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ABSTRACT

XING ZHANG. Asymptotic normality of entropy estimators.
(Under the direction of DR. ZHIY1 ZHANG)

Shannon's entropy plays a central role in many fields of mathematics. In the first
chapter, we present a sufficient condition for the asymptotic normality of the plug-in
estimator of Shannon's entropy defined on a countable alphabet. The sufficient condition
covers a range of cases with countably infinite alphabets, for which no normality results
were previously known.

In the second chapter of this dissertation, we establish the asymptotic normality of a
recently introduced non-parametric entropy estimator under another sufficient condition.
The proposed estimator, developed in Turing's perspective, is known for its improved

estimation accuracy.



ACKNOWLEDGMENTS

First and foremost, | want to thank my advisor Zhiyi Zhang. | thank him for inspiring
and motivating me to do creative and original research. His intelligence, humor, patience,
and flexibility make each discussion enlightening and enjoyable. He helped me
overcome the major difficulties of this dissertation so I could finish it. He has been very
understanding and supportive of my career goals. Without his encouragement and
guidance, |1 would not have improved my English a lot and have found my current job
which fits me well. I'm very grateful and thankful for everything he has done for me.

| sincerely thank other members of my doctoral committee, Dr. Yanging Sun, Dr.
Jiancheng Jiang and Dr. Yuliang Zheng for their time and insightful questions. I also
thank the Department of Mathematics & Statistics for offering me the opportunity to
study here. Without their academic, financial and technical support, | would not be able
to afford to study here and receive my degree.

Meanwhile, | want to express my deepest gratitude to my parents and my sister.

Their everlasting love, encouragement, and unwavering faith in me give me the strength
and confidence that make me the best of myself.

Last, but by no means least, | sincerely thank my friends in China, America and

elsewhere for their friendship and support which make my life fun and enjoyable.



TABLE OF CONTENTS

CHAPTER 1: A NORMAL LAW FOR THE PLUG-IN ESTIMATOR
1.1 Introduction
1.2 Main Results
1.3 Remarks

CHAPTER 2: ASYMPTOTIC NORMALITY OF A NEW ESTIMATOR
2.1  Introduction
2.2 Main Results
2.3 Remarks

REFERENCES

10

10

11

25

26



CHAPTER 1: A NORMAL LAW FOR THE PLUG-IN ESTIMATOR
1.1 Introduction

Let {px} be a probability distribution on an alphabet 2" = {{;;1 < k < K},
where K denotes either a finite integer or co. Let Px be a random variable such that

P(Px = py) = px. Entropy in the form of
H=E(-InPy)=-> pclup
k

was introduced by Shannon (1948) and is often referred to as Shannon’s Entropy.
The estimations of entropy-like quantities have become growingly important for their
wide applications in the fields of neural science and information theory, etc.

Let X1, -+, X, be an iid sample from 2~ according to the probability distribution
{px}, and {yr,, = > 1| 1[X; = €]} be the sequence of observed counts of letters, and

{Pk.n = Yk.n/n}. The plug-in estimator for H, given by
Hn = - Zﬁk,n lnﬁk,n (11)
k

plays a central role in the literature. H, is simple and intuitive; and it often serves as
a reference estimator for other estimators, many of which were derived based on H,.

When K is fixed and finite,

Vn(H, — H) 2 N(0,0?)
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where 62 = Var(—In Px) > 0 has long been known. See Miller and Madow (1954)

and Basharin (1959). In this case, it is also known that

K
A K -1 1 1
E(H,— H)=— 1—§— —3). 1.2
1 (& K—1
& _ 2 2 B -3
Var(H,) = - (,;:1 prIn“p, — H ) + o2 +O0(n™). (1.3)

See Miller (1955), Basharin (1959) and Harris (1975).

When K = K(n) is assumed to dynamically vary as the sample size n increases,
i.e., {prn;k = 1,2,--- ,K(n)}, Paninski (2003) established a normal law for H,,
stated as Lemma 1.1 below.

When K is infinite, Antos and Kontoyiannis (2001) obtained different rates of
convergence for H, under a variety of tail conditions on {pr} . However, no results
regarding the asymptotic normality of H,, were known. We seek to lay down a pebble
in that blank space by presenting a sufficient normality condition for H, when the
cardinality of 2" is countably infinite. More specifically, the sufficient condition is
satisfied by distributions with tails decaying at the rate of [kIn(Ink)]?(Ink)~!, but

not by those with tails decaying at the rate of k= 2(In k).

