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ABSTRACT

MADHUMITA PAUL. Spectral Theory of Schrédinger Type Operator On Spider
Type Quantum Graphs.
(Under the direction of DR. STANISLAV MOLCHANOV)

The dissertation consists of chapter-1: Introduction, this chapter contains some defi-
nitions and examples of quantum graphs, symplectic analysis and its representation
on spider graph. Chapter 2-Brownian motion on the spider like quantum graph, this
chapter contains the definition of Brownian motion on the N-legged spider graph
with infinite legs and Kirchhoff’s gluing conditions at the origin and calculation of
the transition probability of this process. In addition we study several important
Markov moments, for instance the first exit time 7, from the spider with the length L
of all legs. The calculations give not only the moments of 7, but also the distribution
density for 7. All results of this section are new ones. Chapter 3- A brief review
on the classical spectral theory. This chapter contains the elements of the spectral
theory on spider graph. We start from the classical Strum-Liouville theory on the
full line R! (for the case of the bounded from below potential) and explain how this

theory can be generalized to the case of canonical system in R?:

(&
,(/}/

JU = (V+2Q) ¢ ¥ =

The spectral measure for the canonical system is constructed (like in the Strum-
Liouville case) by passing to the limit from the discrete spectral measure on the
spider with the finite length of all legs and (say) Dirichlet boundary condition at
the outer end points of the legs. The corresponding results (expecting the particular
details related to specific case of the spider graphs) are not new. Chapter 4- spectral
theory of the Schrodinger operator on the spider like quantum graph, this chapter

contains the main results of the dissertation. We start by constructing the spectral
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analysis on the finite interval of a three-legged spider graph and then pass it to
infinity. Spectral analysis is performed for three different types of potentials. The fast-
decreasing potentials, the fast-increasing potentials, mixed potentials, and its spectral
theory. The details contain, the absolute continuous spectrum of multiplicity 3 and
its construction using the reflection-transmission coefficients on each leg for the fast
decreasing potential, Bohr’s asymptotic formula for N(\) (the negative eigenvalues),
instability of the discrete spectrum for the mixed potential on each leg of the spider

graph.
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CHAPTER 1: INTRODUCTION TO THE QUANTUM GRAPH

1.1  Introduction

This dissertation is devoted to the spectral theory of the Schrédinger operators on
the special class of the quantum graphs, so called spider graphs. This is the natural
generalization usual one dimensional theory, which is widely presented in mathemati-
cal literature under the name "Spectral theory of Strum-Liouville operators". We will
use for references the monograph [I1]. The extension of the theory on the quantum
graph is closely related to the transition from the group of 2 x 2 unimodular matrices
SL(2,R) which is behind all the constructions in the Strum-Liouville theory to the

symplectic group SP(2d,R).

In the Introduction we will give the definitions of the basic concepts (quantum
graph, Kirchhoft’s gluing conditions, symplectic group, functional spaces on the spider
graphs, Schrodinger operator on such graphs etc.) In the end of introduction, will

give the brief review of the results.
1.2 Quantum graphs and spider graphs as the particular case

In this section we will introduce the concept of the quantum graphs, their special
case, the spider graph and the Schrodinger type operators on such graphs. Together
with usual continuous potentials we will systematically use the generalized (singular)
potentials v(z) = S| 0;0(x — x;), which we will understand as the "limit" as € — 0

of the regular potentials v.(z) (See figure 1.1 for single d-function).
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Figure 1.1: Single § function approximation

0 |z — zo| > €
ve(z) = (1.1)

(67|z€72x0\)0 |.T . SL’()| S c

ve(z) — od(x — xp), weakly in C(R') as € — 0 or in the distribution sense. The

solution of

Hap = =25 + e} = (12)

for € — 0, converges to the continuous function &(m) on R, which has left and right
derivatives at x = x¢, satisfying the gluing condition

d

o) - o lad) = i) (1.3)

This is the simplest example of quantum graph. It consists of the finitely (or countably
many) finite or infinite interval, which are gluing together at the branching points.
Outside the branching points they have the standard 1-D structure(including the
Lebesgue measure).At the branching points we have the Kirchhoff conditions similar

to [L.3] We will discuss in the future several particular examples in details.

Definition 1.2.1. Quantum (or metric) graph is the system of vertices connected by
one-dimensional intervals(edges) with euclidean metric (and corresponding Lebesgue

measure,).

Example 1. Spider - This graph contains the single vertex O € R? and finitely many



infinite legs. It is denoted by sp(d) and on the figure below d = 3.

Figure 1.2: A spider quantum graph with three legs.

Example 2. Tree - This is a graph with the index of branching (d+1). (see the figure
below with d = 2).

All intervals between vertices have length 1.

Figure 1.3: A quantum tree

Example 3. Compact Neumann star graph(truncated spider graph) - This is the
stmplest non-trivial graph, Star graph, with Neumann boundary condition imposed at
the outer vertices, Laplacian defined along the edges and Kirchhoff’s gluing condition
at the origin (branching point).

The application of quantum graphs started appearing since at least the 1930s in
various areas of chemistry, physics, and mathematics. However,it started picking the
growth in the last couple of decades. Quantum graphs appear as simplified models in
mathematics, physics, chemistry, and engineering where propagation of waves of var-

tous nature can be considered through a quasi-one-dimensional system that looks like



Figure 1.4: A compact star graph

a thin optical channel. For example, free-electron theory of quantum wires, photonic
crystals, carbon nano-structures. Quantum graph also appears in some problems of
dynamical systems theory. It plays important role in the study of Anderson localiza-
tion and quantum chaos. Quantum graphs are related to the older spectral theory of
standard or combinatorial graphs and uses tools from graph theory, combinatorics,
mathematical physics, PDE and spectral theory (See [jl] for detailed discussion on
quantum graphs). What makes them interesting to study, is their interdisciplinary ap-

plications.
1.3 Functions on the quantum graph

On the quantum graphs T one can consider the standard functional spaces, L*(T, dx)
with respect to Lebesgue measure on the edges, C;°: Class of compactly supported
smooth functions whose supports do not contain vertices. C(I") usual space of contin-

uwous function with the norm

[ flloo = suprer|f(z)].f € C(T)

We call f(x) € CYT) if f(x) is continuous at any vertex v and for edges l;, i =
1,2,..., directed from v, there exist limits (may be different) of first order derivatives
g—l’: fori=1,2,...,at v together with a linear condition on such derivatives.

Simplest example: Spider graph with origin at 0.If f € C* and Y, g—l{(O) =0 (Kirch-

hoff condition) Due to continuity of f, fi,(07) = fi,(07),...



Let us recall that,

L*T) = {f: Z/ 11> = |IfII? < oo} summation over the edges | € T’
fel

Now we will introduce the transfer matriz (monodromy operator) on the quantum

graph. Let us start from the simple examples. Consider the scalar equation
Hip = =" +o(z)p =\ z e R! (1.4)

where v(x) is the real continuous and bounded from below potential. X is the real or
complex number. Let us present the second order equation by the equivalent system

of two first order equation for the vector.

where



In-fact :

s N
1 0 i

_ w//

__w,_.
A
U o R P
—q 0

The transfer matriz T, p)(A\) between any two points a < b on R transform

Ul | )
Y’ Y’
It has the form
b b
Tn() = U1 (b) ¥a(b)

() 1hs(b)
where, V1, Yy are the solution of equation [1.4] with condition 1 (a) = 1, ¥{(a) = 0,
a(a) =1, ¢5(a) = 1.
Let us now illustrate the continuous theory related to the symplectic group SP(2d) by
the differential equation on sp(3) (The spider graph with three legs). The continuous

operators along each leg are:

d2
g T
along x axis;
dQ
_d_y2 + v2(y)
along y axis;
d2
—— +v3(2)



along z axis.

At point 0 one can define gluing condition:

1(0) = 2(0) = ¢3(0) = ¥(0)

dp dp dip
%+d—y+a—5¢(0)

This s called generalized Kirchhoff condition. This system of 8 second order equations
can be presented(as above) as the system of 6 first order ODE’s with gluing condition

at the origin. We will present the details of this construction in section 6.
1.4 Symplectic group and self-adjointness

The symplectic group appears in the classical mechanic as essential part of the
Hamiltonian formalism [see [2]]. In the spectral theory this concept has the similar
origin: the boundary (or gluing) conditions for the linear self-adjoint operator of
the second order (Hamiltonian), acting in the space of the vector functions have a
symplectic structure. We start from the review of several facts from symplectic analysis
and general spectral theory. Let us consider the Hamiltonian defined in acting
on the compactly supported smooth vector functions m with values from R, d > 0.
Potential v(x) is a (d x d) matriz valued function.

Note that,
— - =
Hw:—q?ﬂ(x)w:w, r € R?
can be represented (for real ) as a canonical system

IV = (0 +2Q) ¥ (1.5)



where

All blocks are d X d and corresponding quadratic form is defined on the Hilbert space

_>
of the vector functions 1, with the dot product

T 3) = [ (=00 D) (16)
- [ e [ @0 F)a

]Rl

d
= /Rl - (ijl@) d:c—l—/ﬂgl(v?.g)da:

=1
The functions here, in general, are complex valued. The condition of the symmetry
— — — — — =
of H on the compactly supported smooth functions ¢, ¢: (Hy, ¢)= (¢, H ¢) has
the form,

w3 - [

Rl

(7)o [ @wdrae= [ (7.3 )do+ [ 07 Dy

To prove that (Hv,¢) = (¢, H) is we need the symmetry of the matriz potential
v(x) = v*(z). recall,

v* = [u]" = [vy]

If v is a real valued matriz potential then v = v* that means v = v where v € Cpy.
We also need the homogeneous boundary condition at x = 0. It can be, for instance,
the Neumann’s boundary condition E)'(O) = 0. Now we consider the same problem of
self-adjointness for the operator H on the "Spider Graph" and its boundedness from
below in the Hilbert space. On this quantum(metric)graph we have a single verter O

and d half-azes, parameterized by the length parameters s; >0, j =1,2...,d



Figure 1.5: A quantum spider graph with d legs

Put ,
I
P1(s1)
%
s
?(5) _ wQ( 2) c Rd
%
| Ya(sa)
%//
let us assume that Hamiltonian H for s > 0 acts on 3() as: HU = — v+ V(s)y
—
We assume that the following limits exist: @(O) = lir% E)(s); E}'(O) = lin%[%].
S—> S—> 2
One can put,
%
Y (0
T(0) _)( ) R
¢ (0)
after integration by the parts the condition (H@, 5) = (3, Hg) gives two restric-
tions on 3,3 and v:
a) v(s) = v*(s), symmetry of the potential as before.
b)
— = — =
¥ (0) ¢ (0) = v (0)¢(0) =0
for the vectors from R*
— —
- ¥ (0) i ¢ (0)
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This relation can be presented as :

- =
v, o

(JU, @) = —(

- =
U, JP)=0

where,

1.5  Elements of symplectic analysis

Properties of the fundamental solution of system (propagator) and related objects

will be described in terms of symplectic group SP(2d,R). We can now consider the

%
| —
R2 with vectors: & = , &, 7 € R? equipped with the usual dot-product

gl |&

— = 1 2 — =

&)= || |=a&+mmn
— —
m 2

and the skew-product

de]-vd e --Em+ &)

We call such space the symplectic space SR*

Definition 1.5.1. We call d-dimensional linear subspace L. C SR*® the Lagrangian
— =
plane if [L, L] =0, that is ¥V & ,& €L,

— =

6. 6] =(J&.6) =0

The condition of the symmetry of H can be presented now in the following form: all
- =
functions W, ® . ... from the domain of definition of H belong to the fired Lagrangian

plane L € R%,
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Examples of Lagrangian planes and corresponding "gluing conditions” (G.C.)

Example 4. a) $(O) =0, ﬁ/(()) is arbitrary . It is the classical Dirichlet G.C.
b) E)/(O) =0, E)(O) is arbitrary. It is the Neumann’s G.C.

—>
c) ¥ (s) is continuous at s = 0 that is,

V1(0) = ¢2(0) = -+ = @(0), ((d-1) equations)

and Y0, EZ/(O) = (?’?) =0 (one equation). This is called Kirchhoff’s G.C.

