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ABSTRACT
BIRCE PALTA. Schwarz methods for fourth-order problems containing
singularities. (Under the direction of DR. HAE-SOO OH)

We develop numerical methods for analysis of fourth-order partial differential equa-
tions on domains with angular corners. For the finite element analysis of fourth-order
partial differential equations, we have to use smoother basis functions whose deriva-
tives are continuous. Since the derivatives of Lagrange basis functions for the conven-
tional finite element method are not contiuous, the complex Hermite basis functions
are suggested. However, those existing exotic elements of Hermite type are com-
plicate in construction and implementation. Whereas the approximation space for
Isogeometric Analysis (IGA), developed recently, consists of B-spline basis functions
with any desired regularity. However, IGA using single patch encounters difficulties
in dealing with boundary value problems on irregular shaped polygonal domains. In
this paper, in order to handle fourth-order problems with singularities, we introduce
an Implicitly Enriched Galerkin method in which singular basis functions resembling
the known point singularities are generated through a special geometric mapping and
are combined with smooth basis functions through flat-top partition of unity (PU)
functions. Unlike XFEM, this approach does not have singular integral problems. For
the cases where multi-patches are necessary because of complex geometry of the prob-
lems, it is difficult to join two patches along their interface in IGA. To end this, we
combine the Implicitly Enriched Galerkin method with Schwarz domain decomposi-

tion methods. Thanks to Schwarz methods, we are able to break down the problems
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to smaller subproblems and are able to use different numerical techniques to solve
each subproblem for localized treatment of complex geometries and singularities.

Our aim in this research is to develop effective numerical methods with less com-
putational cost for the analysis of fourth-order problems on domains containing sin-
gularities. For this reason, we modify our method by applying different techniques
such as Multicolor Schwarz and Supplemental Subdomain methods to reduce number
of iterations for efficiency. Various numerical examples show the efficiency of our pro-
posed method in dealing with fourth-order singular problems with crack singularities

and/ or corner singularities.
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CHAPTER 1: INTRODUCTION

1.1  Background

For numerical solutions of fourth-order partial differential equations (PDEs), it is
necessary to construct C!-continuous basis functions due to the requirement of square
integrable second derivatives of the basis functions in the variational formulation.
In conventional Finite Element Analysis (FEA), Hermitian elements such as the Ar-
gyris triangle, the Bell’s triangle, the Bogner-Fox-Schmit rectangle, and so on [?, 7]
are suggested; however, their implementations and constructions are complicated.
Isogeometric Analysis (IGA), introduced by Hughes, et al. [17], is a recently devel-
oped computational approach that aims to close the existing gap between Computed
Aided Design (CAD) and FEA. Since IGA allows us to construct smooth B-spline
basis functions with any order of regularity, it provides advantages in the numerical
approximation of high order PDEs within the framework of the standard Galerkin
formulation.

The Implicitly Enriched Galerkin method was introduced in [19] to have highly ac-
curate solutions of fourth-order elliptic differential equations containing singularities
in the framework of IGA. Singular functions in the physical domain that resemble the
singularities are generated through a specially designed geometric mapping defined

on the reference domain.
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However, it is difficult to obtain a global mapping from the reference domain onto
a non-convex physical domain containing crack or corner singularities. Furthermore,
original designs of engineering structures do not have crack singularities since cracks
occur later on, so design mappings are not acceptable for analysis of a cracked struc-
tures. To deal with singularities such as cracks and corners in fourth-order equations
in the framework of IGA, adaptive refinements such as T-splines, and explicit en-
richment methods are suggested in literature [2], [9], and [10]. However, these ap-
proaches are highly complex in implementing or are limited by high computational
cost, elevated condition numbers, large degrees of freedom, and integration of singular
enrichment functions. To alleviate these difficulties, we proposed Implicitly Enriched
Schwarz methods. Combining the Implicitly Enriched Galerkin method with the do-
main decomposition method is a proper approach since the given physical domain is
partitioned into several patches. By decomposing the physical domain so that each
patch contains no more than one point singularity, one can construct a singular ge-
ometric mapping from the reference domain onto the patch containing a singularity
that generate singular basis function resembling singular functions. Therefore, do-
main decomposition method allows a local treatment, which reduces computational

complexity.
1.2  Problem Statement

Model Problem and its variational equation:

As a model problem, we consider the following fourth-order equation with non-



homogeneous clamped boundary conditions:

;

Au = fin Q
u = gi(z,y) on 0N (1)

Vun = go(z,y) on 052

\

where f € L*(Q), A stands for the Laplacian operator and n denotes the outward
unit vector normal to the boundary. Let u,v € H?(f2), then from Green’s theorem,

we have

ov O0Au
AuAv—/ —Au+/ v:/ V. 2
/Q aq On aq On Qf ( )

W = {w € HQ(Q) . w|3Q = gl,Vw . Il|3Q = 92}7

VY = {w S HQ(Q) : w|39 =Vuw - 1’1|3Q = 0}
The variational formulation of (1) can be written as: Find u € W such that
B(u,v) = F(v), for all v € V, (3)

where

Blu,v) = /Q AuAv and F(v) = /Q fo

Weak solution in Sobolev space and the Galerkin Method:
Let © be a connected open subset of RY. We define the vector space C™(2) to
consist of all those functions ¢ which, together with all their partial derivatives 0*¢(=

ot - 059) of orders |a| = oy + -+ + ag < m, are continuous on 2. A function
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¢ € C™(Q) is said to be a C™-continuous function. If ¥ is a function defined on €2,

we define the support of ¥ as.

supp ¥ = {z € Q|¥(z) # 0}.

For an integer k > 0, we also use the usual Sobolev space denoted by H¥(€2). For

u € H*(Q), the norm and the semi-norm, respectively, are

1/2
|ul[r,0 = Z / |0%u|*dx o [wl[k 00,0 = maxjq < {ess.sup|0“u(z)| : x € Q} ;
o<k 79
1/2
ulpo = Z |0%u|*dx o Julko,0 = max|q =y {ess.sup|0“u(z)| : x € Q} .
la|=k 7

The variational formulation of the boundary value problem (1) can be written as:
Find v € W such that

B(u,v) = F(v), for all v € V, (4)

Here B is a continuous bilinear form that is V-elliptic [7] and F is a continuous linear
functional. The solution to (4) is called a weak solution which is equivalent to the
strong (classical) solution corresponding the fourth-order PDE whenever u is smooth
enough. Let W" C W, V* C V be finite dimensional subspaces. Since B-spline basis
functions do not satisfy the Kronecker delta property, in this paper we approximate
the non-homogenuous clamped boundary condition by the least squares method as

follows: gf', gh € W" such that

/ lg1 — g}'[°dy and / g2 — gh|2dy
o0 o0

become minimum. We can write the Galerkin approximation method (a discrete
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variational equation) of (1) as follows: Given g7, g, find u" = w" + g} + g, where
wh € V", such that

B(u",v") = F(u"), for all v" € V",
which can be rewritten as: Find the trial function w” € V" such that
B(w", v") = F(u") — B(g" + g2, v"), for all test functions v" € V". (5)

The energy norm of the trial function u is defined by

] 1/2
ol = [580.0]

The relative error in the energy norm in percentage is

||U - U||2Eng,rel<%

ull%,.. — U2

1l

The relative error in the maximum norm in percentage is

[ = Ulloo

|u — UHoo,rel(%) =
[Jwlloo

x 100. (7)

1.3  Outline of Dissertation

The dissertation is divided into six chapters. After this introduction and problem
formulation, this dissertation is organized as follows: in Chapter 2, we review defi-
nitions and terminologies that are needed to understand this paper. We give a brief
review of B-splines, refinement methods, and constructions of smooth flat-top PU
functions. Borden [4], Cottrell [8], Rogers [32], Piegl and Tiller [30] are suggested for
detailed information.

In Chapter 3, the basic Schwarz Alternating and Additive (Parallel) Schwarz meth-
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ods are discussed in detail. In Chapter 3.2, we present Implicitly Enriched Galerkin
method and pullback of the bilinear form for fourth-order problems onto the reference
domain. In Chapter 3.3, we explain modification of the basis functions with assigning
homogeneous and non-homogeneous boundary conditions. In Chapter 3.4, we present
how overlapping size between subdomains affects the convergence rate.

In Chapter 4, several non-singular numerical problems that demonstrate the accu-
racy and efficiency of the proposed method are presented. In Chapter 4.1, we test our
method to one dimensional fourth-order problems with polynomial true solution and
exponential true solution with different overlapping sizes. Thereafter, in Chapter 4.2,
we extend testing our method to two dimensional fourth-order problem in a rectan-
gular domain with vertical interface, and we compare convergence rate for different
overlapping sizes. In Chapter 4.3, we solve two dimensional fourth-order problem in a
rectangular domain with slanted interface by using both Schwarz Alternating method
and the Schwarz Additive (Parallel) methods to compare the number of iterations re-
quired for the expected accuracy for each method. In Chapter 4.4, we also test our
method for two dimensional fourth-order problem in a triangular domain divided into
three overlapping quadrilateral subdomains.

In Chapter 5, Implicitly Enriched Schwarz method is applied to fourth-order prob-
lems containing singularities. In Chapter 5.1, we first test our method in one dimen-
sional problem with monotone singularity. In Chapter 5.2, we solve two dimensional
fourth-order problem in a circular domain with crack singularity. In Chapters 5.3
and 5.4, we extend our method to two dimensional problems in a cracked rectangular

domain and L-shaped domain, respectively. These problems require more subdivision
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as well as more computational time. To reduce the computational complexity, we
solve these problems by using three different techniques named Implicitly Enriched
Schwarz methods (IESM), IESM with increased overlapping parts of subdomains,
and Supplemental Subdomain method. The techniques are compared to each other
in terms of the total number of iterations for the desired accuracy of the approximate
solution.

Finally, we state the concluding remarks and future work in Chapter 6 of this

dissertation.



CHAPTER 2: PRELIMINARIES

2.1  Isogeometric Analysis

Engineers use Computer Aided Design (CAD) software for designing systems. The
main aim of CAD software is to produce accurate visual representation of physical
objects. For analysis of a practical problem, it is necessary to convert software data
into the geometry which is suitable for FEA. However, analysis-suitable models are
not automatically created or readily meshed from CAD geometry, and there are many
time consuming steps involved. Transfering information between CAD and numerical
computation of solutions as well as processing transferred data to fit the respective
requirements can be a very costly procedure in practical applications. IGA aims
at breaking down the barriers between engineering design and analysis. By directly
using the geometry representation from CAD, IGA integrates methods for analysis

and CAD into a single, unified process.
2.1.1  Knot Vector

A Knot vector in one dimension is a non-decreasing set of coordinates in the pa-
rameter space, written = = {&;,&, ..., &uipr1} , where & € R is the i knot, i is the
knot index, s = 1,2,...,n+p+ 1, p is the polynomial degree, k = p+ 1 is the order of
basis functions, and n is the number of basis functions used to construct the B-spline

curve. The knot vector represents the parameterization of the curve, determining the
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domain of the spline and the joins between the polynomial segments of the curve.
The knots partition the parameter space into elements. They are tied to the order
of the spline k, and the number of control points n + 1, but they also represent the
parameterization of the spline curve and the parameterization of each of the polyno-
mial segments of the spline. We can manipulate the knot vector in a number of ways.
In the case of B-splines, the functions are piecewise polynomials where the different
pieces join along knot lines. In this way the functions are C*°-continuous within an
element.

Knot vectors may be uniform if the knots are equally space in the parameter space.
If they are unequally space, the knot vector is non-uniform. Knot values may be
repeated, that is, more than one knot may take on the same value. The multiplicities
of knot values have important implications for the continuity of the basis function
across knots.

A knot vector is said to be open if its first and last knot values appear p + 1
times. Open knot vectors are the standard in the CAD literature. In one dimension,
basis functions formed from open knot vectors are interpolatory at the ends of the

parameter space.
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Figure 1: B-Spline functions N; 4(u); 1 =1, 2, -+, 10 of order k = 4 for knot vector
Nia(€), = = {0,0,0,0,0.3,0.5,0.5,0.5,0.8,0.8,1,1,1,1}

2.1.2  B-splines

With a knot vector, the B-spline basis functions are defined recursively starting

with piecewise constants(p = 0):

I if & <E<&n
N;1 = (8)

)

0 otherwise

For p=1,2,3, ..., they are defined by

= " Nz,p(g) + G — Gt Nz+1,p(§) 9)

Nip+1(§)
This is referred to as the Cox-de Boor recursion formula|Cox, 1971; de Boor, 1972].
The results of applying (8) and (9) to an open knot vector
==1{0,0,0,0,0.3,0.5,0.5,0.5,0.8,0.8,1,1,1, 1} are presented in Figure 1.

The B-spline basis functions are useful in design as well as in the Galerkin ap-

proximation for the higher-order equations since they have the following important
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properties:

o N, (&) is non-negative for all 4,k and w.
e Each polynomial N; () has local support on [&;, &i1k).

e On any span [§;,&41), at most p 4 1 basis functions of degree p are non-zero,

i.e, Ni—p(&)s Nicp1,6(£)s Niepr2i(§), -+, Nig(§)-
e The sum of all non-zero degree p basis functions on span [&;,&;41) is 1.
e B-spline functions are linearly independent.
® N;ix(0) = Npypi = 1.

e Basis function V; ;(€) is a composite curve of degree p polynomials with joining

points at knots in [£;.&1p11)-

e Partition of Unity property, that is > V; x(§) =1 for all £ € [0, 1]

B-spline Geometries Given n basis functions, N;,,7 = 1,2, ...,n and correspond-
ing control points B; € R%i = 1,2,...,n (vector-valued coefficients), a piecewise-

polynomial B-spline curve is given by

C(¢) = Z Nip(€)B;

Given a control net B, j,1 = 1,2,...,n,7 = 1,2, ..., m, polynomial order p and ¢, and
knot vectors = = {&1,&, ..., Enipr1 )y and S = {n1, M2, ..., Mimtqr1}, @ tensor product

B-spline surface is defined by

n m

SEm) =YY Nip(&)M;4(n)Bs;

i=1 j=1
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Figure 2: B-spline curve and control points

where N;,(¢) and M;,(n) are univariate B-spline basis functions of order p and g¢,
corresponding to knot vectors = and <, respectively.

