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ABSTRACT

ARUN SURESH. Novel Approaches in Modeling Integrated Power Transmission
and Distribution System with Distributed Energy Resources and Controls. (Under

the direction of DR. SUKUMAR KAMALASADAN)

In recent years the grid modernization and rapid growth in distributed energy re-

sources due to environmental consciousness have resulted in distribution grids be-

coming more active which has led to significant interaction between transmission and

distribution grids. In this dissertation, novel approaches in modeling and management

tools are proposed considering integrated power transmission and distribution systems

with Distributed Energy Resources (DERs). First, new power methods for power dis-

tribution system considering DERs is proposed in a single-phase, three-phase, and

three sequence domain. Second, an integrated transmission and distribution (T&D)

grid model where transmission and distribution systems are considered as a single

unit is proposed. A coalescing Ybus approach is used to obtain the bus admittance

matrix of the combined T&D system. Further, to successfully capture the effect of

unbalances in the system at the same time reducing computational burden owing to

the larger size, a three-sequence modeling framework is used for a unified system.

A three-sequence-based multi-period power flow method is used to accurately cap-

ture the time-varying aspects of the system. Next, a three-sequence fault analysis

method capable of conducting short circuit analysis on a DER integrated unbalanced

distribution system is developed. All these sequence-based methods are then used for

steady-state analysis of the integrated T&D system. Finally, a sensitivity-based coor-

dinated voltage control scheme using reactive power support from DERs is proposed

which can lead to reduced voltage regulator operations and tighter voltage profiles.

The proposed methods have been validated using large-scale IEEE T&D feeders to

prove the real-life implementation capabilities of the models and tools.



iv

DEDICATION

This dissertation is wholeheartedly dedicated to my loving mother Asha for being my

first teacher and my father Suresh for being a pillar of strength with his wise words of

wisdom. I am thankful to their prayers and blessings of the Almighty which enabled

me to pursue this research, and will undoubtedly continue to inspire my contributions

to the world. This dissertation is also dedicated to my wife Greeshma and my sister

Amrutha.



v

ACKNOWLEDGEMENTS

I would like to express my sincere gratitude and appreciation to the wisest and kindest

people who have generously extended their expertise and support all through the

completion of this dissertation, and those of whom I was tremendously fortunate

enough to have crossed paths with at the most crucial, yet right times;

First, foremost and throughout, my advisor, mentor and guide Dr. Sukumar Ka-

malasadan, a man of principles, and whose genius has been the inspiration and mo-

tivation all these years, who convincingly instills the spirit of research in the lives

of his students, whose mentorship is deeply indebted for and, under whose valuable

guidance this dissertation was completed;I would like to express my sincere gratitude

to the committee members of Dr. Yogendra Kakad, Dr. Abasifreke Ebong,and Dr.

Ertunga Ozelkan. I would also like to express my sincere gratitude to Dr. Sumit

Paudyal of Florida International University for his valuable guidance. I would also

like to acknowledge fellow students in Power Energy and Intelligent System Labora-

tory (PEISL) for their constant support throughout this study. The graduate assis-

tantships provided by the Graduate School, and funded by Duke Energy, National

Science Foundation (NSF) and Department of Energy (DOE) are sincerely appreci-

ated. Finally, I would like to express my sincere thanks to my parents, sister and wife

for their time and support and inspiration through out this journey.



vi

TABLE OF CONTENTS

LIST OF TABLES xii

LIST OF FIGURES xv

CHAPTER 1: INTRODUCTION 1

1.1. General Background 1

1.2. Motivation 4

1.3. Objectives and Contribution of the Dissertation 6

1.4. Dissertation outline 9

CHAPTER 2: INJECTION CURRENT SENSITIVITY BASED SINGLE
PHASE DISTRIBUTION SYSTEM LOAD FLOW

12

2.1. Introduction 12

2.2. Research Contribution 15

2.3. Single Phase Distribution System Modeling 15

2.3.1. Power Delivery Elements 15

2.3.2. Power Conversion Elements 16

2.4. Injected Current Sensitivity based Single Phase Power Flow 18

2.5. State of the art methods 21

2.5.1. Forward-Backward Sweep Power Flow 21

2.5.2. Z-bus Approach - Fixed-point Iteration 23

2.6. Single-phase Test Distribution Systems 25

2.6.1. Small Test Feeder-123 node 25

2.6.2. Large Test Feeder - 2522-node 25



vii

2.7. Simulation Results 25

2.7.1. 123-node test system 25

2.7.2. 2522-node test system 29

2.8. Single Phase Distribution Load Flow Tool 30

2.9. Summary 31

CHAPTER 3: INJECTION CURRENT SENSITIVITY BASED THREE
PHASE AND THREE SEQUENCE LOAD FLOW

33

3.1. Introduction 33

3.2. Research Contribution 34

3.3. Three Phase Distribution System Modeling 35

3.3.1. Distribution Lines 36

3.3.2. Load Tap Changers and Voltage Regulators 38

3.3.3. Transformers 40

3.3.4. Load Models 42

3.4. Injected Current Sensitivity based Three Phase Power Flow 44

3.4.1. ICS based Power Flow without DERs 45

3.4.2. ICS based Power Flow with DERs 49

3.4.3. Simulation Results 55

3.5. Three Sequence Based Steady State Analysis 61

3.5.1. Advantages of Sequence Based Methods 62

3.5.2. Sequence Components 63

3.5.3. Time Complexity and Computational Improvement 65

3.6. Three Sequence Load Flow Analysis 67



viii

3.7. Three Sequence Continuation Power Flow 72

3.7.1. CPF Formulation 72

3.8. Three Phase Distribution Load Flow Tool 77

3.9. Summary 79

CHAPTER 4: MULTI-PERIOD POWER FLOW OF THREE PHASE
DISTRIBUTION SYSTEM

80

4.1. Introduction 80

4.2. Research Contribution 82

4.3. Modeling of Control Devices 82

4.3.1. Voltage Regulators 83

4.4. Proposed MPF with DERs 87

4.5. Applications of Multi-Period Power Flow 87

4.5.1. Impact of load and DER variation on grid voltage 89

4.5.2. Impact of DER location on operation of voltage regu-
lators

90

4.5.3. Approximate Voltage Stability Margin Assessment 94

4.6. Three Phase Time Series Analysis Tool 97

4.7. Summary 98

CHAPTER 5: FAULT ANALYSIS OF UNBALANCED DISTRIBUTION
SYSTEM USING SEQUENCE COMPONENTS

99

5.1. Introduction 99

5.2. Research Contribution 102

5.3. Power System Modeling 103

5.3.1. Formation of Sequence Bus Impedance Matrix 105



ix

5.3.2. Buses with Missing Phases 106

5.4. State of the Art Fault Analysis Methods 107

5.4.1. Phase based fault Analysis 107

5.4.2. Existing Sequence based fault Analysis 108

5.5. Proposed Sequence based fault Analysis 109

5.5.1. Sequence Components 109

5.5.2. Single Line to ground fault 112

5.5.3. Line to Line fault 114

5.5.4. Double Line to Ground fault 116

5.5.5. Three Phase to Ground fault 121

5.5.6. Bus Voltages during fault 121

5.5.7. Faults with B and C phase as Reference 121

5.6. Simulation Results 122

5.6.1. Comparison of Proposed Method with Existing Se-
quence based method and Phase based method

122

5.6.2. Validation of Proposed Method with state-of-the-art
Fault Analysis results

125

5.6.3. Fault analysis on buses with missing phases 127

5.6.4. Fault analysis with B and C phase as Reference 127

5.7. Three Phase Fault Analysis Tool 129

5.8. Three Sequence Based Distribution System Analysis Tool 129

5.9. Summary 129



x

CHAPTER 6: THREE-SEQUENCE UNIFIED TRANSMISSION AND
DISTRIBUTION STEADY STATE ANALYSIS

131

6.1. Introduction 131

6.2. Research Contribution 134

6.3. Methods of modeling Transmission busloads in Integrated T&D
framework

134

6.3.1. Multiplication Factor(MF) Based Methods 135

6.3.2. Non Multiplication Factor Based Methods 139

6.4. State of the art method in Integrated T&D load flow 144

6.4.1. Decoupled Approach of T&D System 144

6.5. Proposed Unified Approach of T&D System 147

6.5.1. Stacked Ybus Approach for Unified Ybus 149

6.5.2. Challenges and Solutions 151

6.6. Power Flow Analysis 153

6.6.1. Single Phase Integrated T&D System 153

6.6.2. Three Phase Integrated T&D System 156

6.7. Voltage Stability Assessment 161

6.7.1. Integrated T&D Multi-Period Power Flow
Model(MPF)

162

6.7.2. Integrated T&D Continuation Power Flow Model 169

6.8. Fault Analysis 173

6.9. Sequence Based Integrated T&D System Analysis Tool 174

6.10.Summary 175



xi

CHAPTER 7: SENSITIVITY BASED DYNAMIC COORDINATED
CONTROL FOR GRID SUPPORT USING DISTRIBUTED EN-
ERGY RESOURCES

177

7.1. Introduction 177

7.2. Research Contribution 179

7.3. Realtime DER Integrated Distribution System Modeling 179

7.3.1. Voltage Regulators 179

7.3.2. Realtime Implementation with OPAL-RT 181

7.3.3. DER Integration to Distribution Grid 183

7.3.4. Control of DERs 185

7.4. Voltage Control using ADMM 186

7.4.1. ADMM based Transfer Function Identification 187

7.4.2. Kalman Filter based State Estimation 190

7.4.3. Discrete Linear Quadratic Regulator Control 191

7.4.4. Simulation Results 191

7.5. Summary 199

CHAPTER 8: CONCLUSIONS AND FUTURE WORK 200

REFERENCES 205

APPENDIX A: Fault Analysis on IEEE Test Distribution Feeders 216



xii

LIST OF TABLES

TABLE 2.1: Size of Jacobian 22

TABLE 2.2: Case 1:123 bus system - Power Flow with capacitor ON and
voltage regulators (taps = 0,0,0,0)

27

TABLE 2.3: Case 2:123 bus system - Power Flow with capacitor ON and
voltage regulators (taps = 0,1,2,-1)

28

TABLE 2.4: Case 1 - Power Flow with capacitor ON and voltage regula-
tors (taps = 0,0,0,0)

29

TABLE 2.5: Case 2 - Power Flow with capacitor ON and voltage regula-
tors (taps = 0,6,6,0)

30

TABLE 3.1: Y-bus for Various Transformer Connections from [1] 41

TABLE 3.2: Test Systems 55

TABLE 3.3: Comparison of NR and ICS for various loading 57

TABLE 3.4: Comparison of NR and ICS for various R/X 57

TABLE 3.5: Summary of load flow using ICS 58

TABLE 3.6: Summary of PV bus in 123 bus system 58

TABLE 3.7: No of mathematical operations. 66

TABLE 3.8: Total No of computations for a phase method. 66

TABLE 3.9: Total No of computations for a positive sequence method. 66

TABLE 3.10: Total No of computations for a negative and zero sequence
method.

67

TABLE 3.11: Improvement in computation. 67

TABLE 3.12: Substation Power. 71

TABLE 3.13: Size of matrices. 76

TABLE 3.14: Iterations to converge. 78



xiii

TABLE 4.1: Impact of DER location on operation of voltage regulators 93

TABLE 5.1: Comparison of Per Unit Voltage during LLLG Fault 122

TABLE 5.2: Comparison of Fault Current (Amps) for Buses with missing
phases

127

TABLE 5.3: Comparison of LLG Fault on CA phase on IEEE 13 bus
system

128

TABLE 6.1: Multiplication Factor per phase 136

TABLE 6.2: Transmission boundary bus load distribution using M1 136

TABLE 6.3: Net Load on 3 distribution system 137

TABLE 6.4: Transmission boundary bus load distribution using M2 137

TABLE 6.5: Net Load on 3 distribution system 138

TABLE 6.6: Transmission boundary bus load distribution using M3 139

TABLE 6.7: Transmission boundary bus load distribution using M4 140

TABLE 6.8: Transmission boundary bus load distribution using M5 141

TABLE 6.9: Transmission boundary bus load distribution using M6 142

TABLE 6.10: Loading Factor per phase 143

TABLE 6.11: Transmission boundary bus load distribution using M7 143

TABLE 6.12: Comparison of merits and demerits of each method 144

TABLE 6.13: Average Computational Time for Convergence 169

TABLE 6.14: Iterations to converge. 169

TABLE 6.15: Fault Currents in Amps for 9-123 T&D System. 175

TABLE 7.1: PV integration to Test Feeders 184

TABLE A.1: LLLG and SLG Fault currents in Amps for IEEE 13 bus
system

217



xiv

TABLE A.2: LL Fault currents in Amps for IEEE 13 bus system 217

TABLE A.3: LLG Fault currents in Amps for IEEE 13 bus system 218

TABLE A.4: LLLG and SLG Fault currents in Amps for IEEE 34 bus
system

219

TABLE A.5: LL Fault currents in Amps for IEEE 34 bus system 220

TABLE A.6: LLG Fault currents in Amps for IEEE 34 bus system 221

TABLE A.7: LLLG and SLG Fault currents in Amps for IEEE 123 bus
system

222

TABLE A.8: LLLG and SLG Fault currents in Amps for IEEE 123 bus
system(cont.)

223

TABLE A.9: SLG Fault currents in Amps for IEEE 123 bus system 224

TABLE A.10: LL Fault currents in Amps for IEEE 123 bus system 225

TABLE A.11: LL Fault currents in Amps for IEEE 123 bus system(cont.) 226

TABLE A.12: LLG Fault currents in Amps for IEEE 123 bus system 227

TABLE A.13: LLG Fault currents in Amps for IEEE 123 bus sys-
tem(cont.)

228



xv

LIST OF FIGURES

FIGURE 1.1: Dissertation Outline. 9

FIGURE 2.1: Constant Voltage type DGs 18

FIGURE 2.2: Flowchart of Proposed load flow 21

FIGURE 2.3: Single-phase representation of the IEEE-123 node system 26

FIGURE 2.4: Single-phase representation of the IEEE-8500 node system 26

FIGURE 2.5: Voltage profile with and without PV DG 28

FIGURE 2.6: Load Flow Graphical User Interface 30

FIGURE 2.7: Graphical User Interface flow. 31

FIGURE 3.1: Schematic representation of three phase distribution line . 35

FIGURE 3.2: Schematic representation of Voltage Regulator 38

FIGURE 3.3: Block diagram representation of three phase transformer. 40

FIGURE 3.4: Load modeling (a)Star Connected (b)Delta Connected 43

FIGURE 3.5: Injected Current Sensitivity Based Load Flow 50

FIGURE 3.6: Three phase distribution system with DGs modeled as PV
bus

51

FIGURE 3.7: Validation of LF results 59

FIGURE 3.8: Validation of LF results and % Error Plots 60

FIGURE 3.9: DER in 123 bus 61

FIGURE 3.10: PV Bus in 123 bus system 61

FIGURE 3.11: Sequence Components 63

FIGURE 3.12: Distribution line 64

FIGURE 3.13: Sequence component of admittance submatrices 68



xvi

FIGURE 3.14: Grouping of Sequence admittance submatrices 69

FIGURE 3.15: Grouping of Sequence current and voltage submatrices 69

FIGURE 3.16: Three Sequence Load Flow. 70

FIGURE 3.17: (a) Comparison of Sequence Load Flow-Phase A (b) Com-
parison of Sequence Load Flow-Phase B

71

FIGURE 3.18: Comparison of Sequence Load Flow-Phase C 72

FIGURE 3.19: Three sequence distribution continuation power flow. 77

FIGURE 3.20: Comparison of three phase and three sequence CPF. 78

FIGURE 3.21: Distribution Load Flow Tool 78

FIGURE 4.1: Schematic representation of Voltage Regulator 83

FIGURE 4.2: Compensator Circuit (Source: [2]) 84

FIGURE 4.3: Operation of voltage regulator 85

FIGURE 4.4: Proposed QSTS Simulation 86

FIGURE 4.5: (a) Load Profile (b) Three phase voltage at node 8 with
regulator control OFF

88

FIGURE 4.6: (a) Tap Operation (b) Three phase voltage at node 8 with
regulator control ON

88

FIGURE 4.7: (a) Irradiance Profile (b) Three phase voltage at node 8
with regulator control OFF

89

FIGURE 4.8: (a) Tap Operation (b) Three phase voltage at node 8 with
regulator control ON

90

FIGURE 4.9: (a) DER far from Sub station (b) A phase voltage profile
with and without DER

91

FIGURE 4.10: (a) B phase voltage profile with and without DER (b) C
phase voltage profile with and without DER.

91



xvii

FIGURE 4.11: (a) DER near to Sub station (b) A phase voltage profile
with and without DER

92

FIGURE 4.12: (a) B phase voltage profile with and without DER (b) C
phase voltage profile with and without DER.

92

FIGURE 4.13: Location of DERs 93

FIGURE 4.14: B phase voltage profile for case 2-9 with DERs far from
substation

95

FIGURE 4.15: A phase voltage profile for case 2-9 with DERs near to
substation

96

FIGURE 4.16: Approximate Voltage Stability Margin using MPF. 97

FIGURE 4.17: Distribution Times Series Analysis Tool 97

FIGURE 5.1: Sequence component of impedance submatrices. 104

FIGURE 5.2: Grouping of Sequence impedance submatrices. 104

FIGURE 5.3: Grouping of Sequence current and voltage submatrices. 105

FIGURE 5.4: Formation of sequence impedance matrix for system having
nodes with missing phases.

107

FIGURE 5.5: Sequence Components. 109

FIGURE 5.6: Short circuit Analysis with Mutual Coupling. 110

FIGURE 5.7: Single Line to Ground Fault. 112

FIGURE 5.8: Line to Line Fault. 114

FIGURE 5.9: Double Line to Ground Fault. 116

FIGURE 5.10: Double Line to Ground Fault with separate fault
impedance.

120

FIGURE 5.11: Three Phase to Ground Fault. 122

FIGURE 5.12: Flow chart of Proposed Fault Analysis. 123



xviii

FIGURE 5.13: Fault Current at Bus 4 for LLG and LLLG fault. 124

FIGURE 5.14: Negative sequence Voltage during LLLG fault. 125

FIGURE 5.15: Comparison of Maximum % error for IEEE 13 Bus. 125

FIGURE 5.16: Comparison of Fault Analysis with Benchmark. 126

FIGURE 5.17: (a) A phase Fault current for LLLG Fault on IEEE 34
bus system. (b) B phase Fault current for LLLG Fault on 123 bus
system.

126

FIGURE 5.18: SLG fault on phase C. 128

FIGURE 5.19: Distribution Fault Analysis Tool 129

FIGURE 5.20: Sequence Based Distribution System Analysis Tool. 130

FIGURE 6.1: Modelling load at boundary bus in transmission system. 135

FIGURE 6.2: Per phase MF method. 136

FIGURE 6.3: Three phase MF with balanced shunt load. 138

FIGURE 6.4: Three phase MF with unbalanced shunt load. 139

FIGURE 6.5: Balanced shunt load compensation. 140

FIGURE 6.6: Unbalanced shunt load compensation. 141

FIGURE 6.7: Unbalanced shunt load compensation with phase balancing
loads.

143

FIGURE 6.8: Multiple Distribution System in detail. 144

FIGURE 6.9: Integrated T&D Decoupled System. 145

FIGURE 6.10: Integrated T&D Unified System. 147

FIGURE 6.11: (a)T&D Unified system (b) Renumbered T&D Unified
System.

150

FIGURE 6.12: T&D Unified Ybus 152



xix

FIGURE 6.13: Flowchart of Unified T&D Simulation. 154

FIGURE 6.14: One line diagram of 47-bus T&D system. 155

FIGURE 6.15: Voltage solution and error on transmission circuits. 155

FIGURE 6.16: (a) Voltage solution (b) Angle solution (and error) of 47-
bus T&D system obtained from decoupled and unified approaches.

156

FIGURE 6.17: Two configuration of 113-bus T&D system. 157

FIGURE 6.18: (a) Voltage solution (b) Angle solution (and error) of 113-
bus T&D system (Case a) obtained from decoupled and unified ap-
proaches.

157

FIGURE 6.19: (a) Voltage solution (b) Angle solution (and error) of 113-
bus T&D system (Case b) obtained from decoupled and unified ap-
proaches.

158

FIGURE 6.20: One line diagram of 3phase T&D system. 158

FIGURE 6.21: Phase Voltage solution of Transmission system with spot
load and distribution system

159

FIGURE 6.22: (a) Phase A Voltage (b) Phase B Voltage solution (and er-
ror) of T&D system obtained from decoupled and unified approaches

159

FIGURE 6.23: (a) Phase C Voltage (b) Phase A Angle solution (and error)
of T&D system obtained from decoupled and unified approaches

160

FIGURE 6.24: (a) Phase B Angle (b) Phase C Angle solution (and error)
of T&D system obtained from decoupled and unified approaches

160

FIGURE 6.25: Comparison of Unified Sequence T&D Load Flow with
state of the art T&D load flow method

161

FIGURE 6.26: Distribution load flow with different swing bus voltage. 162

FIGURE 6.27: Proposed Integrated T&D Load flow. 164

FIGURE 6.28: One line diagram of T&D system. 165

FIGURE 6.29: (a) PV curves using Positive Sequence T&D method (b)
PV curves using Proposed Three Phase T&D method

167



xx

FIGURE 6.30: (a) PV curves of T&D system with constant power load
(b) PV curves of T&D system with ZIP load

167

FIGURE 6.31: Maximum loading factor. 168

FIGURE 6.32: Three sequence T&D continuation power flow. 170

FIGURE 6.33: Comparison of CPF and MPF. 171

FIGURE 6.34: VSM with Regulator Control. 172

FIGURE 6.35: PV Curves of 14-8500 T&D System. 173

FIGURE 6.36: IEEE 9-123 T&D system 174

FIGURE 6.37: Comparison of different faults currents at bus 7 Distribu-
tion system

174

FIGURE 6.38: Sequence Based Distribution System Analysis Tool. 175

FIGURE 7.1: Voltage comparison at test node. 180

FIGURE 7.2: Voltage Regulator Control 180

FIGURE 7.3: Regulator Taps 181

FIGURE 7.4: Real Time Implementation using OP 5707 182

FIGURE 7.5: IEEE 123 Bus Distribution Test Feeder 183

FIGURE 7.6: PV farm design 184

FIGURE 7.7: Control Topology 184

FIGURE 7.8: Closed-loop control architecture. 187

FIGURE 7.9: Overall algorithm flowchart. 189

FIGURE 7.10: IEEE 123 Bus Distribution Test Feeder with DERs. 192

FIGURE 7.11: Voltage at test node. 193

FIGURE 7.12: (a) Load variation(b) Voltage variation with load variation. 193



xxi

FIGURE 7.13: (a) ∆V at target node (b) Reactive power reference of
DER1.

194

FIGURE 7.14: Taps operation of Regulator 160-67. 194

FIGURE 7.15: Voltage comparison at test node. 195

FIGURE 7.16: Location of DERs for different test cases. 196

FIGURE 7.17: Voltage error at target node for case 1. 196

FIGURE 7.18: Voltage error area comparison for different cases. 197

FIGURE 7.19: (a) Reactive power of each DER (b) Total Reactive power
of DERs.

197

FIGURE 7.20: Voltage comparison at test node. 198

FIGURE A.1: IEEE 13 Bus Distribution Test Feeder 216

FIGURE A.2: IEEE 34 Bus Distribution Test Feeder 216

FIGURE A.3: IEEE 123 Bus Distribution Test Feeder 218



CHAPTER 1: INTRODUCTION

1.1 General Background

With new grid edge technologies like advanced inverters, demand response (DR),

and Advanced Distribution Management Systems (ADMS), the power distribution cir-

cuits are becoming more active. The high proliferation of distributed energy resources

(DERs) has resulted in an increased coupling between distribution and transmission

networks. The dynamic and intermittent nature of DERs will lead to the increased

interaction of transmission and distribution system operators. The resources in the

LV/MV grid will have a significant impact on the operations of bulk transmission

systems. There has been a sudden growth of research interest in co-simulation plat-

forms for solving transmission and distribution (T&D) systems simultaneously for

steady-state and dynamic analysis. An integrated grid modeling approach combining

transmission and distribution (T&D) can help capture these unprecedented interac-

tions between distribution and transmission systems.

The transmission and distribution circuits are analyzed independently in existing

steady-state analysis tools. While analyzing the transmission system, all the distri-

bution systems connected are reduced to lumped loads representing total loads and

losses of distribution systems. On the other hand, the transmission system is repre-

sented using a constant voltage source with infinite capacity while solving distribution

systems [3]. The existing electromagnetic transient (EMT) simulators can be used

to solve a combination of transmission and distribution systems as one unit. But

due to computational complexities, it may not be scalable for large-scale systems.

Therefore, to reduce the computational burden of EMT simulations, co-simulation

platforms were developed that can combine EMT simulation and transient stability
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analysis. Recently co-simulation platforms capable of solving transmission and dis-

tribution Systems (T&D) in the phasor domain is developed for several applications

like power flow [4,5], contingency analysis [6] and dynamic simulation [4].

Load flow(LF) analysis for power system planning and analysis is used to determine

voltage magnitude and phase angle at each bus, the injected power by each genera-

tor, power flowing through each branch, and also the total active and reactive power

losses in the system [2,7]. A power distribution system consists of various components

classified generally into 2 categories, the power delivery components, and the power

conversion components [8]. The power delivery components are those which trans-

port energy from one point to another such as distribution lines, voltage regulators,

transformers. The power conversion components convert energy from the electrical

domain to other forms and vice versa such as loads and distributed energy resources,

and energy storage devices. To perform load flow analysis of the distribution system,

models of these components should be developed in detail.

The existing three-phase power flow approaches require the solution of a set of 6N

nonlinear simultaneous equations, for an N bus system. This can lead to a huge com-

putational burden for larger systems. A method based on the sequence components

frame can be used to solve a three-phase unbalanced power flow. The power flow

problem is decomposed into sub-problems where the positive sequence sub-problem

is solved by using a nonlinear iterative scheme and the other sub-problems are for-

mulated into two sets of linear simultaneous equations [9, 10]. This would reduce

the size of the Jacobian from 6Nx6N to 2Nx2N and can lead to huge computational

advantages.

The distribution system planning analysis was traditionally focused on steady-state

power flow simulations and protection studies. But with new grid edge technologies

photovoltaic (PV), battery energy storage (BES), electrical vehicles (EVs) advanced

inverters, there has been a shift in distribution system planning [11]. To analyze
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the interactions of new grid edge technologies such snapshot analysis may not be

adequate as only considering peak periods can lead to over-estimation of normal

operating issues. With the high proliferation of distributed energy resources, it is

indispensable to extend steady-state analysis to a multi-period analysis to capture the

time-dependent variations in the active distribution system. A multi-period power

flow analysis (MPF) is required to accurately capture the time-varying aspects of the

system. Using accurate load and generation time-series data, an MPF simulation can

be used to quantify the magnitude and duration of the impact of DERs accurately.

MPF can also be used to conduct vulnerability analysis where the strength of DERs

and how much vulnerable the grid would be in an event of loss of DERs can be

analyzed.

Short circuit analysis or fault analysis constitutes a significant part of power sys-

tem study and is used for obtaining the proper ratings of the protection elements like

relays and circuit breakers. The last decade has seen a rapid growth of inverter-based

DERs and this has led to a change in the dynamics of short circuit current on the

bulk power systems. This also leads to new issues for consideration while setting relay

elements. In contrast to conventional generators which have universal short-circuit re-

sponse characteristics, the inverter fault response is based on specific inverter control

system designs [12]. During faults, the inverter restricts the maximum short-circuit

current to limit thermal overloads of power electronics. In a vast majority of the

software packages made use of today by the industry, it is the sequence components

based fault analysis algorithm that is employed. If the existing sequence components

methodology which assumes a balanced system is used for fault analysis in a dis-

tribution system that has untransposed lines, multi-phase laterals, and many other

sources of unbalances, it will result in deviations from actual current and voltage

values during fault. Accurate sequence voltages at DER terminals during fault will

be required to find the amount of fault current that DER should inject during fault
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to support the grid.

For a distribution network, being in direct contact with the user, the power supply

reliability and quality is of prime importance. The reactive power compensation in the

distribution network can lead to improved power quality of users, a better utilization

rate of the power transformer, and reduced network losses. The penetration level of

DERs can be fairly increased if voltage profiles can be optimally balanced. Moreover,

if the voltage profile is kept at an optimal level, the losses in the distribution network

can be reduced as well. As the integration of DERs causes bidirectional power flow,

conventional voltage and reactive power management may not be effective at all

operating conditions. The two main control methods for DER units are decentralized

control and centralized control [13]. The local control is achieved by controlling

the reactive power of the DG unit locally, without coordination with other DGs

connected in the grid. Centralized control on the other hand is taken into account

optimum sharing of reactive power between different DG units. A coordinated control

architecture for multiphase DERs using a sensitivity-based method can be used for

coordinating DERs to achieve a common objective.

1.2 Motivation

With distribution systems becoming more active, the interactions between trans-

mission and distribution systems are increasing. It is important to have a better

understanding of the coupling of transmission and distribution systems to maintain

secure operations of the power system. The efficient way to examine such interactions

in smart grid systems is to establish a simulation process that integrates transmis-

sion and distribution systems. In the existing state-of-the-art approaches, there is

an absence of an appropriate benchmark to validate the results. Currently, electro-

magnetic transient (EMT) simulators are used to check the validity of results. A

unified co-simulation approach in the phasor domain can serve as a benchmark for

existing approaches. Also, single-phase PV-based DG can aggravate imbalance in the
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power system due to the asymmetrical placement of DG on the three phases. It is

extremely critical to have an integrated T&D framework with both transmission and

distribution modeled in three-phase detail in the existing decoupled approach of T&D

modeling.

The steady-state response of power systems (power flow analysis) using Integrated

T&D is challenging because numerical methods used for power flow analysis which are

stable for transmission networks may not work as required for distribution networks.

For example, the Newton Raphson method that is efficient for transmission systems

may fail if used in the distribution system and the Forward Backward sweep would

fail (or require system-dependent modifications) when used for transmission system

analysis. A Current Injection based method is a promising candidate that can solve

weakly meshed systems as well as radial systems effectively. But the Jacobian size

and the elements updated per load flow iteration in the case of traditional current

injection-based approaches depends on the number of DERs (modeled as PV bus). A

current sensitivity-based approach can be utilized for modeling multiphase DERs with

voltage control capability. Any three-phase power flow approaches require a solution

of 6N nonlinear simultaneous equations where N is the total number of buses. To

reduce this computational complexity, a method based on the sequence components

frame can be utilized. The three-phase unbalanced power flow is decomposed into

sub-problems (positive, negative, and zero sequences sub-problems) of which only

positive sequence sub-problems should be solved iteratively. This would reduce the

size of the Jacobian from 6Nx6N in a 3 phase power flow to a 2Nx2N. This is extended

to continuation power flow can be used to analyze voltage stability of unbalanced

distribution systems with a considerably less computational burden.

The steady-state analysis is executed at snapshots in time with an extreme condi-

tion, such as the peak load period. With the advent of new grid edge technologies

like DERs, smart inverters, EVs such snapshot analysis may not be adequate as only
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considering peak periods can lead to over-estimation of normal operating issues. A

multi-period analysis is indispensable to capture the time-dependent variations in

active distribution systems with high penetration of distributed energy resources.

Short circuit analysis or fault analysis is used to derive ratings of protection devices

is conventionally conducted based on the symmetrical sequence networks. The basic

assumption is that the system is balanced which is not true in the case of distribution

systems. Therefore the application of existing sequence components methodology for

distribution fault analysis will result in deviations from actual values. Phase-based

methods are prominently used for fault analysis for distribution systems, but with

the proliferation of DERs which only inject positive sequence current during a fault,

it is better to have a sequence-based fault analysis procedure. Therefore, a sequence-

based fault analysis method that can take care of all unbalances in the distribution

system is indispensable for DER integrated power systems.

The intermittent nature of DERs can affect the reliability and quality of power.

The frequent use of control devices like voltage regulators and SVCs can lead to more

cost of operation even though the cost of generation from a DER is minimal. The

penetration level of DERs can be increased if the voltage profile is maintained at an

optimal level which also leads to lower power losses in the distribution network. A

coordinated voltage control scheme using reactive power support from DERs itself

can result in reduced voltage regulator operations and tighter voltage profiles.

1.3 Objectives and Contribution of the Dissertation

Based on the above discussions, this dissertation aims to answer the following

research questions:

• Is there a way to have an integrated T&D framework that can accurately capture

the interaction between transmission and distribution system?

• What frame is best suited, phase or sequence in order to efficiently conduct the
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steady state analysis of the T&D system?

• Are there numerical methods for power flow analysis that are stable for both

transmission and distribution systems?

• Are these methods computationally efficient considering the bigger size of T&D

systems with a large number of DERs integrated into them?

• How would the voltage stability of an integrated T&D system vary when a

positive sequence transmission system is replaced by three phase transmission

system?

• Are there computationally efficient methods that can be used to conduct voltage

stability analysis of the T&D system.

• There has been a recent trend towards DERs supporting the grid during an

abnormal condition. Is the present sequence-based short circuit analysis capable

of efficiently handling this?

• The intermittent nature of DERs can affect the quality of power in a DER

integrated grid. Can these DERs themselves be efficiently used to enhance the

reliability of the grid?

The major contributions from this dissertation can be summarized as follows:

• A novel injected current sensitivity-based load flow method for distribution

system is proposed which can be used to model DERs with voltage control

capability.

• A load flow tool for single-phase distribution system is developed which can be

used to solve any distribution system load flow using state-of-the-art methods

and the proposed method.
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• A generalized bus admittance matrix (Y-bus) is formulated which includes dis-

tribution lines voltage regulators, and different transformer connections.

• A new injected current sensitivity-based three phase load flow method is devel-

oped which can cater to multi-phase distribution lines connected to Delta/Star

ZIP loads. Multi-phase DERs with voltage control capability is modeled as PV

bus using a reactive power sensitivity based approach.

• A three sequence based load flow and continuation power flow to solve unbal-

anced three phase distribution system is developed.

• A multi-period load flow method with detailed modeling of voltage regulating

devices and distributed energy resources is proposed to analyze the influence of

DERs on control devices and how their operation impacts the grid.

• A three sequence based fault analysis(TSFA) of distribution system considering

mutual coupling is proposed which can be used to analyze all shunt faults in

an unbalanced distribution system. It can also be extended to conduct short

circuit analysis on DER integrated distribution system.

• An integrated T&D model where transmission and distribution systems are

modeled considering all the three phases including unbalances and all load types

are proposed.

• The steady-state load flow and fault analysis of integrated T&D system is con-

ducted using three sequence methods developed.

