in the d—D
case is very similar and is, therefore, avoided. Let w(x,x,) be the function defined

n (2.22). Then

0.up(X,X4)0,u(X,Xq) = 0,w(X,Xq) — u(X, )0, (X, Xq) (2.25)

8zzu0(x7 Xa)
8ZUO<X7 Xa) .

= 0,w(X,X,) — w(X, )

Also, fori=1,...,d —1

Oy, x0) = =2 (M) (2.26)

Ox; \ 0,up(X, Xq)
O, W (X, Xo) 01U (X, X)) — W(X, Xq) Oz Uo (X, X )

a (D2uo(x,Xa))?

for all x € Q,x, € Lg.. Combining (2.23), (2.25) and (2.26), we obtain

azz:u() (X, Xa)

D w(X,Xqs) — W(X,Xq) 910 (x. %)

ol
d—1

a w X Xa 3 UO(X Xa) — w(X, Xoé)azxiu0<x, Xa) B
+Z (aZU()(X,Xa))Z axiuo(xaxa> = 0. (227)

=1

This is equivalent to

O W (X, Xy ) —

azzuo (X7 Xa) a (azzuo (X, Xa)

D110 (X, %0 OaW(X, Xq) — 90 \ Dotio(x, %) > w(X,X,)
D up(X, X0 ) dar \ ,up(x, Xa)
_ az:riuo (X, Xa)ainO (X, Xa)
(0,u0(x,%4))?
_2 O, U0 (X, X ) O, U (X, Xy )
da (D2u0(x,Xa))?

d—1
0y ) 0 (0 , Xa
+ E : |: zUO X, X amlw(x,xa) + ( ,UO(X X )) &Eiw(x, Xa)
=1

Jaw (X, X,,)

) wix, xa)} —0. (2.28)

We recall now the orthonormal basis {W,,}°°; constructed at the beginning of this



16

section. For each x € () and for all x, € L., we write

w(X, Xa) an V() & Y wa(x)¥s(a), (2.29)

wy(x) = /a w(X, X))V, (a)da. (2.30)

The “cut-oftf" number N is chosen numerically. We discuss the choice of N in more
details in Section 2.5. Following our approximate mathematical model introduced in

Section 1, we assume that the approximation /& in (2.29) is an equality as well as

Dot (X, %X0) = Y w,(x) W) (a). (2.31)

Plugging (2.29) and (2.31) into (2.28) gives

Y 0z2up(X, Xq)
(o) — 2220 ) /
B R ety n:1wn<x>wn<a>
d—1 N
_ 9 (Pzuo(x %o 0z, 0(X, Xa) :
O <8 wo(X, Xq) )an Un(a) + — {(%uo(x,xa) nz:larzwn( x) ¥, (av)

N
+a<a%uo >Zaxzwn W, (o) — Dot X On 0 Xe) § 7 (0

Oa \ Oyup(x (O up(x,%4))? —
0 [ Oza;u0(X, Xq) Oz, uo (X, Xq N
o < (O2up(x,Xq))? ) an } 0.

n=1

For each m € {1,..., N}, multiply the latter equation by W,,(«) and then integrate

the resulting equation with respect to a. We get

Z Smn O Wp (X Z A (X)W (X) + Z Z brmn,i(X) Oz Wi (%) = 0 (2.32)
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for all x €  where s,,, is defined as in Proposition 2.3.1,

amn(X) _ / |:_ 8zzu0(x, Xa)\ygl<a) . a% ( zzu() X, Xa ) \I/n

sl 0 uo(x xa) 0, up(X, Xq)

Z O, U0 (X, X ) Oy uo X, X,
Oa (0,u0(x, X))

=1

d—1

9 (am (X, X0 ) D100 (X, xa)) i

da (0.u0(x, Xa))?

m(a)da  (2.33)

m

and fori=1,...,d—1

B (X) = / [%qﬂ( )+ ai (%) xpn(a)} U, (a)da, (2.34)

for all x € Q. For each x € Q, let W(x) =(w1(x),...,wn(x))", S= (Smn )y ne1> A(X)
=(amn (%)Y .=y and Bi(x) = (bpni(x))D ,—y for i =1,...,d — 1. Since (2.32) holds

true for every m = 1,..., N, it can be rewritten as
d—1
SNOW (x) + A)W(x) + Y _ Bi(x)d,, W (x) = 0. (2.35)
i=1

Since S is invertible, see Proposition 2.3.1, then (2.35) implies the following system

of transport equations
. W (x) + Syt A(x) +ZslB )0, W(x) =0, xeQ. (2.36)

The boundary data for W are:

(e}

Wiaa = F(x) = (f))), faux) = f(x,X0)0u0(X, X0 ) Up () da (2.37)

where f is the given data, see (2.19).

Remark 2.3.1 (The approximation context) Due to the truncation in (2.29),
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equation (2.36) is within the framework of our approrimate mathematical model men-
tioned in Introduction. Since this chapter is concerned with computational rather
than theoretical results, then this model is acceptable. QOur approzimation leads to

good numerical results in Section 2.5.

Remark 2.3.2 Problem 2.2.1 is reduced to the problem of finding the vector valued

function W satisfying the system (2.36) and the boundary condition (2.37). Assume

this vector function is computed and denote it as W™ = (wi® ... w™P). Then,

n

we can compute the function w™P (X, X,) and then the function u®™(x,x,) sequen-

tially via (2.29) and (2.22). The computed target function p®™P(x) is given by (2.20).

We find an approximate solution of the boundary value problem (2.36)—(2.37) by

the quasi-reversibility method. This means that we minimize the functional

sw) = [

2

0. W (x) + i: Sy Bi(x)0,, W (x) + Syt A(x)W (x)| dx

+el[Wn g (2:38)

on the set of vector functions W € H'(Q)¥ satisfying the boundary constraint (2.37).

Here the space H'(Q)N = H'(Q) x --- x H'(Q) with the commonly defined norm.

(. J/
~~

N
Similarly to [1], we analyze the functional J.(W) for the case when derivatives in

(2.38) are written in finite differences.
2.4 The quasi-reversibility method in the finite differences

For brevity, we describe and analyze here the quasi-reversibility method in the case

when d = 2. The arguments for higher dimensions can be done in the same manner.
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In 2D, Q = (—R, R) x (a,b). We arrange an N, x N, grid of points on

G={(xi,2j) ixi=—R+ (i —1)hy,z; =a+ (j — 1)h,,

i=1,...,Nyj=1,...,N}, (2.39)

where h, € [ho,[;) and h, € (0,0,) are grid step sizes in the x and z directions
respectively and and hg, 8., 3. > 0 are certain numbers. Here, N, and N, are two
positive integers. Let h = (h,, h,). We define the discrete set Q" as the set of those
points of the set (2.39) which are interior points of the rectangle Q and 9QP" is the

set of those points of the set (2.39) which are located on the boundary of €2,

Qh:{(xi,zj):xi: —R+(i—1)hy,zj=a+(j —1)h,:
i=2...,N,—1,j=2... N, —1}
OO = {(£R,z) =1, . N.IU{(w,2) :i=1,...,N,, 2z € {a,b}},

" = QP U HOn.

" =g

For any continuous function v defined on (2 its finite difference version is v
Here, h denotes the pair (h,, h,). The partial derivatives of the function v are given
via forward finite differences as

v (@i, 75) — VR0, 2)

he (2.40)

fozvh(mi, zj) =

olh=h (2, z;) =

fort =0,...,N, —1land 5 =0,..., N, — 1. We denote the finite difference analogs

of the spaces L?(Q2) and H'(Q) as L>P(Q2) and H"P(Q2). Norms in these spaces are
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defined as
. Nz N- N 2 1/2
10" | 2y = [hmhzzz 0™ (2, 2)]
i=0 j=0
N;—1N,—1 )
0Ly = [0* e gy + s [0 " (s, )]
i=0 ;=0

1/2
+ [szvh(:pi,zj)]z] .
Let F" = F |yon . The problem (2.36)—(2.37) becomes

LY (Wh) = W (@i, 25) + Sy Bi(xi, )0y Wh (w5, 25)

+ SJQIA(IZ, Zj)Wh(l’Z', Zj) =0 (241)
fore=0,...N,—1;,7=0,..., N, — 1 and
WP |gon= F™. (2.42)

To solve problem (2.41)-(2.42) numerically, we introduce the finite difference version
of the functional J,, defined in (2.38),
Ny—1N.—1

Jeh(Wh) = hmhz Z Z ‘ﬁi‘ZWh(xi, Zj) + S]?lel(Xiy zj)ﬁi”Wh(zi, Zj)

i=0 j=0

+ Sy Az, 2)) WP (4, zj) + || W2

Hy™ (b))
where Hy™(QP) = [H* h(Qh)} and similarly for L3"(Q"). We consider the following
problem:

Problem 2.4.1 (Minimization Problem ) Minimize the functional J*(W™) on

the set of such vector functions W® € H}V’h(Qh) that satisfy boundary condition (2.42).

The convergence theory for this problem is formulated in Theorems 2.4.1 and 2.4.2.
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Proofs of these theorems follow closely the arguments of |1, Section 5| and are, there-
fore, not repeated in this chapter. Theorem 2.4.1 guarantees the existence and unique-
ness of the minimizer of J®*(W"), and this result can be proven on the basis of Riesz
theorem. The next natural although a more difficult question is about the conver-
gence of regularized solutions (i.e. minimizers) to the exact one when the level of
the noise in the data tends to zero, i.e. Theorem 2.4.2. As it is often the case in the
quasi-reversibility method (see, e.g. [25]), a close analog of Theorem 2.4.2 is proven in
[1, Section 5] via applying a new discrete Carleman estimate: recall that conventional
Carleman estimates are in the continuous form. In other words, these two theorems

confirm the effectiveness of our proposed numerical method for solving Problem 2.2.1.

Theorem 2.4.1 (existence and uniqueness of the minimizer) Foranyh = (hy,h,)
with h, € [ho, ), h. € (0,8.),any € > 0 and for any matriz F® of boundary con-

ditions there exists unique minimizer W

min,e

€ H}V’h(Qh) of the functional satisfying

boundary condition (2.42).

As it is always the case in the regularization theory, assume now that there exists
an “ideal" solution W" € Hy™(QP) of problem (2.41)-(2.42) satisfying the following
boundary condition:

WP |son= FP, (2.43)

where F! is the “ideal" noiseless boundary data. Since W exists, then (2.43) implies
that there exists an extension G® € Hy™(QP) with G® |you= F® of the matrix FP
in OF. As to the data F™ in (2.42), we assume now that there exists an extension
GP € Hy™(QP) with G? |yon= F™ of F™ in Q" Let § > 0 be the level of the noise in

G, see Remark 5.1. We assume that

|G? — G2

< B, (2.44)

Hy™(b)

where the constant B > 0 is indpendent on 9.
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with Wk

It is convenient to replace the above notation of the minimizer W2

min,e in,e,0

thus, indicating its dependence on ¢. In |1, Section 5|, to prove a direct analog of
Theorem 2.4.2 (formulated below), a new Carleman estimate for the finite difference
operator 9":v was proven first. The Carleman Weight Function of this estimate
depends only on the discrete variable z. The value of this function at the point
zi = a+ (j — 1)h, is e2U~V where A > 0 is a parameter. This estimate is valid
only if A, < 1 (Lemma 4.7 of [1, Section 5]). The latter explains the condition of
Theorem 2.4.2 imposed on the grid step size h, in the z—direction.

We now explain why do we impose the condition that the grid step size h, in the
r—direction must be bounded from below as h, > hy = const. > 0. Indeed, this bound
guarantees that with a constant C' > 0 independent on h, we have ||(9;L1 WhH L2h(qh) <
C HWhHLQYh(Qh) , which is exactly inequality (4.8) of [1, Section 4. Note that proofs

of convergence results in [1, Section 5] use the latter inequality quite essentially.

Theorem 2.4.2 (convergence of regularized solutions) Let conditions (2.43) and
(2.44) be valid. Let L™ be the operator in (2.41). Let W s € Hy™(QP) be the min-
imizer of the functional J*(W™) with boundary condition (2.42). Then there exists a
sufficiently small number h, > 0 depending only on hg, a, b, R, N, L™ such that the
following estimate is valid for all (hy,h,) € [ho, Bz) X (O,Ez) and all €,0 > 0 with a
constant C' > 0 independent on €,

s

min,e,§

Wh

o) < C (0 VeI g )

We also note that Lipschitz stability estimate for problem (2.41)-(2.42) is valid as a
direct analog of Theorem 5.5 of [1, Section 5]|. Therefore, uniqueness also takes place

for problem (2.41)-(2.42).
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2.5 Numerical Implementation

In this section, we solve Problem 2.2.1 in the 2D case. The domain €2 is

Q= (-1,1) x (1,3). (2.45)

The line of sources L is set to be (—a, @) with @ = 3.

We solve the forward problem to compute the simulated data as follows. Given
the background function ng, instead of solving the nonlinear Eikonal equation (2.12),
we find up(x,x,) using (2.9). To do this, we first find the geodesic line I'y(x, x,)
in (2.9) connecting points x € € and x, € L;.We do the latter by using the 2D
Fast Marching toolbox which is built in Matlab. Fast Marching is very similar to
the Dijkstra algorithm to find the shortest paths on graphs. We refer the reader to
[37] for more details about Fast Marching. Next, with this geodesic line T'y(x, X, ) in
hand, we compute the function u(x,x,) via (2.17). It is clear that this function u
solves (2.16). The point x, above is chosen as (a;,0) where «; = 2(i — 1)a/N,. We

set in our computations N, = 209.

Remark 2.5.1 Denote by f*(x,x,) the noiseless data u(x,X,), X € 09, X4 € Ls.

The corresponding noisy data at the noise level § > 0 are set as

f‘s(x, Xq) = f5(X,%o)(1 + drand(x,x,,)), x € 00", x, € L, (2.46)

where rand is the uniformly distributed function of random numbers taking values
in the range [—1,1]. Recall that by (2.19) f*(x,x,) = 0 for x € 09,. This noise
generates noise in the boundary condition F™ in (2.42). Hence, using (2.43), we

obtain '™ = FP + oM where o™ is generated by the noisy part of (2.46).

The choice of appropriate values of parameters is always a difficult task. We have

selected an appropriate cut-off number N in (2.29) by a trial and error procedure.
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More precisely, we took Test 4 in subsection 2.5.2 with the noise level 5% as a reference
test and have selected such a value of N, which gave us the best reconstruction result.

We have selected N = 35 this way. Then we used the same N = 35 for all other tests.
2.5.1  Computing WemPp

We arrange the grid G in Q as in (2.39). For simplicity, we choose Ny = N, = N.,.
The step size h = h, = h, = 2R/(Nx — 1). We observe numerically that the matrix
Sy, present in the definition of J, in (2.38), contains some large numbers. This
causes some unwanted errors in computations. Therefore, using (2.35), we slightly
modify the functional J. of (2.38) as:

d-1

L(W) = /Q SN (%) + AW (%) + > Bi(x)8,, W (x)[2dx

=1

+ el Wl s + € (IWaal By + 1Wes 2y ) - (2:47)

We have numerically observed that the additional regularization term with the
second derivatives in (2.47) is crucial. If this term is absent, then our numerical

results do not meet our expectations; see, Figure 2.1g

Remark 2.5.2 The above Theorems 2.4.1 and 2.4.2 are valid only for the case when
the regularization term with the second derivatives is absent in (2.47). We also recall
that proofs of those theorems are presented in [1, Section 5]. We are not sure that
those theorems can be extended to the case when the second derivatives are present
in (2.47). Thus, we have a discrepancy between the theory and computations. It is
well known, however, that such discrepancies quite often occur in numerical studies

of truly hard problems, such as e.g. the one of this publication.

The procedure of computing p(x) is summarized in Algorithm 1.
In all tests with all noise levels in the data, we use € = 1078, This value was chosen

by a trial and error procedure. The finite difference version of the functional I, for



25

Algorithm 1 The procedure to solve Problem 2.2.1

1: Choose the cut-off number N = 35. Find {¥,}Y_ .

2: Compute the boundary data of the vector-valued function W (x).

3: Minimize the functional I.(W) subjected to the boundary condition (2.37) to
obtain W™P(x), x € ).

4: Set wOP(x,%,) = NN wmPW, (a), x € Q, a € [—a,al.

5: Set u®™™P = we™ /9, uy. Compute p®™P by the average of the left hand side of
(2.21), namely

comp __ 8 Up (X, on azucomp X, Xq
P 20{\/ ao / O ( )
d—1
—i-zaxiuo(x,xa)@xiucomp(x, Xq)|da.  (2.48)
i=1

d=21s

(W) = h? Z i ’Z [Smn[wn(ﬂfuzﬂé) — wa(wi, 75)]

m=1 i,j=1 n=1

bmn 1y ©J i+1y<5) — iy ”j 2
b 2l ) + 20T ) — Wl )]

h
N Ny N Ne—1
+eh? > N wn(ws, z)P 4 eh® Y Y (100w (i, )| + 08w (i, 25) ]
n=11i,j=0 n=1 i,j=0
N Ny—1 N Ne—1
+eh22 Z |Opwn (24, 2 |2+eh22 Z |8h Wy (x4, 2 | ,
n=1 i,j=1 n=1 i,j=1

where a,,,, and by, = by 1 in (2.33) and (2.34) respectively. The partial derivatives
O and 9" are as in (2.40). The second derivative in the finite difference method is
understood as usual. We next line up the discrete vector-valued function w,(x;, 2;),
1<i,5 < Ny, 1 <n <N as the vector (mi)i]i’%lN with

to; = wn(xi, Zj) (249)

where

i=G0—1)NN+(j—1)N +n. (2.50)
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The functional I in the “line up" version is

I"(vo) = h2||Lr[? + €| Dyvo? + €| Dyul? + €| L] (2.51)

In (2.51),
1. £ is the N2N x N2N matrix with entries given by
() (L)y = —Smn/h+amn(Ti, 2;) =bmn(zi,y;) /h fori = (i—1) N, N+(j—1)N+m
and j = (i — 1)N,N + (j — 1)N + n,

(b) (L) = by (i, 25)/hfori=(i —1)N,N+ (j—1)N+mandj=(i+1—
DN+ (j— )N +n,

(¢) (L) = Smn/hfori=(Gi—-1)N,N+(j—1)N+mandj=(i—1)N,N +

(j+1—=1)N +n,

(d) the other entries of L are 0
for 1 <i,j < Ny—1land1<m,n<N;
2. D, is the N2N x N2N matrix with entries are given by

(a) (Dy)y=—1/hfori=(i—1)N,N+(j —1)N +m,

(b) (Dg)y=1/hfori=(—1)N,N+(j—1)N+mandj=(i+1-1)N,N+

(c) the other entries of £ are 0
for1<i,j< Ny—1land1<m<N;
3. D, is the NN x NZN matrix with entries are given by

(a) (Dy)i=—1/hfori=(i—1)N,N+(j —1)N +m,
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(b) (Dy)y=1/hfori=(i—1)N;N+(j—1)N+mandj=(i—1)N,N+(j+

1 —1)N + m,

(c) the other entries of £ are 0
for1<i,j< Ny—1land1<m<N;
4. L is the N2N x N2N matrix with entries are given by

(a) (L)s = —4/h? fori = (i — )N,N + (j — )N +m,

(b) (L) =—1/h%fori=(i—1)N,N+(j—1)N+mandj= (i+1—1)N,N+

(c) (L)y =—1/h*fori= (i —1)N,N+ (j —1)N +m and j = (i — 1)N, N +

(j+£1=1)N+m,

(d) the other entries of L are 0
for2<i,j < Ny—1land1<m<N.
The minimizer w of I" satisfies the equation
L'L+e(Id+ Dy D, + DD, + L"L)ro = 0. (2.52)
On the other hand, due to the constraint (2.37)

Do = f (2.53)

where D is a N2N x N2N matrix and f is a N2N dimensional vector, both of which

are defined below
1. Dyy=1fori=(i—1)N,N+ (G —1)N+m;

2. (1) = funlaiyy) for i = (i = DN,N + (G = DN +m:



28

3. the other entries of £ and | are 0

fori € {1, Ny}, 1 <j< Nyor2<i<Ny—1,75€{1,Ny}and 1 <m < N. Here,
(fm)N_, is in (2.37). Since the data might be noisy, we slightly modify the system

constituted by (2.52) and (2.53) to a more stable version

T

L 0
+e(Id+ DDy + Dy Dy + L"L) | w = : (2.54)

Solving the system (2.54), we obtain ™. The values of components of vector
valued function W™ (x) at grid points are computed as w,(z;, z;) = w; for i =
(1t —1N N+ (G—1)N+m, 1<i,j5<Nyg 1<m<N,see (2.49).

We have presented the implementation of Step 3 in Algorithm 1. The other steps

are straight forward.

Remark 2.5.3 In Step 5 of Algorithm 1 when computing p*®™® using (2.48), which
involves Vu®™  we smooth out u®™ by replacing the value of u®™(x,y,a), a €
[—a,al by the average of u®™P on the rectangle of 5 X 5 points around the point

comp

(xz,y). We also apply the same smoothing technique to the function p

2.5.2  Numerical Tests

We perform four (4) numerical tests in this chapter. When indicating dependence
of any function below on z,z, we assume that (z,z) € 2, where the domain € is

defined in (2.45). In all our tests, the noise level ¢ is as in (2.46).

Remark 2.5.4 In all our tests below the function ag is far away from the constant
background function. Therefore, Problem 2.2.1 is not considered as a small pertur-
bation of the problem of the inverse Radon transform with incomplete data, see [2].
Some functions ag in our tests might not be smooth in R2. Still, ay € C*(Q) in Tests

2,3. Thus, the second derivatives of the corresponding function ug are well-defined
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in these two tests. Even though ag ¢ C'(Q) in Test 1, numerically we have not

experienced problems with second derivatives of the function ug.

Test 1. The true source function p is given by

8 (x—0.5)*+ (2 —2)* <0.242,
P2, 2) = 5 (240.5)2 4 (2 —2)2 < 0.222,

0 otherwise.

The background function ag is

14031 —2?) (22 —2) if 22 —-2>0,
a(x,z) =
1 otherwise.

The numerical results of this test are displayed in Figure 2.1.

true in Test 1 consists of two discs. The value of the function p

The support of p
in the right disc is higher than the value in the left disc. Our method detects both
these inclusions very well, see Figures 2.1¢-2.1f. There are some unwanted artifacts
near 02 where we measure the noisy data. The higher level of noisy data, the more
artifacts are present. When the noise level § = 5%, the computed maximal value
of p®™P in the left inclusion is 4.97 (relative error 0.6%) and the computed maximal
value of p®™P in the right inclusion is 7.79 (relative error 2.62%). When the noise level
d = 170%, the computed maximal value of p®™P in the left inclusion is 4.327 (relative
error 13.46%) and the computed maximal value of p°®™? in the right inclusion is 7.811
(relative error 2.36%).

To verify the necessity of the presence of the second derivatives in the regularization
term of (2.47), we also conduct computations for Test 2.1 in the case when only the

first derivatives are present in the regularization term of (2.47). The result for the

case of 5% noise in the data is depicted on Figure 2.1g. Comparison with Figure 2.1c
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Figure 2.1: Test 1. The true and reconstructed source functions using Algorithm 1

from noisy data.

makes it evident that the presence of the second derivatives in the regularization term

of (2.47) is important.
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Test 2. We test a complicated case when the support of pi,e looks like a ring. In

this test,
2 055% <r?=zx2+(2z—-2)*<0.75%

true (

Pz, 2) =

0 otherwise.

The background function ag is given by

1+0.25(x —0.5)%In(z) z>1,
a (r,2) =
1 otherwise.

The numerical results of this test are displayed in Figure 2.2.
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Figure 2.2: Test 2. The true and reconstructed source functions using Algorithm 1
from noisy data.

In this test, it is evident that the reconstructed “ring" is acceptable, see Figures
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2.2¢ and 2.2e. The position of the ring is detected quite well, see Figures 2.2d and
2.2f. When the noise level is 5%, the reconstructed maximal value of p®™P in the
ring is 2.078 (relative error 3.9%). When the noise level is 100%, the reconstructed
maximal value of p®™P in the ring is 2.329 (relative error 16.45%).

Test 3. We test an interesting and complicated case of the up-side-down letter Y

having both positive and negative values. In this test, the function pi. is given by

.

25  Jr—(2—2)] <0.35,max{|z|, |z — 2|} < 0.7,z < 2,z <0,

e (5 2) —25 [z 4 (2 —2)] <0.2,max{|z, |z - 2[} <0.7,2 < 2,2 >0,
T,2) =

25 |z| <0.2,max{|z|,|]z — 2|} < 0.8,z > 2,2 <0,

| —25 |z] < 0.2, max{|z|, |z — 2|} < 0.8,z > 2,2 > 0.