The most general equation of the Lagrangian plane, that is corresponding gluing con-

dition has a form

AZ(0) + BE(0) =0

Where A, B are (d x d) matrices and rank|A, B] = d. Assume that detB # 0.

That is we can present this condition in the simpler form,

—>

0'(0) = ¢ (0) (1.7)

Proposition 1.5.2. The relation (1.7) defines the Lagrangian iff ¢ = c*.
That 1s,

We will now give the most general equation for L.

Definition 1.5.3. The group of the non-degenerated linear transformation S : R* —

R2? preserving the skew product, [S?, S?] = [?, 7] v (7, 7) is the symplectic group
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SP(2d).

Proposition 1.5.4. Each symplectic matriz S € SP(2d) maps Lagrangian plane into

Lagrangian plane. In fact, dim(SL) = d since detS # 0 and

[SL,SL] = [L,L] =0

Proposition 1.5.5. The symplectic matrices satisfy the equation

S*JS =J (1.8)
—I; O
or taking into account that J*> = —Ipg =
0 -1
S™t=—-JS*J

Proof. The condition [S?, ST = [?, 7] gives (since ?,7 are arbitrary)

(JS?,SF) _ (S*JS?,?) - (J?,ﬁ)

= S*JS=J

Proposition 1.5.6. SP(2d) forms a group.

Proof. 1) symplectic matrices are closed under multiplication.

let, s1, so € SP(2d) then (s;.s9) € SP(2d) as

(s1.89)"J(s1.59) = (85.57)J(51.52) = s5(s7J51)80 = s5Js0 =2 =]
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2) Associativity holds as well. let sq, s9, s3 € SP(2d) then

{s1.(52.83) }*J{s1(52.83)} = (82.53)"s]Js1.(52.53) = 85.5557J51.52.53

= 5355(57J51)(s2.53) = s5(55J82).535 = s3.Js3 = J

also,

{(s1.52).53} J{(s1.52).53} = (53)"(s51.52) " J{(51.52).53} = s5{(s1.52)" J(51.52) } 53

=s5Js3=J

3) Identity exists. That is, s.e = e.s = s where e is the identity element.

(s.e)*J(s.e) =e".s".Js.e=e".(s"Js)e=¢e"Je=J

also,

(e.s)"J(e.s) = s*.e*.Jes=s"(e"Je)s=s"Ts=J

4) Inverse exist with respect to matrix multiplication. since, s*Js = J and det(s) = 1

then

s*Js=J
s*J = Js!
J st ] =gt

but J~! = J*, this means

sh=Js"T = (s = JSJ
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hence,

(s J(s™h) = (J*s.J).J(J"s".T) = (J*.8.J)(JT*).5".J
= (J* s J)(JT Y55
=J"s.Js".J = J (s.Js")J

=JJ]=J

Note that the class of all matrices O preserving the dot-product
(07,07) = (7,7)

is the usual orthogonal group.

Corollary 1.5.7. Note that, det(s*Js) = (dets)*.1 =1

= (dets)* =1

We will consider in future only that connected component of SP(2d) where det(S) = 1

Corollary 1.5.8. If d = 1 then SP(2) is simply the group of 2 x 2 uni-modular
matrices. We consider here only the case of real matrices.

In-fact,

a c 0 —1 a b c —a a b ac —ac bec— ad

b —d 1 0 c d d —b c d ad —be bd — bd




= detA.J =J & detA=1
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Let us now consider the general symplectic system of first order and its fundamental

solution (monodromy operator)

where A = A* is Lipschitz class int € [0,T], A= A(t,\, i, ...

dy

T =AY
dt

Y(0) =1

can depend analytically over some parameters (say spectral parameter \ ).

(1.9)

), this 2d x 2d matriz

Theorem 1.5.9. Let Y(t)(2dx2d matriz) be the fundamental solution of the boundary

problem (1.9).

Then Y (t) :€ R*® — R s symplectic.

Proof. Since Y (t) is the solution of (1.9) then

and

Now

ay

dt

(Y*JY) =

Y
Cil_t = JTAY = JFAY = —JAY
dy*
—Y*AJ

dt
dY* dY
Y +Y*J—
prat Rl

(Y*AJ)JY +Y*J(—JAY)

=Y AJJY —Y*JJAY

day>* dy*

—Y*AY + Y*AY by using — and J? =

dt

=0

(1.10)

—1
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= Y*JY is constant in t > 0.

since, Y(0) =1 = Y*JY = J that is Y (¢) € SP(2d)

Each symplectic matrix S is by the definition Skew-orthogonal [Sy1, Sy2| = [y1, y1]-
This is the fundamental identity, it implies that detS = +£1. We will study only

connected component of unity, detS = 1.

A C
IfS= (all blocks are d x d) then equation (1.8) implies the relations
B D

a)A'B — B'A = 0; (1.11)
b)C'D — D'C = 0; (1.12)
¢)A'D — B'C = I (1.13)
AD'A—C'B=1 (1.14)

the transpose of (I.8) and vice-versa. For real valued matrices we will use A" instead

of A*.
A C
For any two (2d x d) matrices E= , F= . One can define the correspond-
B D
ing skew-product(which will appear later as the Wronskian of two (2d x d) solutions
!/
A C
of equation(2). W— lE F] = J =A'D - B'C.
B D

If now E and F are two "halfs" of the symplectic matrix S, then (1.8) can be
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presented in the form

5 o] =[r ] o e

[E F} =AD-BC=1

A
Each (2d x d) matrix E= of the maximal rank r = d which is skew orthogonal to

itself: [ E E] = 0, we will call Lagrangian vector and the linear subspace, generated
by its columns, will be the Lagrangian plane m = 7. Dimension m = d. Any basis B

in 7™ has a form B = EC, where C is non-singular d X d matrix.

Remark. If £ = is a Lagrangian vector then the vector E+ = 15 also
B A

Lagrangian and (E, E+) =0, that is, E, E+ are orthogonal in the Euclidean sense.

1.6 Symplectic representation on the spider quantum graph

We concentrate on the spectral theory related to the symplectic group SP(2d), for

the case d = 3 (see section 3). Let us repeat our definitions in a bit different form.

T Y1

T2 Y2

. . . . = 3 > Y3
Consider RS, with vectors which we present in the form: X = and Y =

'y n

) Ya

3 45

— —
—

where @, 2/, 7, ¥ € R?® (here "primes" in the second half of each vector are only

indices, not derivatives). In the space R® we have the usual Euclidean dot-product

(X,Y) = (&,9) + (', y)
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let us introduce the new skew-product

— =

[X’}_}] = (‘]X’Y) = _(fa y/) + (xlag)

-1
where, J = and I is a d X d unit matrix

I 0

Let us consider matrix Schrédinger equation on sp(3):
Hip = —y" +v¢p =\ (1.16)

Together with G.C. at x = 0 this operator can be represented by 6 equations of first

order:
JY'= ) AY +VY (1.17)

where in particular case of sp(3)

(0

Py

oo zb
(04 (4
U




and J is a skew Hermitian matrix of order 6 given by

and,

In fact,

That is

0
0

00
00

-1 0 O
0 -1 0
0o 0 -1
0O 0 O
0O 0 O
0O 0 O

I 0

A —

00
(%1 0 0
0 Vo 0
0 0 (%]

0
_J e
X

0 o

= X+ o)

I 0
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It is our vector Strum-Liouville system.
We will assume that matrix potential V' is bounded from below in the sense of eigen-
values (min \;(V) > ¢y > —oo)In our diagonal from, it means that v;(z) > ¢o for
1=1,2,3
1.7  Boundary condition associated with the symplectic representation

In the case of scalar Strum-Liouville equation:

—y" +o(z)y =My

where z € [0,00) , A € R

the boundary condition at the end point x = 0 define the solution up to a constant,
say y(0) = 0 (Dirichlet condition) and also normalization constant 3/(0) = 1 gives
unique solution y(\, z). Using this solution one can introduce the generalized Fourier

transform:
N

) = / Ty f@)de = lim [y 2)f(0)de

N—0 0

(For details see [11]).
For the system of Strum-Liouville equation (1.16)) or equivalent symplectic system of
order 1, the B.C. at # = 0 (say, Dirichlet or Neumann condition) define the family of

the solutions, that is, the linear subspace in the functional space.Consider the system

(1.17), equivalent to (1.16])

JY' = V(2)Y + MY,z € R*

or, more general system in R?%:

JY' = [B(z) + MA(2)]Y (1.18)
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with appropriate assumptions on 2d x 2d matrix functions B(x),A(x)(For details,
see [3]).

Here, Y = [y, ...... ca, L (x) € ]0,00) and A € R

If for instance 1;(0) = .... = ¢4(0) (Dirichlet B.C.) then ¢ (A, x) is the d-dimensional
family of solutions with arbitrary values of ¢/ (0),...¢}(0).

It means that the B.C. at x = 0 is given if we fix the d-dimensional manifold 7 in
R?¢ but we will assume more: this manifold is the Lagrangian plane, that is Jmy L.
We can introduce such g as : {mo € M(7) : ¥ € R* }

Here, 2d x 2d matrix M satisfies the equation M*JM = 0 , and rank M = d. Under
such condition 7y is a Lagrangian plane (i.e. mo_LJmg)

It means that for all v, vy € R?*® : (JMuvy, Mvy) = (M*JMuvy,v5) =0

Example 1:
I; 0

0 0

gives the Neumann condition at x = 0. and,

0 0
0 Iy
gives Dirichlet B.C.
Example 2: for d =3
E 0
M —
BE M
where,
1 -1 0
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and,

given the G.C.: 11(0) = ¥2(0) = 15(0); (V1 + 95 + ¢5) = 5¥(0)

Fundamental solution Y (A, x) of the systems (1.16)) and (1.17) that is, solutions
with condition Y'(A,0) = Iy belongs to SP(2d,R).

Solution with initial value ¥(),0) = Mv where v € R*® is given by

(A z) =Y\ x)Mv



CHAPTER 2: BROWNIAN MOTION ON THE SPIDER GRAPH

2.1 Review on Brownian motion on R!

We will start by giving some reviews on the standard Brownian motion. Consider
the space C of continuous functions ¢ : t — z; = x(t) from [0,+00) — R'. Let us

now consider the class of subsets S such that ,

S=a;(B) =Y, .. (B) algebra of cylindric set

where t = (ty,ts,...t,) such that, 0 < t; < ty < ... <t, and B € B(R"), n > 1 of C.

B(R") is the Borel algebra of subsets of R™. x; ' is the map inverse to
xp ¢ — (2, (), 24,(C), oy 4, (¢) €R™
S is an algebra. Also,

C=az'(R")
C—ay'(B) =2, (R" — B)

vy {(Br) Uy ' (Ba) = 27 (B U By)

i.e. z; 'B(RY) is an algebra. Now consider, the Gauss kernel

7 (b—a)2
(&

\ 27t

g(t,a,b) = t>0,a,beR!
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where,
P,x(t) € db] = g(t,a,b)db (t,a,b) € (0, +00) x R?

is the 1-dimensional Brownian motion starting from a € R! at time ¢t = 0

and

P(C) = / '/g(tb 0,b1)dbig(ta — t1,b1,b2)dbs ... g(ty, — tn—1,bn_1,by,)db,
B

where
C =x;(B) for B € B(RY)

P, is a probability measure on z; 'B(R"), which is the Markovian nature of Brownian

motion. P, is well defined.g is the source (Green) function of the problem

5t 2d6a?

Since,

_p?

00 400 e~ 5
g(t,a,b) =2
/—oo ( ) 0 V

27
+oo +00 o2 2 %
= (2/ da/ dbe_2e_b2)
™ Jo 0
2 [z [t 2
—/2 d@/ e zrdr
™ Jo 0

1

=

This implies
Pt(Rl) = 1
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Also, the so-called Chapman- Kolmogorov equation,

(a—c)? (=)

oo © LTS e
t—s,a,c)g(s,c,b)dec = dc
/oog( )9l ) oo \/27(t — 5) V27
_(b=a)?
e 2t
B vV 2mt
=g(t,a,b) t>s5>0,a,beR!

implies that, P is the probability measure of .S, which can be extended to a Borel prob-
ability measure on the Borel extension of S. With that extension the triple [C, BP]
is called standard Brownian motion starting at 0. We used here the Kolmogorov’s
criterion of continuity of the random process x(t), if there exist («, d, ¢ > 0) such that

for any t € [0, 7], h > 0 then,

Elx(t + h) — 2(t)|* < ch'™?

then there exists the continuous modification of z(t). In our case we use this criterion

in the form

E|(x(t+h) —z(t)|]* = ch?