1.2 Main Results

Theorem 1.1. For any non-uniform distribution {py; k > 1} satisfying E(InPx)? < oo,
if there exists an integer valued function K(n) such that, K(n) — oo, K(n) = o(y/n)

and \/ﬁZkEK(n) prlnpr, — 0, as n — oo, then

Vn(H, — H)/o 2 N(0,1)

where 0 = Var(—In Px).
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A proof of Theorem 1.1 requires Lemmas 1.1 and 1.2 below. Lemma 1.1 is due to

Paninski (2003).

Lemma 1.1. Let {pgn;k =1,---,K(n)} be a probability distribution, Px be a ran-

dom variable such that P(Px = pgn) = Dk, and
2
72 = Var(=InPx) = Y1 pppn? pr, — (ZkK:(?) P 0 pk,n> :
If K(n) = o(y/n) and liminf, ., n'~*72 > 0 for some a > 0, then

Vn(H, — H)/7, -2 N(0,1).

Lemma 1.2. For a probability distribution {pg;k > 1}, if there exists an integer val-
ued function K'(n) such that as n — oo, K(n) — oo, and /n ;- gy Pk Inpr — 0,

then

Vnlnn Z pr — 0

k>K(n)

Proof. Let p;, = Zkz K(n) Pk- Since 1 < —Inp; for a sufficiently large n,

0 < Vnp;, < —vnp,Inp;, = =13 s ey Pe NPy < —Vn 3 24 ey Pr I = 0.
(1.4)

Vnp: — 0 implies p: = a,n"'/? where a,, = o(1). On the other hand, since
a,Ina, = 0, —/np:Inp* = a,(Ilny/n —Ina,) — 0 implies a,, = 3,/ In/n where

Bn =o(1). Hence \/nInn ) e Pk = 28, — 0. =

Proof of Theorem 1.1.
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Consider a modified probability distribution {pyn,;k = 1,---,K(n)} based on {py}

as follows. Let

pr, for 1<k < K(n)—1
Pen =
Zsz(n) pe =p, fork=K(n).

Since E(In Px)? =Y, px In? pi, < oo implies H = — > wPrlnpy, < oo, we have

0<pIn’py= > peln’ph < > peln’pe—0,
)

k>K(n k>K(n)
and
0< —p,lnp, = Z (—prlnpr) < Z (—prInpg) — 0. (1.5)
k> K (n) k>K(n)

Let 72 = Var(—In Px) under the modified distribution {pj,}. After a few alge-
braic steps,

or — T} = (Z@K(n) pr10? py, — pi In? pr) — (= ZkZK(n) prInpy, + pj, Inpr,) (1.6)

x (= ZkZK(n) prInpg — pr Inpy —2 Zkz(l) PrInpy).
It is clear that the first term in (1.6) converges to zero, that the first factor of the
second term converges to zero, and that the second factor of the second term converges
to 2H < oo. Therefore 7,, — o, and hence by Lemma 1.1,

K(n)

VI (=P 10 P + Pl I pron) — N(0,02). (1.7)
k=1

However,

= \/ﬁZkZK(n)<_pk,n In prn) — \/ﬁZkZK(n)(_pk Inpy) ++/np;, Inp;, — /n pj, Inp;,
(1.8)

where p;, = >, K(n) Ykon /n. The proof is complete if it is shown that the right hand
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side of (1.8) is 0,(1). Toward that end, it is to show that each of the four terms in

the last expression of (1.8) is 0,(1).

The second term converges to zero in probability by the condition of Theorem
1.1. The fact that the fourth term converges to zero is established in the proof of
Lemma 1.2. For the first and third terms, we first observe —py,, Inpr, < prnInn

and —p; Inp; < pr Inn, and then observe the following two inequalities

0<+vn Z (=Pr N Pr ) < V/n(Inn)ps (1.9)

k>K(n)
and
0 <~/ Inp, < v/a(Inn)p;. (1.10)
Since, by Lemma 1.2,
E[vn(lnn)p:] = /n(lnn)p: — 0 (1.11)

and, noting \/n(lnn)p; > 0, v/n(lnn)p: = 0,(1). By (1.9) and (1.10), both the first
and the third terms converge to zero in probability. The theorem follows by Slutsky’s

lemma. O
Let 6-721 - Zk ﬁk,n 1112 ﬁk,n - (Zk _ﬁk,n lnﬁk,n)Q-

Corollary 1.1. Under the condition of Theorem 1.1,

Vn(H, — H)/6, 2 N(0,1).

Corollary 1.1 provides a means of large sample inference on H. A proof of Corol-

lary 1.1 requires the following lemma due to Devroye (1991).

