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ABSTRACT

JIALIN ZHANG. NON-PARAMETRIC ESTIMATION OF
INFORMATION-THEORETIC QUANTITIES IN ENTROPIC PERSPECTIVE.
(Under the direction of DR. ZHIYI ZHANG)

Introduced by Shannon [1], mutual information is a fundamental brick of informa-
tion theory for its essential role in measuring association on non-ordinal alphabets.
Mutual information being zero is a golden property as it indicates a probabilistic
independent between the distributions. This article offers asymptotic chi-square dis-
tributions for the plug-in estimator and a non-parametric estimator of mutual infor-
mation. The established distributions allow new tests of independence in entropic

perspective.
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CHAPTER 1: Introduction

1.1  Challenges in Big Data

Recent advancement in information technology increases the capability to obtain,
exchange, and store data, hence the term big data. In analyzing these data, at least
two fundamental issues immediately present themselves: 1) high dimensionality, and
2) discrete and non-ordinal nature.

Specifically, the vastly complex data space suggests that a data observation can
only be appropriately registered in a very high-dimensional space, so much so that
the dimensionality could essentially be infinite. On such spaces, the usual statistical
methodologies quickly run into estimation and fundamental conceptual problems.
Besides, the generality of the data space suggests that possible data values may
not have an inherent order among themselves, for example, different gene types in
the human genome, different words in a text, and various species in an ecological
population.

The absence of inherent order immediately challenges the concept of a random
variable. Namely, random variable, a function from the sample space to the real space,
does not naturally exist on non-ordinal data spaces. Consequently, many familiar
and fundamental concepts of Statistics and Probability no longer exist, for example,
moments, correlation, tail, characteristic function. As a result, to characterize the
probability distributions on non-ordinal alphabets, inter-disciplinary research between

Statistics, Probability, and Information Theory is needed.



1.2 Entropy, and Information-theoretic Quantities

In 1948, Shannon introduced the concept of entropy and mutual information in his

landmark paper [1]|, where he defined Shannon’s entropy as:

H=) plnps.
k

Compared to classical concepts (e.g., moments), entropy is calculated by probabilities
(or ordered probabilities), and it does not rely on metric information, and thus it
could exist in non-ordinal alphabets. Without using any metric information, entropy
describes the level of dispersion in the probability distribution. In general, the larger
the entropy, the heavier the dispersion. For example, a probability distribution with
an effective cardinality K = 4 can produce a maximum possible entropy of In4, and
the maximum is achieved when the population distribution is uniform. And thus
entropy can be considered as the moments on non-ordinal alphabets.

Based on entropy, various information-theoretic quantities were proposed, for exam-
ple, mutual information, Kullback-Leibler divergence, and entropic moments. These
quantities characterize the information from different non-ordinal perspectives, and
they exist under much broader conditions.

For example, mutual information can be considered as covariance in classical Statis-
tics as it could capture the associations among both non-ordinal and ordinal random
elements (or random variables). Furthermore, no matter if the relationship between
ordinal random variables is linear or nonlinear, mutual information could capture it.

Because covariance is not bounded from above, it is inconvenient to interpret the
degree of correlation between the random variables. As a result, correlation coefficient
was introduced to bound the measurement within [—1, 1] for a convenient interpre-
tation, where 0 stands for no linear correlation and an absolute value of 1 stands

for perfect linearity. The same issue is with mutual information: it is not bounded
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from above. Under a very similar spirit, standardized mutual information, another
information-theoretic quantity, was introduced to bound the measurement with [0, 1],
where 0 stands for probabilistic independence and 1 stands for a one-to-one corre-

spondence.
1.3 Entropy Estimation

Most of the existing information-theoretic quantities are linear functions of entropy.
As a result, the estimation of entropy plays a central role in practice in Information
Theory. However, the estimation of entropy is technically difficult problems due to
the curse of “High Dimensionality” and “Discrete and Non-ordinal Nature”. For about
50 years since [1]|, advances in this area have been slow to come. Naively, people have

been using the plug-in estimator (or the maximum likelihood estimator)
H=> pplnjy.

When the K is finite, [2] showed that the bias of H is

K

E(ﬁ)—H——KQ;lJrﬁ<1—Zi>+(9(n—3). (1.3.1)

1 Dk

Plentiful estimators tried to add bias corrections to the plug-in estimators when K
is finite. Such attempts include Miller-Madow (1955) estimator (Hyp) [3] and the
Jackknife (1977) estimator (H ) [4]. let K be the number of categories observed in

the sample, and

X . K—1
MM + on ( )

It can be shown that, for finite K, the bias of Hoysar is

. 1 Ko -
E(Hyw) — H = o2 (1 — kz —) + 0O (n 3) .



H j is calculated in three steps:

1. for each i € {1,2,...,n} construct H®_ which is a plug-in estimator based on

a sub-sample of size n — 1 obtained by leaving the ith observation out;
2. obtain }AI(Z») =nH — (n— 1)1:1(1') fori=1,---,n; and then

3. compute the jackknife estimator

A T OHg,
Hye = iz Hiy (1.3.3)
n
Equivalently, (1.3.3) can be written as
s

.HJK:H.H—<TL—1)
When K < oo, it can be shown that the bias of fIJK is
E <I:[]K) —-H=0 (’I’L_Q) .

ﬁMM and H s reduce the rate of bias to a higher order power-decaying. While
researchers were seeking for unbiased estimators, [5| proved that for finite K, an
unbiased estimator for entropy does not exist. As a result, it is only possible to

reduce the bias to a smaller extent.
1.4 Entropic Perspective

Entropic perspective In this section, the origin of entropic perspective is introduced.
It is followed by the estimation of entropic moments, which is the core of entropic

perspective. Some properties of entropic moments are then discussed.



1.4.1  Origin

Shannon defined entropy as

- Zpk In pg

k>1

=> pe(—Inpy).

k>1

By Taylor’s expansion

[e’e) 1— v
Cpe =y L)

v
v=1

hence

H— Zpkz 1—pk:) _

k>1 v=1

By Fubini’s lemma, a finite entropy has the following alternative representation:
(o) 1 )
H = Z Ezpk(l — Pk)
v=1 k>1

Definition 1 (Entropic Moments) For any probability distribution {py}, the en-

tropic moments, C,, are defined as
:Zpk(l_pk’>v7 U:1a27"'
k>1

Therefore

=1

H=> —(,
v

v=1

which indicates H is a harmonically weighted linear combination of the entropic

moments, (,.



