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ABSTRACT
DAN HAN. Population Dynamics with Immigration. (Under the direction of DR.
STANISLAV MOLCHANOV)

The paper contains the complete analysis of the Galton-Watson models with im-
migration, including the processes in the random environment, stationary or non-
stationary ones. We also study the branching random walk on Z? with immigration
and prove the existence of the limits for the first two correlation functions. Addi-
tional results concern the Lyapunov stability of the moments with respect to small
perturbations of the parameters of the model such as mortality rate, birth rate and

immigration rate.
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CHAPTER 1: INTRODUCTION

The subject of the population dynamics from the mathematical view point is the
analysis of the evolution in space and time of some species (we call them particles)
in the presence of such factors as birth and death processes, migration, immigration
and etc. The simplest models of such kind exclude the interaction between particles
and even the spatial distribution of the species.

The classical example is the Galton-Watson branching process with continuous
time. One of the defects of this model is the absence of the statistical equilibrium.
That is, n(t), the number of the particles at time t, either goes to co with positive
probability or population degenerates P a.s. In the critical case when the mortality
rate and birth rate are equal to each other, P(n(t) = 0) — 1 and this was the central
observation by Galton, the founder of the theory of branching processes.

The central problem in the population dynamics is the study of the models which
demonstrates the convergence to statistical equilibrium. On the mathematical level,
it is the theory of the infinite-dimensional Markov processes which phase space is the
set of all possible configurations of the particles, either on Z? (lattice models) or on
R? (continuous models).

Configurations are changing in the time (due to migration,, birth-death processes
etc). Existence of statistical equilibrium is equivalent to the ergodicity of Markov

process, mentioned above. The probability measure (distribution) P(-) is the space
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of configurations converges weakly to the limit if ¢ — co. The limiting measure P(o0)
is the desirable stationary distribution (steady states).

The simplest population model with steady state is so called contact model.

In 2006, Y. Kondratiev and A. Skorokhod first proposed a continuous contact
model [11] in R A series of researches in continuous contact models have been done
by Y. Kondratiev and his group, especially see the publication of Y. Kondratiev, O.
Kutovyi and S. Pirogov [10] in 2008. Under certain general technical assumptions,
they constructed the non-equilibrium contact process as a a spatial birth-and-death
Markov process on configuration space. The process describes a stochastic evolution
in configurations, i.e, locally finite subsets v C R? as the phase space of the process
in the language of papers [11],[10]. During the stochastic evolution, each particle
independently generates a new particle according to a dispersion probability density
0 < a € L'(R%), which is an even function. The contact process generator is given on

proper function F'(7):

(LE)(y) =Y ulz7)[F(y \ =) = F(7)] + /ﬁ(%V)[F(V Uz) — F(v)]dz
xTeYy Rd
where p(z,7) describes the death rate of the particle z in the configuration -.
B(x, ) describes the rate at which, given the configuration 7, a new particle is born
at € R%. They considered a spatial branching process with killing. Assume the
death rate 4 = 1 and the birth rate
Blz,7) =k alz—y)

yeY

0<ae Ll(Rd),/ a(z)dz =1
R4



And in the nearest future, we will set k, the diffusivity as 1.

The above construction means each y € 7 generates a new particle at x € R? with
the rate ka(x — y)dx independently. Additional unnecessary technical assumption in
[10] is the existence of the second moment: [, a(z)z*dz < oc.

For the critical value k = 1 and the dimension d > 3, they proved the existence of a
continuous family of invariant measures parameterized by the density values. Starting
with an admissible measure uniquely defined by the density of the initial state, the
critical contact process converges to the equilibrium measure uniquely defined by the
density of the initial state. But in the dimension d = 2, invariant measures for the
model do not exist. Namely, when d = 2, correlations between population members
are growing in time too fast and the second-order limiting correlation function will
diverge to infinity.

From a biological perspective, Y. Kondratiev and his group’s contact model is a
“forest” model: there is no motion of parental particles “trees” in space, however,
each parental “tree” can produce a new “seed”, and the seeds can jump to other
random positions around the parental “tree” and originate the new trees.

Denote n(t,I') is the number of particles at moment t in the set I' C R?. Assume
that the initial field of “trees” has a Poissonian structure with the density pq, i.e.

VI € B(R?),m(T) =| T |< oo, we have (for constant rates u and 3)

P{n(0,T) =k} = eMF)(A(kL'))k, k>0

AMT) = |F|Po
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During a small period time dt, each particle located at # € R? can die with prob-
ability pdt or generates a new offspring with probability Sdt. It means that the
parental tree stays at the same point x € RY, but it generate the seed (new offspring)
which jumps from z to x 4+ z with the distribution density a(z).

The field n(¢,T") has multiplicity one and the correlation functions kfn) (1, T2y vy Tp)
has the sense of the densities:

k}fn) (1,29, ,xp)dzy...dx, = P{to find a particle at the moment ¢ > 0
in the volumes dxq,- - ,dz, around n points z1,- -+, x,}

In [10],the following model was introduced by Kondratiev et al. Consider initial
Poissonian field in R?. Assume the death rate p of the particles is equal to the birth
rate 5. Whenever there is a transformation, the probability of death or birth is equal
to each other. That is, at moment ¢, a particle either dies with probability % or
produces a new seed, which will be randomly distributed according to a(z),z € R®.
Suppose this density function a(z) is symmetric a(z) = a(—2) and [, a(z) = 1.
Differential equations of k§”> (1, ,x,) are derived. Then the first two moments

have the following form:

ok (x)

=Bk x)+ 8 | a(z— )k (2)dz
ot Rd

kY (@) = po

and



8/€t(2) (%1, .I'Q)

By = — 28k (21, 22) + BEM (21)a(zr — 22) + BED (w2)a(zs — 1)+

B[ alzs — )k (w0, 2)dz + B | a(zy — )k (21, 2)d2 (2)
R4 R4

ke (21, 72) = 0

Under such a critical case = u, the equation (1) has unique solution k,gl) = po.
The density is invariant of dynamics. For d > 3,there exists a limiting distribution
of kt(z). For d < 2, k:ig) has a limiting distribution only when continuous density a(z)
satisfies some specific conditions.

The papers [10] and [11] covered only the continuous situation: particle fields in R,
d > 1. The methods mentioned in [11] and [10] are not working in the lattice case. In
the papers [11],[10], the assumption that two particles cannot appear in the same site
(i.e the particle field has the multiplicity one) is the central point of analysis. For the
lattice models, this restriction will lead to highly complicated and highly non-linear
equations.

In 2010, Y. Feng, S. Molchanov and J. Whitmeyer [3] started the study of the
lattice contact models. They derived the equations for first three correlation func-
tions: mq(t,z) = En(t,x)], ma(t,z1,22) = En(t,z1)n(t,x2)], ms(t, z1,x2,23) =
E[n(t,z1)n(t, zo)n(t, z3]. And under assumptions about criticality (8 = p) and tran-
sitivity of the the underlying random walk with the generator

Lop(x) =Y [(x +2) = (@)]a(2)
2#0



, they proved the existence of the limits

lim my(t, ) = my(t,-),i=1,2,3

t—o00

For the first two moments,they presented the exact formulas for the limiting density
and correlation function.

Let us stress that in [3], the dimension d can be arbitrary and there are no any
moment conditions. As the result, in dimension d = 1, 2 under regularity assumption
on the heavy tailed density a(z), the limiting moments exist .

Now the existence of the steady state for lattice contact process or branching ran-
dom walk on Z¢ is proven under the full generality, that is underlying random walk
is transient and = p (criticality), see S. Molchanov, J. Whitmeyer [14]

In 2017, S. Molchanov and J. Whitmeyer [14] proposed the new method to study
the problem of the steady states for the critical contact process. The model in [14]
and [3] is different from the model in [11] and [10]. It includes the spatial motion of
the particles. Particularly, at the moment of the birth of a new particle (offspring),
it can stay at the same site as the parental particle does.

Let us give the detailed description of the contact model (lattice case),see details
in [14].

We now consider our process with birth, death and migration on a countable space,
specifically the lattice Z?. We denote N(t,y), t <0, y € Z% as the global population
at time ¢ in the position y € Z¢ and denote n(t,y,z) as the subpopulation at site

y € Z% generated by a single initial particles in the site x € Z¢ at initial time ¢ = 0.