Lemma 1.3. Let X, -+, X, be independent random variables on 2, and assume



that F,: 2" — Z satisfies, for 1 <i < n,

Supx1,~~-,xn,x§6%’ﬁn(xla T 7$n) - Fn(xla e, X1, x;?xiJrla e wrn)‘ S Ci.
Then Var{F,(X;, -, X,)} < 13" &

Proof of Corollary 1.1. Let

A

Fn = Fn(Xla e 7Xn) - Zk f(ﬁk,n) - Zkﬁk,n 1n2ﬁk,n-

We first want to show lim,,_, E(Fn —F)?=0for F=), px In? pi, < oo.

For all integers 0 < 7 < n and n > 21 > ¢ |erl In* (&) — %an(%)‘ < i

n

Therefore

< 2In’n

n

n n /
Supxh---,xn,xéeﬁf Fn(xl) T 71:71) _Fn(‘r17 s, L1, xi)xi-I—lJ e 7~rn)

By Lemma 1.3, Var(ﬁn) < % — 0. For each k, prn = pr, f(Prn) = f(pr),

f(rn) < e e =de 2, 50 Ef (Prn) — f(0r)-

Since 0 < f(pr.n) < 472, by Fatou’s Lemma,

lim Sup,;, o0 Zkz Ef(ﬁk,n) < Zkz lim Supn%oo (pk n) Zkz ( ) and
liminf, oo Y ) Ef(Pen) > > iminf, oo Ef(Prn) = >, f(pk); and therefore

By Theorem 1.1, H2 2 H?, and therefore 62 % ¢2. Finally the corollary follows by

n

Theorem 1.1 and Slusky’s lemma. U

Corollary 1.2. If a probability distribution {p,} satisfying pr = Cyk™* where \ > 1,



and \/n(H, — H) N N(0,0%), as n — oo, then we have \ > 2

Proof. Antos and Kontoyiannis (2001) proved that

- N In?(n)

E[(H, — H)] ~n YA and Var(H,) < O(

).

n

Assume to the contrary that A < 2, then there exists a sequence {a,} converging
to zero (for example, a,, = —In~%(n) with a > 1) such that E[a,v/n(H, —H)] = +o0
. Var(any/nH,) — 0 and hence a,v/n(H, — EH,) 5 0,

It leads to
an/1(Hy — H) = apv/n(H, — EH,) + ap/n(EH, — H) 5 +oo,

which contradicts the assumption that a,v/n(H, — H) % 0 implied by /n(H, —
H) EN N(0,0?). Therefore, A must be greater or equal to 2.

a

Example 1.1. If p, = C\k™ where X\ > 1, the sufficient condition of Theorem 1.1

holds for A > 2 but not for 1 < A < 2.
Note

9] A
VI s iy (= Pk I pr) ~ \/ﬁfK(n) 2o (CT) dx

_ O3\ ynlnK(n) I ( A C)\lnCA) Vi G\ yninK(n)
= 21 (K1 —1)2 A1 En) 1 ™~ A1 (Kn)r1°

If A > 2, letting K(n) ~ n'/?, %% = %nl/lg——nm — 0.

If 1 < XA <2 for any K(n) satisfying K(n) ~ o(y/n) and a sufficiently large n,

CAYAIK(®m) o CA__ Vi 5 G
I EmT 2 e 2 g 2 200> 0.

Example 1.2. If p, = Che™* for any A > 0, then the sufficient condition of Theorem

1.1 holds.



Letting K(n) ~ A~'Inn, for a sufficiently large n,

VI s ey (PRI pE) ~ =/ [ Cae ™ In(Cre ) da ~ Q- (Inn)n~2 — 0.

Ezample 1.3. If p, = C/(k? In? k), then the sufficient condition of Theorem 1.1 holds.

Letting K(n) ~ y/n/Inlnn, for a sufficiently large n,

Vit Sy (~PrInpe) ~ VIO [, HnstinlyainG g

2Cy/n
~ 2\/_CfK z21nx — K(n)an(n) — 0.

Ezxample 1.4. If p, = the sufficient condition of Theorem 1.1 holds.

k2lnk ln2(ln k)’

First, note that

f;zn midr = fK(n) 2ide f[(?zn) wde = fK (n) 2ide fK wde

_ Inz|oco 0 1 _ InK(n)
= [ |K(n) + fK(n =dz] — fK(n) =dr = K(n) °

Then, for sufficient large n, we have

56V 2 ks K (n) (_pk Inpr) = 5v/n Zk>K(n kaI; llilll?lrghzl’;)l)c)_lnc
~ \/_Zk>K (n) B2In2(lnk) ln (Ink) \/_fK E— 11;]12] (1:llf)ln(lnk)dk
VA SR R, B

= V/n[- k:hllnl]:lk ny T fK (n) k21n In k) a4k — \/ﬁfK (n) k2111]1ﬁ{€nk dk
- \/ﬁ[ﬁ + fK(n 2 In(In k) ln(lnk) \/_fK(n) k2 llr?{cnk dk
- % \/_fK kzl?nklnlk dk

< i e — Vi f”" A de

Vnln K(n) I K(n fflnn 1y

K(n)In(InK(n)) ln In K(n

_ vnln K(n) _ A/n(nK(n)-1) + vn(ln K(n)—1)
K(n)In(ln K(n)) K(n)In(ln K(n)) vnlnnln(ln K(n))

_ Vvn + In K(n)—1
K(n)In(ln K(n)) InnIn(ln K(n))

IN




If we choose K (n) = m, the above expression approaches 0.