1.4.2  Estimation of Entropic Moments

|6] proposed an unbiased estimator for ¢, for any v < n — 1:

el (o)

k>1 =0

Moreover, if K is finite, Z; , is a Uniformly Minimum Variance Unbiased Estimator

(UMVUE) of ¢, for any v < n — 1. The asymptotic property of Z;, were also

established:
Z ,U v
(v+1)o (1, )
where
v 2 u? + 0?2
5 = Zou—1,20— Zou—1,20
o (u,v) (u+v> (2 120-2 + 2 2 12)
2
v 2u 2
- < ) [22% 120-1 + — Z2u2v 1+< Zu,v_Zu—l-l,v—l) ]
U+ v

Based on these UMVUEs, H, [7], the state-of-the-art entropy estimator, was de-

veloped as
n—1 v—1 .
X 1nt*™n — (1 +v)]! . ]
H()=) ~ — oIl (1-m-2 )| (1.4.1)
v=1 k j=0
The bias of H, is
N 1 — n
E(H,)-H=0 (ﬂ) , (1.4.2)
n

where py = min{p;, > 0}. When K is finite, H, reduces the bias of entropy estimation
from power decaying to exponentially decaying. Compared to H and H,py, of which
the biases are infinity with a finite sample, H, has an exponentially decaying bias
under the same condition.

The established results provided massive potentials on entropic perspective. Some



properties of entropic moments are introduced in the following part.
1.4.3  Properties of Entropic Moments

One of the most important properties of entropic moments, proved in [8], is

{Cl;v >0} and {pg; k> 1}

uniquely determine each other up to a permutation on the index set {k : k > 1}.

As we have discussed in Chapter 1.1, characteristics function, one of the funda-
mental concepts in Statistics, does not exist on non-ordinal alphabets. As a result,
to characterize different distributions on non-ordinal alphabets, a new concept is ur-
gently needed, hence the entropic moments.

Furthermore, it was also proved in [8] that numerous quantities could be represented
as functions of entropic moments. Some of these quantities are summarized in Table
1.1. All these quantities can be estimated (or partially estimated) from entropic
perspective. Besides, all information-theoretic quantities that are functions of entropy
can also be estimated from entropic perspective. An example of the advantage in

estimation from entropic perspective is in [9].

Table 1.1: Example quantities that can be represented as functions of entropic mo-
ments.

Simpson’s index: A= YyeiPh = Go—Ca
Gini-Simpson index:  1—-XA = 37, pr(1 — pi) = (11
Shannon’s entropy: H = =}, peln(py) = Yooy % (1o
Rényi equiv. entropy: he = > i>1D% = Qo+ 2o ITimy (%) (1o
Emlen’s index: D = zk21 pre Pr = > %Clﬂ)
Richness index: K = 351 1pk > 0] = Dol

Gen. Simpson’s index:  (y,m = Z,le}é(l —p)" = ZZ;&(—l)”(“;l) C1, mto



1.5 Summary

In summary, the advantages of entropy on non-ordinal alphabets are demonstrated;
different estimators of entropy are compared; entropic perspective and entropic mo-
ments are introduced.

In addition, for finite K, the asymptotic normalities for H Jﬁm; and H JKare
straight forward, and the asymptotic normality for H. was provided in [10]. When
K is countable infinite, asymptotic distributions with certain conditions for H , H MM
H g, and H, are established recently in [11], [12], and [13]. Additional discussions on
entropy estimation could also be found in [14]| and [15].

As discussed in Chapter 1.2, mutual information is an important concept on non-
ordinal alphabets for its ability to capture association and detect independence. By
far, asymptotic properties of mutual information when it is zero is missing from the
literature. It is of interest as the asymptotic properties of mutual information being
zero could induce a new test of independence. Recent progress in entropy estimation
has made it even more attractive to investigate the asymptotic properties of mutual
information. In Chapter 2, two mutual information estimators and their asymptotic

properties are discussed.



CHAPTER 2: Asymptotic Distributions for Mutual Information Estimators

Let 2 ={x;;i=1,--- K1} and & ={y;;j =1,--- , Ks} be two finite alphabets
with cardinalities K7 < oo and K5 < oo respectively. Consider the Cartesian product
2 x % with a joint probability distribution p = {p;;}. Let the two marginal distri-
butions be respectively denoted by p, = {p;.} and p, = {p. ;} where p;. = Zj pij and
p.; = »_;Dij. Assume that p;. >0and p.; >0forall 1 <i< K;and1<j <Ky,
and that there are K =}, . 1[p;; > 0] non-zero entries in {p;;}. We re-enumerate
these K positive probabilities in one sequence and denote it as {py; k=1, -+, K}.

Shannon’s entropies for 2", %, and 2 x %, and mutual information between 2~

and % are defined as

H(X) = _Zipi,~lnpi,-a
HY) = =3 p lp,
(2.0.1)
H(X>Y> = —ziszi,jlﬂpi,jI—Zlepkhlpk,

MI(X,Y) = H(X)+H()—-H(X,Y).

For every pair of ¢ and j, let f;; be the observed frequency of the random pair
(X,Y) taking value (z;,y;), where i =1,--- | K; and j =1,---, Ky, in an 7id sample
of size n from 2 x % under p; and let p;; = fi;/n be the corresponding relative
frequency. Consequently, let p = {p;;}, p. = {p:.} and p, = {p.;} as the sets
of observed joint and marginal relative frequencies. The objective of interest is to

estimate the mutual information MI.
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Let
M =MI(X,Y)=H(X)+H(Y) - H(X,Y) (2.0.2)

where H(X) = =3, pi. npi., HY) = =Y ,;p.;Inp.j, and H(X,Y) = =3, i Inpi;.
MI is the so-called plugin estimator of mutual information, or maximum likelihood estimator
when K is finite.

Let

ML, = ]/\ZIZ(X’Y) = FIZ(X) + ﬁz(y) - I:IZ(Xa Y)

= o) et Ty (- — 5]

_l’_

oot e e g Ty (1 - p - 2]}

Y {M i Y [ﬁm [Tizo (1= pij - %)} } :
(2.0.3)
MI . is the mutual information estimator in Turing’s perspective. It is showed in [16] that
M has a power decaying bias and Ml » has an exponentially decaying bias. The asymptotic
properties for the two mutual information estimators are introduced in the following section.

The demonstration is given in two parts, depending on if the underlying mutual information

1S zero.
2.1 When Mutual Information is Not Zero

When MI # 0, [16] provided the asymptotic normality of MI and M ,. Let g(v) and X(v)
be as defined in [16], their main theoretical results are summarized into the well-proven

Proposition 1 and Theorem 1 below.

