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Let M x denote the ideal of meager subsets of a topological space X. We prove that
if X is a completely metrizable space without isolated points, then the smallest
cardinality of a non-meager subset of X, denoted non(M ), is exactly non(Mx) =
cf[k]¥ - non(Mp), where k is the minimum weight of a nonempty open subset of
X. We also characterize the additivity and covering numbers for Mx in terms of
simple topological properties of X. Some bounds are proved and some questions
raised concerning the cofinality of M x and the cofinality of the related ideal of
nowhere dense subsets of X.

We also show that if X is a compact Hausdorff space with w-weight x, then
non(Mx) < cf[]¥ - non(Mp). This bound for compact Hausdorff spaces is not

sharp, in the sense that it is consistent for such a space to have non-meager subsets

of even smaller cardinality.
© 2025 The Authors. Published by Elsevier B.V. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
An ideal on a set X is a collection Z of subsets of X such that

(1) every finite subset of X is in Z,
(2) if A€ Z and B C A then B€ 7,
(3) if 7 C 7 and J is finite, then | J € 7.

An ideal is proper if T # P(X) or, equivalently, if X ¢ Z. An ideal Z is called a o-ideal if it satisfies the
following strengthening of (3):

(3") if J C T and J is countable, then |JJ € 7.
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Four cardinal numbers are naturally associated to every ideal:

o

add(Z) = min{|J|: J CZand JJ ¢ Z}.

cov(Z) =min{|J|: JFCZand YT = X}.

non(Z) =min{|Y|: Y C X and Y ¢ T}.

cof(Z) =min{|J|: F CZTandVA€Z 3B J B D A}.

[¢]

@]

[}

These four cardinals are known, respectively, as the additivity, the covering number, the uniformity
number, and the cofinality of Z. If Z is a proper o-ideal, then these four cardinals satisfy the inequalities
displayed below.

non(7)
= Ny
N, < add(Z) cof(I) < |Z] < [P(X)]
\y =
cov(Z)

If X is a T3 space with no isolated points, then

Mx ={AC X: Ais meager in X}

is a o-ideal on X. (If X has an isolated point, then M x fails requirement (1) in the definition of an ideal.)
This is a proper o-ideal if and only if X is not a countable union of meager sets. A Baire space is a space
satisfying the conclusion of the Baire Category Theorem, and M x is a o-ideal for any Baire space X with
no isolated points. The two best known classes of Baire spaces are the completely metrizable spaces and the
(locally) compact Hausdorff spaces. Here we focus primarily on the first of these two classes, but we also
prove a result about compact Hausdorff spaces in Section 5.

If X is a Polish space with no isolated points, then M x is isomorphic to Mp: in fact, there is a bijection
f : X — R such that both f and f~' send meager sets to meager sets. It follows that the four cardinal
numbers associated to Mx and My are the same. Henceforth, we use M (with no subscript) to denote
MR or, equivalently (for the purposes of this investigation), M x for any perfect Polish space X.

The four cardinal invariants associated to M are classical cardinal characteristics of the continuum. Their
values are between N; and ¢, and they satisfy the inequalities indicated in the diagram above. Furthermore,
no inequalities other than these are provable in ZFC: it is consistent that non(M) < cov(M) (e.g. in the
Cohen model) and that cov(M) < non(M) (e.g. in the random model). The ideal M, and its associated
cardinal invariants, are fairly well understood when X is Polish.

In this paper we consider the ideal M x of meager subsets of a not-necessarily-Polish space X. In order
to avoid trivialities, we always require X to have no isolated points and to be either completely metrizable
or compact Hausdorff. Our motivating question is:

Question. Given a space X with no isolated points, can the four cardinals add(Mx), cov(Mx), non(Mx),
and cof (M x) be determined in some simple way from basic topological properties of X ¢

The majority of the paper is devoted to determining the exact values of three of these four cardinals
when X is completely metrizable. The main results along these lines are: if k is the least cardinal number
such that a nonempty open subset of X has weight x, then
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add(M) if X has a w-base consisting
add(Mx) = of second countable open sets,
Ny if not,

cov(M) if kK = Ny,
N if kK > Ng,

cov(Mx) = {

non(Myx) = cf[]* - non(M).

The first two equalities are proved in Section 2. The third equality, characterizing non(M ), is proved
in Section 3. Interestingly, our proof of this last equality relies on a theorem of Shelah from pcf theory. We
provide an example suggesting that such an approach may be necessary.

In Section 4 we prove several inequalities concerning both cof(M x) and the cofinality of the related ideal
NWDx of nowhere dense subsets of X:

kT, cf[k]¥, cof (M) < cof(My) < cof(N\WDx) < 2°

when X is the completely metrizable space D“, where D is the discrete space of size k. We also include
some still-unresolved questions concerning cof(M x) and cof (NW\WDx).

Finally, in Section 5 we discuss (locally) compact Hausdorff spaces. The main result of this section is
an upper bound for non(M x) similar to the bound for completely metrizable spaces. Specifically, if X is
a locally compact Hausdorff space with no isolated points, and x is the minimum 7-weight of a nonempty
open subset of X, then

non(Mx) < cf[k]” - non(M).

The proof of this theorem uses our result concerning completely metrizable spaces, and thus also relies
indirectly on Shelah’s theorem from pcf theory.