Ezample 1.5. If p;, = C/(k*Ink), the sufficient condition of Theorem 1.1 does not

hold.

For any K (n) satisfying with K(n) ~ o(y/n), for a sufficiently large n,

ﬁZsz(n)(_pk Inpy) ~ v/nC f[?o(n) de

~ \/ﬁC’f;CEn) Zdr = 2[3(‘5;7 — 0.

1.3 Remarks

Under distributions p, = C/k*, a necessary condition for \/n(H, — H) to hold
asymptotic normality is A > 2, because bias terms E[(H, — H)] has a rate of n= =1/,
no faster than n='/2 if A € (1,2], e.g., see Theorem 7, Antos and Kontoyiannis (2001)
. On the other hand, as shown in Example 4, \/ﬁ(ﬁn — H) does have asymptotic
normality when p, = C/(k*InkIn*(Ink)). Even though Theorem 1.1 gives only a
sufficient condition, the band of distributions which are not covered by the sufficient
condition but may still support asymptotic normality of H,, must be, if existed, very

narrow.



CHAPTER 2: ASYMPTOTIC NORMALITY OF A NEW ESTIMATOR

2.1 Introduction

The plug-in estimator H, is known for its large bias in an undersampled regime.
We can see from (1.2) that when K is finite, the first bias term is hardly negligible for
an often unknown large K and a small sample size n. Many have provided various
ways to adjust bias terms based on (1.2), for examples, see Treves and Panzeri (1995,
1996), Paninski (2003) and Schiirmann (2004); some of these procedures were able to
greatly reduce the bias at a moderate expense of an increase in variance.

When K is infinite, Antos and Kontoyiannis (2001) showed that no universal rate
of convergence exists for any sequence of estimators, and specifically, H, can approach
H at an arbitrarily slow rate. They also obtained different rates of convergence for
H,, under a variety of tail conditions on {py}.

Other popular estimators include the jackknifed version of the plug-in estimator
proposed by Strong et al. (1998) , the NSB estimator proposed by Nemenman, et al.
(2002), and the coverage-adjusted entropy estimator (CAE) proposed by Chao and
Chen (2003). The jackknife estimator evaluates entropy through an extrapolation
procedure which utilizes the dependence of H, on the sample size. The NSB method
counts coincidences in letters and introduces a Bayeisan prior to correct the bias.
The CAE estimator recognized the loss of information on the uncovered letters of
alphabet, and hence incorporated Turing’s formula (proposed by Good (1953) but
largely credited to Alan Turing) to adjust the bias. Vu, Yu & Kass (2007) later
proved several convergence properties of CAE, but the revealing convergence rate

were quite discouraging. All these estimators are all claimed to remove bias effectively
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in simulation study, but there seems to be lack of rigorous analysis of their rates
of convergence. Also, see Paninski (2003) and Panzeri, Senatore, Montemurro &
Petersen (2007) for a comprehensive review and comparison of various estimators.

Zhang (2012) proposed a non-parametric estimator of Shannon’s entropy on a
countable alphabet 2.

{W[ ~(+1) Z[pknml_pm_;)” o)

n—

Nm>

11
v

v=1

This new estimator, constructed in Turing’s perspective, is fundamentally different
than previous ones. Through Turing’s formula, it recovers some distributional charac-
teristics on the uncovered subset of 2", and thus significantly improves the estimation
accuracy; it is worth mentioning that it has a bias decaying at a rate of O[(1—pg)™/n|
where py = min{p; > 0;1 < k < K} on a finite alphabet where K is the cardinality.
Also, because H, is a weighted sum of U-statistic, H, are more analytically tractable
and its rates of convergence can be obtained under a wide range of distribution sub-
classes, see Zhang (2012). Simulation results also show that H. and its bias-adjusted
versions, are quite competitive among existing estimators.

Zhang (2013) established the asymptotic normality of \/ﬁ([:IZ — H) on any finite
alphabet. This paper extends the normality results of Zhang (2013) to include cer-
tain cases of alphabets with countably infinite cardinality, as stated in the following

theorem and corollary.