Proposition 1 Provided that ¢" (v)%(v)g(v) > 0,

[NIES

NG (1\71 - Mz) 9" (V) S(v)g(v)] "2 -2 N(0,1). (2.1.1)
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Theorem 1 Provided that g7 (v)X(v)g(v) > 0,

N

Vi (ML = MI) [g7(0)(0)g(v)] 2 5 N(0,1). (2.1.2)

The normality of Proposition 1 and Theorem 1 are useful in providing confidence intervals
for MI > 0 or in testing Hg : MI = ¢ > 0 for any ¢ > 0. It is much more often of interest in
the practice to test Hy : MI = 0. However, Proposition 1 and Theorem 1 cannot be used to
test the hypothesis Hy : MI = 0. The normality of Proposition 1 is based on a first-order
delta method which requires ¢ (v)X(v)g(v) > 0. It is demonstrated in Proposition 3 that
this condition does not hold when MI = 0. In the following sub-section, two chi-square tests
for Hy : MI = 0 based on MI and Ml -, respectively, are offered to complement what is not

covered by the normality of Proposition 1 and Theorem 1.
2.2 When Mutual Information is Zero

The said tests are summarized in Proposition 2 and Theorem 2 below.

Proposition 2 Provided that MI = 0,

2 = 2nMl 55 2 (K — 1)(K, — 1)) (2.2.1)

Theorem 2 Provided that MI = 0,

X3 = 20MI, + (K — 1)(Ks — 1) 25 3 (K1 — 1)(K2 — 1) (2.2.2)

The chi-square test in Proposition 2 is a well-known test, and its proof is a direct ap-
plication of the log likelihood ratio test established by [17]. The proof is given in Chapter
3.

The chi-square test in Theorem 2 is the focal point of this article. The proof of Theorem

2 is non-trivial and is a part of the main results given in Chapter 3.



CHAPTER 3: Main Results

3.1  Proof of the Assumption in First Order Delta Method does not Hold when MI = 0

This section is to show that the assumption of the first order delta method is violated

when MI = 0.
Proposition 3 If MI =0, then g" (v)X(v)g(v) = 0.
To prove Proposition 3, it is necessary to recall several notations in [16],

1. are-enumeration of {p; j;i=1,--- ,K; and j =1,---, Ka} in the form of
{pr;k = 1,--- K}, where K = K; x Ks (note that if M = 0, K = K; x K3 is

equivalent to K = Z” 1[p;; > 0]), and

2. a partition of the index set {(¢,7);i=1,--- ,K; and j =1,--- , Ko}, denoted as

{Sla' T 7SK1} and {T]_" t 7TK2}7 where

(a) Ss - {kvpk‘ € {ps,]7] = 17 7K2}} fOI' eaCh S, 8§ = 17 7K1; and

(b) T: = {kapk € {pl,taZ =1, 7K1}} for each t,t=1,---,Kj.

Let v = (p1,--- ,pxk-1)", G(v) =Ml = HX)+ HY) - H(X,Y) and g(v) = VG(v) =

(0G(v)/0Op1,- -+ ,0G(v)/OpKr—1)7, it was shown in [16] that

5 Glv) =
fln[(pKl,-)(p-,KQ)(pk)] —In[(pi.)(p.;)(pK)], if k€ 5i# Sk, and k € Tj # Tk,
In[(p.,x,) (Pr)] — In[(p. ;) (px )], if ke Sk, and k € T; # Tk, (3.1.1)
| In[(prer, ) (pr)] = Inf(ps,.) ()], if k € S; # Sk, and k € Tk,

where pg =1 — Zkﬂ(pk.
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Proof of Proposition 3. If MI = 0 then X and Y are independent, i.e., p; ; = p;.p. ; for all
(2,7). Consider the three cases of (3.1.1) separately. If k € S; # Sk, and k € T} # Tkg,,
then pp = p;.p.; and px = pk, .p. K,, and therefore O0G(v)/0Op, = 0. If k € Sk, and
k € T; # Tk,, then px = pk, .p. K, and pp = p.;pK, ;, and therefore 0G(v)/0dp, = 0.
If £k €S; # Sk, and k € Tg,, then px = px, .p. K, and p; = p;.p. K,, and therefore

G(v)/0pr, = 0. It follows that g(v) = VG(v) = 0 and hence g7 (v)X(v)g(v) = 0. O

3.2 Proof of the Asymptotic Distribution for MI when MI =0

Proof of Proposition 2

Consider the test Ho : p;j = pi.p.j; >.pi, = 1,).p.; = 1. For a random sample of size
n, let f; , f. j, and fr be the observed frequency of the i-th marginal category of X, the
j-th marginal category of Y, and the k-th joint category, respectively. The generalized

likelihood-ratio is

_ supgee, L(OJ)
supgee L(0]z)
n! ~f Af NR Wt
e ) ()

n! Afl ~fK

AlfetP1 Pk

CATKLY (AT [
Gl ol

And

N; N}
Pl )(pf11~ P K?)
ok

=2 filnpi + > filnp,;—> fi;Inpi;
i J 0,

—2InL = —-2In (

=2n =Y pi.lnpi. — Y pilnp+ > pijlnpiy
i J ,J

= 2n]/\4\f

By [17], —2In L ~ x? with degrees of freedom (K7 — 1)(K3 — 1). O
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3.3 Proof of the Asymptotic Distribution for ]\/4\73 when MI =0

The proof of Theorem 2 needs several additional notations and lemmas. Consider a single
alphabet 2" and the associated probability distribution p = {px;k = 1,--- , K}. Suppose
an iid sample of size n results in letter frequencies {Yj;k > 1} and relative frequencies

p={pr;k>1}. Let H=H(p) and
Zy (3.3.1)

where
00 v—1 ]
Zy=> | b H (1 — P — n) . (3.3.2)
For clarity of the presentation, the proof of Theorem 1 is given with several lemmas.
Lemma 1 Given any itd sample of size n > 1 and K>1,

H.> Hyr. (3.3.3)

To prove Lemma 1, noting that rewriting H, of (3.3.1) in several algebraic steps gives

i — ﬁk{(n_yk)!n_k[l (n—l—v)!]}. (3.3.4)

= (n—=1! = [v(n—Y,—v)!

By (1.3.2) and (3.3.4), Lemma 1 is equivalent to

n—Yk >

- (n—=Yp)! [1 (nlv)!] .. . K-1

PN 77— N Y] > = Pr In pg +

kzzl {(n—l)! ; v(n—Y,—v)! kzg m

_ N T

I
k>1

S L |~ -
- Pk L D™
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el sl

k>1

Lemma 1 may be proved component-wisely for each k£ in the summation, hence Lemma, 2.

Lemma 2 For any positive integer y € {1,2,--- ,n— 1},
n—1-uv) y 1 1
>—In=+—— — 3.3.5
' [ (n—vy —U)'] " Jr2y 2n ( )

Let the left-hand-side and the right-hand-side of (3.3.5) be denoted as L(y) and R(y) re-

spectively.
Lemma 3 For any positive integer y € {1,2,--- ,n — 1},
1. L(y) — Ly + 1) = 1/y, and

2. R(y) —Ry+1)=In(1+1/y)+1/(2y(y +1)).

Lemma 4 (Hockey-Stick identity) For any pair of positive integers, n and r, r < n,
zn: J\ _(n+1
: r) \r+1)°
j=r

Proof of Lemma 3.