In the world of Polish spaces and cardinal invariants, many results concerning the meager ideal M dualize
to give analogous results concerning the null ideal A'. One wonders, then, whether something similar to the
results described above can be proved for generalized measure spaces. Something along these lines has been
done by Fremlin; see [10] and [12]; see especially [10, Theorem 16|, in which the cardinal cf[k]“ features.

2. Additivity and covering for a completely metrizable space
Recall that the weight of a space X, denoted w(X), is the minimum cardinality of a basis for X. Let
wy(X) = min{x: some nonempty open U C X has weight x}.
We say that X has uniform weight x if w(X) = w (X) = &, or, equivalently, if every nonempty open subset
of X has weight k.
A cellular family in a space X is a collection of nonempty pairwise disjoint open subsets of X. The
cellularity of X, denoted ¢(X), is

¢(X) = sup{|S|: S is a cellular family in X}.

By a theorem of Erdds and Tarski in [9], if X is any space and ¢(X) is not a regular limit cardinal, then
there is a cellular family in X of cardinality ¢(X): in other words, the supremum in the definition of ¢(X) is
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attained. Furthermore, if X is metrizable then the supremum in the definition of ¢(X) is attained regardless
of whether ¢(X) is a regular limit cardinal or not.

In what follows, if a cardinal number £ is referred to as a topological space, assume that x carries the
discrete topology (not its usual order topology). So, for example, x is the discrete space of size k, and k*
is a completely metrizable space with uniform weight . The latter is sometimes called the Baire space of
weight k (e.g. in [8]).

Lemma 2.1. Suppose X is a completely metrizable space with uniform weight k. Then X has a co-meager
subset homeomorphic to kK“.

Proof. Suppose k = w(X) = w(X). By the Bing Metrization theorem, X has a o-discrete basis. That is,
there is a sequence By, Bi,Ba, ... of countable collections of open subsets of X such that B = J,,,, By is
a basis for X and each B,, is discrete, which means that every point of X has a neighborhood meeting at
most one member of B,,. Let

Y = X\U{U\U:Ue€B}.

In other words, Y is obtained from X by removing the boundary of every member of B. We claim that Y
is co-meager in X and homeomorphic to £“.

To see that Y is co-meager in X, note that |J {U\U: U e Bn} is closed and nowhere dense in X
for each n € w. (This follows easily from the fact that B, is discrete.) Hence J{U\U: U € B} =
Unew U{U\U: U € B, } is a meager F, set, and Y is a co-meager G5 subset of X.

To see that Y is homeomorphic to k“, we appeal to a theorem of Stone from [24], which states: A
completely metrizable space is homeomorphic to k* if and only if it is strongly 0-dimensional and has
uniform weight k. (This generalizes to higher weights the famous characterization of the Baire space w* by
Alexandrov and Urysohn; see [18, Exercise 7.2.G].) The fact that Y is completely metrizable follows from the
fact that it is a G5 subset of the completely metrizable space X. (Recall that, by a theorem of Alexandrov,
a subspace of a completely metrizable space is completely metrizable if and only if it is Gs.) The fact that
Y is strongly O-dimensional follows from [8, Theorem 7.3.8]. The fact that ¥ has uniform weight  follows
from the fact that X does. Specifically, for every nonempty open U C Y there is a nonempty open W C X
with U = WNY. But U is dense in W (because Y is co-meager), and in any T3 space, the weight of a dense
subspace is equal to the weight of the original space. Thus w(U) = w(W) = k. O

Recall that a w-base for X is a collection B of nonempty open sets such that every nonempty open subset
of X contains a member of 5.

Lemma 2.2. If X is a metric space and B is a w-base for X, then there is a maximal cellular family S in X
such that S C B and |S| = w(X).

Proof. By the aforementioned result of Erdés and Tarski, there is a cellular family Sy in X with |So| = ¢(X).
But w(X) = ¢(X) for metrizable spaces (see [8, Theorem 4.1.15]), so |Sp| = w(X). For every U € Sy, a
straightforward application of Zorn’s Lemma gives a maximal subset Ty, C B such that |J7y C V and the
members of Ty, are pairwise disjoint. Because B is a 7w-base, each Ty is a maximal cellular family in V. But
then § = Uy g, Tv is a maximal cellular family in X. Furthermore, ¢(X) = w(X) = [So| < [S| < ¢(X), so
S| =w(X). O

Lemma 2.3. Let X be a completely metrizable space with uniform weight k > Ry. Then cov(Mx) = N;.



W. Brian / Topology and its Applications 379 (2026) 109516 5

Proof. First, we claim that cov(M,w) = X; for uncountable k. To see this, for each o < k define
F, = {z € k": a ¢ range(z)}.
Here, as usual, we are thinking of = as a function w — «. Recall that x* has a basis of sets of the form
[s] = {z € ¥: z[length(s) = s}
where s € k<“. Each F, is closed in k¥, because
K\ Fy = {r € *: a € range(z)} = |J{[s]: a € range(s)}.

Furthermore, if [s] is any element of our basis for x*, then [s™«] is another set in the basis with [s™a] C [s]
and [s~a] N F, = 0. Thus each F, is a nowhere dense closed subset of . Now observe that

Ua<w1 F, = {z € k¥: range(z) P w1} = X,

where the second equality holds because range(z) is countable for every x € k“. Thus we have an N;-sized
collection of nowhere dense subsets of kK whose union is all of k“.