Those subpopulations are independent, thus
N(t,y)= Y _n(t.y,x) and N(0,y) =1
xeZ
Each particle follows a random walk with generator kL, (z) = &k Y. [(x +y) —

yezd

¥(x)]a(y) with a symmetrical a(y) = a(—y) and normalization »_ a(y) = 1. Death
y

occurs at rate p and birth occurs at rate . That means,during a period of time
(t,t +dt), the probability that one particle will split into two particles is fdt and the
probability that one particle will die is udt. In splitting, parental particle stays at
the same site and the new offspring jumps from z to « 4+ y with distribution b(y) and
Zd b(y) = 1 so that b is a probability distribution and b is symmetric so that the
yez

probabilities to jump to opposite directions are equal: b(y) = b(—y). Using the jump
distribution b(+), on can introduce the new linear operator

Lyp(x) = B [z + 2) — ¢(2)]b(2)

2z7#£0

For the subpopulation n(t,y,z), z,y € Z%, the generating function u.(t,z,y) =
E,z"tvm) = S Pin(t,y,x) = j}27. u.(t,z,y) satisfies the Kolmogorov-Petrovski-
7=0

Piskunov type equation:

ou,
o = fLatts = (B+ pus+ fus 3 us(t, o +v,y)b(v) + p
yezd
s a—y (3)
u(0,,y) =
1, z#y

Then the factorial moments my(t,z,y) = E(n(n —1)---(n — [ 4 1)) can obtain

their differential equations by differentiating (3) over z and substituting z = 1. For



example, my(t,z,y) = E.n(t,y,x) is given by

O = (kL + BLy)My + (B — p)my

mi1(0,z,y) = 0(y — )

In the paper of S. Molchanov and J. Whitmeyer [14],this result uses backward
equation technique instead of forward Kolmogorov equations, a strategy not fea-
sible in the continuous space. When birth and mortality rates are equal to each
other and the underlying random walk generated by L, is transient, then my(t) =

t—o0

EN(t,z)(N(t,z)—1)--- (N(t,x) =+ 1) — my(co) and therefore under Carleman

condition N(t,x) t;—:% N(o0, ), where N(oo,z) is a steady state. Thus the whole
population reaches a stationary distribution (steady state).

The second fundamental question of the population dynamics is the stability (or
instability) of the steady state with respect to small perturbation of the parameters

of the model. How to measure of this "smallness”? There are two possibilities:

(a) use L™ norm. Instead of constant rates /3, u, one can consider functions
B(x) = Bo + e€(x)

() = po + en(z)
where [£(z)| < 1,z € Z%, |n(z)| <1 and € is a small parameter.
The function () and n(z) can be random or deterministic. It is so-called Lyapunov
stability .
(b) use local perturbations, i.e. 8(z) = By, u(z) = po when z € Z% — T but on the

finite set I, the difference 5(z) — u(x) = V(x) is not zero.
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It is clear that for the contact processes, we cannot expect the Lyapunov stability.
For instance, if 5y = pp and the underlying random walk is transient, then the steady
state exists but for £(x) = 1,n(z) = 0, the process with f(x) = Gy +¢€, pu(z) = po = Bo

is supercritical. For the first moment, we have the obvious formula

my(t, x) = mpe — oo

as t — oo.

For £(x) = —1, the result is opposite,

my(t,x) = moe”" — 0

as t — oo.

Even assumption that £(x), n(x) are independent random symmetrically distributed
fields, i.e. V(z) = e(&(x) — n(zx)) is symmetrically distributed potential cannot lead
to stabilization.

The local perturbations for the contact model were studied in several papers by
E.Yarovaya [1],[19],[18]. Roughly speaking, the result is the following one: For fixed
set I where f(x)—p(z) > 0, the steady states exists if max(f—pu) < 9, ¢ is sufficiently

zel

small. If 8 — pu is large enough at least in one point, then m4(¢,z) = Eln(t, z)] — oc.
Dissertation Outline

In this dissertation, the topic is supported by NSF DMS 1714402: Applied Spectral

Analysis in Population Dynamics, Biophysics, and Physical Chemistry. Chapter 2-4

are from published paper: Population Processes with Immigration published in the

Springer book Modern Problems of Stochastic Analysis and Statistics, 2017, page
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411-434, [5]. but with more details.

Chapter 5 is from published paper:Branching Random Walks with Immigration
published in the Springer book Analytical and Computational Methods in Probability
Theory, 2017, page 401-408, [4].

In Chapter 6, in the homogeneous environment, local and nonlocal perturbations

of parameters in the model are discussed.



CHAPTER 2: SPATTIAL GALTON-WATSON PROCESS WITH
IMMIGRATION.NO MIGRATION AND NO RANDOM ENVIRONMENT.

2.1  Moments

In this section, we will study the branching process with immigration but without
migration. Assume that at each site for each particle we have birth of one new particle
with rate 8 and death of the particle with rate u. Also assume that regardless of the
number of particles at the site we have immigration of one new particle with rate k
(this is a simplified version of the process in [16]). Assume that § < p, otherwise the
population will grow exponentially. And n(¢,x) is the population size at time ¢ at
site . Assume we start with one particle at each site. We call m; = E[n’(t, z)] the
jth moment of n(t, x).

For each site # € Z9, n(t,r) is a branching process. All these branching process
n(t, x) for different sites x are independent from each other and there is no interactions
among those branching processes for different site x since there is no migration among
those sites. Because of this fact, it is sufficient to study n(¢, ) for one particular site
x. Thus we write n(t) for n(t,x) of this particular site . And we assume in the

beginning, n(0) = 1.
The Existence of Moment

Let us denote ny(t) as the subpopulation generated by the initial single particle and

no(t — 7;) as the subpopulation generated by the new immigrant who arrive at time
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t — 7; with the rate k. The number of immigrants V' during [0, t] follows Poisson(kt)

kt)™
distribution. That is ,P(V(t) = m) = e‘kt%. For fixed V' = m, the random
m!

variable 7y, 73, -+ , T, are independent and uniform on [0, ¢].
As a result, since ng(t), no(t—7;),i = 1,2,3,--- ,m are independent Galton Waston

processes. As a result,

E[n(t)] = Eno(t) + Z no(t —7;)]

[e o]

m t
= e_(ru’_ﬁ)t _|_ Z e—kt (kt) / e_(u_ﬁ)sﬁm
— m! J, t

_ =Bt
— e_(#—/j)t + &kt

(1 —p)t

k k
— o (u=B)t —(u—B)t
=e + + e
p—>5 p—=p5

Since j — 3 > 0, as k — oo,the first moment exists and its limit is —£.

p—_
Calculation of Moments

In continuous time, we can obtain all moments recursively by means of the Laplace

transform with respect to n(t).

o(t,X) = B0 = 3" P{n(t) = j}e ™.
j=0
Specifically, for the jth moment, m;

mi(t) = (195 E o )

A partial differential equation for ¢(¢,\) can be derived using the forward Kol-
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mogorov equations

n(t+dt) = n(t) + Eau(t) (6)

where the r.v. £ is defined

+1 w.p. Bn(t)dt + kdt

L) =9 —1 wop. pn(t)dt (7)

0 wp 1—=((B+mn(t)+ k)dt

\

In other words, our site in a small time interval (¢,t + dt) can gain a new particle with
probability Sdt for every particle at the site or through immigration with probability
kdt; it can lose a particle with probability udt for every particle at the site; or no
change at all can happen.

Now @(t + dt,\) = Ele”+d)] = B[E[e= t+d)|n(1)]].

And E[e At n ()] = e O(1 — (B + p)n(t)dt — kdt) + (Bn(t) + k)dte D= +

pn(t)dte MO+,

One can apply the total expectation at both sides and use the formula —g—f =
E[e®n(t)]. This leads to the general differential equation
890(15, )‘) —A agp(t )‘) -\ 8(10(t7 )‘) A
———~ =k — Dp(t, A ——(1 - ——(1 - 8
o) (e = 1l N) + B (1= ) + e (1 ) ()
po(A) = 9(0,)) = e (9)

from which we can calculate the recursive set of differential equations and we denote
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o(t, A
o a8
Doy (i G- 0 () -0
8/\i—k;<i (e =1) a»+ﬁ; P
J . z+1
J G za
1_ J—
w3 () 0t
3j900()\) i =X
oy e

Applying Eq. (5) we obtain a set of recursive differential equations for the moments

(-1p () Vimi + B(=1Pmes + (~Dimea]  (10)

=0
m;(0) =1

where we define mg = 1. For example, the differential equations for the first and

second moments are

and

de (t)
dt

=2(8 — pma(t) + (B + p+ 2k)ma(t) + k

These have the solutions:
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and

k(k+p) p?—2k>— B2+ kp— 3kﬁe—(u—ﬁ)t+

N k?* 4237 + 3k — 2up3 — 2KH ()t
(n—p)?

Again, given that assumption p > [, in other words, the birth rate is not high

enough to maintain the population size, as t — oo

k
ml(t) w w—_
k(k + )
mat) tmoo (p— [3)2
and
- m — m2 7 Mk:
Var(n(t)) = mo(t) 1(1) oo (i — B)2

Moreover, it is clear from Eq. (10) that all the moments are finite.

In other words, the expectation of the number of population will converge to a finite
limit, which can be regulated by controlling the immigration rate k, and this popu-
lation size will be stable, as indicated by the fact that the limiting variance is finite.