B-spline geometries have following properties:

e Affine covariance, the ability to apply an affine transformation to a curve by

applying it directly to the control points

e A curve will have at least as many continuous derivatives across an element

boundary as its basis functions have across the corresponding knot value.

e Moving a single control point can affect the geometry of no more than p + 1

elements of the curve.

e B-spline curve is completely contained within the convex hull defined by its

control points.
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e As the polynomial order increases, the curve become smoother and the effect

of each individual control point is diminished.

e B-spline curves also possess a variation diminishing property.(no variation di-

minishing property for surface)

2.1.3 NURBS

Non-Uniform Rational B-Splines (NURBS) are powerful extension of B-splines.
They are also defined by their order, a knot vector, and a set of control points, but
unlike simple B-splines, each of the control points has a weight. When the weights are
equal to 1, NURBS are simply B-splines. NURBS are the standard for surface model-
ing in much of computer graphics and computer aided design. Non-uniform rational
B-spline surfaces, which have additional degrees of freedom, are much more flexible
than B-spline surfaces. NURBS can exactly reproduce the conic surfaces, whereas
B-spline surfaces can only approximate them. NURBS allow modeling systems to use
a single internal representation for a wide range of curves and surfaces, from straight
lines and flat planes to precise circles and spheres. [32]

Define weighting function

where w; is the i weight. NURBS basis is given by

Ni,p(g)wi _ Nl,p(&)wz
W) 2 Nip(Ow;

R (§) =



14

which is clearly a piecewise rational function. A NURBS curve is defined by
CE) =) R
i=1

Rational surfaces and solids are defined analogously in terms of the rational basis

functions

Dyq Nip(§) M 4(n)wi
R, ) = n m
i (&) D it 2jer N; (M (m)w; ;5

r N; (§)M (U)Lkr(owz‘ ik
R?’;-J’ g’ 7C — — — P 2,9 ) 2
3k (&) S S N (M () Ly, (Ow; 5 4

The NURBS functions have the same properties as B-splines, and are capable of

representing a wider class of geometries.
2.2 Refinements

The B-spline basis functions can be enriched by three types of refinements: knot
insertion, degree elevation or degree and continuity elevation. We have control over

the element size, the order of the basis, and the continuity of the basis.
2.2.1  Knot Insertion

Given a knot vector = = {&;,&, ..., nipt1}, a new knot may be added into the
existing knot vector without changing the geometry of the curve. We have an extended
knot vector = = {& = £1,&, ., &ntmipr1 = Enipi1), such that = C = as shown
in Figure 3. This new knot can be equal to an existing one and in this case the
multiplicity of that knot is increased by one. The new n + m basis functions are

formed by applying the Cox-de Boor recursion formula and the new n + m control



1 T 1 T
/
r I
! I
0.8} ! g 0.8} o 'L
'I t’ ‘\‘ o I
7 ’-..\ c"--‘ N ', - t.' ““ :/' s\\ "/ \‘t :
0.6 // \\ 5 N ! 0.6 / \\ i Vv \ | \i
/ \'l \‘! I \,' "1 H ol
A b A \ \
/ SN ’ FA ! A : [} I
0.4 / A AR 04r | FARY ]\ / 1\ i\
/ K \\ / . ] H \ ¥ . H “ I
/ ’ /N F\; v Doy
/ ’/ L % ) 7 \ / v L W
02k [ S \N/ H 02kl ! \ s \ z IV
/ ’ A \ 1 \W v i
) el /' \\ 5 l S '/\‘ AN
l 'a' /o \\ l\. , 4 /‘ \ /‘ *\ / ‘\ F
azz? e : ~ 2 . —a? tea ot h
00 0.2 0.4 0.6 0.8 1 00 0.2 0.4 0.6 0.8 1
(a) (b)
Figure 3: Knot Insertion (a) Initial B-Spline basis functions N;3(§); i =1, ---, 4

of order k = 3 for knot vector = = {0,0,0,0.5,1,1,1} (b) B-Spline basis functions

Nis(§); i=1, -
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-, 6 of order k = 3 after knot insertion with knot vector

points are formed from linear combinations of the original control points by

B=1T"B
where
1 &€&, &)
TO0 —
ij
0 otherwise
T;;H _ giJrq — & Ti% n §jrgr1 — £i+q Tz%’ﬂ
Eirqg — &) Eirqr1 — &

for ¢q=0,1,2,....,p—1

—_—
—
—

This process may be repeated to enrich the solution space by adding more basis

functions of the same order while leaving the curve unchanged. This results in a

new spline space with more B-splines and therefore more flexibility than the original

spline space. The control polygon will also have moved closer to the spline itself. By
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inserting sufficiently many knots, we can make the distance between the spline and
its control polygon as small as we wish, which has obvious advantages for practical
computations.

Insertion of new knot values has similarities with the classical h-refinement strategy
in finite element analysis [1]. However, it differs in the number of new functions and in
the continuity of the basis across the newly created element boundaries. To perfectly
replicate h-refinement, one would need to insert each of the new knot values p times

so that the functions will be C°-continuous across the new boundary.
2.2.2  Degree Elevation

Degree elevation increases the degree of a curve without changing the geometry of
the curve as seen in the Figure 4 . Although higher degree basis functions require
longer time to process, they do have higher flexibility for designing shapes. This
flexibility leads us to a new higher-order technique that is unique to isogeometric
analysis. Therefore, it would be very helpful to increase the degree of a basis function
without changing its shape. The basis functions of order p have p — m; continuous
derivatives across knot & , where m; is the multiplicity of the value of & in the
knot vector. When p is increased, m; must also be increased if we are to preserve
the discontinuities in the various derivatives already existing in the original curve.
During order elevation, the multiplicity of each knot value is increased by one, but
no new knot values are added. As with knot insertion, neither the geometry nor the
parameterization are changed.

Degree elevation can be used repeatedly as long as the system permits. As the
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degree increases, the number of control points increases. Moreover, the shape of the
curve is not changed as its degree increases, and the control polygon moves closer and
closer to the curve. Eventually, as the degree keeps increasing to infinity, the control
polygon approaches to the curve and has it as a limiting position.

Degree elevation clearly has much in common with the classical p-refinement strat-
egy in finite element analysis as it increases the polynomial order of the basis. The
major difference is that p-refinement always begins with a basis that is C°-continuous
everywhere, while degree elevation is compatible with any combination of continuities

that exist in the unrefined B-spline mesh.

1 T 1
| ;
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] !
0.8} Iy ost '
I I
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0.4 /I ‘." \ ! i 04l g )'\ I X :“\
/ :" \\ :I |“ Il r" \ JI “\ / i \\ oA
II /4 \\ ; / |“ / ) \\ ; / s K I\f‘ \‘
o2k 1 o N/ A\ 1 B \/ “J/ I\ '\
/ R \ 5 | /\ \ ¢ Y i
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il ." ’ ~ \ ’ d Ad ! ’ ﬁ‘- \ A
0 _’,-' . \\_‘t 0 ‘,'___.f'/ \\ ’c/d - e ‘\|
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)
Figure 4: Degree Elevation (a) Initial B-Spline basis functions N;3(§);i =1, ---, 4
of order k = 3 for knot vector = = {0,0,0,0.5,1,1,1} (b) B-Spline basis functions
Nia(€); i =1, ---, 6 of order k = 4 after degree elevation with knot vector = =

{0,0,0,0,0.5,0.5,1,1,1,1}
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Figure 5: k-refinement (a) Initial B-Spline basis functions N;3(§); i =1, ---, 4
of order k = 3 for knot vector = = {0,0,0,0.5,1,1,1} (b) B-Spline basis func-
tions N;4(§); i =1, ---, 8 of order k = 4 after k-refinement with knot vector

= ={0,0,0,0,0.3,0.5,0.5,0.8,1,1,1,1}

2.2.3  k-refinement

We can insert new knot values with multiplicities equal to one to define new ele-
ments across whose boundaries functions will be CP~!-continuous. We can also repeat
existing knot values to lower the continuity of the basis across existing element bound-
aries. This makes knot insertion a more flexible process than simple h-refinement,
Similarly, we have a more flexible higher-order refinement as well.

In the k-refinement, we elevate the degree as well as we insert a new knot without
changing the shape of the curve. This has no equivalent refinement in the standard
FEA. First we increase the degree of the curve and also increase the multiplicity of
all intermediate knot values so the continuity of the curve does not change at these

specific knots, and then we insert a new knot as shown in the Figure 5.
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Note that pure k—refinement, where all functions maintain maximal CP~!-continuity
across element boundaries, is only possible if the coarsest mesh is comprised of a sin-
gle element. If the initial mesh places constraints on the continuity across certain
element boundaries, these constraints will exist on all meshes. In general, though
some such constraints will exist, the number of elements desired for analysis will be
much higher than the number needed for modeling the geometry. Refinements may
be performed such that the functions have p — 1 continuous derivatives across these

new element boundaries and the benefits of k-refinement will still be significant.
2.3 Partition of Unity
2.3.1  Partition of Unity Functions

Let Q is the closure of Q C R%. The vector space C(2) is defined by

C(Q) = {pe€C™ )| D : bounded and uniformly continuous on

for [a| =ay + ... + ag < m}

A function ¢ € C™(2) is said to be a C™ -continuous function. If ¥ is a function

defined on €2, the support of ¥ is defined as

suppV = {x € Q| ¥(z) # 0}
For an integer k > 0, the Sobolev space H*(Q) is defined by

H*(Q) ={v e Ly | D" € Ly, V]a| <k}
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The norm and semi-norm are defined for u € H*(2) as followings:
fullea = (Y [ [0%ufdr)
lal<k V¢

w000 = Mmaz|o)<i{ess.sup|0®u(x), = € Q}

e = (3 [ 0upde)
Q

|a|=k
||k y00,0 = MAT|o = {eS5.5up|0%u(T), = € Q}
A family {Uy : open subsets of R? | k € D} is said to be a point finite open covering
of Q C R? if there is M such that any z € € lies in at most M of the open sets U,
and Q C |J Uy.
keD

For a point finite open covering {Uy, | k € D} of a domain, suppose there is a family

of Lipschitz functions {¢ | £ € D} on Q satisfying the following conditions:
eForkeD, 0<¢p(z) <1, zeR?
e The support of ¢; is contained in Uy, for each k € D

® > iep @r(x) =1 for each x € Q

Then {¢x | k € D} is called a partition of unity (PU) subordinate to the covering
{Uk | k € D}. The covering sets {Uy} are called patches.

A weight function, or window function, is a non-negative continuous function with
compact support and is denoted by w(z). Consider the following conical window

function: For z € R,

(1-2%, |z <1

0, lz| > 1
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where [ is an integer. w(z) is z C""!-continuous function. In R? the weight func-
tion w(z) can be constructed from a one dimensional weight function as w(z) =
[T, w(z;), where & = (21, ..., 24). We use the normalized window function defined

by

X

20+ 1)
5)’ A

l —
ws(x) = Aw( = (s
where A is the constant such that [, w}(z)dz = 1; refer to [16].

2.3.2 Flat-top Partition of Unity Functions

We first review one dimensional flat-top partition of unity functions; refer to [25]
and [27]. For any positive integer n, C"~!-continuous piecewise polynomial basic PU
functions were constructed as follows: For integers n > 1, we define a piecewise

polynomial function by

Liz)=(1+2)"g.(x), x€][-1,0]

O () = 68 () = (1 — 2)"gu(~2), x € [0,1] (11)
0, |z| > 1

\

where g,(2) = a” + o (=2) + ol (=2)2 + ..., 0™, (—2)""! whose coefficients are

inductively constructed by the following recursion formula:

”

1, k=0

() _ -
ap = Z;?:Oag Vo0<k<n-2

2(a'™,), k=n—1

n

\
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(pp)
an

Figure 6: Reference PU functions ¢, ~ with respect to various regularities

tP) ig depicted in Figure 6 for various regularities.

The gbéﬂp ) has the following properties; refer to [16]

o (x) + o (e —1) =1, Vo e[0,1] (12)
Hence {¢%"(x — j) | j € Z} is a partition of unity on R.
. (bgfi P) is a C"~'-continuous function.

We can construct C"~!-continuous flat-top PU function whose support is [a — 6, b+ 4]

with a + & < b— & by the basic PU function ¢{*.

(

571(%‘2*5)), v €la—0d,a+d
1, x € la+9d,b—0]
Yo V(@) = - (13)
g(%), veb—08b+ 0l
0, ¢ a—0,b+ ]

h—
In order to make a PU function a flat-top, we assume § < Ta‘ See the Figure 7.

This flat-top PU function w[(j’afl) is the convolution of the characteristic function
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flat-top
——
5, [ | P
a—9 a+9 b—0 b+

Figure 7: Flat-top PU function 1/1[(5”;*1)(55)

X[a,p) and the scaled window function wy, that is,
Vo™ = X (2) % wi (@)
By the first property of PU function ¢&?
(@ + (-1 =1, £e[0,1]

If ¢ : [—0,0] — [0,1] is defined by

then we have
o (0(2) + 0, (p(z) =1) =1, €€ [=6,9]

Construction of flat-top partition of unity functions
The flat-top PU function (13) can be constructed by either convolution or B-spline

functions as follows:

e PU functions constructed by convolutions: The flat-top PU function (13)

can be constructed by convolution, w[((f’;_l)(x) = Xap)(®) * w§(z), the convo-

lution of the characteristic function x5 and the scaled window function wy
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defined by (10). The characteristic function is defined by

1 ifx€a,b],
X[a,b](x) =
0 ifz¢lab].

e PU functions constructed by B-splines: Using the partition of unity prop-

erty of the B-splines,
the PU function (13) can also be constructed by B-spline functions.

1. For C'-continuous piecewise polynomial flat-top PU functions, let N; 4(x),i =

1,...,12 be B-splines of degree 3 that correspond to the open knot vector:

{o,..,o,a—5,a—5,a+5,a+5,b—5,b—5,b+5,b+5,1,..,1}
“F\ -~ -~ ~ N —\ 7\ WV V

4 2 2 2 2 4

A polynomial Ps(x) of degree 3 defined on [a — §, a + 4] is uniquely deter-

mined by four constraints:

Pg(a—é):(), P3<a,+6):1

d d
%Pg(a—é)—%Pg(a—i—(S)—O

r— (a+9)

o 55 ) satisfies the four constraints and also Nj4(z) + Nga(2)

satisfies the four constraints. Therefore, we have

r— (a+9)

52( 55 ) = N5 a(x) + Nga(x), for z € [a — 0,a + 4].