(but E|x(t + h) — x(t)|> = h is not enough for the continuity). P is called Wiener

measure. Since, g(t,a,b) = g(t,0,|b — al), then for given a € R!

P,(B) = Py(c+a € B) : P,(—c € B) = P_,(B) for BeB

where ¢ + a is the translated path z(t,c + a) = 2(t) + a and —c is the reflected path

x(t,—c) = —x(t). (For more details on Brownian motion see [9]
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2.2 Brownian motion on the spider quantum graph with N legs

We consider the following spider graph with N legs, denoted by I'y in figure2.1.

Each leg of this graph is half axis (0, c0).

Ly

La

Figure 2.1: I'y, the N-legged finite spider graph

We define the Markov generator on each finite leg of length L; by

1

and f(z) € C*(0,00) on any half axis for z; € (0,00). f(z) is continuous at z = 0,
that is,

lim f(z;) = f(0)

x;—0

The limits <% (0,.) exists for any i and the Kirchhoff boundary condition is satisfied:

N

(0)=0

= dzs
Let us consider the Parabolic problem

op _ 1%
St 2092

p(0+7 ) =f

t>0
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on each leg of I'y, plus Kirchhoff’s gluing condition at the origin. Here 7 is the
parameter on each leg given by 7 = (Y1,Y2, ---Yn). For the Brownian motion on R!
the most important Markov times (for more discussion on the Markov process and

waiting time see [5]) are passage times, given by

my = min(t : z; = y) y e R

P.Levy [12] has shown [m,,> 0, Py is the one sided stable process with exponent 3

and rate v/2 satisfying

t
Pofma —my < ] = Pyfma_, < 1] = /
0

The reflection principle, proven by D.Andre,

+oo e*%
Py(m, <) = 2Py(y; > ) = 2 f ty>0
o(m, <t) o(ye > y) T y
helps prove that
2
Py(m, < 1) 2/%06_;61 /t Yo% (2.1)
m e €T = e 258 .
oY = y V2t 0 V2ms3

that is, distribution density of m,, is equal to

Py(t>: Y e 5

V27t

Due to reflection principle the (1-D) Brownian motion on R} = [0, co] with reflec-

tion BC at x = 0 has the following transition probability

1 _(@—y)? _ (z+y)?

e 2 e 2 (2.2)
2m

P+<t,$,y> =

~
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Here 2,y € R} and —y < 0 is symmetric to y over the origin. In particular if z =0
then
y2
Pi(t,0,y) = 2e" =
Also (1-D) Brownian motion on R} with Dirichlet boundary condition at z = 0 (the

process disappears at the moment of the first passage time of x = 0) has the transition

density

1 T— 2 x 2

P_(t,z,y) = e_( - _ 6_( 2 (2.3)

27t

Note that,
P_(t,0,y) =0
< ! i i | >
-y=y'o vy x

Figure 2.2: Reflection principle on the full real line

Lemma 2.2.1. Transition density on the N legged spider is given by formulas (2.4),
(2.7) below. Tt can be considered as reflection principle for the Brownian motion on

SPN

Proof. We define now the Brownian motion x(t) of the spider graph as follows, assume
that we start from x; € Leg; and want to find transition density P(¢,x;,y;) where
x; € Leg;, y; € Leg;, ¢ # j. Note that due to the fact that from the starting point 0
process can reach any point y; = a € Leg; with the same probability as y;, = a. It
gives,

1
P(t,O,yj) = —PJr(t,O,yj) = —

~ (2.4)

If z; € Leg;, y; € Legj, i # j then the process starting from x;, must first reach point
0 at some Markove moment 7 < t and in the remaining time (¢t — 7) from 7, it must

enter y;. Due to (2.1)
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Pufro € (s + ds)} = /Ot

and due to ([2.4))

2
2 67 2(?*5)
Po{wi—s € (yy +dy)} = N onli—s)

Using strong Markov property we can conclude that

2

t €Ti :c? 2 6_2(1’/715)

P(t,x;,y;) = SR e —) I 2.5
( i) /o V2ms? N /27 (t — s) (2:5)

Yy

The case when the final point y belongs to the same leg as x that is x;, y; € Leg;, is
different. Here there are two options. Either process starting at x; enters to y; before

passing to 0. Corresponding density given by (2.3):

P_(t,z;,y;) = — -

2t —e 2t
V27t

or 79 < t then using (22.5) we will get additional probability.

1 { (mimwi)? (zi+v;)*
e

v}

P /t T g2 e (2.6)
= €72 X ———ds :
T o Vars N /27 (t — s)
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finally,

P(taxmyl) = P—(tﬂxivyi) + ‘P~+(taxi7yi)

W
x;  _= 2 e 29
€ 2 X —————s

V2rs? N /27 (t — s)

! [—H -M% 2/t A N
e & 2t —e 2t = AL B
V2t N Jo V2rs3 2t — s)

(2.7)

t
- ‘P—(taxiayi) +/
0

AN

@«

Using result (2.5)) we get,

1 2i—y;)* 2 i+y;)”
P(t,x;,y) = {e_(%y - (1 - —) e_(;)]

This completes the lemma.

A

Figure 2.3: The Brownian motion reaching point x; from 0

Let 7, be the first entry moment from z to 0 for 1-D Brownian motion. It is clear,

due to symmetry that 7, has the same law as the moment it enters = from 0, that is,

Po{rs, € (s,s+ds)} = — e %

See figure
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L

A
)

Figure 2.4: The first moment Brownian motion enters to one of the two end points +L for
N =2

Similar picture for N = 3 (very rough similarity, see figure [2.5)), since z(t) visits all

three planes infinitely many times.

153

Figure 2.5: First moment of Brownian motion for N =3

Let 71, be the first exit time from the L-neighbourhood of the origin of N-legged
spider, that is,

7, = man(t : z;(t) = L) for some i=1,2,3,...N



then,

satisfies the parabolic problem
1 " . . . . o .
Ewi — ;=0 1=1,2,,..N with Kirchhoff’s gluing condition

then,

cosh v2A\z;
i) = ————
cosh v2AL

Infact, since

cosh’(0) = sinh(0) = 0

we have the Kirchhoff’s gluing condition condition at 0.

Let us note that

max ¢ (x;) = ¢(0)

and we also have the x(¢)’s self similarity property, which gives,

1

(0) = Bpe ™ = —
¥i(0) 0 coshv2\L

Infact,

_ AL
Eye Mt = Eye 1% =

1> 1 1
O pr—
cosh 4/ 2%[/ cosh V2A

32

(2.8)
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where
TL
o
One can calculate all moments of 7
d
E()TL = —% =0 — L(%ETl (29)
. ( 1 )' ) sinh v/ QA%
T = — e )y = =
o cosh v2\ A= cosh? V2

In general,

2

A
Epe ™™™ = (1 — MEyry + o Erf+...)
1
cosh v2\
1
14 B2 OB,
B 1
T+ A+2+ ...
A2 A2
:1_()‘+€+“‘)+(A+E+"‘>2+"'
5
:1—>\+6>\2+...

EQT = 1, E07'2 = %,. ..
Now we calculate the densities for 7.

Roots of cosh v2) is given by the equation,

coshv2\ =0

= V2 = i(g + )

2(2n + 1)?

= Ay = —
8
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It gives the infinite product,

cosh V2 = (1+i—2).(1+%).<1+%).”(1+m)”.
(2.10)

Hence for the Brownian motion to visit the end point and come back to 0 on one

of the legs of spider, we get

Eoe MnH1)  Foem M3t i3 (2.11)

~ cosh? V2

where 77 is the time Brownian motion takes to come back to point 0 after visiting

end point L on one of the legs.

Then,
where 1 (z;) satisfies:
ldp
with (@) /2= =0
that is,
V(@) = L? — o} i=1,2,.N
and
1
Polar, = Li} =

. 1 . . .
Let us find the expansion of Laplace transform of p——Y into simple form. It is
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known that,( [7])

LA e 2% — 1
cosiE T L (2k —1)2 — a2

Using the substitution

and formula

1 1
cosh V2 B CcoS 1V 2\

we will get,

IR (1) 42k — V)7

coshv2x m2(2k — 1)%2 + 8\
_ i(_l)kﬂ (2k — 1)m2

w2 (2k—1)2
k=1 A + 8

Now applying inverse Laplace transform, we have

Ps) =Y (-1 B DT T (2k8— 1)

This series converges extremely fast.

Let us now consider
ITy=8§+&+ - +&n where SL=Mm+7),. .. &N = (Tn +7n)

&1, o, .. ,En generate complete Brownian motion cycles on the corresponding spider

legs.
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Then,

FEoe NN ~ Bpe M2 = (———— 2.12
’ ° cosh? v2\ ( )



CHAPTER 3: A BRIEF REVIEW ON THE CLASSICAL SPECTRAL THEORY

In this chapter I will give some review on the classical spectral theory in the spirit

of Strum-Liouville theory.
3.1 Spectral theory on the finite interval

Let’s consider the spectral problem ((1.4).on L?(0, L) with the boundary conditions

Y (0) € mo, Y(L) € 7, where my, 7, are fixed Lagrangian planes. If my, 7 are given

C
by the basis Ey = (for mp) and Ep = (for 1) then we can specify two
B D

particular (2d x d) matrix solutions Y*(z),z € [0, L] for (2) by conditions Y (0) = Ej,

Y~ (L) = EL. Tt is equivalent to the system (1) with conditions,

yH(0) = A, 5 (0) = B, v = [0 (3.1)
5+ (2)]

- ., ~ Yy~ (x)

y (L)=C,y (L) =D, Y (z) =
i (2)]

let M, (x) be the propagator for the canonical system (1.5)), that is,

—JMy = (v+AQ)My; x> 0, My(0) = Iy, =

and the fundamental fact is M, (0, x) € SP(2d,R):to prove it just differentiate

M;(:(:)JMA(x) = s(x)
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and check that $(x) =0, s(0) = J

It gives for any two matrix 2d X d solutions vy, vy 0f(2), the important relation
[vi(2), va(2)] = [MA(0, )01 (0), [Mx(0, 2)v2(0)] = [v1(0), v2(0)]
In particular it means

Y5 (@), Yy ()] =y (2)35 () — 93 (2)yy () = W)

where W (A) is d x d matrix (Wronskian). According to classical result from the
linear system of ODE, the propagator M, (L) is analytical function of A.
It gives the discreteness of the spectrum of problem (1.5) with boundary condition
this spectrum is real due to standard symmetry of the Hamiltonian H and corre-
sponding eigenfunctions are orthogonal. The orthogonality of the eigenfunctions is
corresponding to the different real eigenvalues (but for multiple eigenvalues it can be

selected).

