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ABSTRACT 

 

 

FRANCES ROSEMARIE BODRUCKI.  Characterization of Signal Degradation and 

Polarization Backscatter in Laser-Illuminated Scenes.  (Under the direction of DR. 

GLENN BOREMAN) 

 

 

  Scenes containing laser illumination are commonly encountered in a variety of 

remote-sensing applications.  One aspect of laser illumination is that it can interfere with 

electronic image acquisition, especially if it is modulated at temporal frequencies close to 

the frame rate of the sensing system, or at harmonics or subharmonics of the frame rate.  

A quantitative measure of this aliasing interference is developed and used to characterize 

the robustness of the image acquisition and variation of tracker line of sight under various 

illumination scenarios.  A second aspect of laser illumination is that objects present in the 

scene reflect some flux back to the sensor, often with a change in the polarization 

characteristics of the radiation.  The fact that this change in polarization is a function of 

the material composition and geometrical configuration of an object can be used to 

develop discrimination techniques and criteria used to decide the presence or absence of 

certain classes of objects in the scene, toward the goal of developing an object-

classification capability against competing background clutter.  From this perspective, 

polarization characteristics of a number of commonly encountered objects are measured, 

such as prisms, corner cube reflectors, retroreflective tape, and liquid crystal light 

modulators that are typically used as laser beam steerers.  Laser-based measurements 

were performed at various angles of incidence, and for the liquid crystals, also as a 

function of applied voltage. The acquired data sets for these objects are presented in 

terms of the Mueller matrix.  This formalism connects the input and output Stokes 
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vectors, thus providing a complete polarization signature of each object at the 

measurement wavelength.  We discuss our measured results in the context of previous 

literature references, for purposes of comparison and cross-validation.  Especially for the 

case of reflection measurements on the liquid crystal light modulators, we believe that the 

Mueller matrix data sets presented are new contributions to the literature.    
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CHAPTER 1: INTRODUCTION 

 

 Multiple technologies across industry, academia and military sectors rely upon 

both passive and active detection of signals. The applications of these sensor 

technologies, in both laboratory and field-testing scenarios, range from temperature 

sensing to motion/proximity detection, and beyond. With a variety of fields related to 

sensors and sensor components the environment and technologies are rapidly changing 

and expanding. For these reasons, adaptability is imperative. This need for adaptability is 

in part why tunable sources (1), such as quantum cascade lasers (QCLs), are becoming 

more commonly available and utilized. From these advancements, it would follow as a 

logical step that if sources are adaptable, sensors should be adaptable as well.  

As optical sensing technologies become more integrated in various mechanical 

and electrical systems, it is also essential that the sensors respond accurately to the 

appropriate signal inputs. This includes rejection of false triggers, as well as the ability to 

autonomously adjust for maximum responsivity. Issues arise due to situations such as 

matching/mismatching signal (phasing), detection rates (aliasing), as well as in-scene 

clutter which include returns from objects such as: driveway reflectors, auto tail lights, 

large surface areas, aluminum cans, etc.  

To address these specific issues, a twofold approach for optimization of 

laboratory and field-testing capabilities is presented here. The focus of this dissertation is 

on the optimization of sensors, including characterization of the polarization properties of 

reflected and transmitted signals, as well as an adaptable frame rate sensor to mitigate 

aliasing effects. The goals of this research include the study the polarization effect of 
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reflected and transmitted signals in polarization susceptible materials, as well as 

optimization of sensor response for data collection processes both in laboratory testing 

and field-testing scenarios.  

Aliasing is defined as an effect that causes different signals to become 

indistinguishable when sampled. Real world examples of this are the stroboscopic effect, 

also known as the Wagon Wheel effect, where temporal aliasing is observed due to the 

periodic flickering of a light source. Various ways to detect and mitigate effects of 

aliasing have been pursued in the literature. Most mitigation techniques focus on 

reduction of aliasing (2) rather than negation or avoidance/correction of it, with examples 

of mitigation ranging from microscanning (3) to filtering (4). The anti-aliasing approach 

detailed in this dissertation includes determining the aliasing window of various sensors 

(for both fixed and adjustable frame rate), their fundamental frequencies, harmonics, as 

well as the development of a MATLAB-based detection algorithm for sensors with 

adjustable frame to combat aliasing in situ.  The research outlined in this dissertation 

focuses on the identification and mitigation of aliasing via direct frame-to-frame 

comparison and a feedback loop to autonomously adjust the frame rate to counteract this 

aliasing. In laboratory and field-testing scenarios, it becomes apparent that while higher 

frame rates are ideal for data acquisition in certain situations, they might not be feasible 

for operation in the case of every data collection. For example, in Handa 2012 (5), the 

following point is made regarding frame rate: a higher frame rate is not always best when 

dealing with certain scenes, such as that with low lighting levels because the shorter 

frame time degrades the image signal-to-noise ratio. 
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The other aspect of the problem considered here, polarization discrimination via 

Mueller matrix measurements, is supported extensively in the established literature; 

precedence is set for the exploration of polarization properties of various materials. The 

necessity for proper signal identification is emphasized in Sjöqvist 2013 (6) where he 

discusses the importance of discriminating signals of interest and false targets in 

autonomous sensors.  This is especially true in urban settings, where generally the 

surfaces generate return signals similar to retroreflective targets of interest. The struggle, 

he notes, in creating autonomous sensors is the need for low false-alarm rates.  

In the late 1960s, investigations began into both the polarization of light reflected from 

natural surfaces (7) and Mueller matrix characteristics of sea water (8) and man-made 

cornercube reflectors and cavities (9). Retroreflections differ from standard reflections in 

the angle of their return. The angle of incidence of the incident light is equal to the angle 

of reflection of the reflected light in standard reflections, whereas with retroreflections 

the incident light (7) is reflected directly back toward its source. 

In the 1970s this progressed to optical augmentation utilizing short pulse lasers 

has been explored for detection and discrimination purposes (10)(11). A patent for  

optical augmentation was first filed by Wilbur Liebson in 1978 (12). Optical 

augmentation utilizes laser pulses, in a manner similar to radar, to determine information 

about remote optical surfaces or devices, via principles of retroreflection.  

 Patents from Miller Jr 1980 (13) and Naiman 1989 (14), show optical 

augmentation utilized for various sensing and guiding applications. Wilson 1995 (15), 

Gleason 1997 (16), and most recently Reyes 2011 (17) all focus on improvements to 

optical augmentation sensing technologies. Each patent addresses a different aspect of 
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improvement, which include excluding off-axis reflections, uses of polarizers, optical 

rotators and image-processing techniques, all with the end goal of removing erroneous 

signals from the detection process. 

 In the 1980s, Mueller matrix methods became useful in the field of biology for 

identification applications for microorganisms (20), microbials (21), viruses (22), 

bacterial suspensions (23), and biological particles (24). Mueller matrix methods were 

also utilized beginning in the 1980s for a variety of radar applications including target 

discrimination, classification, imaging and identification (25), validation analysis of 

polarimetric radar returns (26), and mixed target state discrimination techniques (27).   

Mueller matrix identification and/or characterization continued to progress into 

the 1990s for various objects and scenes including seawater and underwater targets (28), 

contaminant coatings over rough surfaces (29), classification of radar imagery (30), non-

homogeneous spherical particles (31), polarization and depolarization properties of 

optical targets (32),  seawater immersed targets (33), and radar polarization target 

decomposition (34). Up to present day, Mueller matrix spectroscopy is utilized for 

chemical and biological detection, identification and characterization applications such as 

for crystalline organics, particularly in the infrared range (35). This includes diagnosing 

oral precancer (36), detecting, identifying, and characterizing artificial and natural chiral  

materials (37), and standoff detection of biological aerosols (38). 

Outdoor field-trial experiments have been conducted as well. Specifically, 

determination of background and target polarization is commonly done in the infrared for 

both marine scenes (39) and land scenes (40) to reduce background clutter, reject false 

targets, and generally improve target detection. 
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In 1992, Ben-Dor (40) explored the difficulties of discriminating weak signals 

from background clutter in the longwave infrared (LWIR) regime. They determined 

degree of polarization by introducing a linear polarizer into their imaging system. 

Background elements such as vegetation, soil, asphalt, concrete and sea surface were 

measured. They determined that while utilizing a polarizer was useful in detecting dim 

targets in cluttered background, the contrast was highly dependent on the environment. 

Negligible polarization came from vegetation, and near negligible polarization from 

backgrounds such as barren fields, sand and rocks. The strongest polarization signatures 

were observed when large, relatively flat surfaces such as the sea, roads, and roofs were 

imaged. It was noted that the polarization was significantly reduced curing cloudy 

weather vs sunny weather. Bieszczad 2013 (42) discusses determining the polarization 

state of a scene and the objects in for LWIR object detection, using a polarizer to 

determine the second and third Stokes parameters. 

 As shown above, much polarization-related work generally utilizes post-

processing algorithms (43) or image processing (44) to remove background clutter. This, 

however, is not ideal for real-time, short engagement scenarios. This dissertation focuses 

on material level characterization, which can lead to categorization and discrimination of 

different systems and signals. The advantages of the polarization approach include 

utilizing any observed polarization shifts to identify materials under test, extinguishing of 

non-retroreflected signals, and determining the minimum signal needed to detect change.  