Similarly, we have

x— (b—0)

55 ) = Nza(x) + Nga(x), for z € [b—0,b+ 0].
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Using the partition of unity property of B-splines, we have

N574<ZL‘) -+ N@A(l’) + N774<ZL') + N874(£L') = 1, for x € [CL + 5, b— (5]

. For C%-continuous piecewise polynomial flat-top PU functions, let N; ¢(x), i =

1,...,18, be B-splines of degree 5 corresponding to the open knot vector,

{0,..,O,a—(5,..,a—(5,a—|—(5,..,a+(5,b—(5,..,b—é,b+5,..,b+(5,1,..,1}.
~ 7 -y ¥ ¥

A polynomial Ps(x) of degree 5 defined on [a — §, a + 0] is uniquely deter-

mined by six constraints: three at a — d and three at a + 9,

P5(d—5):0, P5(a+5):1

d d
%P5(CL—5):%P5((I+(5):0

d? d?
@_F%(CL—(;) = @P5<a+6) =0

53(%?5)) satisfies the six constraints and N7 ¢(z)+ Nsg(z)+ Ngg(x) also
satisfies the six constraints. Therefore, we have

x— (a+9)

ngg( 25 ) = Nzﬁ(l‘) + N&G((L') + Ngﬁ(l’), fOI‘ T € [CL — 5, a + (5]

Similarly, we have

R(x—(b—5)

2% ) = N1076(I> +N11’6(I) —|—N1276, for x c [b— 5,b+(5]

Moreover, we have

N776(£L')—I—N&G($)+N976($>+N10’6(ZE)+N1176($)+N1276 = 1, for x € [a+5, b—(S]
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3. In general, for each n, the C" !-continuous piecewise polynomial flat-
top PU function can be constructed by the B-splines of degree 2n — 1,

Nion(x),i=1,...,6n, corresponding to the open knot vector:

{0,..,0,@—(5,..,a—5,a+6,..,a+5,b—6,..,b—5,b—|—5,..,b+5,1,..,1}.
N /< o / ~ 7 ~~ T N’

vV vV
n n n n 2n

2n

We have
Y i Nopgoon () if z€la—4,a+0]

2n .

" Nopiron(z) =1 if x€a+6,b— 0]
ne k=1 1V2n+k,2 )
Yy (@) = (14)
> it Naniion() if z€b—20,b+0

0 if z¢[a—46,0+0]

\

Since the two functions ¢ and ¢} defined by (11), satisfy the following relation:

B +ok(€—1)=1, for £€0,1],

if ¢ : [—0,0] — [0, 1] is defined by

p(x) = (z +0)/(29),

then we have
oo (9(2)) + 0y, (p(r) = 1) = 1, for z € [-4,4].
The gradient of the flat-top PU function ¢[(j”;§71) is bounded as follows:

@] | < 5 (15



CHAPTER 3: IMPLICITLY ENRICHED SCHWARZ METHODS

3.1  Domain Decomposition

We will concentrate on one special group of domain decomposition methods, namely
iterative domain decomposition methods using overlapping subdomains. The over-
lapping domain decomposition methods operate by an iterative procedure, where
the fourth-order problem is repeatedly solved within every subdomain. For each
subdomain, the artificial internal boundary condition is provided by its neighboring
subdomains. The convergence of the solution on these internal boundaries ensures
the convergence of the solution in the entire solution domain.

The alternating method was originally proposed by H. A. Schwarz [33] in 1870
as a technique to prove the existence of a solution to the Laplace equation on a
domain which is a combination of a rectangle and a circle. The idea was then used
and extendedby P. L. Lions [21], [22], [23] to parallel algorithms for solving partial
differential equations. Since then, many kind of domain decomposition methods have
been developed, to improve the performance of the classical domain decomposition
method. A modification of this method is known as Parallel Schwarz method.

In Schwarz Alternating method, the domain is divided into two overlapping subdo-
mains and the iterative procedure starts by taking one initial guess for the boundary

of the first subproblem. This method involves solving the boundary value problem on
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each of the two subdomains in turn, taking always the last values of the approximate
solution as the next boundary conditions. It is important to note that in Schwarz
Alternating method, the solution of the first problem is required before the second
problem can be solved. In Parallel Schwarz method, the domain is divided into two
overlapping subdomains and the iterative procedure starts by taking initial guesses
on each subdomain. In this case, the subproblems can be solved independently in

each iteration.
3.1.1  Schwarz Alternating Method

The Schwarz Alternating method is an iterative method based on solving alterna-
tively sub-problems in overlaying subdomains §2; and €25. It is sequential by nature
since the solution of the first problem is required to solve the second problem in each
iteration.

Consider the fourth-order problem

Au=f in Q

o
~ On

(16)

U =0 on JON

on a bounded Lipschitz region €2 with homogeneous clamped boundary conditions
on boundary 0€2. This domain is divided into two subdomains €2; and €2, with
artificial boundaries I'y and I's respectively, as shown in Figure 8.

The Schwarz Alternating method gives us two subproblems:
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Figure 8: Overlapping subdomains with artificial boundaries
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@QQ \ FQ

where k denotes the number of iterations. To start the iterative process, subproblem

0

(18) is first solve for £ = 0 with some initial guess uy on artificial boundary I';. The

iterations (17) and (18) are performed by updating u™(z,y) and us**(x,y), which

are most updated values of u; (x, y) and us(x, y) respectively, until certain convergence

conditions are met.
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3.1.2  Additive(Parallel) Schwarz Method

Pierre-Louis Lions [22] proposed Parallel Schwarz method by doing small but es-
sential modification in Schwarz Alternating method which made the problem perfect
for parallel computing. The difference between the Alternating Schwarz and the
Additive(Parallel) methods is the way how the artificial boundary condition is up-
dated on I'y and I'y. The Additive(Parallel) Schwarz method solves the fourth-order

problem(30) concurrently in subdomains €2; and €, as follows:

;

A2ftt = f in O

b k+1
b =1 =0 on 00\,

on
X (19)
bt =k on Ty
Bu’erl o 8u§
o = on on I

A2ET = f in

b k+1
ub™m =2 =0 on 00, \T,

on
{ (20)
ubt™ =k on Ty
8u§+1 o 8u’f
% = on I

\

To start this parallel process, subproblems (19) and (20) are solved together for
n = 0 step with two initial guesses u{ and u) on artificial boundaries T’y and Ty
respectively.

It should be noted that convergence property of Additive Schwarz method falls

behind that of the Schwarz Alternating method. Although the Additive Schwarz
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method suits well for parallel computing, its convergence property is inferior to that
of the Alternating Schwarz method. In case of convergence, the Additive Schwarz
method uses roughly twice as many iterations as that of the standard Alternating
Schwarz method. This is not surprising when the Schwarz methods are compared
with their linear system solver analogues; Alternating Schwarz is a block Gauss-
Seidel approach, whereas Additive Schwarz is a block Jacobi approach [6]. We will
extend the classical Alternating Schwarz method to more than two subdomains by
combining Alternating Schwarz method and Additive Schwarz method to keep the

required number of iterations small.
3.2 Implicitly Enriched Galerkin Method

Implicitly Enriched Galerkin method generates singular B-spline basis functions
through a geometric mapping from the reference domain onto the singular zone of
the physical domain. In other words, the pullback of the singularity into the refer-
ence domain by the geometric mapping becomes highly smooth. Since the proposed
method eliminates influence of singularity without using external singular basis func-
tions in the approximation space, singular integrals do not appear in computation
of stiffness matrices and load vectors. It also overcomes large condition number and
additional degrees of freedom caused by directly added enrichment functions.

For analysis of the fourth-order problems on irregular shaped domains, it is neces-
sary to use multipatches to reduce the problem on a complicated domain to a sequence
of problems on simple domains. However, it is hard to join two patches along their

interfaces. To avoid the difficulties in multi-pathes approaches, we combine Implicitly
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Enriched Galerkin method with Schwarz domain decomposition methods.

We applied our proposed Implicitly Enriched Schwarz methods to deal with two
dimensional fourth-order equations on non-convex domains such as square domain
with crack singularity and L-shaped domain.

In view of Grisvard’s results [15], the solution of fourth-order equation in cracked
domain with clamped boundary condition along the crack faces as follows:

If fePEQ), ie r FllDaf e L,(Q), |al <k, then the solution of A%y = f

in cracked domain €2 is

u(r,0) = Z P12 ()\msin + ymsfn) + Upeg (1, 0) (21)
1<m<k+5/2
where
2 1
st = sin(m+1/2)0 — 22 i_ 3 sin(m — 3/2)6,
s2 = cos(m+1/2)0 — cos(m — 3/2)0, ey € PyTHQ).

Here \,,, v, are constants. We construct test problems from this solution.

Pullback of the bilinear form for fourth-order problems onto the refer-
ence domain

We calculate the pullback of the Laplacian on the physical domain onto the ref-
erence domain for calculations of the stiffness matrix and the load vector of the
fourth-order problem.

Let ® : ) — Q be a mapping from the parameter space to the physical space



defined by

d(&,n) = (x(&n),y(& ),

and let

i=uo®, V,=(0,09,)", Ve= (00,7,
where u is a differentiable function defined on £2. Then we have

(Vou)o® = J(®)'Vea  or

-1 _

Ug o @ 1 Yn o —Ye Ug Jn' I
. 1 -1

uy o @ —Tn  Le U Jor I

Using (22), we have

(Viug)o® = J(<I>)_1V§(ux o ®)

= J(®)'Ve(Jn' e + T ty)
Uzy © D _ @) (Jiittie + Jip i)
U’!L‘y od (Jﬂli\[/g + Jﬁlan)n

Similarly, we have

(Veuy)o® = J((I))_1V£<uy o ®)

= J(®)'Ve(Jn'te + ')

Uyy O P (J_l’&g + It )5
Y ( ) 1 21 22 Un

Uy © D (J L4 + It )
Yy 21 %€ 22 ¥m)n
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(22)
Ug

(23)

(24)
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Let o(x,y) = ¢ o ®1(z,y). Then

e,
1 aé-

0 0 0 0 0 . .0
(ayy@oq) = J21 8§(J21 a£¢+J22 an SO)+J22 a_n(le 8_5<P+J22 8_7780)

_ 8 _ 8 N _ 8 . _ 8 _ 8 . 3 8 .
(Oeyp)o® = Ty a_g(‘jll 5_€S0+J1218_77g0)+J2216_77(J1118_g80+‘]1218_77g0)

_ 0 _ 0 R - 0 N _ 0 B b . B ) X
(ayxgp) o® = J1118_§(J211@_€90 + J2210_7790) + J1210_77(J2110_690 + J2218_7790)

0 4, 0
) J12a

0 L 0

+J5' (J11185<P+ 12 an ‘P)

0
(Jl 128

(Oretp) 0@ = Jp 11 (%QD

(25)

It is worthwhile to note that Ay o ® of (25) is different from the simplified form
shown in [34] that does not hold for general cases.

For u,v € Vg, we can calculate the entries in stiffness matrix B;(u,v) and load
vector F;(v) for each subdomain €2; with corresponding geometric mapping Fj : 0 —
), as follows:

0? 0?

Let Ay = 92 + a7 and f(z,y) = A?u, then Yu,v € Vg,

Buw) = [ [ (@uw) o B (o B (F)dedy
Fo) = [ [ rEEn) -0 1o

3.3 Modification of Basis Functions and Assigning Boundary Conditions

In case we divide physical domain into several patches and assemble B-spline func-
tions constructed on each patch in a patchwise manner, then the derivatives of assem-
bled B-spline functions could be discontinuous along the patch boundaries. So some
modifications are required in order to make them continuous. These modified B-spline
basis functions are linearly independent and their first derivatives are zero at both
ends except for the second and the second last basis functions. Since C!-continuous

B-spline functions are not interpolant, assigning homogeneous and non-homogeneous
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clamped boundary conditions for fourth-order equation has some limitations. To im-

pose the homogeneous boundary conditions, we discard first two and last two basis

functions. To impose the non-homogeneous boundary conditions, we modify first two

basis functions Ny, ,11(€),Ny, p41(€) and last two basis functions Ny, ,41(€),Niy p1(€)

in the following way:

Let N;p1(£),i =1,...,m, be CP~'-continuous B-spline functions of degree p cor-

responding to the knot vectors. In what follows, we denote the first, the second, the

second last, and the last of basis functions N;,1(€),i = 1,...,m, respectively, as

follows:

\

Nfl,erl (5)7 Nf2,p+1 (5)7 le,p+1 (5)7 Nl1,p+1(€)

Nipi1(&) = Nppr1(§) + Npypa (§) = [(1 = P11+ (p = 1)S)]

, _ da
Nf27p+1(§) - Nf27p+1(§)/(dng27p+1)(O) (26)

Nip+1(€) = Niypr1(§) + Nigpir(§) = [€7(p — (p — 1)))]

d
Ny (&) = Noap (9)/ (5 Niepia) (1)

Then, the modified B-spline functions have the following properties at the end points

0 and 1:

After

.
* d *
Nf1,p+1<0) =1, (d_ngl,p-s-l)(O) =0
* d *
Nfz,p—&-l(o) =0, (d_é-Nfg,p—‘rl)(O) =1
: @)
Nli,p-&-l(l) =1, (d_gNli,p-i-l)(l) =0
d
Njpra(1) =0, (d_gle,p-i-l)(l) =1
\

B-spline basis functions are modified, non-homogenuous Dirichlet and Neu-
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mann boundary conditions are externally imposed by using the Least Squares Method.
3.4  Affect of Overlapping Size

The numerical Schwarz algorithm is essentially same as the block Gauss-Seidel
method for a modified matrix equation which has the same solution as the original
finite element and finite difference equations of the elliptic partial differential equation.
The relationship between the convergence of Schwarz Alternating Method and the
area of overlap has been observed previously. An attempt to derive the theoretical
convergence rate of the method for linear elliptic problems was made by Evans et
al. [11] , Evans et al. [12], and Li-Shan and Evans [13]. It was shown analytically
as well as numerically that the convergence rate of the Schwarz Alternating method
increases with the size of the overlap region. In [24], it was proven that the method
converges geometrically, and the numerical convergence of the method as a function
of overlap size was also investigated. In [29], they showed how overlapping affects the
convergence of the Schwarz Alternating Method for model problems in p-dimensional
case. The convergence rate was also found to be exponential in both the amount of

overlap and in the number of regions.