• A multi-period integrated T&D load flow approach is proposed that can provide

insights on voltage stability margin. Also, the three sequence CPF developed

is used to analyze voltage stability of T&D system
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Chapter 2: Injection Current Sensitivity Based 
Single phase Distribution System Load Flow

• Single Phase Distribution System Modeling

• ICS based Single Phase Load Flow (SPLF)
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Three phase and Three Sequence Load Flow

• Three  Phase Distribution System Modeling

• ICS based Three Phase Load Flow (TPLF)

• ICS based Three Sequence Load Flow (TSLF)

• ICS based Three Sequence Continuation 
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Transmission and Distribution Steady State 
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• Unified T&D System Modeling

• T&D Load Flow Analysis

• T&D Voltage Stability Analysis

• T&D Fault Analysis 

Chapter 8: Conclusions and Future Work

Chapter 4: Multi-Period Power Flow of Three 
Phase Distribution System

• Voltage Regulator Modeling and Control

• Multi-Period Power Flow (MPF)

Chapter 1: Introduction

Chapter 7: Sensitivity Based Dynamic 
Coordinated Control for Grid Support Using 
Distributed Energy Resources

• Real time Compatible Distribution System 
Modeling 

• Measurement based Coordinated Control 
Architecture

SPLF

TSLF

TSLF

TSCPF

MPF

TSFA

Proposed Methods Proposed Methods 
Component Models DevelopedComponent Models Developed

TSLF

Figure 1.1: Dissertation Outline.

• A coordinated control architecture for multiphase DERs using measurement-

based transfer function identification is proposed which can be used for dynamic

DER selection and voltage support.

1.4 Dissertation outline

The dissertation outline is as follows and summarized in Fig. 1.1:

In Chapter 2 a comprehensive literature review of the state-of-the-art distribution

power flow methods is done. The modeling of distribution components in single-phase

detail is illustrated. The DER is modeled in power factor control mode as well as

in voltage control mode. A computationally efficient single phase load flow (SPLF)
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algorithm based on injected current sensitivity (ICS) for distribution systems with

high penetration of DERs is proposed where the DERs can be modeled using voltage

control capability.

Chapter 3 extends the proposed method to the three-phase distribution network

(TPLF). Models for distribution lines, capacitors, voltage regulators, load models, and

relevant transformer connections are derived and a stacked bus admittance matrix (Y-

bus) is formulated. Multiphase DER with voltage control capability is modeled as PV

bus using a reactive power sensitivity based approach. The three sequence component

framework is introduced and an unbalanced power flow (TSLF) and continuation

power flow (TPCPF) based on the three sequence components is proposed where

three-phase unbalanced power flow is decomposed into three separate subproblems.

The single phase load flow (SPLF) derived in the first chapter is used for the positive

sequence subproblem.

In Chapter 4 a multi-period power flow (MPF) based on three sequence is proposed

to accurately capture the time-varying aspects of the system. A QSTS framework

with detailed modeling of discrete control devices and distributed energy resources is

proposed to analyze the influence of DERs on control devices and how their operation

impacts the grid. MPF is also used to find how DER location affects regulator

operation and steady-state grid voltage.

In chapter 5 a three sequence based fault analysis(TSFA) of distribution system con-

sidering mutual coupling is proposed. Pre-fault voltages are calculated using TSLF.

The method is suitable to be used for steady-state fault analysis of DER integrated

power distribution systems and can also be used for short circuit analysis on in-

tegrated transmission and distribution systems. A tool to perform sequence based

steady state analysis of distribution system is developed.

In chapter 6 a unified transmission and distribution modeling considering all the

three phases is proposed. Three sequence load flow approaches are used to conduct
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load flow analysis. A multi-period integrated T&D load flow approach is proposed

which aids in obtaining insights on voltage stability margin. Also, the three sequence

CPF developed is used to get a more accurate voltage stability margin. Finally, the

steady state short circuit analysis of the T&D system is conducted using the three

sequence based fault analysis developed. A tool to perform sequence based steady

state analysis of integrated T&D system is developed.

In Chapter 7 distribution systems are modeled to run in real-time in the OPAL-

RT real-time simulator. A coordinated control architecture for multiphase DERs

using measurement-based transfer function identification is proposed. ADMM based

transfer function identification scheme is used to obtain sensitivity between voltage

deviation at a node and the reactive power injection of DERs. The algorithm is

utilized for voltage support and also to analyze scenarios like the loss of one or more

DERs during operation.



CHAPTER 2: INJECTION CURRENT SENSITIVITY BASED SINGLE PHASE

DISTRIBUTION SYSTEM LOAD FLOW

2.1 Introduction

Load flow (LF) analysis or steady-state analysis for distribution system (DS) are

used to determine voltage magnitude and phase angle at each bus, the injected power

by each generator, power flowing through each branch, and also the total active

and reactive power losses in the system [2, 7]. Also, load flow helps to determine

proper settings and locations for devices such as voltage regulators and reactive power

compensating devices. Conventional methods of LF such as Gauss-Seidel [7], Newton-

Raphson [14], fast decoupled [15–17], that are widely used for transmission systems

(TS) exhibit poor convergence behavior when applied to DS. Therefore conventional

load flow methods that were used to do the steady-state analysis of transmission

systems have been modified to work for Distribution systems. Various attempts have

been made to modify the Newton methods to make them applicable for load flow

analysis on the distribution system.

One efficient method among those, called current injection method CIM, is based

on the nodal current injections written in rectangular coordinates [18–22]. Another

approach that uses complex bus admittance matrix and equivalent current injections

called Gauss Implicit methods is presented in [23–25]. Using Ohm’s law, voltage

solutions at each iteration are obtained by inverting the Y − Bus resulting in a

set of 3n equations for an n bus 3 phase system which leads to less computational

complexity and memory usage compared to Newton Raphson methods which require

computation of Jacobian in each iteration. The convergence of the Zbus method is

dependent upon the number of PV buses in the system. The rate of convergence
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is comparable to the Newton-Raphson approach when there are no PV buses in the

system and deteriorates as the number of PV buses increases.

Another type of distribution system load flow algorithm is based on backward-

forward sweep (BFS) approach [26–34]. The BFS based algorithm consists of two

steps, backward sweep for branch current computations and forward sweep for bus

voltage computations. Kirchhoff’s current law is the backbone for the backward sweep

and Kirchhoff’s voltage law is the base for the forward sweep. All of these LF method-

ologies are having enough potential to compute precise LF solutions. However, there

are certain computational limitations are associated with these approaches [35,36]. All

the prevailing BFS based approach in the literature utilizes time-consuming branch

and bus numbering schemes to compute the branch currents and bus voltages. In-

clusion of the mathematical model of distributed system components such as trans-

former, regulators, and capacitor in such sweep based approach is also a complicated

task. Also, in the conventional BFS technique, computation of receiving end bus volt-

age is dependent upon the corresponding sending end bus voltage. This sequential

computation requires considerably large computation time.

The matrix-based BFS based methods have addressed the complexity associated

with primitive BFS based approaches [26–34]. The bus injection to branch current

matrix (BIBC), branch current to bus voltage matrix (BCBV), and direct load flow

(DLF) matrix have been developed by the authors in [37, 38] to acquire the load

flow solution of the distribution system. The backward sweep is performed using the

BIBC matrix for branch current computations and the forward sweep is performed

using BCBV and DLF matrix to compute the bus voltage. But, the involvement

of two direct multiplications, between BIBC and BCBV, and between DLF and cur-

rent injection matrix increases the computational burden and also provides a research

scope for further improvement. The load flow methodology developed [39] in is also

an advanced direct load flow method utilizing the network topology based approach.
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This solution technique requires direct multiplication between (a) transpose of branch

current to bus current matrix and impedance matrix (let’s assume that the resultant

matrix is represented by the symbol say NCNV), (b) NCNV, and branch current to

bus current matrix. This multiplication operation requires considerably large process-

ing time. In [35, 40], authors have formulated the loads beyond branch matrix, load

current matrix and branch current matrix for computing the load current and branch

current (this step is backward sweep). In the forward sweep, the path impedance

matrix, path drop matrix, slack bus to other buses drop matrix and load flow matrix

have been developed to compute the bus voltage. There is no direct multiplication

required between all the relevant matrices developed in the aforementioned work.

Hence, this algorithm is computationally much more efficient than the direct load

flow algorithm. Furthermore, these load flow approaches have not considered trans-

formers and regulators models in their study. Several other methods of load flow

based on BFS based methods are formulated in [36].

It is evident from the literature review that the prevailing load flow algorithms in

the literature have their limitation in handling the modern distribution network. Some

of the load flow algorithms provide load flow solution for radial distribution system

only. In the case of the load flow solution of a weakly meshed distribution system,

those load flow methodologies perform poorly. Some of the load flow approaches

provide load flow solution of balanced or single-phase distribution network only. It is

also noticed from the literature review that some of the prevailing load flow algorithms

display poor convergence behavior. Some of the algorithms are capable of providing

the load flow solution of both radial and meshed distribution system, but, not flexible

enough to incorporate any new changes in the prevailing topology of the distribution

network. The transformers, regulators, shunt element, and voltage-controlled model

of distributed generations (PV bus model) have not been taken into considerations

in various load flow studies existing in the literature.
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2.2 Research Contribution

• A novel injected current sensitivity based load flow method for distribution

system is proposed which can be used to model DERs with voltage control

capability.

• Two state of art distribution load flow methods were developed

• A load flow tool for single-phase distribution system is developed which can be

used to solve any distribution system load flow using state of the art methods

and proposed method.

2.3 Single Phase Distribution System Modeling

This section describes the mathematical modeling of power distribution system

equipment. The discussion is categorized into power delivery elements and power

conversion elements. Power delivery elements such as distribution lines, transformers

are responsible for power transmission in the distribution networks. Power conversion

elements such as load, DGs, capacitor banks generate or consume electrical power

following energy conversion principles.

2.3.1 Power Delivery Elements

2.3.1.1 Distribution Lines and Transformers

The distribution lines and transformers are modeled as a two-terminal devices

with fixed impedance. For each branch (i, j) ∈ E , we model the complex impedance

as zij = rij + jxij, where, rij and xij represent per-unit resistance and reactance,

respectively. Other models for different transformer configurations are detailed in

later sections (See Section V).

2.3.1.2 Voltage Regulators

A 32-step voltage regulator with a voltage regulation range of ±10% is assumed.

The series and shunt impedance of the voltage regulator are ignored as these have
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very small value. Let, a be the turn ratio for the voltage regulator connected to

line (i, j). Then a can take values between 0.9 to 1.1 with each step resulting in a

change of 0.00625 pu. The control for regulator is defined using binary variables.

Let, for utap,i ∈ {0, 1} be a binary variable defined for each regulator step position

i.e. i ∈ (1, 2, ..., 32). Also define a vector bi ∈ {0.9, 0.90625, ..., 1.1}. Then Vi, Vj, Iii′ ,

and Ii′j are given as follows:

Vj = Vi′ = aVi and Iii′ = aIi′j (2.1)

where, a =
32∑
i=1

biutap,i and
32∑
i=1

utap,i = 1.

2.3.2 Power Conversion Elements

2.3.2.1 Loads

The most widely acceptable load model is the ZIP model which is a combination of

constant impedance (Z), constant current (I) and constant power (P)) characteristics

of the load [41]. The mathematical representation of the ZIP model for the load

connected at bus i is given by (18)-(19).

pL,i = pi,0

[
kp,1

(
Vi

V0

)2

+ kp,2

(
Vi

V0

)
+ kp,3

]
(2.2)

qL,i = qi,0

[
kq,1

(
Vi

V0

)2

+ kq,2

(
Vi

V0

)
+ kq,3

]
(2.3)

where, kp,1 + kp,2 + kp,3 = 1, kq,1 + kq,2 + kq,3 = 1, pi,0 and qi,0 are load consumption

at nominal voltage, V0.

2.3.2.2 Distributed Generation

A per-phase model for reactive power support from smart inverter connected to

DGs is developed. The DGs are modeled as constant power factor(PQ) type DG or

constant voltage(PV) type DG. The constant power factor type DGs are modelled as
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negative loads with a known active power generation equal to the forecasted value.

The reactive power support from DG depend upon the rating of the smart inverter.

Let, the rated per-phase apparent power capacity for smart inverter connected to

ith DG be sratedDG,i and the forecasted active power generation be pDG,i. The available

reactive power, qDG,i from the smart inverter is given by

−
√

(sratedDG,i )
2 − (pDG,i)2 ≤ qDG,i ≤

√
(sratedDG,i )

2 − (pDG,i)2 (2.4)

In this work, the PQ type DGs are installed at the 10%, 30%, and 50% of the load

nodes. The rated power of each DG is equal to the rated power of the load connected

to that node. It is assumed that all the DGs are interfaced with the smart inverters

and its kVA rating is equal to the 120% of the rated active power.

The constant voltage type DGs or PV type DGs are modelled using a PV sensitivity

impedance matrix (PVSIM). Consider a system as shown in Fig. 2.1. The sensitivity

matrix for computing net reactive current injections by the DGs can be written as:

ZPV =

Z11 Z12

Z21 Z22

 (2.5)

The PV sensitivity impedance matrix is obtained using the procedure described.

From input data, a graph is created using network topology information of the dis-

tribution system. The path from the substation bus to each PV bus is obtained.

Dijkstra’s algorithm is used to find the shortest path from a source node to any node

in a graph. Since distribution systems are generally radial, there will be only 1 path

between the source node and the target node. A modified Dijkstra’s algorithm is used

since we are only interested to find a path from the swing bus to each PV bus and

not every bus in the system. Using the path obtained, the total impedance for each

path is calculated. Once all diagonal blocks are calculated, the common path shared

between 2 PV nodes with substation is found using a common path algorithm and
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Figure 2.1: Constant Voltage type DGs

off-diagonal blocks of PVSIM are obtained using R, X, B values of line components

in the common path.

2.4 Injected Current Sensitivity based Single Phase Power Flow

The proposed method is a modified version of current injection based power flow as

in [18]. In current injection-based power flow, the complex current injection equations

are expressed in terms of rectangular coordinates, and the bus admittance matrix is

represented in terms of its real (G) and imaginary values (B). The Jacobian matrix

is formed from the bus admittance matrix where each element in the bus admittance

matrix is replaced with 2×2 blocks. The off-diagonal blocks obtained in the Jacobian

are fixed over iterations and diagonal blocks are updated at every iteration based on

the type of load model connected to that bus. In an electric power network with N

buses the complex current mismatch at a bus i can be expressed as:

∆Ii = (Ispi )− (Icalci ) (2.6)
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Eq (2.6) can be expanded as

∆Ii =
(P sp

i )− j(Qsp
i )

(V ∗
i )

−
n∑

j=1

YjiVj (2.7)

where P sp
i is active component of scheduled power at bus i and Qsp

i is reactive com-

ponent of scheduled power at bus i.

Eq (2.7) which is in complex form can be represented in terms or real and imaginary

component as

∆Iri =
P sp
i Vri +Qsp

i Vmi

V 2
ri + V 2

mi

−
N∑
j=1

(GijVrj −BijVmj) (2.8)

∆Imi =
P sp
i Vmi −Qsp

i Vri

V 2
ri + V 2

mi

−
N∑
j=1

(GijVmj −BijVrj) (2.9)

The power flow formulation using current injections can be solved using (2.10) as



∆Im1

∆Ir1
...

∆Imn

∆Irn


=



∂Im1

∂Vr1

∂Im1

∂Vm1
· · · ∂Im1

∂Vrn

∂Im1

∂Vmn

∂Ir1
∂Vr1

∂Ir1
∂Vm1

· · · ∂Ir1
∂Vrn

∂Ir1
∂Vmn

...
...

...
...

...

∂Imn

∂Vr1

∂Imn

∂Vm1
· · · ∂Imn

∂Vrn

∂Imn

∂Vmn

∂Irn
∂Vr1

∂Irn
∂Vm1

· · · ∂Irn
∂Vrn

∂Irn
∂Vmn





∆Vr1

∆Vm1

...

∆Vrn

∆Vmn


(2.10)

The elements of Jacobian can be obtained as in [19]. The voltage mismatch can be

represented in compact form as

[
∆V

]
=

[
J

]−1 [
∆I

]
(2.11)

The updated voltage is given by

[
V

]k+1

=

[
V

]k
+

[
∆V

]
(2.12)
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In order to model PV type DERs in current injection based power flow, at each

iteration, the deviation of magnitude of voltage at PV bus k from its specified values

is calculated and given by

| ∆V PV
k |=| V spec

k | − | V s
k |, (2.13)

where V spec
k and Vk are specified and calculated values of voltage at PV node k. If

the voltage deviation of bus k is not within the acceptable tolerance, reactive power

compensation is required to maintain voltage to a specified value. Assuming that

the voltage variation due to active power is minimal, the reactive current injection

required by at all PV nodes are given by

[
∆IPV

m

]
=

[
ZPV

]−1 [
∆V PV

]
(2.14)

where ZPV is the PV sensitivity impedance matrix (PVSIM). The reactive current

injection is then added to current mismatch vector of respective buses. The voltage

mismatch equation considering PV type DG at bus k is given by (2.15)


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...

...
...

...

∂Imn

∂Vr1

∂Imn

∂Vm1
· · · ∂Imn

∂Vrn

∂Imn

∂Vmn

∂Irn
∂Vr1

∂Irn
∂Vm1

· · · ∂Irn
∂Vrn

∂Irn
∂Vmn



−1 

∆Im1

∆Ir1
...

∆Imk +∆IPV
mk

∆Irk
...

∆Imn

∆Irn



(2.15)

A flow chart of proposed method is shown in Fig. 2.1. Thus the PV bus inclusion

in LF is achieved without updating any additional elements (for each PV bus) in
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Update Diagonal 

blocks of Jacobian
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

Vk+1=Vk +ΔV,  

k=k+1

Figure 2.2: Flowchart of Proposed load flow

Jacobian. This would lead to a large computational advantage especially with large

DER penetration in the distribution system. A table showing size and number of

elements updated in Jacobian per iteration for an n bus system with m PV buses is

shown in Table. 2.1. Values for the IEEE 14 bus system with 4 PV buses are shown.

2.5 State of the art methods

2.5.1 Forward-Backward Sweep Power Flow

The Forward-Backward Sweep method exploits radial nature and overcome the

challenges related to ill-conditioned nature of distribution networks. The algorithm

consists of a nodal current calculation, a backward sweep and a forward sweep. Con-
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Table 2.1: Size of Jacobian

Tradition
NR

Current
Injection

[18]

Current
Injection

[20]

Proposed
Method

Size of Jacobian 2n-m-2 2n-2 2n-2+m 2n-2
Size of Jacobian
(14 bus system) 22 26 30 26

Elements Updated
per Iteration 146 74 60 52

sider a power network with N buses and L branches, nodal current equation can be

expressed At iteration k, the nodal current injection at node i can be calculated as

Iki =
P sp
i − jQsp

i

V k−1∗
i

(2.16)

P sp
i = PGi

− PLi
(2.17)

Qsp
i = QGi

−QLi
(2.18)

where P sp
i , PGi

and PLi
are active component of scheduled, generated and load power

at bus i respectively and Qsp
i , QGi

and QLi
is reactive component of scheduled, gen-

erated and load power at bus i respectively.

During backward sweep, the branch currents are calculated (with initialized volt-

ages for the first iteration). A current summation method is applied to start from

nodes at the far end of the feeder towards the source bus. The current in-branch l

connected between node f and t can be obtained as

Ikl = −Ikt +
∑

(Itp) (2.19)

where Itp is currents in all branches emanating from node t. If a voltage regulator

with tap t is connected between node f and t the current in branch l is modified as

Ikl = (1 + 0.00625t)Ikl (2.20)
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The forward sweep calculates voltages using the calculated currents from backward

sweep from the source bus till nodes at far end of feeder.The voltage at node t is

obtained using current in branch l and updated voltage in node f as

V k
t = V k

f − Zl ∗ Ikl (2.21)

where Zl is impedance of line l. If a voltage regulator with tap t is connected between

node f and t voltage at node t is modified as

V k
t = (1 + 0.00625t)V k

t (2.22)

The voltages obtained using forward sweep are used for the next iteration in the

backward sweep. The voltage mismatch is calculated as

∆V = V k − V k−1 (2.23)

The load flow iterations are repeated until voltage mismatches is lesser than a con-

vergence tolerance.

2.5.2 Z-bus Approach - Fixed-point Iteration

In an electric power network with N buses, nodal current equation can be expressed

according to the following matrix form:

I = YV =
N∑
j=1

YjiVj (2.24)
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where

I =



I1

I2
...

In


,V =



V1

V2

...

Vn


,Y =



Y11 Y12 · · · Y1n

Y21 Y22 · · · Y2n

...
... . . . ...

Yn1 Yn2 · · · Ynn


(2.25)

are the nodal injection current vector, bus voltage vector, and the bus admittance

matrix of the network, respectively. Partitioning the matrices into slack and non-slack

buses eq (2.24) can be expressed as

Is
In

 =

Yss Ysn

Yns Ynn


Vs

Vn

 (2.26)

where Is is the current injection at slack bus and Vs is the voltage at the slack bus

and In is the current injection for all other buses and Vs is the voltage at all other

buses. Therefore

In = Yns.Vs + Ynn.Vn (2.27)

At iteration k, the nodal current injection at node i can be calculated as

Iki =
(P sp

i )− j(Qsp
i )

(V ∗
i )

(2.28)

where P sp
i is active component of scheduled power at and Qsp

i is reactive component

of scheduled power at bus i. A fixed-point equation for voltages Vn can be obtained

as

V k+1
n = Y −1

nn .(Ikn − Yns.V
k
s ) (2.29)

The voltage mismatch is calculated as

∆V = V k − V k−1 (2.30)
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The load flow iterations are repeated until voltage mismatches is lesser than a con-

vergence tolerance.

2.6 Single-phase Test Distribution Systems

2.6.1 Small Test Feeder-123 node

This test system is developed by converting the three-phase IEEE-123 node distri-

bution system into an equivalent single-phase system (using OpenDSS). The system

has four voltage regulators and four capacitor banks as shown in Fig.2.3. The trans-

formers in the system are converted into a line with an equivalent line impedance.

Also, the line capacitance of the system is ignored. All loads were converted into wye

connected constant power loads.

2.6.2 Large Test Feeder - 2522-node

This test system is developed by converting the three-phase IEEE-8500 node dis-

tribution system into an equivalent single-phase system (using OpenDSS) by ignoring

the secondary lines and combining the secondary loads and shifting it to the primary.

Due to this conversion, the resultant number of nodes in the system is 2522. The

original system has four voltage regulators and four capacitor banks which is intact

at the same position in the derived model as shown in Fig.2.4.

2.7 Simulation Results

2.7.1 123-node test system

Two cases are simulated: (1) capacitor ON and voltage regulators (taps = 0,0,0,0)

and (2) capacitor ON and voltage regulators (taps = 0,1,2,-1). The rationale is to

evaluate the performance of the algorithms for two different operational scenarios

characterized by the setpoints of the discrete voltage control devices. DGs considered

being of PQ type. The base case power flow is solved using the power flow algorithms

proposed method. The results are then validated using a benchmark power flow solver

tool named OpenDSS [42] and also compared with the state of the art methods like
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Figure 2.3: Single-phase representation of the IEEE-123 node system
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forward-backward sweep and Z-bus. The apparent power flow in the system for the

base case is 1.273 MVA. It can be observed from the Table.2.2, all the nonlinear power

flow results are similar to that obtained by solving the power flow in OpenDSS. Next,

with the increase in DG penetration from 10% to 50% there is a reduction in power

flow from the substation to 1.016 MVA to 0.660 MVA. The maximum error in the

voltage magnitude(PU) and the angle (in radian) for the proposed method at the

base case is 0.0008 pu, and it decreases with the increase in DG penetration. Also,

the maximum difference in the voltage angle is 0.00014 rad.

Table 2.2: Case 1:123 bus system - Power Flow with capacitor ON and voltage regu-
lators (taps = 0,0,0,0)

Apparent Power flow from substation (MVA)
% DG pene-
tration

OpenDSS Proposed
Method

FB Sweep Z-bus
method

0 1.273 1.273 1.273 1.273
10 1.016 1.016 1.016 1.016
30 0.840 0.840 0.840 0.840
50 0.660 0.660 0.660 0.660

Maximum error in pu voltage with respect to OpenDSS solutions
0 - 0.0008 0.0008 0.0008
10 - 2.53e-05 2.53e-05 2.53e-05
30 - 2.45e-05 2.45e-05 2.79e-05
50 - 2.79e-05 2.79e-05 2.79e-05
Maximum error in voltage angle with respect to OpenDSS solutions

0 - 0.0001415 0.0001458 0.000141
10 - 5.502e-05 5.760E-05 5.501e-05
30 - 5.142e-05 5.359E-05 5.142e-05
50 - 3.455e-05 3.601E-05 3.454e-05

The power flow comparison by changing the tap positions of the voltage regulators

from 0, 0, 0, 0 is change to 0, 1, 2,−1 and the all the capacitor switch ON is shown in

Table.2.3. This validates that the power flow algorithm is not affected by changing

the tap position of the voltage regulators. Next 2 PV type DGS are used to maintain

a 1pu voltage at bus number 40 and 60. It can be seen from Fig. 2.5 that proposed

algorithm is able to successfully model voltage controlled DGs and maintain voltage
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Table 2.3: Case 2:123 bus system - Power Flow with capacitor ON and voltage regu-
lators (taps = 0,1,2,-1)

Apparent Power flow from substation (MVAR)
% DG pene-
tration

OpenDSS Proposed
Method

FB Sweep Z-bus
method

0 1.273 1.273 1.273 1.273
10 1.0163 1.0164 1.0164 1.0164
30 0.8401 0.8402 0.8402 0.8402
50 0.6601 0.6602 0.6602 0.6602

Maximum error in pu voltage with respect to OpenDSS solutions
0 - 3.068e-05 3.059e-05 3.062e-05
10 - 9.372e-05 9.379e-05 9.365e-05
30 - 7.505e-05 7.498e-05 7.502e-05
50 - 6.381e-05 6.385e-05 6.378e-05
Maximum error in voltage angle with respect to OpenDSS solutions

0 - 0.000140 8.783e-05 0.00014065
10 - 5.466e-05 8.528e-05 5.465e-05
30 - 5.135e-05 8.217e-05 5.135e-05
50 - 3.447e-05 5.743e-05 3.447e-05

at specified value.

0 50 100 150

Bus

0.94

0.96

0.98

1

V
 p

u
 

With PV DGs

No PV DGs

Figure 2.5: Voltage profile with and without PV DG
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2.7.2 2522-node test system

A larger test feeder is required to validate the performance of the algorithms.The

performance of algorithms are evaluated using two test cases, viz. case (1)- all the

capacitor switch ON and all the voltage regulators taps at 0 and case (2) all the

capacitor switch ON and all the voltage regulators taps at 0,6,6,0. The comparison of

Table 2.4: Case 1 - Power Flow with capacitor ON and voltage regulators (taps =
0,0,0,0)

Apparent Power flow from substation (MVA)
% DG pene-
tration

MatPower Proposed
Method

FB Sweep Z-bus
method

0 3.7493 3.749 3.750 3.749
10 3.277 3.278 3.277 3.277
30 2.394 2.394 2.394 2.394
50 1.669 1.669 1.670 1.669
Maximum error in pu voltage with respect to MATPOWER solutions

0 - 0.0002 0.0002 0.0001
10 - 0.0001 0.0001 0.0001
30 - 0.00013 0.00016 0.00012
50 - 9.15e-05 9.06e-05 9.06e-05
Maximum error in voltage angle with respect to MATPOWER solutions
0 - 0.00015 0.00015 0.00014
10 - 0.00012 0.00012 0.00012
30 - 7.9e-05 7.9e-05 7.9e-05
50 - 4.3e-05 4.38e-05 4.38e-05

the power flow variables obtained by solving different power flow algorithms for case

(1) is shown in the Table.2.4. The solution in this case is validated using a standard

power flow solver named MATPOWER. It can be observed from the table that the

apparent power flow from substation is exactly equal for all algorithms and for all level

of DG penetration. As the DG penetration increases the line losses will decrease, this

is due to increase in the number of nodes with net zero power consumption (PL−PG).

Further, it can be observed from the table that the maximum error in the voltage

angle for all the algorithms with respect to MATPOWER angle is almost equal.
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The power flow comparison for the the 2522 node system for Case 2, is shown in

Table.2.5.

Table 2.5: Case 2 - Power Flow with capacitor ON and voltage regulators (taps =
0,6,6,0)

Apparent Power flow from substation (MVA)
% DG pene-
tration

MatPower Proposed
Method

FB Sweep Z-bus
method

0 3.735 3.735 3.736 3.735
10 3.267 3.267 3.267 3.267
30 2.388 2.388 2.388 2.388
50 1.667 1.667 1.667 1.667
Maximum error in pu voltage with respect to MATPOWER solutions

0 - 0.0002 0.00015 8.99e-05
10 - 0.00011 0.00013 9.44e-05
30 - 7.79e-05 8.04e-05 7.29e-05
50 - 4.13e-05 4.17e-05 4.10e-05
Maximum error in voltage angle with respect to MATPOWER solutions
0 - 0.0049 0.0038 0.00017
10 - 0.00012 0.0034 0.00011
30 - 7.31e-05 0.0023 7.4e-05
50 - 4.04e-05 0.0014 4.06e-05

Figure 2.6: Load Flow Graphical User Interface

2.8 Single Phase Distribution Load Flow Tool

A Graphical User Interface for the single phase distribution load flow tool as shown

in Fig. 2.6 is developed. The tool is universal and can be used to analyze any
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distribution system. The user can select the load flow method from a drop-down

list which will display the list of all load flow methods. An option to plot voltage

magnitude as well as to compare results with a benchmark is provided.

Then once the user clicks on the RunPF button, a window appears from which the

user can select the interested test system. The complete flow of the tool is shown in

Fig. 2.7.

Figure 2.7: Graphical User Interface flow.

2.9 Summary

A load flow algorithm based on current injection is proposed which can cater to dis-

tribution systems with high penetration of DERs has been introduced in this chapter.

The DGs are modeled as constant power factor type(PQ) treating them as negative

load in the proposed LF studies. The DGs which have voltage control capability is

modeled as constant voltage type(PV) bus using a reactive power sensitivity based

approach. Unlike conventional current injection type load flow, the Jacobian size and
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elements to be updated per iteration will not be affected because of the PV bus in the

proposed method. case studies on IEEE-123 bus test distribution systems show the

accuracy and robustness of the proposed approach. The scalability of the approach is

validated using the IEEE-8500 node system. Finally, a universal load flow tool with a

graphical user interface for the single-phase distribution load flow is developed which

can be used to analyze any distribution systems.



CHAPTER 3: INJECTION CURRENT SENSITIVITY BASED THREE PHASE

AND THREE SEQUENCE LOAD FLOW

3.1 Introduction

Conventional Load flow (LF) analysis methods that are widely used for transmission

systems may exhibit poor convergence behavior when applied to Distribution Systems.

The transmission networks are generally having a meshed structure, while distribution

systems ate generally radial. The lines in the transmission system are assumed to

be transposed which results in no coupling between phases. The loads are treated as

balanced loads and therefore the three phase load flow can be reduced to a single phase

or positive sequence load flow. But the distribution systems are highly unbalanced in

nature. The lines are modeled as untransposed lines and hence mutual coupling effects

are prominent. There will be combinations of three phase, two phase, and single phase

line sections. The loads are generally unbalanced and due to the presence of a large

number of single phase loads. Another important feature of the distribution system

is its higher R/X ratio compared to the transmission system. The high R/X ratio

of distribution lines makes the distribution system ill-conditioned. Finally, a larger

number of nodes in the distribution system leads to higher time for calculation and

inversion of the Jacobian matrix at each iteration which makes the load flow more

time-consuming and computationally complex. Due to the above-mentioned reasons,

conventional load flow methods have been modified to work for DS.

A three-phase form of current injection method (TCIM) has been demonstrated

earlier [19] and found to be numerically robust with quadratic convergence and effi-

cient in solving radial as well as highly meshed systems. The complex current injection

equations in phase coordinates are represented in rectangular form resulting in a set
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of 6n equations for a n bus system. The Jacobian matrix composed of 6x6 block

matrices have the same structure as the admittance matrix and only needs updating

of the diagonal elements depending on the type of loads. Even though the frame-

work is computationally efficient, TCIM does not consider different load connection

types such as delta-connected loads. Also, with multiple PV buses (as becoming a

normal due to high penetration of DERs), more number of off-diagonal blocks in Ja-

cobian needs iterative update making the Jacobian computation more complex and

time-consuming especially while treating a large number of control devices [22]. The

Gauss Implicit methods [23–25] has less computational complexity and memory us-

age compared to Newton Raphson methods which require computation of Jacobian

in each iteration. But the rate of convergence is comparable to the Newton-Raphson

deteriorates as the number of PV increases.

3.2 Research Contribution

• A new injection current sensitivity based load flow method is proposed in this

chapter which can cater to distribution lines with missing phases connected to

Delta/Star ZIP loads.

• Models for distribution lines, capacitors, voltage regulators, and relevant trans-

former connections are derived and a generalized bus admittance matrix (Y-bus)

is formulated.

• Generalised Jacobian matrix have been formulated which embeds the properties

or features of the distribution system components mentioned above.

• Multiphase DERs with voltage control capability is modeled as PV bus using

a reactive power sensitivity based approach. The additional injection will be

suitably updated in the current injection vector. Thus, the jacobian matrix

will not be affected. Whereas, in the case of traditional Newton- Raphson and

current injection based approaches size and elements of the Jacobian matrix
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will be highly affected due to PV bus inclusion.

• A three sequence load flow and continuation power flow for unbalanced three

phase distribution system is developed.

3.3 Three Phase Distribution System Modeling

A power distribution system consists of various components classified generally

into 2 categories, the power delivery components, and the power conversion com-

ponents [8]. The power delivery components that transport energy from one point

to another such as distribution lines, voltage regulators, transformers. The power

conversion components convert energy from the electrical domain to other forms and

vice versa such as loads and distributed energy resources, and energy storage devices.

To perform load flow analysis on the system, models of these components should be

developed This section explains the modeling of various components and obtaining

the bus admittance matrix corresponding to each of them.

aa
ijz

ab
ijzbb

ijz

cc
ijz

c
ijz


bb
ijz

ijz


an
ijz

ac
ijz

bn
ijz

c
ijy


bc
ijy

ab
ijy

a
ijy
b

ijy


ac
ijy

Bus i Bus j

iI

iV

jI

jV

ab
ijy

bc
ijy

c
ijy
 a

ijy


b
ijy


ac
ijy

Phase a Phase b Phase c Phase η

Figure 3.1: Schematic representation of three phase distribution line .
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3.3.1 Distribution Lines

A distribution network is represented by a set of K buses, and a set of L lines

connecting these buses as shown in Fig. 3.1. For a three-phase line segment con-

nected between bus i and j with neutral (Fig. 3.1), the primitive impedance matrix

corresponding to its series elements is symmetric and can be written as per [43]:

Zprim
ij =



zaaij zabij zacij zaηij

zbaij zbbij zbcij zbηij

zcaij zcbij zccij zcηij

zηaij zηbij zηcij zηηij


(3.1)

In this matrix, diagonal elements represent the self-inductance of the correspond-

ing phase and off-diagonal elements depict mutual impedance between corresponding

phases of the line segment connected between bus i and j.

Since, most of power flow analysis only uses phase impedance matrix representation

of the distribution lines. Hence, primitive impedance matrix of distribution line seg-

ment can be transformed into phase impedance matrix by suitably applying Kron’s

reduction algorithm on Zprim
ij thus merging the effect of neutral conductor (η) into the

three phase conductors. The phase impedance matrix corresponding to series element

of the distribution line connected between bus i and j is given by

Zij =


zaaij zabij zacij

zbaij zbbij zbcij

zcaij zcbij zccij

 (3.2)

The phase admittance matrix corresponding to series element of distribution line
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segment ij is computed using equation below:

Yser
ij = Z−1

ij (3.3)

Similarly, the phase admittance matrix corresponding to shunt element of distribution

line segment ij is computed following the similar procedure as described above and

the resultant equation is written as:

Ysh
ij =

1

2
Bsh

ij (3.4)

where, Bsh
ij is total three phase shunt admittance matrix of the line connecting bus i

and j.