Once the properties of the signals are understood it is easier to manipulate them. 

As an example, there exists a polarization control parallel in radio frequency systems. 

Converting linear to circular polarization in field-programmable gate arrays (FPGA) was 
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established by Das 2010 (45) for radio astronomy applications. In this instance, 

maintaining polarization purity is key. The more direct control over the polarization 

conversion, the closer one can be to achieving the desired purity level.  

In Chun 1997 (46), they explored methods for capturing images of polarization 

data utilizing the first three Stokes parameters. The polarization-sensitive thermal 

imaging sensor captured changes in shape and temperature in real time. Simultaneously, 

Chipman 1997 (47) determined a method for computing diattenuation, retardance, 

depolarization, and polarizance from the Mueller matrix information.  

Another popular method for determining Mueller matrix information is via 

Mueller matrix imaging polarimetry. Pezzaniti 1995 (48) discusses a Mueller Matrix 

Imaging Polarimeter (MMIP), which measures polarization properties in both the visible 

and near-infrared (NIR) regimes. It is used to measure the polarization/polarization 

scrambling properties of optical elements in a high-spatial-resolution image. It can also 

be used for measurements in transmission, reflection, retroreflection, and variable-angle 

scattering. The MMIP has been used for a variety of characterizations including beam 

splitter cubes (49), scattering surfaces (50), liquid crystal modulators (51), electro-optic 

PLZT modulators (52), GaAs/AlGa/As waveguide beam splitters (53), as well as 

polarization signatures of spherical and conical targets (54). DeBoo 2005 (55) studied 

polarization properties of scattered and diffusely reflected light from man-made gratings, 

and utilized scattered light polarimetry to measure the Mueller matrices of various 

materials including a metal box part, nylon plastic material, canvas with paint splotches, 

sidewalk concrete, glass diffuser, gold-coated glass diffuser, and a screen mesh. Utilizing 

a Mueller matrix imaging polarimeter, De Boo determined that circular polarization states 
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generally have more depolarization occurring than do linear states. Liquid crystals are 

often utilized as variable retarders in Mueller polarimeters (56) - 58). 

Corner cube reflector (CCR) polarization relations are discussed in Liu 1997 (59) 

and more recently in Crabtree 2010 (60), where CCR theoretical and experimental Stokes 

vector, Jones vector, and Mueller matrix components are examined. The contributions of 

tilt in samples under test to the Mueller matrix data are also discussed. Bieg (61) showed 

theoretically via ray tracing and Jones matrices that there occur changes in the 

polarization upon reflection from a CCR. The output polarization was determined to be 

dependent on input polarization, wavelength and angle of incidence such that the change 

can be minimized with reduction of angle between the incident beam and the CCR axis of 

symmetry. Kalibjian 2004 (62) conducted experiments with a CCR irradiated at normal 

incidence to show conversions of various polarization states including elliptical to linear, 

as well as preservation of circular and linear polarizations. Kalibjian 2007 (63) extended 

the analysis to the case of non-normal incidence.  

In Moreno 2003 (64), they analyze changes to linearly polarized light passing 

through a Dove prism from a Jones calculus perspective. Yun 2009 (65) explores the 

retardance in three-dimensional polarization ray tracing of a Dove Prism via a Jones 

calculus perspective. 

Effects of various liquid crystal (LC) materials and devices on polarization states 

of gratings have been shown (66). Herke (67) explored LC precision optical devices 

where it was found that the polarization state changed more at lower applied voltages 

(rotation occurs primarily when the applied voltage is near zero). Harris (68) and follow-

on research by Anisimov (69) studied reflective liquid crystal optical phased arrays 
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(LCOPA) at normal and non-normal incidences, and their sensitivity to tilt. In Harris, 

these effects were categorized into three types: alignment errors, LC director three-

dimensionality, and non-normal incidence. Other LC devices and their polarization 

effects studied previously include spatial light modulators (70). Some studies (68) - 69) 

were performed in terms of Stokes vectors; for a more detailed analysis of polarization 

properties, Mueller matrix methods are generally used (62). López-Téllez 2014 (71) 

detailed the Mueller Matrix for a Glan-Thompson prism, as a representation of a Liquid 

Crystal Variable Retarder (LCVR), to determine the function of retardance based on 

voltage. 

The LC considered in this dissertation is a Boulder Nonlinear Systems (BNS) 

liquid crystal polarization grating (LCPG) with liquid crystal (LC) retarder switch, which 

provides wide angle beam deflection. Anisimov 2008 (69) confirmed that there were 

polarization issues arising from Liquid Crystal Optical Phased Arrays (LCOPA) utilized 

for optical beam steering.   

In Chapter 2 of this dissertation, the focus is on the aliasing that can occur in 

sensors, including background information regarding aliasing and the results of analysis 

performed on various sensors as well as the alias-detecting algorithm are discussed.  A 

theory is presented that simulates the interactions of the signals with the sensor when 

incident light modulated around or at a harmonic of the frame rate. Verification of the 

aliasing range on two sensors, one with a fixed frame rate and one with a variable frame 

rate is shown, as well as the effects of laser-modulation frequency on the sensors. Various 

frequency modulations are tested against the tracking algorithms of the fixed-frame rate 
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sensor. The limits of sensors due to aliasing (occurrence of “blind spot” due to frame 

rate) are discussed, and results of the antialiasing algorithm are presented. 

In Chapter 3, background theory regarding polarization and the various vector and 

matrix representations of polarization are present. This includes the mathematical 

background of the Stokes Vector, the polarization ellipse, and the Mueller Matrix, as well 

as discussion of the potential for discrimination capabilities of input signals based on 

polarization analysis. The novelty of this research lies with the analysis of the data and 

the equipment used to collect the data.  

The Mueller matrix data is collected with The Scatterworks, Inc. Complete Angle 

Scatter Instrument (CASI) system. This instrument is traditionally used for Bidirectional 

Reflectance Distribution Function (BRDF) measurements. The version of this system 

used by the Optics Center at The University of North Carolina at Charlotte (UNCC) 

utilizes additional software, specifically created for UNCC, to take Mueller Matrix 

measurements for polarization data collection. From discussions with the vendor and 

literature searches, UNCC is currently the only group utilizing the CASI system for 

Mueller matrix polarization data collection and analysis in this manner. This effort has 

included closely working with the vendor to optimize processes for future work, as well 

as refining the process for improved analysis. The techniques developed here for 

laboratory and field-testing purposes can be transitioned and implemented into ongoing 

efforts and applications. The goal is to optimize the response and effectiveness of 

sensors. This includes analysis of polarization data from various surfaces to categorize 

and identify various signals and the groundwork for self-optimizing sensors for future on-

the-fly laboratory and field-testing applications. 
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 The dissertation concludes with a discussion in Chapter 4 of the results presented 

in chapters 2 and 3, continuing into the layout for future experimentation and 

applications.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



11 

 

CHAPTER 2: ALIASING OF SENSORS 

 

 The interaction between the frame rate of the sensor and modulation frequency of 

the laser is identical to the beat frequency of two tones close in frequency. For 

visualization purposes, two rectangle functions are utilized – one assigned to the frame 

rate and the other assigned to the modulation frequency, respectively, of the form: 

Π�� + �� = � 0           if 
� + ���,��
 > 1 ���, ��  if 
� + ���,��
 = 1 1            if 
� + ���,��
 <  1      [ 1 ] 

Here wfr represents the sensor timing for each frame (akin to on-off keying with “off” 

represented as 0 and “on” as 1) with the period of the function relating to the frame rate 

of the sensor, wmf is the pulse width of the QCL, ffr=100 Hz for the frame rate, and fmf is 

the variable modulation frequency. When the sensor is capturing a frame, it is considered 

“on” therefore the function is equal to one. When the sensor is not capturing a frame, it is 

considered “off” and therefore the function is equal to zero. The same is true of the 

modulation frequency of the laser: when the laser is firing/pulsing, each pulse represents 

the laser being “on” and the function representing it equals one. When the laser is not 

firing, between each pulse, the laser is considered off and the rectangle function is equal 

to zero. The frequency of both the frame rate and the modulation of the laser is 

represented by the respective periods, �f�, of the rectangle functions. In Figure 1 below, 

the frame rate (solid red) and modulation frequency (dashed blue) are shown. The 

frequencies have been scaled by a factor of 1/10 for better visualization. The overlapping 

(aliasing) areas are highlighted in yellow. 
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Figure 1: One-second snapshot of the frame rate vs modulation frequency. 

  

As seen in Figure 1 above, aliasing (the indistinguishability of the two signals) occurs 

when the modulation frequency of the QCL is matched to the frame rate of the sensor. 

While the period for the frame rate remains the same (100 Hz), the period for the QCL 

was modulated. Here, fmf = 100, 98, 71, and 50 Hz corresponding respectively to show 

the situations where the frame rate and modulation frequency are matched, within the ±2 

Hz window, an arbitrary frequency, and a subharmonic of the frame rate. When the 

framerate is 100 Hz and the modulation frequency of the laser is 100 Hz, the system 

exhibits aliasing, therefore the functions in Figure 1 are exactly overlaid. When the 

modulation frequency is within the 10 Hz window, there is some overlap and the 

functions are close enough that they are still mostly indistinguishable, as seen in Figure 1 

with the frequency of 98 Hz. At an arbitrary modulation frequency, here in Figure 1 
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shown as 71 Hz, the two signals are distinct and easily separated. However, at a 

subharmonic of the framerate, here 50 Hz, the signals are once again aliased.  