CHAPTER 4: NON-SINGULAR FOURTH-ORDER ELLIPTIC EQUATIONS

4.1 1D Non-singular Elliptic Problems

0
)

o
~— Q) el
=
N e

Figure 9: 1D physical domain {2

Ezample 1. Consider 1D non-singular fourth-order problem on domain © = [0, 2]

u®(z) = f(z) in (0,2)
q uw0) =4(0)=0
u(2)  =u'(2)=0

with the exact solution u(r) = (2 — z)%z%

Domain 2 = [0, 2] is subdivided into ©; = [0,1] and Q5 = [a,2] for 0 < a < 1. We
define the following smooth linear mappings F; and F, which map parameter space

to physical subspaces §2; and €25, respectively:

N

F:Q=10,1 - Q; =[0,1] such that F(§) = & (28)

F:Q=100,1 = Qy =[a,2] suchthat Fy(£) = (2—a)é+a (29)
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Modified approximation spaces: ]Ajpl = {Mk(ﬁ) ck=3,...,2q+ 1},

Vi, = {Nu(6):k=1,... 1},

72q_

where Mk-7q+1 and Nk,q_i_l are B-splines corresponding to the following knot vector:
{Oﬁﬁ'g’ 1/(q1+ 1), 2/(ql+ 1),... ,q/(q1+ 1)1\;}%}-
To satisfy homogeneous clamped BC, the first two of M .1 and the last two
of Nk7q+1 B-spline functions are discarded.
To satisfy artificial BC, the last two of M k.q+1 and the first two of N, k,q+1 B-spline

functions are modified such that

M1 00a(€) = €(6—5¢)
Sr MQq q+1(5)
— /\7—
Wipnl) = G
N (€)= (1-6)°(1+65)
* N2 q+1 (5)
N. = ——=
2,q+1 (6) Né7q+1 (0)

This problem is solved for different overlapping sizes to verify the affect of overlap-
ping size on the required number of iterations for desired accuracy. As we expected,
Figure 10(b) shows that larger overlapping domain region requires smaller number of

iterations to converge.

Ezample 2. Consider 1D non-singular problem on domain 2 = [0, 2]

;
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Figure 10: 1D fourth-order problem whose true solution is a polynomial function
(a)Relative Error in the maximum norm with fixed overlapping size a=0.5 for basis
functions with different degrees p=4,5, and 6, (b)Relation betwen number of iterations
and overlapping size between subdomains for the fixed degree p=8

with the exact solution u(z) = e*(2 — z)%z?.
We consider same smooth linear mappings F} and Fj, defined in the previous ex-
ample, which map the parameter space to physical subspaces €2, and €25, respectively

where ; = [0,1] and Qs = [a,2] for 0 < a < 1. Example 2 is solved with respect to

various sizes of the overlapping subdomains with initial guess 0 on artificial boundary

Table 1: Relative errors in the maximum norm of numerical solutions of 1D fourth-
order problem whose true solution is a polynomial function for basis functions with
different degrees for the fixed overlapping size a=0.5

Degree | DOF | Iterations | ||RelErr||pax
4 14 22 7.9547E-003
5 18 41 8.6046E-005
6 22 141 9.1039E-015
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x = a. Relative errors in the maximum norm versus basis functions of various degrees
are depicted in Figure 11(a) and in Table 2.

If the size of the overlapping region is increased, then the solution acquired in the
first step was very close to the true solution. Hence it required a small number of

iterations and thus had smaller convergence rate as shown in Figure 11(b).

T o e = e e o]
EE==C
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—————
—————]
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N
W

Figure 11: 1D fourth-order problem whose true solution is an exponential function
(a)Relative Error in the maximum norm with fixed overlapping size a=0.5 for ba-
sis functions with different degrees p=4,5,6,7, and 8 (b)Relation betwen number of
iterations and overlapping size between subdomains for the fixed degree p=8

4.2 2D Fourth-order Problem on a Rectangular Domain with Vertical Interface

Example 3. Consider the test problem on the domain Q = [0, 2] x [0, 1]

Au=f in Q
ou

:a—n:o on 0f)

u

whose true solution is u(z,y) = (2r — 22)%.(y* — y).
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Table 2: Relative errors in the maximum norm of numerical solutions of 1D fourth-
order problem whose true solution is an exponential function for basis functions with
different degrees for the fixed overlapping size a=0.5

Degree | DOF | Iterations | ||RelErr||pax
4 28 22 5.8153E-003
5) 36 43 8.7332E-005
6 44 52 4.7264E-006
7 52 7 6.4140E-008
8 60 106 8.9628E-010

1. y

//91 yd ’ Q,

O 4 / /
0 a i 2

Figure 12: Rectangular domain with vertical interface

Suppose €2 is decomposed into € = [0,1] x [0,1], 25 = [a,2] x [0,1], 0 < a < 1.
Then, the linear patch mappings F; : QO — Q and Fy : Q — Qy where Q = [0,1] x
0,1], are defined as follows:

Fl : Q — Ql and Fl(gan) = (x<§777)7y(€777)) where

z(§,n) = ¢
Fl(&?”): !

y(&n) =n

Fy Q — (1 and F2(£7 T]) = <x<€777)7 y(£7 77)) where

m(&aﬁ) = (2 - a)€+a
F2(§a77) =

y(&m) =1
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Modified approximation space:
Vi = {Nig1(6) - Mygua(n) i =3,...,2¢ + 155 =3,--- ,2¢ — 1}.

where Mk,qﬂ and N;wH are B-splines corresponding to the following knot vector:

{0...0,1/(¢+1),2/(qg+1),...,q/(g+1)1...1}.

e To satisfy homogeneous clamped BC, the first two of N .41 () and the first

and last two of Mj,,.1(n) B-spline functions were discarded.

e To assign non-homogeneous artificial BC, the last two of ]\Athﬂ(é ) were mod-

ified.

Vr, = {Ni,pﬂ(f) : Mj,q-&—l(n) i=1,...,2¢—1;j=3,---,2¢ — 1}.

where Mk,qﬂ and N;WH are B-splines corresponding to the following knot vector:

{0...0,1/(¢+1),2/(qg+1),...,q/(g+1)1...1}.
q+1 1 1 1 q+1

e To satisfy homogeneous clamped BC, the last two of ]\Afk7q+1(§) and the first

and last two of Mj,,.1(n) B-spline functions were discarded.

e To assign non-homogeneous artificial BC, the first two of ]\Athﬂ(é ) were mod-

ified.

Applying the Schwarz Alternating method with Mapping Method to Example 3,
we have the numerical results obtained by using basis functions of different degrees
in Table 3 and Figure 13(a). This probem is solved for different overlapping regions.

Like in one-dimensional case, the number of iterations required to get the solution
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of desired accuracy is dependent upon the size of the overlapping region but not on
the location of artificial boundaries. The relative errors in the maximum norm for
different overlapping sizes are shown in Figure 13(b). Note that for results in Figure
13(b), the degree of the basis functions are fixed. Therefore, no extra cost is required.
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Figure 13: 2D fourth-order problem on a rectangular domain with vertical interface
(a)Relative errors in the maximum norm for basis functions with degrees p=4,5,...,
and 10 for fixed overlapping size a=0.5.(Table 3), (b)Relation between number of
iterations and overlapping size between subdomains for the fixed degree p=8.

4.3 2D Fourth-order Problem on a Rectangular Domain with Slanted Interface

Example 4. This test problem is on the domain Q = [0, 2] x [0, 1]

Au=f in Q
ou

:%:0 on 0Of)

u
with the exact solution: u(z,y) = (2 — 22)*(y* — y)*.

The linear patch mappings F; and F, onto two patches are defined as follows:
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Table 3: Relative errors in the maximum norm of numerical solutions of 2D fourth-
order problem on a rectangular domain with vertical interface for basis functions with
different degrees p=4,5,..., and 10 for the fixed overlapping size a=0.5

Degree | DOF | Iterations | ||RelErr||pax
4 14 8 1.02E-004
D 36 10 3.46E-006
6 66 10 5.37E-007
7 106 13 1.10E-008
8 150 15 6.19E-009
9 204 17 1.99E-010
10 266 15 2.43E-011
1
Sy Q,

ok / /
0 0.5 0.8 1.2 2

Figure 14: Rectangular domain with slanted interface

F,:Q— Q) and Fi(&n) = (z(&n),y(&n)) where

©(€,m) = 1.2€ — 0.4¢y
F1(£7 7]) =

y(&m) =n

Fy Q — {2y and F2(§7 T]) = (x<§,77)= y(§7 77)) where

2(§n) =2 —-a)f +a
FZ(gan) =

y(&m) =n
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(a)Relative Errors obtained by using Additive Schwarz Method for basis functions
with different degrees, (b)Relative Errors obtained by using Schwarz Alternating
Method for basis functions with different degrees

Modified approximation space:

A ~

Vin = {Nigs1(6) - Mygia(n) i =3,...,2¢+ 1,5 =3,---,2¢ — 1}.

where Mk,qﬂ and Nk,qﬂ are B-splines corresponding to the following knot vector:

{0...0,1/(¢+1),2/(qg+1),...,q/(g+1)1...1}.

e To satisfy homogeneous clamped BC, the first two of Nk7q+1(§ ) and the first

and last two of Mmﬂ(n) B-spline functions were discarded.

e To satisfy non-homogeneous artificial BC, the last two of Nkyqﬂ(ﬁ ) were mod-

ified.

Vr, = {Ni,pﬂ(f) : Mj,q-irl(n) ci=1,...,2¢—1;j=3,--- ,2¢ — 1}.
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Table 4: Relative errors of numerical solutions obtained by using Additive Schwarz
Method and Schwarz Alternating Method for 2D fourth-order problem on a rectan-
gular domain with slanted interface. The size of overlapping part of two subdomains
is fixed

Additive(Parallel) Schwarz Schwarz Alternating
DEG | DOF | Iterations | ||RelErr| pa. | Iterations | ||RelErr||aax

5 36 16 2.13E-003 4 2.12E-003
6 66 22 8.69E-005 11 8.70E-005
7 104 24 2.37E-006 12 2.36E-006
8 150 34 2.88E-009 17 3.07E-009
9 204 38 1.30E-010 18 1.41E-010
10 266 39 4.39E-012 19 4.93E-012

where Mk,qﬂ and N;wH are B-splines corresponding to the following knot vector:
0...0,1/(¢q+1),2/(qg+1),..., +1)1...1}
{00, 1/(g+1),2/(g+1),- -, g/(g+ 1)L .. 1}
q+1 1 1 1 q+1
e To satisfy homogeneous clamped BC, the last two of Nk’qﬂ({) and the first

and last two of thﬂ(n) B-spline functions were discarded.

e To satisfy non-homogeneous artificial BC, the first two of N, k.g+1(§) were mod-

ified.

We solve the same problem with respect to the Schwarz Alternating method and the
Additive Schwarz method. Both of the methods give same results, but the number of
iterations required to reach solution of accuracy 4.9E-012 for the Schwarz Alternating
method is much less compared with the Additive(Parallel) Schwarz Method as we
expected. The convergence rates for these two methods are compared in Table 4 and

Figure 15.
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4.4 2D Fourth-order Problem on a Triangular Domain

Example 5. Consider fourth-order equation A%y = f in the triangular domain € with

non-homogeneous clamped boundary conditions whose solution is

u(z,y) = (wy)*

Then, f(x,y) = Au=24(a" +y*) + 2882%y>

Domain Decomposition and Geometric Mappings
We partition the physical domain into three overlapping subdomains as shown in
Figure 16 and construct three patch mappings Fj, F,, and Fj from the reference

domain  onto the subdomains €y, s, and €5 respectively.

(0.V3)

Figure 16: Decomposition of a triangular domain

A

[Fi-mapping]: F}: Q=[0,1] x [0,1] —

1

9 19
55(5777) = _6 - _577 - o
Fi(&n) = 5o ;

y(&,m) = \2/—577(8£+ 11).
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where
0,8, VAL 1) 209v3
s w 3VB(8E+11)  209v3y
e N BTG i
2t 24
[Fy-mapping]: F,:Q=1[0,1] x [0,1] = Q,
1
F2(5777) = \/g
y(&m) =5 —-€+2)
where
1 -3
3 3 _2V3
3 3
[Fs-mapping]: F5:Q=1[0,1] x [0,1] — Qs
19 9 19
Fs(&,m) = 24\/_ S
3
y(&m) = —5n(8¢ —19).
where
s _\/377 V3 3v3( )
sy — 20935 3V/3(8¢ — 19
T =19 g /3 w10 | I(Fs)] = =52 64
i ﬁé 7( §£—19)

Construction of basis functions: We assume p,q > 4. Let Nk7p+1(§) and

Ml,q+1(77)» k=1,2,...,p+5,1=1,2,...,q+5 be CP"'-continuous B-splines of degree
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p and ¢, respectively, corresponding to open knot vectors

Se=10...0,02,04,06,08,1...1}. (30)
p+1 1 1 1 1 p+1

S,={0...0,02,04,06,08,1...1}. (31)
q+1 1 1 1 1 a+1

To satisfy non-homogeneous clamped boundary conditions as well as non-homogeneous
artificial boundary conditions along interfaces, we modify the first and the last two
of Niqi1(€) and My 441(n) B-spline basis functions as defined in Equation (26). We
define basis functions on the reference domain for the mappings Fj, F5, and F3 as

follows:

Vi, = {Nepi1(€) - Myga(n) :k=1,...,p+5;1=1,--- ,q+5} for i=1,23.
The corresponding approximation functions on the physical subdomains €2; are
Vi = {(Nk,pﬂ(g)-Ml,qH(n))oF;1 k=1,...,pt5l=1,--- ,g+5} for i=1,2,3.

Our approximation space to deal with fourth-order partial differential equation on

a triangular domain 2 is
Vo = Vi UVE U Vg, (32)
The total number of the degree of freedom is

card(Vo) = card(Vp) + card(Vg,) + card(Vg)

~ 3((p+5)a+5))
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Table 5: Relative errors of numerical solutions obtained by using Mapping Method
with Schwarz Methods for 2D fourth-order problem whose true solution is smooth on
a triangular domain

Degree | DOF | Iterations | ||RelErr||pax
4 243 6 2.79E-003
D 300 21 3.79E-004
6 363 27 1.41E-004
7 432 54 5.88E-006
8 507 165 9.55E-012

Iteration Algorithm

Since we partition the triangular domain into three subdomains, we extend the
classical Alternating Schwarz method introduced for two subdomains by combining
classical Alternating Schwarz method and Additive Schwarz method. We reduced
the required number of iterations by superior convergence property of the Alternatig
Schwarz method since the Additive Schwarz method uses roughly twice as many
iterations as that of the standard Alternating Schwarz method.