By Lemma 2.1, there is a meager F' C X such that X \ F' = x“. By the previous paragraph, X \ F' can
be covered by R; sets meager in X \ F, and therefore meager in X. Adding F to this collection, we obtain
a collection of Xy meager sets covering X. 0O

Theorem 2.4. If X is a completely metrizable space with no isolated points,

cov(My) = {cov(/\/l) if w(X) =N,

Ny if wy(X) > No.
Proof. For the first case, suppose w(X) = Ng. In other words, there is a nonempty open U C X with
countable weight. Because open subsets of completely metrizable spaces are completely metrizable, U is
Polish. Hence cov(M) meager-in-U sets are required to cover U; equivalently, cov(M) nowhere-dense-in-U
sets are required to cover U. But because U is open, if F C X is nowhere dense in X then U N F is
nowhere dense in U. Thus > cov(M) nowhere dense subsets of X are required to cover U, and it follows
that cov(Mx) > cov(M).

For the opposite inequality, first observe that

B ={UCX:Uisopen, U#0, and w (U) =w(U)}

is a m-base for X. By Lemma 2.2, there is a maximal cellular family S in X such that w (U) = w(U) for
every U € S. For each U € S, either (1) U is Polish, and there is a sequence (FY: o < non(M)) of nowhere
dense subsets of U covering U, or (2) U is not Polish, w(U) = w (U) > Ny, and by Lemma 2.3 there is a
sequence (FY: a < wy) of nowhere dense subsets of U covering U.

For each v < wy, let F, = J{FY{: U € S}, and if w1 < a < cov(M), let F, = J{Fg: U € S and w(U) = No}.
Using the fact that S is a cellular family, it is not difficult to see that each F, is nowhere dense in X.

Because S is a maximal cellular family, |J S is an open dense subset of X; hence F = X \ |JS is nowhere
dense.

Now {F} U{F,: a < cov(M)} is a collection of cov(M) nowhere dense subsets of X, and this collection
covers X. Hence cov(Mx) < cov(M).
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For the second case, suppose w)(X) > Rg. Because X is completely metrizable, and therefore satisfies
the conclusion of the Baire Category Theorem, M x is a o-ideal and cov(Mx) > N;.

For the reverse inequality, note that, just as in the first case, there is a maximal cellular family S in X such
that w (U) = w(U) > Ny for every U € S. By Lemma 2.3, for each U € S there is a sequence (F{: o < wy)
of nowhere dense subsets of U covering U. As above, for each o < wy let F, = (J{F{: U € S}, and let
F=X\US. Then {F}U{F,: a <w;} is a collection of cov(M) nowhere dense subsets of X, and this
collection covers X. Hence cov(Mx) < N;. O

Theorem 2.5. If X is a completely metrizable space with no isolated points,

add(M)  if X has a w-base consisting of Polish spaces,

Ny otherwise.

add(Mx) = {

Proof. For the first case, suppose X does not have a m-base consisting of Polish spaces. Because
{UCX:Uisopen, U#0, and w (U) =w(U)}

is a m-base for X, there is some nonempty open U C X with w (U) > R;. By the previous theorem,
cov(My) = Ry, ie., there is a set of N; meager-in-U sets covering U. But every set meager in U is also
meager in X, so there is a collection of N; meager subsets of X whose union covers U. Because U is non-
meager in X, this shows add(Mx) < Ry. But My is a o-ideal, so 8; < add(Mx), and we conclude that
add(Mx) = Ny.

Suppose next that X does have a m-base consisting of Polish spaces. By Lemma 2.2, there is a maximal
cellular family S in X consisting of Polish spaces. Because each U € S is open, if Y C X is meager in X
then Y NU is meager in U.

Suppose F is a family of meager subsets of X with |F| = x < add(M). For each U € S, UNJF =
U{UNM: M € F} is a union of x meager-in-U sets. Because each U € S Polish and x < add(M), UN|JF
is meager in U. Because S is a cellular family, it follows that J{UNUF: U € 8} = (US) n (UF) is
meager in X. But X \ [JS§ is also meager in X: in fact it is a nowhere dense closed set, because |J S is dense
in X. Thus

UF < ((US)n(UF))u(x\US)

is meager in X. Thus k < add(Mx), and this shows add(M) < add(Mx).

For the reverse inequality, fix some nonempty open U C X such that U is Polish. There is a set F of
meager subsets of U such that |F| = add(M) and |J F is not meager in U. But because U is open, a subset
of U is meager in U if and only if it is also meager in X. Hence F is a collection of meager subsets of X
such that |F| = add(M) and |J F is not meager in X. Thus add(Mx) < add(M). O

3. Uniformity for a completely metrizable space

In this section we prove the main theorem of the paper, a characterization of non(Mx) in terms of w (X)
when X is completely metrizable.

If x is an infinite cardinal, then [k]* denotes the set of all countably infinite subsets of k. A family
F C [k]“ is cofinal if for every A € [k]¥ there is some B € F such that B D A. In other words, F C [x]* is
cofinal if it is (in the usual sense of the word) cofinal in the poset ([x]*,C). Let

cf[k]* = min {|F|: F is a cofinal subset of [k]*} .
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For example, cflw1]® = N; because, identifying an ordinal with the set of its predecessors as usual,
{a: w < a<w} is a cofinal subset of [w1]¥. In fact, this example with w; can be extended to show that
cf[k]¥ = k for all uncountable K < X,,.