 There is also a phasing effect between the laser pulse frequency and camera 

framerate. As the modulation frequency approaches the sensor frame rate, it increases the 

probability of the laser pulse being out of phase with the sensor frame rate. The laser 

pulse waveform is said to be out of phase with the frame driving waveform. This can also 

be said to occur when the laser pulse captures are out of sync with the framerate capture. 

This is similarly valid at the harmonics. If the integration time of the sensor and the 

modulating laser are 180 degrees out of phase, it negates any effect the laser has on the 

sensor. Since the laser and sensor are triggered asynchronously, and as a result are never 

perfectly in sync, small drifts in frequency and timing are always present. However, the 

sensor and laser may be brought back into sync over a period of several seconds or 

minutes. It is not desirable to have them sync unless it is synced to the “on” portion of the 

frame capture, otherwise, the camera image will not record any of the incident energy on 

an image. 

To characterize the laser’s effect on the sensor when modulated at various 

frequencies, the difference in intensity from frame to frame difference was measured. A 

mathematical representation of this value was developed at Aberdeen Proving Ground, 

labeled FINC (Flicker, Instantaneous Normalized Contrast) (72).  Flicker is a modulation 

of the luminous flux of a light source, instantaneous is the difference of one frame 

intensity subtracted from the other, normalized frame-to-frame, and the two objects are 

the consecutive frames in question. This produces a value which correlates contrast with 
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the constant framerate of the sensor as the framerate and the laser frequency are varied. 

Corresponding to frame number n, FINC is defined as: 

����� = ������� ���         [ 2 ] 

����!"# = $%&�������       [ 3 ] 

����!'"( = )*�(+��,-,./         [ 4 ] 

The FINC number dips to zero as aliasing is observed. The minimums in the FINC 

number are seen occur at integral harmonic overtones and halftones of the frame rate, 

also referred to here as the “fundamental frequency” (f0) as well as at subharmonics of 

the fundamental frequency. For example, a frequency of 95 Hz would not have a strong 

effect, but 98 Hz is closer to the fundamental so the “beating” is observed at 100 -98 Hz, 

the closest to minimum. The minimum here occurs due to both the sampled energy from 

the laser signal lining up asynchronously with the portion of the camera frame integration 

period, yet not lining up perfectly with on or off camera integration periods.  This 

minimum reemerges at the harmonics and subharmonics. Therefore, while effects are 

most noticeable/effective at the exact fundamental frequency, there are still observable 

effects at the harmonics and subharmonics. The purpose of this portion of the research is 

to investigate the strength of the various harmonics and subharmonics away from the 

fundamental frequency. From this, we see the peaks are observed at f0, f0+nf0, f0+n/2f0, 

f0+n/3f0, etc. and the subharmonics are f0/n, etc., where n is an integer. However, this 

predictive pattern may be disrupted due to the relationship between the laser pulse and 

frame rate breaking down when overlap occurs such that one or the other appears 

continuously “on” or “off” (73). 



15 

 

Testing continued with frequencies within the vicinity of the 100 Hz frame rate. It 

was observed that a ±10 Hz window on either side of the frame rate frequency interfered 

the most with the tracking algorithm.  The effect of the frequencies outside the 100 Hz ± 

10 Hz range had sporadic effects on the sensor’s ability to see the laser. To determine the 

consequences of the laser modulation frequency on the sensor, the QCL was modulated at 

a range of frequencies centered about the sensor frame rate (100 Hz). This window and 

the harmonics are shown in Figure 2. 

One method of analyzing the aliasing effects on the fixed frame rate sensors 

utilized the internal image processing of the sensor, which predicts location changes 

when the laser is within a frame.  Figure 3 shows the azimuth and elevation angles of the 

"line of sight” of the sensor, with respect to the center of the field of view, over the 

period which the sensor is on. The azimuth and elevation angles are with respect to the 

center of the sensor’s field of view. We see the sensor’s image processing software can 

follow the cyclic pattern of an object projected on the scene projector, until it is diverted 

by the appearance of the laser spot around 450-475 frames. Figure 4 shows the same 

scene but this time as a function of which pixels the image processing software is 

observing. The predicted pixel location of the object, as output from the sensor’s image 

processing software, is used as a second method of cataloging where the sensor is 

“looking”. Again, when the laser is introduced, the location the sensor is “looking” at 

changes – the cyclical tracking pattern is disrupted, and the tracking becomes erratic and 

non-cyclical. 
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Figure 2: FINC of fixed frame rate sensor 

 

 

Figure 3: Time history of the fixed frame rate sensor at 98Hz laser modulation 
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Figure 4: Pixel location of the laser in the fixed frame rate sensors 

 

 When the frame rate of the sensor is fixed, and it is necessary to change the 

frequency of the laser signal via trial and error to successfully test a system. The ideal 

sensor would be able to autonomously adjust itself when encountering a signal that is 

modulated at its frame rate to avoid the beat frequencies encountered in the previously 

shown results. To demonstrate this point, an algorithm was developed in MATLAB to 

autonomously adjust the frame rate when the input signal frequency matched the frame 

rate of the sensor. For visual verification purposes an optical chopper was used, with its 

frequency set to match the frame rate. The QCL modulation frequency remained 

unchanged for this test. As seen in Figure 5 and Figure 6 below, when the frame rate 

matched the signal frequency (blue in Figure 5, red in Figure 6), the algorithm adjusted 

the sensor’s frame rate (green in Figure 5, Figure 6). The algorithm accounts for the 

harmonics of the original frequency, so there will be no accidental aliasing. When the 
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intensity of consecutive frames is within a certain threshold, the algorithm changes the 

FLIR frame rate and takes the data again. The end goal is to observe the increase in 

irradiance fluctuations in the camera’s processed image while the irradiance on camera 

remains the same. In Figure 6, both the aliased and non-aliased cases show drifting.  

 

Figure 5: FINC per frame, aliased (blue) vs not aliased (green) 



19 

 

 

Figure 6: FINC of FLIR at 125 Hz when aliased  

before (red) and not aliased after (blue) 

As shown in Figure 6 above, the drifting occurs as shown by the disparity of the 

amplitude of each pulse packet. The algorithm considers the harmonics and subharmonics 

of the original rate to avoid them. A variety of test cases were run, ranging from 50 Hz to 

800 Hz. During a few runs, there were offsets noticed in the laser and the sensor due to 

unmatched trigger times as shown in Figure 7 below. This drifting due to unmatched time 

syncing is evident in the “before” from two aspects. The first is the disparity in FINC 

amplitude between the first set of frames and the second set of frames. The second is the 

disparity in the number of frames where the FINC is non-zero. In practical applications, 

such as a field environment, this asynchronous scenario is entirely plausible. 
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Figure 7: FINC of FLIR at 125 Hz when not aliased before (red) and aliased after (blue) 

 

From these experiments, the advantages of an adjustable frame rate sensor over a 

fixed frame-rate sensor are evident, based on the sensor’s potential ability to adapt to 

situations where aliasing can occur. This advantage is greatly increased with the use of an 

aliasing detection algorithm. Future improvements to the algorithm will require 

compensation for the drifting discovered during these experiments. 
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CHAPTER 3: POLARIZATION & THE MUELLER MATRIX 

 

 Polarization is defined as the orientation of the electric field, 012, for a transverse 

electromagnetic wave (transverse electromagnetic waves are waves in which the electric 

and magnetic fields oscillate perpendicularly to the direction of propagation).  Polarized 

light comes in four forms of polarization: unpolarized (also known as randomly 

polarized), linear (as known as plane polarization, where the 012 field is confined to a plane 

along the direction of propagation for either x, y, or a combination), circular (the 012 field 

in x and y are equal), and elliptical (the 012 field in x and y are unequal).  

Table 1: Electric field orientation of the four polarization types 

Polarization Types 3112 field orientation 

Unpolarized/randomly Multiple directions/planes, may be asymmetric 

Linear/plane x-plane if horizontal (0°), y-plane if vertical (90°), xy-

plane for angles other than 0° and 90° 

Circular x and y are equal 

Elliptical x and y are unequal 

 

Changes in the polarization of a waves can be a result of absorption 

(diattenuation/dichroism), reflection, scattering (depolarization), or birefringence 

(retardance). 

 The various components describing polarization are based on the polarization 

ellipse, Figure 8, which accounts for amplitudes in x and y and phase components. Every 

polarizing element causes a change in one of these domains.  Types of polarizing 
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elements include polarizers (amplitude change), retarder/phase shifter (phase change) or 

rotator (phase change) depending on the element, maa components of the Mueller matrix. 

For example, a linear polarizer is characterized by the absorption coefficients while 

waveplates/retarders/phase shifters by the phase shift. Rotators are characterized by the 

angle of rotation. Table 2 shows these variables and their ranges. Ellipticity angle and 

orientation angle are determined by the Stokes parameters, detailed in the next section.   