The iterative procedures are as follows:

1. Assignning zero clamped BC along the artificial boundaries I'y;, and ' (shown

in Figure 16), we obtain the solution u¢ on ;.

2. Assigning zero clamped BC along the artificial boundary I'sg and '3y (shown

in Figure 16), we obtain the solution u3 on €.
3. With ud|r,; = Q3 NTep and ud|r,, = Q3 N Tar, we have the solution ud on .

These steps are represented by the following three fourth-order problems with non-



homogeneous clamped BC:

(
AZUIIH-I — f in Ql
u ™ =wu on 9\ (Tiz UTp)

k+1
8u1+ — 8u1

—— =20 on 00\ (I, Uly)

bt =k on Ty
ubt™t =k on Iy
8uk+1 auk
o = . on lir
quktt  ouk
M=% on Iy

A2u1§+1 — f in Q3

ui™ =u on 9903\ (T'sgp UTsr)

k41
Ousg ou

on = an on 893 \ (FgR U F3T>

ub™ =uf on Dy
u§+1 = u'f on I'sp
Buk Tt Auk

o~ = an o0 Dar
8u§+1 _ oub

o = a0 on Isg

51

(33)



52
(

AQuSH — f in Qg
ub™ = on 00, \ (Dyp UTyR)

T = % on 09\ (I'ep UT2R)

W = it on Dy (35)
ubt =M on Tap
" = %5 on Tap
Y= on T

Asigning Boundary Conditions
A discrete solution u of (33) at the k'-iteration, can be expressed as
(u?)(k) (xa y) = Cz,] zp+1 X M] q+1> © Fl_l(x7 y)

‘I'Z _Cf1J<Nf1p+1 X ]q+1> +Cf2]<Nfzp+1 X M]q+1>:| o Fi ' (z,y)

+Z Cly,j N12P+1 X ]q+1> +Cll]<Nll Pl X quJrl)] OF{1($7y)

+Z _sz1< i,p+1 X Mfl q+1) +sz2< i,p+1 X Mf2q+1>] OFl_l(x7y)
+Z Cle( ip+l X Mlz q+1) +C”Lll( ip+l X Mll q+1>] oFl_l(ny)_

The unknowns cy, j, Cf, i, Cly js Clojs Cifrs Cisfor Cidy s Cilys 3 < 1 < (p+3),3 < j < (q+3),
which are amplitudes of basis functions along the boundary, can be decided by non-

homogeneous clamped BC:

1. ¢f,3 < j < (q+3), can be determined by uf = us~' on 'y
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2. ¢t,;,3 < j < (g+3), can be determined by V,(u¥) -n = V,(uf™")-non '

3. ¢,j,3<j<(q+3), can be determined by u¥ = u on I'1
4. ¢, 4,3 <j <(g+3), can be determined by V,(u})-n = V,(u)-non g
5. ¢i 3 <i<(p+3), can be determined by u} = u on I'1p

6. cif,,3 <i<(p+3), can be determined by V,(u}) - n=V,(u) -non g

7. i1y, 3 < i < (p+3), can be determined by u¥ = w5~ on Ty

8. ¢iyy,3 <i < (p+3), can be determined by V. (u¥) -n =V, (us™) -non I'1

where V,(u)-n denotes the normal derivative with respect to the outward unit normal

vector n to the corresponding boundary.

Imposing essential BC of u; along the boundary I';7 . By (27), we have

p+3 p+3

) 0 FED) = 3 i (Vi X V) (6D = D i@ (30

Using the least squares method to determine ¢;;,,3 < i < (p + 3), we solve the

following linear system: for 3 < j <p+ 3,

p+3
Zczh/ i1 (€ jp-l-l / ng+1 )OFl(f 1) (37)

Imposing the natural BC, Vu; - n, along the boundary I'y7: We use the

following notations in what follows.

. J(F), J(F)n
J(F) (1) = . (38)
J(F)ot J(Fi)y
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Under a parameterization of the boundary I';7, we have no Fj(§,1) =< —1,0 > .

Using (27) and (38), we have

0 0
(Vo) -m) o Fi(6,1) = (1), (4) + 05 (1)) o Fa(6, 1)
p+3 d . p+3 .
= <J(F1)f11(§, ny Ci,lld_é-Ni,P-‘rl(g) + J(F)5 (6 1) i Nigar,
i=3 =3

p+3 p+3
J(F1)3 (€:1) Zc”ljg Nip+1(§) + J(F1)2 (€ 1) Zczlz zp+1> <—§7%>

1=3
Then, the unknown ¢;;,,¢;s,,3 <@ < p+ 3, are those which minimize the following:

p+n—1
d

/0 5 > (Valu?) -m) o Fi(e,1) + (Valud ™) -m) 0 Fife, ”>2“£F1(5’ DI

Hence we solve the following system: for 3 <j7<p+3

1 p+3
/Z A B- Cmaf Nips1 ()N p1(€) + B - €10, Nips1 (§)Njpi1 ()| (39)

- / (Vo) m) o Fy(6,1) - B- Ny (€)de.

where ¢;;,,3 < i < p+ 3 are derived from (37). We use the same technique
for imposing homogeneous and non-homogeneous boundary conditions to the other
subproblems.

Applying the extended Schwarz methods combined with Mapping Method, the per-
centage relative errors in the maximum norm with respect to a k-refinement are listed
in Table 5. Our method yield highly accurate numerical solutions by selecting proper
geometric mappings for subdomains. In the next section, we extend the proposed

method to fourth-order problems on non-convex domains.



CHAPTER 5: FOURTH-ORDER PROBLEMS ON NON-CONVEX DOMAINS

In this section, we consider numerical solutions of fourth-order problems on non-
convex domain, especially a polygonal domain with cracks and the L-shaped domain.
In the frame of IGA, a mapping method and enriched isogeometric analysis for second
order and fourth order PDEs with singularities was introduced in [18], [28], [19], and
[20]. In the engineering literature, extended isogeometric analysis (XIGA) were in-
troduced to solve the singularity problems, whereas, in [19], we introduced Implicitly
Enriched Galerkin method (IXFEM) to handle the crack singularities. Our method
has advantages over XIGA since it is not involved in singular integrals, and hence
does not use the Duffy transformation [26]. However, for simplicity, we present it for
fourth-order problems on cracked circular domain. In order to extend the proposed
enrichment method to non-convex polygonal domains, we can use either partition of
unity method or Schwarz Alternating method. In this paper we use the latter ap-

proach to extend IXFEM for fourth-order singularity problems on polygonal domains.
5.1 1D Fourth-order Problem with Monotone Singulatity

Ezample 6. Consider 1D-singular problem on € = [0, 2] shown in the Figure 9.

;

I
S
O

I

f(x) in (0,2)
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with the exact solution:
u(r) = r9(2 — 1)?

u has a singularity 21 at the left end of the physical subdomain ;. We construct
an example of a fourth-order equation containing singularity of the type z®. To
determine how strong the intensity of singularity « is allowed, we use the following
lemma proved in [19]:

Lemma: Suppose v € H3(a,b) with 0 < a < b. Then

(1) Jv(z)| < Cx**

b
(2) |/ v Y(z)dr| < 0o, ifa> 1.5

(I) Partition of the physical subdomain (); into a singular zone and a
regular zone: To build singular basis functions on a singular zone {2;,, = [0, 0.5]

and regular basis functions on a regular zone 2., = [0.4, 1], two mappings

~ ~

Fo:Q=[0,1] — Qing, Fr:Q=10,1] — Qyey,

defined by

x=F.(6) = 0.66+04

e The selection of mappings depend on the strength of singularity a = 1.6.

e The inverse mapping £ = F."!(z) brings €8, €13, ¢'8 in Q) to (2z)"6, (22)%6, (2x)3

in 2.

e These functions satisfy the clamped boundary conditions at x = 0.
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(IT) C'-continuous flat-top PU functions: Let us define two PU functions on

the physical domain as follows:

(

1 if0<z<04

U(x) = § (5—102)%(200—7) 04<z<05

0 if 0.6 <z <1
V(@) = 1=9(x),

~

b(E) = YoF, ¢ &)=y oF,.

(IIT) Basis functions on () whose push-forwards resemble the singulari-

ties:

Vi, = ¥(€) x {M, =& My = €%, M; = £8},

Ve, = () x {Ne(&) 1k =1,...,2p— 1},

where ]\A/k,pﬂ are B-splines corresponding to the following knot vector:

{0..0/(p+1),2/(p+1),....p/(p+1

Y- - )L .1}
pt+1 Y

1 1 p+1

For the non-homogeneous artificial BC, last two B-spline functions were modified

Nyppir () = €°(10 - 9¢)
Ny p(6) = 0.6(6~¢)
Computing Bilinear forms and load vectors in ();:

Case 1: (Bilinear form for two basis functions in Vy,)

Suppose u = o F7' v = 9o F7, where @ = ¢(€) - My and & = (&) - M, are in



]>Fs' Then, we have

B - ( /OF;<0.4>+ /Fl_l(OA)>(umoFS)(vmoFs)|J(FS)|d§

1

Fil(04)
Fo) = ([ e L e Rwe P

E]

Let 4(§) = (uo F)(&). Then,

If & = (&) - M(€), and M = €F with k > 8, then we have
Ge = (V)eM + M,
Gge = ()M + 2(0)eMe + M,

where

(D = ROk = (WP
e = BEO)e = Wl FON G + (0RO S5

Case 2: (Bilinear form for two basis functions in fipr)

58

Suppose u = 4o Fl v = 0o F', where @ = ¢*(£) - Ni(€) and 6 = ¢*(€) - Nj(€)

are in Vp,.

1

1 F1(0.5)
B(u,v) = / Ugp Vg T = (/ —|—/ )(um o F.)(vge © F}).|J(F,)|dE
0 0 F(0.5)

T

o= ([ IS AT RCIECAT

T
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Let w(§) = (w o F,)(£).Then

weo By = () (150 (G

(f)) o F7!, we have

Z
@)
=
i
g
I
VS
@;
o
=
o
N—
O
3
|
/N
<
™
=

Wee = (V)eeN(€) + 2(0")eNe(€) + ¥ Nee(€).

where (&*)5 and (1&*)55, respectively, are as follows:

) = (V(BEO), = W LEE)

3
dF, .
dg

W)ee = Y (FE))ee = (¥ )aal Fr(E))(

Case 3: (Bilinear form for mixed type:one in Vp. and the other in lA)FT)
Foru € ]A}Fs and 0 € ]A)FT,, domains of %o F, ™ and 9o F,~* have non-void intersections

only on [0.4,0.5]. Specifically, the product of two basis functions

u=1do0oF ' =¢@)(MoF ) and v =10 F ' = ¢*x)(N o FY)

s

vanish except for points in [0.4,0.5]. That is, let 4 = UM and & = ¢*N.



B(u,v) =

[ (172 . MoF;l)moFT) .

4
(lﬁ* NoF™N,,oF)|o Fr_ldg;
( )

T

1 o _
- /F;l(o.4) K(w Mo F 1)m o Fr> .

(@ N o F w0 B)] o (B o F)II(E)ldg

1
~ [ (G-NeFR.0R).
Fy10.4)

(6 N o B o ) o (o ) - | J(Fy)|de

where (F7'o F,)(¢) = 2(55 —0.8).

Flo) = / (fo F)(vo F) - |J(F)|de

<10.4)

- / (fo F)(©) - (Fu(€) - (N o F- o F) - | J(F)|de

5 1(0.4)

(IV) Basis functions and mapping for ,:

G:Q=10,1 - Qs =[a,2] suchthat G(§) = (2—a)+a
Modified approximation space Vg = {Mk(f) ck=3,...,2q+ 1},

where M, k.q+1 are B-splines corresponding to the following knot vector:

{0..0.1/(g+1).2/(g+1),....¢/(g+ ) 1... 1}

g+l 1 1 1 q+l

60
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To satisfy artificial BC, the first two B-spline functions were modified such that

M;, (6 = (1—-9%1+9)

M;o1(6) = (2= a)Mag1(6)/ My (0)

T T T T
10°} | S — =

= 1 [ N —— -

5 - N N

= g ~~~~~~~

g g 10°F O\ N el i

= E ~~~~~~~

'5 10°°F . - N S

E <

@ =] N

£ 2 00 Y ]

g £ AN

£ 5 Y

S 107} s 5 \\

E E Y Overlapping size \\\

k| g 107 0.5 \\\ 1

S ] ——= 04

M = B I 0.3 \\\
——— 02
=== 0.1

10712 1 1 ! L L 107" ) ) )
75 100 125 150 175 200 225 0 50 100 150 200
Degree of Freedom Number of iterations
(a) (b)

Figure 17: 1D fourth-order problem containing singularity (a)Relative errors in the
maximum norm for basis functions with different degrees for the fixed overlapping
size a=0.5, (b)Relation between number of iterations and overlapping size between
subdomains for the fixed degree p=8

5.2 2D Fourth-order Problem on a Cracked Circular Domain

Ezample 7. Consider A%y = f in the cracked circular domain Q with clamped bound-

ary conditions whose true solution is
u(r,0) = (2 — 7’)27’1'5<Sin(1.59) — 3sin(0.56) + cos(1.50) — cos(0.50)>.