The current injections at terminals i and j in complex form can be obtained as

Ii = (Yser
ij + Ysh

ij )Vi − Yser
ij Vj (3.5)

Ij = −Yser
ij Vi + (Yser

ij + Ysh
ij )Vj (3.6)

where

Vi =

[
V a
i V b

i V c
i

]T
Vj =

[
V a
j V b

j V c
j

]T
(3.7)

Ii =

[
Iai Ibi Ici

]T
Ij =

[
Iaj Ibj Icj

]T
(3.8)

Therefore, the detailed Y-bus matrix of the three phase distribution line shown in
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Fig. 3.1 is given by:

Ybus =

Yser
ij + Ysh

ij −Yser
ij

−Yser
ij Yser

ij + Ysh
ij

 =

Yii Yij

Yji Yjj

 (3.9)

3.3.2 Load Tap Changers and Voltage Regulators

Load Tap Changers and Voltage Regulators are used to regulated the feeder voltage

and maintain it within acceptable limits. Load tap changer (LTC) are installed at

substation and step voltage regulator(SVR) are installed along the feeder. For load

flow solutions, the SVRs are modeled as an admittance Yreg
t in series with an ideal

autotransformer as shown in Fig. 4.1 The relationship between voltage and current

Bus l Bus m

γt
a
:1

γt
b
:1

γt
c
:1

Bus x

yt
aa

yt
bb

yt
cc

Vl Vx Vm

Il Im

Figure 3.2: Schematic representation of Voltage Regulator

of the auto transformer for phase ϕ can be given by

V ϕ
x

V ϕ
l

=
1

γϕ
t

(3.10)
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Iϕl
Iϕm

= −γs
ϕ (3.11)

where, V ϕ
x and V ϕ

l are line to neutral voltages of nodes x and l respectively. Iϕl and

Iϕm are current injections into phase ϕ of nodes l and m respectively.

γϕ
t = 1∓ N2

N1

= 1∓ dV ∗ tp (3.12)

where tp is the tap setting and dV is the per unit voltage change per tap. The current

injections at terminals l and m can be obtained as

Iϕl =
yϕϕt

(γϕ
t )

2
V ϕ
l − yϕϕt

γϕ
t

V ϕ
m (3.13)

Iϕm = −yϕϕt

γϕ
t

Vs(l) + yϕϕt Vs(m) (3.14)

The Y-bus matrix considering only single phase of the distribution network depicted

in Fig.3 can be written as:

Ybus =

 yϕϕt

(γϕ
t )

2
−yϕϕt

γϕ
t

−yϕϕt

γϕ
t

yϕϕt

 (3.15)

The same analysis can be extended to 3 phase system, with yϕϕt replaced by 3-ϕ

admittance matrix of regulator t i.e Yreg
t .

Yreg
t =


yaat 0 0

0 ybbt 0

0 0 ycct

 (3.16)



40

Following the similar procedure, Y-bus matrix of the three phase distribution system

with regulator only can be obtained as,

Ybus =

 FtYreg
t FT

i Ft(−Yreg
t )

(−Yreg
t )FT

t Yreg
t

 =

 Yll Ylm

Yml Ymm

 (3.17)

where

Ft =


1
γa
t

0 0

0 1
γb
t

0

0 0 1
γc
t

. (3.18)

Primary 

connection

Secondary 

connection

Bus n Bus o

a
nI

b
nI

c
nI

a
nV

b
nV

c
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a
oI

b
oI

c
oI

a
oV

b
oV

c
oV

Figure 3.3: Block diagram representation of three phase transformer.

3.3.3 Transformers

A three-phase transformer can be represented by a series block representing the per

unit leakage admittance, and a shunt block modeling transformer core losses. The

nodal current injection matrix for a three-phase distribution transformer shown in

Fig. 3.3 can be written as:

 In

Io

 = Ybus

 Vn

Vo

 (3.19)
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In a generalized form Ybus can be represented as

Ybus =

Ynn Yno

Yon Yoo

 (3.20)

where

Y 1 =


yd 0 0

0 yd 0

0 0 yd

, Y2 =
1

3


2yd −yd −yd

−yd 2yd −yd

−yd −yd 2yd

 (3.21)

Y3 =
1√
3


−yd yd 0

0 −yd yd

yd 0 −yd

 (3.22)

where yd is the leakage admittance of transformer d and α, β are the off-nominal

tap ratios on the primary and second sides respectively. The nodal admittances

of different types of transformer are discussed in [1] and shown in Table. 3.1 The

Table 3.1: Y-bus for Various Transformer Connections from [1]

Node n Node 0 Ynn Yno Yon Yoo

Wye-G Wye-G Y 1/(α)2 −Y 1/(αβ) −Y 1/(αβ) Y 1/(β)2

Wye-G Wye Y 2/(α)2 −Y 2/(αβ) −Y 2/(αβ) Y 2/(β)2

Wye Wye-G Y 2/(α)2 −Y 2/(αβ) −Y 2/(αβ) Y 2/(β)2

Wye Wye Y 2/(α)2 −Y 2/(αβ) −Y 2/(αβ) Y 2/(β)2

Wye-G Delta Y 1/(α)2 Y 3/(αβ) Y 3T/(αβ) Y 2/(β)2

Wye Delta Y 2/(α)2 Y 3/(αβ) Y 3T/(αβ) Y 2/(β)2

Delta Delta Y 2/(α)2 −Y 2/(αβ) −Y 2/(αβ) Y 2/(β)2

Delta Wye-G Y 2/(α)2 Y 3/(αβ) Y 3T/(αβ) Y 1/(β)2

Delta Wye Y 2/(α)2 Y 3/(αβ) Y 3T/(αβ) Y 2/(β)2

rank deficiency of Y2 and Y3 would lead to singular Ybus. A method to surpass this
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problem is presented in [44] where a small shunt admittance is added from the isolated

transformer sides to the ground. This is achieved by adding small shunt admittance

(compared to yd) to Y2. Based on linear algebra, [45] shows how connecting small

shunt admittance aids in restoring invertibility of Ybus.

An algorithm of Stacked Ybus formation of a given distribution system includ-

ing distribution lines, regulators, and transformers is shown in Algorithm1. Such a

stacked Ybus approach provides a huge computational advantage. In case of a re-

configuration or a tap change in the voltage regulator, only Ybus related to those

respective components are calculated instead of recalculation full system Ybus which

improves adaptability and operational ability of the proposed LF method.

Algorithm 1: Stacked Y bus Calculation
1: Get data for line configuration data (RLC values), transformer data(leakage

impedance, type) and regulator data(taps).
2: Find total number of buses (N) and renumber system with slack bus as initial

bus.
3: Create a "topology" vector that consists of from bus, to bus, length of line,

configuration and line component.Size of topology vector is (NL).
4: Initialize Ybus, Y dl

bus, Y
reg
bus , Y trf

bus with a zero vector of dimension(3Nx3N).
5: while k < NL do

6: if line component is "distribution line" then
Get R, L C values of respective distribution line and calculate Y dl

bus as
in section 3.3.1

7: if line component is "voltage regulator" then
Get taps of respective regulator and RLC values of transmission line in
series with it and calculate Y reg

bus as in section 3.3.2
8: if line component is "transformer" then

Get leakage impedance values and type of respective transformer and
calculate Y trf

bus as in section 3.3.3

9: Ybus= Y dl
bus+ Y reg

bus + Y trf
bus

3.3.4 Load Models

The important features that must be accounted while modelling loads in a distri-

bution system are unbalanced nature and voltage dependence. The voltage sensitive

loads can be modelled as a combination of constant power, constant current, and
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Figure 3.4: Load modeling (a)Star Connected (b)Delta Connected

constant impedance loads (ZIP). A three phase load can either be a star connected

load or a delta connected load as shown in Fig. 3.4. The load at bus i associated with

phase ϕ can be modelled as [46].

P ϕ
Li

= (P ϕ
Li
)0(K1

∣∣∣V ϕ
i

∣∣∣2 +K2

∣∣∣V ϕ
i

∣∣∣+K3) (3.23)

Qϕ
Li

= (Qϕ
Li
)0(K4

∣∣∣V ϕ
i

∣∣∣2 +K5

∣∣∣V ϕ
i

∣∣∣+K6) (3.24)

where (P ϕ
Li
)0 and (Qϕ

Li
)0 are nominal values of the active power and reactive power

of load associated with phase ϕ of node i respectively. Also

K1 +K2 +K3 = 1 (3.25)

K4 +K5 +K6 = 1 (3.26)

Considering the voltage dependence, the nodal current injection at node i becomes a

function of nodal voltages Vi. With ZIP load modeling, the net specified nodal cur-

rent injection will be composed of currents from constant power loads IPQ
i , constant
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current loads IIi and constant impedance loads IZi .

(Ispi )s = −((IPQ
i )s + (IIi )

s + (IZi )
s) (3.27)

For a constant power load, the injected current is given by

(IPQ
i )s =

(
Ss
i

V s
i

)∗

=

(
|Ss

i |∠θs

|V s
i |∠δs

)∗

(3.28)

where δ is the voltage angle and θ is the power factor angle. For a constant impedance

load, the nominal voltage V0i and specified power is first used to obtain impedance of

load.

Zs
i =

|(V s
0i)

2|
(Ss

i )
∗ (3.29)

The injected current is given by

(IZi )
s =

(
V s
i

Zs
i

)
(3.30)

For a constant current load, the magnitude of the current is held constant and the

angle of current is calculated using voltage angle and power factor angle.

(IIi )
s =

(
|Ss

i |
|V s

0i|

)
∠(δs − θs) (3.31)

3.4 Injected Current Sensitivity based Three Phase Power Flow

In this section a new injected current sensitivity based LF method is proposed for

multi-phase unbalanced power distribution system with multiple DERs. The main

features of the proposed method are as follows.
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3.4.1 ICS based Power Flow without DERs

In current injection-based power flow, the complex current injection equations are

expressed in terms of rectangular coordinates. The complex values in the bus admit-

tance matrix (Y) are represented in terms of real(G) and imaginary values(B). The

Jacobian matrix is formed from the bus admittance matrix where each element in

the bus admittance matrix is replaced with 2 × 2 blocks in case of 1 phase system

and each 3× 3 matrix in the bus admittance matrix is replaced with 6× 6 blocks in

case of 3 phase system. The off-diagonal blocks obtained in the Jacobian are fixed

over iterations and diagonal blocks are updated at every iteration based on the type

of load model connected to that bus.

In an electric power network with N buses, nodal current equation can be expressed

according to the following matrix form:

Ibus = YbusVbus =
N∑
i=1

N∑
j=1

YijVj (3.32)

where:

Ibus =



I1

I2
...

IN


,Vbus =



V1

V2

...

VN


(3.33)

Ybus =



Y11 Y12 · · · Y1N

Y21 Y22 · · · Y2N

...
... . . . ...

YN1 YN2 · · · YNN


(3.34)

are the nodal injection current vector, bus voltage vector, and the bus admittance

matrix of the network, respectively.
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The current injection in a phase say ϕ of bus i is computed using equation below:

Iϕi =
∑
j∈ξ

∑
φ∈σ

Y ϕφ
ij V φ

j = Iϕi(r) + jIϕi(q) (3.35)

V φ
j = V φ

j(r) + jV φ
j(q) (3.36)

Y ϕφ
ij = Gϕφ

ij + jBϕφ
ij (3.37)

where, ξ = (1, 2.....N), σ = (a, b, c), i = (1, 2.......N)

The phase current injection can be represented in terms or real and imaginary com-

ponent as

Iϕi(r) =
∑
j∈ξ

∑
φ∈σ

Gϕφ
ij V

φ
j(r) −Bϕφ

ij V φ
j(q) (3.38)

Iϕi(q) =
∑
j∈ξ

∑
φ∈σ

Gϕφ
ij V

φ
j(q) +Bϕφ

ij V φ
j(r) (3.39)

The phase complex current mismatch in phase s of the bus i is given by:

∆Iϕi = (Iϕi )
spf − (Iϕi )

calc (3.40)

where

(Iϕi )
calc =

∑
j∈ξ

∑
φ∈σ

Y ϕφ
ij V φ

j (3.41)

(Iϕi )
spf =

(P ϕ
i )

spf − j(Qϕ
i )

spf

(V ϕ
i )

∗
(3.42)

where

(P ϕ
i )

spf = P ϕ
DGi

− P ϕ
Li

(Qϕ
i )

spf = Qϕ
DGi

−Qϕ
Li

(3.43)

V ϕ
i = V ϕ

i(r) + jV ϕ
i(q) (3.44)

where (P ϕ
i )

spf , P ϕ
DGi

, and P ϕ
Li

is active component of scheduled, generated power and
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net load respectively at bus i and (Qϕ
i )

spf , Qϕ
DGi

, and Qϕ
Li

is reactive component of

scheduled, generated power and net load respectively at bus i. Thus, (3.40) can be

expanded as:

∆Iϕi =
(P ϕ

i )
spf − j(Qϕ

i )
spf

(V ϕ
i )

∗
−
∑
j∈ξ

∑
φ∈σ

Y ϕφ
ij V φ

j (3.45)

The (3.40) which is in complex form can be represented in terms of the real and

imaginary component as

∆Iϕi(r) =
(P ϕ

i )
spfV ϕ

i(r) + (Qϕ
i )

spfV ϕ
i(q)

(V ϕ
i(r))

2 + (V ϕ
i(q))

2

−
∑
j∈ξ

∑
φ∈σ

Gϕφ
ij V

φ
j(r) −Bϕφ

ij V φ
j(q)

(3.46)

∆Iϕi(q) =
(P ϕ

i )
spfV ϕ

i(q) − (Qϕ
i )

spfV ϕ
i(r)

(V ϕ
i(r))

2 + (V ϕ
i(q))

2

−
∑
j∈ξ

∑
φ∈σ

Gϕφ
ij V

φ
j(q) +Bϕφ

ij V φ
j(r)

(3.47)

Therefore the power flow formulation using current injections can be solved using

(3.48)as



∆V1(r)

∆V1(q)

...

∆VN(r)

∆VN(q)


=



∂I1(q)
∂V1(r)

∂I1(q)
∂V1(q)

· · · ∂I1(q)
∂VN(r)

∂I1(q)
∂VN(q)

∂I1(r)
∂V1(r)

∂I1(r)
∂V1(q)

· · · ∂I1(r)
∂VN(r)

∂I1(r)
∂VN(q)

...
...

...
...

...
∂IN(q)

∂V1(r)

∂IN(q)

∂V1(q)
· · · ∂IN(q)

∂VN(r)

∂IN(q)

∂VN(q)

∂IN(r)

∂V1(r)

∂IN(r)

∂V1(q)
· · · ∂IN(r)

∂VN(r)

∂IN(r)

∂VN(q)



−1 

∆I1(q)

∆I1(r)
...

∆IN(q)

∆IN(r)


(3.48)

The elements of Jacobian can be obtained

∂Ii(q)
∂Vi(r)

= Bii−diag(Lai)
∂Ii(q)
∂Vi(r)

= Bij, i ̸= j (3.49)
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∂Ii(q)
∂Vi(q)

= Gii−diag(Lbi)
∂Ii(q)
∂Vi(q)

= Gij, i ̸= j (3.50)

∂Ii(r)
∂Vi(r)

= Gii−diag(Lci)
∂Ii(r)
∂Vi(r)

= Gij, i ̸= j (3.51)

∂Ii(r)
∂Vi(q)

= −Bii−diag(Ldi)
∂Ii(r)
∂Vi(q)

= −Bij, i ̸= j (3.52)

where Bii and Gii are 3×3 imaginary and real parts of admittance element correspond-

ing to node i. The elements La, Lb, Lc, Ld depends on type of load connected [19]

and can be calculated as below.

Laϕi =
K6(Q

ϕ
Li
)0[(V ϕ

i(r))
2 − (V ϕ

i(q))
2]− 2V ϕ

i(r)V
ϕ
i(q)K3(P

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)4

+
V ϕ
i(r)V

ϕ
i(q)K2(P

ϕ
Li
)0 + (V ϕ

i(q))
2K5(Q

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)3
+K4(Q

ϕ
Li
)0

(3.53)

Lbϕi =
K3(P

ϕ
Li
)0[(V ϕ

i(r))
2 − (V ϕ

i(q))
2] + 2V ϕ

i(r)V
ϕ
i(q)K6(Q

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)4

−
V ϕ
i(r)V

ϕ
i(q)K5(P

ϕ
Li
)0 + (V ϕ

i(r))
2K2(P

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)3
−K1(P

ϕ
Li
)0

(3.54)

Lcϕi =
K3(P

ϕ
Li
)0[(V ϕ

i(q))
2 − (V ϕ

i(r))
2]− 2V ϕ

i(r)V
ϕ
i(q)K6(Q

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)4

+
V ϕ
i(r)V

ϕ
i(q)K5(Q

ϕ
Li
)0 − (V ϕ

i(q))
2K2(P

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)3
−K1(P

ϕ
Li
)0

(3.55)

Ldϕi =
K6(Q

ϕ
Li
)0[(V ϕ

i(r))
2 − (V ϕ

i(q))
2]− 2V ϕ

i(r)V
ϕ
i(q)K3(P

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)4

+
V ϕ
i(r)V

ϕ
i(q)K2(P

ϕ
Li
)0 − (V ϕ

i(q))
2K5(Q

ϕ
Li
)0

((V ϕ
i(r))

2 + (V ϕ
i(q))

2)3
−K4(Q

ϕ
Li
)0

(3.56)
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The voltage mismatch can be represented in compact form as

[
∆V

]
=

[
J

]−1 [
∆I

]
(3.57)

The updated voltage is given by

[
V

]k+1

=

[
V

]k
+

[
∆V

]
(3.58)

3.4.2 ICS based Power Flow with DERs

The distributions system is generally unbalanced with non-transposed lines and

is been fed from a single source. But with large DER integrations, the distribution

system is becoming more active. The DGs in the distribution system can be modeled

as PQ bus and PV bus. The PQ model of DG is incorporated in the proposed LF

algorithm by treating the injections by the DG as the negative load. A DG can be

modeled as a PV bus if its capacity is large enough and has the capability to control

the bus voltage. Sensitivity matrix or breakpoint matrix has been developed and

utilized for calculating injections by the voltage controlled buses (PV buses) in the

distribution network. Sensitivity matrix parameters are determined by writing simple

voltage magnitude mismatch equations in terms of Z parameters and PV bus current

injections (called sensitivity equations or matrix). For the distribution system shown

in Fig. 5, the sensitivity matrix for computing net reactive current injections by the

DGs modeled as PV bus can be written as:(∆Vλ1)
χ

(∆Vλ2)
χ

 =

Z11 Z12

Z21 Z22


(∆Iλ1)

χ

(∆Iλ2)
χ

 (3.59)

The elements of impedance matrix is given by:
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 Initialize all PQ bus voltages to flat start and PV bus voltages to 

specified values

DVmax < ɛ  ?

Calculate Bus Admittance Matrix (Ybus) as per the Algorithm 

Compute load current of Δ-Y ZIP connected loads

Load Input Data 

Set tolerance limit ɛ and maximum iteration count kmax

Compute the real and imaginary component of current mismatch 

Compute the net reactive current injection required at all PV buses

Compute the voltage deviation of PV buses 

Solution converge

End

Yes

Initialize iteration count k=0  

Calculate Jacobian from Bus Admittance Matrix 

Compute the voltage mismatch  and update the voltages 

k=k+1;Vk+1=Vk +ΔV 

No

Compute DVmax = maximum of voltage mismatch and voltage 

deviation of PV bus 

k < kmax  ?
Update Diagonal 

values of Jacobian

Yes

Solution did not converge End

No

Figure 3.5: Injected Current Sensitivity Based Load Flow
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Figure 3.6: Three phase distribution system with DGs modeled as PV bus

Z11 = Zser
12 + Zser

23 + Zser
34 + Zser

45 = R11 + jX11

= (Rser
12 + Rser

23 + Rser
34 + Rser

45 ) + j(Xser
12 + Xser

23 + Xser
34 + Xser

45 )

(3.60)

Z12 = Z21 = Zser
12 + Zser

23 = R12 + jX12 = R21 + jX21

= (Rser
12 + Rser

23 ) + j(Xser
12 + Xser

23 )

(3.61)

Z22 = Zser
12 + Zser

23 + Zser
36 = R22 + jX22

= (Rser
12 + Rser

23 + Rser
36 ) + j(Xser

12 + Xser
23 + Xser

36 )

(3.62)

The additional current injection required at the PV bus to compensate the difference

between specified and computed PV bus voltage can be represented in terms of it’s

real and reactive components:

(∆Iλ1)
χ = (∆Iλ1(r))

χ − j∆Iλ1(q))
χ (3.63)

(∆Iλ2)
χ = (∆Iλ2(r))

χ − j∆Iλ2(q))
χ (3.64)
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The voltage mismatch equation can be written as:

(∆Vλ1)
χ = (∆Vλ1(r))

χ + j∆Vλ1(q))
χ (3.65)

(∆Vλ2)
χ = (∆Vλ2(r))

χ + j∆Vλ2(q))
χ (3.66)

Using (3.60)-(3.66) in (3.59) and splitting the resultant equation into real and imag-

inary parts:

(∆Vλ1(r))
χ

(∆Vλ2(r))
χ

 =

X11 X12 R11 R12

X21 X22 R12 R22




(∆Iλ1(q))
χ

(∆Iλ2(q))
χ

(∆Iλ1(r))
χ

(∆Iλ2(r))
χ


(3.67)

(∆Vλ1(q))
χ

(∆Vλ1(q))
χ

 =

−R11 −R12 X11 X12

−R21 −R22 X12 X22




(∆Iλ1(q))
χ

(∆Iλ2(q))
χ

(∆Iλ1(r))
χ

(∆Iλ2(r))
χ


(3.68)

Since the real power supply by the DER modeled as PV bus is constant and thus

additional real power injections in the iteration k by distributed generations will be

0. Thus,

(∆Iλ1(r))
χ =


(∆Iaλ1(r)

)χ

(∆Ibλ1(r)
)χ

(∆Icλ1(r)
)χ

 =


0

0

0

 (3.69)
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(∆Iλ2(r))
χ =


(∆Iaλ2(r)

)χ

(∆Ibλ2(r)
)χ

(∆Icλ2(r)
)χ

 =


0

0

0

 (3.70)

The voltage mismatch can be computed using following equation:

(∆Vλ1)
χ

(∆Vλ2)
χ

 =


∣∣∣Vλpv

1 )

∣∣∣− ∣∣(Vλ1)
k
∣∣∣∣∣Vλpv

2 )

∣∣∣− ∣∣(Vλ2)
k
∣∣
 (3.71)

Thus, on splitting the above equation into real and imaginary parts it is evident that

the voltage mismatch equation does not have any imaginary components. Hence,

(∆Vλ1(q))
χ =


(∆V a

λ1(q)
)χ

(∆V b
λ1(q)

)χ

(∆V c
λ1(q)

)χ

 =


0

0

0

 (3.72)

(∆Vλ2(q))
χ =


(∆V a

λ2(q)
)χ

(∆V b
λ2(q)

)χ

(∆V c
λ2(q)

)χ

 =


0

0

0

 (3.73)

Using (3.69)-(3.73) in (3.67) and (3.68), the additional reactive current injection can

be computed using equation below:

(∆Vλ1(r))
χ

(∆Vλ2(r))
χ

 =

X11 X12

X21 X22


(∆Iλ1(q))

χ

(∆Iλ2(q))
χ

 (3.74)

In compact form (3.74) can be written as:

∆V r = X∆Iq (3.75)
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The total reactive current injections by the DERs modeled as PV buses at iteration

k is computed using the equation below:

Iχλ1q)
= ∆Iλ1(q))

χ +

χ−1∑
f=1

(∆Iλ1(q)
)f (3.76)

Iχλ2q
= ∆Iλ2(q)

χ +

χ−1∑
f=1

∆Iλ2(q))
f (3.77)

Once the net reactive current injections are computed and reflected in the current

injections vector/matrix, the LF solution will be obtained without updating any ele-

ments of the Jacobian matrix. The reactive current injection is then added to current

mismatch vector of respective buses. The voltage mismatch equation in (3.48) is

modified considering PV bus at bus p and is given by (3.78).



∆V1(r)

∆V1(q)

...

∆Vp(r)

∆Vp(q)

...

∆VN(r)

∆VN(q)



=



∂I1(q)
∂V1(r)

∂I1(q)
∂V1(q)

· · · ∂I1(q)
∂VN(r)

∂I1(q)
∂VN(q)

∂I1(r)
∂V1(r)

∂I1(r)
∂V1(q)

· · · ∂I1(r)
∂VN(r)

∂I1(r)
∂VN(q)

...
...

...
...

...
∂Ip(q)
∂V1(r)

∂Ip(q)
∂V1(q)

· · · ∂Ip(q)
∂VN(r)

∂Ip(q)
∂VN(q)

∂Ip(r)
∂V1(r)

∂Ip(r)
∂V1(q)

· · · ∂Ip(r)
∂VN(r)

∂Ip(r)
∂VN(q)

...
...

...
...

...
∂IN(q)

∂V1(r)

∂IN(q)

∂V1(q)
· · · ∂IN(q)

∂VN(r)

∂IN(q)

∂VN(q)

∂IN(r)

∂V1(r)

∂IN(r)

∂V1(q)
· · · ∂IN(r)

∂VN(r)

∂IN(r)

∂VN(q)



−1 

∆I1(q)

∆I1(r)
...

∆Ip(q) + (∆Iλp(q))
χ

∆Ip(r)
...

∆IN(q)

∆IN(r)



(3.78)

Special case: Consider a scenario in which the DGs modeled as PV bus are not

three phase DGs. In this case, the sensitivity matrix computation will be based

on the phases to which single phase DGs are connected. For example, consider the

distribution system shown in Fig.5, the three phase DGs are replaced by single phase

DGs and are connected with phase b and phase c of bus 5 and 6 respectively. The

procedure of reduction of sensitivity matrix and when it is required is explained using
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the scenario as below.(∆V b
λ1(r)

)χ

(∆V c
λ2(r)

)χ

 =

Xbb
11 Xbc

12

Xbc
21 Xcc

22


(∆Iλ1(q))

χ

(∆Iλ2(q))
χ

 (3.79)

The reactive power required should be within lower and upper bounds of generator

limits. If this is violated, reactive power generation is set to an extreme value, and

the node is considered a PQ node. The reactive current injection is recalculated with

this extreme value. A flowchart of the current injection-based load flow is shown in

Fig. 3.5.

3.4.3 Simulation Results

The proposed modeling approach is assessed by using four IEEE test distribution

systems. To test the efficacy of the proposed load flow algorithm for larger systems,

two additional test systems are derived. All the systems are unbalanced consisting of

different load types, voltage regulators, capacitor banks, and multi-phase laterals. A

summary of characteristics of test systems used is depicted in Table 3.2. The accu-

racy of the proposed modeling approach is assessed by comparing load-flow voltage

solutions obtained with benchmark solutions and existing algorithms in the literature.

Table 3.2: Test Systems

Sl No Test System No of
Nodes

1 Ph
VRegs T/F Shunt

Caps
Avg
R/X

1 IEEE 4 Bus 12 0 1 0 .2522
2 IEEE 13 Bus 32 3 1 2 0.3514
3 IEEE 34 Bus 86 6 1 4 0.2512
4 IEEE 123 Bus 256 9 1 4 0.2645
5 650 Bus 1950 12 0 4 0.2145
6 2500 Bus 6817 12 0 4 0.2145
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3.4.3.1 Test System 1

The IEEE-4 bus system was used as a test system for verifying the different types

of transformer connections. Five different transformer connections are tested. Load

flow analysis with step up and step down operation of transformer with balanced and

unbalanced loading conditions have been done and validated with benchmark values

and error in all cases are less than 0.001%. The comparison of load flow results using

the proposed method (ICS) with benchmark (BM) values for only Yg-Yg connected

step down transformer with unbalanced loading are shown Fig.3.7(a)-Fig.3.7(c).

3.4.3.2 Test System 2

The IEEE 13 bus system is a highly loaded short feeder with a substation voltage

regulator and one inline transformer. The loads are unbalanced with all combinations

of load types (constant current, constant impedance, constant power). This feeder

was mainly used to test the effectiveness of the algorithm in handling different types

and connections of load viz star/delta ZIP loads. The comparison of load flow results

using proposed method (ICS) with benchmark (BM) values are shown Fig.3.7(d)-

Fig.3.7(f).

3.4.3.3 Test System 3

The IEEE 123 bus system contains a substation voltage regulator, three line voltage

regulators, one inline transformer, and four shunt capacitor banks. This feeder was

used to compare load-flow voltage solutions obtained with existing algorithms in the

literature for various loading factors and R/X ratios. It was also used to analyze the

inclusion of PV nodes using the proposed method. Two test cases were analyzed.

Case 1: Load Flow with PQ buses

The load flow results obtained using the proposed method are compared with load

flow results obtained using a Newton Raphson(NR) load flow. The comparison for

different loading conditions and various R/X ratios are depicted in Table 3.3 and
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Table 3.3: Comparison of NR and ICS for various loading

Loading Factor Newton Raphson Current Injection
Iterations NET Iterations NET

0.1 6 11.127 3 0.8533
0.3 5 9.4464 4 0.92326
0.5 5 9.4316 4 0.97507
0.7 4 7.9622 5 0.97144
0.9 4 7.8078 5 0.98544
1 4 7.8025 5 1

1.1 4 7.8794 5 1.00702
1.3 4 7.8722 6 1.02251
1.5 4 7.9329 6 1.03462
1.7 4 7.9039 7 1.06802
3 5 9.3924 13 1.58581

Table 3.4: Comparison of NR and ICS for various R/X

R/X Factor Newton Raphson Current Injection
Iterations NET Iterations NET

0.125 4 9.70944 4 1.0877
0.25 4 9.6621 4 1.0513
0.5 5 8.0319 5 1
1 5 8.33466 5 1.1116
2 7 8.11662 6 1.1209
3 9 11.677 7 1.4984
5 NC NC 10 1.654

Table 3.4. All the non-zero elements in the NR method are updated in each iteration

whereas only diagonal elements are updated in the case of the proposed method. It

is clear from the results that, the proposed approach is very much faster than the

Newton Raphson method due to minimal Jacobian computation per iteration.

Case 2: Load Flow with PV buses

The test systems are modified by placing multi-phase DERs with voltage control

capability at different locations. To show the effectiveness of the proposed method in

dealing with multiphase DERs, a test case with 1-phase, 2-phase and 3-phase DERs

in 123 bus systems has been used. The load flow result showing location, time, and
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reactive power injection per phase is summarized in Table 3.6. The load flow results

with and without PV buses are shown in Fig. 3.10.

Table 3.5: Summary of load flow using ICS

Sl Test System No. of
Iter.

Time
(sec)

Max Error
Ph A (pu)

Max Error
Ph B (pu)

Max Error
Ph C (pu)

1 IEEE 4 Bus 3 0.0563 0.00019 0.00013 0.00022
2 IEEE 13 Bus 3 0.1727 0.0035 0.0014 0.00092
3 IEEE 34 Bus 4 0.2637 0.0065 0.0039 0.0069
4 IEEE 123 Bus 4 0.3133 0.00095 0.00064 0.00063
5 650 Bus 4 8.6779 0.00062 0.0014 0.00065
6 2500 Bus 4 100.21 0.0017 0.0018 0.0023

Table 3.6: Summary of PV bus in 123 bus system

Bus No PV Bus With PV Bus (1pu ref)
Voltage(pu) Voltage(pu) Q injection(Kvar)

Va Vb Vc Va Vb Vc Qa Qb Qc
151 0.9884 0.9998 49.57
27 0.9952 1.0027 0.9999 0.9999 -27.72 -57.86
66 0.9850 1.025 0.9924 0.9999 1.0000 0.9999 73.38 -65.93 38.43

3.4.3.4 Test System 4

Two custom test feeders (650 bus system and 2500 bus system) are derived from

the IEEE 8500 node test feeder. These were used to test the efficacy of the proposed

load flow algorithm for larger systems. The comparison of load flow results using

proposed method (ICS) with Opendss voltage (BM) values for 650 bus system are

shown Fig.3.8(a)-Fig.3.8(c) and for 2500 bus system are shown Fig.3.8(d)-Fig.3.8f).

A complete summary of results including the number of iteration and total time

taken is shown in table . 3.5. It is evident from results in Fig. 3.8(g)-Fig. 3.8(l) that

the proposed method is accurate with a maximum error below 0.003% except for 34

bus system. The higher error in the 34 bus system is due to the larger number of

distributed loads, which we approximate as spot loads on both the connecting nodes.
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Figure 3.7: Validation of LF results
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Figure 3.8: Validation of LF results and % Error Plots
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Figure 3.9: DER in 123 bus
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Figure 3.10: PV Bus in 123 bus system

3.5 Three Sequence Based Steady State Analysis

For an N bus system, the existing three-phase power flow approaches require solv-

ing a set of 6N nonlinear simultaneous equations. This might be computationally

unacceptable for relatively large systems. A method based on the sequence compo-

nents frame can be utilized where a three-phase unbalanced power flow is decomposed

into three separate sub-problems. The positive sequence subproblem is solved by us-

ing the injected current sensitivity iterative scheme and the other subproblems are

formulated into two sets of linear simultaneous equations. This would reduce the size
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of the Jacobian from 6Nx6N in case of a three phase power flow to a 2Nx2N in case

of a positive sequence subproblem. Two sets of linear simultaneous equations would

have a dimension of NxN

3.5.1 Advantages of Sequence Based Methods

The distribution systems generally consist of untransposed lines and single phase

laterals. The proliferation of single phase DERs can aggravate the unbalance in the

system. DERs capable of injecting negative sequence current during normal operating

conditions can help reduce this unbalance. The level of unbalance in the voltage at

PCC, or the negative sequence voltage at PCC could be used to determine the amount

of negative sequence current a DER should produce during normal operation. With

the exiting phase based analysis, a phase to sequence conversion at each DER terminal

is required to achieve this. Also, most of the power system data are available in

terms of sequence values(for eg. data of distribution lines, transformers, generators)

which are frequently transformed back to phase components to do analysis using

phase coordinates methods [47]. In addition to that most of the inverter-based DGs

produce only positive sequence current during a fault. This can be modeled easily

if fault analysis is done in the sequence domain than the phase domain. There is a

need for DER injecting negative sequence current during a fault which can reduce the

overvoltage in unfaulted phases. Accurate negative sequence voltage at PCC during

fault will be required to find the amount of negative sequence current that DER

should inject during fault. Taking all of these factors into consideration and owing

to its computational advantage, we can conclude that a method that can directly

use sequence components to perform the steady analysis is more favorable in DER

integrated power system.