As for cardinals >N, it is not difficult to see that k < cf[k]* for all uncountable x, and a reasonably
straightforward diagonalization argument shows also that k* < cf[k]* whenever k is a singular cardinal
with cofinality w. Shelah’s Strong Hypothesis, abbreviated SSH, is the statement that these straightforward

lower bounds are sharp:

(SSH) ] = {n if cf(k) >

kT if of(k) =

The failure of SSH implies the consistency of large cardinal axioms (see [17] or [6]). Nonetheless, it is
consistent, relative to large cardinals, that cf[x]* takes on values larger than those listed above (see [19]).
Following [13], a subset C of [k]“ is closed if whenever {A,,: n € w} CC and Ag C A; C Ay C ..., then
Unew An € C. If C C [k]“ is both closed and cofinal, then C is called a club. (In [13] the word “unbounded”
is used rather than “cofinal”.) A subset of [k]* is stationary if it intersects every club subset of [k]“.
Given a sequence of functions § = (g,,: n € w) mapping K< — k<%, let

C(G) = {A € [k]“: for every n € w, if s € A< then g,(s) € A<‘“} )

In other words, C(§) is the set of all A € [k]“ that are closed, in the appropriate sense, with respect to all
the g,,. The following result can be found in [14] or [23], and is proved by a standard closing-off argument:

Lemma 3.1. For any sequence § = (gn: n € w) of functions k<% — k<%, C(g) is club in [k]*. In particular,

every stationary subset of [k]*

contains a member of C(g).
The main tool for proving our characterization of non(Myx) in this section is the following result of
Shelah.

Theorem 3.2 (Shelah). For any infinite cardinal k, there is a stationary subset of [k]* with cardinality cf[k]“.

All stationary subsets of [k]“ are cofinal: this follows from the fact that for any given A € [k]¥,
{B € [k]¥: B2 A} is club, and so any given stationary set must contain some B 2O A. Consequently,
every stationary set has size > cf[«]¥. Shelah’s theorem says this lower bound is sharp.

All known proofs of Theorem 3.2 rely on pcf theory. A proof first appeared in [21], and the result also
appears in Shelah’s book [22]. A simplified and corrected version of the proof is presented in [23].

It is worth pointing out that if x = R,, < X, then Theorem 3.2 can be proved for x without recourse
to pcf theory, via a relatively straightforward induction on n. Indeed, this special case of the theorem was
proved by Baumgartner and Taylor in [3] before the invention of pef theory.

In Remark 3.5 below, we provide an example that suggests the use of stationary sets, and Shelah’s
Theorem 3.2, may be necessary for proving our characterization of non(Mx).

Theorem 3.3. Let X be a completely metrizable space with uniform weight k. Then non(Mx) = non(M) -
cf[k]“.

Proof. If X has uniform weight x, then by Lemma 2.1 X has a co-meager subspace homeomorphic to xk“.
But if YV is co-meager in X, then Z is meager in X if and only if ZNY is meager in Y. Thus, to prove the
theorem it suffices to show that non(Mye«) = non(M) - cf[x]*.
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To see that non(M) < non(M e« ), note that k% ~ (kXw)¥ &~ k¥ xw*. Let m denote the natural projection
KYxw? — wv. If Z C k¥ xw* and |Z] < non(M), then |7[Z]| < non(M) and so 7[Z] is meager in w*. Thus
there is a sequence Fy, F1, Fy, ... of nowhere dense subsets of w* with 7[Z] C |J,,,, F- But it is clear that
if I is nowhere dense in w* then 771(F) is nowhere dense in . Therefore 7~ (Fp), 7~ (F1), 7~ (Fa), ...
is a sequence of nowhere dense subsets of £ x w* with Z C 7~ (7[Z]) C U,,c,, @ (F,). Thus Z is meager.
Hence non(M) < non(M e« ) = non(Mye).

To see that cf[k] < non(Mw), fix some Z C k* with |Z| < cf[k]“. Viewing the points of k* as functions
w — Kk, we have |{range(z): z € Z}| < |Z] < cf[k]“, and therefore {range(z): z € Z} is not cofinal in [x]*.
Thus there is some A € [k]¥ such that range(z) 2 A for any z € Z.

As in the proof of Lemma 2.3, let F,, = {x € k¥: a ¢ range(z)} for each a < k. In the proof of Lemma 2.3,
we showed that each of these F, are closed and nowhere dense in k“. Consequently

Uaea Fa = {z € k¥: range(z) 2 A}

is meager in k“. But this set contains Z, by the previous paragraph. Thus Z is meager, and it follows that
cf[k]* < non(M,w).

It remains to prove the reverse inequality: non(M,«) < non(M)-cf[x]*. To do this, we find a non-meager
subset of k* with size non(M) - cf[x]“.

For each A € [k]*, observe that A% is a closed subset of kK, and is homeomorphic to the Baire space w*.
In particular, if A € [k]* then there is some Z4 C A¥ such that Z4 is non-meager in A* and |Z4| = non(M).
Applying Theorem 3.2, let S be a stationary subset of [k]* with |S| = cf[s]¥. Let Z = (J .5 Za. Clearly
|Z| = |S] - non(M) = non(M) - cf[k]¥, and we claim that Z is a non-meager subset of xk*.