Without immigration, i.e., if £ = 0, the population size will decay exponentially.
2.2 Local CLT
Setting \, = nf + k, pu, = nu, we see that the model given by Eqgs. (6) and (7) is
a particular case of the general random walk on Z} = {0, 1,2, -} with generator [8]
Lip(n) =d(n+ DAy — (A + pa)¥(n) + pptb(n = 1), n >0 (11)

L1p(0) = kep(1) — k1p(0) (12)
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1—(n(B 4 p) + k)dt

: ) njudt nf + k)dp d
- \_J w N\

Figure 1: n(t) is the random walk on Z1

The theory of such chains has interesting connections to the theory of orthogonal
polynomials, the moments problem, and related topics (see [7]). We recall several

facts of this theory.

a. Equation £¢ = 0,z > 1, (i.e., the equation for harmonic functions) has two

linearly independent solutions:

i
—_

¥1(n)

(13)

<=
)
=
I
—
S
Il
—_

\
N

B pape . M1p2efined
L+ A1 + A1A2 + + A2 Ap—1 nz
\

b. Denoting the adjoint of £ by L*, equation L*r = 0 (i.e., the equation for the

stationary distribution, which can be infinite) has the positive solution

Ao
m(1) = M—lﬂ(O) (14)
/\0)\1
m(2) = MIMW(O) (15)
(16)
m(n) = Aot - A"*%r(o) (17)
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where 7(0) is a positive constant.

This random walk is ergodic (i.e., n(t) converges to a statistical equilibrium, a

. . : A Ao AoAL - An—1
steady state) if and only if the series 1+ ot o T ST converges. In

our case,

Aot An—t _ k(k+8)---(k+(p—1))8
[ fin p(2p) - (np) '

Tpn =

If 8 > p, then, for n > ng, for some fixed £ > 0, W > 1+ ¢, that is, x,, > C",
for some C' > 1 and n > n4(e), and so Y x, = oo. In contrast, if § < pu, then, for

some 0 < € < 1, H(z

_;1)5 <1—¢,and z, < ¢", for 0 < g < 1 and n > ny(e); thus,

> x, < oo. In this ergodic case, the invariant distribution of the random walk n(t)

is given by the formula

1o - Mt
W<n):§ fir o
1

where

.k hBHR) k() (Bn—1) 1K)
Lt e T @ )

Theorem 1 (Local Central Limit theorem). Let 5 and p be fixed constants and 8 < p.
The immigration rate k is a very large number. If [ = o(k?/?), then, for the invariant

distribution 7(n)




Proof.
) = LE(E+8)---(k+B(n - 1))
S nuﬁ@g) - -1->(nu)(ﬁ )
=52
SOx =

Set

ﬁl E_1q k _
B B
= (2) (0 24 )

! k

B, 51

=a, || —(1+ :
EM( n—i—z)
14 D)

i=1
! g(n—i-i—l)—l—

:a"H n+i

==
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(19)



and because ng = “i

. H Bl = V)= B) + kp
A i = B+ kp
1 4 BE=L@=5)

l
_ kp
— no H )

Take | = o(k*?), since k is a very large constant, thus l

for k > ko(0). We integrate the series In(1 + z) = x + O(z?) and because [ = o(k

n+1 2

when n > 2, lim 5
k—00 n k—00 k—oo k

£ 1k k ;2
~ (=B i2
= SR 0 + 0]
=1
l _ 2 1 2 _ 2
= [0 o) + o )lds + o L=EE 4 o
(i — B2 l & 1 2
“ouk + O(E) + O(ﬁ) + O(E) + O(ﬁ)
_(M—_Qi:F as k — oo
Hence
(u=p)212 QZkZu

(=D@-p)8
I

wiN

[
=0, and lim = =0, lim — = 0 we can get the following:

19

is small than §

);



kp
(n—p)2

or, setting 0? =

From Eq.(19)

and, using Stirling’s formula and the fact that ng =

%Jrno

@

s

)%Hlo

2m K\ 5
5 %) 2
1 B \?
= 1+
\/27w< p—p
_ pk
where o = g Thus
k
=k
— _é 1 %
S ( u) B
1 B
= 14+ —)(1
2no (( M—ﬁ)(
1 ( 1 u—ﬁ)
20 \p— B
1
2o
and so
m(no + 1) Gnotl | Gno =52 L
S S V2ro

12

e 202

as mg — 0.



CHAPTER 3: BRANCHING PROCESS WITH MIGRATION AND
IMMIGRATION FOR BINARY SPLITTING

We now consider our process with birth, death, migration, and immigration on a
countable space, specifically the lattice Z¢. As in the other models, we have 5 > 0,
the rate of duplication at x € Z% u > 0, the rate of death; and k& > 0, the rate of
immigration. Here, we add migration of the particles with rate x > 0 and probability
kernel a(z), z € Z%, 2 # 0, a(z) = a(—2), %:Oa(z) = 1. a(0) = 0. That is, a particle
jumps from site x to x + z with probability xka(z)dt. Here we put x = 1 to simplify
the notation.

For n(t,z) the number of particles at x at time ¢, the forward equation for this

process is given by n(t + dt, x) = n(t,z) + £(dt, x), where

(

1 w. pr. n(t,z)Bdt + kdt + > a(z)n(t,x + z)dt
z#0

{(dt,x) =9 -1 w. pr. n(t,z)(p+ 1)dt
0 w.pr. 1—=(B+p+n(tz)dt— > alz)n(t,z + z)dt — kdt
\ 2#0
(20)

Note that £(dt, z) is independent on F¢; (the o-algebra of events before or including

t) and

a) ElE(dt,x)|Fe] =n(t,z)(8 —p— 1)dt + kdt + %a(z)n(t, r + z)dt.

b) E[E*(dt,x)|Fet] = n(t,z)(B+ p+ 1)dt + kdt + Y a(z)n(t, z + z)dt.
z7#£0
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c) E[(dt, x)¢(dt, y)| Ft] = alx —y)n(t, z)dt + aly — x)n(t, y)dt.
A single particle jumps from x to y or from y to x. Other possibilities have

probability O((dt)?) = 0. Here, of course, x # y.

d) If £y, y # z, and x # z, then E[{(dt, z){(dt,y)E(dt, z)] = 0.

We will not use property d) in this paper but it is crucial for the analysis of

moments of order greater or equal to 3.

From here on, we concentrate on the first two moments.
3.0.1  First moment

Due to the fact that g < p, the system has a short memory, and we can calculate
asymptotically all the moments under the condition that n(0,z), * € Z4, is an ar-
bitrary system of independent and identically distributed random variables. Assume

we have 0 particles in the beginning. Setting m;(t,x) = En(t, z)], we have

my(t +dt,x) = E[En(t + dt, z)|Fg]] = E[E[n(t,x) + £(t, )| F<l]
— ma(t, @) + (8 — wyma(t, z)dt + kdt (21)
+ Z a(z)[mq(t,x + z) — mq(t, x)]dt
2z7#£0

Defining the operator L,(f(t,z)) = > a(2)[f(t,z + z) — f(t,x)], then, from Eq.
z#0

(21) we get the differential equation

omy (t, )
ot

m1(0,z) =0

= (6 - ,u)ml(t?x) + k + ﬁaml(t’ ZL’)
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Because of spatial homogeneity, £,m;(t,z) = 0, giving

omy(t,x
IUL) (5 s t,2) +
mi (0, l’) =0
which has the solution
k (B—p)t
ml(t,m):ﬁ_u(e —1).

Thus, if 8 > u, mi(t,z) — oo, and if u > S,

tllglo ml(t, .’17) = M——B

3.0.2  Second moment

We derive differential equations for the second correlation function ms(t, x,y) =
E[n(t,z)n(t,y)] for x = y and x # y separately, then combine them and use a Fourier

transform to prove a useful result concerning the covariance.

ma(t + dt, z,x) = E[E[(n(t,z) + £(dt, 2))*| F<]]
=mo(t,z,z) + 2E[n(t,z)[n(t,x)(8 — p — 1)dt + kdt
+) a(2)n(t,z + 2))dt] + Eln(t,z)(8 + p+ 1)dt
270

+ kdt + Z a(z)n(t, z + z)dt]
2#0

Denote Loomo(t, z,y) = Y a(2)(ma(t,x + 2,y) — ma(t, z,y)).
2#0
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From this follows the differential equation

oms(t, z, x)
ot

mo(0,z,2) =0

- 2(5 - M)mg(t7$, l‘) + 2‘Cazm2(ta I,.l’) + ikﬁ + 2’1(:“—;1)

II. z#£y

Because only one event can happen during dt

P{E(dt, ) = 1,&6(dt, y) = 1} = P{(dt, x) = —1,£(dt,y) = =1} = 0,

while the probability that one particle jumps from y to z is

Pig(dt, x) = 1,€(dt,y) = =1} = a(z — y)n(t, y)di,

and the probability that one particle jumps from x to y is

P{&(dt,z) = —1,&(dt,y) = 1} = a(y — x)n(t, x)dt.