2.2  Main Results

Let F = E[—In(px)]? = 32, px In?(pi) and

() (s b -]}

J

Il
=)
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Theorem 2.1. For a non-uniform distribution {py; k > 1} satisfying E(InPx)* < oo,
if there exists an integer valued function K(n) such that, K(n) — oo, K(n) =

o(v/n/Inn) and v/n 2o k() Pelnpy — 0, as n — co. Then for H. asin (2.1), it has
v <H - H) Dy N(0,0?)

where 0 = Var [~ In(px)] = F — H2.
Corollary 2.1. Let {pg; k > 1} be a probability distribution on an alphabet satisfying
the condition of Theorem 2.1, H, be as in (2.1), and F, be as in (2.2). Then

H,—H
vn

Remark 2.1. The condition of Theorem 2.1 is slightly stronger than that of Theorem
1.1 therefore, there will be less probability distributions satisfying the condition of
Theorem 2.1 than that of Theorem 1.1. We can show that, the sufficient condition of

Theorem 2.1 still holds for p, = Cyk~* where A > 2, but not for p, = C/(k*In*k).

Ezample 2.1. If pr, = C/(k*In® k), then the sufficient condition of Theorem 2.1 doesn’t

hold.

For any K(n) = o(y/n/Inn), and a sufficiently large n,

Vi i (B0 8) ~ VAC [, HestlipenC

00 1 n 1
~ 2\/50 fK(n) aczlnzdm 2 2\/%0 fK(n) lenxdx
> 24/nC f;(n) 1_12dw o 2\/50( 1 %) > 2y/nC 1 —5 00.

=~ Inn ~ "lnn \K(n) Inn K(n)




To prove Theorem 2.1 and its Corollary, we define

CL’U = kak(]-_pk) ) C Z i(v—i)
Zi, = WZ |:pan o (1 pk,n—%)]7

and we have,

n—1
H = Z ~Clo, H Z Zyy, F = chlvandF > CuZu,.
v=1

Note that

Iy = Uﬂ[n UH Zk [pknng =0 ( — Pk — %)]
:Zk.““[N;UH nHv 1 n— yl;n j Ekpknnq; (l)nnyz;nlj
=2k Prn H;:l (1 - yk%_;l) )

and therefore,
H. = 30000 12 = S0 4 Eebin [T (1 - 525)
= 2k Prin 2o 1111; (1_%%_;”

R —Ybom n—1
= Yy e Sl LTI, (1 - %

and
n—1 N—Yk,n 1

v=1

13
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Let i, Din, Py, 5y and p;; be defined the same way as in the proof of Theorem 1.1,

and accordingly, we have

Go = T Prn(l = pra)”,
Zik,v = WZIQ—I [an] 0( ﬁkvn_@]’
Hy = S (—penmprn) = 300, 265,
S 1 zy = S e St LT (1 — 2,
;o= S (<prn ),
Fro= 302, Gl
Fro= S0 CZt, = S b Tl Cu T, (1= 2250,
Fr o= S0 (e In? ).

(2.3)

Also, we will need the following facts in our proofs: Zhang and Zhou (2010) established
E(Z1,) = Goand E(Z7,) = ¢} s also, C, = Y07 by = 23000 (345) < 2l
Lemma 2.1. Under the condition of Theorem 2.1, we have /n(H, — HY) = 0,(1).

Proof.

Noting that for any k > K(n), we have y;, <y’ and

n— n n—1 n—y, —_
0< STt T (1= ) = S0t T (1 - %)

< Y T (1 ey < S L <l 1,
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therefore,

0 < Vn(H, - H?)
= Vi Sy P ot S T (0= 55 = Vi, S0 T (1 = %55

n—=j

~ n— n v n_l n—Yn
= V0 s P | ot STy (1= 225ty = SO0 LT (1 — )

n=j n*]

<Vn(nn +1) 37 o) P

By lemma 1.2, v/n(lnn + 1)E > e Prn = Vn(Inn +1) 370 e Prn — 0, hence
Vn(H, — H?) = 0,(1) follows by Markov’s Inequality. O

Lemma 2.2. As n — oo, under the condition of Theorem 2.1, we have :

Vn(EH: — H?) = 0

Proof.

OS\/ﬁ(H;_E[A{:) \/_Zv 1fU<lv \/522;11 %Cikv \/_Zv TLUC].U

:\/_Zv n v k=1 pkn<1_pk,n) \/_ZK(n)panv nv<1_pkn)

I/\

Kn n

Pk,n

= H L0 =) <5 0

Therefore, the lemma follows. O
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Lemma 2.3. As n — oo, under the condition of Theorem 2.1, we have

Vn(EH: — H*) =0

Proof. Because f(x) = —zIn(x) is a concave function, by Jensen’s inequality, we have

\/ﬁ Zf:(?) E(_ﬁk,n In ﬁk‘,n + Pk.n In pk,n) S 0.

