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ABSTRACT

YUNFEI XIA. Estimation and Simulation for Multivariate Tempered Stable
Distributions with Applications To Finance. (Under the direction of DR.
MICHAEL GRABCHAK)

In this thesis, we introduce a methodology for the simulation and parameter esti-
mation of multivariate tempered stable distributions. Using the fact that tempered
stable distributions can be specified indirectly by a Lévy measure, our approach is
based on an approximation due to a discretization of the Lévy measure. We derive this
discretization in general and give an explicit construction of the discretization in the
bivariate case. Also, our approximation results hold for a wide class of multivariate
infinitely divisible distributions.

Based on our main approximation, we develop a method for simulations, which we
call the discretization and simulation (DS) method. To demonstrate how well the
method works, we perform a series of simulations in the bivariate cases and compare
it with another approximate simulation method developed by Rosiriski’s. Further, we
use our discretization for parameter estimation by minimizing the distance between
the characteristic function of the multivariate tempered stable distribution and the
empirical characteristic function. We then apply our methodology to two bivariate
financial datasets related to exchange rates. The first is comprised of exchange rates
between standard currencies, while the second is based on exchange rates related to
cryptocurrencies. We also perform goodness-of-fit tests to show that the multivariate
tempered stable model does a good job fitting the model.

Further, we apply our model for the pricing of the bivariate basket option. Toward
this end, we provide theoretical results on the existence of equivalent martingale
measures. Then combining this with our model for parameter estimation and the DS
method for simulation, we develop a Monte Carlo based method for option pricing.

We apply it to the pricing of European call options with different strikes and the



pricing of the Multi-asset rainbow option.
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CHAPTER 1: INTRODUCTION

Tempered stable (TS) distributions form a large and flexible class of models and
they are popular in real-world applications and have been used in computer science,
see |1], 2], actuarial science [3], physics [4], dynamical system [5], biostatistics [6],
mathematical finance, see [7], [8], [9] and so on.

Especially in the finance area, TS distribution has an important role and this disser-
tation is motivated by this. Over the past decades, academic researchers and market
practitioners have developed and investigated many different models and techniques
for modeling financial returns. As early as 1900, Louis Bachelier proposed Brownian
motion to model financial return in his Ph.D thesis, and then Brownian motion is still
widely used and is the framework. The most famous model is Black-Scholes model
[10], which assumed that the asset price dynamics are driven by a Geometric Brow-
nian Motion (GBM). But Brownian motion is based on Normal distribution, and its
tails are too light and cannot fit financial data well. To improve this, stable distri-
butions were proposed, and they allow skewness and fat tails. Stable distributions
are widely applied in financial returns, and they could provide a good fit in financial
data, except on the extreme tails [11]. Hence, both normal and stable distributions
have limitations to model financial return, see [12|. To know the limitation of stable
distributions further, we give a brief introduction to them. Stable distribution be-
longs to infinitely divisible distributions. We give the definition of infinitely divisible

distributions as follows,

Definition 1. A probability measure u on R? is called infinitely divisible if for any

n there exists a probability measure p, such that if X ~ p and Yl("), e ,Yn(n) x 1



then

X%}/'l(n)+}/'2(")+...+y(”)_

n

The characteristic function of an infinitely divisible distribution p on R? can be writ-

ten in the form

where

P(z) = —%<Z,AZ> + (b, z) +/

R

d <ei<x’z>—1—i (r.2) )L(dx),

1+ |z]?

A is a d x d covariance matrix, b € R?, L is a Borel measure, called the Lévy measure
satisfying

L({0}) =0 and /le (1A [z|*) L(dz) < oo

The parameters (A, L,b) uniquely determine the distribution. According that, we

give the definition of stable distribution, as follow,

Definition 2. Let X;, X5, ... X, ~ w be d-dimensional random vectors. We say that

 is stable if for any n there are nonrandom constants a, > 0 and b, € R? such that

4a

an (X1 +Xo+ ...+ X, —by) = Xj.

~1/e for some o € (0, 2], and we say that u is a-stable. There

It turns out that a,, = n
is a fact that a distribution is Gaussian if and only if it is 2-stable. Let’s consider the

case d = 1. For o € (0,2) the Lévy measure of a stable distribution is of the form

Lo(dz) = c_|2| 7 "1 peodr + cpr™ ¥ psoda



3
for c_,cy > 0. Since f\$|>1 |z|?Lo(dx) = oo, all stable distributions with a € (0,2)
have an infinite variance. Their infinite variance and extreme heavy tails let stable
distributions be often unrealistic in practices, there may be real-world obstacles lim-
iting the size of random phenomena. This has led researchers to find new models
that are similar to stable distributions but with a lighter tail. T'S distributions were
first introduced in Tweedie (1984) [13]. Under d = 1, the Lévy measure of a TS

distribution is given by
L(dz) = c_|z| 1% 1N, odx + cpa™ %+ 1,0 0d.

This leads to the exponential decay of the distribution. So, TS distributions are
obtained by modifying the tails of infinite variance stable distributions to make them

lighter. And they have

/ [ L(dz) < oo,
|z|>1

thus, all moments of TS distributions with o € (0,2) are finite. Also, TS distribu-
tions are similar to stable distributions in some central regions. Based on these nice
properties, obviously, TS distributions are more realistic for financial markets.

In the applications in finance, we are interested in how to provide a reasonable
model of financial returns and focus on option pricing. Under univariate case, there
are lots work of TS distributions on financial derivative, see, e.g [14], [15], [16], [17],
[18], and so on. These literature show that TS tends to provide a good fit for financial
data. For multivariate cases, Rosinski provided a more general class of multivariate
TS distributions in [19] and set up a general theoretical framework for them. And
many theoretical properties can be found in [20], [21], and [22]. But there are almost
no applications to finance based on the multivariate T'S distributions, and the exist-
ing models related to normal TS distributions (NTS), see, [23], [24], [25], which are

different with generalized TS distributions. And they simulated TS subordinator of



4
NTS by Theorem 5.3 in [19], which is the only existing simulation methodology of
multivariate TS distributions, although it is approximate. To apply the generalized
TS distributions in the multi-asset option pricing problem, we introduce a method-
ology for simulation and parameter estimation of multivariate TS distributions, with
an emphasis on the bivariate case.

However, working with TS distributions is nontrivial in the univariate case, as
these distributions do not have a closed form for their probability density functions,
which must be evaluated numerically by inverting the characteristic function. See
e.g. |26] for a discussion of various numerical methods. The situation is even more
complicated in the multivariate case, where there is not even a closed form for the
characteristic function and where the model is only semiparametric as it relies on the
so-called spectral measure, and spectral measure is an infinite dimensional parameter.
We realized that little work is on the multivariate case in terms of computation and
data analysis, and this problem becomes one of the most important parts of this
dissertation.

This dissertation is organized as follows. In Chapter 2, we introduce the class
of multivariate TS distributions and give some properties of their mean, variance,
correlation, skewness, and kurtosis’s formula. Also, we state our main approximation
results. And we introduce a methodology to simulate the approximate multivariate
TS distributions by discretizing the spectral measure. This approach is inspired by
a similar discretization for multivariate stable distributions, which was derived in
[27]. That discretization was then used for simulation and parameter estimation of
stable distributions in [28|, [29], and [30]. Further, we give a construction of the
discretization in the bivariate case.

In Chapter 3, based on our main approximation, we develop a method for simula-
tions in the bivariate case and call it the discretization and simulation (DS) method.

To demonstrate how well the method works, we perform a series of simulations in the
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bivariate cases and compare it with another approximate simulation method called
Rosinskis method in [19].

In Chapter 4, we use the DS method to do parameter estimation by minimizing
the distance between the characteristic function of the multivariate tempered sta-
ble distribution and the empirical characteristic function. And we give a couple of
simulation examples to show the performance of the methodology. Further, we ap-
ply it to two bivariate financial datasets related to exchange rates and also perform
goodness-of-fit tests to show that the multivariate tempered stable model does a good
job fitting the model.

In Chapter 5, we consider another related problem which is how to find a suitable
risk-neutral measure in order to discuss option pricing based on arbitrage theory,
some related work in [31], [32]. We provide the theoretical result of the existence of
equivalent martingale measures. Then combing with the DS method, we apply them
to bivariate financial datasets to get the prices of European call options with different
strikes and the price of the Multi-asset rainbow option by performing a Monte Carlo
study.

In Chapter 6 we extend our theoretical results to a wide class of multivariate
infinitely divisible models. And the Chapter 7 gives the proofs of Chapter 6.

This dissertation is based on the published paper: Estimation and simulation
for multivariate tempered stable distributions published in the Journal of Statisti-
cal Computation and Simulation, 2022, Volume 92, no.3, page 451-475, [33], but with
more details and extend its application to finance, specific in option pricing.

we introduce some notation. We write R? to denote the space of d-dimensional
column vectors equipped with the usual inner product (-,-) and the usual norm | - |.
We write ST' = {s € R?: |s| = 1} to denote the unit sphere in R%.For a Borel set
H C R?, we write B(H) to denote the collection of Borel sets contained in H. If y is

a probability distribution on R?, we write X ~ u to denote that X is a d-dimensional
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random vector with distribution p. We write U(a, b) to denote a uniform distribution
on (a,b) and Exp(A) to denote an exponential distribution with rate \. We write C
to denote the set of complex numbers. For z € C we write Rz to denote its real part

and Sz to denote its imaginary part.



CHAPTER 2: MULTIVARIATE TEMPERED STABLE DISTRIBUTIONS

2.1  Introduction of multivariate tempered stable distributions

Let’s formally introduce multivariate tempered stable distributions first. Fix o €
(0,1), v € R, let b : S¥1 +— (0,00) be a Borel function, and let o be a finite Borel
measure on S, Consider a distribution ; on R? whose characteristic function is

given, for any z € R¢, by

oo —b(s)x
(z) = exp {i('y, z) +/ / (efs2® 1)6 T dxa(ds)} (2.1)
sd-1 Jo rTe

= exp {Z’(% 2) +F(—Oé)/S ((b(s) —i{s, 2)) —ba(S))U(dS)l :

d—1

where the equality follows by (3.38) in [22]. We call this a tempered stable (TS)
distribution and write = TS, (0,b,7). Here « is called the index of stability, o is
called the spectral measure, b(-) is called the exponent function, and ~ is called the
drift. This terminology is influenced by the corresponding terms in the context of
stable distributions, which correspond to the limiting case when b = 0, see [34]. Let’s

see the univariate case of TS distribution first.

Example 1. When d = 1, the unit sphere is S° = {—1,1}. Perhaps the simplest class
of TS distributions corresponds to the case where d =1, o({—1}) =0, and vy =0. In
this case, taking a = o({1}) > 0 and b = b(1) > 0, the characteristic function reduces

to

ae—bx

i(2) = exp [ /O (e 1) | e[ (b i)~ b)) (22)

for z € R. We refer to such distributions as simple tempered stable (STS) distributions
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and we write p = STS,(a,b). These distributions were first introduced in Tweedie

(1984) [13] and are sometimes called Tweedie distributions.

We now give several useful facts about T'S distributions. The distribution TS, (e, b, )

is infinitely divisible with Lévy measure

:/ / 1g(sz)z 7% *®2dza(ds), B e BRY). (2.3)
si-1 Jo

See [35] for an overview of the theory of infinitely divisible distributions. And they

have the following property.

Proprtion 1. If X ~ TS,(0,b,v) and Y = cX +d for some ¢ > 0 and d € R?, then
Y ~ TSy(c%a, ¢ b, ey + d).
Proof. Let’s begin with the characteristic function of Y,

E[ei(z, Y)] — E[ez<z cX+d)] E[ i{cz+d, X
=exp |i(y,cz +d) + / / e’ sl )it dta(ds)]
Sd—1
—ub(s)
=exp |i(cy+d, 2) / / ¢ fean) 1) e Tl du |es|® a(ds)]
gd—1

—ub(s)

= exp i(cv +d, z) +/ / (em 8 Du'"% ¢ duc” a(ds)] ,
i si-1 Jo

where the third line by change of variable, let u = t|cs|, then du = dt|cs|. By the last

line, we get Y ~ TS, (c%a, c71b(s), cy + d).
O

Next, if X ~ TS, (0,b,7) and inf,cga-1 b(s) > 0, then, by Corollary 25.8 in [35], all

moments of the distribution exist. Followed that, let’s i(z) = exp {C, (%)}, where

Cu(2) = i(v,2) +/ P(=a)((b(s) =i (s, 2))" = b"(s))a(ds),

Sd—l



and we call €, be cumulant generating function.

Since X ~ p and the cumulant determine the moments, we let ¢; represent the first
cumulant, which is E(Xj); ¢y represent the second cumulant, which is Var(X;); cs
represent the third cumulant, which is the third central moment of E[(X; — E(X}))?];
¢4 represent the fourth cumulant, which is E[(X; — E(X;))Y] — 3E*[(X; — E(X;))?]
and ¢;; represent the covariance between X; and Xj;, where ¢,j € {1,2,...,d}. By
3 and the kurtosis 12(X;) = C—;l. We then give the general

3/2
c
c, 2

[36], skewness 71 (X;) =

formula of them.
Proprtion 2. Let X ~ p, i,j € {1,2,...,d} then

o The expectation of X;

¢ =E[X;] =7, +T(1 - a) /S 5 (s)so(ds) (2.4)

o The variance of X;

co = Var[X;] =T'(2 — a)/ b*~%(s)s%0(ds). (2.5)

gd—1 J

o The third central moment of X;
cs =E[(X; —E(X;)* =T33 -a) / b2 (s)sio(ds) (2.6)
Sd—1
o The fourth cumulan of X;

cr = E[(X; - E(X;))"] - 3E*[(X; — E(X;))*]

~ T—-a) /S i (s)sho(ds) (2.7)
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e The Covariance between X; and X;

e = Cov(X;, X;) =T(2 - a)/ b*2(s)s;850(ds) (2.8)

Sd—1

o The skewness of X;

71(X;5) Cg%
R
o The kurtosis of X;
n(X) = 5
_ (; —a)(3—a) [eu b (s)s]jo(ds) 210

I'(2-a) [[ga1 b2(s)s20(ds)] ?

J

In principle, if there are parametric forms for o and b, then one could use the method
of cumulant matching to fit the parameters. Instead, we propose a methodology based
on a discretization of 0. We will give the detailed information in the following sections.

Let’s begin by recalling the following definition. We say that a Borel measure o
on S is full if there are d linearly independent vectors in its support. We now give

several statements that are equivalent to this.

Lemma 1. Let o be a finite Borel measure on S*' and, for B > 0, let ug =
geiéldf—l Joao1 [(s,6)|P0(ds). The following statements are equivalent:

1. o is full;

2. ug > 0 for every 8 > 0;

3. ug > 0 for some 3 > 0.

We now give our main approximation result.
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Theorem 1. Fiz a € (0,1) and let p = TS, (0,b,7). Assume that the function b has
an upper bound and that the set of its discontinuities has o measure 0. If o is full,
then p has a pdf p. Further, in this case, for any € > 0, there is a finite measure o*

with a finite support such that u* = TS, (0*,b,7) has a pdf p* satisfying

sup [p(z) — p*(z)] < e.
z€R4

This is a special case of a more general result, see Section 6. The theorem suggests
that, for practical purposes, one just needs to work with TS distributions where the
measure o has finite support. In this case, assuming that the support has k elements,

there exist a1, as,...,a; > 0 and s1, 59, ..., s, € S“! such that

k
o= a;,, (2.11)
j=1

where d,; is a point mass at s;. We now give a simple interpretation of the corre-

sponding TS distributions.

Theorem 2. Fiz o € (0,1) and let p = TS,(0,b,v), where o is as in (2.11). If
X1, X, ..., Xy, are independent random variables with X; ~ STS,(a;,b;), where b; =
b(s;), and

Y:’Y+X181+X252+...+Xk8k, (212)

then'Y ~ p.

