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ABSTRACT

XTAOYUN CHEN. The general non-stationary Anderson Parabolic Model with
correlated white noise. (Under the direction of DR. STANISLAV MOLCHANOV)

This dissertation contains the analysis of the general lattice non-stationary Anderson
parabolic model with correlated white noise. It starts form the brief description of
known results about parabolic problem with local Laplacian and the detailed descrip-
tion of the general non-local Anderson model in the non-stationary random environ-
ment (Chapter 2). Chapter 3 is devoted to existence-uniqueness theorems for the
parabolic model in the weighted Hilbert space, Feynman-Kac formula representation
and moment equations. The chapter 4 contains the results on the first and second
moments of the solution and the spectral properties of the Hamiltonian Hs,, provid-
ing the basic information on the phase transition of the model from the regular to
intermittent structure, additional results concern the other spectral bifurcations of

Hs.
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CHAPTER 1: Introduction

The goal of this work is the generalization of the paper [1]. We’ll give the brief

review of [1] and the lecture 9 from [2]. Let’s consider the following parabolic equation

ou(t, x) _
S = At ) + G@ut, 2) (1.1)
u(0,2) =1

with continuous time ¢ > 0 and € Z¢, d > 1. Operator A is the Lattice Laplacian

(Au)@) = D (ula) —ulx)),
x|z’ —z|=1
s is the diffusion coefficient and time dependent potential & (), (t,z) € [0,00) x Z¢
is given formally by the relation

&(x) = %W(t,x) (1.2)

where W (t,z), x € Z%is the family of independent standard 1D Wiener process. In
the different terms W (¢, z) is the Gaussian field on [0, 00) x Z¢ with the correlation
function

<W(t1, ZEl)W(tQ, ZE2)> = min(tl, t2)50([£1 — ZEQ). (13)

Wiener process is not differentiable. However, the expression of Equation (1.2) has

the sense as the generalized function, so it means that we’ll use & (x) in the integrals.



For instance,

/f & ()t = W(ta,2) — Wk, 7)

Or in more general setting, for f(s) € C5° and supp(f) € (t1,ts) for fixed z € Z¢

/fﬁs /f

In the spirit of the general theory of SPDE’s (Stochastic equations with partial deriva-
tive) we can understand W (t,-) as the Wiener process in the appropriate Hilbert

space. Of course, it can’t be the standard Lo(Z%), because

{Wi(t, )}y & L*(Z%),1(x) & L*(Z°).

The easiest possible way is to work in the weighted Hilbert space L2(Z%) with the

norm

IFC)12= D [f ()|

VA

|z| = |z1| + -+ |za], 0 <a <1

al?! is the special weight with the following property, to make everything convenient

al fO) eI FC+h) e é IFC) 115

where f(-+ h) is a shift of f(-), |h| = 1.

It is easy to check {W(t,z),r € Z%} = W (t) is a Wiener process in L?(Z¢) with
the covariance as Equation (1.3). Also by the definition(see equation (1.2)) &(z) is a
"white noise" in L2(Z%). Now our probability space (,,, Fyn, i) will have a special
structure: (Q,,, = L2(Z%), filtration F<, € F,,, p1 is the distribution of W (-, -).

Thus Equation (1.1) should be thought as stochastic integral equation in L2(Z%).



In It6’s form

u(t,z) =14+ %/0 Au(s, x)ds +/O u(s, x)dw(s, ) (1.4)

where u(t,-) € L2(Z%) and F<; adapted. Last term of equation (1.4) is the Ito’s

stochastic integral. Alternatively Stratonovich’s integral can be used

t
/ u(s,x) o dW (s, ). (1.5)
0
If both integrals make sense, there exists a trivial relation between them:

/0 u(s,x) odw(s,z) = /0 u(s, z)dw(s, z) + %[u(),w()]é

t t (16)
1
= / u(s, z)dw(s, ) + —/ u(s,z)ds
0 2 Jo
that’s
1

u(t,z) odw(t,x) = u(t,x)dw(t, z) + §u(t, x)dt (1.7)

Equation (1.7) allow to switch from It6’s SPDE to Stratonovich’s SPDE by
uS (t, ) = uD(t, z)el’?. (1.8)

Although Ito’s integral uD(t,x) is commonly used in applied mathematics,
Stratonovich’s form u®)(¢,z) is frequently used in physics, due to the fact that it
is not only reflect-symmetric in the time but also is a limit of solution with "very
short" time correlations. The following result can be found in [1].

Let’s consider equation

ot veTe (1.9)
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Here £(t,x) is a regular Gaussian field with continuous realization in time and the

following first two moments:

(€(t,x)) =0, (§(t1,21)E(ta, x2)) = Lty — t2)d(z1 — 72)

Here (-) is the expectation with respect to &(-,-). After rescaling t — £, £ — %5,
the field %f(é, x) converges (in the sense of Schavartz space) to the white noise with
varaince o2 = 271'(0) = Jp, T(T)dr.

Solution u®(t,z) for every ¢ > 0 exists in the classical sense. If ¢ > 0, then

we(t, ) 225 40(¢, ) and u(t, z) is the solution of the Stratonovich’s SPDE:

0
aalt = xAu’ + ou(t,r) o dw(t, z)
u’(0,2) =1

The proof of the following existence uniqueness theorem is simple due to boundness

of the operator A € L2(Z9).

Theorem 1.0.1. Equation (1.4) has an unique solution in weighted Hilbert space
L2(Z9).

One can find detailed proof of this theorem in [1] and [2], but in the future we’ll
give the proof of more general result.

Now we’ll find representation of the solution of equation (1.4) in the Feynman?Kac
form. Due to the classical theory solution of the parabolic problem with time depen-
dent potential

ou(t, x)
ot

u(0,2) =1

1
= —Au(t,z) + V(t,z)u(t,z), t >0, z € R
2 (1.10)

can be found as the expectation of the exponential functional of the Brownian motion



b(t), t > 0 associated to Laplacian 1A

u(t7 m) = Exef(f V(t—s’b(s))ds

In the Lattice space case, instead of Brownian motion we must use the random walk
x(t) on Z? with continuous time and the generator sA. This random walk has the
rate of the jumps 2dsz. It spends the random time 7, in each site z € Z? with
exponential distribution

P{r, > s} =e 2" 5s>0.

At the moment 7, + 0 it jumps from x to one of the nearest neighbors 2/, |2/ —z| =1
with the probability %1' Transition probability p(t,z,y) = p(t,0,y — z) = P{z(t) =
y|lz(0) = 2} is the solution of the problem

Ip

E = %Aacpa p(O,ZE,y) = 51/(1‘)

Using Fourier transform we can present p(t,z,y) in the form (see any text book or

(1], 121)

1 ‘
plt,2,0) = p(t,0,2) = p(t,0, —) = e /d (S +ilka) gp.
T

T4 = [—7, 7% is the d-dimensional torus and

is Fourier symbol of the operator s»A.

The analysis of the transition probabilities p(¢,z,0) = p(t,0,z) = p(¢,0, —x), i.e.,
CLT, large deviation etc see |1] and [2]. In particular p(¢,0,0) ~ td%’ t — oo and
this fact means that random walk x(t) associated to »A is recurrent if d = 1,2 and

transient for d > 3, i.e., fooop(t, zr,x,)dt =oc0if d=1,2; fooo p(t,z,x,)dt < ooif d>
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3. We'll study the transition probabilities of the more general random walk in the

Chapter I. Finally we can formulate the following theorem

Theorem 1.0.2. Solution u'®(t,x) is given by the Feynman-Kac formula

W (t,2) = E, [e:rp{ /0 t dw(s,xt_s}} | (1.11)

uD(t, ) = uS(t, z)et/? (1.12)

Here x;_4 is a trajectory of the random walk x4 (in inverse time) and Stochastic
integral in the exponent has a trivial sense: if 0 < s1 < s9 < --- < s, < t are the
moments of the jumps for x5 and xs = x, , s € [0,51), Ts = Ty_1, S € [S1,52),  Ts =

x, S € [sy,t], then

/0 dw (s, Ti—s) = (Wsy — Wsy)(T0) + (Wey — Wy )(Ty1) + -+ - + (Wy, — We0)(x) (1.13)

The proof of this theorem is built upon the construction of Markov process: u(t -+

At,z) = Eylep{ [ dw(s, v ar-o) bult, 24)).
Equation (1.11) implies that the solution u(¢, x,w), being ergodic and homogeneous

on Z? for given t, has the all the moments as:

()" = ( [Brean [ auts. 5 n] )
< Buerplp [ duls. X,-0) (114

°t ’t
= Exexp{p?} = exp {%}

In special case k = 0, when x5 = zq = x, the estimation (1.14) is precise, because the

ordinary SDE du; = u; o dw; has solution u; = exp(w;). In this case,

() = eap {p{}
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Solution u'!) (¢, z) or u¥) (¢, z) are homogeneous in random field and their properties

can be expressed in term of the statistical moment, say ,
m{D(t, 7) = mz(,l)(t,:vl, Cee L Tp) = <u(1)(t,x1) uD(t, Tp)) -

Notation "()" means the averaging over the random potential, i.e., white noise
&(x), x € Z4 We call such non-random function of (¢, £) the annealed moments. It

and Stratonovich’s annealed moments are closely related:
mél)(t,f) = e_7mz()s)(t,f)
and we can study over m} (¢, #) and exclude upper index (I, Ito form).

It6 form is convenient because one can use powerful It6 formula for the It6 stochas-

tic integrals. Using this formula one can prove the following theorem(see [1]).

Theorem 1.0.3. For each inleger p > 1, each t > 0 and v = (zy,--- ,x,) € ZP¢ lel
us set

mD(t, 7) = mz(f)(t,:r:l, Cee L Tp) = <u(1)(t,x1) > ~u(1)(t,1:p)>.

Then these moments(Correlation functions) satisfy the following "p-particle”

parabolic equation

om

i<j

(1.15)
mp(0,z) = 1.



Equation (1.15) can be also written as

0
g;p = Hymy, H,=2(A; + -+ A,,) + V,(2)
(1.16)
Vp(z) = 25(%’ —z;), p>1; Vi(z) =0

1<j

and Hamiltonian H, is a classical "p-partial " Schridinger operator on the lattice ZP?

with the binary intersection 6(x — y).

Equation (1.16) can be studied in weighted Hilbert space L2(Z?), but now it is
more suitable for us to work in Hilbert space L?(Z?) where operator H, is self-joint and
has "nice" spectral properties. The spectral analysis of the "p-partial " Schrédinger
operator in L2(Z¢) or L2(R?) plays a critical role in modern mathematical physics.

In the future Ito’s formula will be used mostly and u(t, ), m,(t, x) means u) (¢, z),
mb (t, z).Proof of theorem (1.0.3) see [1] or [2].

The following result reduced the problem of the moments Lyapunov exponents to

the spectral theory.

Theorem 1.0.4. For any p > land the scale A(t) =t there exists

In{[u'D(t, 2)]?)