Table 2: Variables of Stokes Vector, Jones and Mueller Matrices. 

Characteristic Equation/Representation Range 

absorption 

coefficients 

px, py 0 ≤ px, py ≤ 1 

angle of rotation θ 0°≤ θ ≤ 360° 

ellipticity angle  χ = 45 �67�4 89:9 ; -π/4 ≤ χ ≤ π/4 

orientation angle ψ= 45 <=7�4 89>9?; 0 ≤ψ≤ π 

total phase shift φ = φx - φy 0 ≤ φ ≤ π 

 

 

Figure 8: The polarization ellipse 

 

3.1 Stokes Vector 

 There various ways to represent polarization states, including Stokes vector, and 

Mueller matrix. First, in matrix representation, the input beam is defined by a Stokes 
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vector S and the output beam by S’.  The Stokes vectors, shown in the equation below, 

provide information on the total irradiance of the beam (S0), horizontal/vertical 

orientation of the 012 field (S1), ± 45° orientation of the  012 field (S2), and the left/right 

handedness of any circular or elliptical polarization present (S3).  

@ =  A@B@4@5@C
D        [ 5 ] 

where S0, S1, S2, and S3 are the stokes parameters defined by the following set of 

equations. Recall, E and F are ellipticity angle and orientation angle respectively. 

@B = �         [ 6 ] @4 = @B cos�2E� cos�2F�      [ 7 ] @5 = @B cos�2E� sin�2F�      [ 8 ] @C = @B sin�2E�       [ 9 ] 

The first Stokes parameter, S0, shown above is defined as the total intensity I of 

the beam. The value of this parameter ranges from 0 to 1. Since the value is usually 

normalized, the standard value is 1. 

The second Stokes parameter, S1, is the amount of linear horizontal or vertical 

polarization in the beam. The I = ±1 cases describe full transmission in one direction 

(either horizontal or vertical, respectively), and the I=0 case would indicate no 

transmission in either direction.   

The third Stokes parameter, S2, in is defined as the amount of ±45° polarization in 

the beam. Similar to the second Stokes parameter, the I = ±1 cases describe full 
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transmission in one direction (here either +45° or -45°, respectively), and I=0 denotes no 

transmission in either direction. 

The fourth and final Stokes parameter, S3, describes the amount of right or left 

circular polarization in the beam. Again, he I = ±1 cases describe full transmission in one 

direction (right circular or left circular, respectively), and the I=0 case as no transmission 

in either direction. 

3.2 Mueller Matrix 

The method for representing the change in polarization state that occurs from 

incident beam S to outgoing beam S’ is via the Mueller matrix. This is a transformation 

matrix that acts on an incoming beam of light (denoted by the Stokes vector S) to change 

it to the output beam (denoted by Stokes vector S’): 

LMM
N@′B@′4@′5@′CPQQ

R = ASBB SB4 SB5 SBCS4B S44 S45 S4CS5B S54 S55 S5CSCB SC4 SC5 SCC
D A@B@4@5@C

D    [ 10 ] 

where -1 ≤ maa<1 and a = [0 1 2 3]. 

Isotropic materials have Mueller matrices that are solely diagonal matrices, all 

non-diagonal elements are zero. For elements that do not cause any polarization change, 

the Mueller matrix equation is a diagonal matrix shown below.  Mueller matrix for an 

absorber and depolarizer (an optic which outputs randomly polarized light, the opposite 

of a polarizer) are shown in the equations below. The m00 component is traditionally 

equal to one, as it is the normalization component for the matrix. Components m11, m22, 

and m33 are associated with depolarization. 
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$�T��UTV = A1 0 0 00 1 0 00 0 1 00 0 0 1D      [ 11 ] 

$WXYT�X = AS 0 0 00 S 0 00 0 S 00 0 0 SD      [ 12 ] 

$Z[UTV = A1 0 0 00 S 0 00 0 S 00 0 0 SD      [ 13 ] 

 

The off-diagonal components of the Mueller matrix describe the effects of diattenuation 

(amplitude change), or retardance (phase change) on the 012 field of a wave incident on a 

surface. The terms “diattenuation” and “retardance” are defined in Handbook of Optics, 

Volume I (74) as the intensity of the exiting light relative to the input polarization, and the 

phase change based on polarization, respectively. Examples of each are a linear polarizer 

(diattenuator), and a quarter waveplate (QWP) (retarder), respectively. The equation 

below denotes the off-diagonal elements of the Mueller matrix, and Table 3 correlates 

these off-diagonal Mueller matrix components to their polarization properties. 

$ = A0 6 \ ]6 0 −_ −`\ _ 0 −�] ` � 0 D      [ 14 ] 
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Table 3: Properties of the off-diagonal Mueller matrix components 

Mueller 

Matrix 

Components 

Properties Stokes 

Parameter 

Equivalent 

Example Polarizer 

a (m01, m10) linear diattenuation 

oriented at 0° or 90° 

S2 Liner 

polarizer/diattenuator 

(horizontal or vertical 

transmission axis) 

b (m02, m20) linear diattenuation 

oriented at 45° or 135° 

S3 Linear 

polarizer/diattenuator 

(+45° or -45° 

transmission axis), 

rotates 

polarizer/diattenuator 

c (m03, m30) circular diattenuation S4 Circular polarizer 

(right-handed or left-

handed) 

d (m12, m21) linear retardance 

oriented at 0° or 90° 

N/A Rotator (vertical or 

horizontal transmission 

axis), rotated 

polarizer/diattenuator 

e (m13, m31) linear retardance 

oriented at 45° or 135° 

N/A Rotator (+45° or -45° 

transmission axis), 

rotated 

retarder/waveplate 

f (m32, m23) circular retardance N/A Retarder/waveplate 

 

Depolarization and inhomogeneities occur when there are asymmetries in either a, b, c or 

symmetry in d, e, f (74). Note, here the nomenclature for symmetry and asymmetry refers 

to the sign convention as well as the magnitude with symmetry referring to matching 

signs and asymmetry opposite signs. For example, ideal diattenuators are symmetric, 

having the equal values for a, b, and c because they attenuate uniformly and ideal 

retarders are asymmetric, with opposite values for d, e, and f because they retard aspects 

of the electric field non-uniformly, therefore a reversal of these results indicates 

imperfection or asymmetry in the subject under test (SUT). As mentioned above, the 

range of the Mueller values are from -1 to +1. The transmissions axis of a linear polarizer 
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is indicated by +1 for at 0°, 45° and -1 for 90°, 135° (-45° in some nomenclature), 

respectively.  

These changes in diattenuation and retardance are shown in the Mueller matrices 

for various polarizing components shown below. For linear diattenuators (more 

commonly referred to as linear polarizers) the Mueller matrix is given below: 

$abcde, dfg =
LMM
MNde5 +  df5 de5 −  df5 0 0de5 −  df5 de5 +  df5 0 00 0 2dedf 00 0 0 2dedfPQQ

QR
   [ 15 ] 

From this we see the off-diagonal Mueller matrix components of a linear polarizer detail 

linear diattenuation oriented at 0° or 90°.The Mueller matrix for horizontal polarizers and 

vertical polarizers respectively shown below, where px = 1, py = 0, and, where px = 0, py = 

1. We see the necessary symmetry in a (m01, m10) for these polarizers to to be ideal. For a 

neutral density (ND) filter, px = py = p the Mueller matrix reduces to that for an absorber, 

mentioned above. 

$hb = A1 1 0 01 1 0 00 0 0 00 0 0 0D      [ 16 ] 

$ib = A 1 −1 0 0−1 1 0 00 0 0 00 0 0 0D      [ 17 ] 

$ (j �kVl[� = d5 A1 0 0 00 1 0 00 0 1 00 0 0 1D      [ 18 ] 

Recall, the Mueller matrix elements m01 and m10 correspond to linear diattenuation 

oriented at 0° or 90°, as is expected for horizontal and vertical linear polarizers, 
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respectively. Similarly, for the ±45° linear Mueller matrices below, the m02 and m20 are 

denote linear diattenuation oriented at 45° and 135°, respectively. 

$mno° = A1 0 1 00 0 0 01 0 1 00 0 0 0D       [ 19 ] 

$�no° = A 1 0 −1 00 0 0 0−1 0 −1 00 0 0 0D       [ 20 ] 

For a rotated polarizer, the m01, m10, m02, m12, m20, m21, and m22 components of the 

Mueller matrix are all affected by the rotation where q is the angle of the rotation. Recall, 

linear diattenuation oriented at 45° or 135° occurs in m02 and m20, linear retardance 

oriented at 0° or 90° in m12 and m21. Here, q  = 0°, ±45°, and 90° are defined for the 

special cases of linear polarizers mentioned above: horizontal, ±45°, and vertical, 

respectively.  