63

Ia
0

Ib
0

Ic
0

Ia
0

Ib
0

Ic
0

Ia
1

Ib
1

Ic
1

Ia
1

Ib
1

Ic
1

Ia
2

Ib
2

Ic
2

Ia
2

Ib
2

Ic
2

Positive Sequence Negative Sequence Zero Sequence

Figure 3.11: Sequence Components

3.5.2 Sequence Components

Symmetrical or sequence components allows us to represent an unbalanced vector

using a set of 3 balanced vectors. Any unbalanced vector can be represented as a

combination of 3 balanced vectors as shown in Fig. 5.5

Ia = I0a + I1a + I2a

Ib = I0b + I1b + I2b

Ic = I0c + I1c + I2c

(3.80)

According to fig Fig .5.5 we can write

I0a = I0a I1a = I1a I2a = I2a

I0b = I0a I1b = a2I1a I2b = aI2a

I0c = I0a I1c = aI1a I2c = a2I1a

(3.81)

where a = 1 < 120 a2 = 1 < 240

Therefore
Ia = I0a + I1a + I2a

Ib = I0a + a2I1a + aI2a

Ic = I0a + aI1a + a2I2a

(3.82)
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This can be written in matrix form as
Ia

Ib

Ic

 =


1 1 1

1 a2 a

1 a a2




I0

I1

I2

 (3.83)

Therefore we can transform a current vector from sequence representation to phase

representation as

Iabc = CI012 (3.84)

The sequence components can be obtained from phase components as

I012 = C−1Iabc

C−1 =
1

3


1 1 1

1 a2 a

1 a a2

 (3.85)


I0

I1

I2

 =
1

3


1 1 1

1 a2 a

1 a a2




Ia

Ib

Ic

 (3.86)

For a transmission line as shown in Fig. 3.12 we can write

Figure 3.12: Distribution line
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V a
mn = zaaIa + zabIb + zacIc

V b
mn = zabIa + zbbIb + zbcIc

V c
mn = zcaIa + zcbIb + zccIc

(3.87)


V a

V b

V c

 =


zaa zab zac

zba zbb zbc

zca zca zca




Ia

Ib

Ic

 (3.88)

Vabc = ZabcIabc (3.89)

Converting to sequence component, we can write

CV 012 = ZabcCI012 (3.90)

Premultiplying by C−1 we get

V012 = C−1ZabcCI012

V012 = Z012I012
(3.91)

where
Z012 = C−1ZabcC

(3.92)


z00 z01 z02

z10 z11 z12

z20 z21 z22

 =
1

3


1 1 1

1 a2 a

1 a a2



zaa zab zac

zba zbb zbc

zca zca zca



1 1 1

1 a2 a

1 a a2

 (3.93)

3.5.3 Time Complexity and Computational Improvement

As mentioned in section 3.5, for an N bus system, the size of Jacobian will be

reduced from 6Nx6N to 2Nx2N for positive sequence subproblem and NxN for two
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Table 3.7: No of mathematical operations.

Operation No of Operation
Divisions Nd N(N + 1)/2

Multiplications Nm (2N3 + 3N2 − 5N)/6
Subtractions Ns (2N3 + 3N2 − 5N)/6

Total NT 2N3/3

Table 3.8: Total No of computations for a phase method.

No of Buses
n N=6n Nd Nm Ns NT

4 24 300 4876 4876 10052
13 78 3081 161161 161161 325403
34 204 20910 2850526 2850526 5721962
123 738 272691 1.34E+08 1.34E+08 2.69E+08
650 3900 7606950 1.98E+10 1.98E+10 3.96E+10
2500 15000 1.13E+08 1.13E+12 1.13E+12 2.25E+12

sets of linear simultaneous equations for negative and zero sequence subproblem. To

solve a system of N equations for N unknowns (by performing row operations on the

matrix until it is in echelon form, and then solving for each unknown in reverse order)

the total number of computations required [48]are shown in table 3.7. So arithmetic

complexity is cubic and can be represented as O(N3).

Table 3.9: Total No of computations for a positive sequence method.

No of Buses
n N=2n Nd Nm Ns NT

4 8 36 196 196 428
13 26 351 6175 6175 12701
34 68 2346 107066 107066 216478
123 246 30381 4992365 4992365 10015111
650 1300 845650 7.33E+08 7.33E+08 1.47E+09
2500 5000 12502500 4.17E+10 4.17E+10 8.34E+10
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Table 3.10: Total No of computations for a negative and zero sequence method.

No of Buses
n N=n Nd Nm Ns NT

4 4 10 26 26 62
13 13 91 806 806 1703
34 34 595 13651 13651 27897
123 123 7626 627751 627751 1263128
650 650 211575 91752375 91752375 1.84E+08
2500 2500 3126250 5.21E+09 5.21E+09 1.04E+10

Table 3.11: Improvement in computation.

No of Buses
n

Three phase
NTp

Three Sequence
NTs

Improvement
NTp/NTs

4 10052 552 18.21014
13 325403 16107 20.20258
34 5721962 272272 21.01561
123 2.69E+08 12541367 21.43155
650 3.96E+10 1.83E+09 21.5677
2500 2.25E+12 1.04E+11 21.59158

3.6 Three Sequence Load Flow Analysis

The three-phase power flow equations in the phase frame are derived from the

following bus voltage equations:



Y abc
11 Y abc

12 · · · Y abc
1N

Y abc
21 Y abc

22 · · · Y abc
2N

...
... . . . ...

Y abc
N1 Y abc

N2 · · · Y abc
NN





Vabc
1

Vabc
2

...

Vabc
N


=



Iabc1

Iabc2

...

IabcN


(3.94)

where Y abc
ii is 3x3 submatrix of the self-admittance of bus i and Y abc

ij is 3x3 subma-

trix of the mutual-admittance between bus i and j. Each of the phase admittance

submatrix in (3.94) can be converted to sequence submatrices using (3.95)

Y012 = C−1YabcC (3.95)
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Converting voltage and current matrices in sequence form, bus voltage equations of

Phase Impedance Matrix Sequence Impedance Matrix 

Figure 3.13: Sequence component of admittance submatrices

a power system in sequence component frame can be written as


Y 00 Y 01 Y 02

Y 10 Y 11 Y 12

Y 20 Y 21 Y 22



V 0

V 1

V 2

 =


I0

I1

I2

 (3.96)

Since the magnitudes of V 1 and I1 are much larger than those of V 2, I2and V 0,I0

respectively, and elements of Ykm, (k ̸= m) are smaller than those of Ykk (3.96) can

be decomposed into three independent equations [9] as

Y00V 0 = I0 − (Y 01V 1 + Y 02V 2) (3.97)

Y11V 1 = I1 − (Y 10V 0 + Y 12V 2) = I1T (3.98)

Y22V 2 = I2 − (Y 20V 0 + Y 21V 1) (3.99)
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Grouping

Figure 3.14: Grouping of Sequence admittance submatrices

Figure 3.15: Grouping of Sequence current and voltage submatrices

The equations (3.97), (3.98) and (3.99) can be used to solve power flow in zero, posi-

tive and negative sequences respectively. Here the injected current in each sequence is

modified using mutual admittance and voltage of other sequence. This modification

aids in bringing in the effect of untransposed lines which is common in distribution
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Figure 3.16: Three Sequence Load Flow.

systems. These equations can be used iteratively to solve three sequence power flow

in (3.96). Normally, the magnitudes of positive sequence voltage and current will

be much larger than those of negative and zero sequence and hence it can be jus-

tified that (3.98) corresponding to the positive sequence, is the main part of the

three-phase power flow irrespective of the severity of system unbalance. The injected

current sensitivity based power flow is used to solve positive sequence power flow.
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Table 3.12: Substation Power.

Phase Method Sequence Method
Ph.a Ph.b Ph.c Ph.a Ph.b Ph.c

P (KW) 1466.9 964.67 1198.4 1466.8 964.6 1198.6
Q (KVAR) 583.1 343.7 401.2 583 343.6 401.1

Different types of loads (ZIP) are considered and shunt capacitors are considered as

constant impedance loads. A flowchart of sequence component load flow for an un-

balanced distribution system is shown in Fig. 3.16. The IEEE 123 bus system was

used to compare load-flow voltage solutions obtained using sequence components with

the solution obtained using a three phase algorithm. It is clear from the results in

Fig. 3.17, Fig. 3.18 and Table 3.12 that, proposed approach gives solution very much

closer to the solution using a three phase algorithm. This proves the efficacy of the

proposed sequence based method to perform load flow analysis on a distribution sys-

tem in presence of unbalanced loads, untransposed lines, multiphase laterals voltage

regulators, and distribution transformers.
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Figure 3.17: (a) Comparison of Sequence Load Flow-Phase A (b) Comparison of
Sequence Load Flow-Phase B
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Figure 3.18: Comparison of Sequence Load Flow-Phase C

3.7 Three Sequence Continuation Power Flow

The continuation power flow (CPF) is a method based on a predictor-corrector

scheme with a continuation parameter (voltage or power). It is generally used to

trace the PV curve or nose curve which traces the voltage as the load is increased

from base value until it reaches the loadability limit and then back to the base value.

The Jacobian will become singular at the nose point and due to which the system

becomes ill-conditioned. Therefore the normal power flow diverges at the nose point.

This problem of ill-conditioning can be solved using continuation power flow. The

continuation power flow introduces an additional parameter and an equation to the

power flow equation so that the augmented Jacobian is not singular at the nose point.

The basic approach in CPF is to first predict the power flow solution using a chosen

continuation parameter. This is mostly accomplished using linear approximations.

Then a corrector step is implemented where augmented power flow equations are

solved using these predicted values as the initial condition.

3.7.1 CPF Formulation

The non linear power flow equations from eq.(3.40)-(3.58) can be combined and

represented by g(x) = 0 where x = (Vr, Vm). The current injection based equation to
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solve this is given by

J(x)∆x = −g(x) (3.100)

where J=∂g(x)
∂x

To apply continuation technique to power flow problem, a loading

factor λ is introduced and power flow is reformulated. The generation and load

variations are simulated using following modification.

P sp = P sp
0 (1 + λ) (3.101)

Qsp = Qsp
0 (1 + λ) (3.102)

where P sp = P g − P l and Qsp = Qg − Ql. Here λ = 0 corresponds to base case and

P sp
0 and Qsp

0 are total specified active and reactive powers of the base case. Therefore,

the complex current mismatch in (2.7) can be reformulated as

∆Ii =
P sp
i0 (1 + λ)− jQsp

i0 (1 + λ)

(V ∗
i )

−
n∑

j=1

YjiVj (3.103)

Eq (3.103) can be represented in terms or real and imaginary component as

∆Iri =
P sp
i0 Vri +Qsp

i0Vmi(1 + λ)

V 2
ri + V 2

mi

−
N∑
j=1

(GijVrj −BijVmj) (3.104)

∆Imi =
P sp
i0 Vmi −Qsp

i0Vri(1 + λ)

V 2
ri + V 2

mi

−
N∑
j=1

(GijVmj −BijVrj) (3.105)

The non linear current mismatch equations in (3.108)-(3.109) can be combined and

represented by

g(x, λ) = g(Vr, Vm, λ) = 0 (3.106)

Linearizing (3.106), we have

dg(Vr, Vm, λ) = gVrdVr + gVmdVm + gλdλ = 0 (3.107)
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Here gVr , gVm and gλ are the derivatives of current mismatch equations in (3.108)-

(3.109) with respect Vr, Vm and λ respectively.The gλ can be derived as

gλri =
P sp
i0 Vri +Qsp

i0Vmi

V 2
ri + V 2

mi

= Ispri (3.108)

gλmi =
P sp
i0 Vmi −Qsp

i0Vri

V 2
ri + V 2

mi

= Ispmi (3.109)

3.7.1.1 Predictor Process

The predictor step is used to provide an approximate point of the next solution. A

prediction of the next solution is made by taking an appropriately sized step in the

direction tangent to the solution path. The first task in the predictor process is to

calculate the tangent vector. This can be obtained from

[
gVr gVm gλ

]
dVr

dVm

dλ

 = 0 (3.110)

For a n bus system, the size of tangent vector [dVr, dVm, dλ]
T will be 2n+1 in case of

single phase (or positive sequence) and 6n+1 in case of three phase system. To solve

this equation, we need to balance known and unknown variables which is brought in

using an additional equation. Therefore (3.110) can be modified as

 gVr gVm gλ

Ek




dVr

dVm

dλ

 =

 0

±1

 (3.111)
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where Ek is a row vector with all elements zero except the kth element, which is equal

to one. Therefore (3.111) can be represented in terms of Jacobian as

 J gλ

Ek




dVr

dVm

dλ

 =

 0

±1

 (3.112)

This can be expanded as



∂Im1
∂Vr1

∂Im1
∂Vm1

· · · ∂Im1
∂Vrn

∂Im1
∂Vmn

Ispm1

∂Ir1
∂Vr1

∂Ir1
∂Vm1

· · · ∂Ir1
∂Vrn

∂Ir1
∂Vmn

Ispr1
...

...
...

...
...

∂Imn
∂Vr1

∂Imn
∂Vm1

· · · ∂Imn
∂Vrn

∂Imn
∂Vmn

Ispmn

∂Irn
∂Vr1

∂Irn
∂Vm1

· · · ∂Irn
∂Vrn

∂Irn
∂Vmn

Isprn

Ek





dVr1

dVm1

...

dVrn

dVmn

dλ


=



0

0

...

0

0

±1


(3.113)

The predicted value is given by


Vr

Vm

λ


pred

=


Vr

Vm

λ


old

+ σ


dVr

dVm

dλ

 (3.114)

where σ is a scalar that represents the step size.

3.7.1.2 Corrector Process

The corrector step is to solve the augmented power-flow equation with the predicted

solution in (3.114) as the initial point. In the augmented power-flow algorithm an

extra equation is included and is taken as a variable. The augmented power flow
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Table 3.13: Size of matrices.

Matrix Single Phase
CPF

Three Phase
CPF

Three Sequence
CPF

Jacobian 2n× 2n 6n× 6n 2n× 2n
Tangent
Vector 2n+ 1 6n+ 1 2n+ 1

Augmented
Jacobian 2n+ 1× 2n+ 1 6n+ 1× 6n+ 1 2n+ 1× 2n+ 1

equation is given by  g(x, λ)

xk − η

 =

 0

0

 (3.115)

The current injection based power flow equation with augmented Jacobian is given

by 

∂Im1
∂Vr1

∂Im1
∂Vm1

· · · ∂Im1
∂Vrn

∂Im1
∂Vmn

Ispm1

∂Ir1
∂Vr1

∂Ir1
∂Vm1

· · · ∂Ir1
∂Vrn

∂Ir1
∂Vmn

Ispr1
...

...
...

...
...

∂Imn
∂Vr1

∂Imn
∂Vm1

· · · ∂Imn
∂Vrn

∂Imn
∂Vmn

Ispmn

∂Irn
∂Vr1

∂Irn
∂Vm1

· · · ∂Irn
∂Vrn

∂Irn
∂Vmn

Isprn

Ek





∆Vr1

∆Vm1

...

∆Vrn

∆Vmn

∆λ


=



∆Im1

∆Ir1
...

∆Imn

∆Irn

0


(3.116)

In the proposed sequence based CPF, positive sequence analysis is utilized during

the prediction step. This positive sequence voltage is used as the initial condition to

perform an augmented three sequence load flow in the correction step. A flow chart of

three sequence based CPF for distribution system is shown in Fig. 3.19. A comparison

of the size of Jacobian, prediction tangent vector and augmented Jacobian is depicted

in table 3.13. It can be seen that the computational burden of the proposed sequence

based CPF will be much lesser compared to three phase approach.
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Figure 3.19: Three sequence distribution continuation power flow.

3.8 Three Phase Distribution Load Flow Tool

A Graphical User Interface for unbalanced three phase distribution systems utiliz-

ing the sequence method is developed as shown in Fig. 3.21. The tool is universal

and can be used to analyze any distribution system. The user can select the load flow
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Table 3.14: Iterations to converge.

λ
Sequence Power Flow

(flat start)
Sequence

Continuation Power Flow
Iteration Time Iteration Time

0.1 4 4.2 2 2.8
0.3 5 5.1 3 3.4
0.5 9 8.2 5 5.6
0.8 14 15.4 8 9.2
0.9 50 30 15 25.

0.921 100 50 20 32.5
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Figure 3.20: Comparison of three phase and three sequence CPF.

Figure 3.21: Distribution Load Flow Tool
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method from a drop-down list which will display the list of all load flow methods. An

option to plot voltage magnitude as well as to compare results with a benchmark is

provided.

3.9 Summary

A computationally efficient load flow algorithm based on injected current sensitivity

(ICS) for distribution systems with high penetration of DERs has been introduced in

this chapter. Models for distribution lines, capacitors, voltage regulators, and relevant

transformer connections are derived and a stacked bus admittance matrix (Y-bus) is

formulated. A generalized Jacobian matrix has been formulated which embeds the

properties or features of the distribution system components mentioned. All kinds of

load models(ZIP) are also being taken care of. Various models of DERs have been

incorporated in the proposed load flow studies. The DGs modeled as PQ type has

been treated as negative PQ load in the proposed LF studies. Multiphase DERs with

voltage control capability are modeled as PV bus using a reactive power sensitivity

based approach. The proposed method has good convergence ability for a wide range

of R/X ratio variations, load variations, and system size variations which have been

clearly demonstrated through the test results. A three sequence based load flow

and continuation power flow method to investigate voltage stability of unbalanced

distribution system is proposed. Comprehensive numerical tests on IEEE-4, IEEE-

13, IEEE-34, and IEEE-123 bus test distribution systems show the accuracy and

robustness of proposed approaches for a system with missing phases, several voltage

regulators, and transformer connections. The scalability of the approach is validated

using two custom-built test systems derived from the IEEE-8500 node system. The

result section elucidates the viability and authenticity of the proposed method.



CHAPTER 4: MULTI-PERIOD POWER FLOW OF THREE PHASE

DISTRIBUTION SYSTEM

4.1 Introduction

The distribution system analysis traditionally was focused on steady-state power

flow simulations, harmonic analysis, and protection studies which were sufficient for

the planning of a passive distribution system to design feeder layouts, determine

upgrades, and control settings. But with new grid edge technologies like photovoltaic

(PV), battery energy storage (BES), electrical vehicles (EVs) advanced inverters the

paradigm for distribution system planning and operations has changed [11]. The

steady state analysis was executed at snapshots in time with an extreme condition,

such as the peak load period. To analyze the interactions of new grid edge technologies

such snapshot analysis may not be adequate as only considering peak periods can lead

to over-estimation of normal operating issues. A distributed energy resource must go

through an interconnection study before connecting to the grid in order to identify

its impacts on the system and find possible mitigation strategies. The generation

capacity of these DERs varies from feeder to feeder and its distribution along feeder

is often uneven which can have location-specific impacts. The inherent variability in

PV power output can affect the operation of voltage regulation and protection devices

and hence can interact with feeder operation in complex ways. [49]. With the high

proliferation of distributed energy resources, it is indispensable to extend steady state

analysis to a multi-period analysis to capture the time-dependent variations in the

active distribution system. A multi-period power flow (MPF) analysis is required to

accurately capture the time-varying aspects of the system.

Quasi-static time series simulation (QSTS) which can be considered as a subset
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of multi-period power flow is a sequence of steady-state power flows conducted at

a time step between 1sec to 1 hour where control devices like load tap changers,

voltage regulators, switched capacitors, static var compensators, switches, and relays

may change their state from one step to the other. In QSTS, there will not be any

numerical integration of differential equations between time steps [50]. The converged

state of the current iteration is used as the initial state for the next iteration thereby

capturing time varying parameters such as loads, and time dependent states such

as voltage regulator taps. The main feature of QSTS simulation is that solution

of each time step relies on information like feeder state, regulator taps from the

previous time step. These discrete control devices are specifically modeled and time-

series simulations are executed to capture the time-dependent states of these control

devices. Therefore potential impacts of DER integration, like an increase in voltage

regulator operations due to voltages being not in the bandwidth, can be accurately

analyzed with time-series analysis. Using accurate load and generation time-series

data, a QSTS simulation can be used to quantify the magnitude and duration of an

impact accurately. Generally, the recommended resolution for QSTS simulation is in

the range of hours for energy impact analyses, in the range of minutes for steady-state

overvoltage analysis, and in the range of seconds for voltage fluctuation studies. [51].

The requirements for the input data resolution, simulation time-step resolution, and

duration of the simulation for QSTS analysis are discussed in [11]. Some of the

applications of QSTS simulations discussed in the literature include impact studies

of different DER [52–56], analyzing the operation of voltage regulating devices due to

intermittent and fluctuating DER power [57, 58]. Other types of studies performed

with QSTS analysis are the impact of power flow direction [59] and also study on

system losses [60].

The location of DERs with respect to legacy voltage control devices can result in

the erroneous operation of these devices and leads to a bad voltage profile. A multi-
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period power flow analysis can also be used to find the impacts of DER location

of voltage regulating device operation and resulting voltage profiles. Also, an ap-

proximate voltage stability margin of the power system can be obtained using MPF

where a sequence of steady-state power flows with increasing loading is conducted

until power flow diverges. This loading factor gives an approximate stability margin

of the system.

4.2 Research Contribution

• Modeled regulating devices and their associated controls to execute a multi-

period power flow analysis.

• Developed QSTS framework with detailed modeling of voltage regulating de-

vices and distributed energy resources to analyze the influence of DERs and

load variation on voltage profile.

• Developed MPF framework to analyze the impact of location of DERs on control

devices and how their operation impacts the grid.

• Developed MPF framework to calculate approximate voltage stability margin

of the system.

4.3 Modeling of Control Devices

The main motive of conducting a QSTS analysis on a system is to capture time

dependent effects and controller actions. In order to accurately model the operation of

a device with discrete controls through QSTS simulation, time resolution of simulation

should be always lesser the fastest delay in any devices with discrete controls. [61].

To capture the impact of DERs on system using QSTS simulations, the regulating

devices and their associated controls should be modelled. In this chapter, the load

tap changers, voltage regulators and associated controls are modelled in detail.
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Figure 4.1: Schematic representation of Voltage Regulator

4.3.1 Voltage Regulators

To maintain feeder voltages within acceptable limits, regulating devices are used.

Load tap changers (LTC) are installed at the substation and step voltage regulators

(SVR) are installed along the feeder. The LTC is built into the transformer by tapping

the transformer winding in multiple locations and SVR is constructed as a separate

unit from the transformer using an autotransformer winding with many taps [62]. In

a three-phase system, the common practice is to install three, single-phase regulators

so that, it can regulate each phase separately taking care of voltage unbalance. The

regulators can be connected in grounded wye, closed delta, or open delta [2]. Standard

step voltage regulators have a 10% voltage regulation range with a reversing switch

with 32 steps (16 steps up and 16 steps down) which amounts to a 10/16% or 0.00625

per unit voltage change per step. Step voltage regulators can be connected in two

different types which are type-A or type-B connection [63]. For QSTS analysis, the

regulators are modeled as an admittance Yreg
t in series with an ideal autotransformer
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Figure 4.2: Compensator Circuit (Source: [2])

as shown in Fig. 4.1. The admittance matrix matrix of a three phase Yg-Yg type

voltage regulator in series with a distribution line with admittance Yabc(r) is given by

Y reg
abc =

RYabc(r)R
T −RYabc(r)

−Yabc(r)R
T Yabc(r)

 (4.1)

where R =


1
aat

0 0

0 1
abt

0

0 0 1
act

 and at = 1∓ N2

N1
= 1∓ dV tp

where tp is the tap setting and dV is the per unit voltage change per tap. Voltage

regulators are assumed to be step-type and can be connected in the substation and/or

to a specified line segment. The regulators can be three-phase or single phase. The

changing of taps on a regulator is controlled by the line drop compensator(LDC). A

simplified circuit of an analog compensator [64] and how it is connected to the feeder

through the potential and current transformer is shown in Fig 7.2. Four settings

are required for the compensator circuit. They are compensator impedance(R, X)
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Get secondary voltage of regulator (V2) and using admittance 

matrix, calculate secondary current of regulator (I2)

Voltage Regulator Input data: Voltage level (Vref), CT ratio, PT 

ratio, Band Width (BW), Compensator impedance (Zcomp) 

Compute deviation of regulation point voltage from reference 

voltage Err=|Vref-Vrp|

Yes

Calculate the voltage at regulation point

Vrp=V2-Zcomp(I2/CT)

Three Phase ICS based load flow

No

No

Yes

Yes

Err<BW/2

Err>BW/2

Converge?

Tap 

Change

Newtap=Currenttap-1

Newtap=Currenttap+1

Yes

No

End

Update YbusUpdate Ybus

Figure 4.3: Operation of voltage regulator

settings, voltage Level setting, bandwidth setting, and time delay setting. The voltage

setting gives the desired voltage to hold at the regulation point and bandwidth defines

the allowed variance of the regulation point voltage centered at the desired Voltage

Level. The time delay is the delay before a tap change is made when the voltage is not

within the bandwidth. The goal of the compensator circuit is such that the voltage

across the compensator voltage relay will be a scale model of the actual voltage at

the regulation point. The per-unit voltage of the compensator voltage relay should

be equal to the per-unit voltage at the regulation point. To make this happen, the

per-unit R and X settings must be equal to the per-unit equivalent line impedance

from the regulator output to the regulation point.
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 Initialize all PQ bus voltages to flat start and PV bus voltages to 

specified values

DVmax < ɛ  ?

Load Input Data: Load Profile, Generation profile, time t, Reg Ctrl 

flag

Calculate Bus Admittance Matrix (Ybus) as per the Algorithm 

Compute load current of Δ-Y ZIP connected loads

Set tolerance limit (Ɛ) and maximum iteration count (kmax) and 

regulating node voltage bandwidth (BW)

Compute the real and imaginary component of current mismatch

Compute the net reactive current injection required at all PV buses

Compute the voltage deviation of PV buses

Solution converge

Yes

Initialize iteration count k=0  

Calculate Jacobian from Bus Admittance Matrix

Compute the voltage mismatch and update the voltages 

k=k+1;Vk+1=Vk +ΔV 

No

Compute DVmax = maximum of voltage mismatch and voltage 

deviation of PV bus 

k < kmax  ?
Update Diagonal 

values of Jacobian

Yes

Solution did not converge

End

No
Check regulating 

node voltages Vreg

Vregwithin 

BW  ?
Regulator tap control

t=t+1

Update Voltage 

Regulator Taps

reg
Compute YbusCompute Ybus

reg
Compute Ybus

Update YbusUpdate YbusUpdate Ybus

No

Yes

Three Phase Power Flow

Reg Ctrl

=0
No

Yes

Figure 4.4: Proposed QSTS Simulation
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4.4 Proposed MPF with DERs

The MPF solves a series of power flow in a sequential manner where parameters

of converged power flow are used as the initial parameters for the next power flow

iteration. The MPF simulation on the distribution system is initiated with a three

sequence load flow. Once the load flow converges, the regulating point voltage associ-

ated with a regulator is obtained from the load flow solution. This is then compared

with the reference voltage of the respective regulator. If the voltage error between

both is within a bandwidth (BW), load flow solution values are stored and load flow

for next time instant is executed. If the error is not within the bandwidth (BW), a

tap operation is initiated. If voltage is above the upper band, a tap down operation

is initiated and if the voltage is below the lower band, a tap up operation is initiated.

The effect of tap variation is brought in through the bus admittance matrix in the

proposed three phase load flow. Therefore if there is a change in taps, the bus admit-

tance matrix corresponding to regulators Y reg is modified. A flowchart of the detailed

operation of voltage regulator for a given LDC setting is shown in Fig. 4.3. With the

updated system Ybus load flow is executed for the same load and generation values.

An option to switch off voltage regulator operation is also included. If Regulator

control is switched off, then after a converged load flow iteration, load flow for next

time instant is executed. A flowchart of the proposed MPF simulation is shown in

Fig. 4.4.

4.5 Applications of Multi-Period Power Flow

The proposed MPF framework is utilized to analyze the influence of DERs and

load variation on voltage profiles. It is utilized to study how would the location

of DERs affect the operation of legacy control devices. It is also used to calculate

an approximate voltage stability margin of the system. The proposed modeling ap-

proach is assessed by using IEEE 123 bus distribution systems. The voltage regulator
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operation due to time-varying aspects of the system is studied and its impacts on

voltage are analyzed. The accuracy of the proposed modeling approach is assessed

by comparing load-flow voltage solutions and tap operations obtained from solutions

of Opendss [42].
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4.5.1 Impact of load and DER variation on grid voltage

A time-varying load profile for 1 day with a 2-minute resolution is taken as shown

in Fig. 4.5a. The QSTS simulation is first executed with Regulator off by setting

Reg Ctrl flag to 0. The initial tap setting of LTC was 7. The voltage profile of each

phase of node 8 is shown in Fig. 4.5b. It can be observed that, due to light loading

conditions, voltages on all phases are higher(above 1.03pu). Now QSTS simulation

with Regulator on is executed. It can be seen from Fig. 4.6a that the taps are lowered

to 4 from an initial value of 7. It is again lowered to 3 because of lighter loading and

higher voltage around 3 hours. Fig. 4.6b shows the comparison of voltages with and

without regulator action. It can be seen that, with the voltage regulator on, the grid

voltages are close to 1pu for phase A and below 1.02 pu for phase b and c. Since LTC

is a ganged type, taps on all three phases are varied by only monitoring 1 phase(A

phase in this case).
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Figure 4.7: (a) Irradiance Profile (b) Three phase voltage at node 8 with regulator
control OFF

A PV DER with a 4MVA rating operating on a unity power factor is connected

to node 250 of the system. The time-varying PV irradiance profile for 1 day with

a 5-minute resolution is shown in Fig. 4.7a. The QSTS simulation is first executed

with Regulator off. The voltage profile of each phase of node 8 is shown in Fig. 4.7b.
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It can be observed that the variations in irradiance are reflected on voltages on all

phases with high voltage on the lightly loaded b phase. Now QSTS simulation with

Regulator on is executed. It can be seen from Fig. 4.8a that the taps are lowered to

6 from an initial value of 7 as soon as generation increases. It is again lowered to 5

because of higher generation and higher voltage around 12 hours. Fig. 4.8b shows the

comparison of voltages with and without regulator action. It can be seen that, with

the voltage regulator on, the grid voltages are close to 1pu for phase A and below

1.025 pu for phase b and c.

4.5.2 Impact of DER location on operation of voltage regulators

The location of large DERs will have an impact on voltage regulating devices as

well as grid voltages. In this study, the location of DERs from substation and how it

impacts the operation of voltage regulating devices are studied. First, a 4MVA DER

operating at unity power factor is connected to a remote node from substation (node

250) as shown in Fig. 4.9a. When 4MW of power is pushed, the voltage at the point

of common coupling(PCC), as well as other nodes, would experience a high voltage.

The voltage regulator operates and reduces the tap. But the voltage regulator will

only lower the taps until the regulating point voltage is within the bandwidth. Even



91

GGGG

GGG

80

81
84

85

84

85

84

85

GG
GG

G
G

G
G

GGGG

G GGGG GG GG GGGG

GGG

78 79

83

GGG82

149
GGGG GGGG GGGG GGGG GG GGGG GGG
1 7 8 13

GGG

GG GG GG G

GGG

GGG GG GG

GGG
GGG

GGG GGGG GG GGGG GGGG GGGG GG

GG
G

G
G

G
G

GGG

GGG

150

GGGG GG GG

G

GGGG GGG G GG G

GG

GG G

G

GG G

G

G

GGG
G

G
G

G
G GGGG GG GG GG GGG

GGGG GGGG GG GGGG GGGG GGGG GG

GG
GG

G
G

G
GGG

G
G

G

GG GG G

GG

GG

GG

GG
GG

G
G

GGG

G

G
G

G
G

G G

G

G

G

G
G

G

G

G
G

G
G

G G

G

G

G

G
G

G

G

G

G

G

G

G

G

G

G

G

G

G

G

G

G

G

G

G

G GGGG GG GGGGGG GGGG GG

GGGG GG GGGGG GGG G

GGGG GG GG GG

GGGG

GGGG GG GGGG GGGG GGGG GGGGG

GGGG GGGG GGGG

GGGG GG GG

GGGG GG GG

GGGG

GGGG

GGG GGGG GGGG GGGG GG

GG
G

GG
G

G
G

G
G

G

GGGG

GGG

G GGGG GGG GGG GG

GG
GG

G
G

GGG
G

G
G

G
G

G
G

G
G

G

GG

GGGG GG GGGGG G

G

GG GG

G

GG GG

G

GG G GGGG

4
5 6

16

1715

3412

3

9

11

GGG

14

10

1819
20

2122

2324

25
2627

33 32

31 28

29
30 250

251

48 47 49 50 51

46
45

44

4342

4140

35
135

37 36 38 39

59 58 57

66

65 64

63

62

60

61

152 52 53 54 55 56

96

95

195

93 91 89 87 86

889092
94

610

160

7170696867

97 98 99 100 450 451

197

101
102 103 104

76 77

GG GGGG GGG G G GG G G GG G

72 73 74 75

105
106 107

108
109

111 110 112 113 114151

350

300

GGG

GG

80

81
84

85

84

85

GG
GG

G
G

GGG

G GGGG GG GGG

GG

78 79

83

GG82

149
GGGG GGGG GGGG GG GGG GG
1 7 8 13

GG

GG GG G

GG

GGG GG

GG
GG

GG GGGG GG GGGG GGGG GG

GG
G

G
G

GG

GG

150

GGGG GG

G

GGGG GGG G GG G

GG

GG G

G

G

GGG
G

G
G GGGG GG GG GG

GGG GGGG GG GGGG GGGG GG

GG
GG

G
G

G
GGG

G
G

G

GG GG G

GG

GG

GG

GG
GG

G
G

GGG

G

G
G

G
G

G G

G

G

G

G
G

G

G

G

G

G

G

G

G

G

G

G

G

G

G GGGG GG GGGGGG GG

GGGG GG GGGGG G

GGGG GG GG

GGG

GGGG GG GGGG GGGG GGGG

GGG GGG GGG

GGGG GG

GGGG GG

GGG

GGG

GGG GGGG GGGG GG

GG
G

GG
G

G
G

GGG

GG

G GGGG GGG GG

GG
GG

G
G

GGG
G

G
G

G
G

G
G

GG

GGGG GG GGGGG G

G

GG GG

G

GG G GGG

4
5 6

16

1715

3412

3

9

11

GG

14

10

1819
20

2122

2324

25
2627

33 32

31 28

29
30 250

251

48 47 49 50 51

46
45

44

4342

4140

35
135

37 36 38 39

59 58 57

66

65 64

63

62

60

61

152 52 53 54 55 56

96

95

195

93 91 89 87 86

889092
94

610

160

7170696867

97 98 99 100 450 451

197

101
102 103 104

76 77

GG GGGG GGG G G GG G

72 73 74 75

105
106 107

108
109

111 110 112 113 114151

350

300

DER Connected Node

(a)

0 5 10 15

Bus

0.99

1

1.01

1.02

1.03

1.04

1.05

V
 p

u
 

Without DER

With DER

(b)

Figure 4.9: (a) DER far from Sub station (b) A phase voltage profile with and without
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Figure 4.10: (a) B phase voltage profile with and without DER (b) C phase voltage
profile with and without DER.

though regulating point voltage is close to reference voltage, the remote node where

DER is connected can have a higher voltage profile. The three phase voltages of

nodes (shown in violet color) from substation to remote node is depicted in Fig. 4.9b,

Fig. 4.10a and Fig. 4.10b. It can be concluded that, with high DER penetration at

a remote node of feeder, node voltages towards the end of the feeder would have a

higher voltage profile even after the operation of voltage regulators. Now, a 4MVA

DER operating on unity power factor is connected to a node close to substation (node
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Figure 4.11: (a) DER near to Sub station (b) A phase voltage profile with and without
DER
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Figure 4.12: (a) B phase voltage profile with and without DER (b) C phase voltage
profile with and without DER.