00 = lim (117)
and
71()[)(%) =maz{\: \ € Sp(H,)} (1.18)

Where Sp(H,) is a spectrum of the self-adjoint operator H,. Remark Sp(H,) is the
same for L2(Z%) and L*(Z%).

Let’s remark that 7,5”(%) > 0 because maz{\ : A € Sp(xA)} = maz{\ : X €
[—2d3,0]} =0 and V,(z) > 0.

Theorem (1.0.4) is a version of the Perron’s Theorem about the asymtotics of
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the positive semigroups, but in non-compact case. Abstract form and details of of

Perron’s Theorem see [3], more details see [4].

Corollary 1.0.5. For every p > 1

%gl)(%) =max{\: X € Sp(H,)} = sup (Hy,)
¥:f|y)|=1

(1.19)
= sup [ —» D (@Wa+h) =)+ Y V(X)) (x)
P|9p)|=1 |h|=1,z€ZPd xeZprd
Corollary (1.0.5) is classical alternative form for the upper boundary of the spec-
trum of the self-adjoint operator.
Because of » > 0, for given ¢ the expression in the big bracket of equation (1.19)

is linear non-increasing function of . So it can result in

Corollary 1.0.6. For every p > 1, the moments Lyapunov exponent 715,1)(%) s a

conver non-decreasing function of diffusivity »x > 0

Theorem 1.0.7. (Ito form)
1.7}1)(%) =0.
2.751)(%) 1s equal to the upper boundary of the spectrum of two-body Schrodinger

operator

H = 23\ + 6() (1.20)

which is a result of the removing of the center of mass for the operator
HQ = %(AII + AIQ) + (5(1'1 — 332).

2.0 If d = 1,2, then vo(>) > 0 and it is a unique positive solution of the equation

(2711')2 /Sd 2%(1321:) + v =1, o(k) = 22(1 — cos(kj)) (1.21)
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2.0 If d> 3 and

| i
* 2= o /S 20(k) (1.22)

then vo(s¢) = 0. If 2 < 5., then vo(3¢) > 0 and is a positive root of equation (1.19).

Corollary 1.0.8. In the low dimensions d = 1, 2 for arbitrary k > 0, the family
of the field u(t,x) (i.e., solution of equation (1.1)), which can be understood in both
senses(Ité’s or Stratonovich’s), has a property of full asymptomatic intermittency. In

other words, inequalities
() < =) <0 < =(3) < - - (1.23)

hold for all > > 0.

If d > 3, then inequalities (1.23) has a place only for s < s, = ﬁ g %&).

If ¢ > ., then fort — oo

my(t, r) = (u?(t,x)) — constant

my(t,x) = 1.
that’s, the family of distributions of u(t,z) is tight for t — oo.

The proof of the latter statement of corollary (1.23) is based on the Fourier analysis
of equation 1.20. Here we do not want to give the details about this calculation.

The most important property of solution u(¢,x) is its intermittency. The funda-
mental property of intermittency (i.e. very strong fluctuations) can be described in
the following form: w(t,z) of the equation (1.1) for fixed moment ¢ is ergodic and
homogeneous in space random field. This field is defined on the probability space

(2, Fin, Pn), in which m means medium or environment, and it can be identified

with w = w, (1) = {&(z, ),z € Z4}.
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Counsider the moments

my(t) = E [u*(t, z,w)] :/Q uF (t, 2, Wi ) Pon (dwyy,)

Because of homogeneity, the last integral is independent on x. In typical cases, say,
for the Gaussian N(0,1) r.v., there exists the Lyapunov exponents with appropriate

normalization L£(t),

= i 20me(2)

i yoo ﬁ(t) ’ ) “y

and

V2 V3
< S <<
N 5 3

[t means that the moments my(f) are growing progressively as the function of ¢,
t — 0o0:
ma(t) < m2(t) < mi(t) < ---
At the physical level the intermittency, which mathematically is an equivalent relation
11 < B <% <., means that the field has very high local maxima(peaks).
The following example illustrate the concept of the intermittency. Consider the

random field n.(x), x € Z¢ given by the Bernoulli representation. n.(x) are i.i.d. r.v.

for different € Z¢ and
1
P{na(x):O}:l_Ey P{ne(x)ZE}Zl—E-

Then
1

Eln()] = 1, Var(n.(a)) = (—) e Pt

This field contains very space high peaks separated by large area where 7n.(-) = 0.
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Note that E[nf(x)] ~ o=, k > 1, and

(B2 (@))? < (Bl2(@))'? < - < (B @)V <.

This introduction will be closed with a short summary of the contents of this dis-
sertation. Chapter 2 provides the detailed description of our model in non-stationary
environment and technical tools. Chapter 3 is devoted to proving the uniqueness and
existence of solution in the weighted Hilbert space and Feynman-Kac representation
of the solution. TLast chapter gives spectral analysis of basic Hamiltonian and the
study of the phase transition from the regular to the intermittent structure of the

solution.



CHAPTER 2: Description of the model and the technical tools

This section consists of two subsections. First one is to describe the technical tool
and limiting theorem that will be used in future, the second one will list out the

problems to be solve in this work.
2.1  Description of model and limiting theorem

Our model is the generalization of the model presented in the introduction or paper

[1], [2]- It has the following form

8u(t,1‘)_%u o z)u(t, x
5 = Lu(t, ) + &lw)u(t,7) (2.1)

u(0,7) =1, (t,x) € [0,00) x Z¢

Here

#(LY)(t,x) = 5 Y [tz + 2) — ¥(t,2)]a(2) (2.2)
2#0

is the generator of symmetric random walk z(¢),¢ > 0 with continuous time. The
rate of the jumps a(z), z € Z4 satisfies the regularity conditions:

1) symmetry (i.e., £ = L* in Z9):
a(z) = a(—=2); (2.3)

2) a(z) > 0 if |z] = 1 to avoid the periodicity;

3) normalization: the total intensity of jumps is s, it means that >, a(z) =
—a(0) = 1.

Like in the introduction we’ll call 2« > 0 the diffusion coefficient. The random walk

has the following structure. It spends in each site z € Z¢ the exponential distributed
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time 7, i.e., P(7, > t) = ¢ " and at the moment 7, + 0 it jumps from site x to site
x + z with probability a(z). We’ll discuss the following three different cases.

I) If a(z) < ce™?, ¢, > 0 (so-called Cramér’s condition), then we’ll say that the
random walk has light tails.

1) If
ciE .z

z

i’ = " (direction of z) € S™1(Z%), 0 < a <2 (2.4)

plus regularity conditions[11]| [12], then the tails are heavy. Such random walk is
related to the symmetric stable process in R

IIT) Moderate tails case: if

ciz) . =z
a(z) ~ prt Z—m, a> 2 (2.5)

in particular " |z]%a(z) < oo then the process z(t) satisfies the Central Limit The-
orem(CLT), i.e., it has asymptotic Gaussian distribution. The additional conditions
for this case see in [10].

Now let’s introduce the transition probabilities

p(t,z,y) = Pla(t) = y|z(0) = =} (2.6)
It is the solution of the parabolic problem

ot (2.7)

p(O,x,y) = 52;(‘7:) = 50<‘T - y)
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Derivation of equation (2.7) is based on the elementary observation

Pi(a(t + dt) = ylz(t) = 2)} = sa(e —y)dt if y # x

P{(z(t+dt) =z|x(t) =2)} =1 — »dt

(2.8)

We’ll use this relation many times in the future.

Using Fourier analysis (like in the introduction) one can derive the following for-

mula
p(tv xay) = p(tvya fL‘) = p(ta 07$ - y) = p(ta 07y - :E) = p(ta y— $)
) (2.9)
_ / e—tS(k)+i($—y,k)dk
(2m)® Jra
Here
S(k) =Y (1= cos(k, 2))a(z), k € T* = [~7, 71" (2.10)

2#0
is Fourier symbol of the operator L. It is not difficult to prove that

C

P(t,x,x) ~ W

Here « is the index of the stable law, a = 2 in II, III. Let’s give more details. If the
distribution of the jump {a(z), z € Z?} has the second moment o* = 3 __,|2[*a(z) <

00, then the random walk x(t) satisfies the CLT (Gaussian form), i.e.,

_(@=n)?
e 202t

o —y| = 0(V).

p(t,z,y) ~ W, |

In particular

p(t,z,x) ~ W,i.m a=2.

Of course, second moment is finite for the light tails and for moderate tails.

In the case of the heavy tails (under additional condition of the regularity of
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a(z), see details below) the distribution of p(¢,z,y) after appropriate normalization
asymptotically close to the symmetric stable law with parameter 0 < a < 2, in

particular

C
p(t,z,x) ~ e

Let’s remember that the Markov chain (random walk with the generator L) is

recurrent if and only if

/ p(t,w,:v)dt:/ p(t,0,0)dt = 0o
0 0

and the transient if

/ Pt 2, 2)dt — / p(£.0.0)dt < oo.
0 0

It shows that the random walk is recurrent in the case of the finite second moment (say
0® = 3.4 l21%a(2) < o0) in dimension d = 1, 2 and without additional conditions
for d > 3. If d = 2 then the random walk is recurrent if only if o = 2 (i.e., 0 < o)
and transient for o < 2. If d = 1 then it is recurrent for 1 < o < 2 and transient for
O<a<l.

In terms of the symbol S(k), k € T?, the process x(t) is recurrent if
/ dk ~
ra S(k)

dk

— < 00.

ra S(k)

Let’s give review of the limit theorems for the random walk x(¢) in three different

and transient if

cases: heavy, moderate and light tails[8] [11] [12]. In all cases, a(z) is symmetric, non-

negative for z # 0 and }___,a(z) = 1. Also second moment exists(___, |z|%a(z) <
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00) in light tails case and moderate tails case but does not exist (3, |2[*a(z) = 00)
in heavy tails case. Beside these, additional different stronger assumptions on a(z)
for each case can produce distinct results.

The limit theorem for p(t, z,y) of a symmetric random walk z(t) is closely related

to the behavior of Green Function

Gulz,y) =G0,z —y) = / e Mp(t,z,y)dt, pu>0. (2.11)
0

The light tails case was studies in [8]. Tt assumes that V(A € R%)

Z eMa(z) = Zcosh(/\, z)a(z) < oo
z#0 240
which is the strongest form of the so-called Cramér’s condition. Put
H(\) = Z a(z) (e()"z) —-1) = Z a(z)(cosh(A, z) — 1) < o0,

z#0 240

one can prove that the following equation

VH(\) = 7

has unique solution A,(%), which is a smooth function of z/t, for any x € Z%t > 1.