$ kZ[WV �Tl.  ab.�q� = A 1 ]s<2q <=72q 0]s<2q cos5 2q <=72q]s<2q 0<=72q <=72q]s<2q sin5 2q 00 0 0 0D   [ 21 ] 

As shown in the equation above, an ideal linear polarizer rotated at angle θ has 

components denoting linear diattenuation m01, m10 and m02, m20, as well as linear 

retardance in m12 and m21.  Components m11 and m22 represents depolarization.  For 

retarders, the general form of the Mueller matrix is shown in below.  Here, the relevant 

components, m32 and m23, are subject to circular retardance, which is expected of a 

retarder. The off-diagonal Mueller matrix components here indicate the presence of 

circular retardance. Recall, the diagonal components represent depolarization. 
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$tb�u� = A1 0 0 00 1 0 00 0 ]s<u −<=7u0 0 <=7u ]s<u D     [ 22 ] 

 

Here, φ is the total phase shift and elements m22 = m33 =cosφ, m32 = sinφ and m23 = - m32 

= - sinφ, respectively.  The effect a half wave plate has on linearly polarized light is to 

rotate the polarization vector by an angle of 2θ.  The polarization vector of the exiting 

beam is rotated through an angle 2θ (for elliptically polarized light, the handedness of the 

input light is inverted). 

An example of this is a halfwave plate, which causes a phase shift of π (or 180°). This is 

similar to a mirror which causes a phase change of half a wavelength upon reflection. We 

see for these two components there is no circular retardation which is generally 

associated with waveplates. 

$htb�u =  v� = A1 0 0 00 1 0 00 0 −1 00 0 0 −1D    [ 23 ] 

Another example is that of a quarter-wave plate, which converts linear polarization or 

circular polarization, and vice versa. The expected circular retardance is present in this 

matrix. 

$wtb 8u =  x5; = A1 0 0 00 1 0 00 0 0 ±10 0 ∓1 0 D    [ 24 ] 

The Mueller matrices for an ideal left-handed circular polarizer and an ideal right-handed 

circular polarizer are shown below.  
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$ah+b = A 1 0 0 −10 0 0 00 0 0 0−1 0 0 1 D       [ 25 ] 

${h+b = A1 0 0 10 0 0 00 0 0 01 0 0 1D       [ 26 ] 

The Mueller matrix of a rotated waveplate has the circular retardance occurring in 

components m32 and m23 as it occurs in a non-rotated waveplate, as well as m12 and m21 

affected by linear retardance oriented at 0° or 90° and linear retardance oriented at 45° or 

135° in m13 and m31. 

$�Tl.  �[l. �u, q� = A1 0 0 00 cos5 2q  + cos u sin5 2q �1 − cos u�<=72q]s<2q − sin u sin 2q0 �1 − cos u�<=72q]s<2q sin5 2q + cos u cos5 2q sin u cos 2q0 sin u sin 2q − sin u cos 2q cos u D  

[ 27 ] 

For a rotated halfwave plate, φ = 180° this reduces to 

$ �Tl. htb�180°, q� = A1 0 0 00 ]s< 4q <=74q 00 <=74q cos 4q 00 0 0 −1D    [ 28 ] 

The general Mueller matrix form for a rotator is shown below. The m12 and m21 

components are affected by linear retardance oriented at 0° or 90°, dependent upon the 

angle of rotation. 

${�q� = A1 0 0 00 ]s<2q <=72q 00 −<=72q ]s<2q 00 0 0 1D     [ 29 ] 
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3.3 Reflection and Transmission 

When discussing reflection and transmission, the coordinate system is often discussed in 

terms of the plane of incidence. The commonly utilized terms are parallel-polarization (p-

polarization) where the electric field is polarized parallel to the plane of incidence and 

senkrecht-polarization (s-polarization, senkrecht is German for perpendicular) where the 

electric field is polarized perpendicular to the plane of incidence. 

 

3.4 Experimental setup 

The Mueller matrix data was collected with a Complete Angle Scatter Instrument 

(CASI) system manufactured by The Scatter Works, Inc. This instrument is traditionally 

used for Bidirectional Reflectance Distribution Function (BRDF) measurements and this 

version has additional options for polarization control, with components at the transmitter 

and receiver which allow Mueller matrix measurements to be made as a function of angle 

of incidence. This system utilizes lasers as “non-contact probe” radiation sources to 

measure angle-resolved scattered light. It consists of a moving mount stage which allows 

for movement in X, and Y and rotation with incident angles up to 85° from surface 

normal. Both reflective and transmissive scatter measurements can be taken through 

specular beam and at high scatter angles. The laser wavelength capabilities are 0.633, 

1.06, 3.39, and 10.6 um. Figure 9 below shows the CASI setup used in the laboratory at 

UNC Charlotte. 
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Figure 9: Photograph of CASI setup 

 

The following figures, Figure 10 through Figure 16, come from the CASI Hardware 

Manual (75) and the CASI User Manual (76). An overhead layout of the CASI system is 

shown in Figure 10. Figure 11 displays a block diagram of the entire CASI system. 

Figure 12 and Figure 13 show the layout of the source box and receiver configurations, 

respectively, with Table 4 presenting the component labels. 
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Figure 10: Overhead layout of CASI setup from the user manual 

  

 

Figure 11: Block diagram of CASI  
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Figure 12: General layout of CASI source box for one source laser (75) 

 

Table 4: Components of CASI source box 

Letter Designation Component Distance to next element (in) 

A large anodized aluminum plate 26.75 

B Main focusing mirror 25.2 

C Alignment iris 1 (of 2) 10.5 

D Spatial Filter 4 

E Focusing stage 5.2 

F Alignment iris 2 (of 2) 5 

G Turning mirror 1 of 2 2.5 

H Filter Wheel 6 

I Turning mirror 2 of 2 2 

J Reference Detector 2 

K Chopper 3 

L Visible HeNe N/A 

 

 The large anodized aluminum plate (Component A) is used to hold all the optical 

components. The main focusing mirror, component B, is in the upper half of the Optical 

Source enclosure. Component C is one of two alignment irises, used to align the laser 

beam. This ensure that the beam hits the center of the main focusing mirror. The spatial 

filter, component D, consists of a microscope objective and a pinhole. Component E is 

the focusing stage. Two turning mirrors (G and I), are used to move the laser beam in the 
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two alignment irises C and F.  Component H is the filter wheel, and component J is a 

reference detector for measuring the source laser power. It consists of a beam splitter, 

diffuser and detector element. The chopper, component K, along with the reference 

detector and the lock-in amplifier is used to remove system noise. L is the HeNe laser and 

M is the second laser (IR at 10.6um), and the shutters to block each are P and Q, 

respectively. Turning mirror N is used to bring the laser (M) to the beam combiner (S). A 

small port (T) is used during the optical alignment of the system described in the next 

section. 

 

Figure 13: Schematic of the CASI receiver (75) 

 

 The receiver end of the system, Figure 13, consists of an aperture, a lens, a 

bandpass filter, a field stop and the detector element (for 0.633 and 1.06 um it is an Si 

detector). The receiver has 4 apertures that can adjust to 8 different sizes: 160, 300, 1100, 
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1600, 2500, 4000, 10000, and 14000 um (note, all are circular apertures except 1600, 

which is a slit). 

3.5 System Coordinates 

A coordinate system frequency used when discussing scatter is defined by Nicodemus et. 

al (77), utilizing a sample based spherical coordinate system. Here, x and y lie in the 

same plane and the z-direction is normal to the sample.  Figure 14 shows the scatter 

coordinate systems from the sample utilized by Nicodemus, as shown in the 

scatterometer user manual (76).  

 

Figure 14: Scatter coordinate system from the sample (76) 

 

The scatterometer axes are defined such that measurements are specified by the location 

of the illuminated spot on the sample. In other words, the coordinate system is defined as 

the sample viewed from the source as a positive x-y-z right hand coordinate system. First, 

the definitions for the CASI motion stages and coordinate axes are defined in Table 5. 
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Table 5: CASI motion stages and coordinate axes 

Stage Definition 

Sample x Allows the illuminated spot to be positioned at any place on the sample, in 

conjunction with sample y 

Sample y Allows the illuminated spot to be positioned at any place on the sample, in 

conjunction with sample x 

Sample z Allows the sample to be centered on the Sample θ/Receiver θ axis 

Sample θ Rotates the sample about the sample y axis 

Sample α Allows the sample to be rotated about the sample normal 

Sample tilt (τ) Allows the sample to be rotated about the sample x axis 

Receiver θ Stage Rotates the receiver through ±180 to take data measurements. 

Receiver Aperture 

Y Stage 

Allows the aperture to be centered on the beam in the vertical direction, the 

positive Y motion direction is defined by vertical upward motion of the focused 

spot 

Instrument Z Axis Defined by the incident beam, the positive direction is toward the source from the 

sample or receiver 

Focusing Strength Allows the focused spot to be moved by moving off-axis parabola and spatial filter 

 

All directions of motion are defined by the motion of the illuminated spot on the sample. 

That is, movement of the sample x stage for which the illuminated spot in the positive x-

direction as viewed from the source optics is defined to be positive motion. The stage 

physically moves in the negative direction. Converting between the CASI coordinates 

and those defined by Nicodemus requires first describing the incident beam and the 

receiver location in terms of CASI x-y-z direction vectors. The coordinates are then 

rotated about the x-axis by –τ (sample tilt), the y-axis by - θi (sample θ) and the z-axis by 

α (sample α). The rotated x-y-z values are then converted to spherical coordinates to yield 

values in the Nicodemus convention. Figure 15 shows the coordinate system from the 

sample perspective. 
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Figure 15: Geometry of scatter (76) 

 

3.6 Calibration of the CASI 

A calibration reference file is used to create a baseline for these measurements.  