Mappings from the reference domain into subdomains:
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Table 6: Relative Errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method for 1D fourth-order problem whose true solution contains singularity

Degree | DOF | Iteration | [|[RelErr||paz
4 24 46 9.58 E-005
5 27 51 1.61E-006
6 30 73 6.14E-007
7 33 75 7.98E-008
8 36 77 5.26E-009
9 39 88 2.86E-009
10 42 106 8.53E-012

Figure 18: 2D cracked circular domain

e Geometric mapping onto §2:

F:Q=1[0,1]x1[0,1] — 4 = {(z,y) : 0 <22 +4> <1}

e Geometric mapping onto €2y:

G:Q=10,1] x [0,1] — Qy = {(z,y) : a® < 2> +y*> < 2%}



[F-mapping:| Define a mapping to deal with singularities as follows:

F(&m) = (2(&m), y(&m) = o ( cos2n(1 = ) sin2m(1 - )

Then we have

2mn?sin2m(1 — &), —2mn%cos2m(1 — &)
J(F) = . ()| = dmp,

2ncos2m(1 —¢), 2nsin2xw(1—¢)
F(w,y) = (&(@,y).n(z,y)), where

1—%005_15 if y >0, "
E(x,y) = on(z,y) =

1
—cos '2 if y <0,

2

Flat-top PU functions on the physical domain:

(

1 it 0 <7 <049
1 2
Yr(r,0) = E§@4—mm)(mW—8® if 0.49 < 7 < 0.64
0 if0.64 <r<1

wL<T,¢9) = 1—1/1R(T,@)

(

| if0<n<07
. 1 2
br(&n) = vroF =q = (64 _ 100n2> (200772 _ 83) i 0.7 <7 <08
|0 itf08<n<1
0 if0<n<07
~ 1 2
V(&) = YpoF = Igg(100n2--49) (143——200n2) if0.7<7n<0.8
1 if08<n<1

Remark:

o Up(r,0) + ¥r(r,0) =1 for all (r,0) € Q, but ¥(&,1) + ¥r(£,7) # 1.
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Construction of C!'-continuous basis functions satisfying clamped bound-
ary conditions:
(I] Basis functions on g, Nk,pﬂ(é), k=1,2,...,p+ 10, are C*~-continuous

B-splines of degree p, corresponding to an open knot vector

SEZ{OO,E,l—O,,l—O,E,ll}
p+1 p+1

e To satisfy clamped boundary conditions along the crack, we remove the first

two and the last two B-spline functions among NWH({), 1 <7< p+10.

e We define basis function on the reference domain for the mapping I’ as follows:
Vi = {Nipia () i =3,...,p+81=3,57T}

The set )A/;j”g o F'~! generates the crack singularity in the radial direction:

rt2 28 35 where 1 = 2% 4+ y”

Using the PU function ¢, we construct basis functions defined on 1,4 as follows:

Vit = (V"o F ™) yn

A~

— {(Ni,pﬂ(g) . (n)l.zﬁR(g,n)) oF 1 =3 . pt8l= 3,5,7}.

II] Basis functions on Q,., : M, +1(n),k=1,2,...,q+ 13 : B-splines corre-
g 7q

sponding to an open knot vector

S, ={0...0,0.7,0.7,0.725,0.725,0.75,0.75,0.775,0.775,0.8,0.8,0.9,0.9,1 . . . 1}.
end el
7t a+
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We choose approximation functions on the subdomain €2,., as follows:

Vit = {Nipa(€) Myga(n) i =3, p+ 8,7 =1, ¢+ 13}

Vit = (Vo FTh)
= {0ulo.y) % (Nipra(©) - i () 0 P

3<i<p81<j<q+13)

The last two basis functions on the n direction are modified as follow:

M2q,q+1 (1)
Méq,q—i—l(l)
M 1) = (0.3n+0.7)"(11 — 10(0.3n + 0.7))

[G-mapping:] Define a geometric mapping G : Q= 0,1]%[0,1] — Qo = {(z,y) :

a? < 22 +y* <22} by
G&n) = (a+(2- a)n)(cos 27(1 — &), sin27(1 — 5))

where (25 has a crack along the positive z-axis and 0.3 < a < 1. Then we have

where

5= cos™H(Z), ify <0 (r—a)

(1 —5=cos™!(2)), f0<y

ro= a2+ |J(G)|:2(2—a)7r(a—|—(2—a)77>.
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We choose approximation space on the subdomain €2y as follows:

~ A~ ~

VG = {Ni7p+1(€) 'Mj7q+1(77) Z:3a7p+8’] = 1a 7q+8}

where the last two basis functions are discarded to satisfy homogeneous clamped
boundary conditions, and the first two basis functions are modified to satisfy non-

homogeneous artificial boundary conditions such that

M () = (1-n)"°(1+ 10n)

N Mz, 1(77)
M; () = =24
MZ,qul(O)

Approximation Space on {2
Our approximation space to deal with fourth-order partial differential equation on

a cracked circular domain 2 is
Vo = Ve UVEo Ui (40)
We observe the following:
e The total number of the degree of freedom is

card(Vg) = card(Vy?) + card(Vip™) + card(Vg)
= (P+06)(¢+13)+(p+6)(3) +(p+6)(¢+8)

= (p+6)(20+24)

e The intersections of basis functions in V5™ and those in V¥ occur only in the
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Table 7: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method for 2D fourth-order problem on a Cracked Circular Domain

Degree | DOF | Number of Iteration | ||Rel Err||prae

6 432 24 1.77E-006

7 494 32 3.33E-007

8 560 27 5.42FE-008

9 630 29 1.32E-008

10 704 48 3.32E-009

annular region

Qsinngreg:{<T,0>30<9<27’[’, CL<7“§1}

—_
(=1
£
T

107

Relative error in the maximum norm
S
%
T

L

400 450 500 550

600

Degree of Freedom

(a)

650

Relative error in the maximum norm

107

1071

Overlapping size

100 200 300 400
Number of iterations

(b)

Figure 19: 2D fourth-order problem on a cracked circular domain (a)Relative errors
in the maximum norm for basis functions with different degrees p=6,7,8,9, and 10 for
the fixed overlapping size, (b)Relation betwen number of iterations and overlapping
size between subdomains for the fixed degree p=8, i.e., no extra cost is required



68
5.3 2D Fourth-order Problem on a Cracked Square Domain

Ezample 8. Consider the fourth-order equation A%u = f in the square domain =
[—2,2] x [—2,2] with crack along the positive z-axis. Then imposing homogeneous
clamped BC along the crack faces and non-homogeneous clamped BC along other

parts of 0€,
u(r, 0) =0.5r"" ( sin(1.50) — 3 sin(0.59)> +0.7r1? ( cos(1.50) — cos(O.S@))
+ 7o ( sin(2.50) — 5 sin(0.59)) + 7?5 < cos(2.50) — cos(0.56)>
, which is constucted by the Grisvard Theorem (21), solves this biharmonic equation

with respect to f(r,60) = A?u = 0.

(-2,2) (2,2) (-2,2) I H (2,2)

L.,

(-2,-2) (2-2)  (272) o e — — — —_ 22

Figure 20: Cracked Square domain {2 and its partition into six subdomains €;,i =
1,2,...,6.

PU-IGA with Mapping Method
We partition the physical domain into six subdomains as shown in Figure 20
We construct five geometric mappings G, Ga, G3, Gy, and G5 onto 2y, s, Q3, (4,

and 5 respectively. In order to capture the singularities around the crack tip in
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subdomain (s, we divide the subdomain into singular zone Qg = {(r,0) : 0 <0 <
2m, 0 <r < 0.4} and non-singular zone €., = {(r,0) : 0 <0 <27, 03 <r <1}
We consider F-mapping to generate singular functions resembling the singularities on

a singular zone {Js_. ~and Gg-mapping to build regular basis functions on a regular

sing

zone (g, .

~

(G1-mapping]: G1: Q= [0,1] x [0,1] = Q) = [%, 2] % [0,2]

1 1
Grlem) = z(€,n) = 7 +(2- E)&
y(&mn) =21
where
-1 g
Hey = | V2L e =
V2
0 2
(Go-mapping]: G : Q= [0,1] x [0,1] = O = [<2,2] x [%, 2]
G2(§a77) = 1 1
y(&,n) = 7 +(2 - E)U
where
40 A
J(Ga) = V. L ) |J(G2)|=8—E



~

[Gs-mapping]: G3: Q2 =[0,1] x [0,1] — Q3 = [-2,

z(§n) = -2+ (2
G3(§7 77) =

y(&,n) =—2+4n

where

~

[G4-mapping]: G4 : Q =[0,1] x [0,1] — Q4 = [-2,

——=1x[=2,2]

V2

- )5

1
2] x [—2,—E

z(§,n) = =24 4€,

G4(§7 77) -
y(&m) = =2+ (2

where

4 0
J(G) = | Ga=s-

0 2——

V2

[Gs-mapping]: G : 0= [0,1] x [0,1] = Q5 = [%

1

GS(&?H) = \/5
y(€,m) = —2+2n

_1
\/5)77

Sl

) 2] X [_2’ O]

]

70
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where

~

[Ge-mapping]: G : Q= [0,1] x [0,1] — Qg,.,
Go(&,m) = (0.3 + O.777)<COS 21(1 — €),sin 27(1 — g)) (41)
where (), has a crack along the positive z-axis. Then we have

Gsl(z,y) = (&lz,y),n(z,y))

1 1T

—cos '(—) ity <0 r—0.3
f(x7y) = 2% r ) n<x7y) = (0—7)

1—5-cos™ (%) if0<y '

27(0.3 4+ 0.7n) sin27(1 — &), —27m(0.3 4 0.7n) cos27(1 — &)
J(Ge) =
0.7cos 2w (1 — &), 0.7sin27(1 — &)

|J(Ge)| = 1.4 (0.3 + 0-7n>
[F-mapping]: Next, define a mapping to deal with singularities
F:Q=1[0,1] x [0,1] — Qs,,,,

that maps polynomials to singular functions as follows:

F(en) = 0.47]2(008 21 (1 — ), sin 2m(1 — g))
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Then
FY(a,y) = (&(z,y),n(z,y))
where
L cosfl(f) if y <0 172
oy = ¢ 27 r o onlry) =

5

1—s-cos™H(%) if0<y

0.8mn%sin 2w (1 — &), —0.87mn% cos 2m(1 — &)
J(F) = . |J(F)| = 0.64mn?

0.8ncos2m(l —¢),  0.8nsin27(1 —&)

C!-continuous flat-top PU functions: We define the following C*-continuous flat-

top PU functions on the physical domain 2:

(

1 Hfo<r<0.3
2
Vr(r,0) = @—4W)<%W—5> f03<r<04 (42)
0 F04<r<l
77[)1%(5777) = ¢ROF
1 if0<n<075
2
= (4—@ﬁ @ﬁ—5) it V075 <n<1
0 it1<n

"(ﬂL(’T’, 6) = 1- wR<7’, 9)

~

Yr(§m) = YroGs

0 ifn <0

= § —492(14n—3) if0<n<1/7 (43)

1 if 1/7<n



Note that 1y (r, 0) + g(r,0) = 1 for all (r,0) € Q, but ¥(€,1) + Yr(€,n) £ 1

Construction of C! basis functions
Basis functions on €,y -+, Q5:

We assume for p, q > 4, Nk{pﬂ(f) Nl?pﬂ

&),k=1,2,...,

M)y MP ()l =1,2,...,2¢+ 1,1 = 1,2,...,2g + 1

2p+ 1, and

are CP~! and C91-

continuous B-splines, respectively, corresponding to an open knot vectors

1 Q3 _ b __
St=52=8 = {0...0,0.1,0.2,...,0.8,0.9,1- - 1}.

~——
p+1

2 o4 __
S2=5¢ = {0...0,0.05,0.1,...,0.9,0.95,

p+1

1 2 4 5
Sl=82=5/=5" = {0...0,0.1,02,...,0.8,0.9,1 -1

q+1

3
$3 = {0...0,0.05,0.1,...,0.9,0.95

g+1

Define basis functions on the reference domain for the corresponding geometric

mappings as follows:

{ zp—i—l() M]'l,q+1<77)3i:1,...

VG2 { szrl( ) Mj%q#»l(n) Z:L
]}G3 { zp—i—l( ) Mjs,q—i-l(n) Z:]-7
{ zp—i—l( ) Mf,qﬂ(n)Z:l,

]>G5 = {Nz?erl(g) Mj%qul(n) =1,

pH10;] =3,
P20 =1,
,p+10;5=1,---
,p+20,5=1,---
,p+10;5=1,---

p+1

1---1}.

—
p+1

}.
g+1

11}
—

q+1

,q + 10}.

,q + 10}.
,q + 20}.
,q + 10}.

,q + 8}.
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The corresponding approximation functions on the physical subspaces are as follows:

VGI = (]>G10G1_1) (44)

B {<Ni{p+1(€) ' Mjl,qﬂ(??)) oGt :1<i<p+10;3<j<q+ 10}

On 4, the first two among M}’qﬂ(n), 1 <i < g+10, were discarded in the n-direction
to satisfy the clamped boundary condition on the crack. In the &-direction, the
first two basis functions were modified to satisfy non-homgeneous artificial boundary
condition on the interface, and the last two were modified to satisfy non-homogeneous

clamped boundary conditions.

VG2 = (VGQOGEI) (45)

= {(N2,00(©) N2y (n) 0 G5 1< i< p+20,1 < j < g+ 10)

On €25, the first two and the last two basis functions were modified in the £-direction
to satisfy non-homogeneous clamped boundary condition. In the n-direction, the
first two basis functions were modified to satisfy non-homgeneous artificial boundary
condition on the interface, and the last two were modified to satisfy non-homogeneous

clamped boundary conditions.

Ve, = (Vay 0Gy') (46)
- {<N3P+1(€) ' Mﬁq+1(77)) 0Gy i 1<i<p+10;1<j5< q+20}
On 23, the first two and the last two basis functions in the n-direction are modified

to satisfy non-homogeneous clamped boundary condition. In the &-direction, the first

two were modified to satisfy non-homogeneous clamped boundary conditions, and the
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last two basis functions were modified to satisfy non-homgeneous artificial boundary

condition on the interface.

Vo, = (Vg, 0Gy—1) (47)

= {(N;%pﬂ(f)-MﬁqH(n)) oGy :1<i<p+20;1 §j§q+10}

On €y, the first two and the last two basis functions were modified in the £-direction
to satisfy non-homogeneous clamped boundary condition. In the n-direction, the first
two were modified to satisfy non-homogeneous clamped boundary conditions, and the
last two basis functions were modified to satisfy non-homgeneous artificial boundary

condition on the interface.

VGs = ()A}Gs © Ggl) (48)

_ {(N;pﬂ(g).MﬁqH(n)) 0oG:l:1<i<p+10;1 §j§q+8}

On €5, the last two among Mi,qﬂ, 1 <4 < g+ 10, were discarded in the n-direction
to satisfy the clamped boundary condition on the crack, and the first two were mod-
ified. In the &-direction, the first two basis functions were modified to satisfy non-
homgeneous artificial boundary condition on the interface, and the last two were
modified to satisfy non-homogeneous clamped boundary conditions.

Basis functions on €,

We assume p > 4. N,f,pﬂ(ﬁ), k=1,2,...,p+ 19, are C°~'-continuous B-splines of
degree p, corresponding to an open knot vector

S¢ =40...0,0.05,0.1,...,0.9,0.95,1--- 1}
N—— N——
p+1 p+1
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We removed the first two and the last two B-spline functions among Ni7p+1(§ ), 1<
1 < p+ 19, so that the homogeneous clamped boundary conditions are satisfied at
both ends. We define basis functions on the reference domain for the mapping F' as
follows:
Ve ={NS (&)(V0.4) i =3,....p+17;1=3,5}.