[8] obtains the following theorems.
Theorem 2.1.1. For every fited A > 0, as t — oo, the asymptotic equality

( 0 ) et H (A (@/8) = (s (2/1),2/1)] ( )
£.0,2) ~ 2.12
P (2nt)2/det B(\.(z/2))

hold uniformly in |x| < At, where || denotes the Euclidean norm of vectors, \.(z/t)
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is the unique root of the equation VH(\,) = Z = x/t, and

0?’H
8:172-8:1:]-

B(\) = (A) = HessH(\) (2.13)

is the covariance of the jump distribution a(z). If |z| = 6(t*/3) the we have standard

Gaussian approzimation with covaraince matriz B(0) :

_ (&,B71(0))
2t

p(t,0,z) ~

|27t|4/2 /det B(0)’

Let h, (%) = (A (@/s.), &) where s, is root of the p = H(\.(&/s)) for s . Then the

Green function has the following symptotics:

Theorem 2.1.2. For every fized 1 > 0, the Green function G,(0,x) has the following

asymptotic representalion as |x| — oo:

C e~ lelhu(@)

2072 /58 /At BO(i/5.))

GL(0,z) ~

where & = |i—| and Cy 1s a positive constant depending on the dimension of the lattice,
matriz B is defined in equation 2.13.
In the transient case for d > 3 and |x| — oo, for up = 0, the Green function still

exists and
Cq
(B=Y0)x, z)4/2-1

GO(O7 I) ~

One can find more details in [8].
The global limit theorem of random walk with moderate tails was established in
[10]. Beside the conditions listed before, a(z) has the following asymptotic expansion

at infinity

N .
1
Z’Z‘d-l—aj W)72—>0072<Oéo=04<041<---<0w (2.14)
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where 2 = =, ¢o(2) = co(—2), L =1is a > [a], ¢ =2if a = [a], co(2) > 0 and ¢;(2)

are sufficiently smooth. Tt implies that

a(k) = bi(k)[E|" + ay(k), b(k) € CM, ar(k) € CM, M = M(a) =d+ [o] + 1
o (2.15)

where b;(k)|k|% are the Fourier series of ‘chfi(fij. Based on these assumptions, [10]

gets the following results for random walk in lattice space.

Theorem 2.1.3. Let the conditions (2.3), (2.14) and (2.15) hold, then there are
constants A, € > 0, such that the solution of equation (2.7) the following asymptotic

behaviors as |z|* > At, t > 0,|z| — oo (here for simplicity B(0) = 1)

p(t,0,2) = |x|2+a [co(x')+0 ((H;)ﬂ +E(t,2) <1+0 <%>) (2.16)

where a and co(x) are defined in equation (2.14), and E(t,x) = We‘ 20 .

The first term of equation (2.16) dominates outside of logarithmic neighborhood

of paraboloid ¢t = |z|?, the second term is larger inside of this neighborhood.

Theorem 2.1.4. Let the conditions (2.3), (2.14) and (2.15) hold. Then the Green
function G, () has the following asymptotic behavior when 0 < pu < Ay < oo, u|z|* —

oo (where € defined in equation (2.16):

Gp(x) = W {CO@) 40 (m)} | (2.17)

In particular, of p > 0 s fized, then

_ 1
- ,u2|x|d+o¢

Gu(x) [co(#) + O(Jz| )] |z = o0

The proof can be found in [10].
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The global limit theorem of random walk with heavy tails was studied in
[11]. Some stronger assumptions on a(z) are introduced. It assumed that a(z) is
symmetric(a(z) = a(—z)), second moment doesn’t exist (D_, 4 |2[?a(z) = 00) and

a(z) has regular behavior at infinity:

ds
1 _
Z‘Z|d+a+j ’ ‘2d+a+1+<),|zl—>oo,a6 (0,2),a; € 8“1, (2.18)

where ¢ = 1 if a = 1 and ¢ = 0 otherwise, and ag(2) > ¢ > 0. Then the Fourier series

of a(z) has the such asymptotic behavior at zero :

a(k) = 1= b(k)[k|*" + f(k), k € T = [-7, 7], (2.19)

Jj=0

where b; € S?7! and function f € R? and

bo(k) = —r(—a)cos(%) /S ao(@)| (i, k)|*dS; > 0, (2.20)

where " is the gamma function. One can immediately get the next two properties of
a(k):
a(k) = a(—k); a(k) <1,k #0and k € T* = [, 7]*. (2.21)

These assumptions allow the random walk have very long jumps with a certain prob-

ability which can be found in the following global limit theorem [11]:
Theorem 2.1.5. Let equations (2.19)-(2.21)hold, then

1

p(t707x) = W

S (575) A +o(V), fo] +t — oo, (2.22)
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where
1

- = i(k,y)=bo (k) |kl 1.
S(y) ) /Rde >0

is the stable density S = Su.q,(y), which is function of a € (0,2).

If t‘fﬁ' — 00, |z| > 1, then the previous statement can be specified as

Qo T /o dto Qo T
p(.0,) = o7 <t|7|) (1+0(1)) = |x|<d+>j(1+o<1>).

The details is in [11].

Based on these results from [11] for the constant branching rate, the paper [12]
proves that intermittency exists in the random walk with heavy tails. More precisely,
the front of the population propagates exponentially fast but the number of the
particles inside of the front is distributed highly non-uniformly. The exact front will

be found in following theorem.

Theorem 2.1.6. Let equation (2.14) holds and

200 + d

T dard

Then the ratio Zggg is uniformly bounded in each ball |x| < BtY when t — oo, i.e,
1\
the number of the particles is non-intermittent there.

For each domain Qp(t) = {z : |z| > 779},0 > 0, then 2383 — 0o uniformly for
1\

x € Qy(t), i.e, the number of the particles is intermittent there.

2.2 The problems to be solved

Now we proceed to describe the potential &(x). &(z) is Gaussian white noise as

the function of (¢, x), i.e.,

&(x) = W(t,m) = %W(t,x) (2.23)
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More precisely, let W (¢, z) be the field of the correlated Wiener processes on [0, 00) x
Z4. This field is uniquely determined by expectation (W (¢,z)) = 0 and covari-
ance operator (W (s, z)W (t,y)) = min(s,y)B(x —y). Such field W (¢, x) is better to
be introduced as the linear transformation of independent standard Brownian mo-
tion b(t,z), for which (b(t,z)) = 0, (b*(t,z)) = t, (b(t,z)b(s,z)) = min(t,s) and
(b(t,z)b(s,y)) = 0if x #y. Namely W (t,z) = >, ,al(x — 2)b(t, 2) for appropriate
kernel ¢(x — z), then (W (t,x)) = 0 and

(W(t, )W (s,y)) = (> lx,z0)b(t,21) Y Lx, 22)b(s, 22))

21€Zd ZQEZd

= Y Uz, )y, 2)(b(t, 2)b(s, 2))

21=29=2€Z9

= min(s,t) Z lx —2)l(y — 2)

=min(s,t) > L(u)l(z—y—u) , ({(z)=L(~2))

=min(s,t)({ x £)(z —y).
Here * is the convolution operator. Let’s define correlation function B(z,y) as

tB(z,y) = (W(t,z)W (t,y)), obviously

B(0,x) = B(z) = Y _ Uz —y)l(y) (2.24)

yezd

Due to Bochner-Khinchin’s Theorem the correlation function of any stationary field

I(x), v € Z¢ with E(J(z)) =0, and E(J(z)d(y)) = B(x — y) has the representation

B(z) = /Td e B2 dp (k)

where T¢ = [—7, 71]? is the d-dimensional torus and du(k) is the positive measure on

T4. We call du(k) is the spectral measure of the field J(x). Let’s stress that in this
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Let’s return to the formula (2.24). Since ¢ € L2(Z%), the Fourier series ((k) =

2 0(z)e'®2) converges in L2(T?, dk), ie., Lim.d,(k) = 0(k) where 0,(k) =
r€Z

Z\x|<n ((x)e ),

Of course

Let’s note that equation

(2.25)

As result spectral measure of the Gaussian filed W (t,z), z € Z% equals du(k) =

tB(k)dk = t)0(k)| dk.



CHAPTER 3: Existence and uniqueness of solution u(t, x)

In this section we’ll prove the existence-uniqueness theorem for Stochastic Partial
Differential Equations(SPDEs) in the space L (there exists a unique solution u(t, z)
of equation(2.1)), give the Faynman-Kac representation of the solution, describe the
moment equations and study the transition Probability p(t,z,y). Let’s start with
showing the correlated Wiener process W (¢, x) is the element of Li(Zd) for appropri-

ate weight p.
3.1  White noise in weighted Hilbert space L?(Z¢)

As it mentioned in introduction, W (¢, z) is not a Wiener process in L?(Z?) because
> weza W3(t, z) = 0o almost surely in probability. But it is not difficult to show that
W (t,x) is a Wiener process on weighted Hilbert space Li(Zd). More precisely, let
L2(Z%), where p(z) is measurable positive function and )7 . pu(x) < oo, to be a

space of real function f(z): Z¢ — R for which

IF @I =Y £t z)ul@)

zeZ4

is finite. Of course W (t,-) = {W(t,z), * € Z} belongs to Hilbert space with norm

-7 if
Wt 2= Wt x)

zezd
The classical Kolmogorov criterion of continuity for random process {(t,w), t €
[0, T], which usually formulated for scalar (real value) process, is also applicable for
B —valued process in the following form: assume that 3 a,3,¢ > 0 such that for

V t1, to € [0,T] (Here B—Banach space with norm || - ||3)
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(llge (w) = € (@)IIg) < Cltr = 1™, P —as,

then B—valued process &(w), t € [0,7] is continuous in B (i.e., &(w), t € [0,7])
is the continuous trajectory in 8 P-a.s.). Even more this trajectory belongs to first

Holder class:

o
16 (@) = &u (@) [w < (W)t = tal”, B < min(=,1).

All future analysis will concentrate on the weighted Hilbert space LZ(Zd) :

Lz ={f: Ifll = ) Fx)u@)}.

IV A

We'll consider the finite measure u(x) with the condition

0 < p(x) 4 > 0. (3.1)

C
< 1+ |x|d+51’

We’ll use such estimation in cases of heavy and moderate tail, but in the case of
light tail (like in [1]) we can consider p(z) has exponential decreasing such that
p(x) = e~ for approximate n > 0.

Now we have the following theorem:

Theorem 3.1.1. Assume that

C
l(z) < 75 (3.2)
1+ |x| 2
C
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then the Gaussian filed

W(t,) =Y (,2)b(t,z) = > (- —2)b(t,z), Vt € [0,T]

is element in Li(Zd). And W (t,z) is a Wiener process on weighted Hilbert space
L2(Z%), of course &(x) defined in (2.23) is a "white noise” in L2 (Z?).

Proof. Here (and in the future) let’s also recall that

B(z) = Z lx —z)l Z (2), Var(u Z p(x).

z€Z4 z€Zd xezd

Obviously in L%(Z%), W(t, ) preserves the following properties:
(1) (W(t,z)) =0.
(2) W (t, x) has independent increments due to the independent increments of w(t, 2),
ie., fort,t+h e [0,T], W(t+ h,z) — W(t,x) is independent of W (¢, x).
(3) W(t,z) has Gaussian increments: W (t + h,x) — W (t,z) ~ N(0, hB(0)).