250) as shown in Fig. 4.11a. In this case, the voltage regulator operation is affected

due to the wrong estimation of regulating node voltage. When DER pushes power

into the grid, the power flow and hence current flow from the substation to the grid

decreases. This will lead to lower current flow through CT of the regulator(refer

Fig. 7.2). The regulating point voltage calculated with this current would be a high

value(as Vdrop would decrease with a decrease in current). This will lead to a tap-down

operation. The three phase voltages of nodes (shown in violet color) from substation
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to remote node is depicted in Fig. 4.11b, Fig. 4.12a and Fig. 4.12b. Therefore it can

be concluded that, with high DER penetration at a node closer to the substation,

node voltages towards the end of the feeder would have a low voltage profile after the

voltage regulator operates.
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Figure 4.13: Location of DERs

Table 4.1: Impact of DER location on operation of voltage regulators

Case C1 C2 C3 C4 C5 C6 C7 C8 C9

Nodes considered
for plotting voltage

1 1 1 1 1 1 1 1 1
7 7 7 7 7 7 7 7 7
8 8 8 8 8 8 8 8 8
13 13 13 13 13 13 13 13 13
18 18 18 52 52 52 52 52 52
23 135 135 54 54 54 54 54 54
25 40 42 57 57 57 57 57 57
28 42 47 62 160 160 67 67 67
30 45 50 64 101 98 76 78 87
250 46 151 66 300 450 79 83 95
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Additional test cases are used to analyze the effect of location of DERs on grid

voltage. The location of DERs for each test case is shown in Fig. 4.13 and the nodes

considered for analyzing voltage profile is shown in Table. 4.1. The phase B voltage

profile of cases 2 to 8 with DERs located far from substation is plotted in Fig. 4.14.

The trend remains same for all the cases where nodes towards end of the feeder

experience higher voltage as large DER in connected at remote nodes of feeder. The

phase A voltage profile of cases 2 to 8 is plotted in Fig. 4.15 with DERs located near

to substation. It can be seen that for case 2 to case 4 the nodes towards end of

the feeder experience lower voltage as large DER in connected towards beginning of

feeder. For case 5 to case 9 the voltage towards end of feeder are at a higher voltage.

This is due to the presence of a voltage regulator between node 60 and 160. But

comparing the voltage with and without DER,it can be seen in all cases that, the

voltage profile of all nodes with DER is lesser than the voltage without DER because

of the tap down operation of voltage regulator due to wrong voltage estimation at

remote node.

4.5.3 Approximate Voltage Stability Margin Assessment

The voltage stability of a system is expressed in terms of voltage stability mar-

gin(VSM). VSM is defined as the difference between the critical loadability limit and

the current operating load level. As the system state reaches near the maximum

loading point the load flow diverges as the power flow Jacobian becomes singular.

The proposed injection current sensitivity based multi-period power flow is used for

solving distribution system power flow and finding approximate VSM of system. A

series of load flows were performed using load increment factor α. The loads were

varied from baseload (α = 0) to a loading where load flow diverged(α = αmax). The

PV curve of phase A of node 1 of the 123 bus system is shown in Fig. 4.16. This αmax

is considered as the approximate voltage stability margin of the system.
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Figure 4.14: B phase voltage profile for case 2-9 with DERs far from substation
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Figure 4.15: A phase voltage profile for case 2-9 with DERs near to substation
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Figure 4.16: Approximate Voltage Stability Margin using MPF.

Figure 4.17: Distribution Times Series Analysis Tool

4.6 Three Phase Time Series Analysis Tool

A Graphical User Interface to conduct MPF analysis of unbalanced distribution

system utilizing the sequence method is developed as shown in Fig. 4.17. The tool

is universal and can be used to analyze any distribution system. The user can select

the load flow method, from a drop-down list which will display the list of all load

flow methods. The user can also select load and generation profiles from a repository.

Regulator tap control option can be turned on as per user requirement. Finally, an

option to plot time varying voltage magnitude of a particular node is provided.
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4.7 Summary

An MPF framework based on injected current sensitivity based load flow is devel-

oped in this chapter. Detailed models of discreet control devices like voltage regulators

were developed. The framework was used to study the impact of a power factor con-

trolled (PQ) distributed energy resources on the grid. Also the effect of the location

of DERs on control devices and how their operation impacts the grid is also analyzed.

The MPF framework is used to calculate the approximate voltage stability margin of

the system. Comprehensive tests were conducted on IEEE-123 bus test distribution

systems.



CHAPTER 5: FAULT ANALYSIS OF UNBALANCED DISTRIBUTION SYSTEM

USING SEQUENCE COMPONENTS

5.1 Introduction

Short circuit analysis or fault analysis constitutes a significant part of power sys-

tem study and the principal aim of fault analysis is to estimate the fault currents and

voltages. Faults on power systems are broadly classified into balanced faults such

a line-to-line-to-line fault(LLL) and unbalanced faults such as single line-to-ground

fault(SLG), line-to-line fault(LL), and double line-to-ground fault(LLG). The infor-

mation from fault studies turns out to be useful for proper relay setting and coordi-

nation. Information from the three-phase balanced fault and the line-to-ground fault

is used for selecting and setting phase relays and ground relays respectively [65]. In-

sights from fault studies also help in obtaining the rating of the protective switchgear.

While circuit-breaker capacity and protective relay performance are deduced from the

fault analysis results, the fault analysis is also a pre-requisite for many types of power

system researches like voltage sag analyses [66] and transient stability. The magni-

tude of the fault currents depends on the internal impedance of the generators along

with that of the intervening circuit. The bus impedance matrix is formulated and

employed for the systematic computation of bus voltages and line currents during

the fault. The fault analysis is conventionally conducted based on the symmetrical

sequence networks. In a vast majority of the software packages made use of today

by the industry, it is evidently the sequence components based fault analysis algo-

rithm which is employed; primarily, on account of its computational efficiency and

simplicity in modeling its system elements like generators and transformers, and sup-

plementarily, the availability of the transmission and distribution networks data in
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their sequence values [47]. In the case of a power transmission system, the loads are

balanced and lines are transposed which would result in a balanced system. One of

the main advantages of using the sequence component method is that the three se-

quences are independent. This situation only holds when the system is balanced. On

the other hand, the distribution systems consist of untransposed lines, voltage control

devices such as regulators with unequal taps, different transformer connections, and

multi-phase laterals. Therefore the application of symmetrical sequence networks for

fault analysis is made complicated by these factors and if the existing sequence com-

ponents methodology is used for distribution fault analysis, it will result in deviations

from actual values. A method to perform fault analysis using sequence based methods

for unbalanced distribution systems is discussed in [47]. Quantification of errors when

using a sequence component based fault analysis on distribution system is discussed

in [67] where fault currents using sequence component based method is compared

with results obtained using three-phase fault analysis method. In both the papers,

the mutual sequence elements were neglected which is the main source of error.

The last decade has seen a rapid growth of inverter-based resources (IBR) and

this has led to change in the dynamics of short circuit current on the bulk power

systems(BPS), as well as calls to attention new issues for consideration while setting

relay elements. In contrast to conventional generators which have universal short-

circuit response characteristics, the inverter fault response is based on specific inverter

control system designs [12]. During faults, the inverter acts as a constant current

source irrespective of the control strategy (Voltage Source Inverters or Current Source

Inverters) used. Inverter control systems also restrict the maximum short-circuit

current to limit thermal overloads of power electronics. Even though some of the

wind turbine generators and static compensators are capable of injecting negative

sequence currents, most of the currently existing inverter-based DGs are only capable

of injecting positive sequence currents even in case of unbalanced faults [68]- [69].
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Hence, the negative sequence current from an inverter-based generating resource may

either have a magnitude too low or have an undefined phase angle relationship to

the negative sequence voltage. In general, the protective relays utilize this angular

relationship between negative sequence voltage and current along with some safety

margin to confirm the unbalanced fault direction, provided the magnitudes of the

negative sequence currents and voltages are above a certain magnitude. Hence a

lower magnitude and undefined phase angle relationship cause reliability issues in

relaying applications, including negative sequence directional relaying [70]. Detailed

impacts of IBRs on the performance of traditional protection schemes is discussed

in [71], [72].

Novel circuit models of Inverter-Interfaced distributed generators are discussed

in [73], [74], [75]. The control systems associated with the inverters are responsi-

ble for the current injected by the inverter-based resources(IBRs). Therefore, with

modification of the controls, some amount of negative sequence current can be in-

jected by IBRs. It would be beneficial to analyze the IBR contribution of negative

sequence current during unbalanced faults to support protection systems correspond-

ing to selectivity, dependability, and reliability, as discussed in [76]. Negative sequence

current improves the reliability of system operation and also helps in balancing volt-

ages avoiding overvoltage of unfaulted phases. There is very little standardization

procedure available for inverter-based resources that can be programmed to inject

some amount of negative sequence current. One among them is the German grid

code (VDE) requirements [77]. As per VDE, the negative sequence current injection

should be programmed (using a K-factor) in such a way that its injection magnitude

should be proportional to the measured negative sequence voltage. Also, the negative

sequence voltage should lead negative sequence current injected by a minimum of 90

degrees.

This paper proposes a novel method that extends the existing sequence based
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method to include mutual sequence elements also thereby reducing the source of

error as discussed in [67]. Sequence currents for all ten types of faults, single line

to ground (AG, BG, CG) fault, line to line (AB, BC, CA) fault, double line to

ground fault (ABG, BCG, CAG), and three phase (ABCG) faults are derived from

basic equations. The results are then compared with results obtained from phase

based fault analysis. The effectiveness and accuracy of the algorithm are validated

using IEEE 13,34 and 123 bus test distribution feeders. Some of the advantages

of using the proposed sequence based analysis are as follows. Most of the power

system data which are available in terms of sequence quantities (for eg. data for lines,

transformers, generators) can be directly used to do steady fault analysis without

transforming to phase components to do analysis using phase coordinates methods.

The existing sequence component based methods used for distribution fault analysis

neglects mutual coupling and will result in deviations from actual values. Neglecting

mutual impedance leads to errors in fault current values and also in node voltage

during fault. Most of the inverter-based DGs produce positive sequence current during

a fault which can be easily modeled if fault analysis is done in sequence domain than

phase domain. During an unbalanced fault event, one of the main challenges involved

is the overvoltage in unfaulted phases. If DERs are capable of injecting negative

sequence current during the fault, it would lead to a reduction in this overvoltage

of unfaulted phases. Accurate negative sequence voltage at PCC during fault is

required to find the amount of negative sequence current that DER should inject

during fault [78]. The proposed method can provide accurate node voltage during

fault.

5.2 Research Contribution

• A novel fault analysis based on three sequence approach considering mutual

sequence coupling.
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• Fault Analysis of a unbalanced distribution system with multi-phase laterals.

• Fault Analysis of a DER integrated distribution system.

5.3 Power System Modeling

In the proposed approach, first, a Ybus model considering, distribution lines, volt-

age regulators, transformers, loads, and distributed energy resources, are developed.

Formulation of Ybus considers various power grid elements including distribution lines,

voltage regulators, and transformers. The Ybus of the three phase distribution line

can be written as

Y dl
abc =

Zser
abc (l)

−1 + 1
2
Bsh

abc(l) −Zser
abc (l)

−1

−Zser
abc (l)

−1 1
2
Bsh

abc(l) + Zser
abc (l)

−1

 (5.1)

where Zser
abc (l) is three phase series impedance and Bsh

abc(l) is three phase shunt admit-

tance matrix of the line l. The Ybus of a three phase Yg-Yg type load tap changer in

series with a distribution line with admittance Yabc(r) is given by

Y reg
abc =

RYabc(r)R
T −RYabc(r)

−Yabc(r)R
T Yabc(r)

 (5.2)

where R =


1
aat

0 0

0 1
abt

0

0 0 1
act

 and at = 1 ∓ dV tp where tp is the tap setting and dV is

the per unit voltage change per tap. The Ybus for a transformer connected between

node m and n with α, β being off-nominal tap ratios on the primary and second sides

respectively can be represented as

Y trf
abc =

 Ynn

α2
Ynm

αβ

Ymn

αβ
Ymm

β2

 (5.3)
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The loads are modeled as a combination of constant power, constant current, and

constant impedance loads (ZIP). With ZIP load modeling [2], the net specified nodal

current injection of phase s at node i can be represented as

(Ispi )s = −
[(

|Ss
i |∠θs

|V s
i |∠δs

)∗

+

(
|Ss

i |
|V s

0i|

)
∠(δs − θs) +

(
V s
i

Zs
i

)]
(5.4)

where Ss
i is scheduled power, δ is the voltage angle and θ is the power factor angle,

V0i is the nominal voltage, Zi is impedance of the load. The shunt capacitance for

reactive power support is modelled as a constant impedance load in the proposed

method.

Phase Impedance Matrix Sequence Impedance Matrix 

Figure 5.1: Sequence component of impedance submatrices.

Figure 5.2: Grouping of Sequence impedance submatrices.
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Figure 5.3: Grouping of Sequence current and voltage submatrices.

5.3.1 Formation of Sequence Bus Impedance Matrix

The bus impedance matrix is used to find the Thevenin impedance to the point

of fault. For a fault at bus k, the diagonal element in the k axis impedance matrix

gives the Thevenin impedance. Using the models developed for distribution lines,

voltage regulators, and transformers, a three-phase bus admittance matrix Y abc is

formed. This is inverted to obtain the bus impedance matrix Zabc. Each of the phase

impedance submatrices can be converted to sequence submatrices using an equation

similar to (3.95). Consider a 2 bus system with both buses being 3 phase buses.

The phase impedance matrix will be a 6 × 6 matrix and each 3 × 3 submatrix is

converted to sequence components as shown in Fig. 5.1. These sequence submatrices

are grouped into positive, negative, and zero sequence matrices Z012 as shown in

Fig. 5.2. Similarly, the voltage and current submatrices can be converted to sequence

submatrices using (5.19) and grouped as shown in Fig. 5.3. One of the challenges

while calculating sequence impedance matrix occurs when there are single or two-

phase laterals. This leads to buses with missing phases. Two approaches to obtain

Z012 for such kinds of systems are tested. Consider a 2 bus system with one three

phase bus and the other 2 phase bus with phase b missing. The Y abc calculated will

have a row and column full of zeros as shown in Fig. 5.4. This matrix cannot be

inverted as it is singular. But each of the 3 × 3 submatrices can be converted to

sequence submatrices. A single non-zero value in the phase admittance submatrix

will lead to a full 3× 3 submatrix in the sequence domain. The sequence admittance
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matrix obtained can be inverted to obtain impedance matrix and then grouped to

obtain Z012. This method worked well for smaller test systems but failed as the size

of the system and the number of laterals increased. So method 2 is adopted. Here

Y abc is first reduced by removing row and column of zeros (row/column 5 in this

case) and then inverted to obtain Zabc. This matrix is not a square matrix and thus

sequence conversion of 3× 3 submatrices are impossible. To overcome this problem,

zeros are added back to rows and columns (row/column 5 in this case). The resulting

(3N ×3N) matrix can be converted to sequence domain to obtain Z012. This method

was successful in all the systems tested irrespective of size or number of multi-phase

laterals.

5.3.2 Buses with Missing Phases

To do fault analysis on single and two-phase buses, a fault impedance method is

used. For an SLG fault on a bus A, the self impedance of the line (of respective

phase) connecting bus A to nearest three phase bus B is calculated and taken as fault

impedance zf . Now an SLG fault at bus B with fault impedance zf is performed to

get fault current. In the case of LL fault, zf is calculated using self impedance and

mutual impedance of lines in both the phases. Consider bus A has b and c phases

present. The fault impedance is calculated as

zf = zbbAB + zccAB − (zbcAB + zcbAB) (5.5)

In case of LLG fault, separate fault impedance for each phase is calculated as

zfb = zbbAB − zbcAB (5.6)

zfc = zccAB − zcbAB (5.7)
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Figure 5.4: Formation of sequence impedance matrix for system having nodes with
missing phases.

5.4 State of the Art Fault Analysis Methods

5.4.1 Phase based fault Analysis

A detailed discussion of phase based fault analysis for distribution system is pro-

vided in [79]. First the three phase bus impedance matrix (ZT ) is obtained from bus

admittance matrix. For a SLG fault at node p with fault impedance zf and pre fault

voltage Ep the fault current is given by

If =
Ep

ZT (p, p) + zf
(5.8)

For a LL fault between nodes q and r with fault impedance zf and pre fault voltages

Eq and Er the fault current is given by

If =
Eq − Er

ZT (q, q) +
zf
2
+ ZT (r, r) +

zf
2
− 2ZT (q, r)

(5.9)

For a LLG fault between nodes q and r with fault impedance zfq, zfr and pre fault

voltages Eq and Er the fault current is given by

 Ifq

Ifr

 =

ZT (q, q) + zfq ZT (q, r)

ZT (r, q) ZT (r, r) + zfr


−1  Eq

Er

 (5.10)
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For a LLLG fault between nodes p, q and r with fault impedance zfp, zfq, zfr and

pre fault voltages Ep, Eq and Er the fault current is given by


Ifp

Ifq

Ifr

 =


Z ′

Tp ZT (p, q) ZT (p, r)

ZT (q, p) Z ′
Tq ZT (q, r)

ZT (r, p) ZT (r, q) Z ′
Tr


−1 

Ep

Eq

Er

 (5.11)

where

Z ′
T i = ZT (i, i) + zfi, i ∈ p, q, r (5.12)

5.4.2 Existing Sequence based fault Analysis

In this section a summary of for different type of fault using existing sequence com-

ponent based method [65] is summarized. The positive, negative and zero sequence

impedance matrices(z11, z22, z00) are obtained by inverting the bus admittance ma-

trix. For a SLG fault on phase a with fault impedance zf and pre fault voltage E1,

the sequence components of fault current is given by

I0 = I1 = I2 =
E1

z00 + z11 + z22 + 3zf
(5.13)

For a LL fault between phase b and c the zero sequence component is zero and positive

and negative sequence components have same magnitude and opposite direction. The

components of fault current is given by

I1 = −I2 =
E1

z11 + z22 + zf
(5.14)
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Figure 5.5: Sequence Components.

For a DLG fault on phase b and c with fault impedance zf and pre fault voltage E1,

the sequence components of fault current is given by

I0 = −E1 − z11I1

z00 + 3zf

I2 = −E1 − z11I1

z22

I1 =
E1

z11 +
z22(z00+3zf )

z22+z00+3zf

(5.15)

For a LLLG fault the zero sequence and negative sequence component is zero. The

positive sequence component of fault current is given by

I1 =
E1

z11 + zf
(5.16)

5.5 Proposed Sequence based fault Analysis

5.5.1 Sequence Components

Any unbalanced vector can be represented as a combination of 3 balanced vectors

as shown in Fig. 5.5.
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This can be written in matrix form as
Ia

Ib

Ic

 =


1 1 1

1 a2 a

1 a a2




I0

I1

I2

 (5.17)

where a = 1 < 120 a2 = 1 < 240

Therefore we can transform a current vector from sequence representation to phase

representation as

Iabc = CaI
012 (5.18)

Here phase a is taken as reference. Such a transformation would provide us with

faults AG, BC, BCG and ABCG. The sequence components can be obtained from

phase components as

I012 = C−1
a Iabc (5.19)

I0

I+

I−

 =
1

3


1 1 1

1 a2 a

1 a a2




Ia

Ib

Ic

 (5.20)
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Figure 5.6: Short circuit Analysis with Mutual Coupling.
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Applying Kirchoff’s voltage law to each phase in Fig.5.6 , we can write


V a

V b

V c

 =


Ea

Eb

Ec

−


zaa zab zac

zba zbb zbc

zca zca zca




Ia

Ib

Ic

 (5.21)

In compact form we can write

Vabc = Eabc − ZabcIabc (5.22)

Transforming currents and voltages to sequence component, we can write

CaV
012 = CaE

012 − ZabcCaI
012 (5.23)

Premultiplying by C−1 we get

V012 = E012 −C−1ZabcCI012

V012 = E012 − Z012I012
(5.24)

where

Z012 = C−1
a ZabcCa (5.25)

Therefore 
V 0

V 1

V 2

 =


E0

E1

E2

−


z00 z01 z02

z10 z11 z12

z20 z21 z22




I0

I1

I2

 (5.26)

(5.26) is most prominently used in short circuit analysis including mutual coupling.

It can be see here that, if the voltages E0, E2 is zero and a transposed system is
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considered (zaa = zbb = zcc and zab = zac = zbc) (5.26) will reduce to


V 0

V 1

V 2

 =


0

E1

0

−


z00 0 0

0 z11 0

0 0 0




I0

I1

I2

 (5.27)

This is the basic equation for existing sequence based fault analysis [65]. The fault

current equations for different type of faults are derived now.
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Figure 5.7: Single Line to Ground Fault.

5.5.2 Single Line to ground fault

Consider a line to ground fault on phase a through impedance Zf as shown in

Fig.5.7. The boundary conditions at fault point can be written as

V a = ZfI
a

Ib = Ic = 0

(5.28)

The symmetrical components of current can be written as


I0

I1

I2

 =
1

3


1 1 1

1 a a2

1 a2 a




Ia

0

0

 (5.29)
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Therefore

I0 = I1 = I2 =
1

3
Ia (5.30)

The phase a voltage can be written in terms of symmetrical components similar to

(5.17) as

V a = V 0 + V 1 + V 2 (5.31)

The sequence voltages can be obtained using (5.26) and thus (5.31) can be written as

V a = E0 − (z00I0 + z01I1 + z02I2) + E1 − (z10I0 + z11I1

+z12I2) + E2 − (z20I0 + z21I1 + z22I2)

(5.32)

Using (5.30) we can write

V a = (E0 + E1 + E2)− (z00 + z01 + z02 + z10 + z11 + z12

+z20 + z21 + z22)I0
(5.33)

Substituting V a from (5.28) we can write

3ZfI
0 = (E0 + E1 + E2)− (z00 + z01 + z02 + z10+

z11 + z12 + z20 + z21 + z22)I0
(5.34)

Therefore zero sequence current

I0 =
E0 + E1 + E2

z00 + z11 + z22 + 3Zf + Zm

(5.35)

where

Zm = z01 + z02 + z10 + z12 + z20 + z21 (5.36)
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The fault current (Ia) can be obtained as


Ia

Ib

Ic

 =


1 1 1

1 a2 a

1 a a2




I0

I0

I0

 (5.37)
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Figure 5.8: Line to Line Fault.

5.5.3 Line to Line fault

Consider a fault between phase b and c through impedance Zf as shown in Fig.5.8.

The boundary conditions at fault point can be written as

V b − V c = ZfI
b

Ic = −Ib

Ia = 0

(5.38)

The symmetrical components of current can be written as


I0

I1

I2

 =
1

3


1 1 1

1 a a2

1 a2 a




0

Ib

−Ib

 (5.39)
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From above equation we get

I0 = 0

I1 = −I2

Ib =
3I1

(a− a2)

(5.40)

The phase b and c voltage can be written in terms of symmetrical components using

(5.17) as

V b = V 0 + a2V 1 + aV 2

V c = V 0 + aV 1 + a2V 2

(5.41)

Therefore

V b − V c = (a2 − a)(V 1 − V 2) (5.42)

The sequence voltages can be obtained using (5.26) and thus(5.42) can be written

as

V b − V c = (a2 − a)[(E1 − (z10I0 + z11I1 + z12I2))−

(E2 − (z20I0 + z21I1 + z22I2))]

(5.43)

Using (5.38) we can write

ZfI
b = (a2 − a)(E1 − (z11I1 − z12I1)− (E2 − (z21I1 − z22I1)) (5.44)

Substituting for Ib from (5.40) we get

Zf
3I1

(a− a2)
= (a2 − a)(E1 − E2 − (z11 − z12 − z21 + z22)I1) (5.45)

Since (a2 − a)(a− a2) = 3 we can write

ZfI
1 = (E1 − E2 − (z11 − z12 − z21 + z22)I1) (5.46)



116

Therefore positive sequence current can be given by

I1 =
E1 − E2

z11 − z12 − z21 + z22 + Zf

(5.47)

The fault current can be obtained as
Ia

Ib

Ic

 =


1 1 1

1 a2 a

1 a a2




0

I1

−I1

 (5.48)
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Figure 5.9: Double Line to Ground Fault.

5.5.4 Double Line to Ground fault

5.5.4.1 Double Line to Ground Fault with One Fault Impedance

Consider a fault between phase b and c through impedance Zf to ground as shown

in Fig.5.9. The boundary conditions at fault point can be written as

V b = V c = Zf (I
b + Ic)

Ia = I0 + I1 + I2 = 0

(5.49)

Therefore

I0 = −(I1 + I2) (5.50)
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The phase b and c voltage can be written in terms of symmetrical components using

(5.17) as

V b = V 0 + a2V 1 + aV 2

V c = V 0 + aV 1 + a2V 2

(5.51)

Since V b = V c we get

V 1 = V 2 (5.52)

Substituting (5.52) back in (5.51) we get

V b = V 0 + a2V 1 + aV 1 = V 0 + (a2 + a)V 1 (5.53)

Since (a2 + a) = −1, we can write

V b = V 0 − V 1 (5.54)

Similarly the phase b and c current can be written in terms of symmetrical components

as
Ib = I0 + a2I1 + aI2

Ic = I0 + aI1 + a2I2

Ib + Ic = I0 + a2I1 + aI2 + I0 + aI1 + a2I2

Ib + Ic = 2I0 + (a2 + a)I1 + (a2 + a)I2

(5.55)

Since (a2 + a) = −1 and using (5.50) we can write

Ib + Ic = 2I0 − (I1 + I2)

Ib + Ic = 2I0 + I0
(5.56)

Therefore phase b voltage can be written as

V b = Zf (I
b + Ic) = 3I0Zf (5.57)
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From (5.54) and (5.57) we can write

3I0Zf = V 0 − V 1 (5.58)

The sequence voltages can be obtained using (5.26) and thus(5.58) can be written as

3I0Zf = (E0 − (z00I0 + z01I1 + z02I2))− (E1 − (z10I0

+z11I1 + z12I2))

(5.59)

Grouping coefficients of I0, I1, I2 and on simplification we get

(z10 − z00 − 3Zf )I
0 + (z11 − z01)I1 + (z12 − z02)I2 = E1 − E0 (5.60)

From (5.52) we can write

V 1 = V 2

E1 − (z10I0 + z11I1 + z12I2) = E2 − (z20I0 + z21I1

+z22I2)

(5.61)

Grouping coefficients of I0, I1, I2 and on simplification we get

(z10 − z20)I0 + (z11 − z21)I1 + (z12 − z22)I2 = E1 − E2 (5.62)

Finally from (5.49) we can write

Ia = I0 + I1 + I2 = 0 (5.63)
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The sequence component currents can be calculated by solving (5.63), (5.60) and

(5.62) simultaneously. In matrix form this can be written as


1 1 1

z10 − z00 − 3Zf z11 − z01 z12 − z02

z10 − z20 z11 − z21 z12 − z22




I0

I1

I2

 =


0

E1 − E0

E1 − E2

 (5.64)

The fault current can be obtained as
Ia

Ib

Ic

 =


1 1 1

1 a2 a

1 a a2




I0

I1

I2

 (5.65)

5.5.4.2 Double Line to Ground Fault with Separate Fault Impedance

Consider a double line to ground fault on phase b and c through impedance Zfb

and Zfc as shown in Fig.5.10. The boundary conditions at fault point can be written

as
V b = ZfbI

b

V c = ZfcI
c

Ia = I0 + I1 + I2 = 0

(5.66)

The phase b voltage and current can be written in terms of symmetrical components

using (5.17). Thus (5.66) can be written as

V 0 + a2V 1 + aV 2 = Zfb(I
0 + a2I1 + aI2)

[E0 − z00I0 − z01I1 − z02I2] + a2[E1 − z10I0

−z11I1 − z12I2] + a[E2 − z20I0 − z21I1 − z22I2]

= Zfb(I
0 + a2I1 + aI2)

(5.67)
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Figure 5.10: Double Line to Ground Fault with separate fault impedance.

Similarly the phase c voltage and current can be written in terms of symmetrical

components using (5.17). Thus (5.66) can be written as

V 0 + aV 1 + a2V 2 = Zfc(I
0 + aI1 + a2I2)

[E0 − z00I0 − z01I1 − z02I2] + a[E1 − z10I0−

z11I1 − z12I2] + a2[E2 − z20I0 − z21I1 − z22I2]

= Zfc(I
0 + aI1 +2 I2)

(5.68)

Finally from (5.66) we can write

Ia = I0 + I1 + I2 = 0 (5.69)

The sequence component currents can be calculated by grouping coefficients and

solving (5.67), (5.68) and (5.69) simultaneously. The fault current can be obtained

as 
Ia

Ib

Ic

 =


1 1 1

1 a2 a

1 a a2




I0

I1

I2

 (5.70)
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5.5.5 Three Phase to Ground fault

Consider a fault between phase a,b and c through impedance Zf to ground as

shown in Fig.5.11. The sequence currents during a three phase to ground fault is

given by 
I0

I1

I2

 =


z00 + 3Zf z01 z02

z10 z11 + Zf z12

z20 z21 z22 + Zf


−1 

E0

E1

E2

 (5.71)

5.5.6 Bus Voltages during fault

The faulted bus voltage is calculated by adding the pre-fault voltage with the

change in voltage or delta voltage ∆V during fault. ∆V is calculated by multiplying

injected fault current to corresponding impedance. ∆V for node i can be obtained as

∆V 0 = −(z00I0 + z01I1 + z02I2)

∆V 1 = −(z01I0 + z11I1 + z12I2)

∆V 2 = −(z20I0 + z21I1 + z22I2)

(5.72)

The voltage during fault is given by


Vf

0

Vf
1

Vf
2

 =


E0

E1

E2

+


∆V 0

∆V 1

∆V 2

 (5.73)

5.5.7 Faults with B and C phase as Reference

All the equations derived until now are based on phase a as reference during se-

quence transformation as shown in (5.18). In order to obtain faults such as CG,

AB, ABG phase c should be taken as reference and to obtain BG, CA, CAG phase
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Figure 5.11: Three Phase to Ground Fault.

Table 5.1: Comparison of Per Unit Voltage during LLLG Fault

Phase Method Existing Sequence
Method

Proposed Sequence
Method

Bus Va Vb Vc Va Vb Vc Va Vb Vc
1 0.910 0.880 0.910 0.900 0.900 0.900 0.910 0.880 0.910
2 0.860 0.840 0.860 0.850 0.850 0.850 0.860 0.840 0.860
3 0.600 0.490 0.580 0.560 0.560 0.560 0.600 0.490 0.580
4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

b should be taken as reference during sequence transformation. The transformation

matrices are given by

Cb =


1 a a2

1 1 1

1 a2 a

 Cc =


1 a2 a

1 a a2

1 1 1

 (5.74)

A detailed flowchart of fault analysis using proposed method in shown in Fig.5.12

5.6 Simulation Results

5.6.1 Comparison of Proposed Method with Existing Sequence based method and

Phase based method

The fault analysis using the proposed method is compared with the existing se-

quence based method and phase based method as discussed in 5.4 using a modified
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Figure 5.12: Flow chart of Proposed Fault Analysis.

IEEE 4 bus system under no-load condition. Two test scenarios to show the effect

of mutual coupling on fault analysis are developed. In case 1, untransposed lines are

considered and in case 2 transposed lines (zaa = zbb = zcc and zab = zac = zbc) are

considered. The fault current values at bus 4 for an LLG and LLLG fault at bus 4

are shown in Fig. 5.13. Also, the voltage during fault is calculated as discussed in

5.5.6 and is shown in Fig. 5.14 and Table. 5.1. Some of the key observations that can

be deduced are as follows:

• In case 1, the phase method analysis gives unequal fault current values in three

phases even in the case of a symmetric (LLLG) fault. This is due to the effect

of mutual coupling in untransposed lines. Similar results are obtained using the

proposed method. But the existing sequence based method gives equal fault

current on all phases. Also, the sequence based method gives different fault

currents compared to the phase method.

• In case 2 where transposed lines are considered, the fault current values of all

the phases are equal in the case of LLLG fault. Also, fault current values of the
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proposed method, sequence method, and phase method are all same for both

LLG and LLLG fault.

• Now coming to the voltage during a fault (Table. 5.1), the sequence method gives

equal voltage on all phases for case 1. Both phase and the proposed method

give unequal voltage values on each phase. The source of error in the sequence

method is due to two reasons. One due to wrong fault current calculation and

second due to ignoring the mutual impedance during delta voltage calculation.

• If sequence domain voltages during faults are considered, it can be seen from

Fig. 5.14 that the negative sequence voltage calculated using the existing se-

quence method is zero while the true value is non zero. It is clear from this

analysis that existing sequence based methods gives inaccurate voltage values

during fault and it is not a good option to be used for DER negative current

injection controls as discussed in [78]. The proposed method can be used for

such controls owing to its accuracy.

Figure 5.13: Fault Current at Bus 4 for LLG and LLLG fault.
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Figure 5.14: Negative sequence Voltage during LLLG fault.

Figure 5.15: Comparison of Maximum % error for IEEE 13 Bus.

5.6.2 Validation of Proposed Method with state-of-the-art Fault Analysis results

In this section the results obtained using proposed method is compared with bench-

mark fault solutions provided in the literature. The source voltage and impedance

were taken same as in [80]. Also the short circuit study assumptions on voltage

regulator, shunt capacitor, loads and fault impedance were followed as in [80]. A

comparison of maximum %error for different types of fault in IEEE 13 bus system

is shown in Fig. 5.15. It can be seen that the maximum %error for any fault using
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Figure 5.16: Comparison of Fault Analysis with Benchmark.

proposed method is less than 0.01% while that using existing sequence method is

6.2%. In case of IEEE 34 and 123 bus system, results from [81] is taken as reference.

Fig. 5.16 shows the comparison of maximum %error for LLLG fault in 13, 34 and

123 bus system. Also fault current values for all the three phase nodes are shown in

Fig. 5.17a and Fig. 5.17a.
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Figure 5.17: (a) A phase Fault current for LLLG Fault on IEEE 34 bus system. (b)
B phase Fault current for LLLG Fault on 123 bus system.
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Table 5.2: Comparison of Fault Current (Amps) for Buses with missing phases

Fault
Type Phase Method Sequence Method Sequence Method

Iap Ibp Icp Ias Ibs Ics Ias Ibs Ics
684 SLG 2019 2002 2019
652 SLG 1796 1784 1796
645 LL 3191 3191 3068 3068 3191 3191
646 LL 2882 2882 2676 2676 2882 2882
633 DLG 3406 3368 4289 3850 3439 3414
634 DLG 3052 3057 4250 3832 3100 3115

5.6.3 Fault analysis on buses with missing phases

The distribution systems consist of multi-phase laterals which can lead to some

buses only having 1 or 2 phases present. Short circuit analysis by directly using

values from the bus impedance matrix for such nodes showed erroneous fault currents.

Therefore a modification on fault analysis is done where fault on such buses is modeled

as the fault on the nearest three-phase bus with a fault impedance. The IEEE 13

bus system is used to check the effectiveness of the proposed method in this case.

The comparison of per unit fault currents for different types of fault on buses with

missing phases is shown in Table. 5.2. In the case of an LLG fault, equations derived

in section 5.5.4.2 are used. With this modification, the proposed fault current values

were similar to those obtained using phase based method. This is the case if the bus

impedance matrix is obtained using method 1 described in 5.3.2. We have observed

that if bus impedance matrix is obtained using method 2, then no such modifications

are required and the fault current values were accurate compared to phase results

even for buses with missing phase.