Then, similar to above

ma(t + dt,z,y) = E[E[(n(t, z) + £(t, 2))(n(t, y) + £t y)) | Feil]
=ma(t,z,y) + (8 — p)ma(t, z,y)dt + kmq(t,y)dt

+ ) a(2)(ma(t,x + 2, y) — ma(t, z,y))dt + (8 — p)ma(t, z,y)dt
270

+ kml(tv l'>dt + Z Q(Z)(mg(t, z,y + Z) - m?(t7 xz, y))dt
z#0

+ a(x —y)mq(t,y)dt + a(y — x)my (¢, x)dt
= mQ(ta €, y) + 2(6 - :u)mQ(ta Z, y)dt + k(ml (tv y) + 1y <t7 I))dt

+ (Laz + Lay)ma(t, z,y)dt + a(x — y)(mq(t, ) + my(t, y))dt
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The resulting differential equation is

@@Eﬁﬂﬂ=2W—uWw@xw%+@m+£wW”@IW)
ot (22)

+ k(ma(t, z) + myi(t,y)) + alx — y)[my(t, ) + mi(t,y)]

That is

Qﬁ%%%glgl::203—-uﬁnzﬁ,xﬂn-%(Ewr+'£wﬂnh(ta“y)
22 k
+ + 2a(x —y)——
Py RSy

Because, for fixed t, n(t,z) is homogeneous in space, we can write ma(t, z,y) =

ma(t,x —y) = ma(t,u). Then, we can condense the two cases into a single differential

equation
Omal ) (5 () + 2Lt ) + 22 4 2a(u) 2 4 fo(u) 2D
= = pwma(t, au2(ls Ty e R T

my(0,u) = En*(0,2)

Here w = x —y # 0 and a(0) = 0.

We can partition mo(t,u) into ma(t,u) = mao; + mae, where the solution for mq;

depends on time but not position and the solution for mss depends on position but

not time. Thus, £,,m21 = 0 and mo; corresponds to the source %, which gives
Omay (t, u) 2k?
———= =2(8 — pu)mai(t,u) +
ot (8 — p)mai(t, u) 7

k2
(n—8)2"

Ast — o0, Mo — MQ = m%(t,x) =
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For the second part, mos —87;22 =0, i.e.
Omas(t, u) 2k(pn+1)
— =2(p - t 2L o t, 2 Oo(u)———= =
5 (B — p)ymaa(t, u) + 2L4ma(t, u) + a(u)M_B + do(u) p 0

Ast — 00, may — Mg. MQ is the limiting correlation function for the particle field

n(t,x), t — oo. It is the solution of the “elliptic” problem

~ ~ 2k(p+1) k
2L Msy(u) — 2(p — B)Mo(u) + do(u) ————= + 2a(u =0
2(u) (1 — B)Ma(u) 0()N—ﬁ ()M—ﬁ
Applying the Fourier transform Ms(0) = 3. My(u)e’®®, § € T¢ = [—7, 7]¢,
uezd
we obtain
k ka(0)

We have proved the following result.
Theorem 2. Ift — oo, then Cov(n(t,x),n(t,y)) = E[n(t,x)n(t,y)|—E[n(t, x)| En(t, y)]
= m2<t7 Z, y) - ml(ta x)ml(tvy)a tends to MQ('I - y) = M2(u) S L2<Zd)

The Fourier transform of M,(-) is equal to

= - 01+C2d(0) d
O = o= ane <
k k

where c; = ——, co = ——, c3 =
p—_> p—_>

Let’s compare our results with the corresponding results for the critical contact
model [3] (where k = 0, = ). In the last case, the limiting distribution for the field
n(t,r),t > 0, z € Z%, exists if and only if the underlying random walk with generator

L, is transient. In the recurrent case, we have the phenomenon of clusterization. The
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limiting correlation function is always slowly decreasing (like the Green kernel of L,).

In the presence of immigration, the situation is much better: the limiting correlation
function always exists and we believe that the same is true for all moments. The decay
of My(u) depends on the smoothness of @(f). Under minimal regularity conditions,
correlations have the same order of decay as a(z), z — oo. For instance, if a(z) is
finitely supported or exponentially decreasing, the correlation also has an exponential

decay. If a(z) has power decay, then the same is true for correlation Mg(u), U — 00.



CHAPTER 4: PROCESSES IN A RANDOM ENVIRONMENT

In this Chapter, there are four models involve a random environment. Two are
Galton-Watson models with immigration and lack a spatial component. In the first,
the parameters are random functions of the population size; in the second, they are
random functions of a Markov chain on a finite space. The last two models are spatial
and feature immigration, migration, and, most importantly, a random environment in

space, still stationary in time for the third but not stationary in time for the fourth.
4.1  Galton-Watson processes with immigration in random environments

4.1.1  Galton-Watson process with immigration in random environment based on

population size

Assume that rates of mortality u(-), duplication (), and immigration k(-) are
random functions of the volume of the population x > 0. Namely, the random
vectors (p, 3, k)(z,w) are i.i.d on the underlying probability space (€, Fe, P.) (e:
environment).

The Galton-Watson Process is ergodic (P,-a.s) if and only if the random series

< 00, P.-a.s.

g_ i k0)(B(1) + k(1)) (26(2) + k(2)--- (n = 1DB(n — 1) + k(n — 1))
p(1)(20(2)) - - - (npa(n))

n=1

see reference [6].

Theorem 3. Assume that the random variables 5(z,w), pu(z,w), k(x,w) are bounded
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from above and below by the positive constants C*: 0 < C~ < B(z,w) < CF < .

Then, the process n(t,w,) is ergodic Po-a.s. if and only if (In 2&<)) — (In g(-)) —

w(zw)
(In(u(-))) <0
Proof. 1t is sufficient to note that
k(n B 17w) + (TL — 1)&(” B 17(,0)
nu(n, w)
k(n—1,w)—B(n—1w)) + ﬁ(n . 17(“-))
a p(n,w)
_ B(n — 1,w)(1 N k(n—1,w) — B(n — 1,w)))
p(n,w) n

ln(B(nfl,w) )+ln(1+k(nfl,w)fnﬁ(nfl,w)))

= e u(n,w)

< elnﬂ(n—l,w)—lnu(n,w)-l—w

_ eln B(n—1,w)—In ,u(n,w)—l—O(%)

0 3 In(llledy s e
Thus S < 3 ei=1 09 703

n=1

And according to the strong Law of Large Numbers,

1 & k—1 Cas

L Z lnﬁ( ,w) P—a.s.
i kw)

<lné ><0
1

n

Also % < ¢ln(n). That means that the series S diverges exponentially fast
k=1

for (InB(-)) — (Inp(-)) > 0; it converges like a decreasing geometric progression for
(InB(+)) — (Inp(-)) < 0; and it is divergent if (In 5(-)) = (Inu(:)). It diverges even

when G(z,w.) = p(z,w.) due to the presence of k=~ > C~ > 0. O

If B(-,w),u(-,w) are independent, then ES < oo if and only if <%) = <B><%> <L

The fluctuations of S, even in the case of convergence, can be very high, that is, it is
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possible that (Ing) < (Inu) but ES = oco.

4.1.2  Galton-Watson process with immigration in random non-stationary(time
dependent) environment

Assume that k(t) and A = (u— 8)(t) are stationary random processes on (£2,,,, P,,)
and that k(t) is independent of A. For a fixed environment, i.e., fixed k(-) and A(-)

the equation for the first moment can be derived by similar method used in Chapter
3 and it takes the form

dmy (t, wn,

dma(t, wm) _ At wm )+ k(t, w)

m1(0, wp,) = mq(0)

Then
t
ma(t, wy) = my (0)e™ Jo Aluwm)du 4 / ki (s, Wy e Js Alwwmldu g
0

Assume that 3 > A(-) >0 >0, 3 2 k(-) > 6 > 0. Then

ml(t7 wm) -

¢
/ k(s,wpm)e” Jo Alusom)du g O(e™).
0

Thus, for large ¢, the process my (t,w,,) is exponentially close to the stationary process

t
ml <t’ CU) = / k<87 wm)e_ fs A(u’wm)duds
0

Assume now that k(t) and A(s) are independent stationary processes and —A(t) =
V(z(t)), where z(t), t > 0, is a Markov Chain with continuous time and symmetric

geometry on the finite set X. (One can also consider z(t), t > 0, as a diffusion process
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on a compact Riemannian manifold with Laplace-Beltrami generator A.) Let

u(t,x) = Exefot V(“)dxf(xt)

= Byel ~Aed f ()

Then )
ou
ETi Lu+Vu=Hu
. (23)
| u0.9) = £(2)
The operator £ is symmetric in L?(x) with dot product (f,g) = > f(x)g(z).

zeX

Thus, H = £+ V is also symmetric and has real spectrum 0 > —§ > A\g > A\ > -+~
with orthonormal eigenfunctions ¢y(z) > 0,31(x) > 0, --- Iinequality Ay < 0 < 0
follows from our assumption on A(-).