Proof. To get Y’s characteristic function, let’s Xy, Xs..., X,, are independent random
variables following px,(2) = STS,(a;,b;), and s1, 83, ..., 5, € S9=1 Then, Y = v+

X151 + Xo89 + ... + X,;8,,, and its characteristic is

fiy () = E[e*Y9)] = Elea+ - (Xis:2)]
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—b1x

— ; = i(s1,2)x a1
= exp {z(v,z)—i—/o (e 1) Tra de +...
o) —bnx

i(sn,2)x 1 an€ d
byt

: 1(Sj,2)x aje ™
:exp[[z(%z>+2/ (eisizle _ 1) ;Ha dx]

j=1"0

0o —b(s)x
= ’ ils.)z _ 1) dro(d
exp [z<%z>+ L] ) e dro(ds)]

which is equalivent to equation (2.1) with the given o, as required. O

2.2  Discretization in the bivariate base

In practice, to use the result of Theorem 1, we need a systematic approach for
discretizing the spectral measure. In this section, we discuss such an approach in the
bivariate case where d = 2. In this case S!, the unit circle in R?, is isomorphic to the
interval [0, 2m) through the bijection 7 : [0, 27) — S* given by n(#) = (cos(f), sin(6)).
Further, every finite Borel measure o on S' is in one-to-one correspondence with a

finite Borel measure ¢’ on [0, 27). Specifically, for A € B([0,27)) and B € B(S)
0'(A) = o (n(4)) and o(B) =o' (7'(B)) ,

where n71(B) is the inverse image of B and n(A) is the image of A (or, equivalently,
the inverse image of the inverse function of 7). For any complex valued Borel function
f : S — C, which is integrable with respect to o the following change of variables

formula holds

f(s)o(ds) = / f(cos(0),sin(6))o’(d6), (2.13)
St [0,27)

Now, the characteristic function of u = TS,(c,b,7) can be written, for any z =
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(21,22) € R?, as

exp {i(y, 2y +I'(—a) /[02 ) ((b(0) — i(cos(0)z1 + sin(f)z))" — b%(0))o’(d0) | ,

where b,(0) = b(n(0)) = b(cos(0),sin(0)).
This leads to a simple approach for discretization. First, fix &k and divide the
interval [0, 27) into k subintervals as follows. Fix 0 = dy < d; < --- < dy = 2, let

61,602,...,0, € (0,27) be any numbers with d;_; < ; < d;, and let

a; = o'([dj-1,d;)) = o(n([dj-1,d;))).

It follows that

k

k
o) = Za]dgj and o), = Z a;0n(;) (2.14)

j=1 j=1

are discretization of ¢’ and o, respectively. In this dissertation, we take the subinter-
vals of [0, 27) to be evenly spaced and we take 6; to be the midpoint of the subinterval.
Thus, we take d; = 27j/k and 0; = (dj_1 +d;)/2 = (2j — 1)n/k. Of course, in prac-
tice, if o’ has point masses, then it would make sense to keep at least the ones with
larger weights. Then, after these have been extracted, one can discretize the rest

using the procedure described above.
2.3  Example
Now, we give two specific examples in this section to show the results in Section

2.1 and 2.2.

Proprtion 3. Let X = (X1, Xy) ~ TS,(0,b,7), where o'(ds) = f(0)df such that for

f(6) = %, 0 € 10,2m).
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This means that o' is a uniform distribution on [0,27). Under this case, we have the

means are
1 2w
E(X)) = m+ Q—F(l - a)/ b2~1(0) cos 0df
Q 0

1 27
E(Xy) = %+ 2—F(1 - 04)/ b2~1(6) sin(0)d,
T 0

the variance are

2

b272(s) cos® 6do

2

b22(6) sin? 0d0),

Var(X)) = (1—(1){‘(1—(1)%
1

— —

Var(X3) = (1—a)l'(1— oz)2

3

the covariance between X and X is,

1 2T
Cov(X1,Xs) = (1—a)I'(1— Q)E/ b2~2(6) sin 20d6.
0

Proof. Following Proprtion 2 and equation(2.13), we easy to get means, variances

and covariance of X. Let’s see the means first.

E(X1) = - £l(—a)a [T 071(0) cos(h)do

=7+ 5= D(1 =) [;7 b2 (8) cos(6)de,

where the last equation follows T'(—a) = — 2= To get E(X,) is similar.

«

Then, let’s show the variances as follow,

Var(X1) = /Slr(—ooa(a—nb:2(5)530(015)

2m 1
= / ['(—a)a(a — 1)b*2(s) cos® §—db
0 2m

1 2w
= (1—a)l(1- a)—/ b2~2(0) cos® Hd
2 Jo
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Similar with Var(X), for Var(Xs,), we have

Var(X,) = /S1 I'(—a)ala — 1)b*2(s)s30(ds)

27
_ / I(—a)ala — 1DH-2(0) sin? 6—do
0 2

1 2
= (1-a)l(1- a)—/ b2~2(6) sin® 0d6.
2 Jo

And then Cov(X7, X5) is

Cov(Xy,Xy) = /Sdl D(—a)a(a — 1)b27%(s)s1500(ds)

2 1
= / I'(—a)a(a — 1)b27%(#) cos 0 sin §—db
0 2T

1 2m
~ (l—a)l(1— a)—/ b2=2(6) sin 2040,
a7 J,
where the last equation follow I'(—«) = —@ and sin 20 = 2sin 6 cos 6. O

Under this case, when we discretize measure o, we get

aj = 0'([dj-1,dy)) =o' ([2n(j —1)/k, 27 /k))

2mj/k 2mj/k 1
- / F(6)do = / a0
2m(j—1)/k 2m(j—1)/k 2T

x| =

Next, let’s see the other case.

Proprtion 4. Let X = (X1, Xy) ~ TS, (0,b,7), where o'(d0) = f(0)dé such that for
some o*, 5* >0

F(6)= 56" 2m— ), 6 e(0,2m),

where C = B(a*, B*)(2m)* 7" =L and B(-,-) is the beta function. This means that o’

is a beta distribution on [0,2m). We denote this distribution by Beta(a*, 8*,27). In
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this case, the means are

o 27
E(X;) :,h+£g5g;/ b271(0) cos(0)0* 1 (2m — 6)7 1 db
0
. 27
E(Xy) = v¢+££%73?/ b>71(0) sin(0)0* 1 (27 — 6)% ~do,
0
the variances are
_ 27
Var(X;) = EQELQ/‘b?%@c%%QQWJQW—QWKWQ
0
. 2T
Var(X,) = y/ b272(0) sin?(0)0* ' (27 — 6)7 18,
0
and the covariance s
. 27
Cov(X,, X») “22—00‘) / b2=2(6) sin(20)0°" (27 — 0)7" L.
0

Proof. Again, following Proprtion 2 and equation (2.13), we get means, variances and

covariance of X. First, the means of X as follow,

2m ea*—l o — 6 B*—1
E(X)) = m —/ [(—a)ab? 1 (6) cos(6) ( 770 ) dé
0
I'(— o . .
= 7 — ( Ca)a/ b271(6) cos(0)0™ 1 (2m — )7 1dh
0
I'(1— o . .
= mn+ %/ b271(0) cos(0)6* 1 (2m — 6)P1d,
0
where the last equation follows I'(—«) = —F(loja). Similar to the E(X7), E(Xy) is

easy to get. Then, for the variances of X,

Var(X;) = /sl ['(—a)ala — 1)b*2(s)sio(ds)

21 a*—1(9 _ m\B*—1
- / [(—a)a(a — 1) 2(s) cos 99 (27TC' 6) dé
0
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_ I(zaafe—1) / T a2(0) cos(6)0°" (2 — )P 19

C

_ 2
— w / b*~H(B) cos?(0)0* 1 (2m — 0)7 ~1de.
0

Similar with Var(X}), for Var(X,),

Var(X,) = /Sl ['(—a)a(a — 1)b*2(s)s30(ds)

— /02“1“(—@)04(04 — 1B 2(s) sin? 69a*1<27rc_ 0)5*71%
= F<_Oé)(é(05 -1) /027r b‘:_Q(Q) Sin2(9>ea*_1(27r B 9)5*_1d9
2 -a)

27
- = / b2~2(6) sin?(9)0* ~1(2r — 0)7"1do.
C 0

Last, for the covariance of X; and Xs,

Cov(X1,Xy) = /Sd_l [(—a)a(a — 1)b*2(s)s1s20(ds)

N @' =1(or _ g8 -1
B /O P(—a)ala — 1)be2(0) cos(0) sin(6) (2C 0

_ L (_O‘>OC‘,(O‘ —b /0 " b=2(6) cos(0) sin(0)6° 1 (2 — )% ~1dg
['2—a)

2C

2
/ b*~2(6) sin(20)0* 1 (2m — 0)7 a6
0

as required. O

Under this case, when we discretize, similarly, we get

a; = 0'(2[d?;1,dj)) =o'([2n(j — 1)/k,2mj/k))
_ /Qﬂ:/l)/k £(0)d0 = F (%) _F (‘%) ,

where F is the cumulative distribution function (cdf) of the Beta distribution on [0, 1)

with shape parameters o and 5.



CHAPTER 3: SIMULATION METHODOLOGY

3.1  Simulation methodology of tempered stable variable

In this section, we discuss our methodology for simulation. When ¢ has finite
support, following Theorem 2, an exact simulation method is provided by (2.12). At
this time, we only need to have an efficiently method to simulate STS,(a;,b;). In
the literature, one approach is the algorithm on page 11 of [37] or a simple rejection
sampling algorithm, which is given in e.g. Algorithm 0 of [38]. Simple rejection
sampling algorithm is easy to achieve, however, the probability of rejecting on a given

. . . —as )b
iteration is e~ %1 (1—)b§/a

, which is not efficient when a; or b; is large. To deal with this,
a double rejection sampling approach was developed in [37], where the probability of
rejection is bounded away from 0 for all choices of the parameters. This algorithm was
further optimized in [39]. This optimized version is implemented in the retstable
method of the “copula” package for the statistical software R. In this dissertation, we
choose the double rejection sampling approach to simulate STS,(a;,b;) .

Now, we have known how to simulate STS,(a;,b;) efficiently, and then based on
(2.12), when o has a finite support, an exact simulation method is provided. When o
does not have a finite support, Theorem 1 implies that there exists a ¢* with a finite
support such that TS, (c,b,7) ~ TS,(c*,b,7). Thus, we can approximately simulate
TS (o,b,7) by using (2.12) to simulate TS, (c*,b,v). We refer to this methodology
as the discretization and simulation (DS) method.

The only other simulation approach that we have seen in the literature is an ap-
proximate method, which is based on truncating an infinite series representation.

This representation is given, for a more general class of models, in Theorem 5.1 of

[19]. Let’s see that how to apply this algorithm in our case. According to another
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definition in [19], the Levy measure could write as

M(B) = /Sd—l /000 1p(sx)q(x, s)z™ " dzo(ds), B e B(RY).

Comparing with equation (2.3), we get ¢(z,s) = e **)* and

4(x5) = / T e Q(duls), Q(duls) = Gy (du),

where {Q(.|s)},cqa-1 is a measure on (0,00). Following equation (2.4) in [19], we

defined @ be a Borel measure on R? given by

aB) = [ [ tatsQdsotas

— /Sdl /000 15 (5)0ys) (du)or(ds)
B /gd_l L(sb(s))o(ds),

where o(ds) = coy(ds), o1(ds) is a probability measure and ¢ > 0. Hence, we have

QB) = ¢ /S Ly (sb(s)) o (ds). (3.1)

Now, let {v;} be an independent sequences of independent and identically dis-

tributed (iid) random vectors in R? with the distribution of %, where |o| = |coy| =
o

co (ST 1) = ¢. By equation (3.1), we have

QB) ¢ foi 1p(sb(s))or(ds)

o] c

_ /S p(sb(s)on (ds). (3.2)

Further, |v;] = |b(s;)s;| = |b(s;)| and i A Sj o~ which is iid random

7
[05] o (S’

variable. Also, let {e;}, {e}}, {u;} be iiid sequence of random variables such that
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ej ~ Exp(1), € ~ Exp(1), u; ~ U(0,1) and let 75 = e} + ey + -+ +¢j. If X ~

TS (0,b,0), then

i = a7 e ey v,
X 4 min <_a) v | v
: o] il | vyl

7j=1
oo —1/a 1/a
_ - ay;j ity ,
= ;mm{<a(8d—1)) , \b(sj)|}sj' (3.3)

Truncating this infinite sum at some large value k gives an approximate simulation
technique. We refer to this methodology as Rosiniski’s method after the author of
[19]. Unlike the DS method, this method is never exact.

We now use simulation to compare the performance of the DS method and Rosiriski’s
method in the bivariate case. Our approach is as follows. First, we choose an integer
k. For the DS method, we use the approach described in Section 2.2 to discretize o
into o3, which has k elements in its support. From the corresponding TS distribution,
we simulate N observations. Using these, we estimate the means mq, my of both
components, the variances o, 05 of both components, and the covariance between
the components 015 by using the empirical means 7, T, empirical variances s?, s3,
and the empirical covariance s15. Also, followed by section 2.3, we can get the value
of my, ma, a%, a% and o19. We then calculate the absolute errors between theoretical

values and empirical values, which include mean, variance in each component, and

covariance. Further, we calculate the error in the approximation by

IS \/|m1 — Z1)? + |me — T2 + |02 — S22 + |02 — $3]2 + |01 — s12|%

We follow the same procedure for Rosiniski’s method, except that now, for simulations
we use the infinite sum in (3.3) truncated at k, i.e. we only take the first k£ terms in

that sum. We similarly calculate E} in this case.
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3.2  Simulation results

In this section, we use each method to generate a dataset of bivariate T'S variables
with NV = 10000. Then we compare Rosinski’s method with the DS method by the
absolute error between theoretical values and empirical values, which include mean,
variance in each component, and covariance. Also, we compare with their Ej. We are
interested in how large k£ will let errors converge and approach to 0. We set a = 0.6,
b(s) =1, v = 0, and ¢’ = Beta(a*, p*,2m) for several choices of a* and g*. The
formulas for the means, variances, and covariance are given in Section 2.3. In this
case, for Rosinski’s method, we can simulate the S;’s by taking S; = (cos(6;), sin(6;)),
where 6; ~ Beta(a*, 5*,27). We present results for four cases: o* = * =1, a* = 0.5
and f* =1, a* =2 and * = 2, and o = 2 and * = 5. We also considered other
choices for the parameters, but the results were similar. In all cases, the results of
k from 1 to 100 are plotted in each plot. And in all the figures, the first row gives
the absolute error of their mean, variance in the first component, and the covariance
between two components, and the second row gives their mean, variance in the second
component, and Fj. Then, let’s see these cases one by one.