The series W (t,z) converges almost surely if Y _,q0*(x — z)) < oo by Kol-
mogorov’s three-series theorem. First let’s prove that W (¢, x) preserves the continuity

in time for fixed z by the following moments estimates:

(W(t+h,2) = W(t)) =h Y (x—=z)=hB(0)

(W(t+h,x) =W(t,2)") = (D tz —2))Ab(t, ))*)
:3264( h2+252x—2 2(x — 29)R?

z€Z4 21722

Now we want to prove the continuity of W (t,z) in L%(Z%). Let’s consider the
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increment AW (+) = {W (t1,z2) — W(ty,z), x* € Z%} has the norm

1AW = 1W (k1) = (W (2, )7 = D (Z Uz = 2)Ab(t, 2)) p()

xeZd \zezd

and

QAW = (D (Z l(x — 2)Ab(t, 2)> ()

xeZd \zezd

= 3 3 2 — ) (A%(t, 2))(x)

xeZd zeZ74d

+2) 0> Ua = ) l(x — 2)(Ab(E, 21) Ab(t, z2)) ()

xeZd z1#22

= |t1 — to| B(0)Var(p)

We can not use the Kolmogorov’s criterion since the degree of factor At = |t — o]

is only "1", but we need degree 1+ 6 > 1. Thus let’s calculated the forth moment:

2

(Wt ) = Wt = (| D wla) Y lx—z1)l(x — z2)Ab(t, z0)Ab(t, 20) | )

xezd 21,20€27
= > ule)u(zs) Y

x1,02€ 2% 21,22,23,24€ 2%

Uxy — 21)0(x1 — 29)0(1g — 23) (9 — 24) (Ab(t, 21) Ab(t, 22) Ab(t, 23) Ab(t, 24))

But the increments are independent for the different z and (Ab(¢, z)) = 0. It means

that (Ab(t, z1) Ab(t, z9) Ab(t, z5) Ab(t, z4)) is equal to "0" except in the following cases:
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(a) if 21 = 29 = u; = uy = 2z, then (A'h(z)) = 3(At)? = 3|t; — t5]? and

S len)nlas) 3 Clay — 2)C ey — 2)(A'(E,2))

T1,T2 z€Z4
2
=3t — * (Z ()0 (x — z)>
z xeZd

= 3’t1 — tQ\ZW(u X 62()) = Do(ég)‘tl — t2’2

Note that ¢%(-) € L', u(-) € L* = pu x 2(-) € L*.
(b) if 21 = 29,23 = Z4 , 21 7é 23, then <A2b(21)AQb(Z3)> = |t1 — t2|2 and

D)) Y Clay — 20 (g — 2) (A%B(E, 21) AB(t, 23))

T1,T2 z17#23
= [t1 — 752|2 Z aesyesy Z 52(% - 21)52@2 — 23)
x1,x9€24 21723
2
N ST (z wu))
z1,52€Z% ucZd

= [t — ta2*Var(u®) B*(0)

The same result can be obtained for last two cases :
(C) 21 = 23, 2122‘4,217&2’2
(d> 2 =24, o= 23, 21 F 2

Combing the above all case together can find
(W (t2, ) = (W(tr, )l < C(82)]tr — tof. (3.4)

It gives the continuity of function-valued process W (t,z), = € Z%, t € [0, T]in L2 (Z%)
under our conditions on p(z) and £(z).

Remark 1: In fact our result in the space L2(Z?) is similar to the 1 — D results,
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If w(t) is the standard Wiener process such that
(b(t)) = 0, (b(t1)b(t2)) = min(ty, ta), (|b(t1) — b(t2)[*) = [t — ta]

In fact

(Ib(t1) = b(t2)|") = 3[t1 — tof*.

Remark 2: Let’s consider more general Banach space

LZY = {f: Y 1f@)Pul) = || f]I” < oo},

rezd

one can prove that under our conditions on p(x) and ¢(z) the process W(t,-) =
> .cza (- — 2)b(t, z) belongs and continues in time t in L2 (Z?).
Evidently W(t,-) is a Wiener process in L%(Z%), and &(z) is a "white noise" by

its definition in (2.23). O
Now we have Q,, = L2(Z%) in our probability space {Qu, Fp, p}-
3.2 Estimation of the operator £ € L2(Z%)

Form spectral viewpoint, we can consider £ as self-joint operator in weight Hilbert

space L%(Z%) with dot product

(fr 9= f@)g(@)p)

xcZzd

where p(z) > 0 and ) 4 pu(z) < co. Let pu(z) = p(]x]) (even function) and be

monotone concave down function of x such that for xr =0,1,2,---,

=
=

(0)
1)

(1) p(n—1)

H= @ ="

<

[\

=
S



Then for £ > 0,

30

p(l) w2 p(n) p(n) = wk+1) plk+2) pu(k +n)
and
pO) _ p(0) p(n)  pktn—1)  p0)
p(n) = p(n) p(n+1) plk+n)  pln+k)

This leads to the following lemma:

Lemma 3.2.1. For any a # 0, we have

Gra) __ ope—a) w0
P @ ) M
Proof. Let’s note that
ple+a) _ p(z) p(l=l)

By relation shown in (3.6) for fixed |z|

p(lz)) p(lz]) p(lz])

max = = max

plla = z[)  pla] +z]) plla +z[)

(3.7)

(3.8)

(3.9)
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Now consider (3.9) for z =0, |z| =1, |2| =2,--- ,|2| =k :
1(0)
p(lal)
(Y () RS 16)
sl:=tp(la —z)) == pla+2))  p(lal +1)
B () M)

she p(ja—z])  she2p(lat2) (el +2)

pleh) ) plh)
e pla—2l) ~ ek allat 2 allal +R)

O

This lemma 3.2.1 can guide one to find the estimation of upper boundary for

Le L2(Z%:

Lemma 3.2.2.

ILlus Y alz)y [~ (3.10)

2:1z€Z4
Proof. Let’s observe that the normalization of a(z) indicates we can get ). _ 4 a(z) =

—a(0) =1, so

= fWal—y) =Y flz—2)a(2)

yezd VA
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Also in L2(Z?) where || f ||2= 3", 4 f*(x)p(z) < oo, shift function f(-+a) has such

norm

| f(-+a) = Zfo—ira Zfo—ira pljp(r+a)

xcZd xcZd (I T a)

S AC (Z)C” <L,

2€74
this is equivalent to
1(0)
fCO+a) <y —= I fll.-
| f(+a)ll, () (i
Obviously
1(0)
FLF N D fal2) 1 FC=2) u< ) aHme (3.11)
z€Z4 z€Z4
ie.,

12 s 3 ) A2,

= p(a)

One can also find the another better estimate of || £ ||* by follows :

(Z ) - (B
<M= \UW

yezd

Multiplying two sides by p(z) and dividing two sides by |f||” to obtain

5 a*(x —y)pu(r) = a*(2)ply +2) a?(z)p(0)
10 < 1(y) =2 1(y) <2 1(2) (3.12)

yezd 2€Z4 z€Z4
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Lemma 3.2.3. We call (3.12) as Lemma 3.2.3.

Finally we have to select p(x) in such a way that ||£||, < oo. Let’s note that for

the light tails where a(z) < e™?l one can put u(z) = e*l, then

L), < Y e2H <),

z€Zd

In the case of the moderate or heavy tails the weight u(x) has not exponential

order but power asymptotics. Put pu(z) = ﬁ, then
a*(z) < C|z|P o
w(z) = [zt T |p2di2a-5"
ie.,
2 C:
Ty < 2
ILL |Z’d+0é—§

The series Y, ,a %(z) convergences if § < 2a.
Lemma 3.2.3 is especially important in the case of the heavy tails of a(-), we want

to include in the theory case of the transient 1 — D and 2 — D random walk.
3.3  Existence and uniqueness of solution

Equation (2.1) is written formally. This equation can be considered either in usual
It6 form or in the popular physical literature Stratonovich form. We’ll use now Ito’s

approach where

n—1

/o u(s,z)dW(s,xz) = lim » u(kh,z)(W((k+ 1)h,z) — W(kh,z)).

h—0
k=0

Here n = ;] and we understand "lim" in L*—sense.

The proof of the existence theorem is based on the standard Picard method of
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successive approximations. We have
uo(t,z) =1

t t
uy(t,z) =1+ %/ Lug(s, z)ds —|—/ up(t, z)dW (s, z)
0 0

Now one can repeat the calculations of [1] using information on the boundness
of £ in L2(Z%) and the covariance operator B(:) . They will give the exponential

convergence of y,(+) to the limit
u(t, z) = 1+ (i (t, ) —uo(t, )+ (ua(t, ) —us (t, 2)) 4 - -+ (U (8, 2) —un(t, 7)) £+ - - .

Similarly under our conditions on £(3.10), x(3.3), ¢ (3.2) one can prove the
uniqueness of the solution. If ui(¢,x), us(t, z) are two solutions of our SPDE, then
uy(t,x) — ug(t,x) is also solution and wuy(t,z) — us(t,z) = 0. Then the standard

calculations (like in the finite-dimensional theory) give

El(uy(t, ) — us(t,7))?] = v(t,z) < C/O v(s,x)ds

and Gronwall lemma gives v(s,z) =0, i.e., uy(t, ) = us(t,2)(P — a.s.).
Theorem 3.3.1. We call this result (existence-uniqueness theorem)

Equation(2.1) is written formally. We have to understand it in the sense of Stochas-

tic Partial Differential Equations(SPDEs). In the classical theory of SPDEs, we use
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the integration in [t6’s form, like

etc.

However in the physical literature the white noise W, is necessarily understood
dynamically, as the sequence of the Gaussian process &.(t), with correlation function
B.(t), converges to dy(t) if ¢ — 0, see discussion in [1]). We’ll use below It6 form of

SPDEs, i.e., we can understand equation (2.1) as
t t
(D) u(t,z) =1 +/ wLu(s,x)ds +/ u(s, x)&s()ds, (3.13)
0 0
or alternately
t t
(D) u(t,z) =1 —i—/ wLu(s, x)ds —|—/ u(s, z)dW (s, ). (3.14)
0 0

where u(t,z) € L2(Z%) is F<; adapted. The solution of (2.1) can be also viewed as
stochastic partial differential equation(SPDE) in L?(Z%).

Thus (3.14) can be replaced by the Stratonovich’s form
¢ ¢
ud(t,x) =1 +/ wLu(s,x)ds +/ u(s,z) odWi(s,z), (3.15)
0 0

By the calssical theory, Itd’s form solution can rewritten as

u(t, ) =1 +/
0

where B(z) = > ,ql(x — y){(y) is convolution operator which associated to the

t

(%,Cu(s,x) + %B(O)) ds—i—/otu(s,x) odW(s,z)  (3.16)
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covariance of W (s, x). Note that

B(0) =Y *(z) < . (3.17)

rezd

Then (3.15) and (3.16) provide the evidence to exchange u'!)(¢,z) and u® (¢, z) by

uD(t,z) =e "2 u9(t,z). (3.18)

The following Theorem 3.3.2 gives the useful Feynman-Kac representation of u(t, z):

Theorem 3.3.2. Under the condition of the existence-uniqueness theorem solution

u(t,x) in Itd’s form has the Feynman-Kac type representation
U(t, l’) _ Ex[efot dW(t—s,x(s))ds—B(O)t/Z]' (319)

Here x(s), s > 0 is the random walk with the generator L and E,(-) is the expecta-

tion over the law of x(s),s > 0 for the fized random environment.