The solution of equation (23) is given by
N
U(t, .1') = Z e)\ktwk(z) <t7 W)
n=1
Now, we can calculate < my(t, z,wy,) >.

t
< >= / < k(-) >< Egels VEde 5 g (24)

—00
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Here, 7(z) = & = % is the invariant distribution of z;. Then

t k=N
<m>= / <k > M () (L )ds
k=0

21 1
_— —_— 2—
— <k>;)\k(¢kﬂ) ¥
N 2
:_<k>z(wk]1)
N Ak

4.1.3  Galton-Watson process with immigration in random environment given by

Markov chain

Let z(t) be an ergodic Markov chain on the finite space X and let 5(x(t)), u(z(t)), k(z(t)),
the rates of duplication, annihilation, and immigration, be functions from X to R*,
and, therefore, functions of ¢ and w,. The process (n(t), xz(t)) is a Markov chain on
ZL x X.

Let a(x,y), v,y € X, a(z,y) >0, > a(z,y) =1 for all z € X, be the transition

yeX
function for x(t). Consider E, ) f(n(t), z(t)) = u(t, (n,z)). Then

u(t +dt, (n,z)) = (1 — (nB(x) + np(x) + k(z) — a(z, x))dt)u(t, z)
+np(z)u(t, (n+ 1, x))dt + k(z)u(t, (n + 1,x))dt

+np()u(t, (n —1,2))dt+ Y ala,y)ult, (n,y))dt

YYF#T



33

We obtain the backward Kolmogorov equation

ou

o5 = Z a(t,y)(u(t, (n,y)) — ult, (n,r)))

yy#z
+ (nB(z) + k(2))(u(t, (n + 1,z)) — u(t, (n, 2)))
+ ) (ult, (n — 1,2)) — ult, (n, 2)))

u(0, (n,x)) =0

Ezxample. Two-state random environment.

Here, x(t) indicates which one of two possible states, {1, 2} the process is in at time t.
The birth, mortality, and immigration rates are different for each state: 5; and (s, 1
and o, and ky and ky. For a process in state 1, at any time the rate of switching to
state 2 is a1, with ap the rate of the reverse switch. This creates the two-state random

environment. Let G' be the generator for the process, as diagrammed in Figure 3.

mn - GiN+k
el L
oLy 0L 4
Lo s

0 1 2 g des n-1 n n+1
Smsmulies  i¥
mh Bh+k,

Figure 1: GW process with immigration with random environment for two states

The following theorem gives sufficient conditions for the ergodicity of the process

(n(t), 2(t))-
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Theorem 4. Assume that for some constants é > 0 and A > 0

Then, the process (n(t), z(t)) is an ergodic Markov chain and the invariant measure of
this process has exponential moments, i.e., £ e*® < ¢y < oo if A < )¢ for appropriate

(small) A\g > 0.

Proof. We take as a Lyapunov function f(n,z) = n.
Then, Gf(n(t),x(t)) = (B — pa)n + ki So for sufficiently large n, specifically

n>%,wehaver§O. O]

4.2 Models with immigration and migration in a random environment

For this most general case, we have migration and a non-stationary environment
in space and time. The rates of duplication, mortality, and immigration at time ¢
and position z € Z% are given by B(t,x), u(t,x), and k(t,x). As in the above models,
immigration is uninfluenced by the presence of other particles; also set §; < k(t, z) <
02, 0 < 61 < 99 < oo. The rate of migration is given by k, with the process governed
by the probability kernel a(z), the rate of transition from x to = + 2, z € Z%.

If n(t, z) is the number of particles at x € Z% at time t, n(t+dt, x) = n(t,x)+£(t, z),
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where
( 1 w. pr. n(t,x)B(t,x)dt + k(t,z)dt + > a(—2)n(t,x + z)dt
z#0
—1 w. pr. n(t,z)u(t,z)dt + > a(z)n(t, x)dt
§(tw) = 7
0 w.pr. 1—(8(tz)+ pu(t,z))n(t,z)dt — %a(z)n(t, x+ z)dt
— > a(z)n(t,x)dt — k(t, x)dt

\ z7#0

For the first moment, m; (¢, z) = E[n(t, x)], we can write
my(t +dt,z) = E[E[n(t + dt, z)|F]] = E[E[n(t, z) + €(t, z)| F]]
=my(t,z) + (B(t,z) — u(t,x))m(t, x)dt + k(t, z)dt

+) a(2)[ma(t,x + 2) — ma (¢, x)]dt

z7#£0
and so, defining, as above, L,(f(t,z)) = >_ a(2)[f(t,x + z) — f(t, x)], we obtain
2#0
Omilh ) _ (B4, 2) - pu(t, 2))ma(t, @) + k(L 2) + Lama(t, )
ot (25)
ml(O, $) =0

We consider two cases. The first is where the duplication and mortality rates
are equal, 5(t,x) = u(t,z). Because of the immigration rate bounded above 0, we
find that the expected population size at each site tends to infinity. In the second
case, to simplify, we consider (¢, z) and (¢, x) to be stationary in time, and assume
the mortality rate to be greater than the duplication rate everywhere by at least a
minimal amount. Here, we show that the interplay between the excess mortality and
the positive immigration results in a finite positive expected population size at each

site.
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421 Casel
If B, 2) = pult, )
omq (t
IUL) _ t,2) + Lo (1,2
mq (0, .T) =0
Taking Fourier transforms,
om (t, ~ N~
% = k(t,v) + L,(v)my(t,v)
mi(0,2) =0
0 - _— - Lo (v)t —~ —La(v omy v
a(e_ﬁa(”)tml) = —L,(v)eFatmy 4 e Fal )tﬁ_tl = Ll (t )

t = ~~
mi(t,v) :/ e~ (5TIL (5, v)ds
0

Taking the inverse Fourier transform,

1 ' —(s—t)La(v)T, —i(v,x
my(t,x) = W/T /0 e~ 0L (5, v)dse ) dy
d

¢ t
:/ dsZk(s,y)p(t—s,x—y,O)Z/ 01ds = o1t
0

0 yezd
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where

d
1 ; , 1 —t 3- (cos (vj)—1)—i(v,z—y)
t7 = _tﬁa(v)_l(’u7$_y)d — / j=1 d
) = o ] ECOTY '

Ast — 00, 01t — oco. Thus, when the birth rate equals the death rate, the expected

population at each site x € Z? will go to infinity as t — co.
4.2.2  Case Il

Here, 5(t, x) # p(t, x). For simplification we assume that only immigration, (¢, z),
is not stationary in time. In other words, we us assume that the duplication and
mortality rates are stationary in time and depend only on position: §(t,x) = 5(z),

w(t,z) = p(x) and p(z) — B(x) = §; > 0. From Eq. (25), we get

amg—(tt’x) = k(t,x) + Loma(t,z) + (B(t, x) — u(t, x))my(t, x)
m1(0,z) =0

This has the solution

t
mi(t.) = [ ds 3 st~ s,5.0)
0 yezd
where ¢(t — s, z,y) is the solution for
( aq

5 = Laa+ (Bt w) — plt,2))g

Q(vaay) = 5(1’ - y) =




38

By the Feynman-Kac formula,

q(s,,y) = Ey[elo ) -pledug 4]
— E[efo“’(ﬂ(wu)—#(ru)du(;(xs —y)|zo = ]
— E[B[eh e meiug (g, — )z, = 7,5, = yl|zo = 1]
= P(x, = y|zo = x)EgHy[efdg(ﬂ(xu)*u(ru)du]
= (5,2, y) Eaesy [ef(f(ﬁ(ru)—u(xu)du]

where

1 —tLa(v)—i(v,z—y)
l e HalTHITY) dy,

p(t,z,y) =

Finally

t
tlggo my(t,z) = lim [ ds Z k(s,y) Epylefo " Bld—n@adu), g g )

t—r00 0 pezd
and letting w =t — s
t
< hm/ dw”k||ooEm_>y[efow(ﬂ(m“)_u(x“)d“]
t—oo Jo

< Ikl /0 e since B(x) — u(x) < —8y < 0

&1l oo
o

Thus, when p(z) — f(z) > 0, tlim my (t, z) is bounded by 0 and Wgﬁ, so this limit
—00 1

exists and is finite.



CHAPTER 5: SPATIAL PROCESSES WITH IMMIGRATION ON ZP IN
HOMOGENEOUS ENVIRONMENT FOR MULTIPLE OFFSPRING

5.1  Description of the Model

We now consider our process with birth, death, migration, and immigration on a
countable space, specifically the lattice Z¢.