The background function ag is given by

1+0.5(x+0.5)%In(z) z>1,
Ao (JZ,Z) =

1 otherwise.
The numerical results of this test are displayed in Figure 2.3.

It is clear from Figure 2.3 that both positive and negative parts of the function
p(x, z) are successfully identified. When the noise level 6 = 5%, the reconstructed
maximal value of the positive part of p®™P is 2.186 (relative error 12.56%) and the
reconstructed minimal value of p®™P of the negative part is —2.482 (relative error
0.72%.) When the noise level is § = 100%, the reconstructed maximal value of p®™P
of the positive part is 2.492 (relative error 0.32%) and the reconstructed minimal

value of p°®™P of the negative part is —3.327 (relative error 33.08%.)
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Figure 2.3: Test 3. The true and reconstructed source functions using Algorithm 1

from noisy data.

Test 4. In this test, we reconstruct the letter A. The function p'™® is given by

2 |z — (2 —2)| <0.325, max{|z|, |z — 2|} < 0.7 and x < —0.03,

true (

p

0 otherwise.

In this test, we choose aj as

1+2%In(z) z>1,

ag(x,z) =

r,2) =4 2 |z+(2—2)] <0.2 and max{|z|, |z — 2|} < 0.7,

1 otherwise.

The numerical results of this test are displayed in Figure 2.4.
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Figure 2.4: Test 4. The true and reconstructed source functions using Algorithm 1
from noisy data.

The letter A and the values of the function p*™"® are successfully reconstructed.
The computed position of A is a quite accurate one, see Figures 2.4d and 2.4f. When
the noise level 6 = 5%, the computed maximal value of p®™P is 2.24 (relative error
12.0%). When the noise level 6 = 80%, the computed maximal value of p*°™P is 2.375

(relative error 18.75%).
2.6 Concluding Remarks

In this chapter, we have developed a convergent numerical method of the solution
of the linearized Travel Time Tomography Problem with non-redundant incomplete
data. A good accuracy of numerical results with 5% noise in the data is demonstrated

for rather complicated functions to be imaged. It is quite surprising that an acceptable
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accuracy of computational results is observed even for very high level of noise in the

data varying between 80% and 170%.
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CHAPTER 3: A CONVERGENT NUMERICAL METHOD TO RECOVER THE
INITIAL CONDITION OF NONLINEAR PARABOLIC EQUATIONS FROM
LATERAL CAUCHY DATA

3.1 Introduction

Let d > 1 be the spatial dimension and 7> 0. Let ¢ : R — Rand ¢ : R = R
be two smooth functions in the class C'. Assume that c(x) > ¢y for some ¢y > 0.
Consider the problem

c(x)ug(x,t) = Au(x,t) +qu(x,t)) xRt e (0,T) (31)

u(x,0) = p(x) x € RY,
where p is a source function compactly supported in an open and bounded domain €2
of R? with smooth boundary 9. We briefly discuss the unique solvability and some
regularity properties of (3.1). Assume that the initial condition of p is in H*T#(R9)

for some € [0,1 + 4/d] and has compact support. Assume further that

lg(s)| < C(1+|s|) forallseR (3.2)

for some constant C' > 0. Then (3.1) has a unique solution with |u(x,t)] < M and
u € H*PIHA/2(RY x [0, 7)) for some constant M > 0. These unique solvability and
regularity properties can be obtained by applying Theorem 6.1 in |1, Chapter 5, §6]
and Theorem 2.1 in [1, Chapter 5, §2|.

We are interested in the following problem.

Problem 3.1.1 (Inverse Source Problem) Assume that there is a number M > 0
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such that |u(x,t)| < M for allx € Q, t € [0,T]. Given the lateral Cauchy data

f(x,t) =u(x,t) and g(x,t) = 0,u(x,t) (3.3)

forx € 00, t € [0,T], determine the function u(x,0) = p(x),x € Q.

Problem 3.1.1 arises from the problem of recovering the initial condition p(x) of
parabolic equation (3.1) from the lateral Cauchy data. It has many real-world ap-
plications, e.g., determination of the spatially distributed temperature inside a solid
from the boundary measurement of the heat and heat flux in the time domain [2];
identification the pollution on the surface of the rivers or lakes [3]; effective monitor-
ing the heat conduction processes in steel industries, glass and polymer-forming and
nuclear power station [4]. When the nonlinear term g(u) takes the form u(1 — u) (or
q(u) = u(1l — |u|*)) for some o > 0, the parabolic equation in (3.1) is called the high
dimensional version of the well-known Fisher (or Fisher-Kolmogorov) equation [5].
Although the nonlinearity ¢ does not satisfy condition (3.2), we do not experience
any difficulty in numerical computations of the forward problem. It is worth mention-
ing that the Fisher equation occurs in ecology, physiology, combustion, crystallization,
plasma physics, and in general phase transition problems, see [5].

Due to its realistic applications, the problem of determining the initial conditions
of parabolic equations has been studied intensively. However, up to the knowledge of
the authors, numerical solutions are computed only in the case when the nonlinearity
is absent, see e.g., [6]. The uniqueness of Problem 3.1.1 is well-known assuming that
the nonlinearity ¢ is in class C', see [7]. On the other hand, the logarithmic stability
results were rigorously proved in |2, 4].

For completeness, we briefly recall the logarithmic stability of Problem 3.1.1 in
this chapter. The natural approach to solve this problem is the optimal control

method; that means, minimizing some mismatch functionals. However, since the
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known stability is logarithmic [2, 4], the optimal control approach might not give good
numerical results; especially, when the initial guess, if provided, is far away from the
true solution. A more important reason for us to not use the optimal control method
is that the cost functional is nonconvex and, therefore, might have multi-minima. We
draw the reader’s attention to the convexification methods, see (8, 9, 10, 11, 12, 13, 14,
15], which convexify the cost functional and therefore the difficulty about the lack of
the initial guess is avoided. Applying the convexification method to numerically solve
Problem 3.1.1 will be studied in the near future project. In this chapter, rather than
working on the convexification method, similarly to [16, 17|, of which the authors
have successfully solved a coefficient inverse problem for a hyperbolic equation and
an inverse source problem for a parabolic equation by combining the contraction
principle and a new Carleman estimate, we propose a numerical method for Problem
3.1.1. The convergence of our method is proved based on the contraction principle
using a new Carleman estimate. The latter is similar to the idea of [16, 18, 17].

As mentioned, since a good initial guess of the true solution of Problem 3.1.1 is not
always available, the optimal control method, which is widely used in the scientific
community, might not be applicable. To overcome this difficulty, we propose to solve
Problem 3.1.1 in the Fourier domain. More precisely, we derive a system of elliptic
PDEs whose solution consists of a finite number of the Fourier coefficients of the
solution to the parabolic equation (3.1). The solution of this system directly yields
the knowledge of the function u(x,t), from which the solution to our inverse problem
follows. We numerically solve this nonlinear system by an iterative process. The initial
solution can be computed by solving the system obtained by removing the nonlinear
term. Then, we approximate the nonlinear system by replacing the nonlinearity with
the one acting on the initial solution obtained in the previous step. Solving this
approximation system, we find an updated solution. Continuing this process, we get

a fast convergent sequence reaching to the desired function. The convergence of this
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iterative procedure is rigorously proved by using a new Carleman estimate and the
standard arguments of the contraction principle. The fast convergence will be shown
in both analytic and numerical senses.

Two papers closely related to the current one are [17] and [6]. In [17], a source
term for a nonlinear parabolic equation is computed, and in [6], the second author
and his collaborator computed the initial condition of the linear parabolic equation
from the lateral Cauchy data. On the other hand, the coefficient inverse problem
for parabolic equations is also very interesting and studied intensively. We draw the
reader’s attention to [19, 20, 21, 22, 23, 24, 25| for important numerical methods and
good numerical results. Besides, the problem of recovering the initial conditions for
the hyperbolic equation is very interesting since it arises in many real-world appli-
cations. For instance, the problems of thermo- and photo-acoustic tomography play
key roles in biomedical imaging. We refer the reader to some important works in
this field [26, 27, 28]. Applying the Fourier transform, one can reduce the problem of
reconstructing the initial conditions for hyperbolic equations to some inverse source
problems for the Helmholtz equation, see |29, 30, 31, 32, 33| for some recent results.

The chapter is organized as follows. In Section 3.2, we derive a nonlinear system
of elliptic PDEs, which leads to a numerical method to solve Problem 3.1.1.

This nonlinear system is solved by an iterative scheme. The proof of the conver-
gence of this iteration is based on the contraction principle.

In Section 3.3, we establish and prove a Carleman estimate. This estimate plays an
important role in the proof Theorem 3.2.1 that guarantees the existence and unique-
ness of the least-squares solution to over-determined elliptic systems. In Section 3.4,
we prove the convergence of the iterative sequence. In Section 3.5, we discuss the
implementation of our method and show several numerical results. Section 3.6 is for

concluding remarks.
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3.2 A numerical method to solve Problem 3.1.1

The main aims of this section are to derive a system of nonlinear elliptic equations
whose solutions directly yield the solutions to Problem 3.1.1 and then propose a

method to solve it.
3.2.1 A system of nonlinear elliptic equations

Let {¥,},>1 be an orthonormal basis of L?*(0,T"). For each point x € Q, we can

approximate u(x,t), t € [0,7T], as

00 N
u(X,t) = un(X)Ta(t) = Y, (x) V(1) (3.4)
n=1 n=1
where
T
() / e, (Bt 0> 1. (3.5)
0
Remark 3.2.1 Replacing ~ in (3.4) by “ =" forms our approximate mathematical

model. We cannot prove the convergence of the model as N — oo. Indeed, such
a result is very hard to prove due to both the nonlinearity and the ill-posedness of
our inverse problem. Therefore, our goal below is to find spatially dependent Fourier
coefficients u,, defined in (3.5). The number N should be chosen numerically. In fact,
in Section 3.5, we verify that with appropriate values of N, the error causing from

(3.4) is small, see also Figure 3.1

Due to (3.4), the function w;(x,t) is approximated by
N
u(x, 1) ~ Y un (X)W, (1) x €t €[0,T). (3.6)
n=1

From now on, we replace the approximation “~" by equality. This obstacle will be

considered numerically in Remark 3.5.1 and Figure 3.1. Plugging (3.4) and (3.6) into
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the governing equation in (3.1), we obtain

c(x) D un(X) T () = Y Au,(x) T, (1) + q( > un(x)\lln(t)> (3.7)

for all x € Q. For each m = 1,..., N, multiply ¥,,(¢) to both sides of (3.7) and then

integrate the resulting equation with respect to ¢t on [0, T]. For all x € 2, we have

%) iv: (%) /0 W (00 (1)t
:iAun(x)/oT\I/ ()W, ( dt+/ (Zun U, ( ) U, (H)dt. (3.8)

The system (3.8) with m = 1,..., N can be rewritten as

X) D Smntin(X) = At (X) + g (ua(X), u2(X), ..., un(x)) (3.9)

where

and

o (01 (%), U (%), . ., un (%)) = /0 q(Z un(x)\Ifn(t)>\IJm(t)dt. (3.10)

Due to (3.5), each function u,,, m = 1,..., N, satisfies the Cauchy boundary

conditions

U, (X X, t
> / t (3.11)
Dytm(X) = g () /0 g(%, )0, (£)dt

for all x € 9002, m = 1,..., N. Here, f(x,t) and g(x,t) are the given data.
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Remark 3.2.2 Problem 3.1.1 becomes the problem of finding all functions wu,,(x),
x€Q, m=1,...,N, satisfying (3.9) and the Cauchy boundary conditions (3.11). In
fact, if all of those functions are known, we can compute the function u(x,t), x € €,

t €10,T] via (3.4). Then, the initial condition p(x) is given by the function u(x,0).

Remark 3.2.3 From now on, we consider the values of fn,(x) and g, (x) on OS2,
m = 1,...,N, as the “indirect data", see (3.11). Denote by fr(x) and g, (x) the

noiseless data. In numerical study, we set the noisy data as
o= fr(1+8(—1+2rand)) ¢’ =g (1+06(—1+ 2rand))

on 092, 1 < m < N where § > 0 is the noise level and rand is the function taking

uniformly distributed random numbers in the range [0,1]. In our numerical study,

§ = 20%.

3.2.2  An iterative procedure to solve the system (3.9)- (3.11)

We propose a procedure to compute ui(x), ..., uy(x). We first approximate (3.9)—

(3.11) by solving the following over-determined problem

c(x) N, st (x) = Aul(x) x €,
ugg)(x) = fu(x) xed), m=12... N (3.12)

I (x) = gm(x) x € 002

for a vector value function (ugo), e ,ugg)). Then, assume by induction that we know
(u&kil), e ,ug\lfl)), k> 1, we find (ugk), . ,ug\lf)) by solving

(

c(x) SN | st (x) = Auly) (x)
[PV (x)), ..., Py V(x)] xeQ,
U (x) = fin(x) x € 9,

| Q) (%) = g (%) x € 0N
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where ¢, is defined in (3.10) for m = 1,2,..., N. Here,

MNT  se (MVT, o),
P(s)=< s s€[-MVT,MyT)], forallséeR, (3.14)

~MVT s¢€ (—o0,—MVT)

serves as a cut-off function. where M > ||u*|| L @x o, is a fixed constant.

In practice since both Dirichlet and Neumann conditions are imposed, problem
(3.12) and problem (3.13) might have no solution. However, since these two problems
are linear, we can use the linear least-squares method to find the “best fit" solutions.
In order to guarantee the convergence of the method, we include a Carleman weight

function in the linear least-squares functional. Define the set of admissible solution
H = {(um)pm—y € H*( Q)" : unlog = fin and O timlog = gm, 1 <m < N}

Throughout the chapter, we assume that the set H is nonempty. In the analysis, we

will need the following subspace of H?(Q2)Y
Hy = {(v1,...,0n) € HX(Q) : 0(x) = Oyvn(x) = 0} . (3.15)

Let %o be a point in R? \  with min{r(x) : x € 2} > 1 and b > max{r(x) : x € Q}
where

r(x) = |x — xo| for all x € R%

We choose x such that min{r(x) : x € Q} > 1. To find v¥, we minimize the

functional J© : H — R with
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where A and [ are the numbers as in Corollary 3.3.1. The obtained minimizer

(0)>N

(um’)m—q € H is called the regularized solution to (3.12). Next, assume, by induction,

that we know (ulf ")N_, k> 1, we set (ulf)¥_, as the minimizer of J® : H - R

defined as

N
J® (uy, ... uy) = Z / NI Ay c(x) Z Simnln
Q

m=1 n=1

2
+ qm(P(ugk_l)), ce P(ug\l,c_l))) dx. (3.17)

Remark 3.2.4 The function e**”"®) in (3.16) and (3.17) is called the Carleman
weight function. Its presence is very helpful to prove the existence and uniqueness of
the minimizers for the functionals J®, k > 0, see Theorem 3.2.1. On the other hand,
this Carleman weight function and the Carleman estimate (see Theorem 3.3.1) play

important roles for us to prove the convergence of our method, see Theorem 8.4.1.

The following result guarantees the existence and uniqueness of the minimizer of

(3.12) and the one of (3.13), k > 1.

Theorem 3.2.1 Assume that f,, and g,, are in L>(02), m = 1,2,..., N and assume
that H is nonempty. Then, each functional J®, k > 0, has a unique minimizer

provided that both \ and (8 are sufficiently large.

Proof 3.2.1 We only prove Theorem 3.2.1 when k > 1. Since H is nonempty, we

can find a vector-valued function (0,,)N_, € H. Define
U (X) = U (X) — om(x) x€Qm=1,..., N. (3.18)

We minimize

‘[(k)(vh‘"av]\f) = ‘](k)(ul — @1y, UN _SON)

where (vy,)N_, varies in Hy, defined in (3.15). If (vm)N_, minimizes I®)| then by the
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variational principle,

N N N
Z <e”b7ﬁrﬁ(x) <Avm — c(x) Z SmnUn + D@, — ¢(X) Z Smn®n
m=1 n=1 n=1
N
Fan (P D), . Pl))), Al = e(x) > smnhn>L2(Q) =0 (3.19)
n=1
for all (h,,)N_, € Hy. The identity (5.19) is equivalent to
N N N
2>\b"37"ﬁ(x)A _ Ah. — h
> (e tn = ) 3 st Al =093 s ") ey
N N
== (O (A — 30 Y s + (P, PGET)),
m=1 n=1
N
Ah,, — woha) (32
c(x) ; s ) (3.20)

The left hand side of (3.20) defines a bilinear form {-,-} of a pair ((v,)N_,, (hm)N_)

m Ho.

We claim that {-,-} is coercive; that means,
{0 )mets (W)t} 2 Cll(Wim) e 2w
(

for some constant C. In fact, using the inequality (x — y)* > 22/2 — y?, we have

N
Av,, — c(x) Z SymnUn

n=1

2 N _
dx > Z / 62>\b BTB(X)|AUm|2dX
m=1 Q

N N
_ Z / 2N () C(X)Z -
m=1 Q

n=1

N

—BpB
§ :/62)\b rP(x)
m=1 Q

2
dx.

Applying the Carleman estimate (3.42), which will be proved in Section 3.3, for the
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function v, for each m € {1,... N}, we have

2
dx

N
Avy, — ¢(x) Z SimnUn
n=1

N
E / 62)\6751”*3 (x)
m=1"79

N B C 4‘_ 82‘ ‘UmQ
=N il Lozt P, U + CAV [ + OV o] ix
m=1" %

A
N N
oY )
m=1 Q

n=1

2

dx.

Since ¢(x) and sy, are finite, we can choose A sufficiently large such that

2

N
Avy, — ¢(x) Z SmnUn| dx

n=1

N
Z/€2Ab_ﬁrﬂ(x)

m=1 Q

N
> C'max{e? X\ Z (v )ill2r2(@)-

x€eN 1

Applying the Lax-Milgram theorem, we can find a unique vector-valued function (v,)N_,

satisfying (3.20). The vector-valued function (u,,)N_, can be found via (3.18).

Denote by {(ugk), o ,ug\’;))} the sequence of the minimize of J® k > 0. We
claim that this sequence converges to the true solution of (3.9) and (3.11) in L*(Q)N
as k — oo. The proof of this fact is based on the contraction principle and the

Carleman estimate in Section 3.3 plays an important role.
3.3 A new Carleman estimate

In this section, we establish a new Carleman estimate, which has been used to
prove Theorem 3.2.1 that guarantees the unique existence of the functional J® in
(3.17), k > 1. This estimate and its corollary, Corollary 3.3.1, play a crucial role in
the proof of our main result, see Theorem 3.4.1 which guarantees the convergence of

our numerical method.

Theorem 3.3.1 (Carleman estimate) Let xq be a point in R\ Q such that r(x) =
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Ix —xo| > 1 for all x € Q. Let b > max,q7(x) be a fixed constant. There exist
positive constants [y depending only on b, Xo, 2 and d such that for all function

v € C*(Q) satisfying
v(x) =0,v(x) =0 for all x € 09,

the following estimate holds true

d
226~ PP (x) 2 c¢ 220~ BrP (%), 28 2 2
/Qe |Av(x)|*dx > NFTE Z /Qe r(x)|0;,4,v(x)["dx

2,7=1

L ON Y38 /Q 728 (30) 227 1y (x) 2

+ OABY2 P / N Ty (x)2dx (3.21)
Q

for B> By and A > Ng. Here, A\g = M\o(b,Q2,d,%x¢) > 1 is a positive number with
Mob™? > 1 and C = C(b,Q,d,xo) > 1 is a constant. These numbers depend only on

the listed parameters.

Remark 3.3.1 The Carleman estimate in Theorem 8.5.1 is more complicated than
the wversion in [29]. The reason for us to establish this new estimate is that the
Carleman weight function in [29] decays fast when A > 1, causing poor numerical
results. Unlike this, the Carleman estimate in Theorem 3.3.1 allows us to choose large

A in implementation, making the theory and the computational codes more consistent.

Remark 3.3.2 A new feature in Theorem 3.3.1 is the presence of all second deriva-
tives of the function v on the right-hand side of (3.21). This makes it more convenient
for us to prove the existence and uniqueness of the reqularized solutions to a system
of nonlinear elliptic equations appearing in our analysis in Section 3.2, see Theorem

3.2.1.

We split the proof of Theorem 3.3.1 into four lemmas, Lemma 3.3.1-Lemma 3.3.4.
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Lemma 3.3.1 Let v be the function as in Theorem 3.3.1. There exists a positive

constant By depending only on b, xq, Q2 and d such that

62)\b*5r5(x)|AU(X)’2 s
dx > C)\Q 3b—25/ 25 2Xb~PrP (x) Qd
| S = O [ e o

e, / N Ty (x) | 2dx (3.22)
Q

for all B> By and X > Xg. Here, \o is a constant such that \gb™® > 1.

Proof 3.3.1 By changing variables, if necessary, we can assume that xo = 0. Define
the function

w(x) = "(x)  or v(x) =e N Ey(x) (3.23)

for all x € Q. Since v vanishes on 052, so does w. On the other hand, by the product

rule in differentiation, for all x € ),
Vu(x) = e N 0T (x) — BAb P2 (x)e N M (x)x (3.24)
It follows that
e N IT(x) v = V() v B2 (x)e T Wu(x)x = 0.

for all x € 0Q2. We thus obtain w(x) = d,w(x) = 0 for all x € 0. Hence, from now
on, whenever we apply the integration by parts formula on v and w, the integrals on

0 vanishes. We next compute the Laplacian of v in terms of w. For all x € €,

Av(x) = e N0 Aw(x) 4 2Ve 0 L T (x) + w(x)A(e N
_ () [Aw(x) — B2 (x) V() - x

+ ez\b’ﬁrﬁ(x)A(e—)\b*lgrﬁ(x))w(x) )
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Using the inequality (a — b+ ¢)* > —2ab — 2bc, we have

|Av(x)[? > —4A8bPrf~2(x)e 209 | Aw(x) Vw(x) - x

NI A (N (x) Van (x) x] (3.25)
for all x € Q. By a straight forward computation, for x € €,
A(e P00y = 2B Pe I8 2 () [(8 - 24 d) — A Br(x)].
Plugging this into (3.25) gives

|Av(x)|? > —4ABbPri =2 (x)e () [Aw(x)Vw(x) X

— B2 (%) [(B = 2 4 d) — ABbPr? (%) w(x) Vw(x) - x

for all x € Q). Hence,

/ €2>\b—f’rﬁ (x) |AU(X) |2
Q

dx > L+ L+1 2
DabAria(x) =it h s (3:26)

where

L = —/QAw(x)Vw(x) - XdX, (3.27)
I, = M P(B—24d) / P72 (x)w(x) Vw(x) - xdx, (3.28)
L = —Apg / 1282 (x) Vo (x) - xdx. (3.29)

Estimate I;. Write x = (x1,...,x4) and integrating I, by parts. It follows from
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(8.27) that I is equal to

/ Vuw(x) - V[Vw(x) - x]dx
Q

d
-y /Q O, 10(%) 0y, 30 w0 (x) ) dx

1,7=1

d
=> /QC%W(X) [0, w(x)0ij + 7050, w(x)]dx

ij=1

d d
:Z/ |0, w(x) [2dx + Z/xjamiw(x)axjxiw(x)dx.
i=1 79 Q

ij=1

Using the identity ¢(x)0,,¢(x) = 30, (d(x)?) with ®(x) = 0,,w(x) gives

— 2

d
I = /|vw<x)|2dx+%Z/xjﬁxj(axiw(x)fdx
Q Q

ij=1

2 1 ’ 2
— /Q|Vw(x)| dx — 5 Z /Q(axzw(x)) 8$jxjdx.

ij=1

Hence,
_ d 2
I = (1—5) /Q IV (x)|?dx. (3.30)

Estimate I,. We apply the identity wVw = 1V |w|? to get from (3.28)

I2 _ Aﬂb6(52_2_‘_61)/QT’B_Q(X)Vlw(X)F'XdX

-B(3 _
L <52 2+4d) /Q o () |Pliv (72 (x)x) dx.