This reference scan is taken in air and the results are normalized. The results taken at 633 

nm are shown in Table 6 below. This scan gives a baseline for the results in air for the 

linear polarization (vertical, horizontal, and +/- 45° alignment) as well as circular 

polarization (right and left-handed). This reference file consists of a matrix of the base-

state polarization configurations achievable with the CASI, describing the orientation of 

the source and receiver polarizations with respect to each other. The linear polarization 

components are denoted by: V for vertical polarization, H for horizontal polarization, (+) 

for +45°, and (-) for -45°. The circular polarization components are denoted by R for 

right-handed circular polarization and L for left-handed circular polarization. 

The values are determined via Malus’ Law, defined by 

� = �B cos5 q          [ 30 ] 
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where I is the intensity of the transmitted light, �B is the intensity of the incoming beam, 

and θ is the angle between the maximum transmission intensity and the angle of rotation 

of the polarizer. Generally, �B is normalized to 1, therefore 

� = cos5 q          [ 31 ] 

The cosine function ranges from -1 to +1, therefore the cosine squared values range from 

0 to 1, therefore −1 ≤ cos q ≤  +1 and 0 ≤ cos5 q ≤ 1. From this it follows that an 

ideal/perfect polarizer would have 100% transmission (I=1). Recall, 100% transmission is 

expected when the polarization of the incoming light is oriented in the same direction 

(parallel with) the polarizer it is incident on. Conversely, 0% transmission is expected 

when they are perpendicular (I=0). 

 For the CASI system, this translates to the case where the source polarization 

matches the receiver polarization (when they are in parallel), there is full transmission 

detected.  When the source polarization is perpendicular to the receiver polarization, there 

is almost nothing detected, as seen in Table 6.   

Table 6: CASI reference scan of air at 633 nm 

 Source Polarization 

V H + - R L 

Receiver 

Polarization 

V 1.00 0.01 0.43 0.53 0.47 0.49 

H 0.00 0.99 0.63 0.52 0.60 0.59 

+ 0.52 0.43 1.02 0.00 0.55 0.51 

- 0.54 0.64 0.01 1.01 0.52 0.55 

R 0.47 0.60 0.53 0.56 1.05 0.02 

L 0.60 0.45 0.54 0.51 0.00 1.01 

 

As shown in  
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Table 6, this general format holds true for the vertical and horizontal orientations. 

However, as they are not perfect/ideal polarizers there is a deviation from the ideal cases 

as seen in Table 7, where for certain terms in  

Table 6, the components are closer to I = 0.4, 0.6. 

Table 7: Standard Deviation of Air Reference 

Malus’ 

Law 

Reference Scan 

alignment 

Average Standard 

Deviation 

Bounds 

(High, Low) 

Range 

I = 1 VV, HH, ++, --, 

RR, LL 

1.01 0.02 1.05, 0.99 0.06 

I = 0.5 V+, V-, VR, VL,  

H+, H-, HR, HL,  

+V, +H, +R, +L,  

-V, -H, -R, -L, 

RV, RH, R+, R-, 

LV, LH, L+, L-  

 0.53 0.06 0.64,0.43 0.21 

I = 0 VH, HV, +-, -+, 

RL, LR 

0.07 0.01 0.02,0.00 0.02 

 

 

3.7 Dependence on tilt 

 

 Many of the ideal cases in the literature deal with on-axis measurements or 

instances where the beam is incident at normal incidence. However, it is necessary to 

account for any off-axis measurements or tilted sample measurements as well since field 

testing situations and real-world applications are more likely to have non-normal 

incidence. These non-ideal situations must be accounted for a more thorough 

understanding of the data, both as a basis for future laboratory experiments, field testing 

and applications as well as implementation in any future sensor or algorithm 

optimization.  The CASI User Reference Manual (76) defines tilt as the rotation about the 

sample’s x-axis, shown in Figure 16, and therefore any rotation about the y-axis is a 
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relation to angle of arrival. No tilt (zero) occurs when the laser beam is at normal 

incidence to the sample.  

 

 

Figure 16: Sample tilt axis 

 

For the determination of any potential tilt effects on the sample measurements, we  

start with the general form of the Electric field shown in equation below. 012 =  0e�� +  0f�� + 0��̂      [ 32 ] 

The laser is propagating in the z-direction, therefore, the electric field is  

perpendicular to the direction of propagation, therefore the E-field will only exist  

in the x & y directions: 012 =  0e�� +  0f��       [ 33 ] 

The laser for the scatter measurements in the CASI system is initially horizontally 

polarized therefore this equation reduces the electric field even further to: 

012 =  0e��        [ 34 ] 

The Stokes vector equivalent for horizontal polarization is 
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@ =  A1100D       [ 35 ] 

The normal to the sample is rotated through angle φ, therefore the angle of incidence 

becomes θ + φ. The difference between the angles of incidence (normal and tilted) is 2φ. 

For rotation about the x-axis, the normal to the sample is rotated through angle φ, 

therefore the total angle of incidence becomes θ′=θ + φ, and the difference between the 

angles of incidence (original and tilted) is 2φ. Therefore, we can correlate the tilt to that 

of a rotated linear polarizer with the angle of tilt θ' corresponds to the angle of rotation of 

the linear polarizer θ. For normal incidence, this implies Malus’ Law becomes a function 

of θ': 

� =  �Bcos5�q′�       [ 36 ] 

  

While the E-field is still solely in the x-plane, there is a portion of it projected onto the y -

plane due to the sample tilt. This component will be a function of the tilt 

0f =  tan�q′� /0e       [ 37 ] 

Based on the tangent values from Equation 37 above, we see small residual tilt does not 

have a large impact, as seen in Figure 17.   
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Figure 17: Total angle of incidence as a function of angle of incidence and tilt 

 

3.8 CASI data 

3.8.1 Silicon wafer 

For error analysis, data was first taken for a silicon wafer as it is an isotropic sample 

(uniform in all directions). The matrix for an ideal isotropic sample is a diagonal matrix, 

with all non-diagonal elements equal to zero. It is compared to the data taken from an J. 

A. Woollam WVASE32 ellipsometer. This machine operates similarly to the CASI in 

that it uses light as a non-contact probe to and measures the change in polarization of a 

beam upon reflection or transmission from a sample. Most ellipsometry follows the 

Verdet convention, which utilizes a right-handed basis such that the Fresnel reflection 

coefficients are defined as �� = �Y = −�U opposed to the lesser used Fresnel convention 

where  �� = �U = �Y (78). 

The general Mueller Matrix for isotropic media in ellipsometry (79) is given by 
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$YW�UV[ = A 1 −� 0 0−� 1 0 00 0 � @0 0 @ �D     [ 38 ] 

where � = cos�2F�         [ 39 ] @ = sin�2F� sin�∆�        [ 40 ] � = sin�2F� cos�∆�        [ 41 ] 1 = �5 + @5 + �5        [ 42 ] 

 

The measured data is then compared to theoretical calculated model of the sample to 

determine parameter such as film thickness, roughness, etc. Figure 18 below shows these 

ellipsometry results for the Si wafer at 632.8 nm. We see that linear diattenuation a (m01, 

m10) elements have angle dependence, while all other off-diagonal elements are zero. 

Note, the ellipsometer does not measure components c m30, e m31, and f m32 but has 

theoretical-model-calculated values for those components, approximately equal to zero. 
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Figure 18: Ellipsometry Measured Mueller Matrix of an Si Wafer 

Below, Figure 19 shows the results from Laskarakis et. al (80) where they detailed 

Mueller element dependence on incident energy (wavelength) from 1.5–6.5 eV (826.7 nm 

to 190.8 nm) for an Si wafer via Mueller matrix ellipsometry at 70°. Laskarakis et. al 

states the results of the Si Mueller matrix are “nearly ideal” with near-zero off-diagonal 

elements and m12 = m21, m33 = m44 and m34 = -m43. They account for the “slight” 

discrepancies in the polarization from an ideal isotropic sample in the low-energy range 

as possibly a result of calibration artifacts in that portion of the spectrum. The value 

relevant to our ellipsometry measurements (632.8 nm) and CASI measurements (633 nm) 

is 2.0 eV, and therefore fall in that range and will be subject to the same calibration 

artifacts. The Laskarakis et. al. results at 2.0 eV and 70° are concurrent with the results 

measured on the WVASE32 ellipsometer at 70°, with the a (m01, m10) elements 
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approximately equal to negative one and the remainder of the off-diagonal results equal 

to zero. 