For part 1, by (3.3.5),
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1 1 (n—uv—1)! B
[”Jr(”—y—v)} —y—v—1i ¥ 1)’}

' = n—v—y)ly -1
— Ly 1)+ s n_y(”—v—1)
y(y)v:1 y—1
By Lemma 4,
1/n—1\""'/n-1 1
wo-rwen=5 (") (") =
For part 2,

1 1

:lny+<2y_2(y+1)>

—

O
Proof of Lemma 2. By Lemma 3,
<L<>—R<>>—<L<+1>—R<+1)>1—1n(1+1)— L. (336
y y y y = ) mern oW 63
Note that
11 ()1 (-
PO 1y e T e Y
1 1 2 + 1

-+
v yly+1) 202y +1)2
2y + 1) +2y(y+1) + (29 +1)

2y%(y +1)2




2042y + )+ 2P 2y + 2y + 1

B 2y%(y + 1)?

2y2(y + 1)

17

Therefore f(y) is a decreasing function of y on {1,2,--- ;n—1}. Since f(1) =1-In2-1/4 >

0 and li_>m f(y) =0, we have f(y) > 0 for each y € {1,2,--- ,n — 1}. Hence L(y) — R(y) is
Y—00

strictly positive, i.e., L(y) > R(y), for any y on {1,2,--- ,n — 1}.

Proof of Lemma 1. By Lemma 2,

A~y = 3 5e(L0%) — ROG) = 30 pid[¥i € {1+ — B](L(Y) — R(Yi) > 0.

k>1 k>1

Lemma 5 For any distribution with 1 < K < oo,

on(H, - H) 5 K —1.

Lemma 6 (Markov’s inequality) For any X > 0 and constant a > 0,

E(X)

P(X >a) <
(Xza<=

Proof of Lemma 5. Because of (1.4.2) and (1.3.1), we have

n—oo

By Lemma 1 and (1.3.2),

lim {2nE [H—H]} —K—1.

(3.3.7)
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Thus
on(H,— H)> K —1,
and

on(H,— H)— (K —1)>0 for any n > 1.

Therefore, for any € > 0,

E|2n(f, — A) - (K - 1)]

T}LIEOP<2n(ﬁZ—fI)—(K—1)Ze) Snli_)rlgo ;
lim E [Qn(ﬁz - ﬁ)} ~ lim E [K - 1}

n— o0 n—oo

€

(K—-1)—(K-1)

= =0.
€
Hence
on(H, — H)— (K -1) % 0. (3.3.8)
Since
K-1% K -1, (3.3.9)

by adding (3.3.8) and (3.3.9), we have

on(H, - H) 5 K —1.

Proof of Theorem 2. By Proposition 2 and noting that

onMI = 2n (Jff(X) +H®Y) - H(X, Y))

= 2n [~(L(X) = Hx) = (HL(Y) = B(Y)) + (FL(X,Y) = H(X,Y)| + 20},
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and applying Lemma 5, it follows that

ML + (K1 — 1)(Kz — 1) ~ 2n Ml = x*((K; — 1)K — 1)).

3.4  Examples

[16] gave three examples involving evaluation of gene-to-gene association. These examples
are re-worked to demonstrate the usage of the proposed new test. Three genes were under
consideration, and they were coded as TMEM30A, MTCH2, and ENAH. In Example 1,
readings of TMEM30A and MTCH2 were analyzed. In Examples 2 and 3, readings on two

different probes, designed for the same gene ENAH, on the same microchip were analyzed.

Example 1 TMEM30A and MTCH2. Using the results of [16], MT = 0.1459 and
MI, = 0.0552, x2 = 2n M1 = 55.7338 and \2 = 2n M1, + (K1 — 1)(Ks — 1) = 102.0864.
With degrees of freedom 81, the respective p-values are 0.9856 and 0.0567. At o = 0.05,

neither test rejects Hy : MI = 0.

Example 2 ENAH and ENAH with K = K; x K. Using the results of [16], MI =
0.2060 and M1, = 0.1157, 2 = 2nM1 = 78.692 and x% = 2nM1, + (K, — 1)(Ky — 1) =
125.1974. With degrees of freedom 81, the respective p-values are 0.5519 and 0.0012. X%
detects an association with strong evidence and x? fails to do so by far. Since in this case

it is known a priori that an association exists, this example illustrates the added utility of

X3-

Example 3 ENAH and ENAH with K < K; x K. In this example, [16] assumes that
several cells in the join alphabet are associated with zero probabilities. This assumption is
invalid since, if it were the case, then under the null hypothesis of Hy : MI = 0 (X and
Y are independent) either some of the marginal probabilities of X or Y would have to be
zeros. However every (of the ten) marginal categories is covered by observations, that is

to say, none of the marginal probabilities can be zero. Without the assumption of zero
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probabilities, the chi-square tests of Proposition 2 and Theorem 2 give identical results as

in Example 2.



CHAPTER 4: Simulation Study

To further explore and study the property of MI », various tests of independence were
compared in the simulation study to evaluate the size and power of the tests under different
sample sizes.

Particularly, five tests of independence were compared:

1. Pearson Chi-square Test:

Test Statistic:

(O — Ek
XPearson Z X2 ((Kik - 1)(K§< - 1)) . (401)
k=1

Calculating X%emson requires all the denominators Fj’s to be positive, where each
Ej, is calculated by n multiplies the corresponding p; p. ;. When the sample size
is not sufficiently large, many p; ’s and p _;’s could be zero, and it makes Pearson’s
test invalid. Moreover, it is commonly suggested that each cell should have at least
five observations to use Pearson’s test. In order to fairly compare other tests with
Pearson’s test under each situation, all the original samples in the simulation were
adjusted. Particularly, in each bivariate sample data frequency table, all rows (and
columns) with total frequencies less than 5 were combined to the row (and column)
with the least total frequency among the rows (and columns) with at least five total
frequency. If there are two or more such rows (or columns), one is selected randomly.
For example, suppose the sample data frequency table is Table 4.1. The frequencies
of X = 3 and 4 are less than 5, and the frequency of X = 5 is the category with
the least frequency that is at least 5. As a result, the adjusted sample regarding the
frequencies of X is described in Table 4.2. For the frequency of Y, the frequencies of
Y =2 and 4 are less than 5, and the frequencies of Y = 1 and 3 are the same. In the

example, Y = 1 is randomly selected to be combined with low-frequency categories.
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And the adjusted sample is as described in Table 4.3. Note that after the adjustment,
the cardinality of X, Y, and X x Y are reduced from 5, 4, and 20 to 3, 2, and 6.
Because of the possible adjustment, K*, K7, and K3 are used instead of K, K1, and
K in (4.0.1). In the following simulation settings, the cardinality of X and Y are 10
and 15, and sample sizes are started from 100. Therefore it is guaranteed that there

is always at least one category in X and Y with a frequency of 5 or more.