Aiming for a contradiction, suppose instead that Z is meager in «“. Fix a sequence Fy, F1, Fs,... of

closed nowhere dense subsets of k* with Z C | F,,. Recall that x“ has a basis of sets of the form

[s] = {z € k”: x| (length(s) = s)}

where s € k<“. Fix n € w. For each basic (cl)open set [s], there is a basic (cl)open set [¢] C [s] such that
[t] N E,, = 0, because F,, is nowhere dense. For each n € w, fix a function g, : K% — k<“ choosing some
such t for each s: i.e., for each s € k<%, [gn(s)] C [s] and [gn(s)] N E,, = 0.

By Lemma 3.1,

C = {A€[x]¥: for any n € w, if z € A< then g,(s) € A<¥}

is a club subset of [k]“. Using the fact that S is stationary, fix A € SNC.

For any s € k<%, obesrve that [s] N A% # @ if and only if s € A<“. So the basic (cl)open neighborhoods
of A% are the sets of the form [s] N A with s € A<“. Fixn € w. If s € A<“, then g,(s) € A<, and therefore
[gn(s)] N A“ is a nonempty (cl)open subset of A“ such that [g,(s)] C [s] and [gn(s)] N F,, = 0. As s was
arbitrary, this shows that F;, N A“ is nowhere dense in A*. Because this is true for all n and Z C |J,,,, Fn,
this shows that Z N A“ is meager in A“. This is a contradiction, because Z O Z 4 and Z 4 is non-meager in
Av.

Hence Z is a non-meager subset of x* with size non(M) - cf[x]¥, and therefore non(M ) < non(M) -
cf[k]“. O

Theorem 3.4. Let X be a completely metrizable space, and let k = wy(X). Then non(Mx) = non(M)-cf[k]“.
Proof. Fix some nonempty open U C X with w(U) = w(U) = k. By Theorem 3.3, there is some Z C U

such that Z is non-meager in U and |Z| = non(M) - cf[k]*. But if Z is non-meager in U and U is open in
X, then Z is non-meager in X. Thus non(Mx) < non(M) - cf[x]“.
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For the reverse inequality, fix some Z C X with |Z] < non(M)-cf[x]*. By Lemma 2.2, there is a maximal
cellular family S in X such that w (U) = w(U) for every U € S. For each U € S, we have A = w(U) > &,
which implies cf[A]* > cf[k]“. Thus |Z N U| < non(M) - cf[k]¥ < non(M) - cf[A]“, and it follows from
Theorem 3.3 that Z N U is meager in U.

For each U € S, fix a sequence F{, FY, F{, ... of nowhere dense sets with |J,, .., F} 2 Z NU. Because
S is a cellular family, F,, = ;g FY is nowhere dense in X for each n. Also, Fy = X \ [JS is nowhere
dense, because S is a maximal cellular family. Thus Fy, F1, F5, ... is a sequence of nowhere dense subsets
of X,and Z C |, . F,. Hence Z is meager, and non(Mx) > non(M) - cf[x]¥. O

new

Remark 3.5. Shelah’s Theorem 3.2 enters this proof as a tool for showing the inequality
non(M,.) < non(M) - cf[x]*,

i.e., for showing that x“ has a non-meager subset of size non(M) - cf[£]*. In summary, our idea was: let F
be a stationary family in [x]*, and for each A € F let Z4 be a non-meager subset of A with size non(M).
(Note that A% is just a copy of the Baire space, so it does in fact have a non-meager subset of this size.)
Then (J 4. Z4 is non-meager.

This raises the question of whether we really need F to be stationary. Would any cofinal family have
sufficed? The purpose of this remark is to give an example answering this question in the negative: if F is
merely cofinal in [k]*, then |J,. » Z4 may not be non-meager in x*.

To see this, fix a cardinal K > w and let 7 = {A € [k]“: sup A € A}. It is clear that F is cofinal in [x]“.
However, a little thought reveals that C = {A € [k]¥: sup A ¢ A} is club, and thus F is non-stationary.

For each A € F, let

Us = {z € AY: sup A € range(x)} = U{[s]: sup 4 € range(s)}.

This set is open in A¥. Furthermore, if [s] is a basic (cl)open subset of A%, then [s™(sup 4)] is a basic
(cl)open subset of A% contained in Ug N [s]. Thus Uy is a dense open subset of Uy. Because A¥ is just a
copy of the Baire space, there is some non-meager Z4 C Ua with |Z4| = non(M).

We claim that UAE}- Z 4 is meager in k“. To see this, let

F, = {z € k¥: z(n) = suprange(z)} .
Each F), is a closed subset of k“, because
K\ F, = U{[s]: length(s) > n and s(n) # suprange(s)}.

Furthermore, if [s] is a basic (cl)open subset of k“, then we can find some s’ O s with length(s’) > n, and
then set t = ¢’ "« for some o > suprange(s’). Then [t] is a basic (cl)open subset of k¥ with [¢] C [s]
and [t] N F,, = 0. Thus each F, is nowhere dense in k*. Consequently Uneo Fn is meager. Furthermore,
Ua € U, ey Frn for each A € F, and this means that Z = U cr Z4 € UyerUa €U F,,. Therefore Z
is meager. 0O

new

4. The cofinality of M x and N\WDx

Given an ideal Z on a set X, we say F C T is cofinal if F is cofinal (in the usual sense of the word) in
the poset (Z,C); i.e., for every A € T there is some B € F such that B O A. Recall from the introduction
that cof(Z) is the minimal size of a cofinal subset of Z.
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Given a topological space X, let
NWDx = {N C X: N is nowhere dense in X}.