5.6.4 Fault analysis with B and C phase as Reference

The unsymmetrical faults in the power system can occur in any phase, not only

on the a phase. To accommodate that, the phase reference during sequence trans-

formation is changed as explained in 5.5.7. Comparison of fault currents for an LLG



128

Table 5.3: Comparison of LLG Fault on CA phase on IEEE 13 bus system

LLG - Benchmark [80] LLG - Proposed Method
Node C A C A
150 8450.7 8446.3 8449.7 8445.9
650 2822.6 2892.2 2822.5 2892.1
692 2616.5 2644.8 2616.4 2644.8
684 2435.2 2489.2 2435.2 2489.2
680 2627.8 2713.8 2627.7 2713.8
675 2822.6 2892.2 2822.5 2892.1
671 14358 14150 14357.5 14150.1
634 3636.9 3673.8 3636.8 3673.7
633 4153.2 4283.8 4152.9 4283.7

fault between phase a and c are shown in Table. 5.3. In this case, phase b is taken as

phase reference during sequence transformation. Also, fault current during an SLG

fault on phase c is shown in Fig. 5.18. The fault current values for all types of fault
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Figure 5.18: SLG fault on phase C.

in case of IEEE 13, IEEE 34 and 123 bus systems are given in appendix.
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Figure 5.19: Distribution Fault Analysis Tool

5.7 Three Phase Fault Analysis Tool

A Graphical User Interface to conduct fault analysis on unbalanced distribution

systems utilizing the sequence method is developed as shown in Fig. 5.19. The tool

is universal and can be used to analyze any distribution system. The user can select

the type of fault, from a drop-down list which will display the list of all 10 types of

fault. The user can also select the fault node and fault impedance. Once analysis is

complete a report will be generated with node voltages and line currents during fault.

In addition to this, a full system-level short circuit study option is provided where

fault currents for all 10 types of fault on all nodes of the system are calculated.

5.8 Three Sequence Based Distribution System Analysis Tool

Finally, a complete distribution system analysis tool based on sequence based meth-

ods derived in chapters 3, 4, and 5 is developed as shown in Fig. 5.20. The tool is

universal and can be used to analyze any distribution system. The user can con-

duct load flow, QSTS, and fault analysis on the system selected. The capabilities of

individual sections are already explained in detail in respective sections.

5.9 Summary

In this chapter, a novel method to conduct fault analysis using three sequence

components considering mutual coupling is proposed. The method is capable of

analyzing all 10 types of shunt faults in three phase unbalanced system. The results

obtained using the proposed method are validated with phase based fault analysis
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Figure 5.20: Sequence Based Distribution System Analysis Tool.

results as well as with state-of-the-art fault analysis benchmark data. Comprehensive

numerical tests on IEEE-4, 13, 34, and 123 bus test distribution systems shows the

accuracy and robustness of the proposed approach for distributed lines with missing

phases, several voltage regulators, and transformer connection. Owing to its accuracy

and based on sequence component frame, the method is very much suitable to be used

for steady state fault analysis of DER integrated power distribution system. The

method can also be used to conduct short circuit analysis on integrated transmission

and distribution systems.



CHAPTER 6: THREE-SEQUENCE UNIFIED TRANSMISSION AND

DISTRIBUTION STEADY STATE ANALYSIS

6.1 Introduction

Power grid modernization significantly changes the grid operation and leads to new

challenges. Even though smart grid technologies like DERs, energy storage, smart

appliances, demand response mechanisms, are deployed at the distribution level, most

of the benefits are accumulated at the transmission level. By having a framework of

integrated transmission and distribution technologies as a single simulation environ-

ment, the benefits of smart grid assets at the transmission level can be quantified [82].

By representing the distributed smart grid assets using reduced-order models, their

impacts on the bulk power system with respect to stability and reliability could be

analyzed. With active distribution networks, it is important to have transmission

system analysis consider distribution level variations and changes. To capture these

unprecedented transmission and distribution (T&D) interactions an integrated grid

modeling may be required. Furthermore, the impacts of distribution level changes

on transmission systems such as reverse power flow can be analyzed with an inte-

grated T&D model. Generally, steady-state and dynamic studies of the bulk power

system are conducted assuming a balanced system model. For such studies, trans-

mission lines are assumed to be symmetric and loads are assumed to be balanced.

With the rising penetration level of DERs in the distribution system, especially the

non-symmetrical placement of single-phase Photo-Voltaic (PV) farms, significant un-

balances can occur which can even have an impact on the transmission system. For

analysis of such power grids with large penetration of DERs, three-phase modeling of

the transmission and distribution system would be useful.
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Several efforts have been proposed recently to model an integrated T&D system

for power flow and stability assessment such as in [83] and [84]. In most of these

approaches, the transmission system is modeled based on a positive sequence frame-

work and the distribution system in three-phase representation. In [85] a large hybrid

model(three phase integrated transmission and distribution system models) was pre-

sented and steady state analysis on this hybrid system was used to demonstrate in-

sights that were not obtained from the study of transmission and distribution systems

separately. An integrated electromechanical and electromagnetic transient simulation

of transmission systems was discussed in [86] where the system was divided into sub

system and interfaced through Thevenin and Norton equivalents at the boundary.

In [87] an electromagnetic transient (EMT)-transient stability (TS) hybrid simula-

tion platform is proposed and its application to fault-induced delayed voltage re-

covery is presented. [88] discusses an integrated grid modeling System developed for

co-simulation of electric power transmission and distribution systems. In [83] a global

power flow method that considers transmission and distribution grids as a whole is

discussed where a master–slave-splitting iterative method is developed to alleviate

boundary mismatches between the transmission and distribution grids. A hybrid

power flow formulation unifying three-phase and single phase models were proposed

in [89] where unbalance at the interconnecting point is considered and interfacing is

done using a single-port three-sequence Norton equivalent. A contingency analysis

method based on global power flow analysis which integrates both the transmission

and distribution power flow is proposed in [90] where a global transmission contin-

gency analysis is introduced to study contingency in distribution networks that are

more frequently looped. In [91] integrated T&D dynamic simulation is done using a

Schur-complement based domain decomposition algorithm by representing the trans-

mission and distribution systems in single-phase detail. A simplified distribution

system with one feeder was considered used to simulate T&D systems in [92] using
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PSSE which is a Positive-sequence based commercial software. A scalable open-source

simulation framework was discussed in [93] that runs aggregated simulations using

separate distribution and transmission system simulators. It integrates existing simu-

lation tools and blurs the boundaries between generation, transmission, distribution,

and markets.

A novel modeling framework is proposed in [94], where the transmission system is

modeled as three-sequence detail and the distribution system connected to it is mod-

eled in three-phase detail. A dynamic model of a Combined transmission-distribution

System was presented in [95] with all components of the transmission system and dis-

tribution system represented with dynamic details and included dynamics of a DG

inverter. A new approach for studying the impact of DGPV on power systems us-

ing integrated T&D models was presented in [96] where PV was connected to the

secondary distribution networks. Also, the impact of change in transmission volt-

age on distribution voltage profiles and voltage regulator operations is analyzed tak-

ing an integrated T&D system. In [84] a large-scale, high-performance integrated

transmission-distribution tool was developed to explore the system-wide operational

interactions of high-penetration of distributed generation from solar photovoltaics.

In [97] an Integrated transmission and distribution model was used to assess impacts

of wholesale Photovoltaic systems within distribution circuits, on substation and re-

gional transmission. Finally, some of the current platforms used for integrated T&D

modeling Distributed Engineering Workstation(DEW) [98] and Hierarchical Engine

for Large-scale Infrastructure Co-Simulation HELIX [99]. The Steady-state analysis

using Integrated T&D is challenging because numerical methods used for power flow

analysis which are stable for transmission networks may not work as required for

distribution networks.

The importance of detailed modeling of an unbalanced distribution system and the

importance of T&D co-simulation to accurately assess voltage stability of the grid are
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discussed in [100]. The significance of T&D co-simulation for voltage stability analysis

is discussed in [101,102]. PV curve superimposition approach was developed in [101]

to analyze the voltage stability of the T&D system, a phasor measurement-based

method to assess voltage stability was developed in [102]. For stability purposes,

a continuation power flow model for a three-phase unbalanced system is developed

in [103] to assess the voltage stability in the presence of an unbalanced network and

loads in the system.

6.2 Research Contribution

• Developed a unified T&D modeling framework that can serve as a benchmark

for existing decoupled approaches.

• Developed an integrated T&D approach where transmission and distribution

systems are modeled considering all the three-phases and load flow analysis is

conducted using a three sequence approach.

• Developed a multi-period integrated T&D load flow approach that can provide

insights on approximate voltage stability margin. Also, the three sequence CPF

method is used to obtain a more accurate voltage stability margin.

• Developed a three sequence based fault analysis to do an integrated T&D short

circuit analysis.

6.3 Methods of modeling Transmission busloads in Integrated T&D framework

In an integrated T&D framework, we consider that loads in a transmission system

are due to a collection of distribution systems. So total load in the transmission system

can be replaced by a group of distribution systems. It may not be always possible

to completely replace transmission system load with distribution systems. The chart

in Fig. 6.1 depicts different methods in which the loads in the transmission system

can be modeled in a T&D framework. Owing to computational complexity, only 1
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distribution system is generally modeled in detail. To bring in the effect of multiple

distribution systems, a multiplication factor is used. An integer multiplication factor

(n) when taken can be thought of as, there are n distribution systems in total, of

which 1 is modeled in detail. In such cases, the total power drawn by all distribution

systems may not be equal to transmission system load. So small compensating loads

are taken. A detailed description of each method with a numerical example from the

14-123 integrated T&D system is described.
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Factor(MF) based
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Figure 6.1: Modelling load at boundary bus in transmission system.

6.3.1 Multiplication Factor(MF) Based Methods

6.3.1.1 Per phase MF method-M1

This is the simplest method. A multiplication factor is found separately for active

and reactive power of each phase as shown in Table. 6.1. The transmission system

would see a balanced load if this method is used as shown in Table. 6.2. The integrated

T&D system is shown in Fig. 6.2.

6.3.1.2 Three phase MF with balanced shunt load-M2

Assume there are 3 distribution systems. Only 1 system is modelled in detail. To

bring in effect of other 2 systems, the substation power obtained by solving detailed
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Table 6.1: Multiplication Factor per phase

MF Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt (a) 4.966667 1.66667 4.966667 1.666667 4.96667 1.666667
Pd 1dist s/m (b) 1.497317 0.68677 0.92121 0.312203 1.21042 0.451413

MF(a/b) 3.317044 2.42681 5.391457 5.338403 4.10326 3.692108

Table 6.2: Transmission boundary bus load distribution using M1

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system Load 4.96 1.66 4.96 1.66 4.96 1.66

Shunt Load 0 0 0 0 0 0
Total 4.96 1.66 4.96 1.66 4.96 1.66 14.9 5

modelled distribution system is multiplied by 3. Therefore Net Distribution system

active power P would become 10.88684MW and Net Distribution system reactive

power Q=4.351166 MVAR.

Remaining load Pr=14.9 - 10.88684=4.013161MW.
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Figure 6.2: Per phase MF method.
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Remaining load Qr=5 - 4.351166 =0.648834 MVAR.

This is equally divided among 3 phases as a shunt load. So each phase would have

a shunt load of 4.013161/3=1.34 MW load. The transmission system would see an

unbalanced load if this method is used as shown in Table. 6.4. The integrated T&D

system is shown in Fig. 6.3.

Table 6.3: Net Load on 3 distribution system

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pd 1dist s/m 1.497317 0.68677 0.92121 0.312203 1.21042 0.451413
Pd 3dist s/m 4.491952 2.06032 2.763631 0.93661 3.63126 1.35424

Table 6.4: Transmission boundary bus load distribution using M2

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system Load 4.49 2.06 2.76 0.94 3.63 1.35 10.89 4.36

Shunt Load 1.34 0.22 1.34 0.22 1.34 0.22 4.01 0.64
Total 5.83 2.28 4.1 1.15 4.97 1.57 14.9 5

6.3.1.3 Three phase MF with unbalanced shunt load-M3

Assume there are 3 distribution systems. Only 1 system is modelled in detail. To

bring in effect of other 2 systems, the substation power obtained by solving detailed

modeled distribution system is multiplied by 3. Therefore Net Distribution system

active power P would become 10.88684MW and Net Distribution system reactive

power Q=4.351166 MVAR.

Remaining load Pr=14.9 - 10.88684=4.013161MW.

Remaining load Qr=5 - 4.351166 =0.648834 MVAR.

This is divided among 3 phases as a shunt load. The load for each phase is calculated

as below. The distribution system phase a has 1.497MW of active power which is

41.2% of the total 3 phase active power of 3.69MW and has reactive power is 47.3%
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of total 3 phase reactive power. Similar quantities for other phases are obtained.

This is used to distribute the total shunt load of 4.013MW 0.684MVAR among 3

phases. So shunt load in phase a would be 41.2% of 4.013MW which is 1.66MW. The

transmission system would see an unbalanced load if this method is used as shown

in Table. 6.6. The integrated T&D system is shown in Fig. 6.4. These method are

Table 6.5: Net Load on 3 distribution system

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pd 1dist s/m 1.497317 0.68677 0.92121 0.312203 1.21042 0.451413
Pd 3dist s/m 4.491952 2.06032 2.763631 0.93661 3.63126 1.35424

computationally promising but since only 1 distribution system should be modeled

in detail. But it cannot be used for studies like fault analysis since effect of fault at 1

distribution system will be magnified by the multiplication factor as it is transferred

to transmission system.
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Figure 6.3: Three phase MF with balanced shunt load.
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Table 6.6: Transmission boundary bus load distribution using M3

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system Load 4.49 2.06 2.76 0.94 3.63 1.35 10.89 4.36

Shunt Load 1.66 0.31 1.02 0.14 1.34 0.2 4.01 0.64
Total 6.15 2.37 3.78 1.08 4.97 1.56 14.9 5

6.3.2 Non Multiplication Factor Based Methods

6.3.2.1 Balanced shunt load compensation-M4

In this method only 1 distribution system is considered and is modelled in detail.

Therefore Net Distribution system active power P would become 3.6289MW and Net

Distribution system reactive power Q=1.450MVAR.

Remaining load Pr=14.9 - 3.6289=11.271054MW.

Remaining load Qr=5 - 1.450=3.549611MVAR.

This is equally divided among 3 phases as a shunt load. So each phase would have
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Figure 6.4: Three phase MF with unbalanced shunt load.



140

a shunt load of 4.013161/3=1.34 MW load.The transmission system would see an

unbalanced load if this method is used as shown in Table. 6.7.The integrated T&D

system is shown in in Fig. 6.5.

Table 6.7: Transmission boundary bus load distribution using M4

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system Load 1.49 0.68 0.92 0.31 1.21 0.45 3.62 1.45

Shunt Load 3.76 1.18 3.76 1.18 3.76 1.18 11.28 3.55
Total 5.25 1.87 4.68 1.5 4.97 1.63 14.9 5

6.3.2.2 Unbalanced shunt load compensation-M5

In this method only 1 distribution system is considered and is modelled in detail.

Therefore Net Distribution system active power P would become 3.6289MW and Net

Distribution system reactive power Q=1.450MVAR.

Remaining load Pr=14.9 - 3.6289=11.271054MW.

Remaining load Qr=5 - 1.450=3.549611MVAR.
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1.49+0.68j 0.92+0.31j 1.21+0.45jj1.49+0.68j 0.92+0.31j 1.21+0.45jj

Distribution 
System

3.62+1.45j

1.49+0.68j 0.92+0.31j 1.21+0.45jj

Distribution 
System

3.62+1.45j

1.49+0.68j 0.92+0.31j 1.21+0.45jj

Distribution 
System

3.62+1.45j

1.49+0.68j 0.92+0.31j 1.21+0.45jj1.49+0.68j 0.92+0.31j 1.21+0.45jj

3.62+1.45j

1.49+0.68j 0.92+0.31j 1.21+0.45jj

3.62+1.45j

1.49+0.68j 0.92+0.31j 1.21+0.45jj

Figure 6.5: Balanced shunt load compensation.
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This is divided into 3 phases as a shunt load. The load for each phase is calculated

as below. The distribution system phase a has 1.497MW of active power which is

41.2% of the total 3 phase active power of 3.69MW and has reactive power is 47.3% of

total 3 phase reactive power. Similar quantities for other phases are obtained and are

depicted in table D.3. This is used to distribute the total shunt load of 11.27MW 3.54

MVAR among 3 phases. So shunt load in phase a would be 41.2% of 11.27MW which

is 4.65MW. The transmission system would see an unbalanced load if this method is

used as shown in Table. 6.8. The integrated T&D system is shown in Fig. 6.6.

Table 6.8: Transmission boundary bus load distribution using M5

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system Load 1.49 0.68 0.92 0.31 1.21 0.45 3.62 1.45

Shunt Load 4.65 1.68 2.86 0.76 3.76 1.1 11.28 3.55
Total 6.15 2.37 3.78 1.08 4.97 1.56 14.9 5
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Figure 6.6: Unbalanced shunt load compensation.
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6.3.2.3 Unbalanced shunt load compensation with phase balancing loads-M6

Assume there are 3 distribution systems. Only 1 system is modeled in detail. To

bring in effect of other 2 systems, a shunt load with rating of 2 times net load of

distribution system is added. Remaining load for each phase is calculated, assuming

that each phase of transmission system had a load of one third of 14.9MW and

5MVAR which is 4.97MW,1.67MVAR.

Remaining load Pra=4.97 – 1.49-2*1.5=0.47MW.

Remaining load Qra=1.67 – 0.68-2*0.69=-0.39 MVAR.

Remaining load Prb=4.97 – 0.92-2*0.92=2.2MW.

Remaining load Qrb=1.67 – 0.31-2*0.31=0.73 MVAR.

Remaining load Prc=4.97 – 1.21-2*1.21=1.34MW.

Remaining load Qrbc=1.67 – 0.45-2*0.45=0.31 MVAR.

The transmission system would see a balanced load if this method is used as shown

in Table. 6.9. The integrated T&D system is shown in in Fig. 6.7.

Table 6.9: Transmission boundary bus load distribution using M6

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system Load 1.49 0.68 0.92 0.31 1.21 0.45 3.62 1.45

Shunt Load 2.99 1.37 1.84 0.62 2.42 0.9 7.26 2.9
Phase balancing

shunt load 0.47 -0.39 2.2 0.73 1.34 0.31 4.02 0.66

Total 4.97 1.67 4.97 1.67 4.97 1.67 14.9 5

6.3.2.4 Multiple Distribution System in detail-M7

In this method, all distribution systems considered are modeled in detail. A set

of loading factors are randomly selected as shown in Table. 6.10 so that the sum

of substation power drawn by all subsystems will be approximately equal to the

transmission system boundary bus. The transmission system would see an unbalanced
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load if this method is used as shown in Table. 6.11. The integrated T&D system is

shown in Fig. 6.8.

Table 6.10: Loading Factor per phase

Loading Factor Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Dsub 1.49 0.68 0.92 0.31 1.21 0.45
LF 1 1.3686 1.1491 1.3686 1.1491 1.3686 1.1491
LF 2 1.3562 1.1397 1.3562 1.1397 1.3562 1.1397
LF3 1.3811 1.1586 1.3811 1.1586 1.3811 1.1586

Table 6.11: Transmission boundary bus load distribution using M7

Transmission
bus load

Ph-1
(P)

Ph-1
(Q)

Ph-2
(P)

Ph-2
(Q)

Ph-3
(P)

Ph-3
(Q)

Pt
(MW)

Qt
(MVAr)

Distribution
system 1 Load 2.05 0.79 1.26 0.36 1.66 0.52 4.97 1.67

Distribution
system 2 Load 2.03 0.78 1.25 0.36 1.64 0.51 4.92 1.65

Distribution
system 3 Load 2.07 0.8 1.27 0.36 1.67 0.52 5.01 1.68

Total 6.15 2.37 3.78 1.08 4.97 1.56 14.9 5

A comparison of merits and demerits of each method is shown in Table. 6.12
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Figure 6.7: Unbalanced shunt load compensation with phase balancing loads.
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Figure 6.8: Multiple Distribution System in detail.

Table 6.12: Comparison of merits and demerits of each method

Comparison of
Methods M1 M2 M3 M4 M5 M6 M7

Balanced Transmission
bus load Yes No No No No Yes No

Effect of D on T Best Good Good Bad Bad Bad Best
Computational Burden Less Less Less Less Less Less More
Fault Analysis on D No No No Yes Yes Yes Yes
Practical Meaning No Yes Yes Yes Yes Yes Yes

6.4 State of the art method in Integrated T&D load flow

6.4.1 Decoupled Approach of T&D System

The T&D co-simulation methods in current literature follow a decoupled approach,

where transmission and distribution systems are decoupled at interface buses and

solved independently either one after other or simultaneously depending on the par-

allelizing capability of the processing unit used. In the modeling aspect, the trans-

mission system is modeled based on three sequence modeling (some of the works

have considered positive sequence alone) and the distribution system is based on

three-phase modeling. Most of these decoupled approaches use existing methods or

tools in solving respective transmission and distribution models (PSS@E, PSLF for
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transmission system and GridlabD, OpenDss for distribution system). An interface

should be explicitly built for the exchange of voltage and power flow data between

the simulators. A decoupled Integrated T&D method is shown in Fig. 6.9.

bus- j

Tx

Dx-i1

bus- i

Dx-j1

Pj, Qj

Pi, Qi

Vi

Vj

Figure 6.9: Integrated T&D Decoupled System.

6.4.1.1 Disadvantage of solution method

1. Even though, the decoupled approaches exhibit benefits of parallelization, the

inherent time delays due to data exchange, data loss, or corruption during data

exchange, an inappropriate choice of simulation time step may lead to divergence

of the solution during parallel solving of both systems.

2. Even though widely used, it is not known if the power flow solutions of the T&D

system using decoupled approach would converge to the true (solution obtained

considering T&D system as 1 single system).

3. Since the bench-marking solutions to T&D co-simulation is not available, cur-

rent works in literature compare the solution against solutions obtained from

the EMT solvers. This is not feasible as the system size increases.

6.4.1.2 Disadvantage in modeling approach

1. There will be variations in results with the variation in load type of shunt loads

using methods M1 through M6. For example, the voltages obtained with shunt
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loads modeled as constant PQ would be different from shunt loads modeled as

constant Z load. This would be more prominent in M4, M5, M6 owing to bigger

values of loads.

2. The load type of load assumed at transmission boundary bus(for transmission

load flow) is normally assumed as PQ type. If all the loads in the distribution

system are of PQ type, then after distribution system load flow, the substation

power obtained can be modeled as a constant PQ load for transmission system

power flow. But If the distribution system has a lot of voltage dependant loads

(modeled as ZIP loads), would the net load for transmission system load flow

be modeled as constant PQ, Constant Z, or Constant P load?

3. The interactions between distribution and transmission systems cannot be ac-

curately obtained if only 1 distribution system is modeled in detail and using

a multiplication factor. Using 1 distribution system and shunt loads may not

provide any insights in terms of T&D interactions taking into account the size

of 1 distribution system compared to transmission system load is very small.

Using a MF assumes that all distribution systems are identical. It is not a good

assumption since a fault (or a load change) in 1 distribution system would be

modeled as a fault (or a load change) in all distribution systems. In the case

of DER integrated distribution systems, multiple distribution systems could

have different DER penetrations and hence it cannot be modeled using the MF

method. Even though integrated T&D modeling was brought in, not to study

interactions between 2 distribution systems, the effect of DER penetration of

1 distribution system may be more prominent on other adjacent distribution

systems rather than on transmission systems(especially if the level of DER pen-

etrations are different in each distribution systems).

4. Assuming that more distribution systems are modeled in detail, it is going
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to affect the existing advantage in terms of computational burden as well as

parallel operation of decoupled load flow method. With all distribution systems

modeled in detail, distribution solvers should be invoked for each distribution

system. Calling such solvers simultaneously for all these distribution systems

would lead to a more complex interface.

6.5 Proposed Unified Approach of T&D System

A unified T&D co-simulation can primarily serve as an approach to produce bench-

mark solutions that can aid in validating the results obtained using other co-simulation

approaches. It can also be used to conduct T&D load flow, fault analysis, and voltage

stability analysis, provided, there exists a computationally efficient solution method-

ology that can take care of systems with loops and a large number of radial laterals.

The T&D system is considered as a single unit (unified system) and solved using a

single method. A unified integrated T&D system is shown in Fig. 6.10. Consider an

bus- j

Tx

Dx-i1

bus- i

Dx-j1

Figure 6.10: Integrated T&D Unified System.

N -bus transmission system, where the first m buses have lumped loads, and buses

m + 1 through N have distribution feeders connected downstream the buses. The
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power flow model of the transmission system can be written as,

V t
j =

∑∑∑
k∈N

Y t
j,k I

t
k ∀ j ∈ 1,2, ..,N (6.1)

P t
j = Real

(
V t

j It
j
∗
)

∀ j ∈ 1, 2, ..,m (6.2)

Qt
j = Imag

(
V t

j It
j
∗
)

∀ j ∈ 1, 2, ..,m (6.3)

where V t, It, P t and Qt represent bus voltage, injection current, active power injec-

tion, reactive power injection, and bus admittance matrix, respectively. Y t represents

the bus admittance matrix of transmission system. Consider a M -bus distribution

system connected to arbitrary bus of the transmission network. The distribution

power flow analysis can be formulated as

V d
i =

∑∑∑
r∈M

Y d
i,r I

d
r ∀ i ∈ 1,2, ..,M (6.4)

P d
i = Real

(
V d

i Id
i
∗) ∀ i ∈ 1,2, ..,M (6.5)

Qd
i = Imag

(
V d

i Id
i
∗) ∀ i ∈ 1,2, ..,M (6.6)

where V d, Id, P d, Qd represents node voltage, injection current, active power in-

jection and reactive power injection respectively. Y d represents the bus admittance

matrix of distribution system.

An integrated T&D system with one M -node distribution systems can be formed

and power flow model of the combined system can be written as,

V U
j =

∑∑∑
k∈N+M

Y U
j,k I

U
k ∀ j ∈ 1,2, ..,N +M (6.7)

PU
j = Real

(
V U

j IU
j

∗
)

∀ j ∈ 1, 2, .., N + M (6.8)

QU
j = Imag

(
V U

j IU
j

∗
)

∀ j ∈ 1, 2, .., N + M. (6.9)
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where

V U = [V t V d]T IU = [It Id]T (6.10)

PU = [P t P d]T QU = [Qt Qd]T (6.11)

Y U represents the bus admittance matrix of unified system.

6.5.1 Stacked Ybus Approach for Unified Ybus

A coalescing Ybus approach is used to obtain the bus admittance matrix of the

combined T&D system, where the bus admittance matrix of the transmission system

and all distribution systems are grouped in a certain way. Three matrices namely

Starting Bus Vector SBV, Position Vector PV, and Tie Line Vector TLV are used

in coalescing the Ybus approach. With the knowledge of the number of transmission

buses and total buses for each distribution system, a renumbered unified T&D system

is formed.

The Starting Bus Vector stores information regarding starting node of each dis-

tribution system. The Position Vector has two columns, of which the first column

stores information regarding starting node of each distribution system, and the sec-

ond column stores information regarding the total number of buses available in the

distribution system of the respective row. The Tie Line Vector stores information

regarding line connecting transmission and distribution systems. The first column

stores information regarding starting node of each distribution system and the sec-

ond column stores information regarding the corresponding transmission bus(called

Boundary Bus) that the distribution system in the respective row is connected. An

example shown in Fig. 6.11(b) is used to illustrate coalescing Ybus approach. Let

Sb(x) is starting bus of distribution system x, Nb(x) is total number of buses available

in distribution system x and Bb(x) is transmission bus where distribution system x
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Figure 6.11: (a)T&D Unified system (b) Renumbered T&D Unified System.

is connected. Therefore the SBV,PVand TLV matrices can be written as

SBV =

Sb(d1)

Sb(d2)

 =

4
8

 (6.12)

PV =

Sb(d1) Nb(d1)

Sb(d2) Nb(d2)

 =

4 4

8 3

 (6.13)

TLV =

Sb(d1) Bb(d1)

Sb(d2) Bb(d2)

 =

4 2

8 3

 (6.14)

Let nt be number of transmission buses, nd1 and nd2 be number of buses in distribution

system 1 and 2 respectively and the total number of buses in unified system be nT .

Let Y t, Y d1 and Y d2 be bus admittance matrix of transmission and distribution

system 1 and 2 respectively. A matrix Y U of dimension (nT x nT ) is initialized with
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zeros. The first nt rows and columns of Y U is stacked with Y t. The PV matrix is

used to populate rest of Y U , travelling through each row. The Ybus corresponding

to distribution system present in first row of PV matrix is taken and stacked from

row (column)PV(1) to row (column)PV(1)+PV(2)− 1. In this example, the Ybus

corresponding to d1 (Y d1) is taken and stacked from row (column)4 to row (column)7.

Similarly Y d2 is taken and stacked from row (column)8 to row (column)10.

The unified Ybus is missing the values corresponding to tie lines which connects

transmission and distribution system. So a tie line correction step should be imple-

mented. This is done using TLV matrix travelling through each row. Let Y tie1 be

bus admittance component of tie line connecting distribution system 1 to transmis-

sion system and Y tie2 be tie line connecting distribution system 2 to transmission

system. The Y tie, corresponding to distribution system present in first row of TLV

matrix is taken and the components of Y U are modified as below

YU(TLV (1), TLV (1)) = Y U(TLV (1), TLV (1)) +Ytie1 (6.15)

YU(TLV (2), TLV (2)) = Y U(TLV (2), TLV (2)) +Ytie1 (6.16)

YU(TLV (1), TLV (2)) = Y U(TLV (1), TLV (2))−Ytie1 (6.17)

YU(TLV (2), TLV (1)) = Y U(TLV (2), TLV (1))−Ytie1 (6.18)

In this example Y U(4,4),Y U(2,2),Y U(4,2),Y U(2,4) will be updated for tie line

correction. The final unified Ybus Y U is shown in Fig. 6.12.

6.5.2 Challenges and Solutions

1. One of the challenges involved in building a unified system arises due to the

fact that a transmission system is generally represented in sequence frame and

distribution system in phase frame. So, a unified system should either be in

phase frame or sequence frame. Since distribution systems are mostly unbal-

anced, representing a unified system in phase frame provides a solution that
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Figure 6.12: T&D Unified Ybus

can capture the unbalanced nature of the system. Moreover, with a very large

number of distribution systems connected, the transmission system would also

become slightly unbalanced. So a unified T&D system in phase frame is used.

2. The second challenge is concerning the selection of the method/solver that can

be used for the unified system. The steady-state response of power systems

(power flow analysis) using integrated T&D is challenging because numerical

methods used for power flow analysis which are stable for transmission net-

works may not work as required for distribution networks. For example, the

Newton Raphson method that is efficient for transmission systems may fail if

used in distribution systems owing to the higher R/X ratio and sparse nature

of the system. Similarly, distribution system analysis methods like Forward

Backward sweep would fail (or require system-dependent modifications) when

a transmission system is analyzed.

A Current Injection method is a promising candidate which can solve weakly

meshed systems as well as radial systems effectively.

3. The third challenge involved is attributed to the computational burden since

the unified approach requires the solution of a fairly large system compared to
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smaller transmission or each of individual distribution systems. This gets ag-

gravated when more distribution systems are added to the transmission system.

A method based on the sequence components frame can be utilized where three-

phase unbalanced power flow is decomposed into three separate subproblems as

discussed in chapter 3. The sequence component based methods can also be

used to conduct voltage stability analysis using three sequence CPF and short

circuit analysis using three sequence fault analysis discussed in chapter 5. An-

other approach is to use the parallel architecture of GPUs to accelerate the

analysis of the unified system. Owing to its better performances on memory

bandwidth and float-pointing calculation, the GPUs can aid in alleviating the

computational burden of the unified approach.

6.6 Power Flow Analysis

6.6.1 Single Phase Integrated T&D System

An integrated transmission and distribution system model is developed and a uni-

fied load flow that runs for the combined system is discussed in this section. The dis-

tribution system represented using three phase parameters is converted to sequence

frame and combined with transmission system parameters to develop an integrated

T&D system. A flow chart of the unified simulation of single phase integrated T&D

system is presented in Fig. 6.13. An integrated T&D system is formed by combining

a 14-bus transmission system and a 33-node balanced distribution system connected

to as shown in Fig. 6.14. The 14-bus transmission system consists of 5 generators

and 11 loads with a net load of 260MW (75MVAr). The 33-node distribution system

has a net-connected load of 3.7MW (2.3MVAr). First, the transmission system model

and distribution system model are separately verified for the distributed approach.

The transmission system model is also solved with the spot load approach, where

all the loads on distribution feeders are lumped at a corresponding transmission bus.

Then, the combined T&D model is solved using distributed and unified approach
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Figure 6.13: Flowchart of Unified T&D Simulation.

and the results are shown in Fig.6.15. The error plot shows that the decoupled and

unified approaches produce similar results. The augmented 47-bus system is further

used to compare the performance of voltage and power angle solution on the trans-

mission as well as distribution part of the circuit. The load flow voltage and angle

obtained from the unified approach and decoupled approach are shown in Fig. 6.16a

and Fig. 6.16b. The plots clearly show that the voltage and angle solutions from both

approaches are very close with errors less than 6×10−6 on voltages and 2.5×10−3 on
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Figure 6.15: Voltage solution and error on transmission circuits.

angles. Two augmented 113-bus systems are also created by using three sections of a

33-node distribution feeder (see Fig. 6.17). The load flow voltage and angle obtained

from the unified approach and decoupled approach for the first case of the circuit

configuration (Case a) is shown in Fig. 6.18a and Fig. 6.18b. The plots clearly show



156

0 10 20 30 40 50

Node

1

1.1

V
o
lt

a
g
e
 p

u
 

Unified Approach

Decoupled Approach

0 10 20 30 40 50

Node

-6

-4

-2

0

V
o
lt

a
g
e
 p

u
 10

-4

Voltage error

(a)

0 10 20 30 40 50

Node

-20

-10

0

D
el

ta
 (

D
eg

) 

Unified Approach

Decoupled Approach

0 10 20 30 40 50

Node

-2

-1

0

E
rr

o
r 

(D
eg

) 10
-3

Angle error

(b)

Figure 6.16: (a) Voltage solution (b) Angle solution (and error) of 47-bus T&D system
obtained from decoupled and unified approaches.

that the voltage and angle solutions from both approaches are very close with errors

less than 3 × 10−5 on voltages and 2.5 × 10−3 on angles. For the second case of the

circuit configuration (Case b), the voltage and angle solution obtained are shown in

Fig. 6.19a and Fig. 6.19b. The plots clearly show that the voltage and angle solutions

from both approaches are very close with errors less than 3 × 10−5 on voltages and

2.5× 10−3 on angles. The case studies demonstrate that the distributed and unified

approaches for solving the T&D model yield the same solutions.