Table 4.1: Original Sample Frequency Table

Y

= OO WO W
= OO O

SOOI | DN

>~
o1 x| oo o =
w| o po| = | =

Table 4.2: Partially Adjusted Sample (X categories with low frequencies combined)

Y
11234
11410610
X12/1(1]3]1
5190211

Table 4.3: Adjusted Sample (X and Y categories with low frequencies combined)

Y

HOJ‘CDOJ

>
C)T[\I)‘l—A
oooo‘qk —

2. Test of independence using M and Proposition 2:

Test Statistic:

XAl hat = 2n]\/4\f(original sample) ~ x? (K1 — 1)(Ky — 1)),
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and

X2t = 2nMI (adjusted sample) ~ x> (Kf —1)(K5 —1)).

Two tests of independence using MI are examined. MI does not require non-zero
marginal sample probabilities as that of Pearson’s test. To make a complete compar-

ison, tests using MI on both original sample and adjusted sample are included.

3. Test of independence using Ml . ! and Theorem 2:

Test Statistic:

XA, = 2n]\/4\fz(0riginal sample) 4 (K1 — 1)(Ky — 1) ~ x? (K1 — 1)(Ky — 1)),
and

X3ir. = 2nMI . (adjusted sample) + (K7 — 1)(K3 — 1) ~ x* (K} — 1)(K3 — 1)).

For the same reason (to make a complete comparison), tests using ]\/4\Iz on both original

sample and adjusted sample are included.
4.1  Simulation Settings

When evaluating the size of tests, the two marginal distributions and the joint distribution

are
1
pl, :Ev 7’:1725 7105
16 — j
p-,] 120 9 ) <y ) )
and
Pij =Di,.P.j-

When evaluating the power of tests,

150 — 15(i — 1) —j + 1
11325

Pij = (triangle distribution).

!The computation of M . has been implemented in R and can be found in R package “Entropy-
Estimation”.
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For both evaluation, the simulations were conducted with sample size n = 100, 200, 300,

..., 14900, 15000. And for each sample size, the simulation was iterated for 50000 times.
4.2 Simulation Results

The simulation results are presented in Figure 4.1 and 4.2. To help understand the

legend, pearson.reject vec, miz.reject vec, miz.reject adj vec, mihat.reject vec, and mi-

hat.reject adj vec stand for testing using X%emson, X?WZ, Xi}}z, X?What, and X%\jﬂhaﬂ respec-
tively.

A — pearson.reject_vec
' == mizreject_vec
'] - mizreject_adj_vec
1 - =+ mihatreject vec
e — — mihatreject_adj_vec
Ll
T
B
B
o N
o "
® 0
N Al
w ‘l
- M
o W
'
A
“y
o™ "\
(=T - \\
™
/_.— a.‘__-;a-
! e —
8 | i el 2=t =) Ep——
° |7
T T T T T T T

100 800 1500 2500 3500 4500 5500 6500

n

Figure 4.1: Size of different tests under different sample size when o = 0.05.

The sizes of all tests reached the neighborhood of a when n is more than 4500; therefore
Figure 4.1 did not include the simulation results when n is more than 6500. Based on Figure
4.1, Pearson’s test on adjusted (combined) samples converged to « faster than other tests.
The two sets of tests using estimators of mutual information converged to « at a similar
rate. Although M » has a smaller bias over Ml , surprisingly that the simulation showed
that testing independence using MI has better size than that of using M » when the sample

size is relatively small.

The powers of all tests using mutual information estimators are consistently higher than
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- 7 — pearson reject_vec
1 = = mizreject_vec
: ---- mizreject_adj vec
| =+ mihat reject vec
g 4 — — mihatreject_adj_vec
H|
i
B
|
© | u
< b
= V
5 i
= |
o .
o a
< B
=T |
A
™ —
(=]
—
g
T T T T T T T T T

T
100 1500 3000 4500 6000 7500 9000 11000 13000 15000

n

Figure 4.2: Power of different tests under different sample size when o = 0.05 under
a joint triangle distribution.

the power of Pearson’s test. It suggests that when the sample size is sufficiently large, a
test using either MI or M » should be adopted instead of Pearson’s test. Moreover, when

the sample size is moderate (n from 1500 to 4500 in the designed simulation), testing using

J\/ﬁz and M have similar size, but the power of using ]\/4\12 is higher.



CHAPTER 5: Conclusion and Future Work

In conclusion, the asymptotic distributions for MI and Ml . are offered under the situation
that MI = 0. Based on the simulation study, when the sample size is sufficiently large,
testing independence using mutual information estimators are preferred because they have
higher powers than Pearson’s test. When the sample size is moderate, Pearson test’s size
has a faster convergence rate to « and is preferred. When the sample size is small, although
Pearson’s test also has a faster convergence rate of size, it is frequently incalculable without
a merge of empty cells.

Ml . is known to have a faster-decaying bias compared to Ml , whereas the size of the test
of independence with MI has a faster converging rate when the sample size is relatively small.
It leads to my conjecture that additional bias correction terms are needed in Theorem 2 to
improve its performance under small samples, which will be future work. Furthermore, it is
worthy of investigating why Pearson’s test has such a fast converging rate in the size of test.
Finally, Theorem 2 could be generated as a new test of goodness-of-fit using Kullback-Leibler
divergence I/(EZ [18], one could study its property and compare it with other goodness-of-fit

tests.
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n
100
200
300
400
500
600
700
800
900
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500
2600
2700
2800
2900
3000
3100
3200
3300
3400
3500
3600
3700
3800
3900
4000
4100
4200
4300
4400
4500
4600
4700
4800
4900
5000

APPENDIX A: Simulation Data

Table A.1: Simulation results: Size of tests, Part 1.