The spectral problem (1) with boundary Lagrangian planes g, 77, is equivalent to

the integral equation

(A= o) / G (21, 22)y(2)ds = y(ay) (3.2)

with symmetric Green’s kernel

Yo (@)W (o), (2)0, 21 < g

Yoo (@)W1 A0) U (22)0, 1 > 9

GA()($17IQ) = (33)
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To prove (3.3) we can consider the matrix

Yo (1) Uy, () W)
Une () Uy (x) W)

s(z) =

it is easy to see (by using ) that s(z) € SP(2d,R) that is s'(z) €

-+
Uy (x

SP(2d,R). It implies that () is a Lagrangian vector. This implies also

W=ty ()
the continuity relation for Green’s Kernel G, (21, x2) on the diagonal z; = x.
also,

+ -+
Y Yy
j A A
Wty gawt

that is,

YWy — Wy = 1

and it is the condition for the jump of derivative of the kernel on the diagonal.
Classical result on the compact symmetric operators gives us now the completeness

of the eigenbasis for (3.2).
3.2 Spectral theory on the finite interval for the spider graph

Let x € [0, L] that is, on the graph ~3;(L), we must introduce two B.C. at the end
points x = 0 and x = L.
They will have the form :
y(0) = Muv;y(L) = Nv (3.4)

for v € R?
matrix N satisfies the same condition as M : N*JN = (0 rank N =3
If Y (A, z) is the fundamental solution of our system for fixed (real) spectral parameter
A then,
det|N — Y (X, L)M] = 0 (3.5)
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This is the characteristic equation for A. It follows from our boundary condition
([3-4). Since, for fixed L the fundamental solution Y (\, L) is the matrix valued ana-
lytic function of A\, the spectrum of our system on the finite interval is discrete and
corresponding system of eigenfunctions is complete in I's(L). We can then construct

the spectral measure in IL?(T'3, dz) using passing to the limit approach.
3.3 General spectral theory

For simplicity let us consider Neumann’s boundary condition ¢(0) = 0 and consider
for any A the (d x d) matrix solution y, of the problem Hy = My with initial data
yx(0) =1, 5 (0) =0

For any compactly supported function ¢(z) = [¢1.¢g, ..., 6,] C C*RT) we can

define its generalized Fourier transform

which is independent of L iff support(¢) C [0, L.

If y1(x),y2(z), .... are the eigenfunctions of the problem Hy = Ay (with y(0) = 0
and some boundary condition [y(L),%(L)] € 7z) and Aj, )y, ... are corresponding
eigenvalues then we can define the matrix-valued spectral measure fiyqy).

by the formula,

Zd)\é)\ Mi(L)) (§)< )(2) (3.6)
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Now we can present ¢(x) using the expansion over eigenfunctions y;(x, L).

o0

_ Yxi (3:)
P(x) = ; OL ()0 (3.8)

_ / i (@), (N ()

Due to completeness we have the Parseval identity

/0 ¢ (x)dz = / S (VN (3.9)

x+1

Lemma 3.3.1. If [T ||v(2)||dz = Lo < sup,,, ([ [lv(2) (2)2dz)z then

This is Birman’s type estimation (see [6])

Proof. To prove this, we can say, due to Neumann-Dirichlet condition, it is sufficient
to show that for the unit interval we have estimation A\g > —Lo(Lo + 1) for principle

eigenvalue of the Hamiltonian Hy = Ay with y(0) = g(1) = 0.

but,

1
Ao = il y),=1 / [° + vy.ylde
0

Now one can find point zo € [0, 1] such that |y(zo)| =1

then

V() — 1 (w0) = 2 / "y, 9)dz

o
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That is for any z € [0, 1]

1 1 1
ity [ vdsre [ e
0 0

now,

1 1 1
/\0 > miny:HyH2:1 |:/ ’y2d2; — L()(l + E> — ELO/ y2dZ:|
0 0

If, € = Lio then )\0 Z —L0(1 + LQ)

Lemma 3.3.2. (Uniform Bound of the Spectral Measure)
For the Hamiltonian in (1.4) with Neumann’s boundary condition [0, L] and for any

A > 0 and appropriate constant co > 0
TT,[LL(—L(), /\) S Co(l + \/K)

Proof. Solution y,(x) for A € [— Ly, A] satisfies the integral equation

Tsin VA (z — 2)
x :COS\/)\]x—I—/ v(z z)dz
y)\( ) 0 \/v ( )y)\( )
If 24/A < 1 then Bellman-Gronwall estimation gives,

(3.10)

DO | —

yx(x) = cos VAIz(1+ R)) | RAIl <

Now let us select test function ,(x) such that |[¢2|s = 1, Support(¢,) € [0, h],
hv/A < 1.
Standard application of the Parseval identity to the functions ¢, (z), wAn()\) provides

the desirable estimation (we can compare this result with [11]).
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Now we can pass to the limit L — oo using Hallie’s lemma and prove that py(d\) —
p(dX) in weak limit (on Co(RL)). The limiting matrix spectral measure p(d)) is
unique which does not depend on L, — oo and boundary conditions. It satisfies
the estimations of the previous lemmas.. For any ¢(z) € L*(R,) we can define the

generalized Fourier transform in the Parseval sense, that is, if

() = / yi (2)p(x)dz = lim dr.(N) = d()

with respect to spectral measure u(d\)

We can reconstruct ¢(z) using the inverse Fourier transform:

o(x) = / @)

Eo

(again, in the Parseval sense) together with Parseval identity
| = [ dmanaw
0 —Ey

3.4  Construction of the spectral measure on the spider graph

Construction of the spectral measure is based on the transition from the spectral

measure on ['3(L) to its weak limit if L — oco. Consider the spectral problem:
Hy=Jy + M+ V) =0

with the B.C. ¢(0) = Mwv, (L) = Nv

Let, A, be eigenvalues and 1, (z) are eigenfunctions with normalization condition
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They form the complete system in L2 (I'3(L), dz)

Let, u, = (Av,)(0) and pr(dX) = >, (A — A\p)upul,

Note that, u, x u; is a 3 x 3 positive definite matrix: the tensor squares of the vectors
Up, 1> 1

The general theory contains the theorem on the existence of the weak limit of the mea-
sures iz (d)), L— oo (for details see [3] chapter 9) This approach is different from
scalar Strum-Liouville theory, based on the generalized direct and inverse Fourier
transform [11].

For some classes of the matrix self-adjoint operators, one can also develop the spectral

theory based on the Fourier type integral transformation.

Consider the matrix Strum-Liouville spectral problem

—"(z) + Q(x)h = Mp(z),z >0 (3.11)

D) = (1(@), .., da(2))" and Qz) = Q*(x)
Let also take d x d matrix potential Q(x) > 0, in the sense of quadratic form:
(Qa,a) >0 for all z € [0,00); a € R

This system (like the previous case) can be represented as the canonical from :

dip .
Joo = (A+ Q)Y (3.12)
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where,

0 —I\ . I 0} . 0
J = (N ) = @f A= Q= ¢
I 0 (v 0 0 0 I

Corresponding fundamental solution belongs to SP(2d) and we can use the ap-
proach used in [3] to explain the problem presented above.
However, there is another approach : Consider spectral theory for the equation (3.12)),
with, say Neumann B.C. zﬁ’(O) = 0.
It defines the d-dimensional Lagrangian plane 7y of the functions (¢1,...,1q) = J:
¥(0) = 0 but ¢/(0) € R is an arbitrary vector.

Let us select basis in 7(0):
Yio(A, @)t Pio(A,0) = 0,94(X,0) = (0,...,0,1,0,...,0)" for,i=1,....d

For arbitrary vector function ¢(z) € L? ([0, c0), dx) we can define the Fourier trans-

form

Qgi(A)Z/OOO (Qg(l?),?;“)) dx fori=1,...,d

(in the beginning, for functions with bounded support and after, using IL2-approximation
of the general function)

now we can introduce,

1:(0)45; (0)
dA (A — A(
Z =, fo dex

and

52 .
trur(dX) Zw fd;\5()\)\x Ai)
0 1
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note that: 1;(0) x (¢;(0))* is the d x d matrix (tensor product of vectors) and 1}

is the dot product, such that :

o) = / GO )i (AN ()

then, due to completeness, we have the Parseval’s identity

/0 ) ¢ (w)da = /R &; 1 (dN) &y (3.13)

If we take ¢g(z) supported on [0, h], h << 1 and solve over system ({3.13)) on [0, h]
using the equivalent integral equation and iterations as in [11] then we will get the
weak compactness of py on each interval of A-axis. Now if one takes L — oo, then
by Hellie’s lemma it can be proved uy(d\) — u(d)) in the weak sense on Cy(R™).
The limiting spectral measure p(d\) is unique. It does not depend on L or boundary

conditions. The generalized Fourier transformation is given by,

SN = / $i(A 2)é(2)

This implies
lim ¢y, = H(\)

with respect to the spectral measure p(d\)



CHAPTER 4: THE SPECTRAL THEORY OF THE SCHRODINGER
OPERATOR ON THE SPIDER-LIKE QUANTUM GRAPHS

4.1  Introduction to the spectral theory of Laplacian

Here we will consider the Schrodinger operator on the special case of quantum
graphs. There are two versions of this theory : continuous and lattice cases. We
will study here only the the continuous case. Consider the graph spy for N > 2
which consists of half-line [0, 00) connected at the fixed point 0 (origin). To simplify

notations we will take,in some cases N = 3).
A

X4 X3 Xa

N

AN-1

Figure 4.1: Spider graph with N legs

On each leg of this spider like graph we introduce the coordinates xy, s, ....., N
and they are increasing in the corresponding directions from 0 to co. The Lebesgue
measure on each leg of s, is defined as dm = (dmy, dma, ...dmy) on each leg with dif-
ferentials dxy,dzs,..., dvy.Consider on s,, the space of compactly supported smooth

functions like,

f(a:l,:vg, ....,ZEN) =

[fi(z1) : 21 € (0,00), fa(xs) : 22 € (0,00),..., fnv(zn) s zn € (0,00)]
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with

N oo
S [P = 1118
i=1 Y0

f is not a vector function. f € LL%*(spy) are simply restrictions of f along the legs
(without the origin).Space L?(spy) contains, in general, only measurable functions but
it is the closure of the class of compactly supported C* functions f = (fi,...fx) on
each leg with the appropriate gluing conditions at 0. Let us describe this conditions.
a) First we assume that the following limits exist and equal. It confirms the continuity

of f on spy.

x x

£(0) = T i) = I fola) =+ = lim fu(ew) (4.1)

b) also, we will assume that f has right derivatives at point 0,that is, -2~ (0), -2 (0).....-%(0)

> dry ? dxo dz N
exist on each half-axis correspondingly.
and ,
df . L
Z 7 (0)=0 Kirchhoff’s condition (4.2)
— AT,

Note: We will have N — 1 continuity conditions for f(.) :

lim f(z1) = lim f(z2), lim (o)) = lim f(z),..., lim f(z)) = lim f(zx)

Tr1—00 Tro—r00 Tr1—00 r3—00 Tr1—00 TN —00

It means that vector (f(0), f/(0)) with 2N components, satisfying the gluing condition
and at the origin 0.

Function f on the spider is defined as follows: f(z1,za,...2,) = {f(21), f(x2),..., f(zN)};
x1 €Legy,xo € Legy,....xy € Legy and f(z1),f(x2),...,f(xy) are functions on Leg;

fori=1,2,3,..., N.
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The last condition (4.2)) means that

2 df;

— dx;
i=1

0) =0

The operator —A (the Laplacian), on T" with the gluing conditions (4.1)) and (4.2) is

given by

(
_3271"7 if x € (0,00)along leg 1
_af if 25 € (0, 00)along leg 2
Af =4 4 2 € (0, co)along leg (4.3)

_af
L da:?\,

if xy € (0,00)along leg N
Let us look at the Laplacian —A from the functional analysis perspective.
Let L%(spy,dm) is the Hilbert space of square integrable functions on spy (in our

particular case we consider N=3) with the dot product defined as :

N )
< fig>= / f.gdm = Z (/0 figidmi) (4.4)
SPN i=1

For N = 3 that is, in our case,

< fog o= / T (hg) (@)de + / " (o) (y)dy + / T @) ()d: (45)

Consider on L?(spy,dm), the dense set of compactly supported C*-functions on

each leg with gluing conditions (4.1)), (4.2). On such functions we already defined the

d2
T

Laplacian —A = on each Leg;. We will now give the sketch of the spectral the-
ory of the Laplacian —A on L?(spy,dm) . For each A\ € R we define the fundamental

system of solutions of the equation —Af = Af with gluing conditions (4.1)),(4.2).

Let, A = k% > 0 then on each leg, the general solution of —327{ = k% f has the form:
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fi(x;) = ¢; cos kx; + d; sin kx; 1=1,...,N

where, cos kx; and sin kx; are two linearly independent solutions on Leg; Note: For
the N-legged spider we will have 2N solutions, two linearly independent solutions on

each leg.

Due the gluing condition (4.1)), ¢; = ¢o = f(0)

f = cogcoskx; + d; sin kx; (4-6>

Now, the gluing condition (4.2), (4.6)) implies > d; =0
4.2 Spectral theory on the finite spider graph

Let us now describe (N — 1) solutions with Dirichlet boundary condition at 0. First

fix the central leg 1. then,

sin ka1, x>0
Vi =q —sinkx;, x;>0i#1 (4.7)
0, 2 >0i=2.,N

we have (N — 1) such solutions.