The first case is under o* = * = 1, which corresponds to the uniform distribution.
In Figure 3.1, the performance of DS method and Rosinski’s method are similar
when we focus on the absolute error of mean and covariance, while, under the first
component, DS method has larger errors for small values of k. For the absolute error
of variances and E}j, DS method is better than Rosinski’s as DS method has a faster
speed of convergence. And both of these two methods’ amount of error is close to

zero at k = 100.
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Figure 3.1: The solid (black) line is the error in the DS method, while the dashed
(red) line is the error in Rosiniski method. The z-axis represents k, the number of
terms in the sum

For the second case, we consider is a* = 0.5 and 5* = 1. In Figure 3.2, the perfor-
mance of DS method is better than Rosinski’s under Fj; and both two components
of mean. Although their speed of convergence looks similar, Rosinski method has
less error for small values of k, but more for large values. However, when k& = 100,
the amount of error is quite small in the DS method and is quite a bit higher for
Rosinski’s method. For the absolute error of covariance, DS method is a little worse
than Rosiniski method at the beginning, and they are similar after £ = 30. And both

these two methods have the similar results of variances in each component.
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Figure 3.2: The solid (black) line is the error in the DS method, while the dashed
(red) line is the error in Rosiniski method. The z-axis represents k, the number of
terms in the sum

For the third case, we consider a* = 2 and f* = 2. From Figure 3.3, the plot
of Ej and the absolute error of mean which is in the first component are similar to
the second case, but DS method is a little worse in the second component at the
beginning. And then they have the similar performance until £ = 60, at which the
error is almost close to 0. The absolute error of covariance is similar to the mean in
the second component. And the absolute error of variances, DS method provides a
slightly faster speed of convergence than Rosinski’s and their other performances are

similar in each component.
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Figure 3.3: The solid (black) line is the error in the DS method, while the dashed
(red) line is the error in Rosiniski method. The z-axis represents k, the number of
terms in the sum

The last case is under o = 2 and * = 5. By the Figure 3.4, the performance of
DS is much better than Rosiriski method for the absolute error of mean in the second
component since the solid (black) line has a faster speed of convergence and less error
for large k. But the contrary performances are shown in the first component of the
absolute error of mean. While DS method has the similar trend as the second compo-
nent, Rosiniski method gives error is less than DS at the beginning, which has closed
to 0. Next, let’s see the absolute error of variance. In the second component, both
two methods have similar results. But in the first component, less error of Rosinski
method at the beginning and its speed of convergence is faster than DS. Further,
both two methods have the similar results for the absolute error of covariance except

for the beginning. Although we cannot distinguish which method’s performance is
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better by means, variances, and covariance, from Ej, we could get the same result as

before, which is that DS method has less error than Rosinski method for large k.
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Figure 3.4: The solid (black) line is the error in the DS method, while the dashed
(red) line is t he error in Rositiski method. The z-axis represents k, the number of
terms in the sum

Overall, we could get similar patterns of Ej for all parameter values. Rosinski’s
method has less error for small values of k, but more for large values. We can also
see that at £ = 100 the amount of error is fairly small in the DS method for all four
distributions, and is quite a bit higher for Rosinski’s method in all cases except when
af =1, 0% =1, i.e. the uniform case. Of course, Ej is a limited way of understanding

the error in the approximation, but it nevertheless gives a baseline for comparison.



CHAPTER 4: PARAMETER ESTIMATION AND DATA ANALYSIS

4.1  Methodology

In this section, we give the methodology to solve the parameter estimation problem.
Our approach is based on the method of characteristic functions similar to that de-
veloped for fitting multivariate stable distributions in [29]. Note that TS, (c,b,~) is a
semiparametric model since o is an infinite dimensional parameter. To deal with this,
we approximate o by a finitely supported measure o}, of the form (2.11). Here k is a
tuning parameter and the directions si, So, . . ., S5 are chosen from the unit sphere S?~!
or some relevant subset of it. For instance if all components of the data are known
to be nonnegative, say if we are directly modeling prices, then the direction would
be chosen to lie in the first quadrant. The remaining parameters a = (a1, as, . .., ax),
b= (by,ba,....bk), ¥ = (71,72, ---,7), and a need to be fit using the data. Thus
we must estimate 2k + d + 1 parameters. For simplicity, we sometimes denote the
(2k + d + 1)-dimensional vector of all of these parameters by 6.

Our approach to parameter estimation is to find the parameters that minimize
the distance between the characteristic function of the multivariate TS distribution
and the empirical characteristic function. Specifically, let x1,zs, ..., x, be a random

sample and note that each z; € R?. The empirical characteristic function is given by
- IR i(2,X;) IR 1 d
fp(z) = EZe il = EZCOS((Z,XJ'))—i—zﬁZs,'ln((z,Xj}), z € R
j=1 i=1 i=1

And then we need to find the real and imaginary parts of the multivariate TS distri-
bution’s characteristic function. From (2.1) and Lemma 13, we get another from of

this characteristic function.
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Proprtion 5. Let z € R?, X ~ TS, (0,b,7), and there 3 a finitely support measure
o* shuch that TS,(0,b,y) ~ TS,(c*, b,7), then by equation (2.11), we have 0 =

(v, b, a, v) and the multivariate TS distribution’s characteristic function becomes

fig(z) = exp {Aayb,a(z)} (cos (Ba,b,aﬁ(z)) + ¢sin (Ba7b7w(z))>,

where
- (s5;,2)
Aapalz Zaj<b + (55, 2)%)%2 cos (aarctan( Jb’ )) —bjo.‘)
j=1 J
and
- (s;2)
Babar(2) = Zaj b3 + (s, 2)%)* sin (a arctan ( jb; )> :

J=1

Proof. Based on (2.1), we have

= exp {l (v,2) +T'(=a) Zaj((bj — (85, 2))" — b?)}

j=1

~exp (z (7,2) + T(—a) Xk: a; <<b}‘7 + {s5,2)?)* cos (a arctan (<S]b—gz>))

j=1

b —i(b] + {s;,2)*)* sin (0‘ aretan (%))) )

— exp (F(—a) Z aj(b§ + (55, 2))2 (cos (a arctan (<32a Z>)) — b?‘)

J

J

— exp (F(—a) z; a; (b7 + (s;,2)%)2 (cos (a arctan (%)) - b?))




28

e [< )3+ ) i (oo (22) )]
(7,2 ga] (sj,2)%)% sin (aarctan(<52;z>)>]>,

where the third equation is followed Lemma 13. Then, we let

Aasal2) = F(_O‘)Zk:aj(b?+<8jyz>2)g(COS (cctan (£2:51)) —17)

J=1

[N]])

+7 sin

and

M\Q

k
Bapan(2) = (7, Z b2 +(s5,2)%) % s

Finally, we get

fig(2) = exp {Aa,b,a(z)} <COS (Ba,b@ﬁ(z)) + isin (meﬂﬁ(z))).

This completes the proof. O

Next we choose 21, 2o, . . ., Zm € R with m > 2k+4d+1 and estimate the parameters

by
argmin > lfte(ze) = fiolze)]?
=1
= argéﬂinz (IRie(2e) — R (z0)]” + [Sfie(ze) — Sie(z)?),  (4.1)
/=1

where [ig is the characteristic function of a TS distribution with parameter vector 6.

Example 2. When d = 1, the characteristic function of TS is in equation 2.2. Then
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by the propsition 5, we have

Aapa(z) = T(—a)a(®®+2%)% (cos (a arctan <g)> . b“),

and
Bapar(2) = vz —T(=a)a(b® + 2%)% sin (a arctan (%)) ,

Then, we could easily get from of characteristic function in propsition 5.

4.2 Data analysis for the bivariate case

We first give a small-scale simulation study for methodology in section 4.1. We
consider the case where o has k = 5 equally spaced direction, oo = 0.6, the a;’s are
(1,0.5,1,0.5,1), the b;’s are (1,2,1,2,1), and the drift v = (1,1). We simulated
100 datasets each comprised of 5000 observations. We use the relative error (RE) to
measure the accuracy and it is a ratio of absolute error and the expected value, where

is the following equation
lestimated — truel

RE =

true

The following tables give the means and standard deviations of the relative errors for

each parameter.

Table 4.1: The results of siumlation study.

Parameter ar Qs as ay as

Mean 0.1002 0.0832 0.1206 0.0977 0.1253
Standard Deviation | 0.0928 0.0765 0.0908 0.0829 0.1283
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Parameter by by b3 by bs

Mean 0.0642 0.0446 0.0608 0.0371 0.0590
Standard Deviation | 0.0623 0.0598 0.0473 0.0401 0.0459

Parameter o Y Y2

Mean 0.1270 0.1491 0.1319
Standard Deviation | 0.0864 0.1149 0.1141

In this table, the mean of RE for all parameters is less than 0.15, and their standard
deviation of RE is less than 0.13. We say this table performs good results for all
parameters, which means our methodology of parameter estimation works well. In
the following part, we give four examples of data analysis based on a bivariate case.
For the first three examples, we consider o to be discrete and set up the same true
values of all parameters and directions, then provide different choices of directions in
the unit circle when we simulate the fitted data. Our goal is to see the ability of our
model to capture the true directions and are interested in seeing their performances
when the directions chosen in the fitted data have a small angle and a large angle
different from the true directions. Under the bivariate case, as we mentioned in
Section 2.2, s = (cos(f),sin(#)) is a bijection function between s and 6. In these
examples, we consider the direction based on #. The last example is based on the
continuous o, our goal is to see the methodology’s performance of approximation by

discretizing the spectral measure.
4.2.1  Examples of data analysis with discrete sigma

This section includes three cases based on the same true model. We begin by
building the true model first. Let’s focus on the first quadrant on the unit sphere S!,

where 0 =dy < dy < --- < dp =w/2 and 0y,...,0; € (O,g) , and also consider the
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case where o has k = 8 equally spaced directions. we assume that o is of the form
mj m(2j — 1)
2k Ak

and the last direction to be the true directions to build the dataset, which is s; and

given in (2.14), hence d; = = and §; = . Next we choose the first direction
sg. Then we simulate X ~ TS,(b,0,v) with parameters « = 0.6, v = 0, b(s) = 2
and a;’s are (1,0,0,0,0,0,0,1). In each case, we use the same way to simulate the
training data and the testing data with sample size n = 5000.

The first case is using the same 6; as the true model when we do the parame-
ter estimation and generate the fitted data. The direction in fitted model denoted
by ¢, which is ¢, = 6;. The plot of training data and the testing data for the
first case plot are in Figure 4.1(a) and Figure 4.1(b) separately. Based on the true
model, we need to estimate 17 parameters, so we took m = 17 as the number of
z¢’s. Same as 0;, we chose these to be evenly spaced in the first quadrant. We
then fit the parameters using the training data by minimizing the objective function
given in (4.1). To perform the optimization we first used differential evolution [40],
which is a global optimization method based on randomly exploring the parameter
space by randomly modifying pairs of vectors, as implemented in the DEoptim func-
tion of the “DEoptim” R package, to get initial values. These were then plugged
into the optim function in R with the L-BFGS-B option. When we do the opti-
mization, we set up the lower bound for a; is 0, for b;, o are 0.1 , also set up the
upper bound for a;, b; are 5 and « is 0.95. After optimization, we get the ob-
jective function was 2.582 x 107%. The a = (1.041, 0.082,0.002,0.038, 0,0, 0, 1.098),
b= (2.117,2.457,1.971,2.507,1.989, 2.502, 1.967,2.085) and & = 0.567. Plots of the
estimate values of the a;’s are given in Figure 4.2(a). Comparing with the true value,
we find that estimated parameters are close to the true value and the distance also
approaches zero. Based on these estimated parameters and 0;-, we simulated the 5000
observations from the fitted model, and it is plotted in Figure 4.1(c). Let’s call it

fitted data.
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(a) (b) (c)

Figure 4.1: Plot of three different 2 dimensional data sets. (a) is training data, (b) is
testing data and (c) is fitted data. All of these three data sets have the sample size,
which is 5000. In figures, xlab represents the first component and ylab represents the
second component.

estimated sigma
06 08 10

04
I

02

0.0
I

Figure 4.2: Xlab represents the direction, since in the first quadrant of unit circle,
the direction is from 0 to 7/2 and ylab represents a.

We move to check the goodness-of-fit and try to show the fitted data have the
same distribution as the test data. Figure 4.3(a) and 4.3(b) are the plot of CDF of
testing data set vs fitted data in each component. And Figure 4.4(a) is the plot of join
CDF of testing and fitted data. All of these three figures show that the plot of CDF
between testing and fitted data is almost the same. Otherwise, Figure 4.3(c) and

4.3(d) are the Q-Q plots, which compare the quantiles of the testing and fitted data
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in each component. In these two plots, almost points are one the straight line y = x,
which indicates two empirical distributions coincide. Also, we performed Kolmogorov-
Smirnov (KS) test in each component of the testing and fitted data separately and
the hypothesis is Hy : Fitted data follow Testing data’s distribution and H, : Fitted
data doesn’t follow Testing data’s distribution. For the first component, we get test
statistic D = 0.0138 and p-value = 0.728 and for the second component the test
statistic D = 0.019 and p-value = 0.340. Both two components’ in the KS test fail
to reject null hypothesis at 10% level. Next, we tested both components together,
using the kernel consistent density equality test, which was introduced in [41] and
is implemented in the npdeneqtest function of the R package “np”. This test is,
essentially, based on using kernel density estimators to estimate a certain distance
between two multivariate densities and see if this estimated distance is significantly
different from zero. In this case, the test statistic is Tn = —8.812 and the p-value =
0.556. Thus, we have the same results as Kolmogorov-Smirnov test in each component

and conclude the fitted data have the same distribution as the test data.
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Figure 4.3: Figure(a) is CDF plots between fitted data and testing data in the first
component. Figure(b) is CDF plots in the second component. The red line represents
fitted data, and black line represents testing data. Figure(c) is a Q-Q plot of testing
data and fitted data in the first component and Figure(d) is in the second component.
In these two plots, xlab is quantiles of test data and ylab is quantiles of fitted data,
also red line is y = x.
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Join CDF of Test Data vs Fitted Data

F(xy)
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Figure 4.4: ylab is the value of F(x = t,y = t), xlab is the value of t. Red line
represents joint CDF of fitted data and black line represents joint CDF of testing
data.

Then, let’s move to the second case. In this case, we begin to simulate the train-
ing data and the testing data, which are plotted in Figure 4.5(a) and Figure 4.5(b)
separately. Different from the first case, we added a small angle on the original ¢,
when we did the optimization and set up the fitted model. Let’s define the small
angle is 3° or %, then 6 :9j+% = %—i—% and 07,...,0; € (0,%—1—%).
Same as Case 1, we need to estimate 17 parameters, so we took m = 17 as the
number of z’s. And we chose these based on ¢’ to get z,. Although the true model
and fitted model have different directions, and the difference is small, we hope that
the estimated parameters could be close to the true parameters and the small an-
gle will not influence the results too much. We then fit the parameters using the
same method. Also, when we did the optimization, we set up the same lower bound
and upper bound for a;, b; and a. After optimization, we get the objective func-

tion was 9.098 % 1075, The a = (1.073,0.135,0.000, 0.000, 0.000, 0.026, 0.069, 0.922) |,
b = (2.301,2.178,2.230, 1.820, 2.095, 2.457, 1.813,2.102) and & = 0.573. Plots of the
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estimate values of the a;’s is given in Figure 4.6(a). Comparing with the true value,
the estimated parameters are not influenced by the small angle, our model still can
capture the correct directions. Based on these estimated parameters and 0}, we sium-
lated the 5000 observations from the fitted model, and it is plotted in Figure 4.5(c).

And let’s call it fitted data.

uuuuuuuuuuuuuuuuuuuuuuuuuuuu

(a) (b) ()

Figure 4.5: Plot of three different 2 dimensional data sets. (a) is training data, (b) is
testing data and (c) is fitted data. All of these three data sets have the same sample
size, which is 5000. In figures, xlab represents the first component and ylab represents
the second component.
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Figure 4.6: Here xlab represents the direction, and the direction is from 0 to g + (;T_O

and ylab represents a.
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We then check the goodness of fit. Figure 4.8(a) and 4.8(b) are the plot of CDF
of testing data set vs fitted data in each component. And Figure 4.7(a) is the plot of
joint CDF of testing and fitted data. Figure 4.8(c) and 4.8(d) are the Q-Q plots, which
compare the quantiles of the testing and fitted data in each component separately.
Also, we performed KS test in each component of the testing and fitted data sepa-
rately. For the first component, we get test statistic D = 0.0134 and p-value = 0.744
and for the second component the test statistic D = 0.022 and p-value = 0.163. Next,
we tested both components together, using the kernel consistent density equality test
and the test statistic is Tn = 2.754 and the p-value = 0.111. Thus, we have the same
results as KS test in each component and conclude the fitted model has the same

distribution as the true model, and the small angle cannot influence the result.
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Figure 4.7: ylab is the value of F(x = t,y = t), xlab is the value of t. Red line
represents joint CDF of fitted data and black line represents joint CDF of testing
data
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CDF of Test Data vs Fitted Data CDF of Test Data vs Fitted Data
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Figure 4.8: Figure(a) is CDF plots between fitted data and testing data in the first
component. Figure(b) is CDF plots in the second component. The red line represents
fitted data, and black line represents testing data. Figure(c) is a Q-Q plot of testing
data and fitted data in the first component and Figure(d) is in the second component.
In these two plots, xlab is quantiles of test data and ylab is quantiles of fitted data,
also red line is y = x.