Here, the integration by parts formula was used. We; therefore, obtain

NGB A(6 — 2+ d)2
JA <52 2+ d) /Q\w(x)y?dx. (3.31)




54
Estimate I3. Using integration by parts formula again, by (3.29),
)\2B2b—26

I; = —/T25_2(X)V|w(x)|2-xdx
2 Q

- —/\2522[)—25 / () [2di [r 2 (x)x] dx.
Q

Hence,

X326 — 2+ d)b~>

I = : [ w2 xax

> C’/\Qﬁ?’b_%/rQB(X)|w(x)|2dx. (3.32)
Q

Combining (3.26), (3.30), (3.31) and (3.32) and using the fact that \ob™? > 1

(which implies \b=% > 1), we get

226~ Prf (x) 2
/ e |Av(x)] dx
o INBb Pri2(x)

Z C)\Qﬂ?’b_QB /

TQB(X)lw(X)|2dX—C/ |Vw(x)|?dx. (3.33)
Q Q

Recall (3.23) that w = X """ v. We have for all x € €,
Vw(x) = N0 [Vo(x) + AP 802 (x)v(x)x]. (3.34)

It follows from (3.23), (5.33), (3.34), the triangle inequality and the fact 3 > [3

that

eQAb*Brﬁ(x)lAU(X)P B 8B
/Q DB (x) dx > CN\*B3%b 2ﬁ/QTQ*B(X)eQ’\b 0|y (x)|?dx

—C’/e”bﬁrﬁ(x)\VU(x)\zdx.
Q

Recall that p = max, g r(xz). We have obtained the desired inequality (3.22).
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Lemma 3.3.2 Let v be the function that satisfies all hypotheses of Theorem 3.3.1.

There exist positive constants By and Ao depending only on b, Xq, §2 and d such that

_/ 220~ BB (x) ( )AU( )dXZC/eQ)\bBTB(X)lvv(X)FdX
Q

Q
— N[220 / 70928 (x) |u(x) | 2dx (3.35)

Q

for all B > By and X\ > Aq.

Proof 3.3.2 By integrating by parts, we have

/62’\b P09y (x) Av(x)dx
:/QVU(X)-V(eZ)‘bﬁ’”ﬁ(x)v(x))dx
= / NI 7y (x) Pdx + / v(x)Vo(x) - V(e 770) dx. (3.36)
Q

Q

The absolute value of the second integral in the right-hand side of (3.36) can be esti-

mated as

‘/U(X)VU(X) V(e PrPx )dx’
Q
< 2ABb77 / P71 (x) ey (x)] Vo (x) [ dx
Q
SCA2B2b—2ﬁ/€2)\bBTB(X)T,QB(X)lv(X”QdX
Q
1

+35 / e 7y (x) | 2dx. (3.37)
Q

This, (3.36) and (3.37) imply

_/ 200~ BB (x) ( )AU( )dxzc/ew\bBrﬁ(x)|vv<x>|2dx
Q

Q
CN2 B2~ / P28 () [ (x) [P dx.
Q
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The lemma is proved.

Lemma 3.3.3 Let v be the function satisfying all hypotheses of Theorem 3.3.1. There

exist positive constants By depending only on b, Xq, €2 and d such that

/ 2700 Ay (x) [2dx > CNP 31 / P (x)e u(x) Pdx
Q Q

+ONBY2 P / 20 | () 2 (3.38)
Q

for all B> By and X > Ng. Here Ny is a constant satisfying \ob™? > 1.

Proof 3.3.3 Multiplying 3'/* to (3.35) and then applying the inequality —ab < a®/2+

b%/2, we have

226878 (x)

3/21,—B 22~ BrP(x), B—2 2
/Q)\ﬁ b "e 773 (x)|v(x)| dx—i_/QéL)\b—ﬁﬁrﬁ—z(x)

2051/2/62,\17Brﬁ(x)‘vv(x)lzdx
Q

| Av(x)[2dx

—C’/\2ﬁ5/2b25/TQB(X)eZ\b_ﬂTﬁ(X)]v(x)\2dx.
Q

Since r(x) > 1, B32r8~2(x) < r%(x), we have

e?)xlfﬁrﬁ(x) ) . _
/2 226~ BB (x) 2
/94)\5bﬁ7"52(x)|AU(x)| dx > Cp /Qe |Vo(x)|*dx

— C’Agﬁ‘:’/%_ﬂ/ﬁﬁ(x)emBTB(X)W(X)PCZX- (3-39)
Q

Here, we have used the fact that \b=° > 1. Adding (3.39) and (5.22) together, we
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obtain

eZAb’Brﬁ(x) sp
A 200 S (1233 2,5/ 28 (1) ,2\bPr 2
/Q)\ﬁb—ﬂrﬂ—z(x)‘ v(x)|%dx > CA*B°b Qr (x)e lv(x)|“dx

+Cﬁ1/2/62’\bBrﬁ(x)\Vv(x)\zdx,
Q

which implies (3.38).

Lemma 3.3.4 Letv be the function satisfying all hypotheses of Theorem 3.3.1. There

exist positive constants By and Ny depending only on b, xq, Q0 and d such that

1

226~ BB (x 2
W/QG ( )|A’U(X)| dX

C < 5o
> 2Xb~PrP (x),.28 82 Qd
= \37/4pP Z /Qe (x| ziij<X)| X

1,j=1

—C)\ﬁl/4b5/62’\b_ﬁrﬁ(x)|VU(x)\2dx (3.40)
Q

for all B> By and X > X.

Proof 3.3.4 By the density arguments, we can assume that v € C3(Q). Write x =

(x1,...,2q). We have

d
/egAbBTB(X)|AU(X>|2dX _ Z / 62)\11*57«5()()8;%U(x)@ijxjU(X)dX
Q Q |

,j=1

d
Q

1,j=1

d
-> / Or 0 (%), |27 02 v(x) | dx.
Q

2,j=1

The first integral on the right-hand side above vanishes due to the divergence theorem.
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d
/ 20 A [P = — / 0, 0(x) 3,40, 0(X)
Q Q

ij=1

ij=1

The first term on the right-hand side of (3.41) is rewritten as

d
— Z / emb—ﬁrﬁ(x)azjv(x)aimjv(x)dx
Q

1,7=1

d
— Z / axz (62)\197/37'[9 (X)ax]rv(x))a‘gzm]v(x)dx
Q

ij=1

d
— Z / 62)\b*5r/3(x)|8£ixjv(x)|2dx
Q

ij=1

d
+ Z/azjv(x)ﬁzi(e%bﬁ'rﬂ(x))ﬁﬁimjv(x)dx.
Q

ij=1
Combining this and (3.41), we have

d
/ezAb—BTﬂ(x)|AU(X)|2dX — Z / 62)\b_ﬂTﬁ(X)|a§ixjv(x>|2dx
Q Q

3,7=1

d
+ Z /Q [8%.2)(}()8%(62)‘17_[37"5("))8;%1)()()

4,j=1

d
— Z/6?96].(e”b_ﬁ’"ﬁ(x))8xjv(x)8§mv(x)dx.
Q
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(3.41)

— 0y, ( 62Ab*3r‘3(x))azjv(x)é?gmv(x)dx] .

Hence,

d
/eQAb/BTB(X”A’U(X)PdX 2 Z / 62)\b*3rﬁ(x)|a§ixj'y<x)’2dx
Q Q

i,j=1

d
-2 / 102, 0(x)||0s, (€276 [02 ()] dx.

ij=1
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Note that for alli=1,....,d,

By, (€20 770)) = oy BB 2 2N X g for all x € Q.

Using the inequality ab < a*/2 + b*/2, we obtain (3.40).
We now prove Theorem 3.3.1.

Proof 3.3.5 (Proof of Theorem 3.3.1) Adding (3.38) and (3.40) together, we ob-

tain

1
(1+ N2(37/4p=26 )

C < .
> NGB Z /Q@Q/\b ( )T2B(X)|a§izjv<x)|2dx
ij=1

/ 62/\b*3r5(x) |AU(X) |2dX
Q

+C)\3ﬁ4b35/7"2’3(X)62)‘bﬁrﬁ|v(x)\2dx
Q

+ NG / 20| () Pl
Q

Corollary 3.3.1 Recall 8y and Mg as in Theorem 3.3.1. Fix 3 = By and let the
constant C' depend on xq, 2, d and 5. There exists a constant \g depending only on

X0, Q, d and 8 such that for all function v € H?*(Q2) with
v(x) =0w(x)=0 on 09,

we have

d
/ 62)‘b_5rﬂ(x)|A’U(X)|2dX Z C)\fl Z / 62)\b—/3r5(x)‘azinU(X)FdX
Q Q

ij=1

+ON / 277 1y(x) [2dx + CA / N Ty (x)2dx (3.42)
Q Q

for all X > \g.
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Remark 3.3.3 Although there are many versions of the Carleman estimate available,
those versions are either too complicated, not suitable for us to prove Theorem 3.2.1

and Theorem 8.4.1, or do not work in computations. The main ideas of the proof

follow from [34, 35, 36, 37, 38].

Remark 3.3.4 The presence of the second derivatives on the right-hand side of
(3.42) is a new feature of our Carleman estimate. The presence of those second
deriwatives allows us to prove the existence and uniqueness of the minimizers of the

cost functionals in Section 3.2.2.

3.4  The convergence analysis

In this section, we prove a theorem that guarantees that the sequence of vector-
valued functions, proposed in Section 3.2.2, converges to the true solution to (3.9)-
(3.11). This convergence implies that Algorithm 2 rigorously provides good numerical

solutions to Problem 3.1.1.

Theorem 3.4.1 Assume that problem (3.9)-(3.11) has a unique solution (u?,)

m=1"

Then, there is a constant X\ depending only on 2, T, d and N such that

2

N
Z He)\b_ﬁrﬁ(x) (u(k) o )‘
— " M)

2

(3.43)

N
¢kt A=BrB(x) (1) *
= [F} mZ::lHe (= ) L2(Q)

fork=1,2,... where C is a constant depending only on Q, T', M, d, N and ||q||c1 -
In particular, if X is large enough such that 0 < C/\3 < 1, {uﬁ,’?}%zl converges to u,
exponentially. Moreover, with such a ), the sequence (p®)),>1 obtained in Step 8 of

Algorithm 2 converges to the true function p* = u*(x,0) given by (3.4) with t = 0.

Proof 3.4.1 In the proof, C' is a generous constant that might change from estimate

to estimate.
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Step 1. FEstablish a priori bound. Recall Hy as in (3.15). Since (ugk), . ,us\lf)) is the

minimizer of J®) | by the variational principle, for all h € Hy

N N
Z < Ab—FrB (x |: (k) . C(X) Z Smnu(k) + qm(P(ugk_l))7 ey P(ug\];_l)))} )
m=1 n=1

N
NP (x) [Ahm — ¢(x) Z smnhm} >L2(Q) =0. (3.44)
n=1

On the other hand, since (ui,...,uk) solves (3.9)-(3.11),

N

n=1

N
M) [Ahm —c(x) Z smnhm} >L2(Q) =0. (3.45)
n=1

WE

3
I

It follows from (3.44) and (3.45) that

i < A1 (x [ (™ — ") — e(x) i S (U™ — 1%

m=1 n=1

(P ) PlT) = gy

N
AP () [Ahm —c(x smnhm} > =0. (3.46
093 sunha]), g =0 (545

Using the test function h,, = u —ur m = 1,...,N, in (3.46) and using Hélder’s

inequality, we have




62
Using the inequality -0 1 ambym < (N _ a2 ) V22N _ 62)Y2 for the right hand side

m=1"m

of (3.47) and simplying the resulting, we get

N N 2
Z He*’rﬁrﬁ(x) [A(Ugi) —ut) = e(x) Z Sy () — U:n)] ‘ ]
m=1 n=1 L2
N
A g (P, P(uT))
- 2
— gl . (348
(o) [ (B48)

Step 2. FEstimate the right hand side of (3.48). Since ||u*(x,t)|| <~ < M, we have

T
a0l = | [0 W 0] < e Dl 11 () 0

= (/OT lu* (x, t)\zdx>1/2 < MVT

form=1,... N. Therefore,

k-1 k—1 " N B .
‘qm(P(ug >),...,P( EV >)) _qm(uh...,uN)‘ < AmZW%k 1) —ut
n=1
where
A —max{|VQm(S1, SN |sz|§M\/Tz—1 N} m=1,....N

L2(Q)
N
<A Ab—Brh Py *
- mzzl ) [Pl = 12(9)
N
< A H NBrB(x) |, (k=1) .« 3.49
<A | =] (3.49)
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Combining (3.48) and (3.49) gives

(3.50)

N
<AD [l
m=1

L2(Q)

Step 3. Estimate the left hand side of (3.50). Using the inequality (a — b)?
a’/2 — 2b%, we have

N
2
Ab— B8 (x) [A (k) _ %\ k) _ % ]
e U u c(x Smn (U, —
2| () = ) = ) 3 5 11
Mg 8,8 2
S| ADTPrP (%) (k) %
= Z 2”6 At = th) L2(Q)

2

L2(Q)

(3.51)

_9 ZN: H b~ Brﬁ(x) Zsmn (k) — )
=1

Applying Carleman estimate in Corollary 3.3.1, for the function uld) — u*, m =

1,..., N, we estimate

MEOAWE ~ )|

10]=
DO =

. (3.52
iy 502
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Fix X > Ny where X\ is as in Corollary 3.53.1. It follows from (3.51) and (3.52) that

2

ANE
DO | —

H WA W — up,)

L2()

3
I

2

N N
_9 Z ”eAb*Brﬁ(x) Z S (Ul — 4%
m=1 n=1

L*(Q)

N
3 M—BrA ) (k) x|
> CA mz:l He (Upn um)‘ ) (3.53)
Combining (3.48), (3.49) and (3.53) gives
NoBrB(x) (. (k) % Ab~ Br"(x -1 _ |l
Z He (um’ —u )‘ C)\3 Z H m”) L2(Q)

[C)\3] ZH W ) _“:”)”2

L2(Q)

Replacing A/C' by the generous constant C', we have proved the estimate (3.43). The

convergence of p™®) to p* as k — oo is obvious.

Remark 3.4.1 The technique of using the Carleman estimate to prove Theorem 3.4.1
is similar to the one in [16] in which a coefficient inverse problem for hyperbolic
equations was considered. We also find that this technique is applicable to solve an
inverse source problem for nonlinear parabolic equations [17] from the boundary and

additional internal measurements.

Remark 3.4.2 The convergence of {p™ }i>1 to the true solution to the inverse prob-
lem in Theorem 3.4.1 is numerically confirmed in Section 3.5. See also Figures 3.2e—

3.5e.
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3.5 Numerical implementation
For simplicity, we solve the inverse problem in the case d = 2.
3.5.1  The forward problem

We solve the forward problem of Problem 3.1.1 as follows. Let R; > R > 0 be two

positive numbers. Define the domains
Ql = (—Rl, R1)2 and Q= (—R, R>2

We approximate (3.1)defined on R? x (0,T) by the following problem defined on
Ql X <O,T)

c(X)u(x,t) = Au(x,t)+qlu(x,t)) xe,te(0,T),
u(x,0) = p(x) x € (O, (3.54)

u(x,t) = 0 x € 08,1 € [0,T7.

In our numerical tests, the function c is given by

() = 1+1/30[3(1 - 3z)% 0"~ w1

— 10(3x/5 — 272 — 243y°)e 9"~ _ 1 /3¢~ (et 1)* -9

for x = (z,y) € S
The range of ¢ is [0.8, 1.25], which is not a perturbation of the constant function 1.
We solve (3.54) by the finite difference method using the explicit scheme. The data
f(x,t) = u(x,t) and g(x,t) = d,u(x,t) on 02 x [0,T] can be extracted easily.
In the next subsection, we discuss our choice of {V¥,},>1 and the number N in

Section 3.2.1 and the truncation in (3.4).
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3.5.2 A special orthonormal basis {¥, },>1 of L*(0,7T) and the choice of the

cut-off number N

We will employ a special basis of L?(0,T). For each n = 1,2,..., set ¢,(t) =
(t —T/2)" texp(t — T/2). The set {¢,}°, is complete in L?(0,T). Applying the
Gram-Schmidt orthonormalization process to this set, we obtain a basis of L*(0,T),
named as {¥,, }2 ;.

This basis was originally introduced to solve the electrical impedance tomography
problem with partial data in [39]. Since then, this basis was widely used to solve a
variety of inverse problems. For instance, in [24], we employ this basis to solve an
inverse source problem and a coefficient inverse problem for linear parabolic equations;
in [29], this special basis was used to solve an inverse source problem for elliptic
equations; in [40], we solve the problem of finding the Radon inverse with incomplete
data; in [41], we solve an inverse source problem for the full transport radiative
equation. The most related paper to the current one is [6], in which the second
author and his collaborator employed this basis to recover the initial condition for
linear parabolic equations.

We next discuss the choice of N in (3.4). Fix a positive integer N,. On Q =

[—R, R]?, we arrange an N, x N, uniform grid
G ={(@iyy) i @i = =R+ (i= Dhyy; = =R+ (= Dh,1 < i,j < Ny}

where h = 2R/(Nyx — 1) is the step size. In our computations, we set R =6, R =1,
T = 1.5 and Ny = 80. To solve Problem 3.1.1, we need to compute the discrete values
of the function u on the grid G.

The first step in our method is to find an appropriate cut-off number N. We do
so as follows. Take the data on {(z,y = R) € 090}, which is the top part of 0,

f(z,y = R,t) = Urue(z,y = R,t) in Test 1 in Section 3.5.4. Then, we compare the



(e) N =125 (f) N =35

Figure 3.1: The comparison of f(x, R,t) and its partial Fourier sum Zivzl fl(z,y =
R,t) on {(z,y = R) € 0Q}. The first row displays the graphs of the absolute differ-
ences of f(z, R, t) and 32" fu(x, R)W,(t). The horizontal axis indicates = and the
vertical axis indicates t. It is evident that the bigger N, the smaller the difference is.
The second row shows the true data f(x,y = R,T) (solid line) and its approximation
SN falz,y = R),(T) (dash-dot line). We observe that when N = 35, the two
curves coincide.

function f(x, R,t) and the function 25:1 falz,y = R)V,(t) where f,(z,y = R) is

computed by (3.11). Choose N such that the function

N

eN(X7t> - f(x,y = Rv t) - an($,y = R)\Iln<t>

n=1

is small enough. We use the same number N for all numerical tests. In this chapter,

N = 35, see Figure 3.1 for an illustration.

Remark 3.5.1 In our computations, when the cut-off number N is 15 or 25, the
quality of the numerical results is poor. When N = 35, we obtain good numerical

results. Increasing N > 35 does not improve the computed quality.

Remark 3.5.2 In this numerical section, we choose the Carleman weight function
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A =x0l” phen defining J*®), k > 0, where A = 40 and 8 = 10. The point xq is
(0,1.5) and b = 5. This and the condition \b=" large conflict. However, in practice,
the Carleman weight function with these values of A and [ already helps provide
good numerical solutions to Problem 3.1.1. We numerically observe that the weight

function blow-up when A\b=P > 1, causing some unnecessary numerical difficulties.

We next present the key step in the implementation of the inverse problem.
3.5.3  Computing the vector-valued function (u,,)~_,

Recall that (u{Y(z,y))Y_, minimizes J© on H. Similarly to the argument in the
first step of the proof of Theorem 3.4.1, for all h € Hy, see the definition of Hy in

(3.15), by the variational principle, we have

N N
3 <€)\b*5r6(X) [Augg) — )Y Smnug)} ’
n=1

m=1

N
AP () [Ahm —¢(x) Z smnhm} >L2(Q) =0. (3.55)
n=1

For any u € H, we next associate the values of u,, {un(z;,y;) : 1 <m < N,1 <

i,j < Ny} with an N2N dimensional vector u; with
W = U, (T4, Yj) (3.56)
where
i=0—1)NyN+({G—1)N+m forall<i j<Ng1l<m<N. (3.57)
The range of the index iis {1,..., N2N}. The “line-up" finite difference form of (3.55)

18

(L—=8u? (£L-8)h) =0 (3.58)
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where 202, u(® and b are the line-up versions of (WHN_,, (u2)N_, and (h,,)N_,

m=1>»

respectively. Here, (-, -} is the classical Euclidian inner product. In (3.58)

1. the N2N x N2N matrix £ is defined as

e/\b_ﬁrﬁ(zi,yj

(a) (L)i = 2™ foriasin (3.57) for 2 <i,j < Ny — 1,1 <m < N
)‘biﬁTﬁ(ziay‘j) . . . .
(b) (L)y = g forj = (1£1—=1)NyN+ (j —1)N +m and j =
(1—1)NyN+(JE£1—-—1)N+m;for2<i,j<Ny—1,1<m<N;
(c) the other entries are 0.
2. the N2N x N2N matrix S is defined as (S); = ekb_ﬂrﬁ(w“yﬂ')c(xi,yj)smn for i
as in (3.57) and j = (i — 1))NyN + (j £ 1 = 1)N +n for 2 < i,7 < Ny — 1,

1 <m,n < N. The other entries are 0.

On the other hand, since (u2)N_, satisfies the boundary constraints (3.11), we have
Du® =§ and Nu® =g (3.59)

where

1. The N2N x N2N matrix D is defined as Dy = 1 for i as in (3.57), 1 € {1, Ny},

1<j<Nyor2<i<Ny—1,j€{l,Ng}. The other entries are 0.
2. The N2N x N2N matrix N is defined as
(a) ./\/'ﬁ:iforiasin (3.57),4 € {1, Ny}, 1 < j < Nyor2<i<N,—1,
jE€{L Ny}, 1 <m < N;
(b) Njj=—4 foriasin (3.57) and j = (i + 1 = 1)NeN + (j = 1)N +m, i = 1,
1<j< Ny, 1<m<N;
(c) Ny=—g foriasin (3.57) andj = (i—1—=1)NeN+(j = 1)N+m, i = Ny,

1<j <N, 1<m<N;
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(d) Nj = —g foriasin (3.57) and j = (i = )NyN + (j + 1 — 1)N + m,
1<i<N,,j=11<m<N:;

(e) Ny = —g foriasin (3.57) and j = (i = NN + (j — 1 = )N +m,

2<i<Ne—1,j=N,,1<m<N;

(f) The other entries are 0.

3. The N2N dimensional vector f is defined as f; = f,(x;,y;) for i as in (3.57),
i€{l,Nx}, 1 <j< Ny 1<m<Nor2<i<N,—1,75€{l, Ny}

4. The N2ZN dimensional vector g is defined as g; = g (2;,y;) for i as in (3.57),

i€ {l,Ny}, 1<j<Ny,1<m<Nor2<i<N,—1,5j€{l N}

Solving (3.58)—(3.59) by the least square method with the command “Isqlin" built in

(0)

Matlab, we obtain the vector u(®) and hence the initial solution (um’ (z;,y;))Y

ey for

1<i,j < Ny

Remark 3.5.3 In computation, defining the matrices above is ineffective due to their
large size, N2N x N2N where N, = 80 and N = 35. We note that most of those
matrices’ entries are 0. So, instead of defining dense matrices, we use the invention
of sparse matrices. Moreover, using sparse matrices significantly reduces the compu-

tational time.

(k)

We next compute the vector valued function (um’ )2

m=1

k > 1, assuming by in-

(k’—l))N

duction that (um ’),,_; is known. Applying a very similar argument when deriving

(3.58)(3.59), the vector ut® the line up version of (ugi)(xi, y;))N_ with 1 <i,j < Ny

satisfies the equations
(L—-8)T(L—-8Su®) = —(£—-8)Tq*D. (3.60)

and

Du) = and Nul =g (3.61)
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where q*~1 is the line up version of (qm(ugkfl)(:v, Y), .- ,ug\lﬁfl)(x, y))N_,. To find
u® | we solve (3.60)—(3.61) by the least square method with the command “Isqlin" of
Matlab. The value of the function (u,,(x;, y;))5_; follows. We next find u(x,y,t) via

(3.4). The desired solution to Problem 3.1.1 p(z,y) is set to be u(z,y,0).

Remark 3.5.4 In theory, we need to apply the cut-off function P, see (3.14). This
s only for our convenience to prove Theorem 3.4.1. However, in computation, we
can obtain good numerical results without applying the cut-off technique. This can be

explained by setting M sufficiently large.

We summarize the procedure to find p in Algorithm 2.

Algorithm 2 The procedure to solve Problem 3.1.1

1:  Compute {¥,}Y | as in Section 3.5.2. Choose N = 35, see Figure 3.1 and
Remark 3.5.1.

2:  Compute matrices £,S,D and N. Find the line up versions f and g of the data
fm(xi,y;) and g (24, y;) for (x;,y;) € GNON, 1 <m < N.

3: Solve (3.58)(3.59) by the least square method. The solution is denoted by u(®).
Compute ugzj)(xi,yj), 1<i,7< Ny 1<m<N using ugg)(xi,yj) = (u®); with i
as in (3.57).

. Set the initial solution p© = SN ul (z, y;) ¥, (0).

5: for k =1 to 5 do

6: Find q*~V, the line up version of q(P(u{* " (z;, Yi)), - ,ug\];_l)(xi, yi))), 1 <
i,7 < Ny, 1 <m < N in the same manner of (3.56) and (3.57).