If X is a T space with no isolated points then N\WDx is an ideal on X. It is not generally a o-ideal.
It is not difficult to see that cov(NWDx) = cov(Mx) whenever Mx is a o-ideal, and therefore, by the
results in the previous section,

cov(M) ifw (X) =N
cov(MWDyx) = cov(Mx) = M) LX) 0

Ny if wi(X) > Ny
if X is completely metrizable and has no isolated points. Using the fact that the density of a metric space
is equal to its weight (see [8, Theorem 4.1.15)),

non(NWDx) = min {|D|: D is dense in a nonempty open U C X'}
= {w(U): U C X is nonempty and open} = w(X)

for every metrizable space X (whether it has isolated points or not). If X is metrizable and has no isolated
points, then taking F}, to be a maximal 1/n-separated subset of X for each n, we obtain a countable collection
of nowhere dense sets whose union is dense. Thus

add(NMWDx) = Ry,

Hence, as with M x, three of the four cardinal invariants of NWDx are determined, all but the cofinality.

In this section we prove some results and ask some questions concerning cof(W\WD,«) and cof (M, ).
The reason for focusing on the generalized Baire spaces x“ is twofold: (1) these spaces played a fundamental
part in our analysis of additivity, covering, and uniformity in the preceding two sections, and (2) already
the spaces k“ present significant difficulties and raise some interesting questions. The foremost of these
questions is:

Question 4.1. Is cof (W\WD,w ) = cof (M) for every k%

For the case K = w (the Baire space) the answer to this question is yes, by a theorem of Fremlin in
[11, Section 3]. For uncountable x the question remains open (even for x = w). However, we do have the
following inequality:

Theorem 4.2. cof (M) < cof (WWD,w) for every k.

Proof. For each n € w, let B,, = {x € k*: 2(0) = n}, and let ¢,, : B, — k“ be the natural homeomorphism
sending x € B,, to the function n — xz(n + 1) (in other words, ¢,, deletes the first coordinate of z). Given
F C k“, define F = Uncw @n[F N By]. It is clear that the map F' F sends nowhere dense subsets of £*
to meager subsets of x“. We claim that if F is a cofinal subset of NWD,w, then {F : F € F} is cofinal in
M.

To see this, let Z be a meager subset of k, and let Fy, F, Fb,... be a sequence of nowhere dense sets
covering Z. But then F = J, ., ¢5(F,) is nowhere dense in %, and F' = |J,. F, 2 Z. Because F is

cofinal, there is some E € F with E D F, and then £ D Z. Thus {F : F € F} is cofinal in Mw, and this
shows cof (Myw) < cof (N\WDyw). O
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We next proceed to prove three lower bounds for cof (M) and one upper bound for cof (N\WD,.):
kT, cf[K]¥, cof (M) < cof(Mw) < cof(WNWD,w) < 27,

Two of these lower bounds (k1 and cf[k]¥) are straightforward. The third requires the following lemma
reminiscent of the Kuratowski-Ulam theorem.

Lemma 4.3. Suppose X and Y are completely metrizable spaces, and let my denote the natural projection
X xY =Y. Then ACY is meager in' Y if and only if ny'(A) is meager in X x Y.

Proof. For the “only if” direction of the lemma, suppose A is a meager subset of Y. Let Fy, Fy, Fs,... be

new Fn- But thenlw;l(Fo),ﬂ;l(Fl),71'{,1(F2),... is

a sequence of nowhere dense subsets of X x Y and my,'(4) € U, o, Ty (Fn). Thus, if A is meager then

a sequence of nowhere dense subsets of Y with A C |

Ty (A) is meager too.

The “if” direction is stated as Theorem 1.5 in [7]. The proof is omitted from [7] and left as an exercise.
But it is (correctly) pointed out in [7] that a proof of this result can be obtained by adapting the proof of
Theorem 3(9) in [26]. O

Theorem 4.4. For any infinite cardinal K,
kT, cf[k]¥, cof (M) < cof (M) < cof(WNWD,w) < 27,

Proof. To see that kKt < cof(Myw), let F be a family of meager subsets of k% with |F| = k. Enumerate
F ={F,: a <k}, and for each @ < k let B, = {z € k*: 2(0) = a}. Because each B, is clopen in k* and
F, is nowhere dense, for each « there is some x, € B, \ F,. But then {z,: a < x} is meager (in fact it is
a closed discrete set) and is not contained in any member of F. Thus F is not cofinal.

To see that cf[k]¥ < cof(Mye), simply note that non(M,w) < cof(Mye), and cf[k]¥ < non(Mye) by
Theorem 3.3.

To see that cof (M) < cof (M, ), first note, as in the proof of Theorem 3.3, that ¥ ~ (kX w)¥ &~ Y Xw".
Let 7 : k% Xw” — w* denote the natural projection. Given A C k* xw*, define A = {a: cwv:nl(x) C A}.

If AC kY xw”, then A D 7r*1(/~1). Using this fact, Lemma 4.3 implies that if A is meager in k¥ x w*
then A is meager in w®.