Notation: (i): the birth rate of j — 1 particles: 5; > 0, j = 2,3,4,5,---, the rate
of birth that one particle will split into j particles at moment ¢, in other words, the
birth rate that each parent particle will generate j—1 offsprings independently. During
a period of time (¢,¢ 4 dt), the probability that one particle will split into j parti-
cles is B;dt. Let us introduce the corresponding infinitesimal generating function
Flz)=p—(p+ ;Bj)z + gﬁjzj. We will assume that F'(z) is an analytic function

3> 3>
in the circle |z| < 144, § > 0, i.e the rate of birth j; as a function of j is exponentially
decreasing. And we also assume that the new offsprings start their evolution from the

same birth place independently on others, like in the classical paper of Kolmogorov,

Petrovski and Piskunov(1937)[9]

(ii):the rate of death:y > 0. During a period of time (¢, ¢+ dt), the probability that

one particle will die is udt.

(iii):the rate of immigration: k& > 0. During a period of time (t,t + dt), the prob-
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ability that one new particle outside of the system appears in the site x € Z¢ is kdt.
The appearance of a new particle in the system is uninfluenced by the presence of

other particles.

(iv): the rate of particles’ migration: x > 0. Migration of the parent particle de-

pends on the probability kernel a(z), a(0) = 0, ; a(z) = 1,2 € Z% here a(z) is the
240

transition rate of parent particle from x to z + z, 2 € Z¢ at t. The parent particle

jumps from site x to =+ z during a period of time (¢, + dt) with probability xa(z)dt.

The generator of the corresponding (underlying) random walk is the discrete or lattice
Laplacian L9 (x) = K ; [Y(x + 2) — Y(x)]a(z).
2#0

This model is similar to the well-known Kolmogorov-Petrovski-Piskunov (KPP)
model(1937)[9]. However, first, for the KPP model, the state space is continuous state
space R instead of discrete state space Z¢ and the underlying process is Brownian
motion instead of a random walk. These two differences are rather essential technical
points. In the KPP case, the study of stead states was developed by the ideas of
R. L. Dobrushin [2], who applied a technique involving partial differential equations.
In the case of continuous contact model, in the terminology in Kondratiev, Kutoviy
and Pirogov (2008) [10], there is no immigration (i.e k=0) and the birth rate equals
the death rate (i.e S = u), They applied forward Kolmogrov equation to prove the
existence of the steady states (the limit of the total number of population as t — co.
In the classical Galton-Waston process model, the backward Kolmogrov equation

is used [6]. But with the presence of the immigration, we have to use foreward
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Kolmogrov equation.

For simplicity, we denote n(t,z,y) as n(t,z), the number of particles at = at time

t, the equation for this process is given by n(t + dt, z) = n(t, x) + £(dt, x), where

(

1 w. pr. n(t,x)fdt + kdt + K %:Oa(z)n(t, T+ z)dt
Jj  w. pr. n(t,z)fdt j>2
E(dt,x) =q —1 w. pr. n(t,z)(u+ k)dt (26)
0 w.pr. 1l— in(t, z)Bidt — n(t, z)(pn+ )dt
iz
—K ;{)a(z)n(t, x + z)dt — kdt

Note that £(dt, ) is independent on F¢; (the o-algebra of events before or including

t) and only one event can happen during (¢, + dt). Thus

a)

E[¢(dt, )| Fe) = ijn(t, z)Bjdt + kdt + kY a(z)n(t,z + 2)dt —n(t,z)(p+

J 2#0

K)dt.

BIE(dt, o)\ Far] = 32 0t 2)Byadt + kdt + 1 Y a(2)n(t, o+ 2)dt +nt, o) (u+

j=1 270

K)dt.

E[¢(dt, x)E(dt, y)| F<t) = ka(x — y)n(t, z)dt + ka(y — x)n(t, y)dt.

A single particle jumps from x to y or from y to x. Other possibilities have

probability O((dt)?) = 0. Here, of course, x # y.

If 2 £y, y+# 2z, and x # z, then E[{(dt, x)E(dt, y)E(dt, z)] = 0.

We will not use property d) in this paper but it is crucial for the analysis of

moments of order greater or equal to 3.
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From here on, we concentrate on the first two moments.
5.2 First Moment
Setting m4(t,xz) = E[n(t, )], we have
my(t + dt,x) = E[En(t + dt, z)|Fg]] = E[E[n(t,x) + £(t, x)| F<l]

=my(t,x) + ijl(t, x)Bjdt + kdt — pmy (¢, x)dt (27)

+ kY a(z)[m(t,z+ z) — ma(t,z)]dt
z7#£0

Defining the operator L,(f(t,z)) = > a(2)[f(t,z + z) — f(t,z)], then, from Eq.
z#0

(27) we get the differential equation

omy(t, x)

ot = (;jﬂjﬂ —pwma(t,x) +k+ Loma(t, x)
j:

(28)
m1(0,2) = E[n(0,x)]

Because of spatial homogeneity, £,m;(t,x) = 0, giving

omy(t, x)

5 = (]iljﬁjﬂ —wmy(t,x) +k

m1(0,z) = E[n(0,z)]

Let 8= ) jBj+1. When = S(z), p = p(x), k = k(z) are bounded functions on
j=1
the lattice Z%, we will have exactly same equation as equation (28). When we have all

parameters (,k,u constants, we can solve this equation and get the following result:

k k

(B—p)t (B—m)t
e + En(0,x)|e
p—=p0 pu—2>p (0. 2)

my(t,x) =
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Thus if 8 > p, my(t,z) — oo, and if u > S,

lim my(t,z) = ——
t—o0

p—p
independently on the initial conditions. The next result presents the Lyapunov sta-

bility of the first moment.

Theorem 5. Let coefficients 3,(x),n > 2, u(x), k(x), x € Z¢ are bounded and pu(x) —

B(x) > 61 > 0,k(z) > dy > 0. Then for the bounded initial condition, there exists

m1<OO, 33) = tli{& my (ta l’)

Let us stress that in the contact model (see [9] and [13]),the limiting steady states
exists only in the critical case when p(z) = §(z) and this state is unstable with respect
to any sufficiently small in L*-norm perturbations(including random perturbations)

of the parameters of the model.
5.3  Second Moment

We derive differential equations for the second correlation function my(t, z,y) for
x =y and x # y separately, then combine them and use a Fourier transform to prove

a useful result concerning the covariance.
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. x=y9y
my(t + dt, z, ) = E[E[(n(t, z) + £(dt, z))?| F<]

= ma(t, ,2) + 2E[n(t,2)[>_ jn(t,x)Badt + kdt + £ a(z)n(t,z + z)dt

j=1 z7#£0
—n(t,z)(u+ K)dt)] + B> n(t,z)Bjdt + kdt + £y a(z)n(t, z + 2)dt+
j=1 z7#£0

n(t,x)(pu + K)dt]
=ma(t, 2, 2) + Y 2Brama(t,z)dt + kdt + £ a(2)[ma(t,z + 2)

j=1 z#0

—my(t,x)]dt + my(t,z) (1 + 2k + 2k)dt + 2 ijg(t, z, )P4 dt
j=1

+ 2!{2 a(z)[ma(t,x,x + 2) — ma(t, x, x)|dt — 2ma(t, x, x)pdt

Denote ‘Came(t7 z, y) = Z Q(Z)(mg(t, T+ Z, y) - m2(t7 z, y))
2#0

From this follows the differential equation

(
W = 2(6 — ,u)mg(t, x, ZL’) + 2/€Lamm2(t7 xz, l‘)
+ 3 2Bma(t, ) + k + Loma(t,2)
j=1

+ma(t, x) (1 + 2k + 2k)

mo(0,z,2) = En*0,)]

\

II. z#£y

Because only one event can happen during dt

P{E(dt, ) = 1,&6(dt, y) = 1} = P{(dt, x) = —1,£(dt,y) = =1} = 0,
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while the probability that one particle jumps from y to z is
P{¢(dt, x) = 1,£(dt, y) = —1} = ka(z — y)n(t, y)dt,

and the probability that one particle jumps from x to y is
P{¢(dt,x) = —1,£(dt,y) = 1} = ka(y — z)n(t, z)dt.

Denote Lo, = > a(2)(f(t,z,y + z) — f(t,z,y)). Thus
z7#£0

my(t +dt, x,y) = E[E[(n(t, ) + £, 2))(n(t, y) + £ )| Fal]
= mQ(ta Z, y) + (6 - /j’)mQ(tv Z, y)dt + kml(tv y)dt

+ KZ a(z)(ma(t,x + z,y) — mo(t, z,y))dt + (8 — pw)ma(t, x,y)dt + kmq (t, x)dt
+ K Z a(z)(mo(t, z,y + z) — mao(t, z,y))dt + ka(z — y)my (t,y)dt

+ ka(y — x)my(t, z)dt
=my(t,z,y) + 2(8 — p)ma(t, x, y)dt + kmq(t,y)dt + kmq(t, x)dt+

F(Lax + Lay)ma(t, 7, y)dt + ra(x —y)(ma(t, z) + kma(t, y))dt

The resulting differential equation is

am?(ta X, y)

5 = K(Laz + Lay)ma(t, z,y) + 2(8 — p)ma(t, z,y)

+ kmq(t, z) + kmq(t,y) (29)
+ ra(z —y)ma(t, ) + mi(t,y)]

with the initial condition my(0,x,y) = (En(0, z))?