7 Solve (3.60)—(3.61) by the least square method. The solution is denoted by
u® . Compute ugi)(:z:i,yj), 1 <i,7 <Ny, 1<m< N using uﬁ,’?(xi,yj) = (u®);
with i as in (3.57).

Set the initial solution p®) = 32 ul (2, y;) ¥, (0).
9: Define the recursive error at step k as |[p® — p* =D | L« ().
10: end for

Remark 3.5.5 We numerically observe that ||p® — p¥||« is sufficiently small in all
tests in Section 3.5.4; i.e., our iterative scheme converges fast. Iterating the loop in
Algorithm 2 five (5) times is enough to obtain good numerical results. Therefore, we

stop the iterative process when k = 5.
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3.5.4  Numerical examples

In this section, we show four (4) numerical results.

Test 1. The true source function is given by

8 22+ (y — 0.3)2 < 0.452,
DPtrue =
0 otherwise.

The nonlinearity q is given by

q(s) =s(1—s) seR.

In this case, the parabolic equation in (3.1) is the Fisher equation. The true and
computed source functions p are displayed in Figure 3.2. It appears in the graph of
this source function a big inclusion with contrast 8.

Our method to find the initial solution works very well in this case. One can see in
Figure 3.2b that by solving the system (3.58)—(3.59), we obtain the initial solution that
clearly indicates the position of the inclusion. The value of the reconstructed function
inside the inclusion is somewhat acceptable and will improve after several iterations,
see Figure 3.2d. The reconstructed function peomp = p® is a good approximation of
the true function pi,.e, see Figures 3.2c and 3.2d. It is evident from Figure 3.2e that
our method converges fast. The reconstructed maximal value inside the inclusion is
7.202 (relative error 9.98%).

Test 2. We test the case of multiple inclusions, each of which has a different value.
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Figure 3.2: Test 1. The reconstruction of the source function. (a) The function pie
(b) The initial solution p(® obtained by Step 3 in Algorithm 2. (c¢) The function p®

obtained by Step 8 in Algorithm 2. (d) The true (solid), the initial source function

(dot) in (b), and the computed source function (dash-dot) on the vertical line in (c).

(e) The curve ||p®*)
test is 20%.

1)||Loo(Q), k= 1,...,

The true source function py..e is given by

Ptrue (ZI?, y) =

12 (z—0.5)%+ (y — 0.5)? < 0.35%,
10 (z+0.5)% + (y + 0.5)* < 0.35%,
14 (z—0.5)?+ (y+0.5)* < 0.35%,

(x4 0.5)2 + (y — 0.5)% < 0.35%,

9
0

otherwise.

In this test, the nonlinearity ¢ is given by

The true and computed source functions p are displayed in Figure 3.3.

q(s) = —s(1=/|s]) seR

5. The noise level of the data in this
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12

NoOB O ®

80 1 2 3 4 5

Figure 3.3: Test 2. The reconstruction of the source function. (a) The function pie
(b) The initial solution p(® obtained by Step 3 in Algorithm 2. (c¢) The function p®
obtained by Step 8 in Algorithm 2. (d) The true (solid), the initial solution (dot),
and computed source function (dash-dot) on the diagonal line in (c). (e) The curve
[p®) — p=V|| Loy, k = 1,...,5. The noise level of the data in this test is 20%.

In this test, we successfully recover all four inclusions. On the other hand, the
value of p in each inclusion is high, making the true solution far away from the
constant background py = 0. Hence, pyp = 0 might not serve as the initial guess. Our
method to find the initial solution in Step 3 in Algorithm 2 is somewhat effective,
see Figure 3.3b. The computed images of the initial solution do not completely
separate the inclusions. Both computed values and images of the inclusions improve
with iterations. The computed source function peomp = p® is acceptable, see Figure
3.3c. Figure 3.3d shows that the constructed values in the inclusions are good. The
procedure converges very fast, see Figure 3.3e.

The true maximal value of the upper left inclusion is 9 and the computed one is
8.992 (relative error 0.0%). The true maximal value of the upper right inclusion is 12

and the computed one is 13.4 (relative error 11.67%). The true maximal value of the
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lower left inclusion is 10 and the computed one is 10.13 (relative error 1.3%). The
true maximal value of the lower right inclusion is 14 and the computed one is 14.86
(relative error 6.14%).

Test 3. The true source function is given by

1 022 <2?+y?<0.8%
Ptrue =
0 otherwise.

The nonlinearity is given by

The support of the function py.. is ring-like. This test is interesting due to the
presence of the void and the nonlinearity grows fast. The true and computed source

functions p are displayed in Figure 3.4.
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0.2+

0.1~

C

Figure 3.4: Test 3. The reconstruction of the source function. (a) The function
Pure (b) The initial solution p(® obtained by Step 3 in Algorithm 2. (c) The function
p® obtained by Step 8 in Algorithm 2. (d) The true (solid), initial solution (dot)
and computed source function (dash-dot) on horizontal line in (c). (e) The curve
[lp®*) — p(k_l)HLOO(Q), k=1,...,5. The noise level of the data in this test is 20%.
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In this test, our method to find the initial solution in Step 3 in Algorithm 2 is

somewhat acceptable. The void in the initial solution p{®) cannot be seen very well,

see Figure 3.4b. The contrast and the void are improved with iteration. The final

reconstructed source function p® is satisfactory, see Figures 3.4c and 3.4d. The
computed maximal value inside the ring is 1.094 (relative error = 9.4%).

Test 4. In this test, we identify two high contrast “lines". The true source function

is given by

10 max{|z|/4,4|y — 0.6] < 0.9}and |z| < 0.8,
Puve = § 8  max{|z|/4,4|y + 0.6] < 0.9}and |z| < 0.8,

0 otherwise.

The nonlinearity is given by

The true and computed source functions p are displayed in Figure 3.5.

It is evident that Algorithm 2 provides a good computed source function. The
initial solution by Step 3 in Algorithm 2 is quite good although there is a “negative"
artifact between the two detected lines, see Figure 3.5b. This artifact is reduced
significantly with iteration. We observe that the shape and contrasts of two lines are
reconstructed very well, see Figures 3.5¢ and 3.5d. Our method converges fast, see
Figure 3.5e.

The true maximal value of the source function in the upper line is 10 and the
computed one is 9.714 (relative error 2.8%). The true maximal value of the source

function in the lower line is 8 and the computed one is 8.041 (relative error 0.51%).
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Figure 3.5: Test 3. The reconstruction of the source function. (a) The function pie
(b) The initial solution p(® obtained by Step 3 in Algorithm 2. (c¢) The function p®
obtained by Step 8 in Algorithm 2. (d) The true and computed source function on
the line (dash-dot) in (c). (e) The curve |[p® — p* =V wq), k= 1,...,5. The noise
level of the data in this test is 20%.

3.6  Concluding remarks

In this chapter, we analytically and numerically solve the problem of recovering the
initial condition of nonlinear parabolic equations. The first step in our method is to
derive a system of nonlinear elliptic PDEs whose solutions are the Fourier coefficients
of the solution to the governing nonlinear parabolic equation. We propose an iterative
scheme to solve the system above. Finding the initial solution for this iterative process
is a part of our algorithm. The convergence of this iterative method was proved. We

show several numerical results to confirm the theoretical part.
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CHAPTER 4: CARLEMAN CONTRACTION MAPPING FOR A 1D INVERSE
SCATTERING PROBLEM WITH EXPERIMENTAL TIME-DEPENDENT DATA

4.1  Introduction

The phenomenon of multiple local minima and ravines of conventional least squares
cost functionals for Coefficient Inverse Problems (CIPs) is well known; see, e.g., [38]
for a numerical example. Some cost functionals for various CIPs can be found in, e.g.,
[10, 13, 14]. Due to this phenomenon, the convergence of a numerical method of the
minimization of that functional to the true solution of the corresponding CIP can be
guaranteed only if its starting point is located in a sufficiently small neighborhood of
this solution. To avoid the latter, the so-called convexification method was initially
proposed theoretically in [20, 17| and more recently this method was tested on a
variety of CIPs. The corresponding results for multidimensional CIPs are summarized
in the recently published book [25]. As to the various versions of the convexification
method for the 1D CIP of this publication, we refer to publications [22, 23, 24, 40],
where the same experimental data as ones discussed in this chapter were treated.
In [39] the same CIP, although without experimental data was treated by another
version of the convexification method

In the convexification, a weighted Tikhonov-like functional .Jy 5 is constructed first,
where A\, 5 > 0 are two parameters. The weight is the Carleman Weight Function
(CWF). This is the function, which is used as the weight in the Carleman estimate
for the corresponding Partial Differential Operator, see, e.g., |5, 6, 18, 25, 30, 42]
for some publications on Carleman estimates. That functional Jy g is defined on a
bounded convex set S C H, where H is an appropriate Hilbert space. Next, it is

proven that, for an appropriate choice of the parameters A, 3, the functional J, g is
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strictly convex on S, has a unique minimizer on .S and minimizers generate a sequence,
which converges to the true solution of the original CIP as long as the level of noise
in the data tends to zero. Let d(S) be the diameter of the set S. An important
point here is that a smallness condition is not imposed on d(S). This means that
convexification is a globally convergent numerical method in terms of the Definition
given below. We call the method outlined in this paragraph the “the first generation
of the convexification method".

Definition. We call a numerical method for a CIP globally convergent if there is
a theorem claiming that this method delivers at least one point in a sufficiently small
netghborhood of the true solution of that CIP without advanced knowledge of a small
neighborhood of this solution.

The above functional Jy 5 is not a quadratic one. The main new element of this
chapter is that we minimize a sequence of quadratic functionals. More precisely,
unlike the above, we construct a sequence of linear boundary value problems (BVPs)
for certain PDEs with overdetermined boundary conditions and non-local terms. To
solve each of these BVPs, we apply a weighted version of the Quasi-Reversibility
Method (QRM). The weight is again the CWF. This is the reason why we call this
method “Carleman Quasi-Reversibility Method" (CQRM). For each BVP, CQRM
minimizes a quadratic weighted functional on a bounded set S’, which is an analog of
the above-mentioned set S. We analytically establish the key convergence estimate
for the sequence of minimizers of these functionals. Our convergence estimate implies
the global convergence of that sequence to the true solution of our CIP. We call the
technique of this chapter “the second generation of the convexification method".

Remark 1.1. The convergence estimate mentioned in the previous paragraph is
similar to the estimate of the classical contraction mapping principle; see the first
item of Remarks 8.1 in section 8. This explains the title of our chapter.

Furthermore, due to its connection with the contraction mapping, that convergence
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estimate implies a rapid convergence of our technique. As a result, computations for
our experimental data are performed in real time here; also, see Remark 11.1 in section
11 as well as section 12. On the other hand, real-time computations are not claimed in
the previous works of this research group on the first generation of the convexification
method applied to the same CIP and with the same experimental data as ones used
in this chapter [22, 23, 24, 40]. The real-time computations are obviously important
for our described Real World application described below in this section. Thus, the
real-time computations for experimental data present an important advantage of the
technique of this chapter over the first generation of the convexification method.

The QRM was first proposed in [29], also, see, e.g. [7, 8, 19, 25| and references
cited therein for some follow up publications. Even though Carleman estimates were
used in |7, 8, 19, 25] to establish convergence rates, the CWFs were not involved in
numerical schemes.

For the first time, the second generation of the convexification method involving
CQRM was published in [2]. We also refer to works [3, 4] of the same research
group for their later publications. In these papers, globally convergent numerical
methods for CIPs for hyperbolic PDEs in R" were developed. It is assumed in [2, 3, 4]
that one of the initial conditions is not vanishing everywhere in the closed domain
of one’s interest. In other words, papers [2, 3, 4] work in the framework of the
Bukhgeim-Klibanov method, see [9] for the originating work on this method as well
as, e.g., [5, 6, 16, 18, 25, 42| for some follow-up publications. The major difference
between works [2, 3, 4] and all above-cited publications of our research group on the
convexification, including the current one, is that in our works either one of the initial
conditions is the J—function and another one is zero, or a similar requirement holds
for the Helmholtz equation. The only exception is the paper [26], which works within
the framework of the method of 9], also, see chapter 9 of [25] for the same result as the

one in [26]. In [31] the second generation of the convexification was applied to solve an
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inverse problem of the determination of the initial condition of a quasilinear parabolic
equation. We refer to papers [12, 27| for some globally convergent numerical methods
for CIPs with the Dirichlet-to-Neumann map data. In these works, the number m
of free variables in the data exceeds the number n of free variables in the unknown
coefficient, m > n. In our chapter m = n = 1. Also, m = n in all other above-cited
works on the convexification.

We consider in this chapter a CIP for a 1D hyperbolic PDE. We show that our CIP
has a direct application in the problem of the standoff detection and identification
of antipersonnel land mines and improvised explosive devices (IEDs). Thus, in the
computational part of this chapter, we present results of the numerical performance of
our technique for both computationally simulated and experimentally collected data
for targets mimicking antipersonnel land mines and IEDs. The experimental data of
this chapter were collected by the forward-looking radar of the US Army Research
Laboratory [35]. Since these data were described in some previous publications of our
research group [15, 22, 23, 24, 28, 40|, then we do not describe them here.

From the applied standpoint, our goal is to compute approximate values of dielectric
constants of the above-mentioned targets. We point out that our experimental data
are severely under-determined. Indeed, any target is a 3D object. On the other
hand, we have only one experimentally measured time-resolved curve for each target.
Therefore, we can compute only a sort of an average value of the dielectric constant
of each target. This is the reason of the mathematical modeling of our experimental
data by a 1D hyperbolic PDE rather than by its 3D analog. We believe that our
results for experimental data might potentially help to decrease the false alarm rate
in the problem of the standoff detection and identification of antipersonnel land mines
and [EDs.

There is a classical Gelfand-Levitan method [32] for solutions of 1D CIPs for some

hyperbolic PDEs. This method does not rely on optimization and, therefore, avoids
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the phenomenon of local minima. It reduces the original CIP to a linear integral
equation of the second kind. This is the so-called “Gelfand-Levitan equation" (GL).
However, the questions of uniqueness and stability of the solution of GL for the case
of noisy data are open; see, e.g., Lemma 2.4 in the book [36, Chapter 2|. This lemma
is valid only in the case of noiseless data. However, realistic data are always noisy.
In addition, it was demonstrated numerically in [15] that GL cannot work well for
exactly the same experimental data as the ones we use in the current chapter. On
the other hand, it was demonstrated in [22, 23, 24, 40| that the first generation of the
convexification method works well with these data. The same is true for the second
generation of the convexification method of this chapter.

Uniqueness and Lipschitz stability theorems of the CIP considered here are well
known. Indeed, it was shown in, e.g. [40, 39| that, using a change of variables,
one can reduce our CIP to a similar CIP for the equation vy = vy, + 7 (y)v,y € R
with the unknown coefficient 7 (y). We refer to |36, Theorem 2.6 of Chapter 2| for
the Lipschitz stability estimate for the latter CIP. In addition, both uniqueness and
Lipschitz stability results for our CIP actually follow from Theorem 8.1 below as well
as from the convergence analysis of [24] for the first generation of the convexification
method for this CIP.

This chapter is arranged as follows. In section 2 we state both forward and inverse
problems. In section 3 we derive a nonlinear boundary value problem (BVP) with
nonlocal terms. In section 4 we describe our iterative solution of this BVP. In section
5 we formulate the Carleman estimate for the principal part of the PDE operator of
that BVP. In section 6 we prove the strong convexity of a functional of section 5 on an
appropriate bounded set in a Hilbert space. In section 7 we formulate two methods
for finding the unique minimizer of that functional: the gradient descent method and
the gradient projection method and prove the global convergence to the minimizer

for each of them. In section 8 we establish the contraction mapping property and
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prove the global convergence of the method of section 4. In section 9 we formulate
two more global convergence theorems, which follow from the results of sections 7 and
8. Numerical results with simulated and experimental data are presented in Section

10 and 11 respectively. Concluding remarks are given in section 12.
4.2  Statements of Forward and Inverse Problems

Below all functions are real-valued ones. Let b > 1 be a known number, x € R be
the spatial variable and the function c(x) € C3(R), represents the spatially distributed

dielectric constant. We assume that

c(x) € [1,b],z € R, (4.1)

clx)=1if x € (—o0,e] U[1,00), (4.2)

where ¢ € (0,1) is a small number. Let T be a positive number. We consider the
following Cauchy problem for a 1D hyperbolic PDE with a variable coefficient in the

principal part of the operator:
() uy = Uze, x € R E € (0,7, (4.3)

u(z,0) =0,u (x,0) =9 (x). (4.4)

The problem of finding the function u(x,t) from conditions (4.3), (4.4) is our forward
problem.

Let 7 (x) be the travel time needed for the wave to travel from the point source at
{0} to the point z,

T(z) = /0»"5 V(s)ds (4.5)

By (4.5) the following 1D analog of the eikonal equation is valid:

7 (x) = \/c (). (4.6)
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Let H(z),z € R be the Heaviside function,

1, z2>0,
H(z) =

0, z<0.

Lemma 2.1 |24, Lemma 2.1|. For x > 0, the function u (x,t) has the form:

1

u(z,t)=H(t—7(x)) QCT“(Z’)

+a@ )|, (47
where the function u € C*(t > 7(x)) and U (x,7 (x)) = 0. In particular,

1
lim w(x,t)=

—. 4.
t—7+ () 2c1/4 (z) (48)

We also refer to books of Romanov [36, formulas (2.50), (2.51)], [37, Lemma 1.2.1]
for results, which are similar with the one of Lemma 2.1. Far more challenging similar
results in the 3D case can also be found in these books, see [36, Theorem 4.1|, [37,
Lemma 2.2.1].

Lemma 2.2 (absorbing boundary conditions [24, 40]). Let b > € be the number
in (4.1). Let 1 > b and z3 < & be two arbitrary numbers. Then the solution u (x,t)
of forward problem (4.3), (4.4) satisfies the absorbing boundary conditions at r = x;
and xr = x, i.e.

Uy (T1,t) + e (z1,t) =0, t € (0,7, (4.9)
Uy (T, ) — ug (12,t) =0, t € (0,7T). (4.10)

We are interested in the following inverse problem:
Coefficient Inverse Problem (CIP). Suppose that the following two functions

go(t), g1(t) are known:

u(e,t) =go(t), wus(e,t)=g1(t), te€(0,7). (4.11)
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Determine the function c(z) for x € (e,1), assuming that the number b > ¢ in (4.1)
is known.

Remark 2.1. Note that only the function go (t) can be measured. As to the function
g1 (t), it follows from (4.10) that

g1 (t) = g0 (1) (4.12)

We differentiate noisy functions using the Tikhonov reqularization method [41]. Since

this method is well known, we do not describe it here.
4.3 A Boundary Value Problem for a Nonlinear PDE With Non-Local Terms

We now introduce a change of variable

q(z,t) = u(z,t + 7(2)). (4.13)

We will consider the function ¢(x,t) only for ¢ > 0. Using (4.6) and (2.22), we obtain

Qoz — 2quT — q7" = 0. (4.14)

Furthermore, it follows from (4.8)

1

By (4.5) and (4.15)
" _ qx(ﬂf, 0)
m'(z) = T2 (,0) (4.16)
Substituting (4.6), (4.15) and (4.16) in (4.14), we obtain
L(0) = o — o + i (4.17)

202(1,0)  "2g3(z,0)
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Equation, (4.17) is a nonlinear PDE with respect to the function ¢(x,¢) with nonlo-
cal terms ¢,(z,0) and ¢(x,0). We now need to obtain boundary conditions for the
function ¢. By (4.2) and (4.5) 7 (z) = « for x € [0, ¢]. Hence, (4.11), (4.12) and (4.13)
lead to

qle,t)=go(t+¢),q. (e, t) =2g,(t+¢), t € (0,T), (4.18)

We will solve equation (4.17) in the rectangle

Q={(x,t) 1z € (c,b),t € (0,T)}. (4.19)

By (4.13)

Qe(x,t) = up(z,t + 7(x)) + w(z, t + 7(x))7' () (4.20)

By (4.1), (4.2) and (4.5) 7/(b) = 1. Hence, using (4.9) and (4.20), we obtain

q(b,t) = 0. (4.21)

It follows from (4.1) and (4.15) that

1
opL/4 < Q(x, O) < 57 ZAAS [€7b]' (422>

In addition, we need ¢ € C2(Q) and we also need to bound the norm ||g| @ from

the above. Let R > 0 be an arbitrary number. We define the set B(R, go) as

q € HY(Q) : lqll gay < R,
qe,t+e)=go(t+¢),q.(e,t) =29, (t +¢),
B(R, go) = ’ (4.23)
Q:v(bv t) = 07

sia < ¢(2,0) <1/2,2 € [¢,0].
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We assume below that

B(R, go) # 2. (4.24)

By embedding theorem B(R, go) C C?*(Q) and

lallcz@y < KR, Vg € B(R, go). (4.25)

where the constant K = K (Q) > 0 depends only on the domain Q. Using (4.22), we

define the function ¢° (z,0) as:

q(z,0) if ¢ (z,0) € [1/ (26%) ,1/2],
¢ (,0) = {1/ (26, if q(x,0) <1/ (26", Vg € B(R, o), (4.26)

1/2 if q (z,0) > 1/2.
Ve € [gb)].

Then the function ¢° (z,0) is piecewise continuously differentiable in [e,b] and by

(4.25) and (4.26)

||q0 (z, 0)||C[E,b] ,rﬁ%]x !qg (x, O)‘ < KR, Vq € B(R, 90), (4.27)

1
S A0 <5, el (4.28)

Thus, (4.17), (4.18), (4.21), (4.26) and (4.28) result in the following BVP for a

nonlinear PDE with non-local terms:

! %:(2,0) =01in
Qoz (2, 1) — qut(, t)w + q(x, t)2 PEO) 0 in €, (4.29)
q(e,t) = go(t +¢), qz(e,t) = 2g5(t +€), gu(b,t) = 0. (4.30)

Thus, we focus below on the numerical solution of the following problem:
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Problem 3.1. Find a function q € B(R, go) satisfying conditions (4.29), (4.30),
where the function ¢°(x,0) is defined in (4.26).

Suppose that we have solved Problem 3.1. Then, using (4.15) and (4.26), we set

1

‘0= o oy

(4.31)

4.4  Numerical Method for Problem 3.1
4.4.1  The function g (x,t)

We now find the first approximation go(x,t) for the function ¢(z,t). Using (4.2),

we choose ¢ (z) =1 as the first guess for the function ¢ (x). Hence, by (4.15),

. (4.32)

N | —

qo(z,0) =

We now need to find the function go(z, t). To do this, drop the nonlinear third term in
the left hand side of equation (4.29) and, using (4.32) and (4.26), set 1/ (2¢°(z,0))* :=
2. Then (4.29), (4.30) become:

Qowe (T, 1) — 2qoge(x,t) = 0 in (4.33)

qo(e,t) = go(t +€), qoz(e,t) = 2g((t +€), qox (b, t) = 0. (4.34)

BVP (4.33), (4.34) has overdetermined boundary conditions (4.34). Typically,
QRM works well for BVPs for PDEs with overdetermined boundary conditions [19,
25|. Therefore, we solve BVP (4.33), (4.34) via CQRM. This means that we consider
the following minimization problem:

Minimization Problem Number 0. Assuming (4.24), minimize the functional



93

J/(\?g : B(R, go) — R on the set ,

J/S(,]) (qo> - / (%m - 2QO:Et)2 e dxdt + 5HQOH§{4(Q)’ (4'35)
0
where e**% is the Carleman Weight Function for the operator 0, — 20, [39, 40]
62)\g0 — e*QA(ZE#*at)? (436)

where « € (0,1/2) is the parameter, and B € (0,1) is the reqularization parameter.
Both parameters will be chosen later.
Theorem 6.1 guarantees that for appropriate values of parameters A, 3, there exists

unique minimizer gomin B(R, go) of the functional J/(\?g(qo).
4.4.2  The function g, (z,t) for n > 1

Assume that functionals Jf\%)(qm) : B(R, go) — R are defined for m = 0,...,n — 1,
and their minimizers functions {qmmin}fn_:lo C B(R, go) are constructed already, all for
the same values of parameters ), o, 3. Replace in (4.29) ¢ (z,t) with g, (z,t),¢°(z,0)
with ¢) ) in(2,0), ¢ (2, 1) With 0qm—1)min (z,t) and g (z,t) with 0yqm—1)min (7,1) .