25 in the radial direction,

Then the set Vo' generates the crack singularity 7%, r
where r? = 2?2 + 9.

Using the PU function ¢, we construct basis functions defined on {2, as follows:

Vi = (VFOF_I)'tbR

= {(N,00(©) - VOB dn(&m)) 0 F i =3, p+ 1751 = 3,5} (49)

Basis functions on ()

We define basis functions on the reference domain for the mapping G as follows:
]}GG = {Nlﬁap-i-l(g) ’ Mﬁ‘]—i—l(n) ti= 37 Y as 187] = 17 e, q T 5}7

where Ni,pﬂ(f),i =3,2,...,p+ 17, and Mj,qﬂ('r]),j =1,2,...,¢g+5 are CP~! and

C%'-continuous B-splines, respectively, corresponding to an open knot vectors

S¢ = {0...0,0.05,0.1,...,0.9,0.95,1--- 1}
N—— N——
p+1 p+1

Sy = {0...0,0.2,0.4,0.6,0.8,1---1}.
N—— ——
q+1 g+1
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We construct basis functions defined on €2, by using the PU function ¢, as follows:
Ve, = (Vo,0Gg!) iy (50)

— { (R (©) ML () - (€m)) 0 G* i3 < < p+1T51 < j < g+ 5}

On €,.,, the last two among M ia+1, 1 <14 < g+5, were modified in the 7-direction
to satisfy the non-homogeneous cramped boundary condition on the boundary. The
first two and the last two among Ni7p+1, 1 <@ < p+19, were removed in the £-direction

to safisfy homogeneous clamped boundary conditions on the crack.

Approximation Space on ()
Approximation space to deal with fourth-order partial differential equation on a

cracked square domain €2 is
Vo =Ve, UVa, UV, UVg, UV, UV, UVE
e The total number of the degree of freedom is

card(Vq) = card(Vg,) + -+ + card(Vg,) + card(Vr)
= (24 +10)x (g +8)) + (2% (p+20) (¢ + 10))

+ <(p+ 10) x (q+20)) + ((p+ 16)(2—|—q+5)>

e The intersections of basis functions in Vg and those in Vg, occur only in the

annular region

Qsing N Qg ={(r,0) : 0 <8 <21, 03<r <04}
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For u,v € Vg,, we implement this mapping method calculating the bilinear form
0? 0?

B(u,v) and load vector F(v) as follows. Let A,, = By + o

Case 1: Yu,v € Vp

Blu,v) — /0 " /O Ay () ddy
- ( /0 1 /0 e /0 1 /F 1_1(0.3)>(Axyu)oF-(Axyv)oF- J(F)|dgdy
o = ([ f ey, [/ 11(0.4) ) FOFE 1) -6 LIl

Case 2: VYu,v € Vg,

1 pGgt(0.4) 1 pl
B(U,U) = (/ / +/ / )(Azyu) 9] GG . (Amy’lj) o Gﬁ . ‘J(G6)|d£d7]
0 Jo 0 JG5'(0.4)

ro = ([ oy M GHEm) - G

Case 3: Vu € Vp and Vv € Vg,

Blu,v) — /0 " /0 Ay (D) ddy
- /%/03' Ay (@0 F7Y) A, (60 G31) o Gg o Gy dxdy
/ /O (o F- )oaﬁ.Aw(@oGgl)oGG)oGgldxdy
- // o (Agy (o F~ )oGﬁ-Amy(ﬁoGgl)oG>o

(Gg' o F) - |J(F)|dgdn

_ // - (Any(o F)o F) - (Auy(00 Gyt 0 Gy) o

Gg' o F) - |J(F)|dgdn
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where

0.47%2 — 0.3

(G5 o F)Em = (6~

).

Note that the second part of the last integral is actually A,, (9 o Gg') o F. However,

the simple relation V,,(90G5") oG = J(Gg) ™!+ Ve, (0) is not applicable to that form.
The pullback of the Laplacian on the physical domain onto the reference domain

for the stiffness matrix calculation is calculated as shown in the previous section.

Iteration Algorithm
The proposed iterative method for fourth-order problem on a square domain con-

taining crack singularity is as follows:

Step 0: (Initializing)

) , (0)
2

(i) Find an approximate solutions wus ’, u, ', and uéo) by taking initial guesses 0

on artificial boundaries of subdomains €25, €24, and 24 using the k-refinement
of B-spline basis functions with fixed p-degree (p = 8).
(i) Taking the values of the approximate solution uéo), uio), and uéo) as artificial

boundary conditions along corresponding interfaces, find ugo), ugo), and uéo)

solving each subproblem independently.
Step II: Update approximate solutions in the following order:

e Find ugkﬂ) by updating corresponding artificial boundary conditions with

u(lk), ugk), and uék).

e Find uikﬂ) by updating corresponding artificial boundary conditions with

ugk), uék), and uék).
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Table 8: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method for 2D fourth-order problem on a Cracked Square Domain

Degree | DOF | Iterations | |Rel Err||pax
4 1564 1590 8.67E-004
) 1767 3370 8.50E-006
6 1982 3490 4.97E-006
7 2209 3541 7.65E-007
8 2448 4436 9.98E-008

e Find ugkﬂ) by updating corresponding artificial boundary conditions with

)

ugkﬂ) and uék .

e Find ugkﬂ) by updating corresponding artificial boundary conditions with

ugkﬂ), u§k+1), and uék).

e Find ugkﬂ) by updating corresponding artificial boundary conditions with

(k)

k+1
ufl ) and Ug .

e Find uékﬂ) by updating corresponding artificial boundary conditions with

ugk+1), ugk+1)7 uékﬂ), uz(;k+1)7 and uékﬂ).

_ k+1 _ Hutrue - uk+1Hoo . .
Let Error = ||ugue — v ||oorer = be the relative error in the

”UtrueHoo

maximum norm and TOL is a given number.

o if Error < TOL = 1078 or the iteration number > 4500 , then stop the

iteration steps. An approximate solution is u; = u*+b.

o if Error > TOL, go to Step II.

To decrease required number of iterations in Example 8, we increase overlapping

size with a new partition shown in Figure 21. Table 9 shows that new partition
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Table 9: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method for 2D fourth-order problem on a Cracked Square Domain with
Larger Overlapping Size

Degree | DOF | Iterations | ||[RelErr|| pax
4 1564 46 1.58E-004
D 1767 224 6.70E-006
6 1982 229 4.04E-007
7 2209 261 2.64E-007
8 2448 329 9.90E-008

provides almost same accuracy with less number of iterations. The larger overlap-
ping parts among subdomain, the faster the Schwarz Alternating method converges.
However, if the subdomains are close to the crack tip, the local solutions on the sub-
domains are influenced by the singularity. Hence, we choose subdomains which are

away from the singularity zone, {(r,0) : 0 < 8 <27, 0<r <0.4}

. \ . : [____-:
r U |7
~

i
I

Figure 21: Cracked square domain with larger overlapping subdomains



82

5.3.1  Supplemental Subdomain Method

Figure 22: Cracked square domain with Supplemental Subdomain Method for b=0.4

In the master patch approach used IGA, calculations are carried out on the master
patch no matter how large the physical domains are. Under the fixed degree of
freedom, increasing overlapping parts of subdomains as long as it is not excessively
large amount of increment nor do not contain singularities, does not drop the accuracy.

In the previous section, we could reduce the iteration numbers by one order of
magnitude by increasing the overlapping parts of subdomains, and subdomains have
almost a maximal amount of overlapping sizes. However, the number of iterations
is still several hundred. In order to obtain a further reduction of the number of
iterations, we can take advantage of the following known information of the given

problem:
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e At those points p; € Q near 0€, the values u(p;) are influenced by the clamped

BC.

e On a neighborhood of the crack singularity, u(z,y) ~ O(r'5 - (sin(1.50) —

3sin(0.50) 4 cos(1.50) — cos(0.56))).

For this end, we construct an additional subdomain with crack along y = 0:
O ={(z,y): V¥ <2?+y*<2?}, 01<b<04

whose inner boundary is close to the crack tip and the outer boundary is as close as the
physical boundary as shown in Figure 22. Since we use the master element approach,
the number of basis functions to approximate the solution on Q* is independent of
the size of Q*. Now we define a geometric mapping G* : Q = [0,1] x [0,1] — Q* as
follows:

[G*-mapping]:.

G = (2(&m).u(&m) = ((b+ (2= byy) cos2m(1 = ), (b+ (2 = bn) sin 2w(1 — €) ).

Then, we have

(G Hay) = (Ez,y),n(z,y))

1/ .
5 cos (=) if y <0 _ (r—05)

1—%Cos_1( ) if0<y

318
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@) 27(0.5 + 1.5n)sin 2w(1 — &), —2m(0.5+ 1.5n) cos2m(1 — &)
J(G") =
1.5cos 2m(1 — §), 1.5sin 27 (1 — €)

1J(GY)] = 37?(0.5 + 1.5n>

Since the artificial boundary r = 1 of the subdomain €2¢ locates inside the sup-
plemental subdomain %, we could have more accurate BC along r = 1 than that
of the previous section. Hence, for j = 1,...,6, we have more accurate u;“ at fewer
iterations.

The supplemental subdomain method for fourth-order problem on a square domain

containing crack singularity is as follows:

Step I: (Initializing)

(i) Find approximate solutions ug)), uio), and uéo) by taking initial guesses 0 on

artificial boundaries of subdomains €2y, €24, and €2s using the k-refinement of
B-spline basis functions with fixed p-degree (p = 8).

(ii) Taking the values of the approximate solution ugo), uflo), and uéo) as artificial

boundary conditions along corresponding interfaces, find ugo), ugo), and ugo)

solving each subproblem independently.

©

(iii) Find an approximate solution u, ’ with respect to the following BC:

e along the outer boundary r = 2, u.(2,0) can be obtained by using u§°),

©) . ©)  (0)

(0)
Us 'y Us , Uy, and ug .

e along the inner boundary r = b, u,(b,6) = b - (sin(1.59) — 3sin(0.50) +
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cos(1.50) — 008(0.56)>

Step II: For k > 0, update approximate solutions on each subdomain in the following

order:

(a) Find uékH) by updating boundary condition along r» = 1 with u®.

(b) Find ugkﬂ) by updating corresponding artificial boundary conditions with

ugk), uék), and uékﬂ).

(¢) Find uikﬂ) by updating corresponding artificial boundary conditions with

uék), uék), and uékﬂ).

(d) Find ugkﬂ) by updating corresponding artificial boundary conditions with

ugk—i—l (k-‘rl).

) and Ug

(e) Find ugkﬂ) by updating corresponding artificial boundary conditions with

uék-l—l), u§k+1)’ and uék—&-l)‘

(f) Find uékﬂ) by updating corresponding artificial boundary conditions with

uz(Lk+1 (k+1)

) and Ug

(g) Find v with the following BC:

k+1)

(k+1) (k+1) ugk—f—l) uik—f—l) and Ué

o use uy , Uy along the outer boundary

r=2,

e use uékﬂ) along the inner boundary r = b.

Step III: Update approximate solutions uékﬂ) and uF Y by iterating them as follows:

1. Find uékﬂ) by updating boundary condition along r = 1 with ulf Y



86

Table 10: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method and Supplemental Subdomain Method with b=0.4 for 2D fourth-

order problem on a Cracked Square Domain with Larger Overlapping Size

Degree | DOF | Iterations | ||RelErr||pax
4 1844 10 3.52E-006
5) 2082 14 3.10E-007
6 2334 17 3.73E-008
7 2600 19 7.07E-009
8 2880 19 6.40E-009
2. Find an approximate solution uF ) by using yPrevious) along the boundary
r = 2, and by using uép revious) along the boundary r = b. Apply Step 111 2
times.
k+1 | ttrue — uk+1Hoo : .
Let Error = |[tugye — W oo et = be the relative error in the

||utrue||oo

maximum norm and TOL is a given number.

e if Error < TOL, then stop the iteration steps. An approximate solution

is uy, = w1,

o if Error > TOL, go to Step II.

Numerical results obtained by Implicitly Enriched Schwarz Alternating method

along with Supplemental Subdomain method are shown in Table 10. The results

in Table 10 show that the Supplemental Subdomain method reduces the number of

iterations by on order of magnitude without losing the accuracy.

Moreover, the results in Table 10 can be also compared with Table 4 of [5] that are

obtained without using enrichment.
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5.4 2D Fourth-order Problem on an L-shaped Domain

Ezample 9. Consider the fourth-order equation A%u = f on an L-shaped domain €
containing corner singularity with non-homogeneous clamped boundary conditions

whose true solution is constucted as follows:
u(r,0) = 7“)‘<Sin(29/3) —(1/3) sin(29))
where A\ = 1.54448373678. Then
f(r,0) = —(6.583208901846914sin(2t) + 8.164403894229210sin((2t)/3)) /r**55%2

Note that A\; = 1.54448373678 and Ay = 1.908529189846 are the roots of the charac-

teristic equation sin*((z — 1)37/2) — (2 — 1)2sin*(37/2) = 0 [3].

(-2,2) (2,2)

L.,

(-2,-2) (0,-2)

Figure 23: L-shaped domain and its domain decomposition

Geometric Mappings:

We partition the physical domain into five subdomains as shown in Figure 23.
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(G-mapping]: Gy : Q= [0.1] x [0,1] = @ = [—=,2] x [0,2]

\/§
1 1
Grlen) = z(&,m) = 7 +(2- E)ga
y(&mn) =2n
where
2L g
J(G) = { V2 1 (@) =4 —
V2
0 2
(Go-mapping]: G : Q= [0,1] x [0,1] = O = [=2,2] x [%, 2]
x(€,m) = =2+ 4¢,
Gz(&ﬂ?) = 1 1
y(&,m) = ﬁﬂ?—ﬁ)n
where
40 4
J(Gy) = S, L | J(G2)] :8_E
V2
[Gs-mapping]: Gs: Q= [0,1] x [0,1] = Q5 = [-2, —i] x [~2,2]

1
G3(§777> = \/5

y(§m) = —2+4n

88
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where

. 1
[G4-mapping]: G4 : Q=[0,1] x [0,1] = Q4 = [-2,0] X [-2, —

z(§,m) = =24 2¢,

G4(€777) = 1
y(€m) =2+ (2~ E)n

where

7G| =4~

Sl

In order to generate re-entrant corner singularity in the radial direction of the
subdomain €25, we divide the subdomain into singular zone €5, = {(r,0) : 0 <r <
0.4,0 < 0 < 1.57} and non-singular zone €5, = {(r,0) : 0.3 <r < 1,0 <0 < 1.57}.