Due to the fact that for fixed ¢,n(¢, x) is homogeneous in space, we can write ms(t, x,y) =
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ma(t,z —y) = ma(t,u). Thus we can combine two cases and recieve the equation for

the second moment:

(

Oms(t, u)

i = 2R L gumo(t,u) + 2(8 — p)ma(t, u)

+00(w) W (my) + 2ka(u)P(my)

\ my(0,z,y) = (En(0,2))*(1 — dp(u)) + do(u) En?(0,u)

Here x — y = u, ¥U(z) and ®(x) are known functions and depend linearly on the
first moment m;.
Without loss of generality, to simplify the calculation, assume for each site, in the

beginning, the number of population is ;%B’ then we can obtain final differential

equation:
0m%—(tt,u) = 2kLauma(t, u) + 2(8 — p)mo(t, u)
k S —1)B41 + 2
B B 2nka(u) . (;J(J )Bj+1 + 2u) (30)
=8 -5 w7
\ m2(07u> = (ufgp

To solve this equation, we can make a transformation of (30). The solution of

equation (30) is ma(t,u) = moy (t,u) + TR

k(2u + i’f 3G = 1)Bj1)

0 t, 2Kk j
W = 2kLgmo (t, u) — Z j(;) + do(u) pr— (31)
TTL21<O, U) =0

For equation (31),we can apply discrete Fourier transform to ma; (¢, u):
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m21 t 9 Z m21 t 'LL (6 u)) 0 € [—7'(',’/T]d

ueZd

and use the following lemma:

Lemma 6. Define ﬁ(go) = > (1 — cos(yp,2))a(z). Then Z}(gp) = —f(gp)ﬁ(g@) =

A e
(a(p) — 1) f(e)
Proof.
Lorf(p) = Z /) ; a(2)(f(x +2) = f(x))
:;a( ~ile) zzjdelwmfwz szdew
= ;a@)(e-w ~1)f(e)
=—f(y) ;(1 — cos(, 2))a(2)
=—L()f(p)
And

Thus L] () = —f()L(e) = (ale) — 1) f (). O
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After applying Fourier transform at both sides of equation (31), we get

k(2p + ij(j —1)Bj11)

on ,0 . . 2kka(0 ]
m21<0,6) — 0

(32)

The solution of equation (32) is in the following form:

k(2u + i 7§ —1)Bj11) — 2ka(0)

Mo (t,0) = =1 _ 2n(a() -1yt
0 1= a@u—5 )

Then we can find the inverse Fourier transform.

mgl(t7 u) =

1 —i(0,u) ~
L /Tde @) g (¢, 0)d6

1 .
= @ ) £(0)e®tdp

where 7% = [—7, 7|4 and f(0) = e~ @O =0wp5,, (¢, 0).
a(0) is twice continuously differentiable and has a maximum at the point 6 = 0, see
E. Yarovaya [17]. Then using the Laplace method, we get mo; (¢, u) has the following

asymptotic property:

o (t10) = 100 2Ty /(0 £ O

¢ |detgy(0)]
k(2p + ij(j —1)Bj11)
J= —2kt -1
N(Q_W)d 2= ) (1—e ") +0(t)
t |detagy(0)]

as t — o0o.

Hence, we have already proved the following theorem:

Theorem 7. Let coefficients 3,(x),n > 2, u(x), k(x), x € Z¢ are bounded and pu(x) —
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B(x) > > 0,k(x) > b > 0. Then for the bounded initial condition, there exists
mQ(OO, €, y) = lim m?(ta Z, y)
t—ro00

Let’s compare our results with the corresponding results for the critical contact
model [3] (where k = 0, = ). In the last case, the limiting distribution for the field
n(t,x),t >0, v € Z¢, exists if and only if the underlying random walk with generator
L, is transient. In the recurrent case, we have the phenomenon of clusterization. The
limiting correlation function is always slowly decreasing (like the Green kernel of £,).
In the presence of immigration, the situation is much better: the limiting correlation

function always exists and we believe that the same is true for all moments.



CHAPTER 6: LOCAL AND NONLOCAL PERTURBATIONS OF THE
HOMOGENEOUS ENVIRONMENT

6.1  Nonlocal Perturbations

Let my(t,x) = En(t,z), m(0,2) =0, V(z) = p(z) — p(z).

% = Lomy + V(2)my + k() (33)

Let

B(z) = fo+ €(z), €] <1
p(x) = po +en(x), || <1

k(x) = ko +eC(x), (] <1

and e is a sufficiently small constant. Denote A = pg — Sy > 0

Then

0<hkyp—e<k(r)<ky+e

—A—2e<V(zr) < —A+2¢

Due to Kac-Feinman Formula,

t
my(t,z) = Em/ k;(xs)ef(f V(zu)du g
0

t ko + € ko + €

First, mq (¢, ) < (k ARy < S0 —— -

1rs,m1(,i€)_(o+€)/oe S_A—Qe o — Bo — 2¢
ICO—E

Second, mq(t,x) > (kg — € Le(-A-29sqg y 0 =
(62) > (ho =) ——
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Thus my(t,z) — £ + O(e) + O(e™") as t — oo uniformly in t. and we proved the

Lyapunov stability of the first moment.
6.2  Local Perturbations

We now consider our process with birth, death, migration, and immigration on a
countable space, specifically the lattice Z¢. We have 3 = By + odo(z) > 0, the rate
of duplication at + € Z% u = uy > 0, the rate of death; and k& > 0, the rate of
immigration. Here, we add migration of the particles with rate x > 0 and probability

kernel a(z), z € Z%, 2 # 0, a(z) = a(—=z), > a(z) = 1. That is, a particle jumps from
2#0

site x to « + z with probability ka(z)dt.
For n(t,z) the number of particles at = at time ¢, the forward equation for this

process is given by n(t + dt, x) = n(t,z) + £(dt, x), where

/

1 w. pr. n(t,x)Bdt + kdt + k> a(z)n(t,x + z)dt
z#0

fdt,x) = ¢ —1 w. pr. n(t,z)(u+ k)dt

0 w.pr. 1—(B+p+r)n(tz)dt—rd> alz)n(t,x+ z)dt — kdt
\ 2#0
(34)
Note that £(dt, z) is independent on F¢; (the o-algebra of events before or including
t) and
a) El¢(dt,x)|Fe] = n(t,x)(f — p— k)dt + kdt + > a(z)n(t,x + z)dt.
2#0

b) E[E3(dt,z)|Fet] = n(t,z)(B+ p+ w)dt + kdt + >~ a(z)n(t, x + 2)dt.
z#0

c) El&(dt,x)€(dt,y)| Fer] = ra(z — y)n(t, x)dt + ra(y — x)n(t, y)dt.

A single particle jumps from = to y or from y to x. Other possibilities have
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probability O((dt)?) = 0. Here, of course, x # y.

d) If x #vy, y # 2z, and x # z, then E[{(dt, z)¢(dt, y)E(dt, z)] = 0.

We will not use property d) in this paper but it is crucial for the analysis of

moments of order greater or equal to 3.

6.2.1 First Moment

Theorem 8. There is a critical value of o, denoted as o,.. If o is large enough (o > o),

then H1 = \ptp has positive eigenvalue \o(o) with positive eigenfunction ¢ (x) and

0
% = kL,mi + (B — p)my + odo(x)my + k (35)
: k Aot
has solution m (t,x) ~ —— + Cotp(x)e™
p=p
Proof. Denote m; = —— + my, then
p—p
om . . . kdo(z
atl = kLomy + (B — p)my + odo(x)my + Uﬂ _0<5) (36)

Denote kL,u + (8 — p)u + 0dp(x)u = Hu, H is the Schrédinger operator.