Then problem (4.29), (4.30) becomes a linear one with respect to the function ¢, (x, ),

ant($7 t) + 8tq(nfl),min (1’, t) axQ(nfl) min (3:7 O)

. 5 . 3 =01in Q, (4.37)
2 (qnfl,min(x’ O)) 2 (qnfl,min(:m 0))

Qnax (l‘, t) -

qn(5> t) = gO(t + 5)’ an(gv t) = 29[/)(t + 5)7 an(bv t) = 0. (438)

To solve problem (4.37), (4.38), we consider the following minimization problem:
Minimization Problem Number n. Assuming (4.24), minimize the functional

J/(\ng g4 (Q) — R on the set B(R, go),

t a n—1),min 7t ax n—1),min ,O 2
TN an) = / (. 6)— Dor(@,8) _ Oinmyimin (2:1) Belln-1)min(@ )> e dudt
7 Q 2 (qgfl,min<x7 0)) 2 (qgfl,min ((L’, 0))
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+8 11gnll 37+ 0 - (4.39)

Suppose that there exists unique minimizer ¢, min € B(R,go) of the functional

J\")(¢n)- Then, following (4.31), (4.26) and (4.31), we set

cn (z) = ! (4.40)

N (2q2,min (ZL‘, 0))4 .

The rest of the analytical part of this chapter is devoted to the convergence analysis

of the iterative numerical method presented in this section.
4.5  The Carleman Estimate

In this section, we formulate the Carleman estimate, which is the main tool of our
construction. This estimate follows from Theorem 3.1 of [24] as well as from (4.27)
and (4.28). Let ¢(x,t) € B(R,go) be an arbitrary function and let the function
¢° (z,0) be constructed from the function ¢ (z,t) as in (4.26). Consider the operator

L(] . H2<Q) — LQ(Q),

Lou = ugp(x,t) — ug(z, 1) for all (x,t) € Q.

2(¢°(,0))"

Theorem 5.1 (Carleman estimate [24]). There ezists a number ay = o (R,€2) > 0
depending only on R, ) such that for any o € (0,aq) there exists a sufficiently large
number A\g = Ao (R,Q, @) > 1 depending only on R.,Q), « such that for all X > Ay and

or all functions v € H*(Q) the following Carleman estimate holds:
/ g
/ (Lgv)® ePdadt
Q

b
> C/ ()\ (vi + Uf) + )\31)2)62A<dedt + C/ (Avi(m, 0) + )\31}2(‘%7 0))6_2’\xdx
Q €

T
—C’/ (X (v2(e, 1) +vi(e, 1)) + NP (e, 1)) e P ETed gy (4.41)
0
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b
—¢ / (A2(2,T) + NP (z,T)) et gy,

Remark 5.1. Here and everywhere below C' = C (R,§, ) > 0 denotes different

constants depending only on listed parameters.

4.6  Strict Convexity of Functional (4.39) on the Set B(R, go), Existence and

Uniqueness of Its Minimizer

Functional (4.39) is quadratic. We prove in this section that it is strictly convex on
the set m. In addition, we prove existence and uniqueness of its minimizer on
this set. Although similar results were proven in many of the above-cited publications
on the convexification, see, e.g. [24] for the closest one, there are some peculiarities
here, which are important for our convergence analysis, see Remarks 6.1, and 6.2

below.

Introduce the subspace Hy (2) C H* (Q) as:
Hy () ={ve H" (Q) :v(et) =0, (c,t) = v, (bt) =0} . (4.42)

Denote [,] the scalar product in the space H* (). Also, denote

1
2 (qgfl,min(im O>)2 ’

Ay (q) (#,1) = qua(,t) — qui(, 1) (4.43)

8xq(n71),min<x> 0)
3.
2 (qgfl,min<m7 0))

Theorem 6.1. Let J)(\"B) be the functional defined in (4.39). Then:

Bn (J:, t) = alfQ(n—l),min (xy t) (444)

1. For any set of parameters A\, 3 and for any q € B(R, go) this functional has the
!/ /
Frechet derivative (Ji%(q)) € Hi (). The formula for (Jinﬁ)(q)) is:

(703@) )
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= 2/ (An (q) (z,) + By (2,1)) Ay (h) (2, 1) ¥ dadt + 28 [q,h], Vh € Hy ().
Q
(4.45)
2. This derivative is Lipschitz continuous in B(R, qo), i.e. there exists a constant

D > 0 such that

!/ e
< Dllgz — a1l gagqy» for all g1, 92 € B(R, go).
HY(Q)

| (106@) - (40a0)

(4.46)
3. Let ag = g (R,2) > 0,0 € (0,0) and Ng = Ao (R, 2, ) > 1 be the numbers of

Theorem 5.1. Then there exists a sufficiently large constant
A=)\ (R, Q,Oé) > N> 1 (447)

depending only on listed parameters such that for all X > Xy and for all B € [26_MT, 1)

the functional J/(\"g (q) is strictly convex on the set B (R,g). More precisely, let q €

B(R, g) be an arbitrary function and also let the function ¢+ h € B(R, g). Then the

following inequality holds:
/
Ta+n) = I — (@) () = C / X (52 + B) + W02 @ edudt
Q

b
+C / (M2(2,0) + N*h%(2,0)) e da + g 1Ay - YA = Au. (4.48)

4. For any A\ > A\ there exists unique minimizer
Qn,min € B(R, 90) (449)

of the functional J)(\nﬁ)(q) on the set B(R, go). Furthermore, the following inequality
holds:

[(Jifﬁ(q)) q- qn,mm} >0, Vg € B(R, go). (4.50)
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Remark 6.1. Even though the expression on the right-hand side of (4.45) is linear
with respect to the function q, we cannot use Riesz theorem here to prove the existence
and uniqueness of the minimizer gnmin, at which <J>(\7,LI5)’(Qn,min)>/ = 0. Rather, all
what we can prove is (4.50). This is because we need to ensure that the function

qn,min c B<R7 90)

Proof of Theorem 6.1. Since both function ¢,q + h € B(R, g) satisfy the same

boundary conditions, then

he Hy(Q). (4.51)

By (4.39) and (4.51)
Jg+h) — J(g) =2 / (An (q) (2, 8) + By (2, 1)) Ay, (h) (2, 8) X dadt + 26 [g, h]

+ /Q [An (h) (2, )] €2 dwdt + B ||h||3s ), Vh € Hy (). (4.52)

The expression in the first line of (4.52) coincides with the expression in the right-
hand side of (4.45). In fact, this is a bounded linear functional mapping Hj () in
R. Therefore, by Riesz theorem, there exists a unique function J, (q) € Hg () such

that

_ / (An (q) (2,1) + By (2,1) Ay (B) (,£) €>ddt + 263 [g, h], ¥h € HE(Q).
Q
(4.53)
In addition, it is clear from (4.52) and (4.53) that

1 -
lim  § o (S +h) — Ja) — [T (@), h| | =0,
||h||H4<Qﬁo{HhHH4(Q) [ aa@+h) =Ty 5(0) [ (9) H

Therefore,

T @)= (100) € H(©) (454)
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is the Frechet derivative of the functional Jinﬁ)(q) : B(R,gy) — R at the point ¢ €
B(R, go), and the right hand side of (4.45) indeed represents (J/%(q))l (h) . Estimate
(4.46) obviously follows from (4.45).

We now prove a strict convexity estimate (4.48). To do this, we apply Carleman

estimate (4.41) to the third line of (4.52). We obtain

T+ 0 = 100 — (@) )

b
> C/ ()\ (h?g + hf) + )\3h2)€2/\80dxdt + C/ ()\hi(%o) + A3R2(z, 0))6_2)‘$d:v
@ €

b
—C [ (MR T) 4 N T)) P 4 6 By V€ H @) (459

By trace theorem there exists a constant C; = C (£2) > 0 depending only on the

domain €2 such that
0[5y = Cullv (&, T) |70y Yo € H ().

Since the regularization parameter 5 € [Qe_MT, 1) , then we can choose \; so large

that

8

5c1 > Ce T > Cem2Metal) yx >\ Yz € [e,B)].

Hence, for these values of A, the expression in the last line of (4.55) can be estimated

from the below as:

o™

b
—C [ (2o T) + X0 1)) P 5 by = 5 Wbl VR € HE @),

(4.56)
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Hence, (4.55) and (4.56) imply

K3+ ) = A~ (A30) 002 € [ (02 02) e

b
+ 0/ (MR (2, 0) + N1 (2, 0))e > de + § 1oy YA > Ar

This proves (4.48). The existence and uniqueness of the minimizer ¢, € B(R, g0)
and inequality (4.50) follow from (4.48) as well as from a combination of Lemma 2.1
and Theorem 2.1 of [1], also see [33, Chapter 10, section 3|. O

Remark 6.2. Since the functional J/(\"B) (q) is quadratic, then its strict convexity on
the whole space H* () follows immediately from the presence of the reqularization
term f3 ||qn||fq4(9) in it. However, in addition to the claim of its strict convezity, we
actually need it in our convergence analysis below those terms on the right-hand side of
the strict convezity estimate (4.48), which are different from the term [ ”hH?f‘*(Q) /2.
These terms are provided by Carleman estimate (4.48). The condition [ € [2€_>‘QT, 1)
of Theorem 6.1 is imposed to dominate the negative term in the last line of (4.55):

see (4.56).
4.7  How to Find the Minimizer

Since we search for the minimizer g, min of functional (4.39) on the bounded set
B(R—,go) rather than on the whole space H*(2), then we cannot just use Riesz
theorem to find this minimizer, also see [1] and [33, Chapter 10, section 3| for the
case of finding a minimizer of a strictly convex functional on a bounded set. Two

ways of finding the minimizer ¢, min € B(R, go) are described in this section.
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4.7.1  Gradient descent method

Keeping in mind (4.24), choose an arbitrary function ¢y, € B(R, go). We arrange

the gradient descent method for the minimization of functional (4.39) as follows:

!
Ten = Q1) — 1] <J)(:L,6Z(Q(k—1),n)> , k=1,2,.., (4.57)

where n € (0,1) is a small number, which is chosen later. It is important to note that
since functions J/(\”B) (qk-1)n) € Hy (), then boundary conditions (4.38) are kept the

same for all functions g, (z,t). Also, using (4.26) and (4.40), we set

ton (@) = ——— welel]. (4.58)

(240, (2,0))"

1
(2q'97,,min (:B7 0))4 ’

Theorem 7.1 claims the global convergence of the gradient descent method (4.57)

x € [g,b]. (4.59)

Cp,min (Qf) ==

to the pair (gnmins Cnmin) 0 the case when g¢uin, € B(R/3, go), see Remark 7.2.
Theorem 7.1. Let the number A\ = A\ (R,Q, ) > \g > 1 be the one defined in
(4.47). Let X > Ay. For this value of A, let qpmin € m be the unique minimizer
of the functional Jﬁtg(qn) on the set m with the regularization parameter [ €
[2e=2T 1) (Theorem 6.1). Assume that the function ¢, mm € B(R/3,go). For each n,
choose the starting point of the gradient descent method (4.57) as qo.n € B(R/3, go)-
Then, there exists a number ny € (0,1) such that for any n € (0,19) all functions
Qkn € B(R, go). Furthermore, there exists a number @ = 0 (n) € (0,1) such that the

following convergence estimates are valid:
HQk,n - QH,minHHAL(Q) S ek ||qo,n - QH,minHHAL(Q) ) k = 17 (L3} (460>

||Ck,n - Cn,rninHHIS(&b) S Cek qu,n - QH,minHHAL(Q) ) k - 17 (461>
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Proof. Estimate (4.60) follows immediately from |21, Theorem 4.6] combined with
“corrections" of functions gxn (z,0), ¢pmm (z,0) via (4.26). Estimate (4.61) follows

immediately from trace theorem, (4.26) and (4.58)-(4.60). O
4.7.2  Gradient projection method

Suppose now that there is no information on whether or not the function ¢, min €
B(R/3, go). In this case we construct the gradient projection method. We introduce
the function F'(x,t) below since it is easy to construct the projection operator on a
ball with the center at {0} .

Consider the function x (z) such that

L,z eleb/4],
X (x) € C'e,b], x (z) = 0,z € [b/2,0],
between 0 and 1 for x € (b/4,b/2).

The existence of such functions x (z) is well known from the Real Analysis course.

Suppose that the function go(t) € H? (0,7 + ¢) . Define the function F € H* () as
F(x,t) = x (z) (90(t + €) + 2xg0(t +€))
Then

F(e,t) = go(t +¢), Fu(e,t) =2gy(t +¢), Fu(b,t) =0. (4.62)

Denote

pn (x,t) = @, (x,t) — F(x,1t). (4.63)
Then (4.37), (4.38) become:

1
2 (qgfl,min(‘%‘? 0))2

pnzz(l'; t) - pnxt<$, t) (464)
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1 aa: n—1),min LC,O .
+sz<x7 t) _Fxt(m7 t) 0 P) +atQ(n—l),min (ZE, t) q[() & ( )3 =01n Qa
2 (qn—l,min(x7 O)) 2 (qn—l,min(‘r7 O))
pu(e,t) =0, pua(e,t) =0, pne(b,t) = 0. (4.65)
Assume that

1| sy < R. (4.66)

By (4.62), (4.63), (4.65), (4.66) and triangle inequality
P € By (2R) = {p € H () : [Pl g < 2R} (4.67)

To find the function p, € By (2R) satisfying conditions (4.64), (4.65), we minimize

the following functional I i"/g, (pn) : Bo (2R) - R
L) (pa) = J\3(pn + F), pa € By (2R). (4.68)

Remark 7.1. An obvious analog of Theorem 6.1 is valid of course for the functional

I)(:l) (pn) defined in (4.68). But in this case, we should have instead of (4.47) X > =

A (2R, Q, ) > Xg > 1. In particular, there exists unique minimizer P min € Bo (2R)

of this functional on the closed ball By (2R). We omit the formulation of this theorem

since it is an obvious reformulation of Theorem 6.1.

Let Pg gy« Hy (©) — Bo (2R) be the projection operator of the space Hy () on

the closed ball By (2R) C Hg (2). Then this operator can be easily constructed:

P 1fp € BO (2R>,
P Bo(2R) (p) = R ' .
2R p it p ¢ By (2R).

||p||H4(Q)

We now construct the gradient projection method of the minimization of the func-
)

tional /(\nﬁ (pn) on the set By (2R). Let po,, € By (2R) be an arbitrary function. Then
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the sequence of the gradient projection method is:

/
Pkn = PBO(QR) (p(k—l),n -n <])(\7,’L,6)’(p(k—1),n)> ) ; k= 17 27 L) (469)

where n € (0,1) is a small number, which is chosen later. Using (4.58), (4.59) and
(4.63), we set

Crm () = —()))4, x € [e,b], (4.70)

~ 1
Cpomin (T) = i €[, b]. (4.71)

(2&2,min (z, 0))

Here the function g , (x,0) is obtained as follows: First, we consider the function

(pnx + F) (x,0). Next, we apply procedure (4.26) to this function. Similarly for
ag,min (.T, O) :
Denote ppmin € Bo(2R) the unique minimizer of functional (4.68) on the set

By (2R) (Remark 7.1). Following (4.63), denote

ajn,min = Pn,min + F7 qk,n = Pk.n + F. (472>

We omit the proof of Theorem 7.2 since it is very similar to the proof of Theorem 7.1.
The only difference is that instead of Theorem 4.6 of [21] one should use Theorem 4.1
of [24].

Theorem 7.2. Let (4.62), (4.66) hold. Let the number \y = Ay (R, Q,a) > X\g > 1
be the one defined in (4.47) and let

A> X =M (2R, Q,a) > A (R,Q,q).

For this value of X and for B € [Qe_MT,l) let pnmin € Bo(2R) be the unique

minimizer of functional (4.68) on the set By (2R) (Remark 7.1). Let notations (4.70)

hold. For each n, choose the starting point of the gradient projection method (4.57)
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as pon € Bo(2R). Then there exists a number 1y € (0,1) such that for any n € (0,1)
there exists a number 8 = 0 (n) € (0,1) such that the following convergence estimates

are valid for the iterative process (4.69):
”ak,n - an,minHH4(Q) S ek ||aO,n - an,minHH4(Q) )

‘|Ek,n - En,min“ﬁﬂ(g) S Cek H%,n - Z]/n,minHHAL(Q) 3

where functions Cyn, Cnmins Qk.ns nmin are defined in (4.70)-(4.72).

Remark 7.2. Both Theorems 7.1 and 7.2 claim the global convergence of corre-
sponding versions of the gradient method to pairs (¢nmin, Cnmin) 07d (@n.min, Cnmin) -
This is because the starting function in both cases is an arbitrary one either in
B(R/3,g0) or in By (2R) and a smallness condition is not imposed on the num-
ber R. Also, see the second item of Remarks 8.1 and our definition of the global

convergence in Introduction.
4.8  Contraction Mapping and Global Convergence

In this section, we prove the global convergence of the numerical method of section
4 for solving Problem 3.1. To do this, we first introduce the exact solution of our
CIP. Recall that the concept of the existence of the exact solution is one of the main
concepts of the theory of ill-posed problems [5, 41]. In particular, an estimate in our
global convergence theorem is very similar to the one in contraction mapping.

Suppose that there exists a function ¢* (z) satisfying conditions (4.1), (4.2). Let
u* (x,t) be the solution of problem (4.3), (4.4) with ¢ := ¢*. We assume that the
corresponding data g (¢), g (t) for the CIP are noiseless, see (4.11), (4.12). Let
q* (z,t) be the function ¢* (x,t) which is constructed from the function u* (z,t) as in

(4.13). Following (4.23), we assume that

¢ € B(R, g;), (4.73)
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q € H'(Q) : gl gragy < R,
. qle,t+¢) = gyt +e), qu(e, t) = 2(g5) (t+ ),
B(R, g5) = : (4.74)
q:(b,t) =0,

s < q(2,0) <1/2,2 € [e,0]

By (4.29)-(4.30)

¢ (x,0)

1
e (T, 1) — @y (2, t) ——— + ¢/ (, 7z =0inQ, .
U (T5 1) = Gy t)2(q*(x,0)) +q;( t)2(q*(x70)) 0 (4.75)
q*<€,t) = gS(t + 5)7 QZ(&t) = 281598 (t + 5) 7q;(b’ t) =0. (476)
By (4.15)
¢ (r) = ! (4.77)

(24" (w,0))"

It is important in the formulation of Theorem 6.1 that both functions ¢ and ¢ + h
should have the same boundary conditions as prescribed in B(R, go). However, bound-
ary conditions for functions ¢, and ¢* are different. Hence, similarly to subsection

7.2, we consider a function F* € H* (Q2) such that (see (4.62))
F*(e,t) = g5t +¢), Fi(e,t) =20g5(t +¢), EFy(b,t) =0. (4.78)
We assume similarly to (4.66) that
[ E (| ) < B (4.79)
Also, similarly to (4.63), we introduce the function p* (x,t) as:
p*(z,t) = ¢ (x,t) — F*(x,1). (4.80)

Let A; be the number defined in (4.47), let A > A; and the function g, min € B (R, go)
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(see (4.49)) be the unique minimizer of the functional Jinﬁ)(qn) on the set B (R, go),

the existence of which is established in Theorem 6.1. Following (4.63), denote
Prmin (2,1) = Gumin (2, 1) — F (2,1). (4.81)

By (4.49), (4.67), (4.73), (4.74) and (4.79)-(4.81)

pn,mirnp)'< € BO (QR) (482)
Also, it follows from embedding theorem, (4.25), (4.49), (4.66), (4.79) and (4.82) that

Hq*ch(ﬁ) 5 Hp*”CQ(ﬁ) 5 HQn,minHCQ(ﬁ) 5 Hpn,rnin“ ) S C (483)

c2(a

We assume that the data gg, g, for our CIP are given with noise of the level 4,

where the number 6 > 0 is sufficiently small. More precisely, we assume that
| F— F*||H4(Q) < 0. (4.84)
Observe that (4.26), (4.73) and (4.74) imply that
|91 min (,0) = ¢" (2,0)| < gn—1,min (#,0) = ¢" (2,0)], z € [¢,0]. (4.85)

By (4.75), (4.76), (4.78) and (4.80)

RO I P S T - G210 By A
(4.86)
in Q x [0, 7] and
p(e,t) = pile,t) = py (b, 1) = 0. (4.87)

Theorem 8.1 (contraction mapping and the global convergence of the method of
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section 3). Let functions F,F* € H*(Q) satisfy conditions (4.62), (4.66), (4.78),
(4.79) and (4.84). Let a sufficiently large number Ay = A\ (R, Q,a) > Ao > 1 be the
one defined in (4.47). Let

A> X =M (2R, Q,a) > M (R,Q,q). (4.88)

For this value of A, let ¢umin € B (R, go) be the unique minimizer of the functional
J(n) 5(qn) on the set B (R, go) with the regularization parameter 3 € [2e=2T 1) (The-

orem 0.1). Let

q, = Gn,min — q*, Cp = Cn,min — 6*7 (489)

where ¢pmin s defined in (4.59). Then the following convergence estimate holds

b
/@%+ﬁﬁﬂ%@ﬁ¥wmﬁ+/(ﬁﬁﬁ%@ﬁﬁQW&
Q €

< —/ e+ Aon1y + Tor) (z,1) €N¥dadt (4.90)
—/ (,0) +oy) (z,0) e dx + C (6> + B) ,
which leads to:
/ (@, + T +T) (,t) eXdxdt (4.91)
Q

n

< % / (@ + T + @) (2, 1) 2 ¥dadt + C (> + ) .
Q

In addition,

n

C
1Enllfn ey < ~ 0 / (T + Toe + ) (2,t) 2 X9dxdt + C (6% + B) . (4.92)

Remarks 8.1:

1. Due to the presence of the term C/\ with a sufficiently large \, estimate (4.90)
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1s stmilar to the one in the classical contraction mapping principle, although we do
not claim here the existence of the fized point.

2. When computing the unique minimizer qomm of functional (4.35) on the set
m, we do not impose a smallness condition on the number R. Therefore, The-
orem 8.1 claims the global convergence of the method of section 4: see our definition
of the global convergence in Introduction. The same is true for Theorems 9.1 and 9.2
i section 9.

Proof Theorem 8.1. Denote h,, = p* — pymin- By (4.81) h, = —q,, + (F' — F™).

Hence, (4.84) and embedding theorem imply:

1 1 1 _
h2 b2 402, <O (@ + 3, +32 +6°) in Q. (4.94)

Consider the functional I /(\nﬂ) (p*) = Ji”g (p* + F). Since both functions p;, min and
p* have the same zero boundary conditions (4.65) and since by (4.82) both of them

belong to the set By (2R), then the analog of Theorem 6.1, which is mentioned in
Remark 7.1, implies (see (4.48))

(n)(, + (n) (n) !
[)\,B(p ) - I)\, (pmmin) - (I,\Ig(pn,min)> (hn)

)

> / [)\ (B2, + h2,) + A%i] P dpdt (4.95)
Q

b o~
+c / (M2, (2,0) + X2 (2, 0)) e 2da + § VoalZgey » YA > 2.

By (4.50)

T
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Hence, the left hand side of (4.95) can be estimated as:
I(" *\ _ ](") ) I(n) . / h) < I(n) * 4.96
)\,B(p ) )\,,B(pn,mm) A,ﬁ(pn,mln> ( ) — A,ﬁ(p ) ( . )

We now estimate the right-hand side of (4.96) from the above. It follows from

(4.39), (4.68) and (4.75) that

Iif/g(p*) — / G2e*dxdt + B ||p* + F||§{4(Q) : (4.97)
Q
where
* * 1 8xq n— ,min(xy 0
Gy = Pru(,t) — piy(2,1) 5 T atQ(n—l),min (x,t) (n=1) )

3
(o ente) (o)

1

+Fx:p_Fmt($7t> 2
2 (q?n—l),min(x7 0)>

= (o) — gl ”W I L) (4.98)

e 2 * 2
2 <q?n_1),min<x7 0)) 2 <q (I’, 0))
(%C] n—1),min iU,O . q; JT,O
T PP L) BT A

2 (q?n—n,min(% 0)) 2(¢*(2,0))

By (4.75), the third line of (4.98) equals zero. Hence, (4.98) becomes
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. 1 1
Gyt 2 2
2 (qg*(z,0
2 (¢ yn(,0)) 2@ 0)
89561 n—1 ,min(m7 0) * q; X, O
+ atQ(n—l),min (LE, t) ( ) 3 — G (l’, t) ( )

2 (q?n—l),min (‘T7 O>>

Hence, by (4.26), (4.84) and embedding theorem

1 1
Ga| < C§+C T S o
2 <q?n71),min(w’0>> (¢"(=,0))
azq n—1),min ZL',O * q; .17,0
+ 191 q(n—1),min (7, 1) (n=1min >3 —q (a:,t)% (4.99)
2 (¢*(z,0))

2 (q(onfl),min ('I" O)

Using (4.84) and (4.85), we obtain

1 1

2 (i, 0)) 2070

(s @0 = @.0)) = (= ) @20 sy 0) + 47 .0)
2 (4, 1y a0 0)) (", 0))*

< C5 + C |hyy (2,0)] .