Next, let’s focus on the third case of discrete ¢. In this case, again we simulate the
training data and the testing data first, which are plotted in Figure 4.9(a) and Figure
4.9(a) separately. Then we considered to add a large angle on original §; when we did

the optimization and set up the fitted model. Let’s define the large angle is 11.25°
T T w2j—-1) =« T
16 then 0 = Hj—l—ﬁ = T+E and 0,...,0; € (0,5—1—1—6). Same as

last two casses, we took m = 17 as the number of z,’s and chose these based on 03 to

or

get zp. In this case, we interested in the fitted model performance when there existed
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a large different direction with the true model. We then fit the parameters using
the same method. Also, when we did the optimization, we set up the same lower
boundand upper bound for a;, b; and . After optimization, we get the objective
function was 1.108 * 107%. The a = (1.181,0.005, 0.024, 0, 0.013, 0.000, 0.109, 0.531) ,
b= (2.215,2.153,1.970, 1.841, 2.186, 1.596, 1.947,1.485) and & = 0.609. Plots of the
estimate values of the a;’s is given in Figure 4.10(a). From Figure 4.10(a), we find the
a are not as good as before and the large angle may influence the model to capture the
correct directions as accurate as before cases. Based on these estimated parameters
and 9;., we simulated the 5000 observations from the fitted model, and it is plotted

in Figure 4.9(c). Let’s call it fitted data.

oooooooooooooooooooooooo

(a) (b) (c)

Figure 4.9: Plot of three different 2 dimensional data set. (a) is training data, (b) is
testing data and (c) is fitted data. All of these three data sets have the sample size is
5000. In figures, xlab represents the first component and ylab represents the second
component.
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Figure 4.10: Xlab represents the direction, and the direction is from 0 to g + % and

ylab represents a.

We then check the goodness of fit. Figure 4.11(a) and 4.11(b) are the plot of CDF
of testing data set vs fitted data in each component separately. And Figure 4.12(a)
is the plot of joint CDF of testing and fitted data. Figure 4.11(c) and 4.11(d) are
the Q-Q plots, which compare the quantiles of the testing and fitted data in each
component separately. Also, we performed KS test in each component of the testing
and fitted data separately. For the first component, we get test statistic D = 0.0142
and p-value = 0.695 and for the second component the test statistic D = 0.035 and
p-value = 0.004, but the null hypothesis is rejected at 10% level. Next, we tested
both components together, using the kernel consistent density equality test and the
test statistic is Tn = 12.730 and the p-value < 2.22 x 10716, This also implies that
we reject to null hypothesis at 10% level. Thus we conclude that the fitted model has
different distribution than the true model, and the large angle influences our model

to capture the correct directions.
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CDF of Test Data vs Fitted Data CDF of Test Data vs Fitted Data
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Figure 4.11: Figure(a) and Figure(b) are CDF plots between fitted data and testing
data in the first component and the second component separately. The red line
represents fitted data, and black line represents testing data. Figure(c) is a Q-Q plot
of testing data and fitted data in the first component and Figure(d) is in the second
component. In these two plots, xlab is quantiles of test data and ylab is quantiles of
fitted data, also red line is y = x.
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Figure 4.12: ylab is the value of F(z = t,y = t), xlab is the value of t. Red line
represents joint CDF of fitted data and black line represents joint CDF of testing
data

4.2.2  Examples of data analysis with continuous sigma

In this section, we let X = (X1, Xs) ~ T'S,(0,b,7), where o'(df) = f(6)df, such
that for some o*, 5* > 0

£(0) = %ea*—lm _0)7 1 geo,2m),

where C' = B(a*, 8*)(2m)* =1 and B(-,-) is the beta function. Then ¢’ is a beta
distribution on [0, 27). Here, we chose o* = 3* = 2 and then denote this distribution
by Beta(2,2,2m). In this case, we assume all directions are on the unit sphere S,
so the o is of the form given in (2.14) and the 6;’s are as described just after that
equation. Since o’ follows a continuous distribution, we need to choose a large value
of k£ to make sure all characteristics in this distribution could be captured. Hence, we
set k = 70, which means we discretized o into 70 pieces evenly on S'. Next, we must

fit 143 parameters, so took m = 143 as the number of z,’s and chose them to be evenly
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spaced on S!. To build the true model, all directions are considered in the model,
where true directions are si, Sg,...,S70. Them we simulate X ~ TS,(b,0,v) with
parameter a = 0.6, b(s) = 1, v = (2,2) and ¢’ ~ Beta(2,2,27). Similar as before, we
simulate the train dataset with and both of their sample size are 5000. One is train
dataset in Figure 4.13(a) and the other is testing dataset.in Figure 4.13(b). We then
fit the parameters using the same method. Also, when we did the optimization, we
set up the lower bounder for a; is 0, for b;, a are 0.1 , also set up the upper bound
for a;, b; are 5 and « is 0.95. After optimization, we get the objective function was
8.643 x 1073, The & = 0.654, drift was 4 = (2.142,2.115), the 70 d,’s were all in the
interval (0.001,0.040) and the 70 b;’s were all in the interval (0.127,2.100). Plots of
the estimated values for the a@;’s and of the cumulative values for the estimated o
are given in Figure 4.14(a) and 4.14(b). From these two plots, the performance of
them is not perfect since there exists obviously difference in some directions, while
the differences are accepted. Then we simulated the 5000 observations from the fitted

model, and it is plotted in Figure 4.13(c). Let’s call it fitted data.

(a) (b) ()

Figure 4.13: Plot of three different 2 dimensional data sets. (a) is training data, (b)
is testing data and (c) is fitted data. All of these three data sets have the sample
size is 5000. In figures, xlab represents the first component and ylab represents the
second component.
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Figure 4.14: Plots of the estimated a;’s is given in (a). A plot of the cumulative
function of the estimated spectral measure is given in (b). The z-axis in all plots
represents the direction from 0 to 2.

Further, we check the goodness of fit. Figure 4.15(a) and 4.15(b) are the plot of
CDF of testing data set vs fitted data in each component separately. And Figure
4.16 is the plot of joint CDF of testing and fitted data. Figure 4.15(c) and 4.15(d)
are the Q-Q plots, which compare the quantiles of the testing and fitted data in each
component separately. Also, we performed KS test in each component of the testing
and fitted data separately. For the first component, we get test statistic D = 0.023
and p-value = 0.156 and for the second component the test statistic D = 0.019 and p-
value = 0.315. Next, we tested both components together, using the kernel consistent
density equality test and the test statistic is Tn = —24.931 and the p-value = 0.273.
All tests imply that we fail to reject the null hypothesis at 10% level. Thus, we
conclude that the fitted model has the same distribution as the true model and our

methodology has good performance in both discrete o and continuous o.
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Figure 4.15: In Figure(a) and Figure(b), red line represents CDF of fitted data, and
black line represents CDF of test data. Figure(c) and (d) are Q-Q plots of test data
set and fitted data in each component. In these two plots, xlab is quantiles of test
data and ylab is quantiles of fitted data, also red line is y = .
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Figure 4.16: ylab is the value of F(z = t,y = t), xlab is the value of t. Red line
represents joint CDF of fitted data and black line represents joint CDF of test data.

4.2.3  Real data analysis for the bivariate case

In this section, we apply our methodology to the modeling of two real-world bivari-
ate financial datasets related to exchange rates. The first is comprised of the exchange
rates between the US Dollar (USD) and two standard currencies: the Canadian Dollar
(CAD) and the Euro (EUR). The second is comprised of the exchange rates between
USD and two common cryptocurrencies: Bitcoin (BTC) and Ethereum (ETH). All
of the data was downloaded from Yahoo Finance, http://finance.yahoo.com.

We begin by jointly modeling the exchange rates CAD/USD and EUR/USD. Our
data consists of the daily closing prices for the period from January 23, 2009 to
January 23, 2020 for each exchange rate. The prices are converted to log returns and,
to model dependence within each time series, an ARMA(1,1)-GARCH(1,1) filter is
applied to the log returns for each exchange rate separately. This is implemented
using the R package “rugarch”. The standardized residuals are then considered as
ordered pairs with the first component corresponding to CAD/USD and the second

to EUR/USD for the same day, and their time series plot of standard residuals for
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daily are shown in Figure 4.17. In total, the data consists of 2863 ordered pairs.
This data was randomly split into a training data set consisting of 1432 observations
and a testing dataset consisting of 1431 observations, which is shown in Figure 4.18.
Figure 4.19 gives normal Q-Q plots for each component based on the testing data.
We also performed an adjusted Jarque-Bera test for normality (using the function
ajb.norm.test in the R package “normtest”) on each component of the testing data.
In both cases, the p-value was less than 107°. Clearly, the normal distribution is not
reasonable for either component. Instead, we follow our methodology for fitting a

bivariate TS distribution to the training data.

EUR/USD 09/1/23-20/1/23 CAD/USD 09/1/23-20/1/23

(a) (b)

Figure 4.17: Both of these plots have the same sample size 2863. The left is time
serise plot of CAD/USD standard residuals for daily. The right is time serise plot of
EUR/USD standard residuals for daily. In these two figures, xlab represents the time
and ylab represents the standard residuals.
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Normal Q-Q Plot Normal Q-Q Plot

Test Data's Quanties

Figure 4.19:

Normal Q-Q plots for the testing data. The plot in a) is for the first

component (CAD/USD) and the plot in b) is for the second component (EUR/USD).
The diagonal (red) line is the line passing through the first and third quartiles.

Standard Resdiual of CAD/USD vs EURIUSD CADIUSD vs EUR/USD residuals

EURIUSD

Figure 4.18:

The left plot shows train data set and its sample size is 1432. The right

plot shows test data and its sample size is 1431. These two figures’ xlab represents
the standard residuals of CAD/USD and ylab represents the standard residuals of

EUR,/USD.

We discretized o into k& = 70 equally spaced directions. Thus, we assume that

o is of the form given in equation (2.14) where the 6,’s are as described just after

that equation. This means that we must fit 143 parameters. For this reason, we

took m = 143 as the number of z,’s. We chose these to be evenly spaced on the

unit sphere S'. We then fit the parameters using the training data by minimizing
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Figure 4.20: Estimated values for CAD/USD and EUR/USD data. Plots of the
estimated a;’s and b;’s are given in (a) and (b), respectively. A plot of the cumulative
function of the estimated spectral measure is given in (¢). The z-axis in all plots
represents the direction from 0 to 2.

the objective function given in equation (4.1). To perform the optimization, we first
used differential evolution to get initial values. These were then plugged into the
optim function in R with the L-BFGS-B option. After optimization, the value of the
objective function was 1.245 x 10~%. The estimated value of o was & = 0.240, the 70
estimated values of the a;’s were all in the interval (0.000,0.325), the 70 estimated
values of the b;’s were all in the interval (0.953,3.666), and the estimated drift was
4 = (0.004, —0.153). Plots of the estimated values of the a;’s, the b;’s, and of the
cumulative values for the estimated o are given in Figure 4.20. The plots suggest
that, in this case, the spectral measure is approximately a constant times a uniform

distribution and the values of the b; are approximately all equal.
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Figure 4.22: Fitted TS Q-Q plots for the (a) CAD/USD and (b) EUR/USD data.
These compare the quantiles of the testing data with the fitted data. The diagonal

(red) line is the line y = x.

Fitted data

EUR/USD

-4

CAD/USD

Figure 4.21: The sample size is 1432. In figures, x-axis represents the first component
CAD/USD and y-axis represents the second component EUR/USD.

We next check the goodness of fit. Since it is computationally intractable to eval-

uate the cdfs and pdfs of bivariate TS distributions, we instead use simulation-based

approaches. We simulated 1431 observations from the fitted model, which is the same

as the number of observations in the testing data. We call this the fitted data, and its

plot is shown in Figure 4.21. In Figure 4.22, we give Q-Q plots, which compare the
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CDF of Fitted model vs Test Data CDF of Fitted model vs Test Data

(a) (b)

Figure 4.23: Fitted CDF for the (a) CAD/USD and (b) EUR/USD data. These
compare the cdf of the testing data with the fitted data. Red line is Fitted TS CDF
and Black line is Test CDF.

quantiles of the testing and fitted data. In both (a) and (b), almost points lie on the
red line y = x, which means test data set and fitted data set’s empirical distribution
coincide. Figure 4.23, we give CDF of test data set and fitted data set, from these
two plots, we got the same result. We also performed formal goodness-of-fit testing.
First, we performed KS tests comparing each component of the testing and fitted
data separately. For the first component we obtained the test statistic D = 0.029
and the p-value = 0.600 and for the second component we obtained the test statistic
D = 0.034 and the p-value = 0.397. Next, we tested both components together, using
the kernel consistent density equality test, the test statistic is Tn = 10.396 and the
p-value = 0.111. Note that the samples compared by the hypothesis tests are inde-
pendent as the fitting was done using the training data, but the tests are performed
using the testing data. The results of our goodness-of-fit plots and tests suggest that
the bivariate TS distribution is a reasonable model for this data.

We note that our estimates for the b;’s are all above 0.95 and many are above 2,
which suggests that a fairly large amount of tempering is needed. For comparison, we
also fit a multivariate stable distribution. The methodology is the same except that

now when we perform the optimization in (4.1), we do not optimize over the b,’s and
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instead fix these to all be 0. In this case, the minimum value of the objective function
was = 5.627 x 1072, The estimated value of a was & = 0.914, the estimated drift was
7 = (0.243,—-0.064), and the 70 estimated values of the a;’s were all in the interval
(1075,2 x 1072). Plots of the estimated values of the a;’s and of the cumulative
values for the estimated o are given in Figure 4.24. It is interesting to note that
the shape of the spectral measure is similar to what was found when fitting the
tempered stable distribution, which suggests that the models find similar dependence
structures. However, we can see that the magnitude of the spectral measure is much
smaller, which suggests that the model is trying to compensate for the heavy tails
of the stable distribution by using, what is essential, a small scaling factor. This is
further emphasized by the fact that the estimated value of « is high and, of course,
the higher the value of « the lighter the tails for a stable distribution.

We again simulated 1431 observations from the fitted model and used it to check
the goodness of fit. From Figure 4.25, comparing with the test data set, we find there
exist some large-value points, which implies the tail may heavier than test data’s
empirical distribution. In Figure 4.26, we give Q-Q plots comparing the quantiles of
the testing and the fitted data. Also in Figure 4.27, we compare CDF of test data and
the fitted data. Next, we perform a KS tests for each component separately. For the
first component we obtained the test statistic D = 0.081 and the p-value < 1073 and
for the second component we obtained the test statistic D = 0.077 and the p-value
< 1073, We also performed the kernel consistent density equality test. However, the
test seemed to fail in this case, which may be due to the very heavy tails of the stable
distribution. However, from the Q-Q plots , the plot of CDF and the KS test, it
is clear that the tails of the stable distribution are too heavy and that it does not

provide a good fit.
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Figure 4.24: Stable fit. The plot of the estimated a;’s is given in (a), while the plot
of the cumulative function of the estimated o is given in (b). The z-axis represents
the direction from 0 to 2.

Plot of Data from Fitted Model
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Figure 4.25: The sample size is 1432. In figures, x-axis represents the first component
and y-axis represents the second component.
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Q-Qplot Q-Qplot
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Figure 4.26: Stable fit. These are the Q-Q plots for the (a) CAD/USD and (b)
EUR/USD data. These compare the quantiles of the testing data with the fitted
data. The diagonal (red) line is the line y = z.