The last ¢ = N’s solution ¢; = coskz; for i = 1,2,....N. Here 91(0) = 1 and

iy

o = 0. We will develop the spectral theory of the the of the Laplacian on spy

passing to the limit from the finite spider. Let us consider first the truncated graph

(spn, L) where all legs have length L and v¢,;(L) = 0.

Let us show that for A < 0 there are no eigenvalues.



IN-1

Figure 4.2: spy with N finite length legs

If A = —k? then on each Leg;, solution has the form

%(l’z) = ¢; sinh ]{:(xl — L)

that is,

1;(0) = —¢;sinh L, sinh L >0

due to condition (4.1)
C1 = Cy = ....CN
but, due to condition (4.2)),

N
C

d
sinhk(z — L)/y—0 = cxNkcoshkL =0

1
— dx;
=1

that is, c; = 0 and hence 1) = 0.

Assume now that A\ = k2 > 0 where k is strictly positive and solve,

G
dx?

= k“Y with boundary condition Y(L)=0

51

(4.8)
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Then on each leg we have ¢;(z) = ¢sink(z — L) for i = 1,2,3,...,N. We will
consider later, for simplicity, N = 3.
Asuume first that sink(x — L)/,—0 = —sinkL # 0,

Then from condition (4.1) we have ¢; = ¢2 = ¢3 and from condition (4.2

3cikcosklL =0

knL:g—f—mr n>0
i _ m(2n+1)
" 2L

Now, A) if, sinkL # 0 that is ¢; # 0 then A\, = k2 = %, without any
loss of generality, ¢; = 1. This gives the first series of eigenfunctions. For each k,,

n=20,1,2,..., there is only one eigenfunction.

by, = £sink, (x; — L) = cos k,x;, x; >0 (4.9)

with k, = "ZH0 where n > 0 which implies A, = k2 = ZCnL°

B) if, sin kL = 0 that is, ¢;, can be different, then condition (4.2)) gives

3
Zcikcos kL =0

=1
3
= Z C; = 0
=1
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This implies, that there are two linearly independent solutions corresponding to,

koL =mm

™m
= kyp = —
L

We have the following eigenvalues and eigenfunctions. For eigenvalues A, = ™7

corresponding series of eigenfunctions are given by

sin k(1 —L
bl B) g € [0, L

¢L,m,i(x) = %}M, T; € [0, L] (410)

0, for remaining legs

also,

L mill =1 i=2..N

but these functions are not orthogonal:

L ) . .
(wL,m,iaq/}L,m,j) = 5, (3 # 7, 1, I~ (2, .. ,N)

for different m we will have orthogonality associated with gluing condition

and, for A\, = % with n > 0, corresponding eigenfunctions are given by

N (4.11)
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Xy

Figure 4.3: Eigenfunctions ¢, ()

COSk, Xy cosk,X3 coSsk,Xa

cosky,xq

cosk,xg

Figure 4.4: Eigenfunctions ¢, (x)

Let us take function f(z) on spy and expand it over the eigenbasis.

0o co N
F@) = Cabn+ > ) Vit (4.12)
n=0

m=1 i=1

To find coeficients b, multiply (4.12) by 1, we get,

bn = (¢n7f)
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To get ay,;, multiply (4.12)) by 1,,,; and we get,

G i- (Ui Y) + D o (Gmis Y g) = (f ¥ms) i,j € [2,.N]

i7#]
1
mzl m,j o y Wm,i
a 5 +Za 5J 2 (f w 7)
7]
This gives,
N
5( ml T Q2+t am,n—1> = (f7 ¢m,1) + -+ (f7 ¢m,n_1)
hence,

(am,l + Qm,2 + -'-am,nfl) = % [(f7 wm,l) + ...+ (f7 wm,nfl)]

This implies a,,, 1 = % (fytm) and @y = % (fytms) fori =2,...., N and 0 otherwise.
But the eigen functions are not orthogonal and as a result spectral measure will not

be diagonal.

So, for f(z) € spy, consider,

fspN f(@)made a1 €0, L] i=1
Epi(\) = Iy, f@)bmide x; € [0, L] i€[2,N]
0, for remaining legs
and
B = [ f@pds (113)

which gives the generalized Fourier transforms of the function f(x) on spy in the
case of zero potential and from the weak compactness of the measure on each finite
interval, we can conclude that as L. — oo the spectral measure tend weakly to the

limiting measure

Our next goal is to give the qualitative spectral analysis of the general spider type
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Hamiltonian. Using information about potential on each leg of the spider graph we
would be able to describe the structure of the spectral measure, that is, its represen-
tation as the sum of absolutely continuous, singular continuous and point (discrete)

components.

4.3 Spectral theory of sp3 with fast decreasing potential

In this section, the potentials, v;(z;) for j = 1,2,3, we will use the fundamental
fact : the change of the gluing condition at the point 0 (which is the rank 1 perturba-
tion of the operator) cannot change the fact of existence of the absolute continuous
component of the spectral measure as well as its support (that is, minimal closed set
such that absolute continuous measure is 0.

If on the spider sps, the potentials v;(x;) are decreasing fast enough, then the standard

assumptions are
[ee]
/ zjlvj(x;)|de; < oo j=1,2,3 ( Bargmann’s condition )
0
then under Dirichlet condition at point 0:

P1(X,0) = (A, 0) = 93(),0) = 0

We can split the spectral problem on sps; into three spectral problems on legs Leg;
for j = 1,2,3 which have pure absolute continuous spectra for A > 0, supported on
[0,00) and at most finite discrete spectra for A < 0.

Hence, the initial problem on sps with our gluing conditions has the absolute contin-
uous spectrum of multiplicity 3, supported on [0, 00) and finite spectrum for A < 0.

Our goal in this section is to give the construction of the absolute continuous part.
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sps contains three legs, which starts from O(origin) and have coordinates z; for
Jj = 1,2,3 and z; > 0. Let us denote O; for j = 1,2,3, the part of the origin

attributed to Leg;. The Schrodinger operator on sps has the form

H=-A+v(x) (4.14)
where,
52
5xj
and
v(z) = v;(x;) j=12.3

Now, let us consider the following problem on the spider graph with three legs :

Hy=—-Ay+vy=\y (4.15)

£(0) = I fuler) = Tim, fu(r) = Tim fi(xs) (4.16)
df df af . _

7O+ -0+ 5 -(0) =0 (4.17)

Let L be the truncation parameter. For simplicity, we consider compactly sup-
ported potentials vy, v2,v5 on open semi axes x1, za, x3. For each v;(z;), j =1,2,3
we will introduce the scattering solution for A = k% > 0, k > 0.

For waves, moving from right side to left:

Py () = e * forz <z} (4.18)

= A;(k)e ™ 4+ B;(k)e™®s x>z (4.19)
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dle \/ |
dy
h
Figure 4.5: Three legged spider with fast decreasing potential

A;(l)e™ ™% + B (ke

e—ikxj Aj(k)e—ikxj
>
4—
Bj(k)elk.x}

| >
| >

- +

*1 X

Figure 4.6: Wave propagation along the legs from right to left

Here A;(k)e~*7i is the incidented wave component with magnitude A;(k) and fre-

quency k. Bj(k)e™ @i is the reflected wave component with magnitude B;(k) and fre-

quency k, e~**%i i the transmitted wave component. A;(k), B;(k) are the transamis-

sion and reflection coefficients.

It is well known, that,

|A;(k)]? =1+ |Bj(k)? (the conservation of energy law)

Let,

and

Aj(k) = (aj (k) +iaja(k))

B;(k) = (bj1(k) 4 ibja(k)) complex form for j =1,2,3
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After separation of the real and imaginary part, we find two solutions:
cos kxj(near O) — (aj1 + bj1) coskxj + (aj2 — bj2) sin kzj(near co)
and
sin kx;(near O) — (aj2 + bj2) coskxj + (—aj1 + bj1) sin kx;(near oo)

At the origin O = O; for (j = 1,2,3) we have, two gluing conditions:
a) if Y(x) € D(H) = ¢(0;) = ¥(0), j = 1,2,3 that is, (¢(z;) = ¥(0), j = 1,2,3,
continuity of ¢ (x) at the origin)
b) 32%_, 22(0;) = 0, Kirchhoff’s condition.

j=1 bz,

There are three solutions (for fixed A = k? > 0) which satisfy the gluing condition

at the origin and scattering information near infinity. The first solution ¢ (z) (given

by figure [4.7)):

This solution is supported on three legs satisfying v, (0) = 1, 3_. 24(0;) = 04040 =

j 5:1)]'

‘lL/—V (@aq + bag)coskxs + (&az — bas)sinkx,

coskxs < /rostg

(ﬂgl + bgl)CDSkx:; + ((132 = bgg)Siﬂng © i L
V3 l \/ 123

coSkx,

(all + bn)coskxl + (alg - blg)sinkxl

Figure 4.7: Solution ¢y
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0.
Other two solutions vanish at 0. The solution ¢, (z) (given by figure and

TL —[(@as + baz)coskxs + (—@aq + baq)sinkxs
"Ly~ [(aee + boo)eoskay + (~aay + bay)simkrc]

> Va
0 < —sinkx

o AN
. W

sinkx,

(alg + blg)COSkxl + (_all + bll)siﬂ kxl

Figure 4.8: Solution 1

the solution ¢3(z) (given by figure are equal on Leg;. The solution 1), vanishes
at x3 axis and solution 13 vanishes at z axis.
Linear combination of ¢;(z), 7 = 1,2, 3 satisfies the gluing condition at = 0

Consider,

V() = &1 (x) + Eaha(w) + E3tbs(x)

with some normalization condition at 0 (say) :

G+&65+&=1

Let us now impose, at the end points x; = L, 7 = 1,2,3, the Dirichlet boundary
conditions () /=1 = 0.
Later we will pass to the limit L — co. It is well known that the limiting spectral

measure (which we will derive later) is independent of the boundary conditions at
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—5inkxs < 0
| L
V3 i \/ 121

(alg + blg)coskxl + (—an + bll)Sljnkxl

_[(asg + b32)COSkX3 + (_a31 + bal)sink:fs]
Figure 4.9: Solution 13

the end points if potentials v(x) = {v;(z;),j = 1,2,3,2; € [0, L]} are bounded from
below, in the sense, v;(x;) > ¢o (for i = 1,2,3). This is sufficient condition for the
uniqueness of the spectral measure but not necessary condition.

For fixed L we have three free parameters, A\(= k? > 0) and &, &. Which implies the

relation,

1-&=6+¢&

and three Dirichlet conditions at the end points x; = L, for j = 1,2, 3.
As a result we will find the discrete spectrum for the restriction of H on sp3(L).
To calculate the eigenvalues A\,(L), we have to use three Dirichlet equations at the

end points.

0= &h1(w) + Eatba () + E3003(2) /ay=1 J=123



We will start from the equations at the point Ls(ze = L):

51[(&21 + bgl) cos kL + (a22 — bgg) sin kL]

— &[(age + bag) cos kL + (—agy + bey) sin kL] = 0

Put

cos kL
t= . =cot kL

then,
5_2 _ (@91 + bo1)t + (age — baa)
& (ag + b))t + (—agy + bay)

at point L3(x3 = L) , we will find

5_3 _ (as1 + bs1)t + (ass — bsa)
& (asz + bsa)t + (—asy + bsy)

and at point L;(zy = L),

_52 +&3 _ (@11 + b11)t + (@12 — b12)
&1 (a12 + b12)t + (—aq1 + bi1)

Now, adding (4.21)-(4.23)

(ag1 + ba1)t + (a2 — ba) (as1 + bs1)t + (asz — b32)
((122 + bgg)t + (—(Igl + bgl) (a32 -+ bgg)t + (—CL31 + b31)
(a11 + bi1)t + (@12 — bi2)
(ar2 + bi2)t + (—ais + b))
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(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.24) produces the equation for ¢ = cot kL and finally for k,, such that A = &2



63
Note that,
at+b a 1 (ad—bc)

i St 4.25
ct+d ¢ 2 t—i—% ( )

and apply (4.25) in (4.24). In all three cases (4.21),(4.22)),(4.23) determinants are

equal —1, due to well known identity (law of the conservation of energy):

|A;(R)[* = 1+ |B;(k)[*

Le.(ay — b)) + (a3, —b3y) =1

This means that the equation for unknown parameter ¢ = cot kL has generically
three simple real roots t;(k),t2(k),t3(k).In some limiting cases we can get one root of

multiplicity 2 and one simple root (for instance v(z) = 0)
4.4 Spectral analysis on the sps(L) with Dirichlet boundary condition

Lemma 4.4.1. For each k > 0 one can find three real roots of the cubic equation:(by

using (E23), (£23))

(03] (6D) a3

=h

+ -

t— aq t— a9 t— as
Under the generic condition oy, s, a3 >0, and a1 < ay < ag and any h.
Proof. The proof follows from the graph of the equation given by figure [4.10

Remark. The parameters oy, as, asz; a1, as, as, h can be expressed in the terms
of reflection-transmission coefficients A;, B; for j =1,2,3 (see (4.24)) ) and they are

continuous functions of k.