Combining this with (4.99), we obtain

G| < C6+ C |hyyy (,0)]

a:rq n—1 ,min(xa O) * q;(xa 0)
v 5 — 4 (0. t) g

A (4.100)
2 (qo (x,o)> 2(q*(2,0))

+ 8tQ(n71),min (ZL‘, t)

(n—1),min
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Next,
1 1
2 (q?n_l)ymin(x, 0))3 2 (q*(, 0))3
+ 1 1
2 (Q?n_1)7min (x, O))3 2 (q*(x, 0))3
1 , * *
= sty 5 @0 [y (2.0 = 6" (,0)) = (F = F) (@.0)].

where the function S, (x,0) can be estimated as
151 (2,0)] < C. (4.101)

Hence,
) amq(n—l),min(xa 0)

3
2 <q(0n—1),min (fL‘, 0)>

at(](n—l),min (xu t) azQ(n—l),min(xv O)
2 (¢*(x,0))°

+ [atQ(nfl),rnin (.73, t) 83?(](n71),min($7 O)] X

atQ(n—l)7min (ZL’, t

+

XSp-1 (1}, O) [(q((Jn—l),min (I, 0) - q*(l‘, 0)) - (F - F*> (I, 0)} :

Hence, using (4.23), (4.26), (4.73), (4.85) and (4.101), we obtain

axq n— ,min(x7 O) * Q:: x, 0
Oy min (1) — 5 ;=G (%ﬂm
2 (q?n—l),min ({E, O)) q )
1 ) )
3 latq(n—1)7min (2,t) OxGn—1)min(®,0) — q; (z,t)q;(, 0)| (4.102)

< -
" 2(q*(=,0))

< CO A hn (2,0)] + |0z hn0 (2,0)] + [hn1, (2, 1)])
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Combining (4.100) with (4.102), we obtain

|G (2, 8)] < C (0 A+ [Py (2, 0)] + [hn-10 (2, 0)] + [hn—r (2, 2)]) -
Hence, by (4.97)

) <c / (6% + h2y (2,0) + h2 g, (2,0) + hi s, (x,1)) e Pdadt + CB.
Q
Substituting this in (4.96) and then using (4.95), we obtain
b
/ (h2, + h2, + h2) e*¥dadt + / (h2,(2,0) + hZ(x,0)) e *}dx
Q €

C
< X/ (6% 4+ h2_y (2,0) + ha_y . (2,0) + h2_y, (2,t) eM¥dadt + CB. (4.103)
Q

Obviously
1 b
/Q (Wt (@,0) + hi_yp (2,0)) €dadt < oo | (Bfyy)a(,0) + B3y (2,0)) e7*¥d,
(4.104)
52
/Qézezwdxdt < CF. (4.105)

Denote
b
Yp = / (h2, + hoy + h2) e¥dadt + / (h2,(x,0) + h2(x,0)) e *dz.  (4.106)
Q €
Then (4.103)-(4.105) imply

C 52
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Iterating (4.107) with respect to n, we obtain

b
0 b ) ootk [ (12 (0.0) 4 2 ,0)) ¢ P
@ 3

b
§§%40@+MQH@8WMﬁ+/U@mm+%@mﬁﬂ”m (4.108)
52
+C <F + 6) :

Apply (4.93) to the left-hand side of the estimate (4.108). Also, apply (4.94) at n =0
to the right-hand side of (4.108). We obtain (4.91). Estimate (4.92) follows from an

obvious combination of (4.91) with (4.59), (4.77), (4.85) and (4.89). Finally, estimate
(4.90) follows immediately from (4.93), (4.94) and (4.103). O

4.9  Global Convergence of the Gradient and Gradient Projection Methods to the

Exact Solution

First, we consider the gradient method of the minimization of functionals J )(\nﬁ) (Qk-1),n)
on the set B(R, go), see (4.57). The proof of Theorem 9.1 follows immediately from
the triangle inequality combined with Theorems 7.1 and 8.1.

Theorem 9.1. Let oy and Ay be the numbers of Theorem 5.1. Let the sufficiently
large number Ay = A1 (R, €, ) > X\g > 1 be the one defined in (4.47). Let the number

X be the same as in (4.88),
A=A (2R, Q,a) > A (R,Q,q).

Let X > A\ and let the reqularization parameter 3 € [Qe_MT, 1) . Assume that the
functions quinn € B(R/3,90) for all n. For each n, choose the starting point of the
gradient method (4.57) as qo, € B(R/3,go). Then there exists a number ny € (0, 1)
such that for any n € (0,n9) functions qi, € B(R,go),Vk,n = 1,... Furthermore,

there exists a number 0 = 0 (n) € (0,1) such that the following convergence estimate
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1s valid:
Hck,n - C*HHl(a,b) < C‘gk HQO,n - qn,minHHél(Q)

Ccn/? 1/2
AV (/Q (Ton + Ty + T5) (1) ewd;gdt> +C (5 + \/5) :

where the function G, is defined in (4.89).

Consider now the gradient projection method of the minimization of the functionals
I/(\"g(pn) = J,%(pn + F) in (4.68) on the set By (2R), see (4.69). We use notations
(4.70). Theorem 9.2 follows immediately from the triangle inequality combined with
Theorems 7.2 and 8.1.

Theorem 9.2. Let the number A\ = A\ (R,Q, ) > Ao > 1 be the one defined in

(4.47). Let the number \; be the same as in (4.88),
A=A (2R, Q,a) > A (R, Q,q).

Let X\ > A1 and let the reqularization parameter B € [26_’\O‘T, 1) . Consider the gradi-
ent projection method (4.69). For each n, choose the starting point py.,, of this method
as an arbitrary point of the ball By(2R). Then there exists a number ny € (0,1) such
that for any n € (0,n9) there exists a number § = 6 (n) € (0,1) such that the following

convergence estimate is valid:

Hgk,n - C*HHl(&b) S Oek HqNo,n - an,minHH4(Q)

cn/? L P ) 1/2
5z (/Q (@ + T + ) (w,1) € ”d:ndt) +C(3+/8),

where functions Cxn,Qon, nmin ond G, are defined in (4.70), (4.72) and (4.89) re-

spectively.
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4.10  Numerical Studies
4.10.1  Numerical implementation

To generate the simulated data, we use Lemma 2.2. This means that we solve
problem (4.3), (4.4) for the case when the whole real line is replaced by a large
interval (—a, a) with the absorbing boundary conditions (4.9)—(4.10). More precisely,

just as in Section 6.1 of [24], we use the implicit scheme to numerically solve

c(@)ug(x,t) = ug(x,t) (v,t) € (—a,a) x (0,7T),
u(—a,t) —uz(—a,t) = 0 te(0,7),
u(a,t) + ug(a,t) = 0 te (0,7), (4.109)
u(z,0) = 0 z € R,
w(z,0) = o(x) z € R,
where a =5, T'= 6 and
5(z) = 50 6_@

is a smooth approximation of the function 6 (z). We solve the problem (4.109) by
the implicit finite difference method. In the finite difference scheme, we arrange a
uniform partition for the interval [—a,a] as {yo = —a,y1,...,yny = a} C [—a,a] with
yi = a+2ia/N,,i=0,...,N,, where N, is a large number. In the time domain, we
split the interval [0, 7 into N; + 1 uniform sub-intervals [t;,¢;41], 7 = 0,..., N, with
t; = jT/N,, where N, is a large number. In our computational setting, N, = 3001
and N; = 301. These numbers are the same as in [24].

We observe a computational error for the function u near (z = 0,¢ = 0). This is
due to the fact that the function g(aj) is not exactly equal to the Dirac function. We
correct the error as follows. It follows from (4.2), (4.7) and (4.8) that u(x,t) = 1/2
in a neighborhood of the point (z,t) = (0,0). We, therefore, replace the data u(e,t)

by 1/2 when |¢| is small. In our computation, we set u(z,t) = 1/2 for (z,t) €
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[0,0.0067] x [0,0.26]. This data correction step is exactly the same as in Section 6.1
of [24] and is illustrated by Figure 2 in that publication. Then, we can extract the

noiseless data gj easily. We next add the noise into the data via the formula

go = go(1 + 0 -rand) (4.110)

where 0 is the noise level, and "rand" is the function that generates uniformly dis-
tributed random numbers in the range [—1,1]. In all numerical tests with simulated
data below, the noise level § = 0.05,, i.e., 5%. Due to (4.12), the function g; = gj.
Due to the presence of noise, see (4.110), we cannot compute g; = g, by the finite
difference method. Hence, the function g is computed by the Tikhonov regulariza-
tion method. The version of the Tikhonov regularization method for this problem is
well-known. Hence, we do not describe this step here.

Having the data for the function ¢ in hand, we proceed as in Algorithm 1. In step

Algorithm 3 A numerical method to solve Problem 3.1

—_

Choose a set of parameters A\, a and .
Compute the function ¢y by minimizing the functional J )(\0; defined in (4.35). Due
to (4.15), the initial reconstruction is given by

!\?

1
Cimit (T) = ( for all = € [e, b].

2qo(x,0))4
3:  Assume that the function ¢, ; is known. We compute the function ¢, by mini-
mizing the function J/(\nﬁ) defined in (4.39).
: Set Geomp = ¢n When n = n* is large enough.
Due to (4.15), the function ccomp is set to be

[P

1

e @ 0))] for all z € [e, b].
comp (<>

Ceomp(¥) = 7

1 of Algorithm 3, we choose A = 2, @ = 0.3 and = 107!!. These parameters were
chosen by a trial-error process that is similar to the one in [39]. Just as in [39], we

choose a reference numerical test in which we know the true solution. In fact, test
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1 of section 10.2 was our reference test. We have tried several values of A\, o, and
£ until the numerical solution to that reference test became acceptable. Then, we
have used the same values of these parameters for all other tests, including all five
(5) available cases of experimental data.

We next implement Steps 2 and 3 of Algorithm 1. We write differential operators
in the functionals J/(\?% and J /gng in the finite differences with the step size in space
Ax = 0.0033 and the step size in time At = 0.02 and minimize resulting functionals
with respect to values of corresponding functions at grid points. Since the integrand
in the definitions of the functional J itl), n = 0,1, ... is the square of linear functions,
then its minimizer is its critical point. In finite differences, we can write a linear
system whose solution is the desired critical point. We solve this system by the
command “Isqlin" of Matlab. The details in implementation by the finite difference
method including the discretization, the derivation of the linear system for the critical
point, and the use of “Isqlin" are very similar to the scheme in [34]. Recall that
in our theory, in the definition of the functional Jinﬂ) acting on ¢,, see (4.39), we
replaced g,—; with its analog ¢,,—1 min Which belongs to the bounded set m, and
also replaced gn—1min(2,0) with ¢)_; ;.(2,0). These replacements are only for the
theoretical purpose to avoid the case when ¢,,_; blows up. However, in the numerical
studies, these steps can be relaxed. This means that in Step 3, we have minimized

the finite difference analog of the functional

qna:t(xa t) 8th—1 (l’, t) axQn—l(xa O) 2 22 2
in [ (tnaslnt)- " eP¥drdt+B g%
Q ( Q(Qn—l(xu O>)2 Q(Qn—l(xu O))S ) e
(4.111)

subject to the boundary conditions in lines 2 and 3 of (4.23). Another numerical
simplification is that rather than using the H*—norm in the regularization term,
we use the H?— norm in (4.111). Although the theoretical analysis supporting the

above simplifications is missing, we did not experience any difficulties in computing



118

the numerical solutions to Problem 3.1. All of our numerical results are satisfactory.
4.10.2  Numerical results for computationally simulated data

To test Algorithm 3, we present four (4) numerical examples.
Test 1 (the reference test). We first test the case of one inclusion with a high
inclusion/background contrast. The true dielectric constant function ¢(z) has the

following form

z—1)2
1+ 14e@-102-02% if |z — 1| < 0.2,
Corue(T) = (4.112)
1 otherwise.
25 " ‘ i w 1.4
e ===Ctie
20 - © Cinit || 12y
K * — C
: i comp 1
15 oal
10l ] 0.6F
0.4}
5+ 4
— il
0 ‘ ‘ 0
0 05 1 15 2 25 3 0 2 4 6 8 10

Figure 4.1: Test 1. True and reconstructed functions c(x), where Ciyue @S given in
(4.112). (a) Functions ¢y and Ceomp are obtained by Step 2 and Step 5 of Algorithm
8 respectively. (b) The consecutive relative error is ||c, — cn_1||roo(e,n0)/ || CnllLoo (e,
n=1,...,10. The data is with § = 5% noise.

Thus, the inclusion/background contrast is 15:1. It is evident from Figure 4.1
that we can successfully detect an object. The diameter of this object is 0.4 and
the distance between this object and the source is 1. The true inclusion/background
contrast is 15/1. The maximal value of the computed dielectric constant is 15.28.
The relative error in this maximal value is 1.89% while the noise level in the data is

5%. Although the contrast is high, our method provides a good numerical solution
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without requiring any knowledge of the true solution. Our method converges fast.
Although the initial reconstruction ¢;,;; computed in Step 2 of Algorithm 3 is not very
good, see Figure 5.1, one can see in Figure 4.1b, that the convergence occurs after
only five (5) iterations. This fact verifies numerically the “contraction property" of
Theorem 8.1 including the key estimate (4.92).

Test 2. The true function c in this test has two “inclusions",

(z—0.6)2
14 be-00?-02> if |z —(.6] < 0.2,
(z—1.4)2
Core(T) = 1+ 8eG107-037  if |z — 1.4] < 0.3, (4.113)
1 otherwise.

The numerical results of this test are displayed in Figure 4.2.

2.5

1.5}

(a) (b)

Figure 4.2: Test 2. True and reconstructed functions c(x), where Ciyue iS given in
(4.113). (a) Functions ¢y and ceomp are obtained by Step 2 and Step 5 of Algorithm
8 respectively. (b) The consecutive relative error is ||c, — cn—1||Lo(e,m)/||Cnll Lo (005
n=1,...,10. The data is with § = 5% noise.

Test 2 is more complicated than Test 1. However, we still obtain good numerical
results. It is evident from Figure 4.2a that we can precisely detect the two inclusions
without any initial guess. The true maximal values of the dielectric constant of
the inclusions on the left and the right are 6 and 9 respectively. The reconstructed

maximal values in those inclusions are acceptable. They are 5.31 (relative error 11.5%)
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and 7.8 (relative error 13.3%). As in Test 1, the initial reconstruction ¢, computed
in Step 2 of Algorithm 3 is far from cye(z). Still, our iterative procedure converges
after 7 iterations, see Figure 4.2b.

Test 3 We test the case when the function ciye () is discontinuous. It is a piecewise
constant function given by

10 if o — 1] < 0.15,
Ctrue(x) - (4114)

1 otherwise.

The numerical solution for this test is presented in Figure 4.3.

20 : : : : 1.4

——C
P true

* Cinit 127

15} _ccomp i

0.8
10~
0.6
0.4

0.2

Figure 4.3: Test 3. True and reconstructed functions c(x), where Cyye 1S given in
(4.114). (a) Functions cii and Ceomp are obtained by Step 2 and Step 5 of Algorithm
3 respectively. (b) The consecutive relative error is ||c, — cn—1||Lo(e,m)/||Cnll Lo (015
n=1,...,10. The data is with § = 5% noise.

Although the function ¢ is not smooth and actually not even continuous, Al-
gorithm 3 works and provides a reliable numerical solution. The computed maximal
value of the dielectric constant of the object is 9.25 (relative error 7.5%), which is
acceptable. The location of the object is detected precisely; see Figure 4.3a. As in
the previous two tests, Algorithm 3 converges fast. After the fifth iteration, the re-
constructed function ¢, becomes unchanged. Again, this fact numerically confirms

both Theorem 8.1 and the robustness of our method.
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Test 4 In this test, the function ¢ () has the following form:

3.5+ 0.3 -sin(m(z — 1.35)) if |z —0.9] < 0.5,
Cirue(T) = ¢ 8 if |z —2| <0.37, (4.115)

1 otherwise.

This test is interesting since the graph of the function (4.115) consists of a curve and

an inclusion. The numerical solution for this case is presented in Figure 4.4.

8 0.6
===Cirue

7 C.

© init 0.5}
6 _Ccomp i
5. 0.4r
4+ ﬁ 1 0.3
3 4.‘\~v 0 2
2 ...

0.1
1
0 ' ' 0
0 0.5 1 1.5 2 2.5 3 0 2 4 6 8 10

Figure 4.4: Test 4. The true and reconstructed functions c(x), where cyye is given in
(4.115). (a) The functions ci and ceomp are obtained by Step 2 and Step 5 of Algo-
rithm 3 respectively. (b) The consecutive relative error ||, —cn—1||Lo(e,ar)/||Cnll Loo (e, 015
n=1,...,10. The data is with § = 5% noise.

One can observe from Figure 4.4a that our method to compute the initial re-
construction in Step 2 of Algorithm 3 is not very effective. However, after only 6
iterations, good numerical results are obtained. The curve in the first inclusion lo-
cally coincides with the true one and the maximal value of the computed dielectric
constant within inclusion is quite accurate: it is 7.83 (relative error 2.12%). Our

method converges at iteration number 6.

Remark 4.10.1 [t follows from all the above tests that Algorithm 8 is robust in
solving a highly nonlinear and severely ill-posed Problem 3.1. It provides satisfactory

numerical results with fast convergence. For each test, the computational time to
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compute the numerical solution is about 29 seconds on a MacBook Pro 2019 with a

2.6 GHz processor and 6 Intel i7 cores. This is almost a real-time computation.

4.11  Numerical Results for Experimental Data

We now test Algorithm 3 on experimental data mentioned in Introduction. These
data were collected by the US Army Research Laboratory to detect and identify
targets mimicking shallow anti-personnel land mines and IEDs. Five tested targets
were: a bush, a wood stake, a metal box, a metal cylinder, and a plastic cylinder. The
bush and the wood stake were placed in the air, while the other three objects were
buried at a few centimeters depth in the ground. Since the locations of targets can be
accurately detected by the Ground Position System (GPS), we are only interested in
computing the values of their dielectric constants. We are doing so using Algorithm
3.

Just as in our earlier works [15, 22, 23, 24, 28, 40|, where these experimental data

were used, we compute here the function c,q(x) defined as:

oot (o) if max S (r) > 1 and & € D,
() = - s (4.116)

1 otherwise,

min 22 () if max 22 () <1 and x € D,
Crel<x) — bckgr bckgr (4117)

1 otherwise,

where D is a sub-interval of the interval [e, M|, which is occupied by the target. Next,

we define the computed value of ciapger as [24]:

max Gl () if maxcy(z) > 1,
Ccomp = Chbckgr X (4118)

min ¢ () if maxcyg(z) < 1.

As in the above cited publications, we have to preprocess the raw data of [35]
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before importing them into our solver. The data preprocessing procedure is exactly
the same as the one in [24, Section 7.1|. First, we observe that the L., —norm of the
experimental data far exceeds the L,,—norm of the computationally simulated data.
Therefore, we need to scale the experimental data by dividing it by a calibration factor
> 0, ie. we replace the raw experimental data fray (t) With ficale () = fraw (1) /10
Then we work only with fsae (t). To find the calibration factor, we use a trial-
and-error process. First, we select a reference target. We then try many values
of p such that the reconstruction of the reference target is satisfactory, i.e. the
computed dielectric constant is in its published range, see below in this section about
the published range. Then this calibration factor is used is all other tests. When the
object is in the air, our reference target is bush. In this case, the calibration factor
Lair = 534,592, When the object is buried under the ground, our reference target is
the metal box and the calibration factor was figround = 265, 223.

Next, we preprocess the data fsae (t) as follows. First, we first use a lower envelop
(built in Matlab) to bound the data. We then truncate the data that is not in a small
interval centered at the global minimizer of the data, see |24, Section 7.1| for the
choice of this small interval. But in the case of the plastic cylinder we use the upper
envelop. The choice of the upper or lower envelopes is as follows. We look at the
function fscale (t) and find the three extrema with largest absolute values. If the middle
extremal value among these three is a minimum, then we bound the data by a lower
envelop. Otherwise, we use an upper envelop. See |24, Section 7.1] for more details
and the reason of this choice. In particular, Figures 4a, 4b, 4d, 5a, 5b, 5d, be, bg,
5h of [24] provide illustrations. Likewise, our Figures 5 displays computed functions
Ctarget () for our five targets. The computed dielectric constants ceomp defined in
(4.118) by Algorithm 3 are listed in Table 4.1.

The true values of dielectric constants of our targets were not measured in the

experiments. Therefore, we compare our computed values with the published ones.
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Figure 4.5: Computed functions ciaget(z,y) for our five targets, also see (4.116)-
(4.118) and Table 4.1.

Table 4.1: Computed dielectric constants of five targets

Target Chekgr | computed crel | Chekgr | cOmputed Crarget | Tru€ Crarget
Bush 1 7.62 1 10.99 (3, 20]
Wood stake 1 2.01 1 2.26 2, 6]
Metal box 4 4.00 3, 5] [12.00, 20.00] [10, 30]
Metal cylinder 4 4.01 3, 5] [12.3,20.5] [10, 30]
Plastic cylinder | 4 0.59 (3, 5] [1.6,2.95] [1.1,3.2]

The published values of the dielectric constants of our targets are listed in the last
column of Table 4.1. They can be found on the website of Honeywell (Table of
dielectric constants, https://goo.gl/kAxtzB). Also, see [11] for the experimentally
measured range of the dielectric constants of vegetation samples, which we assume
have the same range as the dielectric constant of bush. In the table of dielectric
constants of Honeywell as well as in [11], any dielectric constant is not a number.
Rather, each dielectric constant of these references is given within a certain interval.
As to the metallic targets, it was established in [28] that they have the so-called

“apparent" dielectric constant whose values are in the interval [10, 30] .
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Conclusion. It is clear from Table 4.1 that our computed dielectric constants are
consistent with the intervals of published ones. Therefore, our results for experimental

data are satisfactory.

Remark 4.11.1 (Speed of computations) Our experimental data are sparse. The
size of the data in time is Ny = 80, which is a lot smaller than that in the dense sim-
ulated data (Ny = 300). Therefore, the speed of computations is much faster than for
the case of simulated data of section 10. All results of this section were computed in
real time on the same computer (MacBook Pro 2019 with 2.6 GHz processor and 6

Intel i7 cores).

4.12  Concluding Remarks

We have developed a new globally convergent numerical method for a 1-D Coef-
ficient Inverse Problem with backscattering data for the wave-like PDE (4.3). This
is the second generation of the above cited convexification method of our research
group. The main novelty here is that, rather than minimizing a globally strictly con-
vex weighted cost functional arising in the convexification, we solve on each iterative
step a linear boundary value problem. This is done using the so-called Carleman
Quasi-Reversibility Method. Just like in the convexification, the key element of the
convergence analysis of this chapter is the presence of the Carleman Weight Function
in each quadratic functional, which we minimize. The convergence estimate is similar
to the well known estimate of the classical contraction mapping principle. The latter
explains the title of this chapter. We have proven a global convergence theorem of
our method. Our numerical results for computationally simulated data demonstrate
high reconstruction accuracies in the presence of 5% random noise in the data.

Furthermore, our numerical results for experimentally collected data have satisfac-
tory accuracy via providing values of computed dielectric constants of explosive-like

targets within their published ranges.
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A practically important observation here is that our computations for experimental
data were performed in real time. This observation did not take place for various ver-
sions of the first generation of the convexification method of our previous publications
[22, 23, 24, 40|, which were working with the same experimental data. The latter indi-
cates an important advantage of the second generation of the convexification method

of this chapter.
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CHAPTER 5: THE GRADIENT DESCENT METHOD FOR THE
CONVEXIFICATION TO SOLVE BOUNDARY VALUE PROBLEMS OF
QUASI-LINEAR PDES AND A COEFFICIENT INVERSE PROBLEM

5.1  Introduction

Numerical solutions of ill-posed Cauchy problems for quasi-linear partial differen-
tial equations (PDEs) is an important topic that arises in many real-world applica-
tions. For example, in the case of parabolic PDEs such problems are common in
heat conduction [1, 2|. A natural approach to solve such a problem is to minimize
the functional defined by the least-squares method. However, due to the presence of
nonlinearity, this functional is non-convex. It might have multiple local minima and
ravines. Therefore, a good initial guess, which is located sufficiently close to the true
solution, plays an important role in the minimization process. Since such a good ini-
tial guess is not always available, we, in this chapter, use the convexification method,
in which it is not necessary to have a small distance between the starting point of
iterations and the true solution. The main content of the convexification method is
to construct a weighted cost functional, which is strictly convex on an a priori chosen
bounded set. It is important that smallness condition is not imposed on the diameter
of this set. The unique minimizer of that functional on that set is close to the true
solution of the given ill-posed Cauchy problem. The key element of that functional is
the Carleman Weight Function (CWF), which is involved as weight in the Carleman
estimate for the corresponding PDE operator.