6.6.2 Three Phase Integrated T&D System

An integrated T&D system is formed by combining a 14-bus transmission system

and a 123-node distribution system connected to as shown in Fig. 6.20. The 14-bus

transmission system consists of 5 generators and 11 loads with net load of 260MW

(75MVAr). The 123-node distribution system has net connected load of 3.7MW

(1.3MVAr). First, the transmission system model and distribution system model are

separately verified for the decoupled approach. The transmission system model is also

solved with spot load approach, where all the loads on distribution feeders are lumped

at a corresponding transmission bus. Then, the combined T&D model is solved

using distributed and unified approach. The error plot shows that the decoupled
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Figure 6.18: (a) Voltage solution (b) Angle solution (and error) of 113-bus T&D
system (Case a) obtained from decoupled and unified approaches.

approach results is the same solution as the unified approach. The augmented 127-

bus system (see Fig. 6.20) is used to compare the performance of voltage and angle

solution on the transmission as well as distribution part of the circuit. First, the

transmission system load flow voltage results with distribution system connected at

a particular node are compared with transmission system load flow voltage results

with an equivalent spot load connected to the same node as shown in Fig. 6.21. The
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Figure 6.20: One line diagram of 3phase T&D system.

difference in voltages is due to the line losses in the distribution system as well as

due to unbalance nature brought in by the distribution system. The load flow voltage

and angle of the integrated T&D system obtained from the unified approach and

decoupled approach are shown in Fig. 6.22a to Fig. 6.24b. The plots clearly show
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that the voltage and angle solutions from both approaches are very close with errors

less than 6× 10−6 on voltages and 2.5× 10−3 on angles.
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system obtained from decoupled and unified approaches
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T&D modeling for load flow is proposed in [94], where the transmission system

is modeled as three-sequence detail and the distribution system connected to it is

modeled in three-phase detail. The power flow of the integrated T&D system is solved

by iteratively solving a three-sequence power flow for the transmission system and

a three-phase power flow for each distribution system. For validating the proposed

unified approach, a load flow is performed with baseload, and the results are compared
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Figure 6.25: Comparison of Unified Sequence T&D Load Flow with state of the art
T&D load flow method

with results obtained using the approach in [94]. It is observed that the voltage

variations are very close to each other as shown in Fig. 6.25.

6.7 Voltage Stability Assessment

The voltage stability of a system is expressed in terms of voltage stability mar-

gin(VSM). VSM is defined as the difference between the critical loadability limit and

the current operating load level. For static voltage stability analysis of an intercon-

nected system, power flow models have been considered. It has been proved that near

the system maximum loading point the load flow diverges as power flow Jacobian be-

comes singular. An injection current sensitivity based multi-period power flow is used

for solving integrated T&D power flow and finding VSM of the system.

The existence of a solution in a power flow problem can be attributed to a suc-

cessful transfer of active and reactive power from all available sources to loads. For

a distribution system with the generator at the swing bus being only the source, the

load flow will diverge when the swing bus is not able to support the loads and losses

of the system. The voltage of the swing bus, as well as the type of loads used, affects

the losses and hence convergence of load flow. During an integrated T&D load flow,

the substation voltage for each loading will be varying depending on boundary bus

voltage. To see the effect of this, a series of load flows were performed on IEEE

123 bus distribution system(all loads assumed as constant power loads) using load
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increment factor λ. The loads were varied from baseload (λ = 0) to a loading where

load flow diverged(λ = λmax). Two test scenarios were performed where the swing

bus voltage was held at a fixed value (1.05pu) as well as the swing bus voltage was

slightly decreased as loading was increased. The voltage profile of phase A of node

1 of the 123 bus system is shown in Fig. 6.26. For the same set of load variations,

it can be concluded that the divergence occurs at a lower loading when swing bus

voltage was varying. This is because the line losses with lower substation voltage

are much higher than fixed substation voltage. It was also observed that when swing

bus voltages were unbalanced, (λmax) further decreased compared to the case with

balanced swing bus voltages.

0 1 2 3 4
0.85

0.9

0.95

1

1.05

V
 p

u

Fixed Swing Bus voltage

Variable Swing Bus voltage

Figure 6.26: Distribution load flow with different swing bus voltage.

6.7.1 Integrated T&D Multi-Period Power Flow Model(MPF)

The three-phase integrated T&D multi-period power flow is based on a master-slave

approach where transmission and distribution systems are decoupled at a boundary

bus and solved independently. The injection current sensitivity based power flow

discussed in chapter 2 is used for transmission system load flow. Since transmission
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system lines are considered to be transposed lines, the mutual coupling between them

is negligible and a three-phase power flow solution can be obtained by solving 3 phases

independently. Three phase injection current sensitivity based power flow is used to

solve distribution system load flow.

The process is initiated with a transmission load flow where three phases are solved

independently. For each boundary bus(B), the voltage magnitude and angle of three

phases are passed to the corresponding distribution system solvers. The per-phase

net power injections obtained after solving all distribution system load flow are passed

back to the transmission system solver. When the voltage magnitude at the boundary

bus between consecutive iterations is less than a tolerance threshold value, T&D power

flow is converged. The iteration count(k) is reset and T&D power flow with the next

loading factor(λ(p)) is initiated. If T&D iterations are going beyond a maximum

iteration count(kmax), the T&D load flow is assumed to be diverging. This iterative

process is stopped when either transmission or distribution or T&D load flow diverges.

The corresponding loading factor (λmax) is taken as the VSM of the system. A detailed

flowchart of the proposed T&D load flow for VSM assessment is shown in Fig. 6.27.

An integrated power grid model is developed that includes the IEEE 14 bus for

the transmission side and four IEEE 123 bus test distribution feeder [104] on the

distribution side connected to the bus# 14 of the transmission system as shown

in Fig. 6.28. Modified versions of the IEEE 123 bus system are developed where

the loads on all 3 phases are varied such that the combination of all four feeders

would result in approximately the same loading on each phase of load at bus 14 of

the transmission system. This is referred to as a balanced distribution system in

further discussions. For validating the proposed approach, a distribution load-flow is

performed with the same load variation. Then the three-phase distribution part of

the proposed architecture is compared with the distribution load flow. It is observed

that the voltage variations are very close to each other (difference of 6× 10−5). This
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Figure 6.27: Proposed Integrated T&D Load flow.

proves the accuracy of the proposed architecture.

6.7.1.1 VSM Comparison with existing methods

The VSM obtained using the proposed method is compared with VSM obtained

using a.) Transmission system with spot loads, b.) Transmission system with equiv-
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Figure 6.28: One line diagram of T&D system.

alent distribution system and c.) Integrated T&D system with the transmission

system modeled in a positive sequence. For the transmission system with spot loads,

the spot loads represent the total load and losses of distribution systems connected.

These loads are varied using loading factor λ. The load at bus i with base power S0i

can be represented by

SLi = S0i(1 + λ) ∀λ ∈ 0, 1, ..λmax (6.19)

To model losses in a better way, the equivalent distribution feeder method is used

where the distribution system is modeled as a distribution line connected to a spot

load representing the net load of the distribution system. To find the parameters of
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equivalent distribution feeder(Req,Xeq), a distribution system load flow is performed,

and the net losses and injected current at the substation are used. The Req,Xeq

parameters should be computed for each loading level of the system.

Req + jXeq =
Sloss

I2sub
(6.20)

An integrated T&D system with a transmission system modeled in a positive sequence

for VSM assessment is discussed in [100]. The active and reactive power injection

at each phase of the substation bus obtained after distribution system load flow is

added to represent a three-phase load value for the boundary bus which is then used

for positive sequence transmission power flow in the next iteration.

The VSM obtained with positive sequence T&D for a balanced and unbalanced

distribution system is depicted in Fig.6.29a and the proposed approach is depicted in

Fig.6.29b. With the proposed approach, the PV curves for each phase are different

with phase a being the most vulnerable. It can be observed that when a balanced

distribution system is replaced with an unbalanced system, the reduction in λmax was

from 1.2 to 0.9 when a three-phase transmission power flow is done. The reduction

was from 1.5 to 1.4 with positive sequence transmission power flow. The effect of

distribution system unbalance on stability margin is captured prominently in the

proposed approach compared to the positive sequence T&D approach. Thus it can

be proved that the proposed architecture is extremely critical for evaluating the long-

term voltage stability margin especially with unbalanced load and proliferation of

multi-phase DERs in the distribution network.

6.7.1.2 Analysis of PV curves With Different Load Types

The comparison of all methods for a balanced distribution system with constant

power loads is depicted in Fig. 6.30a and ZIP loads are depicted in Fig. 6.30b. It can

be seen that λmax decreases drastically from 3.6 to 1.5 when spot load is replaced
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by distribution system in 3 phase detail while transmission system still represented

in positive sequence. Furthermore, even with an approximately balanced net load at
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.

the boundary bus, the λmax is further reduced to 1.1 when the transmission system

is represented in 3 phase detail. The distribution system consists of untransposed

lines and a large number of single-phase laterals. This will lead to different line losses

in each phase which results in unbalanced substation power even if total loads in



168

all the phases are approximately the same. These slight unbalance in power when

used for transmission load flow would lead to unbalance boundary bus voltage. When

this is used as a source bus voltage in distribution load flow, it would lead to more

unbalance in losses and leads to faster divergence as loading is increased. The λmax

when all loads considered as constant power loads are lower than when ZIP loads

are considered. This is because, in the case of constant power loads, the lower bus

voltage during heavy loading will lead to higher current flow to maintain the constant

power drawn by the load. This higher current leads to higher line losses and hence

lower λmax or faster divergence. A detailed comparison of λmax for all the cases are

depicted in Fig. 6.31. The average time required for convergence of proposed T&D

load flow for different values of λ is shown in Table 6.13. The computational load

when the three-phase T&D method is used is very close to the positive sequence

T&D method. It is also observed that, as loading is increased, the number of T&D

iteration required in three-phase T&D method is more, which is also the reason for

higher values of computational time.

Figure 6.31: Maximum loading factor.

All these test cases are repeated by using a sequence based MPF developed in

chapter 4 on the unified T&D systems. The results are not presented again as it is
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Table 6.13: Average Computational Time for Convergence

λ
Avg Time(s)

Positive Sequence T&D
Avg Time(s)

Three phase T&D
% Increase in

Time
0 0.1995 0.2069 3.709273

0.5 0.2621 0.2795 6.638688
1 0.2705 0.2912 7.652495

1.5 0.3763 0.4097 8.875897

Table 6.14: Iterations to converge.

λ
Sequence Power Flow

(flat start)
Sequence

Continuation Power Flow
Iteration Time Iteration Time

0.1 4 4.2 2 2.8
0.3 5 5.1 3 3.4
0.5 9 8.2 5 5.6
0.8 14 15.4 8 9.2
0.9 50 30 15 25.

0.921 100 50 20 32.5

similar to the one obtained using decoupled MPF.

6.7.2 Integrated T&D Continuation Power Flow Model

A continuation power flow (CPF) is a method based on predictor-corrector scheme

with a continuation parameter (voltage or power). It is generally used to trace the PV

curve or nose curve which traces the voltage as load is increased from base value until

it reaches the loadability limit and then back to base value. The Jacobian will become

singular at nose point and due to which the system become ill conditioned Therefore

the normal power flow diverges at nose point. This problem of ill-conditioning can

be solved using continuation power flow. The continuation power flow introduces

an additional parameter and an equation to the power flow equation so that the

augmented Jacobian is not singular at the nose point. The basic approach in CPF

is to first predict the power flow solution using a chosen continuation parameter.

This is mostly accomplished using linear approximations. Then a corrector step is

implemented where augmented power flow equations are solved using these predicted
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Figure 6.32: Three sequence T&D continuation power flow.

values as the initial condition.

An integrated power grid model is developed that includes the IEEE 14 bus for the

transmission side and four IEEE 123 bus test distribution feeders on the distribution

side connected to the bus# 14 of the transmission system as shown in Fig. 6.28. Also,
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Figure 6.33: Comparison of CPF and MPF.

a larger T&D system with the 8500 node distribution system is developed to assess

the scalability of the proposed approach.

6.7.2.1 Comparison of MPF Approach with Unified Sequence CPF Approach

In this section, sequence based multi-period power flow (MPF) is compared with

proposed sequence based continuation power flow. It can be seen from Fig. 6.33

that CPF is stable while MPF diverges as the nose point is reached. Therefore more

accurate results are obtained using the proposed CPF approach. While MPF uses

a flat start to initialize load flow, the CPF utilizes a predictor-corrector approach

where solutions from the prediction step are used as initial conditions for correction.

This can lead to lower computation when CPF is used compared to MPF. A table

depicting the number of iterations to converge and time required for three sequence

power flow and three sequence CPF is shown in table 6.14. It can be observed that

the CPF takes lesser iterations to converge for any the values of λ. It can also be seen

that MPF failed to converge (maximum iterations of 100) for λ = 0.921, whereas CPF

still converged. Therefore CPF has higher computational efficiency and convergence
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capability compared to MPF.

6.7.2.2 Effect of Regulator tap operation on VSM

The effect of regulator operation on voltage stability margin is discussed in this

section. As loading is increased, the voltage at regulating point will reduce which

results in , tap up operation of regulator. This will continue until regulator hits

upper limit of 16. The VSM margin of system increased from 0.921 to 1.118 when

regulator control was enabled. A comparison pf PV curve with and without regulator

control is shown in Fig. 6.34.
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Figure 6.34: VSM with Regulator Control.

6.7.2.3 Scalability Assessment

To assess the effect of the system size on the execution of the proposed CPF ap-

proach, a T&D system with 8500 node distribution system connected to 14 bus trans-

mission system is used. The PV curve of bus 14 is for this T&D system is shown in

Fig. 6.35.
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Figure 6.35: PV Curves of 14-8500 T&D System.

6.8 Fault Analysis

Steady-state fault analysis is used to estimate the fault currents and voltages which

are then used for proper relay setting and coordination. Even though there are proven

methods to do fault analysis on transmission systems and distribution systems, there

are no specific methods in literature to do fault analysis on T&D systems. Most of

the existing works related to fault analysis rely on EMT softwares such as PSCAD.

Another approach to analyze fault events is to have a dynamic T&D modeling similar

to the work in [94]. Both these approaches are computationally demanding and

unnecessary if the final aim is to find the steady-state fault currents and not the

dynamics during fault. The three sequence based fault analysis method developed in

chapter 5 is used to do fault analysis for the unified T&D system. A T&D system

with 9 bus transmission and a 123 bus distribution system is considered. Different

faults are simulated at bus 7 of the distribution system. The results are compared

with results obtained from the EMT solver (SIMULINK). It is evident from Fig. 6.37

and Table. 6.15 that the proposed method is accurate with a maximum error of less
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Figure 6.36: IEEE 9-123 T&D system

than 1.8%. This method can be further extended to do steady state fault analysis of

T&D systems with large DER penetrations.

Figure 6.37: Comparison of different faults currents at bus 7 Distribution system

6.9 Sequence Based Integrated T&D System Analysis Tool

Finally a sequence based integrated T&D system analysis tool is developed as shown

in Fig. 6.38. The tool is universal and can be used to analyze any T&D system. The

tool is capable of conducting a load flow analysis, voltage stability analysis and fault

analysis on the system selected.
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Table 6.15: Fault Currents in Amps for 9-123 T&D System.

Bus Fault
Type Proposed Method Simulink

(EMT) % Error

Iap Ibp Icp Ias Ibs Ics Ias Ibs Ics
D7 LLLG 5814 5963 5781 5908 6056 5817 -1.59 -1.54 -0.62
D7 SLG 5232.1 0 0 5306 0 0 -1.39
D7 LL 0 5055.37 5055.37 5146 5146 -1.76 -1.76
D7 LLG 0 5692.3 5494.3 5787 5583 -1.64 -1.59

Figure 6.38: Sequence Based Distribution System Analysis Tool.

6.10 Summary

In the chapter, a new model for integrated transmission and distribution system

in three phase modeling framework is proposed which can successfully capture the

interactions between transmission and distribution systems. The three sequence load

flow methods developed are used for the load flow of the unified T&D system. Also,

a sequence based multi-period load flow approach and three sequence continuation

power flow methods are used to obtain accurate voltage stability margin of integrated
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T&D system. Finally, the steady state short circuit analysis of the T&D system is

computed using the three sequence fault analysis approach. The results are compared

with EMT simulations and error is less than 1.8%. All the sequence based approach

discussed in this chapter are novel approaches with a computational advantage over

three-phase methods and is best suited for T&D systems owing to their large size.



CHAPTER 7: SENSITIVITY BASED DYNAMIC COORDINATED CONTROL

FOR GRID SUPPORT USING DISTRIBUTED ENERGY RESOURCES

7.1 Introduction

There has been a significant increase recently, in the penetration of distributed gen-

erations (DGs) especially through Distributed Energy Resources (DERs) at medium

voltage and low voltage distribution power grid. One main problem that has been

discussed leading to a low penetration level of DG is the uneven voltage profile at-

tributed to intermittent DER output. The penetration level can be fairly increased

if voltage profiles can be optimally balanced. Moreover, if the voltage profile is kept

at an optimal level, the losses in the distribution network can be reduced as well.

As the integration of DERs causes bidirectional power flow, conventional voltage and

reactive power management may not be effective at all operating conditions. Several

research works have focused on this problem considering various factors ranging from

reactive power management, coordination of reactive power, studying power output

from the renewable energy source that could be harnessed to provide stability for the

grid in addition to meeting electrical demand. A comprehensive review of controlling

DER output using various inverter control schemes is presented in [105]. Ref. [106]

has studied the impact of DER penetration on the static voltage stability of the sys-

tem. For a distribution network, being in direct contact with the user, the power

supply reliability and quality is of prime importance. The reactive power compensa-

tion in the distribution network can lead to improved power quality of users, a better

utilization rate of the power transformer, and reduced network losses.

There are two main control methods for DG units to balance the power. The first

one is local or decentralized control and the second one is coordinated or centralized
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control [13]. The local control is achieved by controlling the reactive power of the

DG unit locally, without coordination with other DGs connected in the grid. Here,

communication infrastructure and delays associated with it are reduced which results

in faster response, easy installation, and reduced cost [107, 108]. Centralized control

on the other hand is based on optimal power flow and takes into account optimum

sharing of reactive power between different DG units which in turn requires commu-

nication infrastructure. This can lead to high installation cost [109]. but have better

controllability. Some examples include work in [110], where coordination between

reactive power from DGs at the MV level and active power output from DG sources

at the LV level is proposed. Similarly, a coordinated control with adaptive zoning is

proposed in [111], where the distribution grid is divided into zones with individual re-

active support schemes which leads to reduced system complexity and data handling

capability. With proper control strategies implemented, the inverter-based DG units

could be utilized for instantaneous voltage support during system contingencies. A

reactive power management scheme using coordinated secondary voltage control was

developed in [112] to achieve efficient voltage regulation and to maximize the dynamic

reactive power reserve. Also, an inverter control strategy was proposed in [113] where

DGs were controlled to provide voltage support during voltage sags.

Local inverter controllers for grid-tied operations have been covered in the previ-

ous work of the authors [114], which elaborates on the interaction of inverters with

the utility/power grid. Enhanced power management and control techniques for grid

supporting features were developed in [115,116], which focused on mitigation of volt-

age anomalies and power unbalances locally. In this paper, a coordinated control

architecture for multiphase DERs using measurement-based transfer function iden-

tification is proposed. The sensitivity between voltage deviation and the reactive

power injection is captured by transfer function identification which is further used

for coordinated control of DERs. The main advantage of this method is that, since
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the method is based on measurements, any changes to the system variables can be

dynamically captured by the algorithm.

7.2 Research Contribution

• A coordinated control architecture for multiphase DERs using measurement-

based transfer function identification is proposed.

• A transfer function identification scheme using ADMM is used to obtain sensi-

tivity between voltage deviation and the reactive power injection and is further

used for coordinated control of DERs.

• Since the method is based on measurements, any changes to the system variables

can be dynamically captured by the algorithm.

• The algorithm can be used for dynamic DER selection where scenarios like loss

of one or more DERs during operation can be analyzed.

7.3 Realtime DER Integrated Distribution System Modeling

For DER integrated distribution system modeling, the distribution lines are mod-

eled in three-phase detail using a distributed parameter line model. The models in-

clude unbalanced lines, voltage regulators, and inline transformers unbalanced loads.

The substation is assumed as a rigid voltage source with infinite capacity. Most of

the loads are modeled as spot loads and some of them as distributed loads. Multiple

DERs are integrated to IEEE test distribution systems developed in Simulink soft-

ware. The test systems used are IEEE 13 node test feeder, IEEE 34 node test feeder,

and IEEE 123 node test feeder.

7.3.1 Voltage Regulators

Voltage regulators are assumed to be step-type and can be connected in the sub-

station or to a specified line segment. In the case of 3 phase regulators, three single

phase regulators of Y type are developed. Regulators can either control the voltage
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Figure 7.1: Voltage comparison at test node.
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Figure 7.2: Voltage Regulator Control

at its output node, or they can control the voltage at a remote node downstream. A

line drop compensator is used to regulate the voltage at a remote node. There are

four settings for the compensator circuit. They are compensator R and X settings,

voltage level setting (Vref ), bandwidth setting (BW), and time delay (Td) setting.

The per-unit R and X settings are chosen to be equal to the per-unit equivalent line

impedance from the regulator output to the regulation point. The voltage setting

gives the desired voltage to hold at the regulation point and bandwidth defines the

allowed variance of the regulation point voltage centered at the desired voltage level.

The time delay is the delay before a tap change is made when the voltage is not
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within the bandwidth. When the voltage at the remote node is higher than the upper

voltage level setting Vref +BW and it stays there for a time greater than Td, a raise

operation is initiated and tap is increased. This process is continued until the tap

reaches its maximum limit. Similarly, when the voltage at the remote node is lower

than the lower voltage level setting Vref − BW and it stays there for a time greater

than Td, a lower operation is initiated and tap is decreased as shown in Fig 7.2. The

developed regulator model is validated using a dynamic load variation. A case is

shown in Fig 7.3 in which a load is added to IEEE 13 node test feeder at 3 seconds

resulting in a drop in voltage. The regulator taps raise after a delay of 2sec as shown

in Fig 7.3. The voltage on phase C goes out of bounds. So a tap change occurs in

regulator C and with that the voltage comes back to within the band.

Figure 7.3: Regulator Taps

7.3.2 Realtime Implementation with OPAL-RT

All the distribution systems with DERs integrated are built to run in real-time

using a real-time simulator called Opal-Rt [117]. They run in a "model in the loop"

real-time simulation and can be extended in the future to do "hardware in the loop"

simulations [118]. In RT-Lab, ARTEMiS-SSN is the solvers specifically designed
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for microgrid, distribution systems that provide fast and accurate real-time simu-

lation without introducing artificial delays. ARTEMiS-SSN optimizes all electric

system models using an advanced decoupling technique called the state-space nodal

method. It virtually decouples large systems of state-space equations into smaller

groups, whose solutions can be obtained simultaneously by using a nodal admittance

method similar to the one found in other real-time software such as EMTP-RV. The

resulting algorithm is much similar to EMTP-type ones except that part of the algo-

rithms can be solved in parallel, on different processors, without adding any artificial

delays in the solution [119].

The models are initially created in SIMULINK which has Opal Rt libraries. Then

the RT-Lab GUI is used to run the model in real-time using a 3 step process namely

build, load, and execute. The build process converts the model into a Linux executable

code. The load process uploads the executable code to the simulator and the execute

process starts the real-time simulation in the simulator as shown in Fig 7.4. In this
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Figure 7.4: Real Time Implementation using OP 5707

work, the IEEE 123 bus system with multiple DERs is modeled to run in real-time.

The real-time simulator OP 5707 is used which has 16 cores. The models are first

designed in Simulink and then partitioned into multiple subsystems as shown in Fig

7.5 to run it in different cores and leverage the parallel computing capability of RT-

Lab.
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Figure 7.5: IEEE 123 Bus Distribution Test Feeder

7.3.3 DER Integration to Distribution Grid

PV farms of rating 500kW, 1MW, 2MW are designed on both 4160 V and 24900

V levels. Design parameters of 1MW PV farm are shown in fig7.6. Table 7.1 shows

details of PV integration in 13,34 and 123 bus test feeders. The PV array is connected

to the grid via a DC-DC boost converter and a three-phase three-level voltage source

converters (VSC). Maximum Power Point Tracking (MPPT) is implemented in the

boost converter using a Perturb and Observe technique. The VSC converts the 500

V DC link voltage to 260 V AC. The VSC control system uses two control loops,

an external control loop that regulates DC link voltage to 500 V and an internal

control loop that regulates Id(active current component) and Iq (reactive current

components) grid currents. Id current reference is the output of the DC voltage

external controller. The output of the current controller is voltages Vd and Vq which

are converted to three modulating signals for the inverter. The control topology is

shown in Fig 7.7. The voltage at PCC and nodes near by would see a rise in voltage
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Figure 7.6: PV farm design

Figure 7.7: Control Topology

Table 7.1: PV integration to Test Feeders

Test Feeder PCC Nodes Rating

13 Node 680,682,634 2MW

34 Node 814,854,840 500KW

123 Node 44,65,160 2MW
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due to PV integration. Since there is no explicit control of voltage at PCC, the voltage

regulator would regulate the voltage by changing taps.

7.3.4 Control of DERs

A modern power distribution system requires deep and comprehensive visibility,

distribution automation and outage management, and coordination and control of

distributed resources. For a distribution network, being in direct contact with the

user, the power supply reliability and power quality is of prime importance. The

reactive power compensation in distribution networks can lead to improved power

quality of users, a better utilization rate of the power transformer, and reduced net-

work losses. A comprehensive review of controlling DER output using various inverter

control schemes is presented in [105]. Ref. [120] has studied the impact of RER-based

DG penetration on the static voltage stability of the system.

There are two main control methods for DG units to balance the power. The first

one is local or decentralized control and the second one is coordinated or centralized

control [13]. The local control is achieved by controlling the reactive power of the

DG unit locally, without coordination with other DGs connected in the grid. In this

sense, communication infrastructure and delays associated with it are reduced which

results in higher response speed, easy installation, and reduced cost [107]. Centralized

control on the other hand is based on optimal power flow and takes into account

optimum sharing of reactive power between different DG units which in turn requires

communication infrastructure. This can lead to high installation cost [109, 121] but

have better controllability. Some examples include work in [110], where coordination

between reactive power from DGs at MV level and active power output from DG

sources at LV level is proposed. Similarly, a coordinated control with adaptive zoning

is proposed in [111], where the distribution grid is divided into zones with individual

reactive support schemes which leads to reduced system complexity and data handling

capability. With proper control strategies implemented, the inverter-based DG units
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could be utilized for instantaneous voltage support during system contingencies. A

reactive power management scheme using coordinated secondary voltage control was

developed in [112] to achieve efficient voltage regulation and to maximize the dynamic

reactive power reserve in a distribution network. Also, an inverter control strategy

was proposed in [113] where DGs were controlled to provide voltage support during

voltage sags.

With the PV farm, if a battery Energy storage is included, the inverter of the

battery could be controlled to regulate the voltage at the node of interest. Here the

voltage at the node of interest is measured and a reference for active and reactive

power is generated for the inverter of the battery. Since the distribution system has

a higher R/X ratio, the active power also can be used to regulate the voltage at a

node if necessary. Therefore Either active power(∆P control), or reactive power (∆Q

control) or both could be controlled to regulate voltage (∆P + ∆Q control).

7.4 Voltage Control using ADMM

In this method, an input-output signal selection based control using ADMM is

implemented. Using measured data, a black-box transfer function model is estimated

based on Lagrange multipliers [122] which is further utilized to control reactive power

and regulate the voltage at the node of interest. The measurements of voltage and

reactive power at the node of interest are used to estimate the transfer function which

is then used to find the required Q to maintain a reference voltage at Node of Interest.

The proposed algorithm initially identifies the sensitivity of DERs to control the

voltage at the node of interest using an Alternating direction method of multipliers

(ADMM) based transfer function identification. The states of transfer functions ob-

tained are estimated using a Kalman Filter. Finally, the reactive power reference for

DERs is generated using a linear quadratic regulator (LQR) controller.

The closed-loop control architecture depicted in Fig. 7.8, show the reactive power

outputs (Q1,Q2, and Q3) from three DERs measured at the PCC and deviation of



187

target node voltage from a reference voltage (∆V) are used to identify the trans-

fer functions using ADMM. The state-space matrices (ABCD) corresponding to each

transfer function are calculated. The states are then used to find the states of the

transfer function. This is used to formulate the optimal control signals (Qref1, Qref2,

and Qref3) for each DER to reduce the voltage deviation. The reference signal gen-

erated is sent to each DER. The overall proposed architecture flow chart is shown in

Fig. 7.9.
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Figure 7.8: Closed-loop control architecture.

7.4.1 ADMM based Transfer Function Identification

Alternating direction method of multipliers (ADMM) is an optimization algorithm

that combines the advantages of the dual ascent method and method of multipliers.

The optimization problem shown in (7.1) is solved with the primal variable split into

two parts, x and z.

minimize f(x) + g(z)

subject to Ax+Bz = c

(7.1)
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The augmented Lagrangian for optimization is developed similarly to the method of

multipliers and is given by.

Lρ(x, z, y) = f(x) + g(z) + yT (Ax+Bz − c) +
ρ

2
||Ax+Bz − c||2 (7.2)

The ADMM optimization routine consists of 3 main steps, an x-minimization step, a

z-minimization step and a dual variable update step as discussed in [123] and shown

in

xk+1 := argmin
x

Lρ(x, z
k, yk) (7.3)

zk+1 := argmin
z

Lρ(x
k+1, z, yk) (7.4)

yk+1 := yk + ρ(Axk+1 +Bzk+1 − c) (7.5)

where ρ is augmented Lagrangian parameter.

A method of identifying transfer functions using ADMM is proposed in [124]. The

multiple-input multiple-output(MIMO) transfer function relating deviation of voltage

at a target node with the reactive power output from DERs can be written as

[
∆V

]
=

[
H1(z) H2(z) H3(z)

]
Q1

Q2

Q3

 (7.6)

where ∆V is the deviation of the voltage from reference voltage at a node of interest,

and Q1, Q2 and Q3 are the three phase reactive power output of each DER. The

individual transfer functions (H1, H2 and H3) in MIMO can be represented as

H1 =
∆V

Q1

=
b10 + b11z

−1 + ....+ b1kz
−k

1 + a11z
−1 + a12z

−2 + ....+ a1kz
−k

(7.7)

H2 =
∆V

Q2

=
b20 + b21z

−1 + ....+ b2kz
−k

1 + a21z
−1 + a22z

−2 + ....+ a2kz
−k

(7.8)
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p
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Figure 7.9: Overall algorithm flowchart.

H3 =
∆V

Q3

=
b30 + b31z

−1 + ....+ b3kz
−k

1 + a31z
−1 + a32z

−2 + ....+ a3kz
−k

(7.9)

Here a1, a2... ak are the denominator coefficients of the transfer functions and b0,

b1..., bk are the numerator coefficients of the transfer functions . A global consensus

optimization problem can be formulated as

min
a1..an

1

2
||[L][a]− [B] + [M ][b]||2 (7.10)

where a, b are vectors of all the denominator and numerator coefficients respectively.
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B is the matrix of the current samples of ∆V , L is the matrix of the previous

samples of ∆V and M is the matrix of the current and previous samples of Q1, Q2

and Q3. The state-space matrices(ABCD) are calculated from identified coefficients

of each transfer function.

7.4.2 Kalman Filter based State Estimation

The states of system are estimated with a Kalman Filter using state space matrices

and output measurement. The state and measurement equations can be written as

xk = Axk−1 +Buk−1 + wk−1 (7.11)

zk = Hxk + vk (7.12)

where H is the transformation matrix that maps the state vector to measurement.

wk and vk represent the process and measurement noise respectively. They are set to

zero as we ignore process and measurement noise during state estimation. The error

co-variance matrix (P ) can be calculated as

Pk = APk−1A
′ +BQB′ (7.13)

The gain (K) is given by

Kk = PkH
′(HPkH

′ +R)−1 (7.14)

where R is the measurement noise covariance matrix and Q is the process noise

covariance matrix. The estimated states are given by (7.15)

x̂k = x̂−
k +Kk(zk −Hx−

k ) (7.15)

where x̂−
k is a priori state estimate at step k.
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7.4.3 Discrete Linear Quadratic Regulator Control

A discrete time quadratic problem is used to minimize the objective function given

by ∑
(xTQlqrx+ uTRlqru) (7.16)

The state transition matrix (A), input matrix (B), positive definite weights on state

and input vectors Qlqr and Rlqr respectively are utilized to solve the discrete-time

algebraic Riccati equation given by

ATSA− (ATSB)(R +BTSB)−1(BTSA) +Q− S = 0 (7.17)

The state-feedback gain Klqr is given by

Klqr = (Rlqr +BTSB)−1(BTSA (7.18)

Finally the control signal u is given by (7.19).

u = −Klqr ∗ x̂ (7.19)

The overall proposed architecture flow chart is shown in Fig. 7.9.

7.4.4 Simulation Results

The algorithm is tested on IEEE 123 node test distribution feeder as shown in

Fig. 7.10. The feeder consists of a substation load tap changer, 3 inline step voltage

regulators, and 1 inline transformer. The loads are unbalanced and all types of loads

(constant impedance, constant current, and constant power) are used. The feeder has

a lot of single-phase and 2 phase laterals which make it a good candidate for testing

multi-phase DER integration studies. The three-phase DERs are connected to nodes

67, 450, and 108 with a rating of 300KVA as shown in Fig.7.10.
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Figure 7.10: IEEE 123 Bus Distribution Test Feeder with DERs.
.

7.4.4.1 Voltage Support

In this case, a remote node at 107 is chosen as a node of interest, and the reference

voltage is chosen to be 1pu. It can be seen from Fig. 7.11 that voltage with ADMM

is closer to 1pu. It can also be seen that a sudden voltage dip due to the addition of

load is reduced effectively with the proposed architecture. Unlike other control meth-

ods that compare the output with the reference, the state feedback control methods

compare states multiplied by the control (Kx) with the reference. This will lead to

a steady-state error. A linear quadratic regulator (LQR) with integral action (LQI)

can be used to improve the steady-state response. Since the objective here is to bring

voltage closer to the reference voltage and not equal to it the small steady-state error

can be ignored.
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Figure 7.12: (a) Load variation(b) Voltage variation with load variation.

7.4.4.2 Voltage Regulation and Tap Improvement

In this case, a scenario is created where load variation as shown in Fig. 7.12a is

initiated which leads to both rising and drop of voltages. The voltage regulators will
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adjust the taps after the voltage is out of bounds for a time greater than the delay

setting of the regulator. The delay setting of the regulator is set to 1 sec and therefore
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Figure 7.13: (a) ∆V at target node (b) Reactive power reference of DER1.

Figure 7.14: Taps operation of Regulator 160-67.
.

with a load change at 2 sec, a tap-down operation is initiated at 3 sec as shown in
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Fig. 7.14. The tap down operation continues with the interval of 1sec each until the

voltage at the regulating point is within the bandwidth. The resultant voltage can be

observed in Fig. 7.12b. A target node voltage higher than the reference voltage leads
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V
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u

)
No ADMM

With ADMM

Figure 7.15: Voltage comparison at test node.
.

to a negative ∆V . It can be seen from Fig. 7.13b that the reactive power reference

generated by the LQR controller is negative which means the controller is asking the

DER to absorb reactive power to reduce the voltage. Therefore, the deviation in

voltage at a target node is utilized to generate reactive power setpoints which can

reduce the voltage variations. It can be seen from Fig. 7.15 that with reactive power

support, voltages stay closer to 1 pu leading to no tap operation when ADMM control

is activated compared to 21 tap operations without ADMM control. This is shown in

Fig. 7.14 where solid lines are tap variation for the case without ADMM and dotted

lines are tap variation for the case with ADMM.