Now suppose F is a cofinal subset of M.y «. By the previous paragraph, {4 : A € F} is a subset of
M. We claim that it is also cofinal. To see this, let X C w*“ be meager. By the easy direction of Lemma 4.3,
7~ 1(X) is meager in £“ x w*. Consequently, there is some A € F with A D 7~ *(X), and this implies A D X.
Thus {A: A € F} is a cofinal subset of M., and it follows that cof(M) < cof (M g e ) = cof (M ).

Finally, we wish to show that cof (W\WD,«) < 27. This is straightforward: 2% has a basis of size x (the sets
of the form [s]) and thus has 2" open sets and 2% closed sets. The inequality follows, because the collection
of nowhere dense closed sets is cofinal in NWDx. O

Let us note that these three lower bounds are independent of one another, in the sense that any of x*,
cf[k]¥, or cof (M) can be strictly larger than the other two, for certain values of x in certain models of set
theory.

If GCH holds, this theorem implies Kt = 2% = cof(M,w) = cof (NWD,.) for every x. This gives a
consistent positive answer to Question 4.1. Combining this observation with Theorem 4.2, the open part of
Question 4.1 is whether it is consistent to have cof (M) < cof (N\WD,.) for some k.

Question 4.5. Is it consistent that max{x™, cf[k]*, cof (M)} < cof (M) for some infinite cardinal k? What
about k = wq ?



12 W. Brian / Topology and its Applications 379 (2026) 109516

Question 4.6. Is it consistent to have cof(Myw) < 2% for some infinite cardinal k? What about
cof (NMWD,w) < 277

We end this section by proving another lower bound for cof (NWD,. ). Consider the poset w” of functions
Kk — w ordered by

f<g if and only if fla) < g(a) for all a < k.
Let cof(w”, <) denote the cofinality of this poset, i.e.,
cof(w”, <) = min{|F|: Vgew™3f € Fg< f}.

This poset and its cofinality were studied by Jech and Prikry in [15], where they proved that if 2%° is regular
and 2% < 2% then cof (w*1, <) = 2% implies there is an inner model with a measurable cardinal. It is also
known that if k™0 = k then cof(w”, <) = 2%. It is an open problem, and has been since the appearance of
Jech and Prikry’s paper in 1984, whether it is consistent to have cof(w®, <) < 2% for any uncountable .
The following theorem shows that finding a positive answer to Question 4.6 is at least as hard as solving
this problem of Jech and Prikry.

Theorem 4.7. cof(w", <) < cof (W\WD,w).
Proof. To each F € NWD,. we associate a function gp € w" as follows:
gr(a) = min {length(s): s(0) =« and [s]NF = 0}.
Observe that g is well-defined because F' is nowhere dense, which means that there must be some s with
[s] € [{«)] and [s] N F = 0. Also observe that if F C F then gr < gg.

If F C N\WD,w and |F| < cof(w”, <), then {gp: F € F} is not cofinal in (w”, <), and there is some
f € w" such that f £ gp for all F € F. Let

K ={zxer: z(n)=0if n> f(x(0))}.
This set is clearly nowhere dense, because if [s] is a basic (cl)open subset of s then we may take t =

§71717 -+ (n times) - -- ~1 for some n > f(¢(0)), and then [¢t] N K = 0. However, it is also clear that
gr > f (in fact, gx = f), because if s(0) = a and length(s) < f(«), then

x(n) =

{s(n) if n € dom(s),

0 if not

is a point of [s] N F. Hence gx £ gr for any F' € F. But recall that if F O K then gx < gp; so F' 2 K for
any F' € F. In other words, K witnesses that F is not cofinal in N\WDyw. O

Question 4.8. Is cof (w", <) < cof(Myw) for every k¢
5. Compact Hausdorff spaces

In this final section we turn our attention briefly to the class of locally compact Hausdorff spaces. The
main theorem is an upper bound for non(Mx) reminiscent of Theorem 3.4.
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Let us point out that when X is a compact Hausdorff space, the invariant cov(M x) has been widely
investigate already. If B is the Boolean algebra of regular open subsets of X, then cov(Mx) = m(B), the
Martin number of B. The Martin number of a Boolean algebra is very important in the theory of forcing.
For example, Martin’s Axiom MAy, is equivalent to the assertion that m(B) > 8y for every ccc Boolean
algebra B, or equivalently, that cov(Mx) > 8y for every compact Hausdorfl X with ¢(X) = Rg. Similarly,
the assertion p = ¢ is equivalent to the assertion that m(B) > RX; for every o-centered Boolean algebra B,
or equivalently, that cov(Mx) > Ry for every separable compact Hausdorff space X (see [4]). Furthermore,
cov(Mx) = cov(NWDx) for any compact Hausdorff space X, and the latter has also been studied from a
more topological point of view. It is sometimes called the Novdk number of X; see, for example, [1], [16], or
[25].

Slightly less well known is the dual Martin number of a Boolean algebra B, denoted no(B) in [2]. This
is the Stone dual of non(My), in the same way that cov(M ) is the Stone dual of m. That is, if B is the
Boolean algebra of regular open subsets of X, then non(Mx) = no(B). A kind of “opposite” to Martin’s
axiom was proved by Merrill in [20]: he showed that in the Bell-Kunen model described in [5], cov(Mx) < ¢
for every separable compact Hausdorff space X. The main result of this section adds to what is known about
non(Mx) when X is (locally) compact Hausdorff, or dually, what is known about the invariant no(B).