Proof. Consider more general expression: for s <t, z € Z%, u(t,t,r) =1,

U(t, S, ZE) = E;v[ef: dW(t_S’m(S))}

_ [ef:+h AW (t—s,2())+ 1., dW(tfs,x(s))]

= Bylel " WOy (s 4 bt a(s — D))

If ®(x(-),W(-,-)) is functionally dependent on the trajectory of the random walk
z(s), s € [0,t] and Wiener field W(s,z(s)), s € [0,¢] then we’ll use notations
E,®, P{® > a} for (E,®(-,")) = E,(®(-,")), (Px(® > a)) where () is the inte-
gration over the law of the field W(-,-).

From the independence of the increments of W(s,-) it is easy to prove from the
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<ef0t dW(t—s,a:(s))> _ <€Z?:1(W(t—Ti,mi)—W(t—Ti_1,mi_l)>

where 7, 7o, - - are the moments that the walk x(s), s € [0,¢] jumps. The last term

in the sum is W (t,z) — W(t — 7, z,,) where 0 < 73 < 75 < --- < 7, < t that

2
<€a fg dW(t—s,z(s))> _ 6%

ie.,

<e“(f5 dW(t—s,x(s))—%mt)> _ ew.

Then due to Cauchy inequality

< E, [efé dW(t—sw(s))—@D“ < (( o [eafg dwu_s,x(s))—@} ) i)“ _ et

Now we’ll prove the Feynman-Kac type representation of the solution u(t, ). Let’s

remember that we used above the Itd’s form of the SPDEs.

equation for the geometric Brownian motion has the form

(I) dxy = x4db(t), z(0) =1

and

(I) z(t) = ¢®~4/2 (Exponential martingale).

The Stratonowich form of the same equation is

(S) day = x4 0 db(2),

The simplest scalar
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has another solution

z(t) = W,

If we consider the family of shot correlated Gaussian stationary process & such that

El&] =0, B &) = 2B(B=2) — 6y(x) as € — 0, then

def = x{§dt = 2} = = elo &5ds — e”® (in the weak sense)
E—

These formal calculation explain why physicists not use It6 but use Stratonovich
SPDEs.

Now let’s start to prove that (3.19) is finite for ¢ > 0, i.e., F, [efot AW (s,25)=B(0)t/2
00. I Define Y, = elo (52 which has log-normal distribution, in more specific,

log(Y;) is normally distributed with mean 0 and variance f(f > eza CP(xs—2z)ds. Thus

Ea: [efgdW(S’Xs)} = zfo zezdg s—z)ds < 6% Zzezd€2(z)t < 00

because Y4 (*(2) < 00. So,
E, 6fotdW(s,:c5)—B(0)t/2} <E, [efOtdW(s,a:S)] < o0

Now we can prove that (3.19) indeed is the real solution.

u(t +h,x) = E, [efo dW (s,Xs)=B(0)h/2 . [it " dW (s,25)— (O)t/Q]

= Ez [efoh dW(S,xs)—B(O)h/QEwh [efot dW (s,zs)—B 0)t/2

J
(1 [[awtsi + ([ awis.a+ ) (B0 - O+ 502 ) uten)



Let’s remember that

Pla(t+h) =z|lz(t) =2} = e =1— 3h + 0(h?)

Plz(t +h) =z + z|z(t) = 2} = a(2)h + o(h?),

thus

u(t+h,z) = | (1 —sch)u(t,z) + Z a(z)hu(t,z + 2) | (1+&(x)h + o(h?))

2#0,2€ 24

= u(t, ) + §(w)hu(t, ) + b Y (u(t,z + 2) — u(t,z))a(2)

#0,2€24

= u(t,z) + &(x)hu(t, ) + haeLu(t, z)

Consequently
u(t + h, 12 —u(t,z) = &(x)ult, x) + »Lu(t, z)
AS h — 07
w = seLu(t,z) + &(2)ult, ).

Evidently (3.19) is indeed the solution to our model (2.1).

3.4 Moments equations

39

The purpose of this section is to prove existence and equations of the moments

of all order of w(t,z) which is solution of Itd’s equation (3.13). For positive in-

teger p > 1, t > 0, let o1, x5, x3,--- be fixed points in Z¢ and denote p'* mo-

ment by m,(t, 1,29, -+ ,xp), v = (21, - ,x,) such that m,(t,z1, 22, -, xp)
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(u(t, z1)u(t, z2) - - - u(t, z,)). By Feynman-Kac formula(3.19) we have

my(t, o1, Ta, -+ ) = (u(t, x1)u(t, z2) - - - ult, z,))
- <Ew1 [efot dWl(t_SwS))_B(O)t/Q] e Ea: [Gfg de(t—s,xs))—Bb(O)t/2]>

=(F [efot dWh (t—s,xs))+...+fg de(t—s,rS))_@]>

{Ilv"' 7IP}

—E, [<ef5 AW (t—5,20)) 44 f1 de(t,s,zsw -mgm

Here fot dWi(t —s,zs)) + -+ fot dW,(t — s,x5) is Gaussian process with mean 0

and covariance

<(/Otdwl(t—s,:cs))+...+/Otdwp(t—s, 5)>—t S Blai—1y).

1<i<j<p

And conditions (3.2) shows that the right side of above equation is finite for each
t > 0, thus my(t,z1, xa, - ,x,) < 00.

Now we can solve the equations of the moments by using [t6’s stochastic calculus
and the true that u(¢,z;),--- ,u(t,x,) are semimartigales. It’s clear that function

u(t,z1) - - - u(t, z,) is smooth function with p-variables, It6’s formula provides

u(t, ) - u(t, zp) = w(0,21) - - - u(0, x,)

+ %Z/ S, 1) - u(s, xim1) Loul(s, z;) - - - u(s, x,)ds

+ Z/ u(s, z1) -+ u(s, xp)dW (s, x;)
+ Z / W s xz s w])u(s Iz)“-u(,xj)ds.

1<i<j<p

Now we can derive the equations for my,(t, 21,29, - - - , z,) using the It6’s formula.
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Let f,(t,w) = u(t,z1) - u(t,z,). Then

dfy(t,w) = d(u(t, z1) - - - ult, p))
= d(u(t, z1))ult, z2) - - - u(t, z,) +u(t, ) - - u(t, xp—1)du(t, z,)

+ Z du(t, z;)du(t, z;)

1<J

But du(t,z;) = seLu(t, x;)dt + u(t, z;)dW (t, z;). Since dW (t,x;)dW (t,z;) = B(x; —

x;)dt, it gives the equation

d{u(t, ) - ult, zp)) = dmy(t,x, -+, xp)

P
= Z sely,my(t,xy, - -+ xp)dt +my(t,xy, -+ xp) By, - -+, ,)dl
i=1

Bp(xlv T 7xp) = ZB(*II - xj)

i<j

Finally,

dmy(t,xy, -+, x,) -
p Clhf p) _ . <Z Lomy(t, xy, - »xp)>+<z B(x; — xj)) my(t, x1,- -, Tp)

i=1 i<j
(3.20)
with the initial condittion m,(0,z,--- ,z,) = 1.
In more details, the equation for first moment mq(¢,z) = (u(t, x)) is
omy (t
It ) = »Lmy(t,x), (t,z) € [0,00) x Z°
ot (3.21)
mq(0,z) = 1.

By Feynman-Kac formula(3.19), my(t,z) = 1.
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For second moment my(t, z1,x2) = (u(t, z1)u(t, z2)), we have

Omo(t
M = %(£z1 + ng)mg(t, xz, y) + B(QT - y)mQ(t7 L1, x2>
t (3.22)

ma(0, 21, 9) = (u(0,21)u(0,29)) = 1.

And due to the fact for fixed ¢, u(t, z) is homogeneous in space, that is, mo(t, 1, x2) =

ma(t, z1 — x2) = ma(t, 1 — x2) = ma(t,v), thus preceding equation is equivalent to

amZ—M = 7—[2m2(t, U), 7‘[2 = 2%£U + B('U)
ot (3.23)

mg(O, U) =1
For general case p > 3, (3.20) can be rewritten as

om,,

ot

= Hymy, Hy = (Lo, +- L))+ Y Blai— ;). (3.24)
1<i<j<p

Here Hamilton H,, is classical "p-particle" Schrodinger operator on Z?. The spectral

analysis of H, on LZ(Zd) is critical in modern mathematical physics. One main

purpose of this work is to investigate this asymptotic behavior.
3.5 Transition probability p(¢, z,y)

Let us find out the transition probability p(t,z,y) = P(x(t) = y|z(0) = x) of
the random walk z(t) associated with 2s£. It is well known that p(¢,x,y) is the
fundamental solution of the following parabolic problem

dp
dt
p(0, 2, y) = dy(x)

= 2xLp,t >0 (3.25)

Applying the Fourier transform p(t, z,k) = > p(t,z,y)e™*¥ to both sides of equa-
yezd
tion group (3.25),then taking the inverse Fourier transform, we will get the solution
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to (3.25):

1
(27)

p(t,z,y) =

ISH

/ GQ%ﬁ(k)teik(x—y)dk’ LeTd= [_W,yr]d (3.26)
Td

where £(k) = 3 (cos(k,z) — 1)a(z) = a(k) — 1 is the Fourier symbol of the

2#0
operator £ and a(k) = 3., cos(k, z).

Thus

p(t,z,x) = p(t,0,0) = / ez”ﬁ(k)tdk, keT (3.27)
Td

(2m)

In the future we’ll study the phase transition with represent to s of the top eigen-
value for the Hamiltonian H = 2L + V(x), V(z) > 0, x € Z% In this situation it
is convenient to introduce the standard diffusivity s = %, i.e., 22¢p = 1. Let’s denote

in this case

1 ) b
polt,z,y) = 2n) /T ) LRI Tikle=y) g,

Then (for arbitrary »)

p<t7 z, y) - pO(Q%ta xz, y)
Due to CLT in the case of finite second moment 0% =" _ 4 |z[*a(2)

exp [_ H‘l{x;y,mfy}

t,x,y) ~
Polt,,) (2mt)4/2/detTl

if t — 00, | — y| = o(\/t). Here Il is the correlation matrix of the random walk z(t)

) A
=— __oL
Ok, 0k;

Due to our general assumption of the connectivity det(I) > 0. It means that for

in the case 29 = 1:

appropriate constant C* depending only on a(k) and all £ > 1 we have estimate

C
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The important and non-trivial questions on the estimation of C'* will be discussed

in the future. The following well known result is corollary of (3.28) .