CDF of Fitted model vs Test Data CDF of Fitted model vs Test Data

(a) (b)

Figure 4.27: Stable fit. These are CDF for the (a) CAD/USD and (b) EUR/USD
data. Black lines represents test data and Red line represents fitted data.

We now turn to the joint modeling of the exchange rates BTC/USD and ETH/USD.
In both cases, we consider the daily closing prices from August 10, 2015 to July 20,
2020. We then convert these to log-returns, apply an ARMA(1,1)-GARCH(1, 1) filter,
and pair the standardized residuals as before. And their time series plot of standard
residuals for daily are shown in Figure 4.28 We get 1290 bivariate observations, which

we randomly split into a training and a testing dataset, each with 645 observations,
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and the plots are in Figure 4.29.

BTC/USD 15/8/10-20/7/20 ETH/USD 15/8/10-20/7/20

(a) (b)

Figure 4.28: Both of these plots have the same sample size 1290. The left is time
serise plot of BTC/USD standard residuals for daily. The right is time serise plot of
ETH/USD standard residuals for daily. In these two figures, xlab represents the time
and ylab represents the standard residuals.

Train Data Set Test Data Set

uuuuuuuuuuuuuu

Figure 4.29: Both of these plots have the same sample size 645. The left plot shows
train data set. The right plot shows test data. These two figures’ xlab represents
the standard residual of BTC/USD and ylab represents the standard residual s of
ETH/USD.

To check for normality, normal Q-Q plots for each component of the testing data
are given in Figure 4.30 and an adjusted Jarque-Bera test was performed on each

component of the testing data separately. In both cases the p-value was less than 1075,
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Normal Q-Q Plot Normal Q-Q Plot

Figure 4.30: Normal Q-Q plots for the testing data. The plot in a) is for the first
component (BTC/USD) and the plot in b) is for the second component (ETH/USD).
The diagonal (red) line is the line passing through the first and third quartiles.

Clearly, the normal distribution is not reasonable for either component. Instead, we
follow our methodology for fitting a bivariate TS distribution to the training data.
We chose the same discretization and the same values for the z,’s as in the previous
example and we apply the same procedure for fitting the data. After optimization,
the value of the objective function was 4.612 x 1073. The estimated value of o was
& = 0.010, the 70 estimated values of the a;’s were all in the interval (0.000,0.402),
the 70 estimated values of the b;’s were all in the interval (0.958,3.524), and the
estimated drift was 4 = (0.466,0.144). Plots of the estimated a;’s, the estimated b;’s,

and the cumulative curve for the estimated o are given in Figure 4.31.
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Figure 4.31: Estimated values for BTC/USD and ETH/USD data. Plots of the
estimated a;’s and b;’s are given in (a) and (b), respectively. A plot of the cumulative
function of the estimated spectral measure is given in (¢). The z-axis in all plots
represents the direction from 0 to 2.

Fitted data

ETH/USD

BTC/USD

Figure 4.32: In figures, x-axis represents the first component BCT/USD and y-axis
represents the second component ETH/USD.

Next, we check the goodness of fit. We begin by simulating 645 observations from
the fitted model in Figure 4.32. In Figure 4.33, we give Q-Q plots comparing the
quantiles of the testing and fitted data. And the plots of CDF of test data and fitted
data in each component are shown in Figure 4.34. Next, we perform a KS test for each
component separately. For the first component we get the test statistic D = 0.057 and

the p-value = 0.239. For the second component we get the test statistic D = 0.065
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Q-Qplot Q-Qplot

Figure 4.33: Fitted TS Q-Q plots for the (a) BTC/UDS and (b) ETH/USD data.
These compare the quantiles of the testing data and the fitted data. The diagonal
(red) line is the line y = x.

and the p-value = 0.130. We then test the two components together with the kernel
consistent density equality test, which gives the test statistic 7n = —10.120 and the
p-value = 0.111. While the fit is not as good as in the previous example, it is much
better than the normal distribution and we cannot reject the assumption that the
data comes from a bivariate tempered stable distribution.

For comparison, we again fit a multivariate stable distribution. Here, the minimum
value of the objective function was = 7.436 x 1073, the estimated value of o was
& = 0.916, the estimated drift was 4 = (—0.031,0.010), and the 70 estimated values
of the a;’s were all in the interval (0,3 x 1072). Plots of the estimated values of the
a;’s and of the cumulative values for the estimated o are given in Figure 4.35. The
shape of the spectral measure is again similar to what was found when fitting the
tempered stable distribution, but with a much smaller magnitude. The estimated

value of « is again much higher than for the TS distribution.
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CDF of Test Data vs Fitted Model CDF of Test Data vs Fitted Model

W

(a) (b)

Figure 4.34: These are CDF for the (a) BTC/USD and (b) ETH/USD data. Black
lines represents test data and Red line represents fitted data.

\\\\\\\\\\\\\\\\\\\

Figure 4.35: Stable fit. The plot of the estimated a;’s is given in (a), while the plot
of the cumulative function of the estimated o is given in (b). The z-axis represents
the direction from 0 to 2.

We again simulated 645 observations from the fitted stable model, which is shown
in Figure 4.36, and used it to check the goodness-of-fit. In Figure 4.37 we give Q-Q
plots, which compare the quantiles of the testing and the fitted data. Also, in Figure
4.38, we compare CDF of test data and the fitted data. Next, we perform a KS test
for each component separately. For the first component we obtained the test statistic
D = 0.092 and the p-value 0.007 and for the second component we obtained the test

statistic D = 0.114 and the p-value < 1073. We also performed the kernel consistent
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density equality test, but it again seems to fail possibly due to the very heavy tails
of the stable distribution. From the Q-Q plots, the plot of CDF and the KS test it is
clear that the tails of the stable distribution are too heavy and that the model does

not provide a good fit.

Plot of Data from Fitted Model

°
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Figure 4.36: Stable fit. The plot of the estimated a;’s is given in (a), while the plot
of the cumulative function of the estimated o is given in (b). The z-axis represents
the direction from 0 to 2.

Q-Qplot Q-Q plot

6©
oo

(a) (b)

Figure 4.37: Stable fit. These are the Q-Q plots for the (a) BTC/USD and (b)
ETH/USD data. These compare the quantiles of the testing data with the fitted
data. The diagonal (red) line is the line y = z.
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(a) (b)

Figure 4.38: Stable fit. These are CDF for the (a) BTC/USD and (b) ETH/USD
data. Black lines represents test data and Red line represents fitted data.



CHAPTER 5: OPTION PRICE

In this chapter, we discuss the application of multivariate TS distribution in the
basket option. We consider the return from stocks to follow TS distribution and use
TS process to derive the efficient pricing procedures for European call option under
arbitrage-free. Hence, we show the existence of equivalent martingale measure first,
then use the diagonal model to improve our methodology of parameter estimation,
which leads to more effective computation. Then, we combine this with our model for
the DS method for simulation to model real-world bivariate financial datasets related
to the stock market. Towards the end, we give the pricing of European call options
with different strikes and the pricing of the Multi-asset rainbow option. Here, we
choose Google (GOOGL) and Facebook (FB) in here. All of the data was downloaded

from Yahoo Finance, http://finance.yahoo.com.
5.1 Risk-neutral Measure

Fixed d > 1, and let 2 = D([0,T],R%) be a canonical probability space of cadlag
function from [0, T into R? and it is right continuous with left limits, where T is a
fixed final time. Let X, is a lévy process as {X; : ¢ > 0} define on a this space, let
{S; : t > 0} be the price process of a dividend paying stock with dividend rate ¢ > 0.
We assume the stock process is S; = SpeXt, where Sy > 0, and it is the stock price
at time ¢ = 0. Then let .# = o(X; : t € [0,7T]), further .7, = o(X; : s € [0,1]),
and (%;)i>o is a filtration, which means the information based on S;, so there is no
information in .%, and % = .%.

We assume probability measure IP on the space ({2,.%), for here the PP is estimated

using historical return data from stock, we call it market measure or physical measure.
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Under physical measure P, the process {X; : t > 0} is a tempered stable process with
X; ~ TS,(0,b,7). Since Xy — X < X1, then log-returns log(sg—tl) = X — X,
which also follows TS, (c,b, 7). According to Theorem 2 in [31], and also arbitrage-
free claim prices and market completeness, there exists a probability measure Q on
(£2,.7), which is equivalent to P. Let r be the interest rate with » > 0, then under

assumption of r > ¢ > 0, if the discounted price process (e*(’“*q)tSt)te[oj] under

measure QQ is a martingale, like
e~ DG, = Eole™ S 1.7, 0<t<u<T, (5.1)

we call measure Q is a risk-neutral probability measure.

We know probability measure Q ~ P is equivalent, next we need to show how to
use P to represent Q. Here, we consider Esscher transfer to build Radon-Nikodym
derivatives process to change Q to P, its univariate form is defined in [31], and then

extend it to high dimensional, which is

d(@n e(”aXt)
dP |, EletnXo]

where 1 = (91,72, ...,n4) € R% Following this, we show that X;, which under proba-

bility measure Q, also is Tempered stable process.

Theorem 3. Under Q" measure, let S = (s1, sa, ..., 8q4) € ST andn = (1,12, ...,m4) €
RY 5.t b(s) — (s,n) > 1 Vs € SL. Then {X; : t > 0} is a Tempered stable with
Xy~ TSQ(U, b(S) - <8777> afy)

Proof. We begin to change of measure, and have Egn[g(X:)] = Ep[g(X;)Z:], hence

Egn (€)= Ep(e™¥) Z,)
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1
e<77 Xt)

00 7b(s
expqt z+m) +/ / s,z m)e ) —dzo(ds)
sd-1.Jo

el
A s"—l_w%wmﬂ}
- {t[ /Sd 1/OOO szt _ s ) e dIEU(dS)} }
{ { +/d1 /Oo(e<s,n)z+(s,z>x_6<5,n)x)

— dxa(ds)} }

0 o~ (b(s)a—(s:m)a)
= exp {t {('y, z) +/ / (els2® 1)Td$a(ds)] },
sd-1 Jo T

gives the result. O

E]P( (2, Xe)+(n, Xt>)

— (7,1

Next, we give the condition to always keep the probability measure Q to be the

risk neutral measure since the risk neutral measure may not exists.

Theorem 4. Let X(t) = (X1, Xoy, ..., Xar) be a d-dimensional random variable,
which follows TS, (o,b(s) — (s,n),7v). Under probability measure Q", Q" is a risk-

neutral measure if and only if

P =t [ D) = ) = 5)" = (b(s) = {s.)o(ds).

where 7 =1,2,...,d.

Proof. Let Sy = (S14,S24, ..., Sat) be d—dimensional vector, which represent d dif-
ferent stocks’ price at time ¢. Since S; = SpeXt, considering the jth stock price S,

which is S;; = Spe™it. So,

EQn (6—(7‘—q)u j,u|<0/\t> = 6_(T_q)uEQn (Sj,u|§t) = 6_(T_q)uEQn<S()€Xj’u|§t)

= ¢~ (mDuG By (eXinXintXie| )
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= 6_(T_q)u806xt E@n (€Xj’u_Xj’t |yt>

= ¢~ (UG, B (eXinXir)

If probability measure Q7 is a risk-neutral measure, for any 0 < t < v < T, the
equation (5.1) exists, which indicates that e~ "~9!S;, = Egy[e~(""943; ,|.%;] exists.
Furthermore, Egn (e~ (=94, |F) = e =048, Egn(eXin%it) = e~ (=0, which
implies that E(eXin=Xit) = er=a(u=1),

. d
Since X, — X;+ = Xj,—¢ and,

fix,. . (z) = exp [(u — 1) (iv;2 +/S L(—a)((b(s) — (s,m)) —is;z;)"

—(b(s) = (s,m)*)o(ds)] .

We have

E(e™=) = fix;,_, (=),

then

E(e™ =) = exp [(u —t) (v + / L(=a)((b(s) = (s,m) — 5;)°

Sa—1

—(b(s) = {s,m)*)o(ds)],

which is equal to e"~2®=%  Finally, we get,

rma=rt [ Db = ) = 5" = (b(s) = (s, o(ds).

which is the condition of Q" is a martingale measure. m
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5.2 Methodology of Option Pricing

After getting the equivalent martingale measure, we move to the model of parame-
ter estimations. The real data analysis in Section 4.2, we choose the tuning parameter
k = 70, which exists a high computation burden, since the cost is very expensive when
the number of directions is large. Hence, we want to improve our methodology by
reducing the number of required estimated parameters. We consider the Diagonal
model here and combine this with our moethodology mentioned in Chapter 4.1 to do

the parameter estimation. Let’s see the Diagonal model first.

“Its assumption is that the common movement in all assts is due to one
common factor only in the market ” Value at risk: the new benchmark for

managing financial risk (page 169 in [42])

Diagonal model is proposed by Sharpe [43] in 1963. Formally, the model is

Ri = Oy + )\sz + Eis

where R; is the return on asset i, R,, is the return to the market portfile, a; is the
abnormal return and \; is responsiveness to the market return and e; is residual
returns. The model means that the return on asset ¢ is driven by the market return
R,, and ¢;, which is not correlated with the market. The diagonal model is a simple
asset pricing model to measure both the risk and the return of assets. Also, it could
be vastly reduced the number of estimated parameters and lead to the pricing model
more efficiently.

To set up our model, we let Sy, ..., S4 are return process, X; — Xo, X3 — Xy, ...,
Xoq-1 — Xyq are individual risk factors, and Xs5.1 — X412 is a market risk factor.

Since the random variable from TS distributions are always positive, to let the model
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more flexible, we then extend the Diagonal model to a negative part, as follows

S1 = m+ (Xy — Xo) 4+ F1(Xogr1 — Xogi2)

Sy = 7o+ (X5 — Xy) + B2(Xoar1 — Xodaro)

Sa = Ya+ (Xog—1 — Xog) + Ba(Xoar1 — Xodaro)

where X; — X;,1 are the excess return on the asset ¢ and X551 — X412 are the excess
return on the market, ~; is a constant depend on the asset ¢ , 5; is a coefficient of
Xoday1 — Xadro-

Then based on the diagonal model and theorem 2, given Y = SX + v, let Y be a

d—dimensional TS variable. Let S be a d x (2d + 2) matrix and

1 =1 ... 0 0 B —H
o 0 0 ... 0 0 [y —po
0 0 -~ 1 =1 Bs —Pa
S is composed of two parts. There are diagonal matrix and parameters 8 = (834, .. ., 84)%.

For the aspect of diagonal matrix part, there is a little different with the traditional
diagonal matrix, the matrix S extends to the negative, as the random variables of
tempered stable could up and down like stock price’s path. The other part, pa-
rameter 3 € S%! and 3 should satisfy |3] = 1. Also, let X = (X1,..., Xoq42)7,
where X1, ..., X440 are independent random variables with X; ~ STS,(a;,b;) and
bj = b(s;). By Theorem 2, we then have Y ~ TS,(0,b,7v), where v = (v1,...,74)" is

drift. We give an example of bivariate case.

1 -1 0 0 B —p
Example 3. Whend =2, let S = X = (X, X, ., Xe)T,

0 0 1 =1 By —ps
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Y,
Y = . Then we have
Y,
Xy
il (1 =10 0 B =G| |Xo| [Xi—Xo+Bi(Xs5— Xe)
Y, 0 0 1 =1 By —P : X3 — Xy + Bo( X5 — Xo)
X

If we consider that Y, and Yy are return of assets, X1 — Xa, X3 — X4 and X5 — X

are independent and (51(X5 — Xg) and B2(X5 — Xg) correspond on the market.

Followed by Diagonal model, our directions has already reduced to 6d+ 5, included
(2d +2)’s a; and b;, a, d’s ; and d’s f5;. To further reduce the number of estimated
parameters, we consider using following equation to estimate the drift.