 

Figure 19: Si wafer at 70° Laskarakis 2004 (76) 

 

The results from the CASI are shown in Figure 20 below. At 70°, the a (m01, m10) 

elements approximately equal to one. The a (m01, m10) values of the CASI fall within the 

standard deviation calculated for the CASI in  

Table 6 (±0.06). The amplitude/absolute values for linear diattenuation a (m01, m10) from 

the CASI values and both the ellipsometry values are approximately one, which also 

indicates the CASI is appropriately calibrated for the linear diattenuation values. The 

remainder of the off-diagonal results approximately equal to zero with the linear 

diattenuation in b (m20) and linear retardance in d (m21, m12). The error b (m20) is most 
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likely an artifact of both the calibration in this portion of the spectrum as well as the 

imperfections in the polarizers, seen in the CASI reference files and calibration in  

Table 6 and Table 7. These tables also show imperfections in the polarizers are more 

evident in the cross components such as would be the case for the linear retardance in d 

(m21, m12) 

 

Figure 20: CASI Measured Mueller Matrix of an Si Wafer 

 

For a closer look at the data, we examine Figure 21 through Figure 23. We see that the 

imperfections in the polarizers cause consistent presence of linear retardance d (m21, m12), 

mostly independent of angle whereas the angle of incidence plays a large role in the 

linear diattenuation components.  
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Figure 21: 70° comparison of VASE, CASI 

  

 

Figure 22: 50° comparison of VASE & CASI 
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Figure 23: 30° comparison of VASE & CASI 

 

 3.8.2 Dove Prism  

A Dove prism is a reflective prism used to rotate and invert an image or 

retroreflect light. An unmounted dove prism (part number: PS992-A from Thorlabs) was 

tested, shown in Figure 24. It is a 15 mm square cross section made from N-BK7 glass.  

 

 

Figure 24: Dove Prism 

 

Moreno 2003 (64) analyzed changes to linearly polarized light passing through a Dove 

prism from a Jones calculus perspective.  As shown in Figure 25, light is incident on one 

leg of the prism and exits the opposite side.  
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Figure 25: Linear polarization along the x-direction maintains its state of polarization 

after transmission through a Dove prism (64) 

 

Moreno et. al. rotated the Dove prism about the z axis, as shown in Figure 26 below, 

where φ denotes the angle of rotation. This is also the configuration used for the CASI 

experiments.   

 

Figure 26: Dove prism rotation about z-axis (64) 

 

According to their findings, Figure 27, linearly polarized light changes into “mildly” 

elliptically polarized light (64). As mentioned above in Section 3.1, a QWP is an optical 
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element that converts linearly polarized light to elliptically polarized light, and vice versa. 

The findings in Moreno et. al. (64) suggest the dove prism acts as an imperfect QWP, 

which would make the Dove prism a retarder. Therefore, we expect to see changes in the 

“f” components of the Dove prism’s Mueller Matrix. Note, the convention detailed in 

Moreno et. al. Figure 27 is for twice the angle of rotation φ (recall φ is defined as the 

angle of rotation about the z-axis in Figure 26). Table 8 below shows the corresponding 

angles for the CASI data and Moreno et. al. 

When the prism is positioned at 0° or 90° of rotation the input polarization is 

equal to the output polarization. These angles correspond to the Dove prism oriented as 

shown in Figure 25, and Figure 26, respectively.  The angles at which the most 

significant polarization change occurs is at 45° and 135°, where the polarization is 

elliptical and the closest to circular it can be. 

 

Figure 27: Polarization conversion of a Dove Prism (64) 
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Table 8: Angles of Rotation for the Dove Prism 

CASI Angle (Figure 28) Moreno et.al. (Figure 27) 

0° 0° 

30° 60° 

45° 90° 

60° 120° 

90° 180° 

 

 

Figure 28: Off-diagonal Mueller Matrix components of a Dove Prism 

 

The Mueller components related to retardation are d, e, and f. As seen in the CASI data 

results in Figure 28, there is a similar angle of rotation dependence for linear and circular 

retardance, confirming the Dove prism acts as a retarder. A closer look at these elements 

is shown in Figure 29. The “slightly elliptical” polarization discussed in Moreno et. al 

(64) is evident here, as the circular retardance values f (m32, m23) range from 
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approximately -0.6 to +0.6, whereas fully elliptical polarization would have values close 

to ±1. The peak polarization changes shown in Moreno et al. (64) occurs at φ = 90° (θ = 

45° in our nomenclature) for vertically polarized light. Therefore, the opposite would be 

true, with peak polarization change at θ = 45° for horizontally polarized light, which is 

shown in the CASI measurements.  

The linear retardance e (m13, m31) that occurs as the light transverses the prism is 

not an artifact accounted for in Moreno et al. (64), however, Yun et al. (65). handles the 

retardance of a Dove prism via 3D raytracing and Jones matrices based on angle of 

rotation (65). Based on the equation for a rotated retarder, shown in Section 3.1, we see 

that f (m32, m23) ≈ ∓ <=7 u ]s< 2q and e (m13, m31) ≈ ± <=7 u <=7 2q. From this we see 

the cosine/sine dependence implies as one rises the other falls, which we see in Figure 29.

 

Figure 29: Linear and circular retardance in a Dove Prism 
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3.8.3 Cornercube Reflector (CCR) 

The CCR consists of three perpendicular reflective (mirror) surfaces which, due to the 

geometry causes incident light to be reflected directly back in the direction of the source, 

as shown in Figure 30.  

 

Figure 30: CCR ray trace diagram 

 

Kalibjian et al. (62) discuss how a CCR can cause various polarization changes. The CCR 

is another optical element that changes polarization from linear to elliptical & elliptical to 

linear similarly to a QWP/retarder. Kalibjian et al. explains even slight changes in the 

CCR orientation (including rotation, beam angle, or beam off-set) can potentially have 

significant changes on the polarization. From Kalibjian et al., the general form of the 

Mueller matrix for an ideal metal-coated CCR is shown below, where φ is the phase 

change. 

$ kZ[WV�[lWV��TWl[Z ++{ = A1 0 0 00 − cos u − sin u 00 − sin u cos u 00 0 0 −1D    [ 43 ] 
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This matrix is similar to that for a rotator, with the center block consists of cosine and 

sine terms. The difference is here there are additional negative signs for m11 and m12, 

whereas the Mueller matrix for a rotator only has a negative sign for m21. 

From Kalibjian et al., the phase change is approximately 60°, which yields 

$�[lWV��TWl[Z ++{,T��WekY = A1 0 0 00 1 0 00 0 −1 00 0 0 −1D    [ 44 ] 

for on-axis measurements. 

For the CASI Mueller matrix measurements, we use a gold coated, aluminum 

replicated hollow metal retroreflector from Newport Optics (part number: 50394-2530) 

shown in Figure 31. 

 

Figure 31: Au coated CCR 

 

These results are shown in Figure 32 below. When the angle of incidence is zero, the 

values are near-zero. These results agree with Kalibjian et al.’s findings where the off-

diagonal values for on-axis measurements are zero. The higher values for linear 

retardance reflect the previously discussed aggregate errors from the multiple polarizers 
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in the CASI as well as the non-ideal nature of the CCR. As the angle of incidence 

increases, retardance elements arise similar to what is seen for rotated retarders. 

 

Figure 32: Off-diagonal Mueller Matrix Components of an Au-Coated CCR 

 

3.8.4 Retroreflective Tape 

 O’Brien et al. (81) examined polarization properties of retroreflective materials, 

via several polarization maps, which show intensity and polarization rotation are 

functions of angle of incidence for various polarization states. Specifically, both intensity 

and rotation decrease as the angle of incidence increases, as shown in Figure 33 and 

Figure 34 below. The contours show the intensity of the returned beam relative to its 

maximum in decibels. O’Brien et al. also notes that whichever polarization state is 

incident on the material, there will be some component of the opposite state present upon 

reflection due to the geometric nature of the material (retroflecting sheets are structured 

to mimic an array of retroreflecting items such as, glass beads, microprisms, CCRs, etc). 

For example, if horizontal polarization is incident, there will be both horizontal and 
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vertical reflected back. However, the change in the intensity of the opposite polarization 

with respect to angle of incidence is much smaller than that of the state of the original 

polarization orientation, i.e. when horizontal polarization is incident, the vertical 

component returned is much smaller than the horizontal component returned. O’Brien et 

al. decompose the angle of incidence into azimuth angle and elevation angles, which here 

we simply call angle of incidence and tilt, respectively. Note there is no polarization 

rotation for an ideal reflective structure due to the fixed π phase change on reflection at 

any interface independent of incidence angle, therefore some degree of polarization 

rotation is expected for all non-ideal components (81).  For the purposes of this 

dissertation, we will focus on the positive azimuth angles only (the elevation angle is 

equal to zero, since we did not acquire data as a function of tilt angle). 

 

Figure 33: Measured intensity of returned horizontal polarization versus angle of 

incidence for retroreflecting sheet illuminated with horizontally polarized light. Contours 

are in decibels relative to maximum intensity (81). 
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Figure 34: Returned polarization ellipse angle versus angle of incidence for 

retroreflecting sheet illuminated with horizontally polarized light. Contours are in degrees 

of rotation relative to vertical direction (81). 

 For the CASI Mueller matrix measurements, reflective tape is used. The reflective 

tape is a yellow dot (part number: 6042T29 from McMaster-Carr) 2.5 inches in diameter 

with 0.025 inches thickness. The CASI results are shown in Figure 35 below. We see the 

presence of both linear diattenuation a (m01, m10) and b (m02, m20), as well as linear 

retardance d (m12, m21). Recall, diattenuation is defined as the intensity of the exiting light 

relative to the input polarization and retardance as the phase change based on polarization 

(74). From these definitions we see the dependence of linear diattenuation on angle of 

incidence concurs with O’Brien et al.’s finding of changes in the polarization in both 

horizontal and vertical directions. The linear retardance dependence on angle of incidence 

also concurs with O’Brien et al.’s findings of rotation change present upon reflection. As 

found in O’Brien et al., intensity of the light is more affected by the angle of incidence 

than the rotation is as well as the appearance of polarization in both the horizontal and 
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vertical directions. Note, the symmetry in d (m12, m21) implies depolarization is occurring 

as well. 

