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ABSTRACT

YT LIU. Modeling vector time series data.
(Under the direction of DR. JIANCHENG JIANG)

In this dissertation, firstly, I study spatial quantile regression estimation of mul-
tivariate threshold time series models. Asymptotic normality of the proposed spatial
quantile regression estimator is established. Simulations and a real example are used
to evaluate the performance of the proposed estimator. Secondly, I study the multi-
variate time-varying coefficient models for time series data. An explicit solution of
the coefficient estimators is given in the paper. Furthermore, I propose generalized
likelihood ratio test for the multivariate time-varying coefficient models, my aim is
to construct some test statistics to test whether the coefficients are constants or
of some specific parametric functional for the time-varying coefficient model. The
asymptotic null distribution of the proposed test statistics is presented and shown
to be independent of the nuisance parameters. Simulation results for the power of

the test and a real example are reported at the end of this dissertation.
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CHAPTER 1: INTRODUCTION

Vector time series data are frequently observed in practice. A real example was
given in Tsay(1998) for analysis of two daily river flow series of Iceland, where a
bivariate thresholding AR(15) model was successfully used. In financial markets,
multiple time series are usually correlated. For instance, the yields of three-month,
six-month and twelve-month treasury bills (see Example 1.3 in Fan and Yao, 2003),
they are highly correlated. When analyzing several interdependent time series, it is
natural to consider them as a single vector time series, for example, using the linear
or thresholding vector autoregressive model where the current value of the vector
time series depends on its past.

As nonlinear features widely exist in time series(Tong and Lim,1980;Tong,1983,
1990;Chen and Tsay,1993;Chen,Liu and Tsay, 1995;Yao and Tong, 1994,1995; Tsay
1989,1998;Fan and Ya0,2003), it is important to model the nonlinear features us-
ing nonparametric vector time series models, which requires little prior informa-
tion on the model structure and give some insights into further parametric fit-
ting. However, a full nonparametric method suffers from ”curse of dimensional-
ity” in multivariate cases when the dimension is high. These motivate us to pro-
pose a multivariate time-varying coefficient regression model for modeling vector
time series data. The newly proposed model releases some restrictions on the
model structure while avoiding the ”curse of dimensionality”. Many works have
been contributed to modeling nonlinearity in univariate time series using paramet-
ric methods(Tong,1990,1995). Successful examples include, but are not limited to,
the threshold AR models(Tong,1983;Tsay,1989), the ARCH/GARCH models (En-
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gle,1982; Bollerslev, 1986),and their variants such as the double threshold ARCH
model(Li and 1.i,1996; Hui and Jiang,2005). For parametric modeling of vector
time series data, there are many extensions to the above univariate models as well,
which gives the well-known vector AR, ARCH and GARCH models(for overview, see
Bauwens et al.,2006). Nevertheless, there are infinitely many nonlinear parametric
forms needing to explore. Nonparametric techniques give an alternative and some
useful insights to nonlinear parametric modeling(Fan and Ya0,2003). Therefore, its
better for us to model nonlinearity through the nonparametric method for vector
time series data.

There is relatively much less work available in the literature for vector time
series data since existing nonparametric regression techniques mainly focus on uni-
variate response models. This is partially due to the ”curse of dimensionality” and
the complexity of smoothing vector time series data. Generally, for modeling vec-
tor time series data,we prefer multivariate models than univariate models because
univariate models for each time series can not capture the correlation structure of
different time series, so they may be inefficient. Moreover, multivariate models pro-
vide a convenient tool for modeling interdependencies among multiple time series
and hence for simultaneously analyzing feedback effects. Recently Li and Genton
(2009) proposed a single-index additive VAR model with constant conditional vari-
ance of the error. Motivated by analyzing the aforementioned interest rates, we fit
the vector time series with exogenous variables by using multivariate time-varying

coefficient models.
1.1 Multivariate Threshold Time Series Model

We begin with the well-known multivariate threshold model(Tsay,1998) to in-
troduce our multivariate nonparametric time series model. Consider at first a k-

dimensional time series y, = (Y14, Y2i,-.-, Y;)' and v-dimensional exogenous time
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series X; = (T14, o4, -, Tyi)', Where i = 1,2, ...n. Let —oo =19 <1 <719 < ... <
rs = 00. The multivariate threshold model with threshold variable z; and delay d

formulates y,; by
yi=2¢; + Z aij)yi,t + Z Bt(j)xi_t + el(]), if Tji-1 < Zi—g < Tj, (11)
t=1 t=1

where j = 1,2...s, p and ¢ are nonnegative integers (see Tsay 1998). The innovations