Several scenarios are used to test the efficacy of proposed controller. The location

of DERs for each test cases are shown Fig. 7.16 in where a group of DERs connected

to different nodes of IEEE 123 bus system are used to regulate voltage of a target
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.
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Figure 7.17: Voltage error at target node for case 1.
.

node. The effectiveness of controller to regulate voltage close to a reference voltage

is obtained by calculating the area under the voltage error curve as shown in Fig.
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Figure 7.18: Voltage error area comparison for different cases.
.

7.17. The comparison of area for different test cases are depicted in Fig. 7.18 and it

can be seen that voltage error area is almost similar for all the cases. Thus it can be

concluded that the controller is capable of regulating target node voltages irrespective

of location of the DERs in the feeder.
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7.4.4.3 Loss of DERs

In this case, effectiveness of controller during a condition with sudden loss of one

or more DERs is studied. Three DERs are utilized for reactive power support to

regulate voltage at node 197 to 1pu. The DER 2 is taken out at 7 sec and brought

back at 12 sec. The reactive power contribution from DER 2 falls to zero at 7 sec

and comes back at 12 sec as shown in Fig. 7.19a. The tertiary controller dynamically

changes the output of other 2 DERs during this time. The output from DER 1 and 3

are increased at 7 sec as soon as DER 2 is lost and DER 1 and 3 outputs are reduced

as soon as DER 2 comes back at 12 sec as shown in Fig. 7.19a. Also it can be seen

from Fig. 7.19b that the total reactive power of all DERs remain almost same due

to this change. The target voltage variation is minimal and is maintained closer to

reference voltage even with the loss of 1 DER as shown in Fig. 7.20.
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7.5 Summary

In this chapter, an algorithm that calculates the effectiveness of DER to control

voltage at a particular node of interest is developed. Real-time compatible models of

the IEEE 123 bus test distribution feeder with 3 DERs is used to perform case studies.

The effectiveness of the algorithm is validated in simulation results, where voltage

control using reactive power support results in lower voltage regulator operations and

tighter voltage profiles. Also effectiveness of proposed method during scenarios like

the loss of one or more DERs are analyzed.



CHAPTER 8: CONCLUSIONS AND FUTURE WORK

This dissertation presents advanced three sequence based steady state analysis

algorithms that can be used to conduct load flow, voltage stability and short circuit

analysis of unbalanced distribution system. A computationally efficient load flow

algorithm based on injected current sensitivity is proposed. This sequence based

methodologies are then extended to analyze integrated transmission and distribution

system. A multi-period power flow analysis to capture the time-varying aspects of

the system is also proposed. The accuracy of proposed approaches are highlighted

by comparing it with existing methods. The efficacy of these methods are validated

by using a diverse array of test feeders with different scenarios. The scalability of

proposed methods were proved using very large test systems like 8500 node feeder.

The contributions of this thesis are as follows:

• A load flow algorithm based on injected current sensitivity (ICS) for 1 phase

distribution systems with high penetration of DERs is proposed where PV type

DERs can be modeled.

• The ICS-based load flow algorithm is then extended to a three-phase distri-

bution network. Multiphase DERs with voltage control capability is modeled

using a reactive power sensitivity based approach.

• An unbalanced power flow based on the sequence components frame is proposed

where three-phase unbalanced power flow is decomposed into three separate sub

problems. Also a three sequence continuation power flow to analyze voltage

stability of distribution system is proposed.
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• A multi-period power flow analysis is proposed to accurately capture the time-

varying aspects of the system. A QSTS framework with detailed modeling of

voltage regulators and distributed energy resources is proposed that can be used

to study the impacts of DERs on the grid.

• A three sequence based fault analysis method for unbalanced distribution sys-

tem is proposed.

• A universal distribution system analysis tool based on sequence component is

designed.

• A unified three phase T&D modelling approach based on stacked Y-bus method

is proposed. The sequence based methods developed were then used to conduct

load flow, voltage stability and fault analysis of T&D system.

• A coordinated control architecture for distribution systems with multiple DERs

is proposed. The method uses an ADMM based transfer function identification

scheme. The algorithm is utilized for dynamic DER selection and can be used

for voltage regulation using reactive power support.

This dissertation also proposes some future research directions which includes

• The three sequence based power flow approaches can be extended to optimal

power flow for unbalanced distribution system.

• The multi-period method which currently can take care of load and generation

variations can be extended to include fault scenarios. Even though transient

may not be analyzed, this would provide a better visualization on how DER

integrated power grid behaves during fault scenarios.

• The three sequence based fault analysis can be extended to analyze fault sce-

narios in DER integrated system with Type II, III and IV DERs.



202

• The effectiveness of LQR control in the proposed sensitivity based transfer func-

tion identification technique deteriorates in presence of input and state con-

straints. A model predictive control (MPC) framework is a good candidate

which can deal with these constraints.
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APPENDIX A: Fault Analysis on IEEE Test Distribution Feeders

The complete data for IEEE radial distribution feeders discussed here has been

presented in [125]. The one line diagram of each are shown in Figs A.1, A.2, and A.3.

The fault current values of all 10 types of faults are discussed in this section.

Figure A.1: IEEE 13 Bus Distribution Test Feeder

Figure A.2: IEEE 34 Bus Distribution Test Feeder
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Table A.1: LLLG and SLG Fault currents in Amps for IEEE 13 bus system

LLLG SLG
Node Phase A B C A B C
150 ABC 13700.2 13700.2 13700.2 10952.7 10952.7 10952.7
650 ABC 8416.0 8416.0 8416.0 8478.8 8478.8 8478.8
692 ABC 3317.4 3268.0 3009.5 2196.4 2156.9 2173.9
684 AC - - - 2019.5 - 2001.7
680 ABC 2880.6 2836.8 2589.5 1851.9 1817.0 1832.0
675 ABC 3091.5 3087.0 2816.3 2076.9 2049.9 2057.5
671 ABC 3317.4 3268.0 3009.5 2196.4 2156.9 2173.9
652 A - - - 1795.7 - -
634 ABC 15190.8 15149.6 14796.1 13046.4 12961.6 12985.8
633 ABC 4115.5 4028.2 3837.0 2950.5 2910.3 2921.7
632 ABC 4759.0 4698.0 4449.1 3495.4 3444.4 3466.4
645 BC - - - - 2806.5 2817.8
646 BC - - - - 2516.5 2524.2
611 C - - - - - 1852.0

Table A.2: LL Fault currents in Amps for IEEE 13 bus system

LL (AB) LL (BC) LL ( CA)
Node Phase A B B C A C
150 ABC 11865 11865 11865 11865 11865 11865
650 ABC 7289 7289 7289 7289 7289 7289
692 ABC 2938 2938 2600 2600 2735 2735
684 AC - - - - 2518 2518
680 ABC 2555 2555 2239 2239 2364 2364
675 ABC 2752 2752 2456 2456 2552 2552
671 ABC 2938 2938 2600 2600 2735 2735
652 A - - - - - -
634 ABC 13236 13236 12782 12782 13057 13057
633 ABC 3586 3586 3298 3298 3469 3469
632 ABC 4195 4195 3836 3836 3982 3982
645 BC - - 3191 3191 - -
646 BC - - 2882 2882 - -
611 C - - - - - -
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Figure A.3: IEEE 123 Bus Distribution Test Feeder

Table A.3: LLG Fault currents in Amps for IEEE 13 bus system

LLG (AB) LLG (BC) LL G ( CA)
Node Phase A B B C A C
150 ABC 12311.4 13093.8 12311.4 13093.8 13093.8 12311.4
650 ABC 8445.9 8449.7 8445.9 8449.7 8449.7 8445.9
692 ABC 3091.6 3007.0 2778.9 2685.1 2822.5 2892.1
684 AC - - - - 2616.4 2644.8
680 ABC 2677.0 2610.4 2383.4 2306.8 2435.2 2489.2
675 ABC 2901.9 2816.3 2644.1 2519.7 2627.7 2713.8
671 ABC 3091.6 3007.0 2778.9 2685.1 2822.5 2892.1
652 A - - - - - -
634 ABC 14309.3 14486.2 14002.7 14057.3 14357.5 14150.1
633 ABC 3800.0 3728.5 3547.9 3456.5 3636.8 3673.7
632 ABC 4487.4 4334.0 4164.5 4008.2 4152.9 4283.7
645 BC - - 3405.6 3367.7 - -
646 BC - - 3051.7 3057.0 - -
611 C - - - - - -
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Table A.4: LLLG and SLG Fault currents in Amps for IEEE 34 bus system

LLLG SLG
Node Phase A B C A B C
150 ABC 1733.0 1732.9 1733.2 1262.0 1261.9 1262.0
800 ABC 627.1 627.2 627.2 655.6 655.5 655.6
802 ABC 614.2 614.1 613.6 634.1 633.7 633.8
806 ABC 605.7 605.6 604.7 620.2 619.6 619.8
808 ABC 471.7 473.7 465.2 431.4 429.7 430.4
810 B - - - - 397.5 -
812 ABC 366.7 371.1 358.6 312.9 311.3 311.9
814 ABC 309.3 314.7 301.4 255.8 254.5 255.0
850 ABC 309.3 314.6 301.4 255.8 254.4 255.0
816 ABC 308.7 314.0 300.8 255.2 253.9 254.4
818 A - - - 251.3 - -
820 A - - - 172.5 - -
822 A - - - 157.9 - -
824 ABC 288.8 294.5 281.4 237.2 235.9 236.4
826 B - - - - 230.0 -
828 ABC 287.2 293.0 279.9 235.8 234.6 235.0
830 ABC 253.7 259.8 247.4 206.3 205.3 205.7
854 ABC 252.9 259.1 246.6 205.7 204.7 205.0
852 ABC 208.0 214.2 203.0 167.5 166.8 167.0
832 ABC 207.9 214.2 203.0 167.5 166.8 167.0
858 ABC 203.1 209.3 198.3 163.4 162.7 162.9
834 ABC 197.5 203.7 192.9 158.8 158.2 158.4
842 ABC 197.3 203.4 192.7 158.6 158.0 158.2
844 ABC 196.0 202.2 191.5 157.6 157.0 157.1
846 ABC 192.8 198.9 188.3 154.9 154.3 154.4
848 ABC 192.3 198.4 187.8 154.5 153.9 154.1
860 ABC 195.7 201.8 191.1 157.3 156.7 156.8
836 ABC 193.3 199.4 188.8 155.3 154.7 154.9
840 ABC 192.5 198.6 188.0 154.7 154.1 154.2
862 ABC 193.0 199.2 188.5 155.1 154.5 154.7
838 B - - - - 151.0 -
864 A - - - 161.8 - -
888 ABC 702.4 711.1 691.4 615.0 612.5 612.8
890 ABC 392.5 403.6 382.4 315.7 314.1 314.3
856 B - - - - 173.3 -
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Table A.5: LL Fault currents in Amps for IEEE 34 bus system

LL (AB) LL (BC) LL ( CA)
Node Phase A B B C A C
150 ABC 1500.7 1500.7 1500.8 1500.8 1501.0 1501.0
800 ABC 543.1 543.1 543.2 543.2 543.2 543.2
802 ABC 532.4 532.4 531.1 531.1 531.7 531.7
806 ABC 525.3 525.3 523.2 523.2 524.2 524.2
808 ABC 412.6 412.6 402.0 402.0 406.7 406.7
810 B - - - - - -
812 ABC 322.7 322.7 310.4 310.4 315.9 315.9
814 ABC 273.1 273.1 261.3 261.3 266.6 266.6
850 ABC 273.1 273.1 261.3 261.3 266.6 266.6
816 ABC 272.5 272.5 260.8 260.8 266.0 266.0
818 A - - - - - -
820 A - - - - - -
822 A - - - - - -
824 ABC 255.2 255.2 244.1 244.1 249.1 249.1
826 B - - - - - -
828 ABC 253.8 253.8 242.8 242.8 247.8 247.8
830 ABC 224.6 224.6 214.9 214.9 219.3 219.3
854 ABC 223.9 223.9 214.2 214.2 218.6 218.6
852 ABC 184.4 184.4 176.6 176.6 180.2 180.2
832 ABC 184.4 184.4 176.6 176.6 180.2 180.2
858 ABC 180.1 180.1 172.5 172.5 176.0 176.0
834 ABC 175.3 175.3 167.9 167.9 171.3 171.3
842 ABC 175.0 175.0 167.7 167.7 171.0 171.0
844 ABC 173.9 173.9 166.6 166.6 170.0 170.0
846 ABC 171.1 171.1 163.9 163.9 167.2 167.2
848 ABC 170.7 170.7 163.5 163.5 166.8 166.8
860 ABC 173.6 173.6 166.3 166.3 169.7 169.7
836 ABC 171.5 171.5 164.3 164.3 167.6 167.6
840 ABC 170.8 170.8 163.7 163.7 167.0 167.0
862 ABC 171.3 171.3 164.1 164.1 167.4 167.4
838 B - - - - - -
864 A - - - - - -
888 ABC 616.3 616.3 599.0 599.0 607.2 607.2
890 ABC 347.9 347.9 332.7 332.7 339.6 339.6
856 B - - - - - -
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Table A.6: LLG Fault currents in Amps for IEEE 34 bus system

LLG (AB) LLG (BC) LLG ( CA)
Node Phase A B B C A C
806 ABC 611.1 615.7 610.1 614.6 615.3 610.5
808 ABC 456.3 457.7 450.5 447.8 452.4 453.0
810 B - - - - - -
812 ABC 344.0 355.2 337.2 342.1 347.8 340.2
814 ABC 285.8 300.9 279.4 287.7 293.4 282.2
850 ABC 285.8 300.9 279.4 287.7 293.4 282.2
816 ABC 285.2 300.3 278.8 287.1 292.8 281.6
818 A - - - - - -
820 A - - - - - -
822 A - - - - - -
824 ABC 265.2 282.0 259.4 269.3 274.8 261.9
826 B - - - - - -
828 ABC 263.6 280.6 257.9 268.0 273.4 260.4
830 ABC 230.6 249.6 225.9 238.0 243.0 228.0
854 ABC 229.8 248.9 225.2 237.3 242.3 227.3
852 ABC 186.5 206.6 183.2 196.8 201.1 184.7
832 ABC 186.5 206.6 183.2 196.8 201.1 184.7
858 ABC 181.9 202.0 178.7 192.4 196.5 180.2
834 ABC 176.7 196.7 173.7 187.4 191.4 175.0
842 ABC 176.4 196.5 173.4 187.1 191.2 174.8
844 ABC 175.2 195.3 172.3 186.0 190.0 173.7
846 ABC 172.2 192.2 169.3 183.0 187.0 170.6
848 ABC 171.7 191.8 168.9 182.6 186.6 170.2
860 ABC 174.9 195.0 172.0 185.7 189.7 173.3
836 ABC 172.6 192.7 169.8 183.5 187.5 171.1
840 ABC 171.9 192.0 169.1 182.8 186.8 170.4
862 ABC 172.4 192.4 169.5 183.3 187.2 170.9
838 B - - - - - -
864 A - - - - - -
888 ABC 656.7 688.7 649.2 668.9 678.3 652.2
890 ABC 352.3 389.2 345.5 370.4 378.9 348.2
856 B - - - - - -
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Table A.7: LLLG and SLG Fault currents in Amps for IEEE 123 bus system

LLLG SLG
Node Phase A B C A B C
650 ABC 13700.2 13700.2 13700.2 10952.7 10952.7 10952.7
150 ABC 8416.0 8416.0 8416.0 8478.8 8478.8 8478.8
149 ABC 8416.0 8416.0 8416.0 8478.8 8478.8 8478.8
1 ABC 7123.9 7246.1 7092.9 6501.6 6538.5 6517.5
7 ABC 6381.3 6560.3 6335.4 5525.1 5571.1 5544.9
8 ABC 5964.3 6169.7 5912.3 5020.2 5068.6 5041.1
13 ABC 5429.5 5662.2 5372.2 4413.5 4462.8 4434.7
152 ABC 5429.5 5662.2 5372.2 4413.5 4462.8 4434.7
52 ABC 4846.8 5100.5 4787.3 3799.5 3847.6 3820.2
53 ABC 4599.1 4858.7 4539.7 3551.9 3599.1 3572.2
54 ABC 4456.4 4718.8 4397.5 3412.9 3459.3 3432.9
55 ABC 4171.4 4437.1 4113.7 3142.1 3186.8 3161.3
56 ABC 3920.0 4186.8 3864.0 2910.9 2953.9 2929.4
57 ABC 4083.4 4318.4 4089.1 3078.4 3112.8 3098.4
60 ABC 3464.0 3653.1 3554.2 2543.4 2562.3 2562.4
160 ABC 3464.0 3653.1 3554.2 2543.4 2562.3 2562.4
67 ABC 3255.0 3396.7 3335.9 2350.7 2368.5 2370.8
72 ABC 3094.1 3226.6 3191.8 2219.8 2234.4 2239.1
76 ABC 2986.9 3113.1 3094.5 2133.3 2146.0 2152.2
77 ABC 2810.4 2899.1 2905.3 1977.8 1990.0 1997.1
78 ABC 2769.6 2850.0 2861.6 1942.4 1954.5 1961.7
79 ABC 2682.0 2745.5 2768.0 1867.2 1879.0 1886.6
80 ABC 2591.1 2637.9 2670.9 1790.1 1801.6 1809.5
81 ABC 2434.6 2455.0 2504.1 1660.0 1671.0 1679.2
82 ABC 2359.7 2368.5 2424.5 1598.8 1609.5 1617.9
83 ABC 2289.3 2287.8 2349.8 1541.9 1552.4 1560.8
86 ABC 2664.1 2771.8 2796.0 1877.3 1884.9 1894.7
87 ABC 2506.7 2580.3 2622.2 1741.7 1749.4 1759.2
89 ABC 2419.5 2475.8 2526.3 1668.0 1675.7 1685.6
91 ABC 2352.6 2396.3 2452.9 1612.2 1619.9 1629.8
93 ABC 2289.4 2321.7 2383.7 1560.0 1567.7 1577.5
95 ABC 2210.3 2229.1 2297.3 1495.4 1503.0 1512.9
97 ABC 3108.1 3241.3 3204.4 2231.1 2245.9 2250.5
197 ABC 3108.1 3241.3 3204.4 2231.1 2245.9 2250.5
101 ABC 2974.0 3099.5 3082.8 2123.0 2135.4 2141.8
105 ABC 2839.3 2957.1 2959.2 2015.6 2025.8 2033.8
108 ABC 2695.2 2804.7 2825.2 1901.8 1909.8 1919.3
300 ABC 2331.6 2420.7 2479.5 1620.3 1623.8 1635.8
98 ABC 2961.2 3086.0 3071.1 2112.8 2125.0 2131.5
99 ABC 2705.8 2815.9 2835.1 1910.1 1918.3 1927.6
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Table A.8: LLLG and SLG Fault currents in Amps for IEEE 123 bus system(cont.)

LLLG SLG
Node Phase A B C A B C
100 ABC 2584.3 2687.5 2721.0 1815.1 1821.6 1832.0
450 ABC 2308.3 2396.0 2456.9 1602.5 1605.8 1617.9
61 ABC 3151.9 3304.6 3186.4 2258.7 2267.9 2270.4
611 ABC 3151.9 3304.6 3186.4 2258.7 2267.9 2270.4
610 ABC 4924.9 4969.2 4946.6 4603.1 4607.2 4608.3
62 ABC 3274.9 3465.0 3367.8 2395.8 2415.2 2412.0
63 ABC 3149.5 3339.0 3243.9 2298.5 2317.8 2312.9
64 ABC 2916.8 3102.8 3013.3 2119.0 2137.7 2130.5
65 ABC 2665.9 2845.1 2763.4 1927.3 1944.9 1936.2
66 ABC 2496.0 2668.8 2593.2 1798.6 1815.0 1806.0
18 ABC 4444.2 4475.2 4300.3 3327.8 3344.3 3320.9
135 ABC 4444.2 4475.2 4300.3 3327.8 3344.3 3320.9
35 ABC 4047.7 4115.8 3965.3 2988.3 3005.4 2979.9
40 ABC 3830.3 3917.8 3751.6 2796.1 2815.0 2790.5
42 ABC 3634.8 3737.9 3559.8 2627.1 2647.3 2623.7
44 ABC 3492.1 3605.4 3419.8 2505.9 2526.7 2503.9
47 ABC 3328.7 3452.2 3259.7 2369.2 2390.6 2368.6
48 ABC 3232.8 3361.2 3178.7 2294.8 2315.7 2293.6
49 ABC 3171.9 3303.1 3127.0 2247.7 2268.3 2246.1
50 ABC 3029.1 3166.4 3004.9 2138.1 2158.0 2135.6
51 ABC 2898.5 3040.5 2892.1 2038.6 2057.8 2035.5
151 ABC 2668.2 2816.6 2690.3 1865.0 1882.9 1860.9
21 ABC 4169.5 4157.0 4009.2 3053.8 3064.4 3042.4
23 ABC 3965.3 3924.2 3795.0 2857.5 2864.4 2843.5
25 ABC 3762.5 3696.2 3584.2 2668.7 2672.5 2652.7
28 ABC 3627.6 3546.3 3445.0 2546.3 2548.3 2529.2
29 ABC 3442.4 3342.9 3255.2 2382.3 2382.1 2364.0
30 ABC 3248.8 3133.0 3058.5 2215.7 2213.6 2196.6
250 ABC 3147.6 3024.5 2956.4 2130.6 2127.6 2111.2
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Table A.9: SLG Fault currents in Amps for IEEE 123 bus system

SLG
Node Phase Node Phase Node Phase

68 A 2210 2 B 5704 3 C 5386
69 A 2040 12 B 4408 4 C 4703
70 A 1868 58 B 2817 5 C 4350
71 A 1742 59 B 2569 6 C 3775
88 A 1672 90 B 1594 73 C 2066
94 A 1474 96 B 1444 74 C 1878
109 A 1702 106 B 1907 75 C 1699
110 A 1590 107 B 1656 84 C 1452
111 A 1408 36 AB 2551 85 C 1324
112 A 1547 38 B 2348 92 C 1527
113 A 1388 39 B 2124 102 C 2010
114 A 1304 43 B 2242 103 C 1844
36 AB 2535 22 B 2514 104 C 1561
37 A 2298 41 C 2486
45 A 2347 24 C 2344
46 A 2140 26 AC 2446
19 A 2994 27 AC 2304
20 A 2641 31 C 2276
26 AC 2457 32 C 2081
27 AC 2313 34 C 4078
33 A 1997 15 C 3867
9 A 4373 16 C 3225
14 A 3487 17 C 3262
10 A 3106
11 A 3106
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Table A.10: LL Fault currents in Amps for IEEE 123 bus system

LL (AB) LL (BC) LL ( CA)
Node Phase A B B C A C
650 ABC 11864.7 11864.7 11864.7 11864.7 11864.7 11864.7
150 ABC 7288.5 7288.5 7288.5 7288.5 7288.5 7288.5
149 ABC 7288.5 7288.5 7288.5 7288.5 7288.5 7288.5
1 ABC 6285.0 6285.0 6185.1 6185.1 6112.4 6112.4
7 ABC 5689.2 5689.2 5548.1 5548.1 5447.0 5447.0
8 ABC 5348.6 5348.6 5189.8 5189.8 5076.8 5076.8
13 ABC 4905.7 4905.7 4729.6 4729.6 4605.6 4605.6
152 ABC 4905.7 4905.7 4729.6 4729.6 4605.6 4605.6
52 ABC 4415.2 4415.2 4227.4 4227.4 4096.7 4096.7
53 ABC 4204.1 4204.1 4013.7 4013.7 3881.8 3881.8
54 ABC 4082.0 4082.0 3890.7 3890.7 3758.4 3758.4
55 ABC 3836.2 3836.2 3644.4 3644.4 3512.5 3512.5
56 ABC 3617.9 3617.9 3427.2 3427.2 3296.6 3296.6
57 ABC 3720.7 3720.7 3610.8 3610.8 3470.5 3470.5
60 ABC 3126.8 3126.8 3126.7 3126.7 2979.9 2979.9
160 ABC 3126.8 3126.8 3126.7 3126.7 2979.9 2979.9
67 ABC 2909.8 2909.8 2923.4 2923.4 2812.1 2812.1
72 ABC 2759.2 2759.2 2794.4 2794.4 2680.5 2680.5
76 ABC 2659.1 2659.1 2707.4 2707.4 2592.2 2592.2
77 ABC 2479.2 2479.2 2532.7 2532.7 2446.5 2446.5
78 ABC 2437.9 2437.9 2492.5 2492.5 2412.6 2412.6
79 ABC 2349.9 2349.9 2406.5 2406.5 2339.6 2339.6
80 ABC 2259.3 2259.3 2317.6 2317.6 2263.4 2263.4
81 ABC 2105.0 2105.0 2165.6 2165.6 2131.3 2131.3
82 ABC 2032.0 2032.0 2093.3 2093.3 2067.8 2067.8
83 ABC 1963.8 1963.8 2025.6 2025.6 2007.9 2007.9
86 ABC 2359.4 2359.4 2441.0 2441.0 2324.0 2324.0
87 ABC 2199.9 2199.9 2281.2 2281.2 2192.1 2192.1
89 ABC 2112.6 2112.6 2193.4 2193.4 2118.5 2118.5
91 ABC 2046.2 2046.2 2126.4 2126.4 2061.9 2061.9
93 ABC 1983.8 1983.8 2063.4 2063.4 2008.2 2008.2
95 ABC 1906.3 1906.3 1985.0 1985.0 1940.7 1940.7
97 ABC 2772.2 2772.2 2805.6 2805.6 2691.9 2691.9
197 ABC 2772.2 2772.2 2805.6 2805.6 2691.9 2691.9
101 ABC 2647.1 2647.1 2696.9 2696.9 2581.5 2581.5
105 ABC 2521.8 2521.8 2586.5 2586.5 2470.1 2470.1
108 ABC 2388.2 2388.2 2467.0 2467.0 2350.1 2350.1
300 ABC 2053.4 2053.4 2159.5 2159.5 2044.1 2044.1
98 ABC 2635.2 2635.2 2686.5 2686.5 2571.0 2571.0
99 ABC 2398.0 2398.0 2475.8 2475.8 2358.9 2358.9
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Table A.11: LL Fault currents in Amps for IEEE 123 bus system(cont.)

LL (AB) LL (BC) LL ( CA)
Node Phase A B B C A C
100 ABC 2285.8 2285.8 2374.1 2374.1 2257.2 2257.2
450 ABC 2032.0 2032.0 2139.5 2139.5 2024.4 2024.4
61 ABC 2845.9 2845.9 2798.6 2798.6 2699.3 2699.3
611 ABC 2845.9 2845.9 2798.6 2798.6 2699.3 2699.3
610 ABC 4301.1 4301.1 4288.9 4288.9 4262.1 4262.1
62 ABC 2963.4 2963.4 2963.3 2963.3 2818.6 2818.6
63 ABC 2854.3 2854.3 2854.3 2854.3 2711.8 2711.8
64 ABC 2650.6 2650.6 2650.5 2650.5 2513.7 2513.7
65 ABC 2429.1 2429.1 2429.1 2429.1 2300.4 2300.4
66 ABC 2278.1 2278.1 2278.0 2278.0 2155.7 2155.7
18 ABC 3908.8 3908.8 3742.5 3742.5 3790.9 3790.9
135 ABC 3908.8 3908.8 3742.4 3742.4 3790.9 3790.9
35 ABC 3577.0 3577.0 3465.6 3465.6 3457.3 3457.3
36 AB 3088.3 3088.3 - - - -
40 ABC 3403.0 3403.0 3285.4 3285.4 3265.5 3265.5
42 ABC 3244.9 3244.9 3122.9 3122.9 3093.8 3093.8
44 ABC 3128.4 3128.4 3003.9 3003.9 2968.8 2968.8
48 ABC 2910.8 2910.8 2798.2 2798.2 2746.7 2746.7
49 ABC 2857.8 2857.8 2754.0 2754.0 2696.2 2696.2
50 ABC 2733.5 2733.5 2649.3 2649.3 2577.8 2577.8
51 ABC 2619.5 2619.5 2552.1 2552.1 2469.3 2469.3
151 ABC 2417.7 2417.7 2377.5 2377.5 2277.6 2277.6
21 ABC 3638.8 3638.8 3477.6 3477.6 3560.3 3560.3
23 ABC 3440.5 3440.5 3283.8 3283.8 3388.1 3388.1
25 ABC 3245.7 3245.7 3093.9 3093.9 3216.7 3216.7
28 ABC 3117.2 3117.2 2969.0 2969.0 3102.4 3102.4
29 ABC 2942.4 2942.4 2799.3 2799.3 2945.2 2945.2
30 ABC 2761.5 2761.5 2624.2 2624.2 2780.5 2780.5
250 ABC 2667.8 2667.8 2533.6 2533.6 2694.3 2694.3
26 AC - - - - 2987.6 2987.6
27 AC - - - - 2829.2 2829.2
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Table A.12: LLG Fault currents in Amps for IEEE 123 bus system

LLG (AB)G LLG (BC) LLG ( CA)
Node Phase A B B C A C
650 ABC 12311.4 13093.8 12311.4 13093.8 13093.8 12311.4
150 ABC 8445.9 8449.7 8445.9 8449.7 8449.7 8445.9
149 ABC 8445.9 8449.7 8445.9 8449.7 8449.7 8445.9
1 ABC 6992.0 6899.2 6970.9 6781.9 6721.5 6913.0
7 ABC 6206.9 6139.0 6164.0 5969.1 5879.7 6081.9
8 ABC 5778.1 5732.7 5722.9 5539.9 5437.2 5630.4
13 ABC 5238.2 5224.1 5168.7 5009.2 4893.3 5066.3
152 ABC 5238.2 5224.1 5168.7 5009.2 4893.3 5066.3
52 ABC 4660.1 4678.8 4578.1 4449.2 4324.0 4469.2
53 ABC 4417.0 4448.3 4330.7 4215.4 4087.8 4220.4
54 ABC 4277.6 4315.7 4189.3 4081.7 3953.2 4078.6
55 ABC 4000.2 4050.7 3908.4 3816.1 3686.8 3797.7
56 ABC 3756.7 3816.7 3662.9 3583.5 3454.5 3553.0
57 ABC 3895.8 3923.9 3851.2 3784.4 3639.5 3744.1
60 ABC 3269.1 3285.6 3286.2 3274.8 3113.3 3185.0
160 ABC 3269.1 3285.6 3286.2 3274.8 3113.3 3185.0
67 ABC 3038.4 3055.6 3064.0 3060.7 2934.7 2990.4
72 ABC 2880.1 2895.2 2918.2 2925.9 2795.7 2844.4
76 ABC 2775.0 2788.7 2820.7 2835.1 2702.6 2746.9
77 ABC 2584.3 2599.0 2633.3 2651.6 2549.2 2581.9
78 ABC 2540.7 2555.5 2590.3 2609.4 2513.5 2543.7
79 ABC 2447.7 2462.8 2498.5 2519.1 2436.9 2461.8
80 ABC 2352.0 2367.4 2403.8 2425.9 2357.0 2376.9
81 ABC 2189.3 2205.1 2242.3 2266.6 2218.9 2230.9
82 ABC 2112.4 2128.3 2165.6 2190.8 2152.6 2161.0
83 ABC 2040.7 2056.7 2094.1 2120.0 2090.1 2095.4
86 ABC 2460.3 2470.9 2525.6 2557.1 2420.7 2452.5
87 ABC 2291.6 2303.3 2356.7 2389.4 2282.5 2304.7
89 ABC 2199.4 2211.6 2264.1 2297.2 2205.5 2222.9
91 ABC 2129.3 2141.8 2193.6 2227.0 2146.3 2160.2
93 ABC 2063.5 2076.4 2127.4 2160.9 2090.2 2100.9
95 ABC 1981.9 1995.0 2045.0 2078.7 2019.8 2026.9
97 ABC 2893.8 2909.0 2930.9 2937.7 2807.7 2857.1
197 ABC 2893.8 2909.0 2930.9 2937.7 2807.7 2857.1
101 ABC 2762.3 2776.0 2808.9 2824.1 2691.4 2735.2
105 ABC 2630.8 2643.0 2686.1 2708.9 2574.1 2612.5
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Table A.13: LLG Fault currents in Amps for IEEE 123 bus system(cont.)

LLG (AB) LLG (BC) LLG ( CA)
Node Phase A B B C A C
108 ABC 2490.6 2501.4 2554.2 2584.3 2448.1 2481.0
300 ABC 2139.5 2147.5 2219.2 2263.7 2127.7 2148.3
98 ABC 2749.8 2763.3 2797.3 2813.2 2680.3 2723.5
99 ABC 2500.8 2511.8 2563.9 2593.5 2457.3 2490.6
100 ABC 2383.1 2393.0 2452.3 2487.4 2350.7 2379.6
450 ABC 2117.1 2125.0 2197.6 2242.8 2107.0 2126.9
61 ABC 2961.8 2984.2 2934.0 2929.5 2818.7 2866.9
611 ABC 2961.8 2984.2 2934.0 2929.5 2818.7 2866.9
610 ABC 4779.3 4834.1 4779.6 4819.0 4788.1 4772.1
62 ABC 3098.5 3107.9 3117.9 3095.6 2937.3 3015.6
63 ABC 2984.3 2990.2 3004.6 2977.4 2821.8 2902.6
64 ABC 2770.0 2771.9 2791.4 2758.8 2609.4 2691.8
65 ABC 2536.5 2536.5 2557.9 2524.1 2382.9 2463.2
66 ABC 2377.1 2376.9 2398.1 2365.3 2230.5 2307.8
18 ABC 4133.5 4117.4 4036.4 3927.1 3992.8 4047.3
135 ABC 4133.5 4117.4 4036.4 3927.1 3992.8 4047.3
35 ABC 3766.2 3761.7 3708.5 3626.6 3635.2 3676.9
36 AB 3240.1 3242.3 - - - -
40 ABC 3567.2 3576.9 3505.8 3434.2 3429.0 3467.4
42 ABC 3388.3 3409.6 3324.1 3261.4 3245.2 3280.4
44 ABC 3257.7 3286.6 3191.8 3135.3 3111.8 3144.7
47 ABC 3108.1 3144.9 3040.5 2990.8 2959.8 2990.0
48 ABC 3019.5 3056.8 2961.9 2917.9 2876.1 2903.4
49 ABC 2963.2 3000.8 2911.8 2871.2 2823.0 2848.4
50 ABC 2831.1 2869.4 2793.7 2760.9 2698.3 2719.6
51 ABC 2710.3 2749.0 2684.9 2658.8 2584.1 2601.9
151 ABC 2497.0 2536.2 2491.1 2475.8 2382.6 2394.6
21 ABC 3838.3 3824.9 3738.3 3642.8 3745.4 3774.0
23 ABC 3622.5 3611.4 3521.5 3435.8 3561.9 3573.5
25 ABC 3411.4 3402.8 3310.2 3234.0 3380.0 3376.5
28 ABC 3272.6 3265.7 3171.8 3101.5 3259.1 3246.5
29 ABC 3084.2 3079.7 2984.6 2922.1 3093.2 3069.5
30 ABC 2890.1 2888.0 2792.3 2737.5 2919.8 2886.1
250 ABC 2789.7 2788.8 2693.1 2642.2 2829.2 2790.9
26 AC - - - - 3135.3 3133.2
27 AC - - - - 2966.6 2965.2
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