pearson.reject
0.04384
0.04648
0.04906
0.04774
0.04864
0.04688
0.04888
0.0482
0.04848
0.04902
0.0501
0.04762
0.0481
0.04924
0.04712
0.04864
0.04844
0.05022
0.05092
0.0484
0.04986
0.04792
0.04896
0.04808
0.04972
0.04936
0.04804
0.0503
0.0486
0.04856
0.04916
0.0478
0.05008
0.04968
0.04976
0.05002
0.04964
0.04882
0.04856
0.0471
0.05182
0.05044
0.04946
0.05026
0.04994
0.0501
0.04734
0.0496
0.04828
0.04972

miz.reject,
0.99914
0.91952
0.70278
0.50598
0.37804
0.29688
0.24028
0.20634
0.18076
0.1545
0.14218
0.12826
0.11858
0.10998
0.10362
0.09862
0.09258
0.08828
0.08764
0.08288
0.08014
0.07618
0.07358
0.07198
0.07146
0.06972
0.06666
0.06768
0.06546
0.06422
0.06366
0.06182
0.06308
0.0611
0.0606
0.05894
0.05912
0.05862
0.05756
0.05584
0.0596
0.059
0.05688
0.05794
0.05638
0.0556
0.05336
0.05526
0.05366
0.0539

miz.reject _adj
0.79116
0.6986
0.51052
0.37642
0.29606
0.24558
0.20914
0.18756
0.16932
0.14854
0.1389
0.12638
0.1176
0.10926
0.10322
0.09854
0.09256
0.08824
0.0876
0.08286
0.08014
0.07618
0.07358
0.07198
0.07146
0.06972
0.06666
0.06768
0.06546
0.06422
0.06366
0.06182
0.06308
0.0611
0.0606
0.05894
0.05912
0.05862
0.05756
0.05584
0.0596
0.059
0.05688
0.05794
0.05638
0.0556
0.05336
0.05526
0.05366
0.0539

mihat.reject
0.00612
0.13542
0.17822
0.17896
0.16544
0.15224
0.14158
0.13526
0.12986
0.11876
0.1163
0.1098
0.10566
0.1018
0.09792
0.09652
0.09206
0.09012
0.09084
0.0857
0.08508
0.08214
0.08026
0.0797
0.07934
0.07758
0.07406
0.0761
0.0732
0.07284
0.07236
0.06946
0.07168
0.07038
0.06914
0.06754
0.0677
0.06694
0.06632
0.06376
0.06846
0.06726
0.06458
0.06618
0.06442
0.06404
0.06052
0.06332
0.0614
0.06208

mihat.reject _ad]j
0.00058
0.04492
0.08984
0.10908
0.11722
0.11928
0.12032
0.12204
0.1216
0.1144
0.11372
0.10818
0.10504
0.10138
0.0977
0.09646
0.09202
0.09006
0.09082
0.0857
0.08508
0.08214
0.08024
0.0797
0.07934
0.07758
0.07406
0.0761
0.0732
0.07284
0.07236
0.06946
0.07168
0.07038
0.06914
0.06754
0.0677
0.06694
0.06632
0.06376
0.06846
0.06726
0.06458
0.06618
0.06442
0.06404
0.06052
0.06332
0.0614
0.06208
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n
5100
5200
5300
5400
5500
5600
5700
5800
5900
6000
6100
6200
6300
6400
6500
6600
6700
6800
6900
7000
7100
7200
7300
7400
7500
7600
7700
7800
7900
8000
8100
8200
8300
8400
8500
8600
8700
8800
8900
9000
9100
9200
9300
9400
9500
9600
9700
9800
9900

10000

Table A.2: Simulation results: Size of tests, Part 2.

pearson.reject
0.04998
0.0498
0.05108
0.04998
0.04812
0.04936
0.0503
0.04834
0.05014
0.05098
0.0492
0.04954
0.05036
0.05076
0.04864
0.04878
0.05076
0.049
0.04936
0.04952
0.0498
0.04922
0.04846
0.04966
0.04968
0.05028
0.05158
0.05236
0.05016
0.04966
0.05088
0.0502
0.04984
0.05146
0.04924
0.05052
0.05048
0.04946
0.05082
0.0507
0.0482
0.05088
0.05038
0.04934
0.04886
0.04912
0.05002
0.04858
0.05006
0.0501

miz.reject,
0.05398
0.05458
0.0547
0.05378
0.05176
0.05266
0.05292
0.0519
0.05204
0.05394
0.0526
0.05222
0.053
0.05338
0.05148
0.05232
0.05282
0.05202
0.052
0.05156
0.0519
0.0507
0.05026
0.05168
0.0515
0.05202
0.05278
0.05464
0.05234
0.05166
0.0525
0.05158
0.05098
0.05262
0.05146
0.05296
0.05144
0.0506
0.05246
0.05176
0.05022
0.05246
0.05186
0.05064
0.04936
0.0506
0.051
0.05012
0.05192
0.05056

miz.reject _adj
0.05398
0.05458
0.0547
0.05378
0.05176
0.05266
0.05292
0.0519
0.05204
0.05394
0.0526
0.05222
0.053
0.05338
0.05148
0.05232
0.05282
0.05202
0.052
0.05156
0.0519
0.0507
0.05026
0.05168
0.0515
0.05202
0.05278
0.05464
0.05234
0.05166
0.0525
0.05158
0.05098
0.05262
0.05146
0.05296
0.05144
0.0506
0.05246
0.05176
0.05022
0.05246
0.05186
0.05064
0.04936
0.0506
0.051
0.05012
0.05192
0.05056

mihat.reject

0.06184
0.06156
0.06192
0.06038
0.0591

0.05996
0.06052
0.05922
0.05958
0.06078
0.05962
0.05916
0.0592

0.06066
0.05782
0.05876
0.05926
0.05796
0.05828
0.0579

0.05782
0.05634
0.0554

0.0576

0.05702
0.0578

0.05876
0.05976
0.05748
0.05672
0.05786
0.0569

0.05604
0.0578

0.05608
0.05788
0.05628
0.0556

0.05642
0.05664
0.05478
0.05672
0.0565

0.05536
0.05382
0.05494
0.05524
0.05404
0.0564

0.05554

mihat.reject _adj

0.06184
0.06156
0.06192
0.06038
0.0591

0.05996
0.06052
0.05922
0.05958
0.06078
0.05962
0.05916
0.0592

0.06066
0.05782
0.05876
0.05926
0.05796
0.05828
0.0579

0.05782
0.05634
0.0554

0.0576

0.05702
0.0578

0.05876
0.05976
0.05748
0.05672
0.05786
0.0569

0.05604
0.0578

0.05608
0.05788
0.05628
0.0556

0.05642
0.05664
0.05478
0.05672
0.0565

0.05536
0.05382
0.05494
0.05524
0.05404
0.0564

0.05554
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n
10100
10200
10300
10400
10500
10600
10700
10800
10900
11000
11100
11200
11300
11400
11500
11600
11700
11800
11900
12000
12100
12200
12300
12400
12500
12600
12700
12800
12900
13000
13100
13200
13300
13400
13500
13600
13700
13800
13900
14000
14100
14200
14300
14400
14500
14600
14700
14800
14900
15000

Table A.3: Simulation results: Size of tests, Part 3.