An important question arises immediately on how to efficiently find the global
minimizer of such a convex functional on that bounded set. It is well known that if

a functional is strictly convex on the whole Hilbert space, then the gradient descent
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method converges to its unique minimizer if starting from an arbitrary point of that
space. However, it is not clear what to do in our case when the strict convexity takes
place only on a bounded set. To address this question, it was proposed in [3] to use
the gradient projection method. However, this method is a complicated one and is
hard to implement numerically. On the other hand, it was heuristically observed in
all numerical studies of the convexification conducted so far that a simpler gradient
descent method works well; see e.g., [3, 8, 9, 10, 18|. This motivates us to analytically
study the question of the global convergence of the gradient descent method.

More precisely, we prove that the gradient descent method delivers a sequence
converging to the minimizer of that functional on that bounded set if starting from
an arbitrary point of that set. Since smallness conditions are not imposed on the
diameter of this set, this is global convergence, see, e.g. [3] where the notion of global
convergence is defined. Some numerical results by gradient descent method will be
presented.

Another important part of this chapter is to apply this result to solve a highly
nonlinear and severely ill-posed coefficient inverse problem with a single measurement
of back scattering data in the frequency domain.

As mentioned above, the main idea of the convexification method is to construct
a strictly convex functional. To do this, one uses the Carleman weight function to
convexify the mismatch functional derived from the given boundary value problem.
Several versions of the convexification method have been developed since it was first
introduced in [16]. We cite here [14, 12, 3, 19, 10, 20| for some important works in
this area and their applications to solve a variety kinds of inverse problems. A com-
prehensive study of the convexification method is presented in the recent published
book [18]. The crucial mathematical results that guarantee the above mentioned
properties of the convexification, are the Carleman estimates. The original idea of

applying Carleman estimates to coefficient inverse problems was first published in
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[5] back in 1981 to prove uniqueness theorems for a wide class of coefficient inverse
problems. Some follow up publications can be found in, e.g. [22, 11, 7, 27, 24, 30|.
Surveys on the method in [5] can be found in [13, 33|, see also [4, Chapter 1| and [18].
It was discovered later in [16], that the idea of [5] can be successfully modified to
develop globally convergent numerical methods for coefficient inverse problems using
the convexification.

For the convenience of the reader, we will recall in this chapter the convexifica-
tion method , to solve ill-posed Cauchy problems for quasi-linear PDEs with both
Dirichlet and Neumann boundary data [14]. Then, we will prove that if the noise
in the boundary data tends to zero, then the convexification method combined with
the gradient descent method delivers a close approximation to the solution of that
Cauchy problem if starting from an arbitrary point of a selected bounded set. The
rate of convergence is Lipschitz. We next apply the above results to solve a highly
nonlinear and severely ill-posed coefficient inverse problem, described below. At a
point far away from the region of interest, we send out an incident electric wave. The
incident wave propagates in the 3D space and scatters when hitting the targets. We
measure the back scattering wave on a surface. The aim of the inverse problem is
to reconstruct the spatially distributed dielectric constants from this measurement.
This coefficient inverse problem is the so-called inverse back scattering problem. It
has many real-world applications, including the detection and identification of explo-
sives, nondestructive testing and material characterization, see |9, 8, 29, 32|. We also
refer the reader to [6] for the applications of this coefficient inverse problem in sonar
imaging, geographical exploration, medical imaging, near-field optical microscopy,
nano-optics.

The widely-used method to solve nonlinear coefficient inverse problem is the least
squares optimization. This approach requires a good initial guess of the true solution.

Unlike this, we assume that the target to be detected is completely unknown. This
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means that a good initial guess of its dielectric constant is unavailable. Our numerical
procedure is as follows. We first eliminate the unknown dielectric constant from the
governing Helmholtz equation. The obtained equation is not a standard PDE. Then,
we approximate the solution of the latter PDE via a truncated Fourier series with
respect to a special orthonormal basis. Then we obtain an ill-posed Cauchy problem
for a coupled system of elliptic of PDEs wih respect to corresponding spatially depen-
dent Fourier coefficients. That special orthonormal basis was originally introduced
in [15]. Solving this system by the convexification method and the gradient descent
method, we obtain the solution to the above non standard PDE above. Then the
solution to the originating coefficient inverse problem follows. We refer the reader to
[8, 10, 31] and the references therein for some related versions of this method.

The chapter is organized as follows. In Section 5.2, we prove the convergence of the
gradient descent method to the minimizer of a strictly convex functional. In Section
5.3, we present the above mentioned ill-posed Cauchy problem for a quasilinear elliptic
PDE with both Dirichlet and Neumann boundary conditions. Also, in this section
we present the corresponding functional with the Carleman Weight Function in it.
In section 5.4, we recall the convexification method. In this section, we also prove
the Lipschitz-like convergence of the minimizers due to the convexification method
to the true solution as the noise tends to zero. In section 5.5, we introduce our
coefficient inverse problem. In section 5.6, we derive an approximate model to solve
this coefficient inverse problem. We present some numerical examples in section 5.7.

Section 5.8 is for concluding remarks.
5.2 The gradient descent method to minimize a convex functional

Let X be a Hilbert space and let J : X — R be a functional. Assume that J is
Fréchet differentiable. Its derivative at the point v € X is denoted by DJ(v) : X — R.

By the Riesz representation theorem, for each v € X, we can identify DJ(v) with an
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element of X, named as J'(v), in the following sense

DJ(v)(h) = (J'(v),h)x forall h € X.

Let M > 0 be an arbitrary number. Consider the ball B (M),

B(M)={veX:|v|y <M}

We assume that the Fréchet derivative J’ is Lipschitz continuous in B (M), i.e.

| (v2) = J' ()|l x < Ll — w1l , Yoi,v2 € B (M), (5.1)

where L is a certain number. Assume that J is strictly convex on B (M). This means

that there exists a constant A > 0 such that

(J'(v1) = J'(v2),v1 —v2)x > Allvy — a5  for all vy, v, € B(M). (5.2)

Theorem 5.2.1 follows from a combination of Lemma 2.1 and Theorem 2.1 of [3].

Theorem 5.2.1 Assume that the functional J : X — R is Fréchet differentiable
on X and its Fréchet derivative is Lipschitz continuous on B(M) as in (5.1). Also,
assume that J (v) is strictly convex in B(M); i.e., inequality (5.2) is true. Then there

exists unique minimizer vy, € B (M) of the functional J (v) on the set B (M),

min J (v) = J (Vmin) -
B(M)

Furthermore, the following inequality holds

<Jl (Umin) y Umin — y>X S 0, fO’/’ all Yy (- B(

=
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The fact that the minimizer guaranteed by Theorem 5.2.1 can be located on the
boundary of the ball B(M) prevents us from the proof of the global convergence of the
gradient descent method. Hence, we assume in the next theorem that the minimizer

is an interior point of B(M).

Theorem 5.2.2 Assume that the functional J : X — R satisfies conditions of The-
orem 5.2.1. Let vy, be its minimizer on the set W, the uniqueness and existence
of which is guaranteed by Theorem 5.2.1. Suppose that vni, belongs to the inte-
rior of B(M). Fix v € B. Assume that the ball centered at vy, with the radius

0@ — vpin|lx is contained in B (M) ; i.e.,
By = B(Umin, [|[v% — vmin||x) € B (M) . (5.3)
Denote ng = min (2A/L?,1) and fix n € (0,19). For each m > 0, define
ot =M — g (™), m > 1 (5.4)
Then, there ezists a number q € (0,1) such that
o™ e B(M) and ||vm — UminHX < qm_IHU(O) — vminHX, m > 1. (5.5)

As a result, the sequence v(™ converges to Unin as m tends to oo.

The sequence {v(™},,>; defined in (5.4) is generated by the well-known gradient
descent method. Although the gradient descent method is widely used in the scientific
community, its convergence for a nonconvex functional can be proven only if the
starting point of iterations is sufficiently close to the minimizer. Unlike this, Theorem

5.2.2 provides an affirmative answer about the convergence when the starting point is



137
not necessary located in a sufficiently small neighborhood of the minimizer. Theorem
5.2.2 justifies recent numerical results of our research group where we have used the
gradient descent method to minimize globally strictly convex cost functionals arising
in convexification even though our past theory said that a more complicated gradient

projection method should be used, see e.g., [3, 8, 9, 10, 18, 20|.

Proof 5.2.1 (Proof of Theorem 5.2.2) Let L and A be the constants in (5.1) and
(5.2) respectively and let ¢ = 1+ n*>L* — 2nA. Since n € (0,1m), q € (0,1). We prove
(5.5) by induction. Assume, by induction, that (5.5) is true for some m > 1. Due to
assumption (5.3), vmin € B (M) . Thus, J'(vmin) = 0. Hence, Vmin = Umin — J’ (Vmin) -

By (5.4), we have

[0 — vinl% = 07 = i — (" (0) = T (vmin)) | %
= [0 — vl % + 72T (0) = T (i) %

- 27]<Jl(m)) - J/<Umin)7 U(m) - Umin>X-

Using this, together with (5.1), (5.2) and the induction assumption for (5.5), we
obtain

[0 — vainli < @llo™ = vainli < @0 = Vanin k- (5:6)

The last inequality in (5.6) is deduced from the induction hypothesis. It follows from
(5.6) that v'™*Y) € By C B. The assertion (5.5) is proved.

Remark 5.2.1 1. The hypothesis that the starting point of iterations v© is such
that the ball centered at vy, with the radius ||Vmim — vol||x is contained in B (M)
does not weaken Theorem 5.2.2. In fact, if this hypothesis is not satisfied, we
can replace B (M) by a larger ball B (M') where M' > M. Note that in the

convezification method, B (M) is the ball with an arbitrary chosen radius.

2. The assumption that vy, is inside B (M) is the main reason that helps us to



138
replace the gradient projection method in [9, 10, 8, 3] with the gradient descent
method in Theorem 5.2.2. Without this assumption, elements of the sequence
produced by the gradient descent method might be outside of B (M), thus making

this sequence diverge.

3. We refer the reader to [17, Theorem 6/, in which the authors proved a less

general case of Theorem 5.2.2.

5.3 A boundary value problem for quasi-linear PDEs

Let n > 2 be the spatial dimension. Let 2 be an open and bounded domain in
R™ and I' be a part of 9Q2. Let G : 2 x R x R" — R be a real value function in the
class C2(Q x R x R™ R). Consider the following boundary value problem with both

Dirichlet and Neumann boundary conditions

Av(x) = G(x,v(x),Vo(x)) x €,
du(x) = go(x) xel, (5.7)
v(x) = gi1(x) x € 05}

where gy and g; are two functions in the class HP(Q2) where p is a positive integer
with p > [n/2] 4+ 2. In fact, we can say that (5.7) is the Cauchy problem for a
quasilinear elliptic equation with the additional Dirichlet boundary data at 92\ I'.
Here, [n/2] is the smallest integer that is greater than n/2. This regularity condition
guarantees the embedding H?(Q) — C?(Q). This embedding will be used for the
regularization purpose. In practice, the functions gy and g; represent the flux and the
value information of v on 02 and I" respectively. We first recall the convexification

method to compute an approximation of the solution, if it exists, to (5.7). Suppose
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that

H ={¢ € H*(Q) : 9,¢(x) = go(x)

for all x € I" and ¢(x) = g1(x) for all x € 902} (5.8)

is non-empty. Let vy be a function in H. Define

u(x) = v(x) —vp(x) for all x € Q. (5.9)

Then, solving (5.7) is equivalent to solving

Au(x) = F(x,u(x), Vu(x)) xe€Q,

dux) = 0 x e, (5.10)
u(x) = 0 x € 00}
where
F(x,s,&) = Auvg(x) + G(%, s + v(x), & + Vi (x)) (5.11)

forall x € Q,s € R, £ € R". Let

Ho={¢ € H"(Q):0,0(x) =0

for all x € T and ¢(x) = 0 for all x € 9Q}. (5.12)

It is obvious that Hj is a closed subspace of H?(€2). We consider H, a Hilbert space
endowed with the usual norm of H?(2). A widely-used approach to solve (5.10) is to

minimize the following least squares functional

/ |Au(x) — F(x,u(x), Vu(x)) ‘de + a regularization term. (5.13)
Q
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for w € Hy. Due to the nonlinearity of F', and hence L, the functional in (5.13) is
nonconvex. It might have multiple local minima and ravines, making the direct opti-
mization approach unpractical. Motivated by this fact, we “convexify" this functional
using the idea in [15]. Let ¥ : Q — R be a C* function with V¥ # 0 for all x € Q.

Introduce the Carleman weight function
pa(x) = exp(2A¥(x)) for all x € 2 (5.14)

where A > 1. A Carleman estimate is an inequality of the form below.

Assumption 5.3.1 (Carleman estimate) There exists Ao > 1 depending only on

Q and n such that for all ¢ € H*(Q) with ¢loq = 0 and d,¢|r = 0, we have

2 C - 2
[ miackix= Y [ )i, o0Fax

ij=1

<O [ Ve + Xlgfldx (5.15)

for all X > X\g for some positive constant C' depending only on ).

Assumption 5.3.1 holds true for some functions ¥ and p,. For example, Klibanov
and his collaborators have established a Carleman estimate in [19, Theorem 4.1|, in
which Q = (=R, R)> C R? for some R > 0 and ¥(z,y,2) = (2 — r)* where r is
any number that is greater than R. On the other hand, following the arguments in
[19, Theorem 4.1], one can prove a Carleman estimate with ¥(x,y,2) = (z +7)?, see
[10, Theorem 3.1]. This estimate plays an important role in developing a numerical
method to solve the backscattering inverse problem with moving point source in [10].
On the other hand, the reader can find another Carleman estimate in [24, Theorem
3.1] when the second derivatives of the test function ¢ are absent in the right-hand
side of (5.15). We also cite to [4, 18] for some important versions of the Carleman

estimate for other kinds of partial differential operators. Especially, we draw the
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reader’s attention to [5] for the original idea of using the Carleman estimate to prove
the uniqueness of a variety kinds of inverse problems.

Without loss of the generality, we assume that the true solution to (5.10) has a
finite H?(2)-norm, which is bounded from above by a known number M. We seek

this solution in the set
B(M) ={¢ € Hy : |¢|lmr) < M}. (5.16)

More precisely, in order to find a numerical solution to (5.10), we solve the problem

below.

Problem 5.3.1 Fiz a reqularization parameter € > 0. Minimize the following func-

tional

Tor(w) = [ )| 8ux) = Pl u(x). Vao) P+ el (517)

for allu € B(M).

In the next section, we will recall the convexification principle to solve Problem
5.3.1. The main content of the convexification principle is that if the Carleman
estimate (5.15) holds true then for any arbitrarily large number M, there exists

A1 > A such that for all A > Ay and € > 0, J., is strictly convex in B(M) where

B(M) is the ball in Hy with center 0 and radius M, see (5.16).

5.4  The convexification method and the convergence of the minimizer to the true

solution as the noise tends to zero

In this section, we recall a theorem (Theorem 5.4.1) that guarantees the convexity
of the objective functional J. in B(M). We write F = F(x,s,£) and the par-
tial derivatives of F(x,s,£) with respect to its variables are written as Vi F'(x, s,§),

0sF(x,5,€) and V¢ F(x, s,£). The following theorem, Theorem 5.4.1, guarantees that
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Je has Lipschitz continuous Fréchet derivative and, more importantly, that J  is
strictly convex if the Carleman weight function pu, is such that Assumption 5.3.1

holds true.

Theorem 5.4.1 (Convexification) 1. Let M be an arbitrary positive number and

define the ball B(M) as in (5.16). Then, for all e > 0 and A > 1, J., : B(M) C

Hy — R is Fréchet differentiable. The derivative of J. x is given by

Dir(w)h — / (%) (Au(x) — F(x, u(x), Vu(x)))

(Ah(x) — DF(u)h(x))dx + 2¢{u, h)gro)  (5.18)
for all w € B(M) and h € Hy where
DF(u)h(x) = 0, F(x, u(x), Vu(x))h(x) + Ve F(x, u(x), Vu(x)) - Vh(x)

for allx € Q. Moreover, the Fréchet derivative D J, \ is Lipschitz continuous in B(M).
That means, there exists a constant L = L(Q2, M, F), depending only on the listed

parameters, such that

| DJex(uz) — DJex(ur)|| oero) < Ll|ug — ui]| e (o) (5.19)

for all uy,us € B(M), where L(Hy) is the set of all bounded linear maps sending
functions in Hy into R.
2. Assume further that the Carleman estimate (5.15) holds true. Then, there exist

A =AM, QL F) > X\ and C = C(M,Q, F) > 0, both of which depend only on the
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listed parameters, such that for all € > 0, A > Ay, u; and uy in B(M), we have

Jea(uz) — Jex(ur) — DJea(ur)(ug — uy)

> Cllug — urllizi) + €lluz — ual|Fmy-  (5.20)
As a result,
(D) = Do) ) (12 = 1) = 21z — w1 [y + 2ellz = iy (5:21)

for all uy and us in B(M).

3. Je has a unique minimizer in B(M).

We do not present the proof of Theorem 5.4.1 here. The reason is below. One
can prove the first part of this theorem with straightforward computations. The
proof is similar to that of |3, Theorem 3.1]. The second part of this theorem is a
generalization of [3, Theorem 3.2] in the sense that the “convexification" inequalities
(5.20) and (5.21) are tighter than the ones in [3, Theorem 3.2|. In fact, in those
inequalities, we replace the H! norm in |3, Theorem 3.2] by the H? norm in the right
hand side of (5.20) and (5.21). This is because the right-hand side of the Carleman
estimate, see (5.15), contains the second derivatives. The existence of the unique
minimizer of J, ) in part 3 of Theorem 5.4.1 can be proved using the same technique
in [10, Theorem 5.3|, see also Lemma 2.1 and Theorem 2.1 of [3] and Theorem 5.2.1.
On the other hand, we refer the reader to [3, Section 2| for some important facts in
convex analysis that are related to the convexification in Theorem 5.4.1.

By using the gradient descent method, we can compute the minimizer of J , in
B(M), see Theorem 5.2.2. We are now in the position of solving problem (5.7) with
noisy boundary data gy and g; given. The corresponding noiseless data are denoted

by g and gj respectively. Let o > 0 be the noise level and assume that there exists
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an “error function" £ such that

1€ zr) <6,
9 = gi + 0, on 99, (5.22)

g=¢9;+& inl.

Recall in Section 5.3, we assume that there is a function vy satisfying 0,9 = go on 02

and vo = ¢, on I'. Let
Ve.s(X) = Umin(X) + vo(x) for all x € Q (5.23)

where Uy, is the minimizer of J, , obtained in Theorem 5.4.1. The function v, is
named as the regularized solution to (5.7). Let v* be the solution to (5.7) with go and
g1 replaced by the corresponding noiseless data g3 and gj respectively. The following
theorem confirms that the minimizer of J y can be used to approximate the solution
to (5.7) via (5.23). It is a generalization of Theorem 4.5 in [10] and Theorem 5.4 in
[10]. In fact, in those theorems, the function F' has some specific form and does not

depend on the first and the second variables x and u(x).

Theorem 5.4.2 Assume that problem (5.7) with go and ¢, replaced by g5 and g;
respectively has a solution v*. Recall vy the function we used to change the variable

in (5.9). Without loss of the generality, assume that

X M
max { [|[v*|| gr ), [[voll ar) } < o5 0. (5.24)

Let ve s = Umin + Vo where Uiy 45 the minimizer of the strictly convex functional J .

Then

Vs — || m2(0) < C(Ve|lv* — vo|| ey + 0) (5.25)

for some constant C' depending on 2, M and F'.
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Proof. For x € (), define
ut(x) = v*(x) — vo(%). (5.26)

It is obvious that

Ju*(x) = g5(x) — go(x) = —0,&(x) for all x € 01,

u*(x) = gf(x) — g1(x) = —E(x) forallx e I’
Thus, u*+ & € Hy. Using the triangle inequality, (5.22) and (5.24), we have u*+ & €

B(M). Using (5.20) with u; and us replaced by up;, and u* + & respectively, we have

Je,)\<U* + g) — Je,)\(umin) - DJ&,)\(umin)(U* + g — Umin)

> Cllu*+ & — ummH%p(Q) +e|lut+ € — uminH?{p(Q). (5.27)

Since Uy, is the minimizer of Je\ in B(M), DJ. (umm) = 0. This, together with

(5.27) and the fact that —J ) (umm) < 0, implies
Joa(u"+ &) > Cllu"+ & — UminHiﬂ(Q) +el|ut + & — ummH%ﬂ,(Q). (5.28)
Using the inequality (a + b)? < 2a® + 20, we next estimate

JE’)\(U* + 5)

_ /Qm(x)m(u* +E) = F(x,u* + & V' + VE)Pdx + ellu” + |2
< 2/ pa(x)|Au* — F(x,u*, Vu*) [*dx
Q
+ 2/ pA(X)|AE + F(x,u*, Vu*) — F(x,u* + &, Vu* + VE)|?dx
Q
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Since v* is the true solution to (5.7), by (5.10), (5.11) and (5.26), we have
Au* — F(x,u*,Vu*) =0 for all x € Q.
Using (5.22) and (5.29) and the fact that F is in C'' and hence, Lipschitz, we have
Joa(u* + &) < C8 + ellu* + €||§{p(9). (5.30)
Combining (5.28) and (5.30) and using the inequality (a + b)* < 2(a* + b?), we have
I = tmin 3120y < C(07 + €l [[7n(e)-

Estimate (5.25) is proved. O

The procedure to compute v* is described in Algorithm 4.

Algorithm 4 A numerical method to solve (5.7)

Choose M large enough and choose a threshold error £ > 0.

Set m = 0 and take a function ug in B(M).

Compute u,, 1 using the gradient descent method, see (5.4) for some 0 < n < 1.
If ||Ums1 — Uml||m2(0) < €, g0 to Step 5. Otherwise, set m = m + 1 and go back
to Step 3.

5: Set v°°™P = w1 + g.

Remark 5.4.1 The choices of M and € in Step 1 are based on some trial and error

Processes.

Remark 5.4.2 Theorems 5.4.1 and 5.4.2 hold true even when the functions v, u, G,
F, go and g, take complex values. By splitting (5.7) and (5.10) into real part and
imaginary part, we obtain a system of quasi-linear PDEs on the field of real numbers.

Then, we can apply the whole analysis for the case of a single equation to the case of

a system of PDEs.
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5.5 A coefficient inverse problem in the frequency domain with back scattering

data in R3

In this section, we introduce a method to solve the backscattering inverse problem
with multi-frequency data. This inverse problem has uncountable real-world applica-
tions. Solving a system like (5.7) plays an important role in our method. Let € be
the cube (—R, R)® C R?® where R is a positive number. Let ¢ € C'(R3) represent the
dielectric constant of R3. Assume that

c(x)=1 ifxe R\ Q,

(5.31)
c(x)>1 ifxe.

Assumption (5.31) can be understood as the dielectric constant of the air (or vacuum)
is scaled to be 1. Let [k, k] be an interval of wave number and let xo = (0,0, —d),
with d > R, be a point located outside Q. Let u = u(x, k), (x,k) € R x [k, k|,
represent the frequency-dependent wave. The function wu(x, k) is governed by the
following problem

Au(x, k) + k2e(x)u(x, k) = —0(x—x%9) x € R3,

(5.32)
Oxu(x, k) — iku(x, k)

I
S8
B3

T
E3
1
13

where 0 is the Dirac function. The partial differential differential equation in (5.32) is
called the Helmholtz equation and the asymptotic behavior of u as |x| — oo is called
the Sommerfeld radiation condition. The Sommerfeld radiation condition guarantees
the existence and uniqueness of problem (5.32), see |6, Chapter 8]. We are interested

in the following problem.

Problem 5.5.1 (Coefficient inverse problem from backscattering data) Let

'={x=(z,y,—R): —R<z,y <R} C 00 (5.33)
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be the measurement site. Given the measurements of

f(x,k) =u(x,k) and g(x,k)=—0u(x,k) (5.34)

for (x,k) € T x [k, k|, determine the function c(x), x € €.

Remark 5.5.1 We refer the reader to our recent works [9, 10, 8] in which we study
a similar inverse problem in which the data are generated by a source moving along
a straight line, and only a single frequency was used. Unlike this, the data for the
tnverse problem under consideration, Problem 5.5.1, are generated by a single source

and by multi-frequencies.