Applying Fourier transform to Hy = A\, and denote A =y — 3

~

—r(1 = a(0))1(0) — A (0) + 0 (0) = At (0)

<=

ap(0) = (Ao + k(1 —a(f)) + A)

)
Mo+ A+ k(1 — a(6))
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o 1 O-¢<O> —i0x
V)= Gy /Td A sl —a@)” "

Thus

! ay)(0)
YO = Gy /T Mo ARl al) "

1 1 do
o (2n) /T Mo+ A+r(l—a@) I(%) (37)

This is the equation for Ag. Since 1 —a(f) > 0, A > 0, thus

| 6
10) = Gy /T A+ r(l—a(0)

which is positive and finite in any dimensions , and () is a decreasing function

1 1
of Ao, thus positive eigenvalue \q exists if — < I(0), that is ¢ > o.,, where acr:m
o
and at most one positive eigenvalue exists.
Then we can express my = Y C;(t);(z), % = > a;1)(x), when we substitute
i=1 i=1

this into equation (36), we have

Z Ci(t)i(x) = Z AiCi(t)y(x) + Z a;ii(x) (38)

Nit+DXo

Ao

Thus C! = \;C; + a;, which leads to C; = ¢

0. Where D is an arbitrary
constant.

Thus my (¢, z) has the solution m4(t, ) ~ u_ﬁﬂ + Cotho(z)e?ot
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Theorem 9. 1If 0 < 0 < o, for the first moment,

Omilbi2) oy (t,2) + (8 — s + b + k
ot
(39)
ma (Oa x) =0

Where pn — 5> A; > 0, 0 < k < Ay. Then the solution of Eq. (39) is bounded and

has a limit if ¢ — oo

Proof. This has the solution according to Duhamel principle:

my(t,z) = /o ds Z k(s,y)q(t — s, x,y)

yezd

where ¢(t — s, z,y) is the solution for

(

0
8—3 = L.q+ (B — p+ado(r))q
1 y==2
q(0,z,y) =d(z—y)=
0 y#=x

\

By the Feynman-Kac formula,
q(s,z,y) = By[edo Pleu)—plea)todo@a)dugy. - )
— B[ G pe s 5, — )Ny = o
= E[B[el Bi=—nz)tedo@dug ) |zg =z, 2, = y]|zo = 2]
= Pz, = ylg = 1) B,y [0 Blow)mnlm)toto(e)du)
= p(8,2,Y) Evsy [efos (5($u)*ﬂ($u)+05o(wu))du]

where

1 —tLy(v)—i(v,z—
p(t,@,y) = 2n) /Tde toalv)=ilv.=y) gy,

Let V(z) = 8 — u+ 0do(x) Finally
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t —s
lim my(t,2) = lim [ ds Z k(s,y) Epoylelo V@It — 5 2 y)

t—o0 t—00 0
yezd
and letting w =t — s
t w
S hm/ dekHOOE:ﬂ—)y[efO V(l'u)du]
t—00 0

< ||/~€Hoo/O ety since B — p+ 0d(z) < —Ay 4 00 < 0

Ay

Al — O¢r

Thus, when u — 5 > 0, tlim mi(t, x) is bounded by 0 and , o this limit
—00

Al — O¢r

exists and is finite.

6.2.2  Second Moment
We derive differential equations for the second correlation function ms(t, x,y) =
En(t,z)n(t,y)] for x = y and = # y separately, then combine them and use a Fourier
transform to prove a useful result concerning the covariance.
. z=y
ma(t + dt,x, x) = E[E[(n(t, x) + §(dt, 2))*| F]]
=ma(t,z,z) + 2En(t,x)[n(t,x)(f — p — k)dt + kdt

+ 5 alz)n(t,x + 2)|dt] + Eln(t, z)(8 + p + k)dt + kdt

+r Y a(z)n(t,x + z)di]

Denote Lomo(t, z,y) = > a(z)(ma(t,x + 2,y) — ma(t, z,y)).
27#£0
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From this follows the differential equation

W = 2(B8(x) — p(x))ma(t,x,x) + 26Loymo(t, x,x) + kLM (L, )
+(B(x) + p(x) + 25 + 2k)ma (t, ) + k
mo(0,z,2) =0
II. x #y

Because only one event can happen during dt

P{g(dt, x) = 1,§(dt, y) = 1} = P{E(dt, x) = —1,&(dt,y) = =1} = 0,

while the probability that one particle jumps from y to z is

P{(dt,x) = 1,€(dt, y) = =1} = Ka(z — y)n(t, y)dt,

and the probability that one particle jumps from x to y is

P{f(dt,l‘) = _17€<dt>y) = 1} = K'a(y - .I')n(t,l’)dt



57

Then, similar to the above

may(t + dt, x,y) = E[E[(n(t,z) + (1, 2))(n(t,y) + (1, y))[F<]]
= mQ(ta Z, y) + (ﬁ(l’) - M(JZ))mg(t, Z, y)dt + k(x)ml(tv y)dt+

kY a(z)(mat,x + 2,y) — malt,z,y))dt + (B(y) — p(y))malt, z,y)dt
z7#£0

+ k(y)mq(t, z)dt + K Z a(z)(ma(t,x,y + 2) — mo(t, z,y))dt
270

+ ka(x — y)mq (t,y)dt + ka(y — z)my (¢, z)dt
=ma(t,z,y) + (B(z) — p(x) + Bly) — n(y))ma(t, z, y)dt
+ k(x)my(t, y)dt + k(y)mi(t, x)dt + £(Lay + Lay)ma(t, z, y)dt

+ ka(x — y)(mq(t, ) + kmy(t,y))dt

The resulting differential equation is

aTnQ (ta z, y)

5 = K(Laz + Lay)ma(t, z,y) + (B(x) — p(x) + By) — pu(y))ma(t, z,y)

+k(y)ma(t, x) + k(z)ma(t, y) + kalx —y)[ma(t, ) + ma(ty)]
(40)
Consider H, and H,, two operators applied to x and y respectively.
H,omo(t, z,y) = KLaxma(t, x,y) + (B(x) — p(x))mse(t, z,y), and
Hymy(t, 2, y) = kLayma(t, 2,y) + (B(y) — py))ma(t, z, y).
From the theorem we proved in the first moment case, we know if ¢ > o,

then H, and H, both have at most one positive eigenvalue A\o(c) with positive

eigenfunction ¢ (x) and ¢ (y) respectively. (H, + H,)v;(z)Y;(y) = A\pi(z);(y)

and A\, = A\; + \j,where \; and A; are eigenvalues of H, and H, respectively
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and mo(t, z,y) = ie’\pt%@)%@)- As t — o0, ma(t, z,y) ~ > (z)o(y) +
P00y (3)1hy (y) +ePoT b, () x iy (y), thus ma(t, z,y) ~ €2 g (z)vo(y) +

ey ()i (y) + ha(@)o(y)]] = e (Wo(e)o(y) + o(1)

This result implies that when the perturbation at site x = 0 is strong enough

(0 > o), the second moment will diverge as t — oco.



CHAPTER 7: CONCLUSION

This paper is devoted to the study of the branching processes in the presence of
the immigration in Z? space. Probably, the first publication in this area goes to
B. Sevastyanov [15]. But his goal was mainly the proof of the limit theorems, than
the analysis of the transition to the steady state. In chapter 2, we posed Spatial
Galton-Watson Process with Immigration Model (no migration and no random en-
vironment). We calculated asymptotically all moments recursively by means of the
Laplace transform and proved under some conditions the convergence to the station-
ary limit dynamics in time. That is, when death rate p is more than birth rate 5, and
immigration rate k > 0, the expectation of the number of population will converge
to a finite limit, which can be regulated by controlling the immigration rate k, and
this population size will be stable. For this limiting dynamics, we proved again under
the technical conditions, the central limit theorem for the total population n(t). In
the functional terms, it gives the transition of the process n(t + 7) to the limiting

Ornstein-Uhlenbeck process n*(t), t — oo after appropriate normalization.

In chapter 3, we posed Branching Process with Migration and Immigration for Bi-
nary Splitting model. We gave the analysis of the first two moments for the number

of population. We showed the limiting correlation function always exists.
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In Chapter 4, there are four models involve a random environment. Two are
Galton-Watson models with immigration and lack a spatial component. In the first,
the parameters are random functions of the population size. We proved the process
n(t,we) is ergodic P, — a.s. if and only if < In(5(+)) > — < In(u(-)) >< 0 when the
random variables §(z,w), pu(z,w), k(z,w) are bounded from above and below by the
positive constants. In the second model: Galton-Watson process with immigration
in random non-stationary(time dependent) environment model, assume that k(t) and
A = (u — B)(t) are stationary random processes on (2, P,,,) and that k(t) is inde-
pendent of A. We proved for large time ¢, the process of expectation of population
size is exponentially close to a stationary process. In the third model:Galton-Watson
process with immigration in random environment given by Markov chain z(t), we give
sufficient conditions for the ergodicity of the process (n(t),x(t)). In the forth part,
we pose models with immigration and migration in a random environment. When
death rate p equals birth rate 3, the expected population at each site x € Z¢ will
go to infinity as t — oo. When [(t, z) # u(t,z) and only immigration, k(t,z) is not
stationary in time. p(x) — B(x) > 6; > 0. Then the limit of first moment of the

population size as t — oo exists.

In Chapter 5, we extended the model in Chapter 3 to more general case where we
have multiple offspring. We calculated the first moment and present the Lyapunov
stability of the first moment. We proved under the bounded initial condition, the

limit of second moment exists as well.
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In Chapter 6, we discussed the local and nonlocal perturbations of the homoge-
neous environment.we proved the Lyapunov stability of the first moment for nonlocal
perturbations. If we have higher death rate than birth rate and there exists local
perturbation at a site, there exists a critical value and we calculated this critical
value o.,., the first two correlation functions have finite limit when the perturbation
at this site is small enough (0 < o,,), otherwise the first two correlation functions will
diverge as t — oo. That means, if the perturbation is small enough, the expectation

of population size is finite as time ¢ goes to infinity.
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