Theorem 3.5.1. If 0 = Y _,.|z]%a(z) < oo, then random walk x(t) is transient
for d > 3 and recurrent for d =1, 2.

In the heavy tailed jump distribution under regqularity conditions (2.4) similarly for
t>1

po(t,x,x) :p()(ta():O) S Al 0<a<?2.

Corollary 3.5.2. Under regularity condition of a(z), the random walk x(t) is recur-
rent if d = 1 and o € (1,2), or d = 2 and o = 2. Otherwise it is transient (in

particular it always transient d > 3).



CHAPTER 4: Spectral analysis of the operator Hy = 2L + B(z) and the problem

of intermittency

This chapter is devoted to the spectral analysis of the operator Ho = 2:¢L + B(x)
and the problem of intermittency. The first moment of the field u(t, x) equals to 1
identically. The fluctuations of this field for ¢ — oo depends on the second moment
ma(t, 0,21 — x3) = ma(t,z). If this moment is bounded then the fluctuations are
moderate, this is the regular case. If my(t,2) tends to oo exponentially it is the
manifestation of intermittency. In this situation the main contribution to mas(:,-)
give the very high and very spare peaks, see details in |14].

To find out the asymptotic for my(-, -), it is important to know the top point of the
spectrum for the operator Hs, i.e., \g(Hz). Exponential growth of ms(+, -) corresponds
to the existence of positive top eigenvalue \o(Hz) > 0.

For the better orientation in this big chapter let’s start from the review of these
results: new effects in the spectral theory of non-local Schrédinger operator with
positively definite potential.

Let »2L)(x) = s ) ya((x+2) —1p(x))a(z) be the non-local Laplacian. It can be
also considered as the generator of the Markov Chain(random walk) z(¢). We know

that x(t) is transient iff

 Jra 1 —a(k)

[_/L_Oo
Sl —a(k)

In particular for d > 3 (with connectivity and non-periodicity conditions, it is

and recurrent iff

sufficiently to suppose that a(z) > 0 for |z| = 1, a(z) = a(—z)) any random walk is
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transient. If d = 1 it is transient under the following regularity condition: distribution
of z(t) belongs to the domain of attraction of the symmetric stable law with parameter
a<1.Ifd=2and Y _,.|z|%a(z) < co then random walk is recurrent. Again under
some regularity conditions z(t) belongs to the domain of attraction of the symmetric
stable law with parameter v < 2 and then x(¢) is transient.

The Schrodinger operator H = »L + V(x) with positive potential V' (x), particu-
larly for V(z) = d,,(x), has positive eigenvalue A\o(#) > 0 for arbitrary diffusivity s
iff 2(¢) is recurrent. For transient x(t) the situation is different (spectral bifurcation):
there exists s, > 0 such that for s < s, the positive eigenvalue A\o(H) > 0 exists,
while for sc > s, the discrete spectrum of H is empty.

The spectrum of L (as a closed set, the support of the spectral measure) equals
to [—ts,0] where — = mingcpala(k) — 1], the spectrum of H = »L + V(x) for
V(z) >0, V(z) = 0, |x| = oo contains two parts: Spess(H) = [—t¢,0] and Spy(H).
The discrete spectrum is at most countable with possible accumulation point 0. Of
course (in transient case) it can be empty.

What can be say about spectral measure of the selfjoint operator H = »L+V (x)?
Let’s start from Laplacian »£L. The Fourier representation of »L is simply operator
of multiplication on 3L = sc(a(k) — 1), a(k) = 3, cgaa(n)e’®™, k € T% in the
Hilbert space L*(T<,dk). It is known that for analytic function a(k) the spectral
measure of the operator of multiplication by (1 — a(k)) is absolutely continuous
(a.c.)(proposition 4.2.1). If a(k) is only infinitely differentiable (C'*°—class) then
spectral measure of £ can contain discrete component(corresponding example see
below ) (proposition 4.2.2)) .

However, if the function a(k), k € T belongs to class C?(T%) and has only finitely

many critical point K,,, m = 1,2,--- | N where Va(K,,) = 0 and Hessa(K,,) is
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non-degenerated (d x d) matrix:

02a(k) |
Ok, 0k, R T

det(Hess a(K,,)) = det ~N| #0

then again spectral measure is a.c., such function are called generic or Morse type
function.

Now we’ll present several results which will demonstrate effects of the positively
definite potential B(z) on the discrete spectrum of the Hamiltonian H = »L + B(x)
(or sL + V(x), general V(z), V(z) = 0, x — o0).

a) Transient case
c

If 3. czal2[?a(z) < oo and d > 3 then using CLT asymptotics po(t,z,z) ~ 775

and the general theorem form [10] one can prove the Cwikel-Lieb-Rozenblum type

estimate
A > 0} = No(V Z | \d/z
z€Z4
It means that for C(d,a) ), \ )|4/2 < 1, the inequality

2/d
> (C(d, i)y \V(@W?)

zeZ4

implies that No(V') =0, i.e., Sps(H) is empty.
If °, 44 |2[?a(2) = co but there are strong additional assumption that after nor-
malization distribution of z(t) converges to the stable law with parameter 0 < o < 2

ifd=2or0<a<1ifd=1 (see above and references [8] [9] [11] [12]), then

No(H) a) ) e |d/a

Pl A
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i.e., for

a/d
> (C(d, i)y |V(x)|d/a)

z€Z4

again there is no positive eigenvalue.
I£Y  jalzl?a(z) < cobut 3, 4|V (2)]%? = oo the situation is more complicated.

it can be explained bt the following theorems:

Theorem 4.0.1. Consider the lattice operator Af(t,z) = >, (f(z+2)— f(z))
zi|z—z|=1
2€Z%
and the Hamiltonian Hf = »Af + B(x)f. Assume that for multidimensional case

d >3, B(x) > 1ﬁ—0x|2, Cy is large enough constant. Then Y |B(z)|¥? = oo, then

Theorem 4.0.2. Consider again for L= A, d > 3, and the sparse potential

V(z)=> ob(x—z,)

where |x—x,| — 0o sufficiently fast, o.. corresponds to the one-point potential V() =

gd(x — xp). If 0 < 0o operator H = A+ 0d(x) has no positive eigenvalue.

See proof below.

b)Recurrent case

We already formulated the following result: if V(z) > 0 but V(x) is not identical
to 0, and the random walk is recurrent then \o(#) > 0 exists for any » > 0.

Now we consider the case when V(x) contains the negative part. Note that if
V(z) = B(x) is positively definite then Y _,. B(z) = (3_,cz0 E(:zc))2 > 0. We have
the following:

Conjecture: If z(t) is recurrent and B(z) is positively definite then A\o(H) > 0.

Now we have only particular results in this direction. Let’s present two of them.
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Theorem 4.0.3. Consider the spectral problem

Hi(z) = A0 + V(2)p = M(z),z € 2", V(x) e LNZ"), Y V(z)=5>0

z€Z1
then ¥ (3¢ > 0), 3(No(H)) > 0.

Proposition 4.0.4. Assume that bo(x) equals to 1 if t =0 and to —1 if v = 1, then

r
2, x=0
BO(:E) = —1, r+1 ) Z.'e'v Z BU(‘T) = 0.
reZd
0, |z| > 1
\

We state that the mazi eigenvalue \o(H) of H = A+BV (z) is positive and \o(H) ~ 3

if B 1.

See proof below.
4.1  Spectral proposition of non-local operator »L

Let’s recall that the lattice Laplacian »>A¢(z) = 5>, -, (¥(2) — ¢(z)) in

Fourier representation equals to the operator of multiplication by

The spectrum of »A (as a set) is

Range(sA) = [—4ds,0], —4d = min A(k). (4.1)

keTd

For the non-local Laplacian »£ and Hamiltonian H = »L + V(z) the following

theorem gives the description of the spectrum.

Theorem 4.1.1. Assume H = »L+V (x) where V(x) > 0 and V(z) — 0 as |x| — oo,
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then Sp(H) = Spess(H) U Spa(H) where Spess(H) = Spess(3L) = [a, 0] and

a =min »L(k) = min s Y a(z)(cos(k,z) —1) <0.

Spa(H) is most countable set of eigenvalues with possible accumulation point 0 or a.
The top eigenvalue N\g > 0 (if it exists) is simple and corresponding eigenfunction
Po(N) is strictly positive. If the random walk x(t), t > 0 on Z% is recurrent then
No(V)) > 0. If z(t) is transient and the potential is small enough in the appropriated
sense, No(V') = 0.

Let’s recall that x(t) is recurrent if [, #’“(k) = oo and transient if this integral is
finite. If d > 3 then x(t) is transient for arbitrary L (i.e., arbitrary distribution of
the jump a(-) ).

If d = 2 then the random walk is recurrent if o® = 37 _ . |2[%a(2) < oo. Tf
0% = oo then under minimal additional assumption the walk is transeint. In particular
it is transient if a(z) > Tapes 0 < a <2 For 1—D case and a(z) ~ e |z| = oo,
recurrent case corresponds condition a > 1 and transient to condition @ < 1. The

proof can be found in [8] [9].

Now Let’s illustrate theorem 4.1.1 by following example.

Ezample 4.1.2. If V(x) = 0dp(x), o > 0, let’s consider the spectral problem for

Hip(x) = 2(LyY)(x) + abo(2)i(x).

Assume that Hiy = A\t i.e., sL1)(x)+01(0) = Ag¥(x). Then Fourier transformation

results in

A

—2L (k) (k) + op(0) = Nh(k), k € T = [—7, 7] (4.2)
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where (k) = Aﬂg)@y L(k) =S a(2)(1 — cos(k, z)) or

$(0) _ (0) / dk

o (2m) Jra A + 2L(k)

If " |z|%a(z) < oo, then
L(k) ~ Cylk|?,as k — 0,

ie.,

 o(0) dk
Y0 = 5oy /T N A2+ ok (4.3)

and we have final equation for Ay = max Sp(H)

11 dk
o (2n) /T A sdk?(1+ o(kY) I):

I(M\)is bounded if A > 0 and d > 3 but unbounded if d = 1,2 (see figure (4.1)).

‘—Recurmnt case ‘ 5
4] ‘—Tmnsient case ‘
4
3 i
= =3
= =
4 ~
2 2
1 1
0 ! 0
0 1 2 3 4 5 0 1 2 3 4 5
A A

Figure 4.1: The graph of I()) in recurrent case (top) and in transient case (bottom).

If a(z) ~ ﬁ% where 0 <ar <2, 2= € S4=1and C(2) C C(T?) is positive and
continuous function. then

1—a(k) ~ C(k)|k|*. (4.4)

In the cases where d = 1 and o € (1,2) or d = 2 and a = 2, random walk is recurrent
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due to [, % = oo and Ny(V) = 1 for any s, 0, otherwise the random walk is

transient and No(V') = 0 for sufficient large s.