Problem 5.5.1 arises from the following well-known experiment, illustrated in Figure
5.1. Let an optical source illuminate objects inside (2. The wave generated by the
optical source is called the incident wave. The incident wave hits the objects and
scatters in all directions. We collect the scattering wave on the part of 92, named
as ', that receives the wave coming back from the objects. Solving Problem 5.5.1,
with these data, we obtain the dielectric constant of the medium. This information is
important in identifying the objects. The forward problem corresponding to Problem
5.5.1 is the problem of computing the function u(x, k), (x,k) € I' x [k, k]. To solve

the forward problem, we first model the incident wave by the point source

B exp(ik|x — xq|)

— R3 k. :
uo(x, k) o —— (x,k) € R® x [k, K] (5.35)
It is well-known that
Aug(x, k) + k*ug(x, k) = —0(x — x¢) x € R® k € [k, k]. (5.36)

Let

Uge (X, k) = u(x, k) —up(x, k) x € R k € [k, k| (5.37)
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opject

adk scattering wave

source

Figure 5.1: A diagram for the experiment that leads to Problem 5.5.1. The unknown
object is located inside a box €. An emitter (the red dot), located outside (2, emits
the incident wave. The incident wave scatters when hitting an unknown object. The
back-scattering waves are represented by blue arrows and collected on an array of
detectors located on the part I" of 0.

denote the scattering wave. It follows from (5.37) that u(x, k) is the sum of the
scattering wave and the incident wave. We call the function u(x, k) the total wave.

Subtracting the differential equation in (5.32) from (5.36), we obtain
Auge(X, k) + k2uge(x, k) = —k*(c(x) — Du(x, k) x € Rk € [k, k).
Hence, see |6, Chapter §|,

Uge(%, k) = K2 /Rs W(c(ﬁ) — D&, k)dE xR ke [kE].  (5.38)

Combining (5.37) and (5.38), we arrive at the Lippmann-Schwinger equation

u(x, k) = up(x, k) + k2 / expURX = €1 o) _ 1yu(e, k)de (5.39)

re Amlx —¢|

for all x € R3 k € [k, k]. We solve the integral equation (5.39) by the method in
[25, 26]. In order to solve the inverse problem, we need to impose the following

condition.
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Assumption 5.5.1 The total wave u(x, k) is nonzero for all x € Q and k € [k, k.

We provide here an example when Assumption 5.5.1 holds true. In this example,
we assume that c is in the class C'°(R?). Consider the Riemannian metric generated

by ¢

dr = \/c(x)dx, |dx| = \/dx% + dz3 + da3. (5.40)

Assume that for each point x € R3, the geodesic line with respect to the Riemannian
metric defined (5.40) connecting xo and x is unique, where x, is the location of the

emitter that emits the point source. Then, it was shown in [21] that
ikT(x) 1
u(x, k) = A(x)e + O<E> as k — oo (5.41)

for x € Q) where A is a function taking positive value and 7 is the travel time of
the wave from xg to x. Hence, Assumption 5.5.1 holds true when the wave number
k is sufficiently large. In the next section, we derive a system of nonlinear partial
differential equations. Solution of this system directly yields the solution to Problem

5.5.1.
56 A method to solve Problem 5.5.1

Recall that u = u(x, k), x € Q, k € [k, k] is the solution to (5.32). Assume that

Assumption 5.5.1 holds true. Define

wOSK) o allx € Ok € [k (5.42)

1
k)= —1
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Although wu/ug takes complex values, the function v can be defined. Employing (5.41)

and assuming that both k and k are large, we define the function v as

1
v(x, k) = 5 [log u(x, k) — log uo(x, k)]
1 .
-5 [mA(x) St ik(r(x) — |x — %o|) + O(1/k)
for all x € O,k € [k, k]. We now derive a differential equation for the function v. It

follows from (5.42) that

Vo(x, k) =

FCien ) Eralxeokekd  Ga)

Taking the divergence of (5.43) gives

sy = () (Sl S (Tuls)y s

for all x € Q, k € [k, k]. Since u(x, k) satisfies the differential equation in (5.32) and

up(x, k) satisfies the differential equation in (3.1) with ¢(x) replaced by 1, we have

Au(x, k)
u(x, k)

AuO (X> k)

2
= —kc(x) and o (x k)

= —k? (5.45)

for all x € Q, k € [k, k]. It follows from (5.43), (5.44) and (5.45) that

o) = g 00 1) - (95 S (TR
= —(c(x) = 1) = k*(Vo(x, k))* = WU(X;}Z@VJO(X’ .

for all x € Q, k € [k, k]. We obtain

Av(x, k) + k*(Vo(x, k))* + 2VU(X;ZZ)(;(VI€;LO<X’ k) =—c(x)+1 (5.46)
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for all x € Q, k € [k, k]. Differentiate (5.46) with respect to k. We have

Adpv(x, k) + 2k°Vu(x, k) - Voo (x, k) + 2k(Vo(x, k))?

Vug(x, k)
uo(x, k)

+2Vu(x, k:)akmx’kk) =0 (5.47)

+ 2V (x, k) - e

for all x € Q, k € [k, k).
Let {U,,}n>1 be the orthonormal basis of L*(Q2) defined in [15]. This basis is

constructed as follows. For each m > 1, define the function ¢,,(k) = fm—1ek—(k+k)/2

for all k € [k, k|. It is clear that the set {¢,,}m>1 is complete in [k, k]. We then
apply the Gram-Schmidt orthonormalization process to this set to obtain the basis
{Wim =1

We derive an approximation model for the solution v to (5.47) as follows. For each

x € Qand k € [k, k], we write

v(x, k) = Z 0y (%)W (k) ~ Z i (x) W (k) (5.48)

for some cut-off number N, determined later in section 5.7, where

v;(x) :/k v(x,k)V;(k)dk i€ {l,...,N}. (5.49)

In this approximation context,

ve(x,k) = 0(x)Wj(k) for all x € Q. k € [k, K. (5.50)
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Plugging (5.48) and (5.50) into (5.47) gives

S Ay (x) (k) + 2 Z Voi(x) - Voj(x )(k2\IJZ-(k)\IJ;.(k) + kxpi(k)xpj(k))

4,7=1

+2) Vi(x) - (q/;(/g)w + %(M&M) =0 (5.51)

for all x € Q. For each [ € {1,..., N}, multiplying ¥,;(k) to both sides of (5.51), we

have
Z s Av;(x) 4+ Z a;;; Vi(x) - Vuj(x) + Z Byi(x) - Vvi(x) =0 (5.52)
where
si= [ WBwER
auij = 2 /k (K2 (k)W) () + (k)W (k) ) Wi (k) (5.53)
s Vug(x, k) Vug(x, k)
By(x) = 2/k (‘I’;(k)ﬁ + \Pi(k)ﬁkm)%(k)dk

for alli,7,l € {1,...,N} and x € Q.
We next compute the boundary information for V. For all x € ' and k € [k, k],
since u(x, k) = f(x, k) where f is the data for the inverse problem under consideration

(see (5.34)), it follows from (5.42) that v(x, k) = 5 log uJ;((’;i)) Hence, by (5.49), we

have

vi(x):/ o(x, dn—/ —log ))\Ili(/i)dm ic{l,. .. N}

for all x € T'. Since we only measure the wave u on I', we complement v;(x) = 0 for

all i € {1,--- N} and x € 9Q \ I. The boundary value of Viy = (vy,vs,...,vy5)7T is
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given by

uo(X, k) i=1 (5.54)
x e 0N\ T

Vir(x) = g1() = [ Sl u ] xer
0

On the other hand, by (5.49), for all x € T" and k € [k, k],

1 (d,u(x, k) B 0, up(x, k:)) 1 <g(X, k) _ Oyup (X, k’))

O0(x, k) = 13 ux, k) wx k) /T RR\fx k) uolx, k)

Therefore, by (5.49),

_ /ki(ff’" K) _ tolX, “)>\pi(ﬁ)dﬁ (5.55)

go(x) = [ I a;j?ff;j))wﬂ)dn] , (5.56)
we have
0,V (x) = go(x) forall x el. (5.57)

In summary, the vector Viy = (v1, vs, ..., vy)7T satisfies a Cauchy like boundary value
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problem

Z SllA’Ul + Z Qg5 VU’L vUj (X)

2,7=1
+ Z Bll VUZ ) = O, X € Q, (558)

Vn(x) = aqi(x) xe€09Q,
0, Vy(x) = go(x) xe€l.

where s;;, aj, B, 1 < i,j,1 < N are given in (5.53), g1 and go, are respectively

defined in (5.54) and (5.56).

Remark 5.6.1 Let (511')1],\2:1 denote S™1. Problem (5.58) can be rewritten as a par-

ticular form of (5.7) as

N N

Z Av;(x) + Z 51:i; Vi (x) - Vuj(x)

=1 i,j=1
N

+ Z SuBi(x) - Vui(x) = 0, x € (),

Wx) = q(x) x€09,
d,Vn(x) = go(x) x el

However, we numerically observe that solving (5.58) provides better numerical solu-

tions.

Let pix(x,y,z) = e*Et)” for a number r > 1 be a Carleman weight function. We
refer the reader to [10, Theorem 3.1] for the proof of Carleman estimate (5.15) with
this Carleman weight function in 3D. Thus, we can find the solution to the system of

quasi-linear equations (5.58) by the convexification method, see Algorithm 4.
5.7  Numerical tests

In this section, we numerically study Problem 5.3.1 and Problem 5.5.1.
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5.7.1  Numerical study for Problem 5.3.1

We present an example in which we apply convexification method to compute the
solution to problem of the form (5.7). For simplicity, we consider the case n = 2
and the computational domain §2 is chosen to be (—1,1)% We choose the set T' to
be {(z,y = —1) : |z] < 1} C 09, on which we impose the Neumann boundary
condition for the solution v. We numerically test the convexification method in the
finite difference scheme. That means we compute the values of the solution on the
grid

G={(z;==1+4(—1Ddg,y; =—1+ (G —1Ddy) : 1 <i,j < Ny}

2
Nx—1

where dy, = and Ny is an integer. In our numerical study, N, = 41.

2 2
“AR+15)? Ay—1.5)* where

In computation, we use the Carleman weight function e
A = 1.1. This Carleman weight function is the 2D version of the one used in Section
5.7.2. The regularization term is chosen to be € = 1075, The details in implementation
including the discretizing the cost functional J, \ and the choice of the initial guess are
similar to the ones in Section 5.7.2. We do not present in details here. To illustrate

the efficiency of Algorithm 4, we compute solution to (5.7) when the nonlineariry G

is given by

G(x,8,p) = —/|p2+1—sin(v+7 (y—0.5)%) + 27 cos (v + 7 (y — 0.5)°)

— 472 (y — 0.5)%sin (z+7 (y— 0.5)2) + [ (1+cos(z+m (y— 0.5)2))2

1/2

+ 1] (5.59)

47 (g 05)? (cos (x + 7 (5~ 05)?))

for all x = (z,y) € ©, s € R and p € R% The exact boundary data are given by

gi(z,y) =z +sin (z + 7(y — 0.5)?) (z,y) € 09,
g5(z,y) = —2m(y — 0.5) cos (z + 7w(y — 0.5)%) (z,y) €.

(5.60)
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We add noise into the boundary data by the following formulas

g1 =g;(1 4 dorand) and gy = gy(1 + orand)

where rand is a function taking uniformly distributed random numbers in the range

[—1,1]. The noise level ¢ is set to be 5%, 10% and 20%. The exact solution to (5.7)
in this test is v*(z,y) = z +sin (z + 7(y — 0.5)?) for all x = (z,y) € Q. The error

in computation is given in Table 5.1. The graphs of the exact solution v*, computed

Table 5.1: The relative error in our computation agaist the noise level ¢ contained in
the boundary data.

1) relative error Ww
v Loo(g)
5% 4.14%
10% 9.21%
20% 19.40%

| * _qcomp ‘

when 0 = 5%, 10% and 20% are

solution v°°™P and their relative differences RIS
displayed in Figure 5.2.
It is evident from Table 5.1 and Figure 5.2 that the convexification method delivers

reliable solutions to quasi-linear elliptic equations. The errors in computation are

compatible with the noise level and they occur on 02 where the noise takes place.
5.7.2  Numerical study for Problem 5.5.1

In this section, we present some numerical solutions to Problem 5.5.1. The numeri-
cal examples we present in this section illustrate the efficiency of the gradient descent
method for the convexification described in section 5.4.

Especially, we will show that the presence of the Carleman weight function in the
objective function is crucial. That means, without involving the Carleman estimate,
the descent gradient method does not deliver good numerical solutions to the problem

of minimizing our nonconvex objective functional.



158

15
1
05
0
0.5
1
15

-1 -0.5 0 0.5 1

(a) The function v*

-1 -0.5 0 0.5 1

(b) The function v*°™P. § = (c) The function v*°™P. § = (d) The function v*°™P. § =
5%. 10%. 20%.

0.04 0.18

0.16
0.14
0.12

0.035
0.03
0.025
0.02

0.08
0.015
05 0.06
0.01 -0. 0.04

0.005 0.02

1
-1 0.5 0 0.5 1 1 0.5 0 0.5 1

(e) The relative difference (f) The relative difference (g) The relative difference
o’ o™ 5 = 5% o™ 5 = 10% 7 —v™] s = 20%
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Figure 5.2: Solutions to (5.7) when G and f* and ¢g* are given in (5.59) and (5.60)
respectively.

5.7.2.1  The forward problem

The experimental setting for Problem 5.5.1 is as follows. Let R = 1 and Q) =
(—R, R)3. The source location is placed at (0,0, —4). The interval of wavenumbers is
[7, 2m], which correspond to the interval of wavelengths [0.5,1]. In order to generate

the simulated data, we use the finite difference method in which we decompose 2 as
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the uniform partition with grid points

G={(z;=—-R+(@—1hy=—R+(—1h,z=—R+(l—1)h):

1 <i,j.k < Ny}

where Ny = 41 and h = 2R/(Nx — 1). We also split the interval of wavenumbers to
the uniform partition

K={k =khko .. ky =5k}

where k; = k+(i—1)(k—k)/(Ny—1) and N, = 121. The forward problem is solved via
solving the Lippmann-Schwinger equation (5.39) by the method in [25, 26]. Denote
by u*(x, k), x € G, k € K the obtained solution. The noisy data for Problem 5.5.1 is

given by

f(x, k) =u(x,k)(1+drand) g(x,k) = —0.u"(x,k)(1 + drand)

for all x € 'NG and k£ € K where I' is the measurement site defined in (5.33),
5 = 10% and rand is the function taking uniformly distributed random numbers in

[—1,1]. The truncation number N is 7, which is chosen by a trial-error process.
5.7.2.2  The first approximation of the function V'

The first step of our method is to compute a vector-valued function that satisfies

O Volr =90 and Vylaa = a1. (5.61)

This vector-valued function Vj is used in the change of variable U = V — Vj as in
(5.9). Moreover, to guarantee fast convergence, we will find V{ such that it is close
to the solution V. We call this function V{ the initial solution.

Since our target is to solve the nonlinear system (5.58), it is natural to find Vj =
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(09,09, ...,v%) as the solution to a linear system obtained by removing from (5.58)

the nonlinear term, which is

(N N
Z sulvg (x) + Z By(x) - Vvi(x) = 0, x € ()
i=1 i=1

V) = ax)  xeon, (5:62)

Vo(x) = go(x) xel.

Since (5.62) is a system of linear partial differential equations, we can solve it directly
by the quasi-reversibility method involving a Carleman weight function in the finite

difference scheme. That means, we minimize the following functional

) N N ) )
W / m\ > sulw(x) + Y Biy(x) - VW ()| + €| W32 (5.63)

& i=1 i=1
where W = (wy,ws, ..., wy) is subject to the boundary conditions W|sq = ¢1 and

W |r = go. In (5.63) and also in this section, the used Carleman weight function is
Lt = e MBH? A=) where A = 1.1 and r = 1.5 and the regularization parameter
e = 1075, Even though in theory, the value of \ is large. However, we have discovered
computationally that a reasonable value A = 1.1 works well. So, we use this A\. These
observations coincide with those of our previous works on the numerical studies of
the convexification [19, 10]. This Carleman weight function is used for all numerical
tests in this section.

We refer the reader to |24, 28] for details in the implementation of the quasi-

reversibility method to solve a system of linear partial differential equations with

Cauchy boundary data.
5.7.2.3  The minimizing sequence

For the simplification in implementation, we skip the step of changing the variable

U=V —Vyasin (5.9). Let U =V — Vj where Vj = (¢v?,...,v%) is the vector valued
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function found in section 5.7.2.2. Then, due to (5.52), we set the cost functional as

0%+ €|V |2y

N
Z/ u/\ Z s Av; — Z a;;;Vv; - Vuj — Z BliVU,-> ’
i=1

3,j=1

The finite difference version of J is

J( = h3 Z Z,u)\ xlayhzl )ZSZZAUl xlayjaz[)

i,j,l=1 I=1
N
2
- Z i Vi, vy, 20) - Vo (g, 20) — > Bialas, g5, 20 Vg (i, 43, Z[)’ dx

ig=1 i=1

Nx N
+eh® 303 (lnlw g, 20 + [Varle g, 20 + 1 Aua, g, ). (5.64)

=1 =1

Remark 5.7.1 In our computation, ¢ = 107° for all tests. Also, in (5.64), the
reqularity term is set to be e||U|| g2y~ instead of HP(Q)N. We observe numerically
that using the norm ||U|| gz~ already provides satisfactory numerical solutions. So,
it is not necessary for us to choose norm in HP(Q)N. This observation significantly

reduces the expensive efforts in implementation.

We now mention that to speed up the minimization procedure, we need to compute
the gradient D.J; of the discrete functional J; in (5.64) above. Having the expression
for the gradient via an explicit formula significantly reduces the computational time.
We have derived such a formula using the technique of Kronecker deltas, which has

been outlined in [23]. For brevity we do not provide this formula here.
5.7.2.4  Numerical examples

We perform three (3) tests.

Test 1. We first consider the case of detecting one target with high dielectric



constant. The dielectric constant of the medium is given by

5 if 0.622 + y* + (2 + 0.7)* < 0.22,
Ctrue =
1 otherwise.

1 1
0.5 0.5

0 0

1 ) R 0

1 0.5 0 05 “ 4 1 0.5 0

4 05 4

(a) The true 3D image (b) The reconstructed 3D im-
age

(¢) The cross sections {z = —0.7} (d) The cross sections {z = —0.7}
and {y = 0} of ¢true and {y = 0} of ccomp
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Figure 5.3: Test 1. The function cyye and its reconstruction ceomp from noisy data

with noise level of 10%.

The true and computed dielectric constants are displayed in Figure 5.3. It is obvious

that the location of the target is detected accurately. The reconstructed shape is

somewhat acceptable. The computed maximal value of the dielectric constant is 4.26

(relative error 14.8%)).

Test 2. We test our method when the true dielectric constant is given by

3 if0.352 <2?2+92<0.5%2and —08<2< —-0.65
Ctrue =
1 otherwise.
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The shape of the dielectric constant is a ring.

1 1
0.5 0.5
0 0

14 ] 0 e ] 0
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05 4 - 05 4 -

(a) The true 3D image of the (b) The reconstructed 3D im-
ring age of the ring

1 050

-0.5 4 -

(c¢) The cross sections {z = —0.7} (d) The cross sections {z = —0.7}
and {y = 0} of Ctrue and {y = 0} of Ccomp

Figure 5.4: Test 2. The function cyye and its reconstruction ceomp from noisy data
with noise level of 10%.

The true and computed dielectric constants are displayed in Figure 5.4. It is
evident that the dielectric constant is computed successfully. The “ring" shape is
clearly detected. The computed maximal value of the dielectric constant is 2.7809
(relative error 7.3%)).

We now consider the direct optimization without using the Carleman weight func-
tion. That means we apply the same procedure to compute the dielectric constant
except taking A = 0. The numerical result in Figure 5.5 show that without the Car-
leman weight function involving, we reconstruction is poor.

Test 3. We consider dielectric constant with a more complicate geometry. The
graph of the dielectric constant is a letter Y located on the plane z = —.7 The true
and constructed dielectric constants are displayed in Figure 5.6. We observe that our

method can detect the shape of the letter Y clearly. Moreover, the reconstructed
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(a) The 3D image computed (b) The cross sections {z =
without using the convexifica- —0.75} and {y = 0} of ccomp
tion method
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Figure 5.5: Test 2. The function cgye and its reconstruction ceomp from noisy data
with noise level of 10% without using Carleman weight function. It is evident that,

in this case, the “ring" shape cannot be reconstructed well.

o5 05

05 7 /05 05 05

05 05 7
4 A 4 -

(a) The true 3D image of the (b) The reconstructed 3D im-
letter Y age of the letter Y

(¢) The cross sections {z = —0.7} (d) The cross sections {z = —0.7}

and {y = 0} of ctrue and {y = 0} of ccomp

Figure 5.6: Test 3. The function ciye and its reconstruction ceomp from noisy data

with noise level of 10%.

value of the dielectric constant is acceptable. The computed maximal value of the

function c is 1.8116 (relative error 9.4%).
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5.8  Concluding remarks

In the first part of this chapter, we proved the convergence of the gradient descent
method to find the minimizer of a functional which is strictly convex on a ball in a
Hilbert space rather than on the whole space. This is a new result compared with
previously obtained ones by our research team for the case of a more complicated
gradient projection method. Then we used the convexification method and gradient
descent method to solve a boundary value problem of quasi-linear PDE with both
Dirichlet and Neumann data. We proved that this approach provides reasonable
numerical solutions as the noise tends to zero. In the second part of the chapter, we
applied the theoretical results of the first part to solve an inverse scattering problem.
To solve this inverse problem, we derive an approximate mathematical model, which
is the Cauchy problem for a coupled system of quasi-linear elliptic partial differential
equations. Then, we apply the convexification and the gradient descent method to
solve this system. Numerical results for the inverse scattering problem demonstrate

a good reconstruction quality.
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CHAPTER 6: CONCLUSIONS

In this dissertation, we have made significant contributions to this field by develop-
ing effective numerical methods and theoretical analysis for several inverse problems.
Our research is motivated by the need to explore inaccessible regions through exter-
nal measurements, which is crucial for non-destructive testing, biomedical imaging,
geophysical exploration, and radar, among other applications.

We have addressed the highly ill-posed and often nonlinear nature of the inverse
problems by proposing a unified framework for solving inverse problems. This frame-
work comprises two stages. In stage 1, we truncate the Fourier series of the solution
to the governing equation or introduce a new change of variable. By this step, we
obtain a system of partial equations. In stage 2, we compute the solution to this
system, which directly provides us with the desired solutions to the inverse problems
under consideration.

To tackle challenging stage 2, we have proposed and developed three numerical
methods based on a sophisticated mathematical tool of Carleman estimates. Based
on Carleman estimates, our numerical methods have been proven to provide reliable
solutions even when the data is highly noisy. Importantly, they are "globally" con-
vergent, meaning they do not require advanced knowledge of the true solution before
solving inverse problems. The numerical algorithms were successfully tested with
highly noisy simulated and experimental data provided by engineers at the US Army
Research Laboratory. This demonstrates the practicality and efficacy of our proposed
methods for real-world applications.

The dissertation has addressed several inverse problems, including scattering in-

verse problems in both the frequency and time domains, inverse source problems
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for nonlinear parabolic equations, and a linearized kinematic inverse problem with
incomplete data. Each problem has its unique set of challenges, and our proposed
methods have effectively addressed them.

In Chapter 2, we presented a numerical method for solving the linearized travel
time tomography problem with incomplete data. The proposed method is based on
the truncation of the Fourier series and the quasi-reversibility method. The method
is shown to be effective for highly noisy data.

Chapter 3 proposed a numerical method for recovering the initial condition of a
quasilinear parabolic equation from lateral Cauchy data. The method is based on the
derivation of a boundary value problem for a system of coupled quasilinear elliptic
equations and an iterative numerical method named Carleman contraction mapping.
The global convergence of the method is rigorously established using a Carleman
estimate.

Chapter 4 introduced the Carleman contraction mapping method for solving a
coefficient inverse problem for a 1D hyperbolic equation. The method is shown to
be effective for both computationally simulated and experimentally collected data
provided by engineers at US Army Research Laboratory.

Finally, Chapter 5 studied the global convergence of the gradient descent method
for the minimization of strictly convex functionals on a Hilbert space. We apply the
numerical method developed in this chapter to solve a challenging inverse backscat-
tering problem with highly noisy simulated data.

In conclusion, the effective algorithms and theoretical analysis in this dissertation
provide an essential foundation for future research in the field of inverse problems.
We believe that our proposed methods can be applied to numerous real-world appli-

cations.
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