Also, according to (1.2),

Vi (EH — Hy)

=V Yy E(—prn I Prn + Prn Inprn)lp, 51

v/ S E(—prn 10 P + P nprn)lp, <1

> Vi [ g (1 S ) + O]

K(n
+\/ﬁ Zkz(l) (pk,n In pk,n) 1[pkn<%}
> _\/5217(;('“) _ VnK(m)n  /nK(n)lnn 0.

12n2 n

Therefore, /n(EH — HY) — 0. O

Lemma 2.4. If a and b are such that 0 < a < b < 1, then for any integer m > 0,

b —a™ < mb™ (b — a).

Proof. Noting that f(x) = 2™ is convex on interval (0,1) and f/(b) = mb™ !, the

results follows immediately. O

Lemma 2.5. Under the condition of Theorem 2.1, we have /n(H — H*) = 0,(1).
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Proof.
VI = 115) = /i (B2 + 25 P In i
= Vi (B = S S (L = prn)”)
VS it 2Bk (1 = Prn)
= A — As.
Since

0< Ay = fz’“" > gt $PRn(L = Drn)"
< Zk 1 n—ypn +1p ano;o:n—yk,n-i-l(l — Prn)”
= i sl (1= o)™ < 2 S g (1 = ) et
= % Zf_“f’ —/<1 — Pron)" Ve [ < 1]
= \f Zk 1 T=prnm (1 = Pr)"¥er T [P < 1

n— ~ K(n
= \/_ﬁ Zkz:l ( _pk,n) yk’nl[pk,n < 1] < \/(ﬁ)u

Ay 230 and therefore Ay 5 0.

Before considering A;, we first note the facts that

Y ,nfl Yk,n _ A : 3 N n “.—
<1 — —’;_j ) > (1 — kT) = (1 —pi,n)if and only if 0 < j < P e Kl

(2.4)

and that, after a few algebraic steps, Z7, may be expressed as

~ n—1
Zikv Zk pk’nH] 1 ( yl;;—j )
Ji n—1 n—l1
= Zkzl an L < yl;;_j ) H;'):Jk/\erl (1 - ykn—j )
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where J, = [1/pj,,,| and ., () =1ifa>b.

Av= /i (1 = S8 S (1 = pea)?)
= VA B S T (1= 225 ) = (L= i)’

n—j
n— y n JE N n—1 n—1
= \/_Zk 1" D Z " 11, [Hjilv <1 - %) H;'):JkAu+1 (1 - yl;?)

~ I (1 ( = B ) (1 )|
/S P St L [H}]i&w (1 - yk%_;l) (1= prp) V=) — (1 —ﬁk,n)”]
=A11+ Ao

(2.5)
By (2.4), we have A;; < 0 and A; 5 > 0. We want to show that E(A; ;) — 0 and
E(A;2) — 0 respectively.

VA [ e S ST (1= 55) () O — I
=./n [ﬁ: — H)

V1 | T e Tt HITEY (1 257 ) (1 )
—ZK D prn S i( ~Pr)’|

V2 [ b S0 L (1= i)’ — ]
= A1,1,1 - A1,1,2 - A1,1,3-

| IS

E(A;11) — 0 follows by Lemma 2.2. Then,

-A113:\/_|:Zk 1pan" ykni( ﬁk,n)v_HZ]
= V| B 5 (U= ) — Hy
_\/ﬁ Zk:? ﬁk,n Zgozn—yk’n—l—l % (1 - ﬁk,n>v
= v [ = Hy| = VS i Syt (0 )’
= »A1,1,3,1 — As.
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E(A;131) — 0 by Lemma 2.3, E(A;) — 0 is established above, and therefore

E<A1,173) — 0.

Az =+/n Zk panZ i ij/\v ( - %) (1 = Prp) V@)
—Zk D b 0 L (1= )|
<V [ S pr YTt H"’““’( B (1 V)
- Zk: ﬁkn Zn i 11} (1 — ﬁk’n)v}
—_ \/ﬁ K(n ﬁknzn Yk 1 ( yk’iII>Jk/\v (1 _ﬁk n)O\/(v—Jk)
— S B STV L (L — )T (1 — ) OV )

_\/_Zk 1 pknzn yknl < o
_ JiA\v R
< \/—zk " pkn Zn Yk,n l <1 o yl;,i11> . (1 i pkm)Jk/\'u

IN

< Y a1 = Brn) [0 Sk A )]

= Y Bl = Bron) [0 S0 A ) + T Sk A )
S P (U= ) [Je T 0 ]

S oY P (T + T Y L)

< 1Zk 1 ) ﬁ(lnn—i—%gw

7 Yen+1{Ykn

| /\

Therefore,

B(Ay5) = O (VHE0e) g,

n

Finally E(A; ) = BE(Ay15) — 0. It follows that /n(H — H*) = 0,(1).
Proof of Theorem 2.1.