EX] = ~v+T(1- a)/ (b(s))* 'so(ds), (5.2)

gd-1

If we normalized data, then the dataset has zero mean and variance of one, then

based on equation (5.2) we get

V= —I(1—a) / () solds), (5:3)

hence, we only need to estimate 5d+5 parameters. And in bivariate case, regularly, we
consider the = (cosf,sin#), indicated that we only need to find the 6. In the end,
under the bivariate case, there are only reminders 14 parameters needed to estimate,
which is much less than 143.

Since we consider normalizing the data first during data analysis, here we provide
the theoretical result about how to transfer between the normalized data and the

original data set. We assume Y ~ TS, (0, b,7), then X = XxY + uy, where Xx is a
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covariance matrix of X and ux is the mean of X. To find X'’s distribution, we have

E[e“z’ X)] { (v, Xxz+ px) / / HExz 8) _ 1) t_l_ae_tb(‘s)dta(ds)}
§d—1

=exp [i (Xx7 + px, 2)

—ub(s)
/ / ( tuz, \EXS|> 1) u % T=xs du ’EXSIO‘ O'(dS):|
Sd—1
iu(z s’y 1o Toe) a / /
= exp e ’ —1)u ePxsldu [Exs|* o'(ds”)
sd-1 Jo

+i (Xxy + px, 2)]

where in the second line, let v = t|Xxs|, then du = dt|Xxs|. In the last line, let

by
s = i, since o(ds) = 22:1 Js;(ds), then we have o'(ds’) = Zizlé nys (ds).
|EX5| [Xx sl
Hence, we get X ~ TS, (|Xxs|%’, g()‘:)s, Yxy+ px).

Next, we will give a brief introduction to our model for the pricing of the bivariate
basket option. We first get the data set of log returns from real data and randomly
split raw data into two halves. The first is the training data, which will be used to fit
the model, while the second is the testing data, which will be used for analyzing the
goodness of fit. To easily and effectively get the parameters, let X be the training

data or testing data. Then we normalize the training data and testing data separately

i MX
ox,

ox, is a variance of X; and py, is the mean of X; with ¢+ = 1,2. Let’s call them

in each component by ' to get the new training data and testing data, where
transferred training data and transferred testing data. Based on the transferred
datasets, combing the Diagonal model with our model for parameter estimation in
Section 4.1 and the DS method for simulation, we get the estimated parameters and

do the goodness-of-fit. Further, followed results X ~ TS, (|Xxs|*, g(;)s, Exy+ px),

we get the distribution of the training data. After that, we do the goodness of fit with
the testing data to verify whether TS distribution is a reasonable model or not. If the

estimated parameters work, according to the Theorem 4, we get the parameter n to
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find another equivalent TS distribution under the measure Q and keep the measure Q
is a risk-neutral measure. Followed that, we generate X; and develop a Monte Carlo
based method for option pricing and apply it to the pricing of European call options
with different strikes by equation (5.4). The formula of European call option is as

follows,
T =e "TEg[Sr — K], (5.4)

where Sp = Spe™* and S; is the stock price at t = 0. And we can estimate equation

(5.4) using the following algorithm [44],

Monte Carlo Algorithm for Option Pricing.

fori=1,...,n

X TSa(T6, bess, T) with i = 1,2,....n

generate X¥)
Set 81 = SpeXt’

Set m; = e*’”T(Séf) - K)*

L

T==2 T

n

Also, we do the pricing of the Multi-asset rainbow option. We consider the call
option on the minimum of two assets payoff, based on Equation (5.5) and the call

option on the maximum of two assets payoff, based on Equation (5.6)

Tmin = max(min(Sgpl],Sj[g])—K,O) (5.5)

Tmax = max(maX(S[Tu,Sg})—K,O), (5.6)

where Sj[lj with ¢ = 1,2 is the stock price at time 7" and K is a strike price.
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5.3  Real data analysis for the bivariate case

Similar to Section 4.2.3, we did the parameter estimation first. We begin by jointly
modeling FB and GOOGL. The data consists of the daily closing prices for the period
from May 31, 2012 to March 25, 2021 for each stock. The prices are converted to
log returns by taking R;, where R; = log(P,/P;_1) and P, is the price at time ¢, are
then considered as ordered pairs with the first component corresponding to FB and
the second to GOOGL for the same day. In total, the data consists of 2516 ordered
pairs. Then we randomly split raw data into two halves: training data and testing
data, each consisting of 1109 data points. The first question is to see if a multivariate
normal model will work for this data. For this reason, Figure 5.1(a) and 5.1(b) give
normal Q-Q plots for each component separately in the testing data. We also per-
formed an adjusted Jarque-Bera test for normality on each component of the testing
data. In both cases, the p-value was less than 10716, Clearly, the normal distribu-
tion is not reasonable for either component. Instead, we follow our methodology for
fitting a bivariate TS distribution. After normalized in each component, we have the
transferred training data, which plots in Figure 5.2(a) and transferred testing data,

which plots in Figure 5.2(b).

Normal Q-Q Plot Normal Q-Q Plot

Figure 5.1: Normal Q-Q plots for the testing data. The plot in a) is for the first
component FB and the plot in b) is for the second component GOOGL.
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Plot of Train Data Plot of Test Data

(a) (b)

Figure 5.2: Both of these plots have the same sample size 1258. The left plot shows
train data set. The right plot shows test data. These two figures’ xlab represents
the normalized log returns of FB and ylab represents the normalized log returns of
GOOGL.

Based on diagonal model, we discretized o into k = 6 pieces on S!', which im-

1 =10 0 B —p1

plies S = , and [ = cos2ml, [ = sin2nf, then S =
0 0 1 =1 By —ps
1 =1 0 0 cos2wf —cos2ml

and we must fit 14 parameters. For this rea-
0 0 1 —1 sin270 —sin2n6

son’s, we took m = 14 to be the number of z’s. We chose these to be evenly spaced
on S'. Next, we fitted the parameters using the transferred training data by minimiz-
ing the objective function given in (4.1). The perform the optimization we first used
Particle Swarm Optimization [45] as implemented in the hydroPSO function of the
“hydroPSO” R package, to get initial values. These were then plugged into the optim
function in R with the L-BFGS-B option. During the optimization, we set up the lower
bound for a, b are 0, for « is 0.01, and for 6 is 0, also set up the upper bound for a, b,
are 6, o is 0.99, and 0 is 1. After optimization, the value of the objective function was
9.330 % 107°. The estimated value of a; is a = (1.644, 1.317, 0.460, 0, 0.485, 0.750),
the estimated value of b, is b= (2.391, 2.692, 1.613, 1.731, 1.119, 1.042), & is 0.014

and 6 = 0.992. Plots of the estimated values of the a;’s, the b;’s, and of the cu-



73

Figure 5.3: Estimated values for FB and GOOGL data. Plots of the estimated a;’s
and b;’s are given in (a) and (b), respectively. A plot of the cumulative function of
the estimated spectral measure is given in (c¢). The z-axis in all plots represents the
direction from 0 to 2.

mulative values for the estimated o are given in Figure 5.3. Followed by equation
(5.3), then we get 4 = (—0.044, —0.048). Besides, based on the value of 0, we get

B1 = 0.547, By = 0.837. Hence,

1 =1 0 0 0.547 —0.547
0 0 1 -1 0837 —0.837

Plot of Data from Fitted Model

Figure 5.4: The same sample size 1258. In figures, x-axis represents the first compo-
nent FB and y-axis represents the second component GOOGL.
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Next, we check the goodness of fit. We simulated 1258 observations from the fitted
model, which is the same as the number of observations in the transferred testing
data. We call this the transferred fitted data, which is plotted in Figure 5.4. In
Figure 5.5 we gave several diagnostic plots, which compare cdfs and quantiles of the
transferred testing and transferred fitted data. We also performed formal goodness-of-
fit testing. First, we performed KS tests comparing each component of the transferred
testing and transferred fitted data separately. For the first component we obtained
the test statistic D = 0.039 and the p-value = 0.375 and for the second component
we obtained the test statistic D = 0.026 and the p-value = 0.843. Next, we tested
both components together, using the kernel consistent density equality test and the
test statistic is T'n = —35.534 and the p-value = 0.778. The results of our goodness
of fit plots and tests suggest that the bivariate TS distribution is a reasonable model

for this data.
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() ()

Figure 5.5: TS CDF plots for the (a) FB and (b) GOOGL data, red line represents
CDF of transferred fitted data, and black line represents CDF of the transferred
testing data. Figure(c) and (d) are fitted TS Q-Q plots for the (a) FB and (b)
GOOGL data. These compare the quantiles of the transferred testing data with the
transferred fitted data. The diagonal (red) line is the line y = x.

To find FB and GOOGL log-returns’ distribution, we need to transfer the trans-

ferred testing data and training data back to log return’s status. Since we have

X ~ TS, (|Xxs|, ) Sy + itx ), and knew the estimated value of «, b, o, and

Sxs’
v, which denoted by &, a, b and v, we get the estimated paﬁrameter of X’s distribu-
tion. We notate X ~ TSa(0”, 0,7, o/ = |Sxs|éa, bV = ZLXS and v = Sxd + px,
then we get the parameter «/ = (1.560, 1.250, 0.434, 0.000, 0.461, 0.713); b’ =
(105.465, 118.740, 102.327, 109.843, 43.709, 40.720) and 7' = (—9.470%107°, 3.816%

107°). The cumulative estimated o is shown in Figure 5.6, comparing with Figure
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Figure 5.6: Estimated values for FB and GOOGL data. Plots of a’ and I are given in
(a) and (b), respectively. A plot of the cumulative function of the estimated spectral
measure is given in (c). The z-axis in all plots represents the direction from 0 to 2.

sz

———, then
Xxs|

5.3 they are really similar. And currently, S’ =

o 1 -1 0 0 048 —0.485

0 0 1 -1 0.515 —0.515
Using these new parameters, we simulated 1258 observations from the fitted model,
which is the same as the number of observations in the testing data, which is plotted
in Figure 5.8. Then we move on to check the goodness-of-fit. Again, in Figure 5.7,
we gave several diagnostic plots, which compare cdfs and quantiles of the testing and
fitted data. While the Q-Q plots exist some extreme points formed heavier tails, in
contrast to normal distribution, bivariate TS distribution more lightly underestimates
the chance of extreme value. We also performed formal goodness-of-fit testing. For
the first component we obtained the test statistic D = 0.050 and the p-value = 0.118
and for the second component we obtained the test statistic D = 0.038 and the p-
value = 0.404. Next, we tested both components together, using the kernel consistent
density equality test. In this case, the test statistic is Tn = —33.823 and the p-value
= 0.778. The results of our goodness-of-fit plots and tests are the same as before and
have the same suggestion that the bivariate TS distribution is a reasonable model for

this data.
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CDF of Fitted model vs Test Data CDF of Fitted model vs Test Data

Figure 5.7: TS CDF plots for the (a) FB and (b) GOOGL data, red line represents
CDF of fitted data, and black line represents CDF of the testing data. Figure(c) and
(d) are the fitted TS Q-Q plots for the (a) FB and (b) GOOGL data. These compare
the quantiles of the testing data with the fitted data. The diagonal (red) line is the
line y = .

Plot of Data from Transferred Fitted Model

Figure 5.8: The same sample size 1258. In figures, x-axis represents the first compo-
nent FB and y-axis represents the second component GOOGL.
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Now we have got a suitable model to fit the R;, then to price the options, we need
to set up the risk-neutral measure first. We have known that under the real-world
probability measure P the process R; is TS process with the estimated parameter
TSa,.,(6,0,7"). Also, we let the time ¢ is measured in trading days, r is the daily
interest rate and ¢ is the dividend rate. Since we choose Facebook and Google in this
case, both of their dividend rates are 0.

Then, we followed the Theorem 4 to transform the real-world probability measure P
to risk-neutral measure Q. To satisfy the equation existence, we set a new parameter
Nest and best, Which is bog = U/ — (Nest, S'). Hence, the process X; ~ TS, (7, b;st,&)
which is under the risk-neutral measure.

Before we find the parameter 7., we chose Oct 22, 2021 to Oct 29, 2021 to be the
period of option, so the maturity date T'= 5. And we use 13-week treasury bill to
be annualized interest rate, the closed price on Oct 22, 2021 is $0.05. Due to require
daily interest rate in our experiment, r = 0.05/252 = 1.984 x 10~*. Now, we use the
Theorem 4 again to calibrate the parameter 7.4. Let’s rewrite the equation, then the

objective function becomes

d
argmin E
j=1

r= ot [ TEQ06) = )~ ) = 006) = m)lotas .
In this equation, o = &, b(s) = V,v=+, s=25 o=0¢ We used hydroPSO to
optimize it, and set the boundary of 7 is from —50 to 50. The final result is 7.4 =
(—2.546, —2.488), at the same time, the value of objective function is 2.229 x 1071,
which means that the equation exists, also we think that the risk-neutral measure ex-
ists. Then the parameter b became bost = (108.012, 116.194, 104.814, 107.355, 46.225,
38.204). For here, we know all parameters of TS4(d, b;st, ’;’ ), and then drive process
Xy, which is under the martingale measure Q. In this process, by [35] Definition 1.6,

we get X ~ TSd(&,b;St,’?’), then X; ~ TS4(to, b;st,t§’). We simulate 5000 obser-
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Table 5.1
Case 1
Stock So Real time Closed Price Low Price High Price | True Value
oc
FB (K=210) $115.90 $113.72 $110.67 $119.11 $114.3
GOOGL (K=2250) | $507.63 $522.04 $492.98 $581.18 $508
Table 5.2
Case 2
So . ) . . )
Stock Real time Closed Price Low Price High Price | True Value
oc
FB (K=250) $73.74 $73.76 $70.71 $79.15 $72.17
GOOGL (K=2500) $277 $272.5 $243.64 $331.47 $279

vations to be X;. Same as the training data, the first component corresponds to FB
and the second component corresponds to GOOGL. Since from yahoo finance, each
option has the last trade date and it is accurate to time, to find the fair option price,
we consider different stock prices Sy to calculate. The choices are the real time stock
quotes at ty, the closed price, the lowest price and the highest price, where t = 0 is
the first day in period which is Oct 22, 2021. Under the same strike price K, we use
Algorithm of Monte Carlo in 5.2 to get the price of European call option 7.

We consider one dimensional case first, and then get each stock’s option price.
Our final results are in Table 5.1 and 5.2. The real time stock quotes are Sy, =
($326.35,$2758.07); the closed price are Sy = ($324.16,$2772.5); the low price are
So = ($321.11,$2743.41) and the high price are Sy = ($329.56, $2831.17) of FB and
GOOGL.

Comparing with the marketing price, our option price is closed to the marketing
value. Both of FB and GOOGL, the marketing price between the option price based
on low price and high price of stocks. Also, we find that our option price based the
real time stock quotes is the closest to the marketing price. Next, let’s turn to price

the multivariate assets. Followed equation (5.5) and (5.6), we provide the pricing of
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Table 5.3

Min Rainbow Option
K | $270.98 $275.98 $280.98 $285.98 $290.98 $295.98 § 300.98 $305.98
Price | $54.98  $49.98  $44.99  $40.01 $35.04 $30.11 $25.26  $20.57
K ] $310.98 $315.98 $320.98 $325.98 $330.98 $335.98 $340.98 $345.98
Price | $16.13  $12.11  $8.61 $5.80 $3.71 $2.26 $1.32 $0.73
K ]$350.98 $355.98 $360.98 $365.98 $370.98 $375.98 $380.98 $385.98
Price | $0.39 $0.19 $0.09 $0.047 $0.024 $0.01  $0.005  $0.003

Table 5.4

Max Rainbow Option
K | $2393.32 $2433.32 $2473.32 $2513.32 $2553.32  $2593.32 $ 2633.32
Price | $364.37  $324.45  $284.61  $244.93  $205.48 $166.57 $129.07
K | $2673.32 $2713.32 $2753.32 $2793.32 $2833.32 $2873.32 $2913.32
Price | $94.19 $63.65 $39.06 $21.57 $10.85 $5.07 $2.25
K | $2953.32 $2993.32 $3033.32 $3073.32 $ 3113.32 $ 3153.32 $ 3193.32
Price | $0.98 $0.44 $0.21 $0.09 $0.05 $0.031 $0.015

rainbow option. We consider the real time stock quotes to be Sy, and give 24 different

strike prices, then the results are in Table 5.3 and 5.4.