 

Figure 35: Off-diagonal Mueller Matrix components of Yellow Reflective Tape 

 

3.8.5 Liquid Crystal Beam Steerer 

In this dissertation, the Mueller matrix of light reflected a Liquid Crystal 

Polarization Grating (LCPG) beam steerer retarder switch in operation is analyzed. The 

LCPG retarder switch is an electrically controlled birefringence (ECB) type of nematic 

liquid crystal device which can be driven with square wave voltage waveform via a 

function generator. Figure 36 below shows a diagram and photo of the LCPG (82). 
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Figure 36: Diagram of LCPG (left); Photo of LCPG (right) (82) 

 

The retardance as a function of voltage is shown in Figure 37 (83). These voltages and 

corresponding retardation values are used to achieve beam steering when this component 

is used in conjunction with a diffraction grating (82). 

 

 

Figure 37: Switch retardance as a function of applied voltage (83) 

 

Harris 2004 (68) and Anisimov 2009 (69) explored polarization effects in a 

nematic liquid crystal optical phased array (LCOPA) in terms of the Stokes vector.  
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Harris et al. (68) polarization effects due to director three dimensionality, and oblique 

angle of incidence operation.  Both Harris et al. (68) and Anisimov et al. (69) observed 

the changes in polarization from the reflected beam due to applied voltage trended from 

linear to slightly elliptical, which implies retardance present in the LCOPA. Anisimov et 

al. (69) determined the sensitivity of the beam steering efficiency to tilt angles with 

respect to the incident beam.   

Figure 38 through Figure 42 below detail the off-diagonal Mueller matrix 

elements of the LCPG beam steerer retarder switch in reflection with various applied 

voltages and incidence angles, as the reflected signal is what would be detected in a 

scanning scenario. The analysis of the reflected signal from a Mueller matrix of an LCPG 

beam steerer retarder switch has not been performed in the literature to date.  

 

.  

Figure 38: Off-diagonal Mueller Matrix Components of an LC retarder switch in 

reflection with no voltage applied 
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Figure 39: Off-diagonal Mueller Matrix Components of an LC retarder switch in 

reflection at 1.3V 

 

 

Figure 40: Off-diagonal Mueller Matrix Components of an LC retarder switch in 

reflection at 1.6V 
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Figure 41: Off-diagonal Mueller Matrix Components of an LC retarder switch in 

reflection at 2V 

 

 

Figure 42: Off-diagonal Mueller Matrix Components of an LC retarder switch in 

reflection at 3.0V 

 

As shown in the figures above, linear diattenuation and circular retardance are the 

most affected by angle of incidence and applied voltage, respectively. To take a closer 

look at these two elements, we compare them to the results for the LCOPA in Anisimov 
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et al. (69), where they observed changes in polarization from the reflected beam due to 

applied voltage trended from linear to slightly elliptical, which implies retardance present 

in the LCOPA.  

 

Figure 43: Polarization state of the first diffraction order as a function of the uniform 

voltage applied to all phase corrector (69) 

 

We see that the S1 Stokes parameter associated with linear diattenuation does not change 

significantly with applied voltage, but S3 Stokes parameter associated with circular 

retardance does, as shown in Figure 44 and Figure 45 below. The change in circular 

retardance also concurs with the switch retardance and applied voltage relationship 

shown previously in Figure 37. We see the most sensitive Mueller matrix elements to 

angle of incidence were the linear diattenuation a (m01, m10) whereas the circular 

retardance f (m32, m23) is most sensitive to applied voltage.  
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Figure 44: Linear diattenuation Mueller Values of LCPG m01 & m10 
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Figure 45: Circular Retardance Mueller Values f (m32) and f (m23) 
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CHAPTER 4: DISCUSSION 

 

Chapter 2 of this dissertation focused on the effects of aliasing on a sensor. When 

the QCL was modulated at the same frequency as the sensor frame rate, the constructive 

and destructive interference between the frame rate and modulation frequency of the laser 

were similar to a beat frequency effect. This lays the groundwork for methods analogous 

to the frequency-hopping used in transmitting radio waves for furthering solutions for 

anti-aliasing problems. Performing additional FINC tests at different frame rates will 

allow for further optimization of the autonomous sensor algorithm development. Next 

steps would be to test the algorithm with more complex scenarios with a dedicated scene 

projector, to enhance the discrimination capabilities of the algorithm for static and 

dynamic scenes and sources as well as for improving clutter rejection. Further testing on 

the anti-aliasing algorithm will include accounting for heat reflections on metallic 

surfaces and other heat sources in the frame. The sensor itself may contain characteristics 

and structures that would cause variation between results in the x and y directions. These 

test methods can provide the necessary stressing needed to ensure sensors are operating at 

optimal thresholds. The anti-aliasing techniques discussed above provide the groundwork 

for future experiments, which will include improvement upon the current algorithm, 

allowing for discrimination between multiple input signals. 

Chapter 3 explored the methodology of the Mueller matrix, analysis of the CASI 

system and analysis of the Mueller matrices of various samples. Calibration of the CASI 

determined non-ideal components, contributing to linear retardance in the vertical and 

horizontal directions. Analysis of a Silicon wafer on both the CASI and an ellipsometer 

confirm the linear retardance contributed by non-ideal polarizing components in the 
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CASI. Analysis of the Dove prism on an incoming horizontally polarized beam shows the 

QWP-like effects it displays as it is rotated about the z-axis. This analysis has expanded 

the literature beyond the Jones vector analysis contributed by Moreno et. al (64) to 

include the Mueller analysis. Changes in circular retardance observed in the CCR 

confirms Kalibjian (62) where the CCR changes polarization from linear to elliptical 

similarly a QWP/retarder as well as the Dove Prism discussed in Section 3.7.2 above. 

Both linear retardance and circular retardance angle of incidence dependent. The CCR 

and the Dove prism Mueller matrix results are distinguishable, though they each have 

linear and circular retardance affects. The Dove prism can exhibit a larger variety of 

changes to the polarization at a wider angle range than the CCR, whereas the CCR is 

more susceptible to tilt. 

For the LCPG BS retarder switch, rotation between linear and elliptical polarized 

light is observed, specifically change in linear diattenuation and circular retardance upon 

reflection. The analysis of the reflected signal in terms of the LC Mueller matrix of an 

LCBS retarder is an addition to the literature that will aid in the characterization of signal 

degradation and polarization back scatter. 

The three external characteristics that showed the most influence on the results are 

angle of incidence, angle of rotation, and applied voltage. Grouping of the relevance of 

these characteristics are show in  

 

 

Table 9 below. 
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Table 9: Grouping of Mueller Component Characteristics 

Group # Characteristics 

Group 1 
Primary characteristics which show significant changes 

that directly correspond to an external factor 

Group 2 

Secondary characteristics which show changes are not 

as evident as Group 1 but could still potentially be used 

to discriminate beyond Group 1 

Group 3 
Tertiary characteristics which are present but do not 

change 

Group 4 

Quaternary characteristics which show changes in the 

Mueller component pairs (accounting for 

symmetry/asymmetry) 

Group 5 
Quinary characteristics which are unchanging and or 

zero/near-zero values 

 

 Applying these groups to the five samples analyzed in this dissertation, as shown 

in Table 10, we see each sample has distinguishable characteristics from the other. 

Table 10: Grouping of Sample Characteristics 

 Si 

Wafer 

Dove 

Prism 

CCR Retroreflective 

Tape 

LCPG 

Group 1 -a e, f F +a +a, f 

Group 2  d   a 

Group 3     d 

Group 4   E b, d e 

Group 5 b-f a-b a-d c, e, f b, c 
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The measured characteristics of the various samples presented here may be useful in the 

optimization of detection/discrimination algorithms within remote sensing scenarios 

where it is desired to discern source emission characteristics in the presence of 

background or interference.  Suggested paths forward include testing at various simulated 

distances, such that the central airy disk may be observed.  This will alleviate any false 

positive/negative return signals from the return beam. The follow-on research should 

continue along the two-pronged approach. Testing of various polarizing materials, 

polarization sensitive materials and other devices such as bolometer arrays, pyroelectric 

arrays, and holographic diffusers is recommended, along with an analysis of distribution 

vs single point is recommended as well. Modeling and simulations to account for 

turbulence in the atmosphere would also be useful. These suggestions and the results of 

those follow-on experiments would be used to inform future laboratory field-testing 

scenarios and applications as well as refining any algorithms used to distinguish the pre-

determined characteristics from the groupings determined in this dissertation. The 

completed techniques (beginning with aliasing/anti-aliasing algorithm) will be 

transitioned to the current and ongoing efforts.  These combined efforts support the 

current and future research by gaining data and insight into the feasibility of enhanced, 

autonomous platform optimization.   
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