1.54448

We consider F-mapping to generate the corner singularity r on a singular zone

Qs,.,, and Gs-mapping to build regular basis functions on a regular zone s, .

[Gs-mapping]: G5 : Q2 = [0,1] x [0,1] — Q5,,, = {(r,0) : 03 <r <1,0<0 <

1.57}

Gs(&,m) = (0.3 + 0.7?7)((:05 1.5m(1 — €),5in 1.57(1 — 5)) (51)
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where {25 has a corner along the positive x-axis. Then we have

Gyl (z,y) = (E(zy),n(z,y))

1 T 1

eos Ay 1 i
) e ) my iy <0  (r—03)
{(z,y) = ' com@y) = e
157 — —— cos 1 (2) if 0 <
5 L[5 60 (7’) if0<y

(1.5m(0.3 4 0.7n) sin 1.5m(1 — &), —1.5m(0.3 4 0.7n) cos 1.5w(1 — &)
J(Gs) =
0.7cos 1L.5m(1 — &), 0.7sin 1.57(1 — &)

2.1
1J(Gs)| = 77?(0.3 + 0-7n>
[F-mapping]: Next, define a mapping to deal with singularities
F:Q=[0,1]x[0,1] — Qs,,,. = {(r,0) : r <0.4,0 < 0 < 157}

that maps polynomials to singular functions as follows:

F(en) = 0.4772<cos 1.5m(1 — €),5in 1.57(1 — 5))

Then
F~z,y) = (&(z,y),n(x,y))
where
1 1T 1 .
——cos (=) — 3 ity<0
I B
0.4

cosfl(z) ifo<y

1.57 —
i 1.57 r
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0.6mn?sin 1.5mw(1 — ¢£), —0.67n? cos 1.57(1 — &)
J(F) = . |J(F)| = 0.48mn?

0.8ncos 1.5m(1 — &),  0.8nsin1.57(1 — &)

Construction of Approximation Space
We assume for p,q > 4, Né7p+1(§) N,ﬁpﬂ(f), k=1,2,...,2p+1, and
M), MR ()l =1,2,...,2p+ 1,1 = 1,2,...,2¢ + 1 are C*~! and C*"-

continuous B-splines, respectively, corresponding to an open knot vectors

S¢=S5=8¢ = {0...0,01,02,...,0.8,0.9,1---1}.

p+1 p+1
S¢ = {0...0,0.05,0.1,...,0.9,0.95,1---1}.
N—— N——
p+1 p+1
1 2 4
Sy=5=5y = {0...0,01,0.2,...,0.8,0.9,1---1}.
g+1 g+1
3 f— DY
Sy = {0...0,0.05,0.1,...,0.9,0.95,1---1}.
q+1 q+1

Define basis functions on the reference domain for the corresponding geometric

mappings as follows:
= (N (&) Mg () ri=1,...,p+10;j =1, ¢+ 10},

= {N?, 1 (&) M7 (n)ii=1,...,p+20;5=1,--+ g+ 10}.
{ zp—f—l( ) Mjg,q—i—l(n)Z:l?vp—{_lOvj:la7q+20}
={N (O M (n):ii=1,...,p+10,j=1,--- ¢+ 10}.

where the first two and the last two basis functions in the &- direction as well as in
the n- direction on subdomains €2y, --- , €y are modified as defined in (26) to satisfy

non-homogeneous artificial and clamped boundary conditions.
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The corresponding approximation functions on the physical subspaces are as fol-

lows:
Ve, = (Va, oGy (52)
— {(Nil,pﬂ(é) : Mjl,q+1(?7)> oGy 1<i<p+10;1<j<q+ 10}
Ve = Vo) (53)
= {(fop-‘rl(g) . Mﬁq+1(77)> OG2—1 1<i<p+20;1<5j<qg+ 10}
Vo, = Vg, 065') (54)
= {(Wn© M) 0 G5 s1 <i<p 101 << g+ 20}

= (M€ Ny () 0 G 1 < i < p 1051 < j < g+ 10}

We consider the following two open knot vectors that correspond to the k-refinement
in the &- direction and n- direction, respectively, to construct B-spline basis functions

on the subdomain €25

1 2 10 11

S5 = {0...0, —, —, ... — = 1.--1}.

£ {\/—/’ 12712’ ’12’12’\»—1}
p+1 p+1

5 _

Sy = {0...0,0.2,0.4,0.6,0.8,1---1}. (56)
q+1 q+1

Then we have CP~!-continuous B-spline basis functions Ni”pﬂ(f), k=1,2,...,p+12
and C?% '-continuous B-splines basis functions quﬂ(n),l =1,2,...,q9 + 5, respec-

tively. We choose the corresponding approximation space on the reference domain
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for the mapping G5 as follows:

Ve, = {N2 1 () - M2 pi(n) :i=3,...,p+10;5=1,--- ,q+5}.

where the last two of Ml?qﬂ(n),l =1,2,...,q+5 are modified as defined in (26). We
also remove the first two and the last two B-spline basis functions among N, pi1(6), k=
1,2,...,p+ 12 so that the clamped boundary conditions are satisfied at both ends.
We construct basis functions defined on €5, by using the PU function 1, (43) as

follows:

Vo, = O}Gs oGy Yy (57)

5]

- {<N5P+l(§) ' Mﬁq+1(n) : @L(ﬁﬂ?)) 0G;':13<i<p+10;1<j<qg+ 5}

We define basis functions on the reference domain for the mapping F' as follows:

]}F _ {ngﬂ(f)(?? /_0_4)(2*1.54448373678) i=3,...,p+ 10},

Then the set Vo F~! generates the re-entrant corner singularity %4448 in the radial

direction where r? = 22 + 2. Note that the strength of singularity at the re-entrant
corner of L-shaped domain is A = 1.544483736782464. However, for simplicity, we
choose A = 1.54448 that makes the fourth derivatives of the true solution simple.
Using the PU function g (42), we construct basis functions defined on s, as

follows:

Ve = (VroF 7Y yp

- {(Ng’jpﬂ(g) - (V/04)2A154448) (e 77)) oF':i=3.. . p+ 10} (58)
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Table 11: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method for 2D fourth-order problem on an L-shaped Domain

Degree | DOF | Iterations | |Rel Err||pax
4 1228 1607 4.95E-005
) 1392 3199 1.96E-005
6 1566 2409 4.16E-006
7 1750 3730 3.35E-006
8 1944 3561 9.96E-007

Approximation space to deal with fourth-order partial differential equation on an

L-shaped domain 2 is

Vo = Ve, UVag, UVe, UV, UVe, U Ve (59)

The total number of the degree of freedom is

card(Vo) =

_|_

card(Vg,) + - -+ + card(Vg, ) + card(Vr)

(25 (0 +10) (g +10)) + ((p+20) * (g + 10)

((p +10) % (g + 20)) v <(p +8)(1+q+ 5))

By increasing overlapping size with a new partition shown in Figure 24, we reduce

the required number of iterations in Example 9. Table 12 shows that new partition

provides almost same accuracy with less number of iterations.

In order to obtain a further reduction of the number of iterations, we can take

advantage of the Supplemental Subdomain Method. We construct an additional

subdomain:

QO ={(z,y): V¥ <2’ +y*<2?}, 01<b<04
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Figure 24: L-shaped domain with large overlapping subdomains

Table 12: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method for 2D fourth-order problem on an L-shaped Domain with larger
overlapping size

Degree | DOF | Tterations | ||RelErr||pax
4 1228 95 5.15E-005
5 1392 103 2.13E-005
6 1566 120 5.47E-006
7 1750 182 4.12E-006
8 1944 188 9.96E-007

whose inner boundary is close to the crack tip and the outer boundary is as close as the
physical boundary as shown in Figure 22. Since we use the mater element approach,
the number of basis functions to approximate the solution on Q* is independent of
the size of Q*. Now we define a geometric mapping G* : Q = [0,1] x [0,1] — Q* =
{(r,0) :b<r<2,0<6< 157} as follows:

[G*-mapping]:

G* = (z(f,n),y(f,n)) = ((b—}—(Q—b)n) cos 1.5m(1—&), (b+(2—b)n)sin 1.57r(1—§)>.
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Figure 25: L-shaped domain with Supplemental Subdomain Method for b=0.4

Then, we have

(@) Ha,y) = (E(z,y),n(z,y))

1 T 1

_1 .
- 1.57 o8 (;) -3 ity <0 _(r—1b)
- -1Zy <
1.57 T5n 08 (r) if0<y

G = 1L57(b4+ (2=0)n)sin1.5n(1 —¢&), —1.57(b+ (2 —b)n)cosl.hm(1l —¢&)
(2 =) cos 1.57m(1 = §), (2—=b)sin1.57(1 — &)

1J(GH)] = — (1.57r(b —(b—2)m)(b— 2))

Since the artificial boundary » = 1 of the subdomain {24 locates inside the supple-

mental subdomain Q*, we could have more accurate BC along r» = 1 than that of the
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previous section. Hence, for j = 1,...,5, we have more accurate uf at less iterations.
The supplemental subdomain method for fourth-order problem on an L-shaped

domain containing crack singularity is as follows:

Step 0: (Initializing)

(i) Find an approximate solutions ugo), uio), and ugo) by taking initial guesses 0

on artificial boundaries of subdomains €25, €24, and 25 using the k-refinement
of B-spline basis functions with fixed p-degree (p = 8).

(i) Taking the values of the approximate solution uéo), uio), and uéo) as artificial

boundary conditions along corresponding interfaces, find u§°> and ugo) solving

each subproblem independently.
(iii) Find an approximate solution u” with respect to the following BC:

e along the outer boundary r = 2, u.(2,60) can be obtained by using ugo),

ugo), uéo), and uio).

e along the inner boundary r = b, u, (b, §) = p!-51418373678

Step II: For k > 0, update approximate solutions on each subdomain in the following

order:

(a) Find uékH) by updating boundary condition along r = 1 with u®,

(b) Find ugkﬂ) by updating corresponding artificial boundary conditions with

u(lk), ugk), and uékﬂ).

(¢) Find uikﬂ) by updating corresponding artificial boundary conditions with

u:())k) and uékﬂ).
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(d) Find ugkﬂ) by updating corresponding artificial boundary conditions with

u(2k+1) and u

(k+1)
5 .

(e) Find ugkﬂ) by updating corresponding artificial boundary conditions with

ugfﬂ), uik+1)’ and uék+1)'

(f) (i) compute the stress intensity factors A; and Ay by using uékﬂ).

(ii) Find w1 with the following BC:

o use ugkﬂ), ugkﬂ), ugkﬂ), and uikﬂ) along the outer boundary r = 2,
e use uékﬂ) along the inner boundary r = b.

Step I1I: Update approximate solutions uékﬂ) and u{F™ by iterating them as follows:

1. Find uékﬂ) by updating boundary condition along r = 1 with uFY.

2. Find an approximate solution u{**™" by using «?""**) along the boundary
r = 2, and by using uép revious) along the boundary r = b. Apply Step III 2
times.

Lkt
ltterue = 0™ loc be the relative error in the

Let Error = [[tprue — ™ |oo et = | were |
true||oco

maximum norm and TOL is a given number.

e if Error < TOL, then stop the iteration steps. An approximate solution

is uy, = uktD),

o if Frror > TOL, go to Step IL.

Numerical results obtained by Implicitly Enriched Schwarz Method along with Sup-

plemental Subdomain method are shown in Table 13. Comparing Table 12 and Table
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Table 13: Relative errors in the maximum norm obtained by using Implicitly Enriched
Schwarz Method and Supplemental Subdomain Method with b=0.4 for 2D fourth-
order problem on an L-shaped Domain with larger overlapping size

Degree | DOF | Iterations | ||RelErr||pax
4 1352 15 3.08E-005
D 1538 16 1.35E-005
6 1736 18 4.19E-006
7 1946 21 7.60E-007
8 2168 25 6.16E-008

13, we observe that the Supplemental Subdomain method makes for the iteration

number to be reduced by one order of magnitude without sacrificing accuracy.



CHAPTER 6: CONCLUDING REMARKS AND FUTURE WORK

In this dissertation, in order to alleviate difficulties arising in analysis of fourth-
order probems on non-convex polygonal domains, we introduced new numerical meth-
ods and justified them. First, we constructed the approximation spaces consisting of
B-spline basis functions, whose members are smooth up to any desired order and are
modified to satisfy complex boundary conditions. Secondly, we developed an implicit
mapping method to introduce singular functions resembling the singularities due to
the corners and/ or the cracks in the solution domains. Unlike the existing enrich-
ment methods such as X-FEM, G-FEM, and PUFEM, our enrichment method does
not require any extra precautions such as handling the singular integrals in calculation
of stiffness matrices and load vectors. Thirdly, we combined Domain Decomposition
method(DDM) with Isogeometric Analysis(IGA) to handle complexity of solution
domains.

There has been limitations for solving fourth-order problems on non-convex do-
mains with cracks or corners and complex boundaries since it is difficult to obtain
C'-continuous global mapping from the reference domain onto such irregular shaped
domains. Thus, we develop and implement Implicitly Enriched Schwarz Methods
for localized treatments and less computational complexity. We tested the proposed
method to the fourth-order problems on a triangle, a cracked disk, a cracked square,

and an L-shaped domain.
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Once we showed that we could get highly accurate approximate solutions for these
fourth-order problems containing singularities, we took a step towards reducing the
number of iterations required for the desired accuracy of the approximate solution.
By increasing the overlapping parts of subdomains, we could reduce the iteration
numbers by one order of magnitude, but it was still several hundred. In order to
obtain a further reduction of the number of iterations, we introduced a Supplemental
Subdomain Method and tested this method in fourth-order problems cracked square
and L-shaped problems. This approach allowed us to derive same accuracy of results
with much smaller number of iterations.

In the future research work, those methods proposed in this dissertation may be
expanded to analyze thin plates (Kirchhoff-Love plate model) subjected to loadings
and satisfying various boundary conditions such as clamped, simple support, free,
and so on. Analysis of thin plates (i.e., finding stresses and deformations in the
plates) under loading and boundary conditions requires solving fourth-order partial
differential equations [14], [31]. Our proposed method for handling the fourth-order
problems will be extended to the analysis of Kirchhoff-Love plates which have irregular

shapes more and satisfy various combination of boundary conditions.
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