Recall that the m-weight of a space X, denoted mw(X), is the minimum cardinality of a w-base for X.
Let

7wy (X) = min {k: some nonempty open U C X has m-weight s} .

We say that X has uniform m-weight  if mw(X) = mw (X) = &, or, equivalently, if every nonempty open
subset of X has w-weight .

Let us note that if X is metric space then w(X) = mw(X) (see [8, Theorem 4.1.15]). With that in mind,
the following lemma is analogous to Lemma 2.1.

Lemma 5.1. Let X be a compact Hausdorff space with uniform mw-weight . Then there is a (not necessarily
continuous) function F : k% — X such that if Z is a non-meager subset of k¥, then F[Z] is non-meager in
X.

Proof. Let B be a m-base for X with |B| = &.

Let us say that a sequence (Up, Ui, ...,Uy) of sets in B is strongly decreasing if U; D ﬁ for all j < /.
Let 7 be the collection of all strongly decreasing finite sequences of members of 5. Given s,t € T, define
s <t to mean s = t[length(s) (i.e., ¢t is an end-extension of s). This ordering makes 7 into a tree.

We claim that each s = (Uy, Uy, ...,U;) € T has exactly k successors in 7. To see this, note that

& = {VeB: VU

is a m-base for Uy. Because mw| (X) = k, this means || > &, and clearly || < |B| = k. Thus |&;| = . But
Es is precisely the set of all V' such that s~V = (Uy, Uy, ...,Us, V) € T, so s has k successors in T.

Thus 7T is a subtree of B<¥ such that every s € T has exactly » successors in 7. This characterizes T
up to order-isomorphism: it is isomorphic to k<%.

A branch through T is a function b : w — B such that b[n € T for every n. Let B denote the set of all
branches through 7. Observe that B has a natural topology, with a basis of sets of the form

[s] = {b: b is a branch through 7 and b[length(s) = s} .

Because the tree 7 is order-isomorphic to the tree k<%, it is clear that B, endowed with this topology,
is homeomorphic to k“. To prove the lemma, it remains find a function F' : B — X such that if Z is a
non-meager subset of B, then F[Z] is non-meager in X.
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For each b € B we have an infinite sequence b(0),b(1),b(2), ... of members of B such that b(n) 2 b(n + 1)

for all n. Because X is compact, this implies (¢, b(n) = ,c,, b(n+1) # 0. Let F': B — X be a choice

b(n).
new
We claim that if V' is an open dense subset of X, then F~1(V) contains an open dense subset of B. To

function mapping each b € B to some (any) element of |

see this, fix some s = (Up, U, ...,Up) € T. Because V is open and dense in X, V N Uy is a nonempty open
subset of X. Because B is a m-base for X, there is some W € B such that W C U,NV. Because W C Uy, we
have s™W € T. Because W C V, if b € [s~W] then F(b) € b({ + 1) = W C V. Hence [s"W] C F~1(V).
Thus [s~W] is a basic (cl)open subset of B such that [s™W] C [s] N F~}(V). As s was arbitrary, this
shows F~1(V) contains an open dense set.

To finish the proof, suppose Z C B and F[Z] is meager in X. This means there is a sequence Vp, V1, Vo, ...
of dense open subsets of X such that F[Z] N, ., Vn = 0. Pulling things back through F, this implies
Z N Npew F~1(V,) = 0. By the previous paragraph, (,,c,, F~'(V;,) is a co-meager subset of B. Thus Z is
meager. Thus, by contraposition, if Z is non-meager in B then F[Z] is non-meager in X. O

Theorem 5.2. Let X be a locally compact Hausdorff space, and let k = mw(X). Then non(Mx) < cf[k]¥ -
non(M).

Proof. If k = mw (X) then there is a nonempty open U C X with uniform 7-weight . Using the fact that
X is locally compact, and passing to a subspace of U if necessary, we may (and do) assume U is compact.
By the previous lemma, there is a function F : k% — U such that if Z is meager in x* then F[Z] is meager
in U. By Theorem 3.3, there is a non-meager Z C x* with |Z| = non(M) - cf[k]*. So F[Z] is a non-meager
subset of U with |Z| = non(M) - cf[]*. Because U is open in X, F[Z] is also non-meager in X, so this
shows non(Mx) < non(M) - cf[k]“. D

Because w(X) = mw(X) and w (X) = 7w} (X) whenever X is a metric space (see [8, Theorem 4.1.15]),
this theorem essentially asserts the same thing as Theorem 3.4, but for locally compact spaces, and with
the equality weakened to an inequality. It is worth pointing out that, as opposed to metric spaces, with
compact spaces full equality cannot be established.

Theorem 5.3. It is consistent with ZFC that there is a compact Hausdorff space X with uniform mw-weight k
such that non(Mx) < cf[«]* - non(M).

Proof. In [2, Theorem 3.1.8] it is shown that if B is the measure algebra on R then nv(B) = non(L) (the
least size of a non-Lebesgue-measurable subset of R). Equivalently, if X is the Stone dual of the measure
algebra then non(Mx) = non(L). Consequently, if non(£) < non(M) then non(Mx) < cf[]* - non(M).
The consistency of non(£) < non(M) is well known (for example, it holds in the random model). O

Question 5.4. Is it consistent with ZFC that non(Mx) = cf[x]* -non(M) for every compact Hausdorff space
X with uniform w-weight k?
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