J A\v
1— M) L (1= Pron) ™ | (1 = Prn)OVE=70)

n— 1\ JeAv—1 .
VS P Yt L (Jk Aw) <1 - y’;"11> oy | (by Lemma 2.4)
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Note that

A ~

Vil = H) = v/n(H; — H}) = /(. — 1) = /n(H - H)
= Vi(H, — H?) + v/n(H; - H;) = /n(H - H}) (2.6)

= Vn(H. = H?) + a(H; = H) 4 /s o (pe 0 pr) — /0 ply Inp

We proved /n(H* — H*) N N(0,0%) in (1.7). The proof is complete if we can
show each of the four terms in the right hand side of (2.6) is 0,(1).

The first two terms are o,(1) by Lemma 2.1 and Lemma 2.5 respectively, and the
third term goes to 0 by the condition of Theorem 2.1, and the fourth term goes to 0

by (1.4). Therefore, by Slutsky’s lemma, we conclude the theorem. O

To prove the Corollary 2.1, we need a few lemmas as follows:
Lemma 2.6. Under the condition of Theorem 2.1, we have F, — F* = 0,(1).

Proof.

>

A

0 < Ey = Fy =0 i (ny Pron 10% Pr — 9 0%
= ZkZK(n) Phn In’ P — ZkZK(n) Pk In? by,
= > s i () Pron (0% Pr — 02 5) < D70 g Pron I0° P
<In’n ZkZK(n) Dkn
By lemma 1.2, In*nFE ZkZK(n) Dk = IHQnZkZK(n) Pk — 0, E,— F* = 0p(1)

follows by Markov’s Inequality. |

Lemma 2.7. Under the condition of Theorem 2.1, we have F, — F* = 0,(1).
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Proof. Noting that for any k > K(n), we have vy, <y’ and

)= St O T (1 — )

v=1

_ yk,nfl

0< 3" Gl (1 — 225

2(ln:})+1) S 2(1nn+ 1)2,

- n n_l - sn
<t G Il (= Bm) < 30 Co < 300

therefore,

>

0< F, — Fr
A N—Yk,n v a1 o n—y} v r—1
= ZkZK(n) Dk,n Zu:ijk Cy Hj:l(l - y’:lT) —Pn Zv:%’ Cy Hj:l(l - ynTj)

I3

~ nN—Yk,n v n—1 n—y;, v -1
= 2 k>K(n) Pm [Zv:ijk’ Co I (1 = yl;?) =2t Co IL-.(1— ynTj)]
<2(Inn+1)* 37,5 k) P

By lemma 1.2, (Inn + 1)*FE > ks Pen = (Inn + 1)? > k>K(n) Pen — 0, therefore,

F., — F* = 0,(1) follows by Markov’s Inequality. O

Lemma 2.8. As n — oo, under the condition of Theorem 2.1, we have :

E(F)—F" =0
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* e oo * n—1 * oo *
0 S Fn - E(Fz) = szl C’Ucl,v - szl CvCl,fu = Zv:n CUCL”U
oo K(n v K(n 00 v
= 0 Co i Pl = prn)” = 0 P 02, Cul(1 = D)
nn K(n 00 v (Inn K(n (1—pp,n)™
< 2t S e (1= ) < 2 S, o)

Pk,

_ 2(1n2+1) Z?':(le)(l _pk,n>n < 2(Inn+1)K(n) .

n

Lemma 2.9. Under the condition of Theorem 2.1, we have F* — F7* = 0,(1).

Proof.
Fr = Fy = F2 = 30 i 0%
Fr = S STt Cuprn (1 — Pran)”
- Zk 1 Zv =n—ygn+1 Cvﬁk,n(l - ﬁk,n)v
= By — Bs.
Since

K(n o] A ~ v
O S 82 = k}_(l) van—yk n+1 C’l)pk,’VL(]' - pk,n)
K(n) 2(Inn+1) A 00 ~ v
K(n) 2(Inn+1 ~ n—
- Zk—(l) n( Yk, ++)1 <1 - pk’,n) Ventl

lnn+1) K(n) A n—yg nt1
Zk 1 1- pk n+1/n(1 - pk7n) "

_ 2(1nn+1 Zk " m<1 _ﬁkm)n—yk,n'i'll[ﬁk,n < 1]

2(1nn+1) ZkK(’l"b - Zl7k (1 —ﬁk,n)nfyk’"ﬂl[ﬁk,n < 1]