Remark. Note that if o; have the different signs then the situation is different.

We can then find coefficients co(t), c3(t) such that,



ty <t < t3

Figure 4.10: Graph of the cubic equation

§o = Cz(t)fl §3 = C3(t)§1

&1 18 arbitrary and t =t; for j = 1,2,3 where t = cot kL.

then, for arbitrary i = 1,2,3 we can construct eigenfunctios

Y(x) = &ahr + Earhy + Eaabs = & (Y1 + calt)rhs + c3(t)s)

with boundary condition ¥(L;) = 0 + gluing condition at the point 0.

One can put,

&
VE+ &+ &2

(for normalization)

&
VG + &+ &

&3
VE+ &+ &

aft) = p(t) = and  ~(t) =
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Lemma 4.1 gives t; = coskL and k;L = wn + cot™' t; which give,
Anj = ki’j and kniL =mn+cot™'t;

For any n there are three eigenvalues corresponding to three roots tq,ts,t3

According to the Strum-Liouville theory by [11] real eigenvalues corresponding to
Dirichlet gluing condition are discrete with finite multiplicity. If L — oo then eigen-
values become more and more dense, and the then discrete measure concentrated at

the eigenvalues will tend to limit which is called the spectral measure.

Let, for f(x) € sps, and A > 0 then by (4.13) we can introduce the generalized

Fourier transform as follows:

AW = [ fainads (4.26)
B()) = / F(@)a(\, 2)dz

B\ = / F@)s(A 2)de

Let, ¢,(\, L,x) be the orthonormalized eigenfunctions on the finite interval of

sp3(L), then by the Strum-Liouville theory,

(bn()\; L; 13) = O‘nwl(Arm 13) + 6nw2()\n; 13) + ’Vnw?)()\na l’)

The normalization condition gives: o2 + % ++2 =1

Here, behind the potentials vy, vo, v, that is near end points L,
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c1cos k,x1 + cosin k1

'lvz)l(/\m :L“) =
L
2
c3 €08 kpxo 4 ¢4 8in ko
TP )\m T) =
2( ) \/E
5 €08 kpxs + cgsin kyxs
’QD )\ny T) =
3( ) \/E
thec; s, i =1,...,6 are given by the real and imaginary components of A; and B;,

that is A1, Aj2, bj,l bjjg where j = ]_, 2,3
For the finite spider spy, 3, due to completeness of the set of eigenfunctions ¢n(An, L, )

for all sufficiently large L and compactly supported f,

= éulf.0n)
n=1
— Z[anwl()\m x) + /Bn’g/)g(/\n, 1’) + %1/13(>\m ZL‘)]
n=1 .
X / f(y) (Oénwl + 5nw2 + ’an:g)dy
/ )3 ([t s ) + Buths My ) + Yt (A, 2)]
n=1

(a/nwl + ﬁn,@bQ + 7n¢3)dy)
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Applying the Parseval equality to f(z) we get,

8= [ P (.27
- i ([ 1ot 2) a2 00,1}
->a{ o |
+ 2§j [ 5O [ )00 )
+ %an% [ @0 [ @000
+§;B§ { Lf<x>.w2<xn,w>}2
#2003 [ S0 taCh )i [ G000

s i:jv { Lf(sc>.w3<Amx>}2

Let us now introduce the matriz valued measure following Parseval’s equality to

f(z) (Strum-Liouville Theory)

P11 P12 P13 ano\ % Z)\n</\ 0 On Z,\n<,\ QnYn
pr(A) = P21 P22 P23 (A) = Z)\n<)\ B ZA"Q 5721 Z,\nq Bnrn (4.28)
P31 P32 P33 Z,\n<,\ QnTn Z)\n<)\ Brtn Z)\n</\ %%

Note: This is a 3 X 3 symmetric matriz. From the weak compactness of the measure
on each finite interval, we can conclude that as L — oo the spectral measure p,(d\)
tend weakly to the limiting measure p(d\) on any spectral interval. The off diagonals

charges can be negative but the measure matriz is positive definite.
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Let us note that, say,

2 ct(kn) * 2

Z a, = Z -5 = / ci(k)dk similarly B, and ~,
An<A kn <V -

It means that the limiting spectral measure p(d\) is absolute continuous with multi-

plicity 3. Unfortunately the coefficients cy1, co, c3 as the roots of the cubic equation

from lemma 4.1 cannot be calculated explicitly. So, we do not have any clear formula

for p(dX\) = p(N)dA.

The inverse Fourier transform is given by:

fla) = /0 T B, B0, B > pr(d)) (4.29)
= [ B opu@n + [T R apa(@) + [ i o)pa(iy

+ /OOO Fytby (N, 2)pai (dX) + /OO Fypo (X, ) pas(d) /OO Fytbs(\, 2) pas(dN)

0 0

/ F3¢1()\737)P31(d)\)+/ ﬁ3¢2()\n713)[?32(d)\)+/ ﬁ:),ws()\ax)psz,(d)\)

0 0 0

4.5  Negative eigenvalues

Consider on sps the problem

22

T2
dxj

5@ = X A= ¥
If ¥(0) = 0 on each leg and
| woids, < oc j=123
0

(Bargmann’s condition) Then number of negative eigenvalues will be finite.
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Total number of negative eigenvalues on sps is less or equal to
3 )
No(H) <1+ [ afus(eplds
j=1"90

This is the Bargmann’s estimate plus rank one perturbation at v = 0. The change in
gluing condition at x = 0 can provide only one additional negative eigenvalue. Here,

the number of negative eigenvalues equal to the number of negative o;s fori=1,2,3.
4.6  Solvable model

Here we consider

v(x) =08(x —a)

e—ikx Ae—ikx + Beikx

oT—
[

Figure 4.11: Wave component on half axis with a positive delta potential

For the continuity condition at a:

e—zka — Ae—zka + Bezk‘a

1 = A+ Be?*a (4.30)

and for jump of the derivative at a:

/

¥ (a—0) = (a+0) =oy(a)

then we have,
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—ike™* — (A(—ike™*) 4+ B(ike™*®)) = ge~ ke

—ik + Aik — Bike*® = &

A-peti—14 s =17 (431)
and gives
A(k)=1- %
and
B(k) %e—ma
Now
|A(R)]P =1+ 7y +|B(k)? (4.32)

vz = 028(x: — /z)
vy = 016(x1 — &1)

vz = 036(x3 —&3)

0]
v

X1

Figure 4.12: Positive delta potential on the legs of the three legged quantum spider graph

We already pointed out that (more or less) explicit formulas for the spectral measure
p(dX\) = p(AN)dX where p(\) is (3 x 3) positive definite function of A, do not exist (like
the similar formulas in the case of R, that is, sps).

There are two reasons: there is no simple formulas for the roots of the roots of

the cubic equation from lemma 4.1 and in general there is no simple formulas for the
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reflection-transmission coefficient A(k) and B(k) except for some simple situations.

In this section we will give example of the solvable model. Consider sps and po-

tentials v(x1) = od(x1 — a), v(ry) = 0d(xy — a) and v(xs) = od(x3 — a). Let us

stress on the fact that, all potentials are equal and model is invariant with respect to
interchange of the legs. Let us start from sps r.

In this case there are two invariant subspaces in L?(sp3): set of the functions

1)

d
»(0)=0 Z d;D- (0) =0 (that is, L3 (sps3), corresponding to Dirichlet condition)

d
2) ¥(0)>0 Z d;/}- =0 (that is, L3/(sps), corresponding to Neumann’s condition)

hence,

]LQ(spg) = ]LZD ® JLJQV

Then, as result, the spectral problem can be reduced to two independent spectral

problems.

$(0) =0 and W(L) =0

Now the solution on each leg with delta potential has the following form.

This implies

A =sinka (by the continuity condition of 1 at point a)
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o6(x — @)

sin kx Acosk(x —a)+ B sin k(x — &)

Figure 4.13: Solution on both side of a delta potential for a solvable model

and

kcoska — kB = osinka (continuity of the derivative at point a)

iB:coska—%sinka

FEigenvalues for this Dirichlet component of our spectral problem are given by the

following equation (ifr = L)

(& —a)fo=p =0
sin ka cos k(x — a) + (cos ka — %sin ka)sin k(z — a)] [o=r =0
sinkL — %sin kasink(L —a) =0
sinkL — %sin ka(sin kL cos ka — coskLsinka) =0
o . . oo
(1— 7 sin kacos ka) sin kL + 7 sin kacoskL =0
bsinkL + ccoskL =0

= Vb2 +c2sin(kL+¢) =0
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where ¢ is given by

2gin? k
tan ¢ = i = F(k)

1— % cos kasin ka

~ 6= tan-! z sin? ka
- 1 — 7 coskasin ka
Note that,
5 b d in ¢ c
COSp = ——— an sin ¢ = ——
Vb% + 2 N

where

b=(1- % sin ka cos ka) and c= % sin? ka

For the etgenvalues,

sin (kL + ¢(k)) =0 where ¢ = p(k) =sin™! —— ete.

= kL + ¢(k) =mn
v o)

L
= I L

The eigenvalues are given by

kn(L) = An(L)

There are two normalized eigenfunctions associated with k, (L), given by figure
and [{.15]

There are also eigenfunctions associated with Neumann’s condition such that

Ay = coska (due to continuity condition)
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Leg,

L Leg,

Figure 4.14: Normalized eigenfunction

and,
By = —sinka — %Coska

The eigenfunctions are given by figure . For related work see also [14)]
4.7 Spectral theory of sp3 with increasing potential

Let us consider potential v1 on leg 1, vy on leg 2 and vs on leg 3 and V (z) = v;(x;)

fori=1,2,3. v;(z) € Cyy and

vi(x;) = +o0 as x; — oo fori=1,2,3 (4.33)

Let us consider in the beginning instead of Kirchhoff gluing condition, the Dirichlet
boundary condition at point 0, 1(0) = 0 for ¢ € C*(sp3). This Splits the spider graph
into 8 one-dimensional spectral problem on [0, 00)

According to the classical Strum-Liouville theory by [11), (4.14)) with the Dirichlet
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Legy

Figure 4.15: Normalized eigenfunction s

o8(x —a)
A, cos(x —a) + By sin k(x — &)

cos kx

NAMANS

Viad V

Figure 4.16: Solution on both side of a delta potential associated to Neumann'’s condition

boundary condition at point 0, any solution for every fixed N\ has finite number of
zeros. It implies the discreteness of the spectrum on each leg of the spider that is there
erist sequence Ay < Ay < ... < A, (A — 00) of eigenvalues of H and corresponding
eigenfunctions ¥, (x), * > 0 form an orthogonal basis in 1L2[0,00) on each leg and

decays super-exponentially. The spectral measure on each leg Leg; is given by,

p(d)) = f: and(A = An)dA
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Legs

Leg

V1

Leg

Figure 4.17: Eigenfunction 13 associated to Neumann’s condition

Corresponding atoms oy, have the following meaning, let us consider on [0,00) the

spectral problem (in fact, three problems on Leg; fori=1,2,3)

y:\/ = (v(x) — Nya fori=1,2,3
with conditions
yA(0) =0 and y(0) =1

There exists only finitely many eigenvalues A, ; fori =1,2,3 andn > 0 in any spectral
interval [0, \] on each leg Leg;. Corresponding solutions y,, (z) are decreasing on

Leg; super-exponentially, for all other A solutions (that is, there magnitudes)

M = \/ (v, +43.) @




7

V1

V3

Figure 4.18: A three legged spider quantum graph with increasing potentials on each leg

are growing super exponentially. Then,

0 5

Since the sets of eigenvalues {\;n,n > 1} are different for different i = 1,2,3 and

VI

the discrete spectrum is unstable with respect to rank one perturbation (change of
the Kirchhoff’s gluing condition on Dirichlet gluing condition) the result, presented
above, cannot prove the discreteness of the spectrum on sps for initial conditions of
the continuity and Kirchhoff gluing condition.