pearson.reject
0.04988
0.04942
0.05058
0.0493
0.05106
0.04914
0.04992
0.0489
0.05018
0.04996
0.04936
0.04944
0.05016
0.05218
0.0505
0.04972
0.0502
0.05038
0.05014
0.05018
0.04794
0.05152
0.04848
0.04926
0.0487
0.04998
0.0502
0.04946
0.04882
0.05038
0.05002
0.05052
0.04916
0.0491
0.0494
0.05046
0.0502
0.0503
0.0493
0.04962
0.04966
0.05048
0.04922
0.05086
0.05056
0.0501
0.05
0.0494
0.0501
0.0487

miz.reject,

0.05152
0.05088
0.05164
0.04994
0.05252
0.04996
0.05128
0.04956
0.05074
0.05122
0.04992
0.05028
0.05072
0.05266
0.05096
0.05024
0.0515

0.0512

0.0508

0.05038
0.04906
0.05196
0.04932
0.05004
0.0498

0.0511

0.0522

0.05012
0.05024
0.0504

0.05004
0.05144
0.05012
0.05014
0.04974
0.05148
0.0506

0.05064
0.04988
0.05094
0.04998
0.05128
0.05052
0.0515

0.05112
0.05092

0.051

0.04934
0.05082
0.04936

miz.reject _adj
0.05152
0.05088
0.05164
0.04994
0.05252
0.04996
0.05128
0.04956
0.05074
0.05122
0.04992
0.05028
0.05072
0.05266
0.05096
0.05024
0.0515
0.0512
0.0508
0.05038
0.04906
0.05196
0.04932
0.05004
0.0498
0.0511
0.0522
0.05012
0.05024
0.0504
0.05004
0.05144
0.05012
0.05014
0.04974
0.05148
0.0506
0.05064
0.04988
0.05094
0.04998
0.05128
0.05052
0.0515
0.05112
0.05092
0.051
0.04934
0.05082
0.04936

mihat.reject

0.05574
0.0544

0.05562
0.05408
0.0562

0.05442
0.05484
0.05348
0.05432
0.05488
0.05356
0.05396
0.05402
0.05628
0.05466

0.054

0.05482
0.05526
0.05492
0.05366
0.05246
0.05522
0.05256
0.05354
0.05318
0.05438
0.0551

0.05296
0.05334
0.05348
0.05344
0.0545

0.0528

0.05316
0.05286
0.05422
0.05324
0.05368
0.05288
0.0539

0.0528

0.05424
0.05332
0.05386
0.05432
0.05402
0.05386
0.05234
0.05388
0.05206

mihat.reject _adj

0.05574
0.0544

0.05562
0.05408
0.0562

0.05442
0.05484
0.05348
0.05432
0.05488
0.05356
0.05396
0.05402
0.05628
0.05466

0.054

0.05482
0.05526
0.05492
0.05366
0.05246
0.05522
0.05256
0.05354
0.05318
0.05438
0.0551

0.05296
0.05334
0.05348
0.05344
0.0545

0.0528

0.05316
0.05286
0.05422
0.05324
0.05368
0.05288
0.0539

0.0528

0.05424
0.05332
0.05386
0.05432
0.05402
0.05386
0.05234
0.05388
0.05206
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n
100
200
300
400
500
600
700
800
900
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500
2600
2700
2800
2900
3000
3100
3200
3300
3400
3500
3600
3700
3800
3900
4000
4100
4200
4300
4400
4500
4600
4700
4800
4900
5000

Table A.4: Simulation results: Power of tests, Part 1.

pearson.reject,
0.04432
0.04618
0.04722
0.05044
0.05072
0.05348
0.05318
0.05422
0.05638
0.0588
0.06034
0.05896
0.06204
0.06294
0.06684
0.06784
0.06882
0.0702
0.07156
0.0752
0.07476
0.07522
0.0788
0.08074
0.08232
0.08636
0.0847
0.0858
0.08898
0.0893
0.09244
0.09524
0.09718
0.09842
0.09948
0.10306
0.1043
0.10578
0.10806
0.1109
0.11222
0.11614
0.11778
0.11822
0.1202
0.12406
0.12402
0.13118
0.13122
0.13298

miz.reject

0.99876
0.90526
0.69538
0.51818
0.40226
0.32888
0.27872
0.24562
0.2192

0.20584
0.19124
0.17786
0.1707

0.16498
0.16528
0.15832
0.15482
0.15046
0.15006
0.14718
0.14724
0.14512
0.14598
0.14702
0.14734
0.14864
0.14486
0.14378
0.14774
0.14566
0.15106
0.15164
0.1515

0.15334
0.1552

0.15762
0.15806
0.15806
0.16218
0.16314
0.16456
0.16824
0.17028
0.17046
0.17366
0.1748

0.17668
0.1824

0.1834

0.18422

miz.reject _adj
0.77844
0.67478
0.48794
0.35972
0.28046
0.23512
0.20352
0.18536
0.17258
0.16688
0.16136
0.15468
0.1533
0.15192
0.15592
0.1504
0.14936
0.14628
0.147
0.14512
0.14578
0.1437
0.1453
0.14636
0.14688
0.14812
0.14456
0.1437
0.14764
0.14558
0.151
0.15162
0.15142
0.15334
0.15514
0.15762
0.15806
0.15806
0.16218
0.16314
0.16456
0.16824
0.17028
0.17046
0.17366
0.1748
0.17668
0.1824
0.1834
0.18422

mihat.reject
0.00346
0.09632
0.13604
0.13992
0.13408
0.13386
0.12822
0.1254
0.12228
0.1213
0.1191
0.11662
0.11802
0.11662
0.12178
0.11996
0.1198
0.11876
0.12008
0.12108
0.12268
0.1216
0.1246
0.12568
0.12882
0.13178
0.12822
0.12894
0.13334
0.13218
0.13766
0.13924
0.14044
0.14302
0.14486
0.1462
0.14808
0.14876
0.15318
0.1547
0.15654
0.16006
0.16212
0.16326
0.1657
0.17
0.17
0.17668
0.1778
0.17952

mihat.reject _ad]j
0.00064
0.0392
0.07472
0.08392
0.08324
0.0853
0.08572
0.08712
0.09194
0.09592
0.09854
0.09968
0.1055
0.10676
0.11412
0.1143
0.11586
0.11548
0.1178
0.11946
0.12134
0.12058
0.12398
0.12524
0.12842
0.13146
0.12804
0.12888
0.13328
0.13214
0.1376
0.13922
0.14038
0.14302
0.1448
0.1462
0.14808
0.14876
0.15318
0.1547
0.15654
0.16006
0.16212
0.16326
0.16568
0.17
0.17
0.17668
0.1778
0.17952

32



n
5100
5200
5300
5400
5500
5600
5700
5800
5900
6000
6100
6200
6300
6400
6500
6600
6700
6800
6900
7000
7100
7200
7300
7400
7500
7600
7700
7800
7900
8000
8100
8200
8300
8400
8500
8600
8700
8800
8900
9000
9100
9200
9300
9400
9500
9600
9700
9800
9900

10000

Table A.5: Simulation results: Power of tests, Part 2.