To prove theorem 4.1.1, consider the operator

(Ho)(x) = #(Ly)(2) + V(2)y(2), © € Z¢ (4.5)

acting in the Hilbert space L?(Z?). Here

(L) (x) = Y ((x +2) = (@))a(2), a(z) >0 (4.6)
In the Fourier space

P(k) = p(a)e®™, ke T! =[x 7" v()e L*(29, (4.7)

xcZd

we have §(k) € LA(T?, dk) and (L4) (k) = L(k)i(k), L(k) = 32, o(cos(k, z) —1)a().

But because of Fourier isomorphism, we have

A ~

Sp(sL) = Sp(xL) = Range(xL(k)) = [—i32,0] (4.8)

where —¢ = mingera[) | o(cos(kz) — 1)a(z)] and —i3e > —25¢.
Now consider the general potential V(z) such that V(z) > 0 and V(z) — 0 as

|z| = co. Now let’s present V(x) in the form
Vi) = V() + Vi (@)

where



53

‘/:;(2)@) _ V(z), if V(z) >0

0, if 0<V(zx)<é
Since \V;l)(%’ﬂ < and Sp(xA) = [—1,0], the spectrum of H) = %E—H/;;(l) belongs
to the interval [—.s, 8], i.e., resolvent of H) is analytic for ReA > 6. As result, H")
has no eigenvalue \; which is greater than ¢.

The operator
H=sL+V(z)=HD +V?

is the finite rank perturbation of H(. This rank R(6) = #{z : V(z) > §}. It means
that #H has at most R(0) eigenvalue \; > 6.

It shows that the spectrum of H in the region A > 0 is discrete with possible
accumulation point A\g =0 .

If the discrete positive spectrum is empty then the Dirichlet form
(H,v) <0,%(y € LX(Z9)). (4.9)
If this spectrum is non-empty then the top-eigenvalue is

A= max (Hy,¥) >0 4.10
o= max (Hes,) (4.10)
YeL?(Z%)

and in addition, )¢ is a simple eigenvalue and corresponding eigenfunction ¥y(x) is

strictly positive. In fact equation Hiyy = (5L +V (x))1)y can be presented in the form

wLapo + (V(x) — p)ho = (Ao — p)tbo. (4.11)

The operator »L + (V — p) = # is strictlt negatively defined and the Green
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function, i.e., kernel of

G = / emdt = _—H!
0

is strictly positive. Namely,

Glz,y) = /Ooo q(t,z,y)dt

where ¢(t, x,y) is the transition density of the sub-process which can be constructed
by the killing of the chain x(t) with generator »£L by the negative potential V' — p,

(Feynman-Kac formula), then

and as result

1 ~ ~
= e (G ) = (G, ).

Since é(x, y) > 0, we can apply the Perron-Frobenius theorem. It gives the simplicity

of i.e., A\g, and the positivity of 1.

1
H=Xo’

The variation principle gives that

Hs = Span{;(z) : (2L + V)ih; = Niyi; i > 6 > 0}

= Span{y;(z) € L*(Z%) : (Hip, ) = 6(h, )}

and dim(I3) = N(6) = #{\; > d > 0}. Now let’s explore the new effect from a(k) .
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4.2 Effect of a(k) on Sp(sL)

One of most important goal in this work is to study the effect of a(k) on the

random walk with non-local operator
»wLop(z) = %Z (z+ 2) — (@))a(z), p(x) € L*(Z9).
2#0
The Fourier transform of p(z) is
p(k) =Y e®o), ke T = [-m,x)".
zeZd
If p(x) € L?, then the series above converges in L?-sense and (Parseval’s identity)
(1, p2)( Z p1(x L/ b1(k)pa(k)dk
7 (2m)¢ Jra
zeZ4
Now the Fourier symbol of »Lp(z) is
(L) (x) = s(a(k) — )@(k), a(k) =) a(z)(cos(k, 2).
2#0

Obviously Sp(»xL) = Sp(»(a(k) — 1)¢(k)). The properties of a(k) can result in the

following important propositions.

Proposition 4.2.1. If a(k) is analytic, i.e., a(z) < e ", the law of jumping in
random walk a(z) decades exponentially, i.e., random walk has light-tailed jump dis-
tribution, then Sp(xL) is pure absolutely continuous and Sp(»xL) = [—i,0] where

—¢ = mingepala(k) — 1].

Proof. This fact is well-know but we present the sketch of the proof. Consider F/(\) =

mes{k € T?: a(k) < A}, i.e., the distribution function of a(k) in the probability space
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{T?, m(dk) = dk/(27)?}, then

FO +d\) — F(A) =m{k : A < a(k) < A+ d\}.

Assume that the surface a(k) = A has no singular points, i.e., Va(k) = {g—,fl, s g—lfd} #

0 if (k) = A, then

dsS(k
FA+d\) — F(\) = d)\/ &, (integral over the sur face measure)).
E:a(k)=X (Va(k)|

And for all A € R except the critical points where {Va(k) = 0, a(k) = A} the function
F(X) has bounded derivative, i.e., 4€ = p()\) is well defeined outside finite number of

critical points. The distribution of a(k), k € T¢ is absolutely continuous. O

But in the heavy-tailed jump case where a(z) is decreasing slowly, —sza(k) can be
constant on some intervals [13], then £(k) has infinite dimensional eigenspace, that

is, 2L has eigenvalues inside [—ts¢, 0].
Proposition 4.2.2. We call this effect as proposition 4.2.2.

We can prove this proposition by following particular example.

Ezxample 4.2.3. Supposed = 1, k € [—m, n] = T", there exists a(k) = Y 1 cos(kx)a(zx) €
C* such that a(k) is constant when k € (a, §)(see [21]). Obviously for k € [a, ] C

[0, 7], a(k) =1 —h, 1 — a(k) = h and for function (k) supported on («, )

In other words if a(k) is a constant on some intervals, then operator £(k) has infinite
dimensional eigenspace.
Function a(k) on figure 4.2 (a) is not smooth but we can improve situation if con-

sider the convolution a(k) * by(k), where by(k) is C* compactly supported on [—¢, €]
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and £ < 2220 (figure 4.2 (b))

}

(0 -T —f —f3 —«

L L

Figure 4.2: The graph of a(k), by(k) when d=1

Remark: In multidimension Z¢ where d > 2, a(ky, ko, - -+, ka) = 3, 4 a(x)cos(k, x) =
a(ky)a(ks) - - -a(ky), similarly £ also has positive eigenvalue if a(k) is constant on
some parallelepiped (product of intervals).

4.3 Discrete spectrum of #H, outside Sp(sL) in transient case

Let’s formulate one more time the basic results in the transient case. In the

transient situation [~ p(t,x,x)dt = [;° p(t,0,0)dt < oo and for the number Ny(V')

of positive eigenvalues for the general potential V' (z)(not necessarily B(x) which is

positively definite potential) there is the following general formula [15]:

No( Z V(x !/ p(t,0,0)d (4.12)

YA

- _ =0 [O0 te”?
where C(0) =e™ [~ - dx.

In the formula (3.28) the diffusivity s is present only implicitly in the transition

function p(t,z,y). It is convenient now introduce the standard s = 3,i.e., 259 = 1.
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Let’s denote corresponding transition probability

po(t,m,y) = poi{z(t) = y|z(0) = 2} = _ / @) =D +ia—yk) g
(2m)¢ Jpa

It is clear that
p(t,x,y) = po(25¢t, z,y); p(t,x,x) = po(23t,0,0).

Then generalized Cwikel-Lieb-Rozenblum (CLR) estimate [15] for V(x) > 0 can be

formulated differently:

No(V) = g 0 V@ (/

V(z)

1
B 2:¢C(0) XZ: Viz) </zm

zeZ4d V()

po(22t, 0, O)dt)
(4.13)

Po(s, 0, O)d:s)

If 3. 54 |Z]?a(2) < oo then due to CLT for appropriate constant C'y. (depending on
a(+) but not ) for s > 1

C
Po(s,0,0) < sd_;;’ s> 1. (4.14)

If V(z) = 0,  — oo(in our case V(x) = B(x) — 0 since B(x) € L*(Z%) ) then

for appropriate oy and all z € Z¢

If V(z) = B(z) and max,cz B(z) = B(0) one can take oo = 22 ie.,

23 7

2)]4/2
No(V) < m > |B(x)| / %ds =C ) % (4.15)

xcZ4 B(z) xcZ4

Let’s stress that constant C in the Bargmann estimate (4.15) depends only on di-
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mension d and the function a(k) (i.e., the distribution of jumps a(-) and B(0)).
This estimate (4.15) proves the existence of the phase transition: 3(s.,) such that
No(B) = 0 for 3 > 3, and No(B) > 1 for s < s,,.

We can formulate these results as following theorem:

Theorem 4.3.1. If d > 3, > _,4|2|%a(z) < 00, 3,4 |B(2)|%* < oo, then there
erists s such that No(B, ) = #{\; > 0 of the Hamiltonian Hy = 2xL + B} =

0 ifsx > 2. and No(B, ) > 1ifx < ..

Let’s stress that for d > 3 any random walk on Z¢ is transient independently on
the existence of the second moment. In low dimensions d = 1,2 the random walk
can be also transient but corresponding limiting distribution is necessarily stable and
symmetric. Stable limiting distribution with a < 2 exists also for d > 3 under some
technically restrictions [8][12] [16]. In this case the Bargmann type estimate has the

following form

B(z)|Y"

No(#,B)<Cy Y (4.16)

reZd

It gives

Theorem 4.3.2. If the random walk x(t) has the limiting stable law with param-

law

— Sta()) and

eter 0 < a <1 ford=1and0 < a <2 ford > 2 (ie., ;fl(/ti
> sezd |B(@)|Y* < oo then again I(s¢,. > 0) such that for small s < ».., No(>, B) >

1 and for s > ., there is no positive eigenvalues.

Theorem 4.3.1, 4.3.2 demonstrate the transition from the regular behavior of the
field u(t, z) to intermittent behavior if s goes through s.,.. see details in [16].

The spectral-bifurcation above is the transition from recurrent to transient walks.
To prove this fact we used the Central Limit Theorem for the stable laws (in dimension
d = 1,2). The limit theorem required the strong regularity assumptions on the tails

of z(t). In fact this is true for any jumps law a(z).
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Theorem 4.3.3. Assume that ford=1 ord =2,

1 dk X
(2m)d /Td 1 — 2sca(k) =00, a(k) = Z a(x)cos(k, )

zeZ4
z#0

then the operator H = 2xL + V(x), V(x) > 0 (V(x) is not identically 0) has the

posilive eigenvalues.

Proof. Due to variational principle it is sufficiently to prove theorem for the potential
V(z) = 004, () or Due to translation invariance for V' (z) = odo(z). Then (see [1] [8])

for A\g(x) we have equation

1 1 dk
o (2m) /Td A+ 2(1—a(k)) ) (4.17)

In the recurrent case I(A) T oo as A | 0 and equation has unique solution. O

What will happens if V(x) has negative part? This is the subject of the future
discussion.