However, the general compactness arguments give the desirable discreteness theorem.
Let us assume, with out loss of generality, that v;(z;) > 0 for i = 1,2,3 and fix the
spectral interval [0, A]. For given A one can find such L, that for any i = 1,2,3

vi(z;) > N+ 1 if x; > L = L(A). Then, any solution y(x) our initial equation

ya(@) = (V = Ay ASA

with continuity and Kirchhoff’s conditions on each leg L;, i = 1,2,3 has at most one

zero (non-oscillating) if x; > L.
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The member of eigenvalues on [0, \] for the truncated spider with the legs of the
length L and any boundary condition at the endpoints x; = L, i = 1,2,3 s uniformly
bounded by constant, depending only on A\ and potentials v;(x;), i = 1,2,3, x; € [0, L].

As result, the spectral problem
Uy (z) = (V = N)y» x; € [0, L] for  1=1,2,3 with — yy =1L

on each leg plus the continuity and Kirchhoff’s conditions at the origin has spectral
measure pr(dX\), containing on [0,A] is uniformly bounded (that is, independent of
L). Number of atoms (say, N(A) (constant )), total mass of the spectral measure
is also uniformly bounded (this is true for any locally continuous and bounded from
below potential [see [3]])

The proof of these statements is based (like in [11]) on two Strum lemmas.

Lemma 4.7.1. Any solution of the equation
—y +g(x)y =0 z € [a,b] C R}

with condition g(x) > m?* > 0 has at most one zero on [a,b].

Lemma 4.7.2. Comparison theorem

Consider the sps and two equations

4+ (@ =0

~Yp + go(2)y2 = 0 x>0

with the same initial conditions at the origin, that is, continuity and Kirchhoff’s con-

dition plus 3 initial data, say, value of y(0) and %(O) (0 ete., such 6 equations

7 dxzo
uniquely determine the solutions yy, yo. Assume that g1(z) < g2(x) and solution y, (z)

has zeros xg), xgl), xél) on each leg, Leg; fori =1,2,3. Then yo has also zero on one
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of the intervals [0, xl(l)] fori=1,2,3
Proof of this lemma is like the proof of the Strum theorem (see [I1] (theorem 3.1))
is based on the integration by the parts of the expression y,y, — Y1y, over the finite

spider with the legs [O,mgl)], [O,xgl)], [O,xgl)] using the gluing conditions at 0.

The following lemma is obvious

Lemma 4.7.3. If on the fized interval [0, \] there is the family of the discrete mea-

sures pr(d\) depending on the parameter L > 0 and

N
z)/ dpr, < M
0

it)number of atoms of g, or [0,A] < N

(M,N are constant and independent of L) then,

a) Family g (s) is weakly compact

b) If pp(dX) = p(dN) (weakly) then limiting measure p(dX) is discrete and satisfies
the same inequalities i), ii).

It implies the following result

Theorem 4.7.4. If v;(x;) — +oo for i = 1,2,3 and at the origin we have the
usual gluing conditions (continuity + Kirchhoff gluing condition) then the spectrum

s discrete, corresponding eigenfunction are decreasing super-exponentially and have

multiplicity at most 3.

Theorem 4.7.5. The condition v;(z;) — oo, for i = 1,2,3 can be replaced by the
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conditions v;(x;) > 0 for i =1,2,3 and for arbitrary small l and any i =1,2,3
x;+1
/ vi(x;)dxr; — 400 as T; — 0o

(condition that A.M Molcanov [13] proved, which is necessary and sufficient for the
discreteness of the spectrum for 1-D Schrodinger operator with bounded from below

potential).

Proof. The proof for the spider case is the same as on R!. The central idea here is to

check that for A < A on each leg any solution y,(x) has finitely many zero.

4.7.1  Phase and amplitude

Let us consider the problem

Hy(z) = =" +v(z)) = A\ (4.34)
¥(0) = sin 6,2 (0) = cos by

The solution of (4.34) in the form of phase-amplitude form can be given by the

standard formulas [3]
Y(x) = pa(x) sin () and Y (x) = pa(z) cos b, (x)
Then,

0, = cos? Oy + (A —v(z))sin?fy, 0,(0) = Oy(=0 for Dirichlet gluing condition)

, 1 .
Py = 5,0,\(35)(1 +v(x) — \) sin 26, pa(0) =1

py = e(3 I3 (o) =2) sin205 (2)d2)
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The spectral properties for H% depend on the behavior of py(L) where L — oo.
The results on the negative part of the spectrum (A < 0) of H% are simpler. For
positive energies A (A > 0), it is useful to work with frequency k& = v/ > 0. The
WKB approach suggests the following definition of phase amplitude, which is called

Priifer transformation.

Ur(x) = ri(x) sintg(z)

w;(x) = kry(z) costg(z)

Then,

/ v(z) sin® t;,(x)

t(x) =k —

o () = v(x) s12nk2tk(x)

with initial conditions

1
cot t(0) = T cot by

1
r:(0) = \/5@'71290 + yE cos? By

In particular, if 6y = 7, then,

£4(0) = 0, r(0) = 1

Then the prespectral measure i, (d\) can be represented as (see [3])

2kdk

If A =[a,b] C (0,00) is a fixed interval on the positive energy axis then on the
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frequency axis it transforms to A = [\/a, v/b]. Then for appropriate constants ¢*(A)

and L > 0 (the following result follow from [3])

fir(dk) =

For L. — oo, 1y (dk) has the same property as the properties of u(d\) on the corre-
sponding interval A of the energy axis.

The following results follow from [15]

If v(x) > vo(xr) > —oo that is, the potential is bounded from below, then for
any bounded interval A on the energy axis, for xy = x¢(vo, A), co = co(vo, A) and

do = do(vo, A) one can give the estimation for ¢ (z, \) as

/% 1(d\) < e

and [Ua(z) > ilw,\(m)\ for z € [xg,x0 — o] or for z € [xg, xo + o]

for x > xg and A € A If the potential is uniformly bounded, that is, ||v(.)]|0 < v9 < 00

then the estimation for ¢’ (\, z) can be written as

e [

It gives (extension of Schnoll’s lemma)

[ A <
A

for xo(vg, A), co(vo, A) and Vo > xy. Then for fixed sequence {z,}, where x,, — oo
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and p-a.e, A€ Ay e >0

pa(a) < e[, e)nte

and pa(x) < (A, e)wzte Vo > x

We will now introduce the counting function N(A) for \; < A. The following

formula goes to Neils Bohr. It states that under some condition for A\ — oo

N ~ B()) = % /0 BN v(e) dr (4.35)

where d = 3 for three legged spider graph.
Let us recall the standard approach (by Kac [10]). Consider p(¢,x,y) be the funda-

mental solution of the parabolic problem on sps:

W LoV ta>0

p(O,x,y) = 5(1‘ - y)

Here £ = % and V(z) = v;(x;) for i = 1,2,3 with gluing condition at z; = 0
Fourier transform gives: p(t,z,y) = o, e by (x)1;(x)

which implies,

Tre_itH:/ p(t,s,s)ds:/ e MdN ()
0 0

also the Kac-Feynman formula gives:
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where B(s) is the Wiener process at time ¢ = 0 at point « and B(t) = = (Wiener

bridge). Under minimum regularity condition p(t,z,z) ~ \%e_tv(l’) for t > 0

i

(see [10])

Now for t — 0

o0 1 00 1 0o 00 ) 00
e MAN(N) ~ —/ e tVds = —/ (/ e7tP +V(S))) ds = / e Mdu(\
foew oz -1 [ e

where

applying so-called Tauberian theorem to the Laplace transform for ¢t — 0 we will get

N~ ) == [ V) s

For details see Holt and Molchanov’s work in [§] Kac [I0] and [16] Hence on the spider

graph with three legs

N~ = [ S SO0 uy (o))

Studying asymptotic is convenient using phase amplitude formalism. So, For N(\)
where A\ > 0

set

a(x) = pa(x) sin Oy (x) and a(x) = pa(x) cos Ox(x)
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then solve the Cauchy problem

0, = cos? O\ (z) + (A — V(z)) sin? 05 (z), 0,(0) = 6,
Pr(x) = S (@)A1 = V(2)) sin 203 (x), pa(0) = 1

Let a(A) = max{z : vj(x) < A}

by Strum theory,

N = [-6r(a(\)] + ROV RO <1

[8] proved that for strictly increasing sequence of non-negative real numbers,

implies

Where B(\) = foa(k) st and |R(\)| < a()\) + 1 and we will use the approx-

imation for our increasing potential on the spider legs.

Let us define, v} (z) = max,<, vi(y) and v () = ming,v;(y). Let a*(\) =

maxz : v]i(x) < X and denote N*()\) for the eigenvalues {\ < A} for U;—L

The following theorem is applicable for general non-monotonic increasing potential.

Theorem 4.7.6. suppose v;j(x) — 0o as x — oo for j =1,2,3 and Bohr asymptotic

holds for vji(a:) Let, for A > 0 there exists L(\) and €(A\) — 0 as A — oo such that,
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1) VAL(A) = O(N~(\)

2) 1< Zﬂf 8 <14eN) Vo € [L(\),a~ (V)]
N— A

and 3) ]<Vlj(1;\r;()\)> —1 as A — oo

The Bohr asymptotic holds for v;.

v

17+> v-

Figure 4.19: Positive and negative part of the potential which tends to oo

Proof.

NT(A) < N(A) < N~()\) YA >0 (4.36)
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and

BT(\) < B(\) < B-(AWA > 0 (4.37)

Let € > 0 be arbitrary and A > 0 such that

<1+e€(N)

for all z € [L(\),a™(N)].

Then
BT(\) > 1/00 (A= U+(8))% ds
e S
1 1
1+¢\2 SEDY 1 L (13 -v;)3
> _ 2 _
_<7r2) /0 (14_6 v])+ds /0 ds
1
14+€\? <A !

Assumption on v; gives

A A
1—|—€)NB<1—|—€

N~( ) as A — 0o

This together with condition 2 and condition 3 give

> (1+€)2 (4.38)

since NT < N~ and e is arbitrary we have N~ (\) ~ NT()\) for A — oo Bohr asymp-
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totic for v; follow from (4.36]) and (4.37]).

The following theorem works for the general monotonically increasing potential.

Theorem 4.7.7. Let vj(x;) — oo for x; — oo for j = 1,2,3 be increasing po-
tential on the spider leg [0,00). Let us consider {x,}, a monotonically increas-

g sequence of non-negative real numbers on each leg of the spider and construct

v (z) = vj(z, — 0) = v} and v; (v) = vj(xn_1) = v;, for x € [xn_1,2,) such that a)

1

(UJ‘-'; — Uj_n)§ (xn, — xn_1) < ¢ where c is a constant and b) v;(z) — v;(dn(z)) — oo as

r — oo where d is a constant and n(x) is an unique integer such that T, < x <

Tn(z)+1- Then Bohr asymptotic formula holds for v;.

Proof. For fixed A > 0 there exists a real number a = a(\) such that

vj(x) > A for x>a

vi(x) < A for r<a

Let b = b(\) be the unique integer such that z, < a < 1.