CHAPTER 6: GENERAL MULTIVARIATES TS DISTRIBUTIONS

The class of multivariate TS distributions introduced in Chapter 2 has a simple,
yet flexible structure. It is a generalization to the multivariate setting of the so-called
class of classical TS distributions, see [16]. However, there are many other classes
of TS distributions available in the literature see, e.g. [16], [19], [20], [21], [22], [46],
[47], and the references therein. Our theoretical results hold for many of these other
classes and much of our methodology can be modified to work with them as well. For
this reason, we extend our main results to a more general context. We begin with a
definition.

A distribution p on R? is said to be a generalized tempered stable (GTS) distribu-

tion if its characteristics function can be written in the form

f(z) = exp [i(’y,z) + /sdl /000 lg(s,x,z)%dxa(ds) , 2z € RY, (6.1)

where

ly(s, @, 2) = &5 — 1 — (s, z) xhy(x),

a € (—00,2), v € R o is a finite Borel measure on S471, and ¢ : S¥1 x (0,00)
[0,00) is a Borel function satisfying conditions that are described below. The pa-
rameter ¢ € {0,1,2} determines which parametrization we are using. Specifically, it
determines the choice of function hy : R? — R, where hg = 0, h; = 1, and hs is given
by ha(x) = 1jzj<1). Depending on the properties of ¢ we may be able to use one or
more of these parametrizations. We denote the distribution with characteristic func-

tion given in (6.1) by 4 = GTS,(c,q,7),. This is an infinitely divisible distribution
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with Lévy measure

L(B) = /Sd—l /000 1p(sz)x ' "%(s, z)dzo(ds), B e B(RY).

We refer to ¢ as the tempering function. Many parametric forms for ¢ have appeared
in the literature, see e.g. [22], [48] or [49]. We assume that ¢ satisfies the property:
Q1. There exist an A € B((0,00)) with Lebesgue measure 0 and a B € B(S*1)
with o(B) = 0 such that for all x € A° the function q(-, x) is continuous for all s € B°.
We further assume that there exists a Borel function gy : (0,00) — [0, 00) satisfying:
Ul. q(s,x) < qu(x) for every s and Lebesque a.e. x;
U2. fol 'y (r)dz < oo
U3. [Tz gy (x)de < oco.
If qu satisfies U1-U3, then we can take ¢ = 2. Further, if, instead of U2, gy satisfies
the stronger condition
U2’ fol r gy (r)dr < oo,
then we can take ¢ = 0. Similarly, if, instead of U3, ¢y satisfies the stronger condition
U3’ [ o qu(z)dz < oo,
then we can take £ = 1. We call gy the upper bounding function. When « € (0, 2),
if ¢ is a bounded function, i.e. if there exists a K > 0 such that ¢(s,z) < K, then we

can take gy (z) = K. We now give our first main result for GTS distributions.

Theorem 5. Fiz o € (—00,2), let p = GTS,(0,q,7)e, assume that Q1 holds and that
an upper bounding function qu satisfying appropriate conditions to use parametriza-
tion { exists. Then, there exists a sequence of Borel measures o, on S*~! with finite

support, such that, if i, = GTSa(0n, q,7)e, then j, — p as n — 0.

For certain special cases, related results are given in [22| and [50]. Next, we give a
local version of this result. In this case, we need the distribution to have a bounded

density. When a < 0, this does not hold in general even when the distribution
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is full, see [22]. For this reason, we focus on the case where o € (0,2). Further,
we assume that ¢ has a lower bounding function ¢;. Specifically, we assume that
qr, : (0,00) +— (0, 00) is a Borel function satisfying:

L1. ¢(s,z) > qi(z) for o-a.e. s and Lebesgue a.e. x;

L2. fol g (z)dz > 0;

L3. [7°(1 = cos(z))z'“qy(x)dz > 0; and

L4. q; is bounded and monotonely decreasing.

Theorem 6. Fiz o € (0,2), let u = GTS,(0,q,7)e, and assume that Q1 holds.
Assume further that there exists an upper function qy satisfying appropriate conditions
to use parametrization { and a lower bounding qr, satisfying L1-L4. If o s full, then
w has pdf p and for any € > 0, there exists a finite measure o* on S™!, having a
finite support, such that the distribution p* = GTS, (0%, q,7)e has a density p*, which

satisfies

sup |p(z) — p*(z)] < e.
z€R4

For stable distributions (i.e. when ¢ = 1) a version of this result is given in [27].

Remark 1. The TS distributions introduced in Section 2 are an important class of
GTS distributions. Specifically, for a € (0,1), TS4(0,b,7) = GTS4(0,q,7)o, where
q(s,x) = e )7 and b(-) is continuous except, perhaps, on a set of ¢ measure 0. In
this case we can take qu(x) = 1 and if there exists an M > 0 with b(s) < M, then we

Mz Thus, Theorem 1 is a special case of Theorem 6.

can take qr(x) = e~
Further, we verify L1-Lj under q(s,x) = e ™) which we really interesting in
this dissertation, with b(s) > 0. Let’s assume there IM, such that b(s) < M,

then q(s,r) = e > e=Me — g/ (2), which satisfies L1. For L2, we consider

fol g (z)dz = fol r'=%M*dg. By changing variable w = Mz and following
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gamma function

1 1
/ % Mrdy = MO‘_Q/ u % du
0 0

where the second linefollows 4.2.29 in [51]. So L2 is satisfied. Next, for L3

/000(1 — cos(x))z ™ gy (v)da = /000(1 — cos(z))z e Mgy

= —/ (cos(z) — 1)z~ "% Mody
0

11 !

o1 i e Mz > 0,

>

where the third line follows by Lemma 4.18 [22] and the fourth line follows by L2.
For L/, we consider ¢;(x), where ¢j(z) = (eM*) = —Me M= Since z € (0, 0),

0 < b(s) < M, we have ¢;(x) < 0. Hence, Lj is satisfied. Hence, function of

q(s,x) = e )7 satisfies all 4 conditions.

We use the same function of q(s, x) to verify Ul, U2’ and U3 under ¢ = 2, such that

q(s,x) = e ?®)* Here, we take qu(z) = 1, then e < 1 = qy(x), which satisfies

1
Ul. For U2’ fol %y (x)dx = fol r % x = (s < o0, so U2’ is satisfied. For
-«

Us, [ a7 oqy(z)de = [[Fa717%de = = < oo. Then, function of q(s,x) = e ()
a

satisfies U1, U2’ and U3. The verification of { =1 and £ = 0 are the similar.



CHAPTER 7: PROOFS of MAIN THEOREMS

7.1  Proof of Theorem 5

Before giving the proof, we recall a definition. If o and o,, are finite measures on

S9!, then we write o,, — o if for any continuous and bounded function f : S* ' — R,

lim f(z)o,(dz) = f(z)o(dx). (7.1)

n—00 Jgd—1 S§d—1

Lemma 2. Let f : S™! — R be a bounded Borel function and let D; be its set of

discontinuities. If o, — o and o(Dy) = 0, then (7.1) holds.

Proof. Let ¢, = 0,(S*!) = [ou 1 0,(dz) and ¢ = o(S* ') = [, , o(dz). Note that
(7.1) implies that ¢, — ¢. If ¢ = 0 then the result follows easily from the fact that f

is bounded. Henceforth assume ¢ > 0. Let 0], = 0,,/cp, let 0/ = o/c, and note that

/
n

these are probability measures. The fact that ¢, — ¢ implies that o/ = ¢’. Thus,
from a version of the Portmanteau Theorem, see e.g. Theorem 13.16 in [52], it follows
that ¢, [sus f(2)on(dx) = ¢ [ous f dz). The fact that ¢, — ¢ completes the

proof. O]

Lemma 3. When { = 2, then hay(x) = 1z<y). For every e > 0, there exists a § > 0

such that if s,s' € ST1 with |s — 8’| < 6, then for each x and fived z € R,
|l2<$> xz, Z) - l?(s,a z, Z)‘ S €.
Proof. Let’s begin with

i(s,z)x

lly(s, 2, 2) — (s’ 2, 2)| = [€99% — 1 —i(s,2) xl,<y
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1,2 el )

i(s,2)x (s’ ,z)x

— |e —i<8,2> ml[xgl} —e +i<8/,2> l‘l[xglﬂ
_ |6i(s,z>x . ei(s’,z)x 4+ <S, — s, Z> xl[x§1]|

= |1 = meDT p emHemT (g ) al ey (7.2)
If under the case of 0 <z <1,

lo(s,@,2) — Iy(s', @, 2)| = |1 — el pemie7 (¢ 5 2 g
= 1= i — s 2)

+i(s' — s, 2) x(e 42T 1)

2

< 1=l (s — s )z
+|(s' — s, 2) x||e’i<5’z>”” — 1]
< Ll - s 2) |+ - 8.2) ol (s.2) ] (73)
= a1 = s (508 = 5.2+ 16521
< Jaf?lls' = sl (1| (8 — 5,2) |+ {s.2) |) (74

where equation (7.3) follows 26.4 and 26.4; in [53].

Since |s — §'| < 4§, by equation (7.4), we have

1
fa(s,2.2) = o' < 01| (5105 = 5.2) 1+ 105,2)1) ==
If under the case of x > 1,

’l2(57$7 Z) - l2<5l,$, ,Z)| — ’1 _ ei<8/*s,z>w|
< min{|(s' - s, 2) [|z], 2}

< min{|s’ — s||z||z[, 2}
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= min {dz]z], 2} = ¢,

where the second line follows 26.4¢ in [53|. From here the result follows. O]

Lemma 4. Assume that q satisfies Q)1 and that an upper bounding function qu sat-

q(s, )

isfying conditions U1.-U83., then [[" (s, x,z) T
T (0%

dx is continuous in s for each x

and bounded for each fized » € R%.

Proof. 1t is enough to show the proof when ¢ = 2. Other cases’ proof is similar. So,

q(s, )
:ElJra

let’s consider [J°I5(s,x,z) dz is continuous in s for each x. By equation (8.9)

in [35], we have
L2
la(s, 2, 2)] < 5|2l Ly + 21>,

Thus,

(s,7)

xl—i—a

Lo o q(s, x)
< (§|Z| %" ey +21[x>11) “ita

L

l2(87 &€, Z)

Since ¢q(s,z) < qu(z),

(s,7)

leroz

B

l2<87x72) $1+a

1 x
< (PlePiecy + 20 ) 2 — g0), (19

where g(z, z) is bounded for each fixed z € R? and integrable.

From the Lemma 3, we have l5(s,x, z) is continuous in s, and under Q1 ¢(s, z) is

q(s, )

oo is continuous in s. Thus, following
x

also continuous in s, then we get ly(s, z, 2)

q(s, )

dzx is continuous in s for each x.
xl—l—a

Theorem 16.8 in [53], [~ I2(s, , 2)

Next, let’s show fooo lo(s, z, z)Q(ix)dx is bounded for each fixed z € R¢.
T «
/0 lo(s, x, z)q(i:z)dx < /0 lo(s, x, Z)qﬁjj) dz
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IA

L e qu(z)
[ (Gleiafioe +210) s

1 1 o0
- /512\2@\2—%(%)(1“2/ W)y,
0 1

xl—i—a x1+a

1

1 0
= §|z|2/ 'y (z)d + 2/ vy (z)dr < oo,
0 1

where the last inequality based on the conditionU2. and U3. of gy (z). From here

the results follows. O]

Lemma 5. Fir a € (—00,2), let o and o, be finite Borel measures on ST, let p =
GTSu(0,q,7)e, and let p, = GTS,(0n,q,7)e. Assume that q satisfies Q1 and that an
upper bounding function qu satisfying appropriate conditions to use parametrization

( exists. If o, — o, then [, — L.

Proof. 1t suffices to show that the characteristic function of p, converges to that of

q(s, x)
xl—i—a

pi. Toward this end let ¢(s,z) = [ li(s, z, 2) dz. From (6.1), the fact that
o, — o, and Lemma 2, it suffices to show that for each fixed z € R%, the function
(-, z) is bounded and that the set of its discontinuities has ¢ measure 0.

We begin with boundedness. By (26.4) in [53] and (8.9) in [35] we have

‘Z|l'1[m§1} —+ 1[z>1] if¢=0
|l4(s,x, Z)‘ <2 |Z|2:1321[x§1] + |Z|:L“1[x>1} ife=1 .

|Z|2$21[$§1] + 1[a;>1] if ¢ =2

Letting g¢(z, z) be this upper bound on [I(s,z, )|, it follows that for every s, every

z, and Lebesgue a.e. x > 0

qu ()

a(s. 2) < gg<l‘,2’)m- (7.6)

x1+a

l(s,z,2)

This is integrable by the assumptions on gy needed to use representation ¢. Thus, for

qu ()

T dx < 0co. We showed the detailed
m (63

each s and z we have |¢(s,2)] < [~ ge(z, 2)
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proof in Lemma 4.

Next, note that for fixed z and x, I,(-, x, z) is continuous. It follows that for all z and

q(s,x) .
$1+a 18

all z € A€ the set of discontinuities of the function mapping s to l,(s,z, 2)
contained in set B. Now applying the dominated convergence theorem for continuity,
see e.g. Theorem 16.8 in [53]| shows that for fixed z the set of discontinuities of ¥(+, z)

is contained in B, which has ¢ measure 0. O

Lemma 6. Fiz 3 > 0. For every ¢ > 0 there exists a § > 0 such that, if s,s' € ST}

with |s — s'| < 8, then for every &€ € S41,

(5,617 = (s, €)17| < e.

Proof. We begin with the case when 5 € (0,1]. Let 6 = e7 and note that

165, 1P = 1, & Pl < [14s,) | = 1 (,€) ||
=[(s =561

<|s—sPle)f <87 =¢,

where the first inequality follows from the fact that, for such 3, |2% — y#| < |z — y|?
for z,y € [0, 1], see e.g. the proof of Lemma 2 in [?|]. We now turn to the case when

p e (1,00). Let 0 = % and note that

(5,617 = 14", ) 17| < Bl {5,€) = (', ) |
:5’<8_S/7£>’
< Bls = SNIfl < Bo =¢,

where the first inequality follows from the fact that, for such 3, |2° — y”| < Bl — y|?

for x,y € [0, 1], which itself follows from a standard application of the mean value
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theorem. O

Lemma 7. For any finite Borel measure o on S, there exists a sequence {o,} of
finite Borel measure on S* ', each having finite support, such that o, — o and for

any >0

lim inf /gd_1]<s,§>|6on(ds): inf /Sd_l|(s,§>|ﬁa(ds).

n—00 £€Sd—1 gesd-1

Further, o, s full for each n.

Note that a part of the result is that we can take each o, to be full even if o is not

full.

Proof. Fix n € N and consider the open cover of S! comprised of open balls of
radius 1/n centered at each point of S¥71. Since S*! is compact, there exists a
finite subcover By, Bs, ..., By, , where M, is the number of ball in the subcover. Let
S1,82,...,5u, € ST be the centers of these balls. Without loss of generality, we
assume that these vectors span R?, as otherwise we can add a finite number of balls

to the subcover to insure thus. Now construct a disjoint cover Ay, A, ..., Ay, , where

Aj = (B;\U; 4) N St for j = 1,.., M,,. Next, define

I 1
Op = Z (O‘(Aj) V i ) Js;
=1 "

where J,; is the pointmass at s;. Note that s; € S?! may not be in A;. Note further

that since sy, s, ..., 5y, span R? and (J(Aj) v ﬁ) > 0, this measure if full.