pearson.reject
0.13314
0.13886
0.142

0.14108
0.1444

0.1471

0.14882
0.1497

0.15664
0.15694
0.1615

0.16256
0.16668
0.17052
0.17156
0.17736
0.17692
0.17556
0.18248
0.18132
0.18644
0.18706
0.19288
0.19868
0.20034
0.20054
0.20568
0.20844
0.21314
0.21544
0.21568
0.2234

0.22324
0.22598
0.23034
0.23122
0.2354

0.23848
0.24332
0.24844
0.24936
0.2527

0.25764
0.25842
0.26432
0.26572
0.26876
0.27218
0.27702
0.28096

miz.reject,

0.18408
0.18984
0.19334
0.19286
0.19728
0.19764
0.20034
0.20252
0.20874
0.2094

0.21206
0.21544
0.21968
0.22314
0.22418
0.22926
0.23072
0.2297

0.23544
0.23708
0.2398

0.24244
0.24756
0.25346
0.25544
0.25696
0.25806
0.26374
0.2676

0.2702

0.27248
0.27876
0.28146
0.2835

0.28726
0.29026
0.29362
0.2971

0.30158
0.30734
0.30954
0.31242
0.31798
0.31736
0.32338
0.32698
0.32948
0.33316
0.33678
0.34032

miz.reject _adj
0.18408
0.18984
0.19334
0.19286
0.19728
0.19764
0.20034
0.20252
0.20874
0.2094
0.21206
0.21544
0.21968
0.22314
0.22418
0.22926
0.23072
0.2297
0.23544
0.23708
0.2398
0.24244
0.24756
0.25346
0.25544
0.25696
0.25806
0.26374
0.2676
0.2702
0.27248
0.27876
0.28146
0.2835
0.28726
0.29026
0.29362
0.2971
0.30158
0.30734
0.30954
0.31242
0.31798
0.31736
0.32338
0.32698
0.32948
0.33316
0.33678
0.34032

mihat.reject
0.17962
0.18484
0.18894
0.18804
0.1928
0.1943
0.1956
0.19944
0.2055
0.20744
0.21012
0.21402
0.2177
0.22166
0.22314
0.22934
0.22894
0.22922
0.23566
0.23556
0.23914
0.24266
0.24692
0.25386
0.25564
0.25762
0.25916
0.26576
0.26832
0.27216
0.27344
0.28088
0.28302
0.28534
0.28876
0.29246
0.29606
0.29966
0.30408
0.31056
0.3128
0.31476
0.3212
0.32084
0.3272
0.33098
0.33294
0.33686
0.3415
0.34396

mihat.reject _adj
0.17962
0.18484
0.18894
0.18804
0.1928
0.1943
0.1956
0.19944
0.2055
0.20744
0.21012
0.21402
0.2177
0.22166
0.22314
0.22934
0.22894
0.22922
0.23566
0.23556
0.23914
0.24266
0.24692
0.25386
0.25564
0.25762
0.25916
0.26576
0.26832
0.27216
0.27344
0.28088
0.28302
0.28534
0.28876
0.29246
0.29606
0.29966
0.30408
0.31056
0.3128
0.31476
0.3212
0.32084
0.3272
0.33098
0.33294
0.33686
0.3415
0.34396
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n
10100
10200
10300
10400
10500
10600
10700
10800
10900
11000
11100
11200
11300
11400
11500
11600
11700
11800
11900
12000
12100
12200
12300
12400
12500
12600
12700
12800
12900
13000
13100
13200
13300
13400
13500
13600
13700
13800
13900
14000
14100
14200
14300
14400
14500
14600
14700
14800
14900
15000

Table A.6: Simulation results: Power of tests, Part 3.

pearson.reject

0.28656
0.28294
0.2901

0.29408
0.29268
0.3019

0.30556
0.30886
0.31172
0.31552
0.31904
0.32238
0.32878
0.3302

0.3333

0.33758
0.33904
0.34462
0.34698
0.35176
0.35598
0.36368
0.36226
0.36818
0.37398
0.37822
0.37912
0.38036

0.381

0.38982
0.39744
0.40086
0.39934
0.4064

0.40706
0.41168
0.41978
0.42078
0.4224

0.42854
0.43074
0.43218
0.43962
0.44332
0.45006
0.44938
0.4557

0.4568

0.46172
0.4648

miz.reject,

0.34762
0.3458

0.35298
0.35608
0.35514
0.36412
0.36898
0.37208
0.37538
0.37956
0.38156
0.38622
0.3943

0.39406
0.39826
0.40206
0.40456
0.40944
0.41192
0.4179

0.42144
0.43086
0.42898
0.43542
0.43832
0.44418
0.44582
0.4493

0.44692
0.45722
0.46408
0.46702
0.46664
0.47514
0.47494
0.48118
0.48636
0.4903

0.49094
0.49472
0.49786
0.50094
0.5086

0.5138

0.51884
0.51888
0.52532
0.52892
0.53192
0.53682

miz.reject _adj
0.34762
0.3458
0.35298
0.35608
0.35514
0.36412
0.36898
0.37208
0.37538
0.37956
0.38156
0.38622
0.3943
0.39406
0.39826
0.40206
0.40456
0.40944
0.41192
0.4179
0.42144
0.43086
0.42898
0.43542
0.43832
0.44418
0.44582
0.4493
0.44692
0.45722
0.46408
0.46702
0.46664
0.47514
0.47494
0.48118
0.48636
0.4903
0.49094
0.49472
0.49786
0.50094
0.5086
0.5138
0.51884
0.51888
0.52532
0.52892
0.53192
0.53682

mihat.reject
0.35222
0.35008
0.35682
0.36078
0.35972
0.3683
0.37422
0.377
0.38012
0.38526
0.38692
0.39102
0.39946
0.4
0.4053
0.40748
0.41106
0.41606
0.41886
0.42366
0.42744
0.43634
0.4357
0.4418
0.44486
0.45128
0.45212
0.45646
0.4542
0.46338
0.47112
0.47464
0.47436
0.48178
0.48236
0.48812
0.49392
0.49706
0.49928
0.5018
0.50576
0.5081
0.5161
0.52106
0.52658
0.5267
0.53314
0.53704
0.53972
0.5446

mihat.reject _adj
0.35222
0.35008
0.35682
0.36078
0.35972
0.3683
0.37422
0.377
0.38012
0.38526
0.38692
0.39102
0.39946
04
0.4053
0.40748
0.41106
0.41606
0.41886
0.42366
0.42744
0.43634
0.4357
0.4418
0.44486
0.45128
0.45212
0.45646
0.4542
0.46338
0.47112
0.47464
0.47436
0.48178
0.48236
0.48812
0.49392
0.49706
0.49928
0.5018
0.50576
0.5081
0.5161
0.52106
0.52658
0.5267
0.53314
0.53704
0.53972
0.5446
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