Let a® = a*()\) be the unique real number such that

v]i(x) <A for r<at
and U;t () > A for x> a*
This implies a™ = ; and a~ = 2,1 except for v, < v  for some n and vj, <A <
v; .- Then we have z, = a = a™ = a~ then by Strum theory

1 Lo 1 1 @ 1 1 Lot1 1
—/0 (A—Uj)zdsg—/o (A —vj)¥ds < —/0 (A —v;)tds (4.39)

™ ™ ™
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This implies
Nt(A) < N(\) <N\

Now for the phase rotation of N()) over [0, a*] we can write

Nt(\) = % /xb (A= Uj)% ds + O(b(N)) (4.40)
N-()) = % /OW (A= v;)2 ds + O(b(N) (4.41)

(4.39),(4.40),(4.41)) together implies, Now condition a) gives

a()) )
N =+ / (A —;(s))F ds + O(b(N)

as A — oo.

For large A condition (b) gives,

1 @ ES 1 1
by [, A m ) ds 2 o) = vy(eh)}E 2 (oo — 0) = vy(eh)}
Such that b(i)ﬂ Oa()‘) (A — vj(s))% ds — oo for A — oco. Hence the Bohr asymptotic

formula holds that is N(\) holds on the three leg of the spider as A — oo

Example 5. Airy function [1|]

The linearly independent solutions of the equation
—y () + ay(z) =0 on (—o0, 00) (4.42)
15 given by

L[ t?
y1(z) = —/ cos(tz + g)dt for x — o0
0



which is called Airy function of first kind and

1 [ 3 t3
ya(x) = —/ [et=3) 4 sin(tx + g)]dt for x — —o0
T Jo

which is called the Airy function of second kind which differs by phase 3

x, = —1.02

Figure 4.20: Graph of the zeros of Airy function of first kind and its derivative

The asymptotic for the Airy function is given by

1 e sa2 1
)~ —=—1+0(—= as r — 400
a) ~ 5= (14 0)
r1 2 7r
and y(x) ~ Nz sin(gzvg Z) as x — —o0

Let us now consider the spectral problem on the full azis [0,00):

90

"z = M with ¥(0) = 0 (4.43)

assume, \, = x, where —x, is the n'™ negative root of y(x) with y,(0) = 0, that is,

Dirichlet condition at point 0, on [0, 00)



The Bohr formula can be given by,

finally we can write,

and T

The solution of (4.42)) is given by:

and its derivative s

then,

1 [ 3

y(0) = —/ cos(—)dt
T Jo 3
375 [
27 z’% cos zdz
™ Jo

and

, o0 13
0)=—— tsin(—)dt
y(0) === [ tsin(5)

1
1
373 [ 1,
— z 3 sin zdz
™ Jo

91
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now, the solution of (4.43) can be given by Uy = y(r — x1), 2 = ylx — z3),
3 = y(x — x3),.....0n [0, 00). gives the zeros of (4.43)) on [0,00).

Pr=y(x —x1)

N2=y(113)

Pz =y(x—x3)

AN

Figure 4.21: Graph of the zeros of (4.43) on [0, c0)

4.8  Spectral theory of spider graph with mixed potential

In this section we will consider mized type potentials on our spider graph with three
legs. Consider first the case of increasing potentials on one leg and summable potential
on other two legs with Bargmann’s condition [ x;|vi(x;)|dx < oo fori = 2,3

If we split the spider sps onto three half axis by the Dirichlet boundary condition at 0
and potentials vi(x;) for i =1,2,3 such that vi(z;) = oo, v1 > 0 and [ x;|vi(x;)|dx
for i = 2,3 then due to classical results of 1-D Strum-Liouville spectral theory we
will get the mized spectrum. The Dirichlet spectrum of our operator on Leg, will be
discrete with super-exponentially decreasing eigenfunctions. On the legs Legs, Legs
the spectrum will be absolutely continuous and supported on [0,00) plus (maybe) the

finite discrete spectrum for A < 0. Due to Bargmann’s condition, if we have only the
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V1

V3

Figure 4.22: A three legged Spider quantum graph with fast increasing potential along leg
1 and fast decreasing potential along leg 2 and leg 3

summability of v;, i = 2,3, then the discrete spectrum for A < 0 can be infinite.
When we will return to our initial conditions (Kirchhoff’s gluing condition + continu-
ity at point 0) that is, rank one perturbation, then due to general theory the absolute
continuous part of the spectral measure will be preserved with some perturbations, that
18, the operator will have the absolute continuous spectrum of multiplicity 2, but what
will happen with the discrete part of the spectrum?

The following theorem gives the answer

Theorem 4.8.1. Consider the Hamiltonian Hy = —y" + v(z)y on the quantum
graph sps with standard conditions at x = 0 (continuily of 7 and Kirchhoff’s gluing
condition) has the potentials v;(x;), i = 1,2,3 such that, vy > 0 where vy(z1) — 400
as x; — +00. vy 3 satisfy Bargmann’s conditions fooo x;|v;| < oo fori=2,3. Then the
spectral measure of H for positive energies, A € [0,00) is purely absolute continuous

with multiplicity 2., for X € (—o0,0] can appear in the finite discrete spectrum.

Proof. The essential spectrum of H equals [0, 00) (since, v; > 0,v93 € LY). For any
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fixed A > 0 on Leg;, there is only one solution y,(x) which tends to 0 very fast
and all other solutions have the magnitude r1(21) = 4/u7 y + (y1,,)%(21) tending to
+o00 super-exponentially. Due to Schnoll’s theorem [see [6]] which tells that absolute
continuous spectrum with respect to spectral measure, the generalized eigenfunctions
of H have estimations |y; | < c|z|2*¢ for any € > 0. It means that the generalized
eigenfunction on Leg; must decay, that is equal to y;\(z1). Let us assume that
r1A(0) = 1, 11.1(0) = cosa, ?J;,A(()) = sin, where the phase a = a()) is at least
measurable function of the spectral parameter A > 0. On Legsy, Legs we can consider

solutions ys x(x2), ys.A(z3) such that
7‘27)\(0) = 7‘37)\(0) = 7‘17)\(0) =

and due to Kirchhoff’s gluing condition

y/1,,\(0) + ?//2,,\ + y;)/\(O) = sin(a)) + y,M(O) + ?J;,,,\(O)

Of course, in the case of the multiple spectrum (in our case of the multiplicity 2)

the selection of y’m(O), y’m(O) is not unique, one can put, say,

! !

?Jz,,\(o) = —sina()), ?J3,,\(0) =0
The conditions
ra(0) = y;,k(()) = —sina
r3a(0) =1 yé)\(()) =0

uniquely define on Legs, legs, the pair of the bounded solutions ys x(22), ysi(x3).

The asymptotics for the solutions, for z; — +oo, i = 1,2,3 can be expressed in
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terms of the transmission-reflection coefficients and functions «a(X), A;(k), Bi(k),
|A;(k)|> = 1+ |B;(k)|* where i = 1,2,3. Like in the scalar case (R%, see [I1]) from
the last fact, it follows that for A > 0 the spectral measure is absolute continuous and

has multiplicity 2.
4.8.1  In the class of bounded from below potential condition

Remark. V(I > 0), ff“ v(x)dr — +oo if v — o0 is necessary and sufficient for the
discreteness of the spectrum of 1D schr’odinger operator on [0,00). What happens if

for fized Ly (and as result YL > L)

x4+l
lim v(z)dr = +oo
T—T0 T
but for L < Lg
x4+l
lim inf/ v(x)dxr = ¢ say co =0
r—=+oo [

consider the following example on sps for x € [0,00), i = 1,2, 3.

Hep; = —; + vi(@); ¥(0)=0

with
0, z€[2nl;(2n+1)L;Jn>0

hn, x€((2n—1)L;,2nL;)n > 1 and h,, — o0
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Theorem 4.8.2. operator H has discrete essential spectrum containing three groups

77,27T2
L2
7

of the points \;,, = n > 1 fori=1,2,3. The full spectrum of H is pure point

with accumulation points A, ,

If on two legs of sps the potentials (say wvi(x1),vs(x2)) are fast decreasing but
on third leg, has the from presented above, then the spectrum of H has absolute
continuous spectrum of multiplicity 2 and point spectrum with essential spectrum

presented above.



[1]

2]

3]

4]

[5]

(6]

17l

8]

19]

[10]

[11]

[12]

[13]

[14]

97
REFERENCES

GD Airy, On the intensity of light in the neighbourhood of a caustic. camb, Phil.
Trans 6, 379.

Vladimir Igorevich Arnol’d, Mathematical methods of classical mechanics, vol. 60,
Springer Science & Business Media, 2013.

Frederick Valentine Atkinson and George H Weiss, Discrete and continuous
boundary problems, Physics Today 17 (1964), no. 9, 84.

Gregory Berkolaiko and Peter Kuchment, Introduction to quantum graphs, no.
186, American Mathematical Soc., 2013.

William Feller, An introduction to probability theory and its applications, volume
2, vol. 81, John Wiley & Sons, 1991.

I. M. Glazman, Direct methods of qualitative spectral analysis of singular differ-
ential operators, 1965.

Izrail Solomonovich Gradshteyn and lTosif Moiseevich Ryzhik, Table of integrals,
series, and products, Academic press, 2014.

J. Holt and S. Molchanov, On the Bohr formula for the one-dimensional
Schrodinger operator with increasing potential, Appl. Anal. 84 (2005), no. 6,
555-569. MR 2151668

Kiyosi It and HP McKean, Diffusion processes and their sample paths, Die
Grundlehren der Mathematischen Wissenschaften in Einzeldarstellungen 125
(1965).

Mark Kac, Probability and related topics in physical sciences, Lectures in Applied
Mathematics (Proceedings of the Summer Seminar, Boulder, Colorado, vol. 1957,
Interscience Publishers, London-New York, 1959, With special lectures by G. E.
Uhlenbeck, A. R. Hibbs, and B. van der Pol. MR 0102849

Boris Moiseevich Levitan and Ishkhan Saribekovich Sargsian, Introduction to
spectral theory: selfadjoint ordinary differential operators, vol. 39, American
Mathematical Soc., 1975.

P Levy, Processus stochastiques et mouvement brownien, paris (1948), Zbl0034
22603, 27.

Albert Makar’evich Molchanov, On conditions for discreteness of the spectrum
of self-adjoint differential equations of the second order, Trudy Moskovskogo
Matematicheskogo Obshchestva 2 (1953), 169-199.

S Molchanov and B Vainberg, Wave propagation in periodic networks of thin
fibers, Waves in Random and Complex Media 20 (2010), no. 2, 260-275.



98

[15] S. A. Molchanov, Multiscale averaging for ordinary differential equations. Ap-
plications to the spectral theory of one-dimensional Schridinger operator with
sparse potentials, Homogenization, Ser. Adv. Math. Appl. Sci., vol. 50, World
Sci. Publ., River Edge, NJ, 1999, pp. 316-397. MR 1792693

[16] E. C. Titchmarsh, Eigenfunction Ezpansions Associated with Second-Order Dif-
ferential Equations, Oxford, at the Clarendon Press, 1946. MR, 0019765



	LIST OF FIGURES
	INTRODUCTION TO THE QUANTUM GRAPH
	Introduction
	Quantum graphs and spider graphs as the particular case
	Functions on the quantum graph
	Symplectic group and self-adjointness
	Elements of symplectic analysis
	Symplectic representation on the spider quantum graph
	Boundary condition associated with the symplectic representation

	BROWNIAN MOTION ON THE SPIDER GRAPH
	Review on Brownian motion on R1
	Brownian motion on the spider quantum graph with N legs

	A BRIEF REVIEW ON THE CLASSICAL SPECTRAL THEORY
	Spectral theory on the finite interval
	Spectral theory on the finite interval for the spider graph
	General spectral theory
	Construction of the spectral measure on the spider graph

	THE SPECTRAL THEORY OF THE SCHRÖDINGER OPERATOR ON THE SPIDER-LIKE QUANTUM GRAPHS
	Introduction to the spectral theory of Laplacian
	Spectral theory on the finite spider graph
	Spectral theory of sp3 with fast decreasing potential
	Spectral analysis on the sp3(L) with Dirichlet boundary condition
	Negative eigenvalues
	Solvable model
	Spectral theory of sp3 with increasing potential
	Spectral theory of spider graph with mixed potential

	REFERENCES