Let’s formulate technical proposition and conjectures.

Proposition 4.3.4. For any a(k) and dimension d > 1 the M\g(H) > 0 exists for
small enough » if potential V (x) is positive at least in one points xo: V(zo) > 0. In
particular if V(z) = B(z) and B(0) = >, 5. *(z) > 0, then Xo(>L + B) > 0 for

small .

Proof. Assume that B(zg) > 0, let’s consider the test function ¢(x) = dp(x) then

(Hip, ) = 2(LY, ¢) + (B, ¥)) = =3¢+ V(o) > 0

for >z < B(0). It means that A\g(H) > 0 due to variational principle. The central

question is what we can say about discrete positive spectrum for small .
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We know that A\o(#) > 0 for any » > 0 if B(z) > 0 in dimension d = 1,2. But
B(x) is only positively definite function and it can be negative. We know that in the
transient case the positive eigenvalues are absent for large s, > .4 [2[%a(z) < oo

and Y, |B(2)|%* < 0o or in the case of the limiting stable law with parameter «

> sezd |B(@)|¥* < 0o (see Theorem 4.3.1, 4.3.2 ). O

What happens if Y, . |B(2)|¥? = 00 or 3, |B(2)|¥* = 0o ? The answer to
this question is not unique and depends on the structure of the correlation function

B(z), x € Z. There are two important special case concerning the transient case.

Theorem 4.3.5. If we have local lattice operator Af(t,z) = >, (f(x+2)—f(z))
zi|z—z|=1
z€Z74
and define Lf(t,v) = A f(t,v)+B(v)f(t,v). Assume that for multidimensional case

d >3, B(z) > 1+C|—°x‘2 and Cy is fized and large enough, and Y |B(z)|¥? = oo, then

Proof. Suppose that for x = (21,29, -+ ,x4) wWhere 2™ < x; < 2™ 0 < z; < 2™ for
1=2,3,---,d. The boundary of x;,i = 1,2,--- ,d makes the cube @,, whose volume

size is 2. And the potential B(z) has such lower bound

CO C() C’O OO

> > > > .
Tl |x2 T 142204 4 22m 4 4 22m T ] 4 (d 4 3)22 T (d + 3)2%m

B(x)

Then consider the following function for x = (21,9, -+ ,24) € Qp ,

Um (1, 2o, -+, xq) = sin(k(xy — 2™))sin(kxg) - - - sin(kxy)
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Assume 1), = 0 on boundary of @, (0Q,), i.e., sin(k2™) =0 and k = L.

am

w Ay, () = Ay, sin(k(x; — 2™)) sin(kxs) - - - sin(kzy)
+ 2 A, sin(k(xy — 2™)) sin(kxy) - - - sin(kxg) + - - -

+ 22A,, sin(k(x; — 2™) sin(kxg) - - - sin(kzq)

Since »Asin(ax) = 2s(cos(a) — 1)) sin(aur) for arbitrary «,

P2
Am = 2x(cos(k) — 1) ~ oo
Then
Co sem? Co

Lhp () > A0, +

@3y~ Eon ¥ gyl

Let the left hand side of preceding equation be positive, say Cy > 2s¢(d + 3)72,

then we will have

(Lm(2), hm) = 0,

and we have infinitely many such cubes @),, and compactly supported test functions
Um on @Q,,, which means there are infinitely many positive eigenvalues. It is equiva-
lently that if potential B(z) decreases quadratically, there exists infinity many positive

eigenvalues. O

For the very sparse potentials the situation can be apposite (there is no positive

eigenvalue). Consider the following spectral problem in L?(Z%), d > 3

Hip(x) = Ap(z) + V(z)(r) = M(z) (4.18)

where V(z) = > 07 0,0(z — x,,). Here o, — 0 very slowly and {z,,, n > 1} is a very

n=1

sparse sequence of the potential on Z9. Tt means that dis(x,, {m : m # n}) =1, — o
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very fast. without of generality, one can take, for d > 3,

1

— Wz, =(0,---,0,2",0,---,0), n> 1. 4.19
ln(1+n)’x ( ), m ( )

Op =

Let’s note that for any very large x > 0

Y Vi(x) = 0.

xezd

Proposition 4.3.6. Operator (4.18) has no positive eigenvalue.

Proof. We'll give the proof for particular case presented above, but it will be clear
that the result is very general.

Since V(z) > 0 and V(x) — 0 ther spectrum of H for A > 0 is discrete. Assume
that it is non-empty and Ag()\) is the maximum postitive eigenvalue with positive

eigenvalue with positive eigenfunction 1g(x), then Fourier transform for ¢y(x,,), n > 1

is
—AR)D(R) + Y amtiolwm)e ™ = Xjo (k)
m=1
i.e.,
0 ei(k,m)
¢0(k) = mzlffmwo( m>/\—f-A(k:)

and (for inverse Fourier transform)

o 1 e
ol = 32 enthlam)Glan en)s Gao0:9) = o [ 250
Finally,
o O-m¢0(xm)G)\o (Ina xm)
Yo(wn) = Y R T (4.20)

m:m#£n
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But for d > 3

C(d)

G 5 — —ot t) 9 dt < .
>\0(l' y) /0 € p( r y) — 1—|—|Q§'—y|d72

Let’s consider now the homogeneous system (4.20) in the Banach space L>(Z?) with

the norm

1F (@)oo = max | f(2)].

Let

O"mGAO (x’mxm)
1—07,G(0,20)’ m 7& n
Tmn =

0, m=n

be the matrix of (4.20). Assume that |z, — x| > |2" — 27| for m # n (like in

particular example above), then one can check that

||T||OO < max Z ‘Tm,n| < Cl(d) max oy,
" m:m#n m
and for sufficiently small max,, o, we'll get ||7]|oc < 1, i.e., system (4.20) has no

solution. ]

4.4 Discrete spectrum in the general recurrent case: the spectral conjecture

If process z(t) with generator »L is recurrent and V(z) > 0 and 3(zg) : V(xg) >
0 then \g(H2) = maxSp(Hz) > 0. Since B(z) € L*(Z%), ie., B(x) — 0 as
|z| — oo, the spectrum of H, outside Sp(L) is discrete with possible accumula-
tion 0 and maybe empty. Then the max; \;(Ha) = Ao(Hz) > 0 is the simple eigen-
value with positive eigenfunction ¢y(z) > 0. Due to variation principle \g(Hsz) =

Maxy,er2(z4)p)=1 (Haw, ¥) = (Hato, ¥o). One can estimate Ao(Hz) from below by the



65

eigenvalue of H = »L + V (x4)d,, () which satisfies the equation

1 1 dk
Vo(w) — (2r)d /T N a1 (4.21)

In the recurrent case I(\) — oo as A | 0 and equation (4.21) has unique solution.
Assume now that V(x) has negative values. We’ll discuss the conjecture: if the
potential V' (z) is positively definite (i.e., V(z) = B(x)) then A\o(H) > 0.

The following two resutls support this conjecture.

Theorem 4.4.1. Consider the spectral problem
Hy(x) = 3Np + V(2)p = M(x),z € Z', V() € LNZ'), ) V(z) =6 >0
zeZt
then ¥(5c > 0), 3(N\o(H)) > 0.

Proof. Let’s define the following even function 9 (x) = ¢;(—x)

.

1, ze€[-L, L]

diz) = L=z 2] € [L, L]

07 |.1'| 2 Ll

Here 0 < L < L, are two large parameters: L > 1, L; — L > 1.
Let’s calculate the Dirichlet quadratic functional (H1)y, 1) = se(Ay, 1) +(V (x)h1, ¢1).

Note that

(V@) n) = Y V(@) + Row, [Ronl < ) [V(@)|(Since [¢n] < 1),

z€[—L,L] |z|>L

For any 0 < 6; < 4, say 6; = 34, one can find large enough L such that (V ()¢, ¢;) >
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| U1 ()

[

—L—L L L,

1l
Figure 4.3: The graph of v (x)

01. But Ayy(z) =0ife # £L,x # £L,. And |Ay(L)] = |A¢vi(Ly)] = rl_L Finally

43¢ 1 43¢ 1 1
> — E V(z) = -0 > =0
if only for given s and L the second parameter L, is the large enough. O]

Remark: more accurate calculations show that A\g(H) > 0 under conditions
V(z) e LNZ"), Y cn V(z) =0>0, 3, |2]%a(z) < oo

Let’s remember that under condition ¢(z) € L*(Z1),

B(z)e L'(Z"), Y B(x)= <Z em) > 0.

xeZt reZl

Due to our conjecture for d = 1,2 and recurrent x(t) we still have \g(H) > 0, even if
> sez1 B(x) = 0. In 1—D case we can prove this conjecture only in several particular
cases, 2— D is still open. Let’s present the simplest example. It is convenient to study

the spectral problem in the form Hy = A+ 5By(z) where = %{ is coupling number.

Proposition 4.4.2. Assume that by(x) equals to 1 if x =0 and to —1 if x = 1, then
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2, x=0

Bo(x) =14 —1, =41 - i-e, »_ By(z) =0.

xeZd

0, |z| > 1

\

We state that the mazimal eigenvalue N\o(H) of H = A + SV (x) is positive and
(H) ~ B*if < 1.

Proof. We’ll construct eigenfunction ¢y(z) such that Ay + SBo(x)1hg = Ay in the

form

Yo(z) = o(—2),10(0) = h, Yo(z) = e PMI=Dif|z| > 1(see figure(4.4)).

Yy (x T
(z) ’s | B)

eM(I—l) h L

9 1 1 2

; ; f f L

9 T l 2
_ﬂ,,

Figure 4.4: The graph of ¢, (z) , B(z) with negative value for d = 1.

Put(see figure(4.4))

;

268, v =0

Blx)=q -8, a=+1 (4.22)

0,|z] > 1

then equation Ay + BB(x)y = \i)y gives
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a) for [z| > 1: e +e' =24 X = coshu=1+% or
A
coshpu —1 = 5 (4.23)

i.e., for any small p we have A\ = p® + o(u*)

b) for z = 0:
2
14+28h—2h=Ah = h= ————— 4.24
+20 Yy (4.24)
¢) for x = 1(the same for z = —1):
h+et—-2—-0=A=>h+e"=24+1+p (4.25)
It follows from (4.23) and (4.25) :
h=e"+ 0.
Then (4.24) gives
2 1
=el 4+ p.

2-28+A 1—(B—\/2)

ie.,

T+ (B=N2)+(B=N2)>+ - ="+
L=A/24+ (8= X/2)° =1+ pu+o(y?)

8%+ o(AB) = p+ o(1?)

Then p = %+ 0(B%), A= 24>+ o(p?) = 26* + o( ).

It is interesting that the same answer can be proven for \g(H) of the operator
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H = A+ pVi(z) where

¢

-2, =0

Vi) = =Bo(z) =41, 2 £1

0, |z| >1
\

Probably, at least in dimension d = 1 the positivity of Ao(H) correpsonds to all

potential with > _ . V(z) > 0. O
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