We now show that o, — o. Toward this end, let f : S¥~' = R be a continuous
function that is bounded by some K > 0. Since S?! is compact, f is uniformly
continuous. Thus, for any € > 0, there exists a § > 0 such that if s,s’ € S ! and

|s — §'| <0, then
£

| f(s) — f(5/)| < m-
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1 2K
Next, note that for any n > (— V —>

0 €
[ e = [ fs)a(as)
<\ [, st - féf(sj)a(flj) E MZ Lol
< i / 06) = Flsy)o(ds)| +2/2
< Mz / 1F(6) = Ss)oas) + /2
< é/A @a(ds) bej2—e, (7.7)

where the last line follows from the fact that if s € A;, then s,s; € B, and hence
|s —s;] < 1/n <6.
We now turn to the last part. Fix ¢ > 0. By Lemma 6 there exists a § > 0, such

that if s, s’ € S with |s — 5’| < § then for every & € S,

€

(5, €))7 - |<s',§>|ﬁ' < oo

1 2
Note that for any s,& € S, |(s,€)|? < 1. Thus, if n > (5 V —), then by (7.7), for
5

every £ € S, we get

S BO’ S) — S 60’ S
L tsopoa = [ oo

gd—1

<e

and hence

[ aretas —e< [l aloas < [l oot

Sd-1

Taking infimums over this inequality gives the result. ]
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Proof of Theorem 5. The result follows immediately from Lemmas 7 and 5. [

7.2  Proof of Theorem 6

Lemma 8. Fiz o € (0,2) and assume that q has a lower bounding function qr,

satisfying L1-L4. There exists a constant C = C(«,qp) > 0, such that for o-a.e s,

jgakcos<@az>x>——1>x—1—aq<s,x>dxfs-—ciu<s,z>F/A|<s7zna>.

Proof. When |(s, z)| < 1, arguments similar to those in the proof of Lemma 4.13 in

[22] imply that for o-a.e s

/Ooo(cos(<s,z>x)—1)x_1_°‘q(3,x)dx < —ﬁ|(s,z>|2/0 ' %(s, r)dx

When (s, z)| > 1, then for o-a.e s

/0 " (cos((s, 2)x) — D)a—"%q(s, x)da
<_ /O (1 = cos((s, 2)a))a gy (2)da
< sl [0 - costone e () o

< —|(s, 2)|° /Ooo(l —cos(z))z gy (z)dz,

where the second line follows by change of variables and the third from the fact that

qr.(z) is monotonously decreasing. Now, taking

11

C = C(a,qr) = min {ﬂ /01 o' (x)dz, /000(1 — COS(l‘))l’laC_IL(l’)dx}

gives the result. O
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Lemma 9. Let a € (0,2), p = GTS,(0,q,7)e, us = inf Jsi—r [{s.€)Pa(ds), and
gesd—1

assume that a lower bounding function qr satisfying L1-L4 exists. If o is full, then

there ezists a constant C' = C'(«, qr) > 0 such that

1A(2)] < exp [~C(J=P A|2]")us] (73)
and
|f(z)]dz < %—;/ exp [—C(r® Ar®)us] r'dr < cc.
R4 F(§) 0

Proof. From equation (6.1) and Lemma 8 it follows that there exists a C' > 0 with

i = R (602 [ [T tsn 85 Davo(an) |
— exp /S / cos((s, 2)a) — 1) (1+ >dxa(ds)}

<o |0 [ (s Al o))

Next, for z # 0, let £, = i, and note that, for such z

||

<o |-C [ (P15 L0 A Qo105 61 ) otas)
<o -0 [ (A6, F) A (= 8 B, £1))ota)]
<oxp|~COP AL inf, [ (P Alts O1)a(as)
—exp [~ClP L) inf, [ 15,8 Pots)]

£esSi1 Jgd—1

= exp [—C(|2[* A]2|*)us] ,

where the last two linse follows from the fact that s, € S¥! and a € [0,2), then
| (s,€)| <1, and | (s,&) |* > | (s,€) |*. This gives (7.8) for z # 0, and since i(0) = 1,

the result holds for z = 0 as well. Now, converting to polar coordinates (see e.g.
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Theorem 5.1.8 in [54]) gives

/Rd li(z)|dz < /Rd exp [—(J(|z|2 A |z|a)ug} dz

= / / exp [—C(r® Ar®)us] r~ drAgi (dw)
si-1.Jo

9t
= T; / exp [—C’(r2 A ro‘)uﬂ ri=ldr < oo,
I'(3) Jo

where the finiteness follows by the fact that o is full and thus that us > 0 by Lemma
d

T see [34]. O
, see )
()

Lemma 10. Let 0, be a discretization of o as defined in Lemma 7 and p follows

1. Here Aga-1 is the surface measure on S9! and Aga1(S971) =

GTS,(0,q,7)e with a € (0,2). If o is full, then for large enough n
|fin(2)|dz < o0. (7.9)
R4
Proof. Applying Lemma 7 with § = 2 gives

lim inf (s, &)|?0%(ds) — inf (s, &) 2o (ds) > 0.

n—00 £eSe-1 fgi-1 £eSa=1 Jgd—1

Thus, for large enough n, o, satisfies Lemma 1. From here the result follows by

Lemma 9. O

Proof of Theorem 6. Let [i(z) be the characteristic function of GTS, (0, ¢,7) and let
fin(z) be the characteristic function of GTS,(0,,q,7). By Lemma 10, there is an
Ny > 1 such that if n > Ny, then (7.9) holds. For such n, by the inversion formula,

see e.g. Proposition 2.5(xii) in [35], we get

p(x) = pu(2)] = (2m)71

e o) = o)

< @0 [ 17 0(E) — ()l
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= @) [ Jiz) - fin(2)ld=. (7.10)

Rd

Lemma 7 implies that there exists an Ny > Ny such that w,, > u/2. Taking n > N

and applying (7.8) gives

i1(2) = i (2)] < exp[=C(|2[* A l2]*)u] + exp[=C(|2[* A |2]%)un]
< exp[—=C(|z* Az|*)u] + exp[—.5C(|z]* A |2]*)us)

< 2exp[—.50(|z]* A |2|*)uy).
Thus,

lim sup / () — fin(2)|dz < lim 2/ exp[—.5C(|z]* A |z|*)u]dz = 0,
|z|>L |z|>L

L—oo n>Ny L—oo

where the final equality follows by the dominated convergence theorem. It follows

that there is an L' > 0 such that sup,,>y, f|z|>L/ |(1(2) — jin(2)]dz < 2”) -
Since fi, — fi, following Proposition 2.5(vi) in [35], we have fi,(z) — j(z)
uniformly on any compact set. This implies that, Ve > 0,Vk > 0,L = L' > 0,dN; s.t

n > Ny, then sup |i(2) — fin(2))] < =
|2|<L/ k

Hence, for n > Ny and L = L/,

[ 13 = utolaz = /| )~ il + / ) i)l

< f/ dz+/ () — in(2)|d (7.11)
k Jiz<w 2> L
£ (2m)de
< = dz +
k/|z|§L/ 2
d
£ T2 (27)de
— e L/ d
FrEan T
om)le  (2m)¢
_ (7)€+<7T)€_(27T>d€

2 2
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[NJfsH

For the fouth line, i is the volume of {z € R? : |z| < L'}, and let k =

—
NI 3

+1)
217d7r—g(L/)d
L(5+1)
Thus, going back to the equation (7.10), we have

ple) = )| < (27 [ 1) = ol

=(27) %% (21)%e =¢.

From here the results follows from equation (7.10) by taking p* = p, for any n >
Ns. O
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APPENDIX A: PROOFS of THEOREMS IN CHAPTER 2

A.1  Proof of Proprtion 2

Proof of Proprtion 2. Let’s begin to show the expectation of X,

- T /S ()b (s)s;0(ds)
= pT-a) [ sl

Sd-1

Il —«)

where the last line followed by I'(—a) = —

Next, we derive the variance of X as follow

820/1(2)
(922,’]' z=0

0[5 + fyus D(=a)ab 1 (s) (—isy)o(ds)]
0z,

d
= — [/Sd_l I(—a)a(a —1)( —1 Z 8;2; ZS; (ds)]

j=1

co = Var(X;) = (—i)?

= /Sd1 I'(—a)a(o — 1)b*73(s)s7o(ds)
=T(1-a)(1-a) / b*%(s)s50(ds)

Sd—1

=T(2—a) /Sd_l b*2(s)s7o(ds),

where the laset line since I'(n) = (n — 1)I'(n — 1).

Similiarly, we get the third central moment of X;

z=0
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i82 [i7; + Jour T(—)ab™ (s)(—is;)o(ds)]
9z 2=0

0| Jaus D(=a)ala = 1)(b(s) = i 2y 512)° 2 (is;) %0 (ds)|
' 0z;

= — /Sd1 I'(—a)a(o—1)(a —2)b(s)s)o(ds)
_ /S P(1 - a)(a — 1)(a — 2)b*3(s)s0(ds)
=173 -« /sd—l b3 (s)s o (ds).

z=0

And for the fourth cumulan of X,

0 = EI(X; = BUY,)) = 30, — B = (- T
_ O [ foar T(—a)or(or — 1)b72(s)(—is; )0 (ds)]
02z 2=0
0| four T=a)ala = D@ = 2)(b(s) = i 0, 5,5)" Yi(s) o (ds)|

82]‘
_ /S  T(=a)a(a — 1@ - 2)(a = 3 (s)sko(ds)

2=0

Then, let’s see the covariance between X; and X

e = Cov(X;, X;) = (—i)z%g(zj) ~0
O+ Ju T(—a)ab™ (s)(—is)o (ds)]
0z, -
d
= /Sd_l I(—a)ala—1)(b(s) — ZZ si2)% 28;8,0(ds) .

= [L(—a)a(a — 1)b*72(s)s;s 0(ds)

gd—1

(2—a) /Sdl b*2(s)s;8,0(ds)

Il
!
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Last, we could easy to get the skewness and kurtosis by equation (2.5), (2.6) and
(2.7). O

A.2  Proof of Lemma 1

Lemma 11. Let {u,} be a sequence in Re. If for every v € R, (v,u,) — 0 as

n — oo, then u, — 0 as n — oo.

Proof. First, we show there no subsequences diverges to infinite. Assume for the sake

of contradiction that there is a subsequence {u,, }, with |u,, | — co. For large enough

Unp,, Un,,

€ S !, every component

. Since
|ty | |ty |

of this vector is bounded, and thus there exists a further subsequence {u,, } and
U,

k, u,, # 0 and we can write u,, = |u,,|

a & € S with

’Unk\ — £ Tt follows that for every v € R <v,unkz/|unkl|> —

(v,€), which equals 0 since |u,, | — oo while [u,, | <v,unki/|unk1 |> = <v,unki> — 0.
This means that ¢ is orthogonal to every v € R? and hence that that ¢ = 0, but
¢ € S, which gives the contradiction. Now, consider any convergent subsequence
{tn,}. Thus, there is a u € R? with u,, — u. It follows that for every v € R
(v,u) = limg_,00 (v, u,, ) = 0. Thus u is orthogonal to every vector in R¢ and, hence,

u = 0. Thus every subsequence converges to 0 and the result holds. O

Proof of Lemma 1. For 3 > 0 and £ € S™1, let ug(§) = [ [(s,€)[Pc(ds). Note

s

that ug = indf ) ug(€). We begin by showing that the first condition implies the
gesd—

second. Assume, for the sake of contradiction, that ¢ is full and that ug = 0 for some

B > 0. It follows that there is a sequence &;,&, -+ € ST! with ug(¢,) — 0. By a

version of Chebyshev’s inequality (see e.g. Section 6.3 in [55]) we have, for any h > 0,
o({s € S* (5,60 > h}) < h Pug(é,) — 0.

It follows that the sequence of function f, : S¥! — R given by f.(s) = (s,&,)

converges to 0 in measure o. From here, Theorem 2.30 in [55| implies that there is a
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subsequence with

lim (s,&,,) =0 for o —a.e. s
k—o0

Let A € B(S%!) be the set on which this convergence holds and note that o(A¢) = 0.
Let A be the closure of A and note that the support of ¢ is contained in A. Since the
support of ¢ is assumed to contain d-linearly independent vectors, it follows that A
does as well, and by properties of closures so does A. Thus, A is not contained in a
proper subspace of R?. This implies that there are distinct vectors s;,s,...,54 € A

that span R?. It follows that for any vector y € R?, we have y = zd

i1 a;8; for some

ai,as,...,aq € R. Hence
d
<ya€nk> = Za'j<sj7£nk> — 0.
j=1

From here, Lemma 11 implies that &,, — 0, which contradicts the fact that &, € S
for each k.

It is immediate that the second condition implies the third. We now show that the
third implies the first. Our proof is by contrapositive. Assume that there are less
than d linearly independent vectors in the support of o. It follows that there exists
a & € S¥1 with (s,£*) = 0 for each s in the support of 0. Hence, ug(£*) = 0 and

UB = 0 D
A.3  Proof of Lemma 12 and Lemma 13

Lemma 12. Fir o € (0,1), v € R, let b : S¢1 s (0,00) be a Borel function, and
let o be a finite Borel measure on S*1. Let’s n>. TS4(0,b,7) and its characteristic

function is given, for any z € RY,

) =exp [itr,9)+ [ T(-a)(00s) = ils. ) ~ b (s)o(a
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Proof. By equation (1), we know

—b(s)m
n<z>—exp[ s [ [T adm(d@],
§d—1

so for this lemma, we will show these two expressions are equivalent. We have

r o —b(s)x
f(z) = exp |i{y, 2) —l—/ / (elsw 1)%dma(ds)]

L sé-1 Jo T
[ > (K (ils, 2)x)* e bs)z

= — - 1 dzxo(d

eXp _Z<7a Z> + /Sdl/(] (kzzo k! rlta .CEU( S)

-, K (is, 2)x)k ebs)

=exp |i(7, z) + /Sd—l /0 Z o T dro(ds)
L k=1
B 0o 4. k 0o

= exp 7’(7) Z> +/ Z (Z S, ;Z>) / mk—l—ae b(s):cdxa_(ds) ,
L Sd—1 1 k 0

where the second line follows by e* = > 77 ’,”C— By change of variable,
) B L (is, 2N)E e N\ 1
fi(z) = exp Z(% z) + /Sdl Z_: %/0 (@) e @dm(ds)]
= exp )+ /Sd 1 ; ba (s)I'(k — oz)a(ds)]
| L (i(s, 2))* M
= exp |ily,2) + /S > %ba%)r(—a) [(u— &)a(ds)]
=exp |i(y,2) + /Sd_l ['(—a)b®(s) Z (_(Zé‘isz ) k H — U+ 1 )] ’

where the second line follows by the definition of the gamma function, the third line

follows by I'(1 4+ a) = al'(a). Then,

i(2) = exp lm,z) + /Sd_1 F(—a)ba(s)i <Z) <—Z‘b<é,)2>)kg(ds)]

— oxp lm,@ +/Sle(—a)b°‘(s) (1 - ii‘ij)a _ 1> o—<ds)]
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= i)+ [ TEa)(00(0) il )" - #r(sotas)|.

where the second line follows by the binomial theorem. O]

Lemma 13. Let w = (b(s) —i(s, 2))%, then

R(w) = (b2(s) + (s,2)?) 2 cos (a arctan ((;_Sz))» (5)
and

S(w) = —(b(s) + (5, 2)%)3 sin (a arctan (<§(SZ>>)) (6)
Proof

where the third equality follows by the 4.1.2 and 4.1.3 in [51], and the last equality
follows by the fact that the function arctan(.) and sin(.) are odd functions and cos(.)

is an even function. O