I/\

| /\

_ 2(1n;z+1) Zki?(l _pk,n)n_yk’"l[ﬁk,n < 1] < 2(Inn+1)K(n)

n )l
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By 3 0 and therefore B 20. Next,

By =Fr = S0 ST Cuprn(1 = on)”
= zéi“f) b Soct" G [T (1= %25) = (0= )]
- Zk 1 pkn Z: i/kn Cy [HJMU (1 - yl%;l) H;:Jk/\fu—i-l (1 - yk%:)
_ HJk/\v ( B ykn#;l) (1 _ﬁkm)ov(v—Jk)}
+ 50 B Son i C, [H}Igv (1 - %) (1 = Pron) V™) — (1= ﬁk,n)v}

= Bi1 + Bis.
(2.7)

By (2.4), we have B;; < 0 and By, > 0. We want to show that E(53;;) — 0 and

E(B12) — 0 respectively.

By, = <F . F)
[ pknzz ?k" C, H‘]’“A” ( — %) (1= P )O\/(v—Jk) _F
- (-5)
= [ e S G T (1 25 ) (1= )V
= B S0 Co (1= )|
— [ b U Cu (1= )’ — F

= 51,1,1 - 81,1,2 - 31,1,3-

E(Bi1,1) — 0 follows by Lemma 2.8. Next,

Biis = St b vt Co (1= pron)” — F
= [ B X € (1 =) -
= Y B vyt Co (1= Pin)”
= (B = F) = i 5 Y Co(L— i)’
= 81,1,3,1 — Bs.
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As we showed lim,,_,, Eﬁn = F in Corollary 1.1, E(B;1,3,1) — 0 can be proved in the

same way. Also, E(By) — 0 is established above, therefore, E(B135) — 0.

617172 _ k 1 pkn Zn ykn HJk/\v <1 N yz;zgl) (1 _ﬁk,n)ov(v_Jk)
— S B St O (1= i)
K(TL A~ N—Yk,n C JiA\v 1 _ Yen—1 n—1 1 A O\/(U—Jk)
< ket Prn Dot IT;5 P ) (1 = Prn)
_Zk 1 pknzn o C ( ﬁk,n)v

n) n—Yg,n C Yk,n—1 Tev ~ oV (v—Jy)
Zk:l Prn Dpet - Co (1= 2 (1= prm)

_ Zk ") Bren Z” Yk,n ( ﬁk,n)Jk/\v (1 . p‘k,n)o\/(’u—‘]k)

n) ~ n— n nil Jk/\v A J A\v A v—
= 2ik= 1) knz yk (1 N %) - (1 _pk,n) e (1 —pk,n)ov( Ii)

Ji \v
2D p e (1 5) -0

< K(n) n— ykn . Yr,n—1 Jenv—l N—Yk,n L 24
<D het Prm Do v | (Je Av) (1 — =2 ) (by Lemma 2.4)

) [ Szt Culdi A
25 D yes
Vi D

IN

K(n) A

ﬁ Zkz(l)pk,n(l -
K(n) A

L Y (1 -

1Zk 1 pkn(l_pkn

pk
pk

IN

| /\

< Q(IH"H) ZkK(?) Pendr(Inn + 1)
2(1nn—i—1)2 ) Yk,n n 2(Inn+1)*K(n)
S Zk 1 n yk,n+1[yk,n:0] S n—1
Therefore,

E(By12) = O (M> 0.

n

Finally E(B; ) = E(Bi12) — 0. It follows that F* — F* = 0,(1).
Proof of Corollary 2.1.

A A ~ ~ ~ ~ ~ ~

F,.—-F=(F,.—F))+(F;—-F)+(F;,—F,) +(F, - F)

Each of the first three terms in above equation is 0,(1) by Lemma 2.7, Lemma
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2.9, and Lemma 2.6 respectively. Also, we showed in the proof of Corollary 1.1 that

F, — F = 0,(1). Therefore, F, — F = 0,(1).
By Theorem 2.1, ﬁzz % H? and hence, E, — f[f % F — H? = ¢2. Finally,we

conclude the corollary by Theorem 2.1 and Slusky’s Theorem. |

2.3 Remarks

In conclusion, the sufficient condition of the new estimator supports less distri-
bution class than that of the plug-in estimator.However, simulations showed that H,
always outperforms H, under various distributions; also, Zhang (2012) showed that
the upper bound of the variance of H, decays faster than that of H, by a factor of
In(n) at a rate O(In(n)/n) for all distributions with finite entropy, they lead to my
conjecture that the sufficient condition of Theorem 2.1 can be further relaxed. Next
question that one would naturally ask is whether there exists a probability distribu-
tion under which the normality of one estimator holds but does not for the other.To
answer this question completely, the directions of the future research should aim to

establish the necessary and sufficient conditions of both estimators.
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