) /Qai, where 7;/2

satisfy el(j = 7; are symmetric positive definite matrices and a; is a
sequence of serially uncorrelated random vectors with mean 0 and identity covari-
ance matrix I. The threshold variable z; and exogenous time series x; are assumed
to be strictly stationary with continuous distributions. Model (1.1) is piecewise lin-
ear in the threshold space z;_g4, but it is nonlinear when s > 1(Tsay,1998). These
motivate us to work on the spatial QR estimation for the multivariate threshold time
series model proposed by Tsay(1998). This model has nice features: It characterizes
different regression relationships at different regions of the lagged variable, a non-
linear regression relationship. As a natural extension to Tong’s threshold model(see
Tong and Lim,1980), the double-threshold structure allow us to capture nonlinear
phenomena such as asymmetric cycles, jump resonance and amplitude frequency
dependence. No restriction on the form of the error distribution enables robust in-
ference for the model. To the best of my knowledge, there is little solid work about
the spatial QR for vector time series data in the literature. The proposed spatial QR

methodology is vary useful in detecting the nonlinear dependence on the covariates

in the lower and upper tails, as well as in the central, of the vector time series.
1.2 Multivariate Time-varying Coefficient Time Series Model

In practice, there are many successful examples applying multivariate paramet-
ric models such as (1.1). See Tsay(1998) and the references therein. However, the

assumption for the threshold model (1.1) that the coefficients are usually evolving
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or changing slowly through time and the coefficient functions may vary smoothly.
This reveals that the coefficients might be functions of time. As a matter of fact,
model (1.1) is a special case when the coefficients are piecewise constant functions

of z;_4. This motivates us to propose the multivariate time-varying coefficient model:

Yo =ct/T)+ > o(t/T)y, ,+ Y B;{t/T)xij+ent=1.,T. (1.2)

i=1 Jj=1

where y, is k X 1 vector, x; is v x 1 vector. c(.) is a k x 1 vector, a; is k X k smooth
matrix and 3; is k£ X v smooth matrix. The innovations satisfy €, = ~;a;, where
v/ are symmetric positive definite matrices and a; is a sequence of uncorrelated
random vectors with mean zero and convariance matrix I. For model (1.2), we
are interested in estimating the regression part. In addition, I develop a new test
procedure and propose new test statistics to perform simultaneous inference about

the parameters.
1.3 Generalized Likelihood Ratios

It is well known that likelihood ratio theory is one of the most important statistic
results and it develops a useful principle that generally applicable to most parametric
hypothesis problems. A key fundamental property that contributes very significantly
to the success of the maximum likelihood ratio tests is that their asymptotic null
distribution are independent of nuisance parameters. Many computationally inten-
sive nonparametric techniques and theories have been rapidly developed to exploit
hidden structures and to reduce modelling biases of traditional parametric methods.
Methods such as local linear fitting, local polynomial fitting, orthogonal series ex-
pansions and spline approximations, also dimensionality reduction techniques have
been studied in great details in many statistical contexts. Yet, there are no gener-
ally applicable methods available for the inferences in multivariate nonparametric

models. Owen(1988) extending the scope of the likelihood inferences through the
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empirical likelihood which is applicable to a class of nonparametric functionals. Usu-
ally, these functionals are smooth that they can be estimated at root-n rate. See also
Owen (1990), Hall and Owen (1993),Chen and Qin (1993), Li, Hollander, Mckeague
and Yang(1996) for applications of the empirical likelihood. A further extension of
the empirical likelihood, called "random-sieve likelihood”, can be found in Shen, Shi
and Wong(1999). The random-sieve likelihood allows one to handle the situations
where observable variables and stochastic errors are not necessarily one-on-one. In
addition, various efforts have been put on nonparametric hypothesis testing. For
instance, see, Bickel and Ritov (1992),Fan(1996), Fan and Li(1996), Kallenberg and
Ledwina (1997). However, most of the studies focus only on the one-dimensional
nonparametric regression problem. It is difficult to extend them to multivariate
semiparametric and nonparametric models. In order to derive a generally applica-
ble testing procedure for multivariate semiparametric and nonparametric models.
Fan, Zhang and Zhang (2001) proposed generalized likelihood ratio tests. The work
is motivated by the fact that the nonparametric maximum likelihood ratio test may
not exist in many nonparametric problems. Generalized likelihood ratio statistics,
obtained by replacing unknown functions by reasonable nonparametric estimators

have several nice properties. For instance additive models (Fan and Jiang 2005):

Y =mi(Xy)+.ee+my(X,) +€ (1.3)

or time-varying coefficient models(Dr Hoover 1998):

Y = a)(t/T)X1 + ue+ ay(t/T)X, + € (1.4)

where Xi,..., X, are covariates. One would ask if certain parametric forms such as

linear models fit the data adequately, after fitting the model. This means testing
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if each additive component is linear in the additive model (1.3) or if the coefficient
functions in (1.4) are really time-varying or not.

Let us begin with a simple nonparametric regression model to motivate the gen-
eralized likelihood ratio statistics. Suppose we have n sample data {X;,Y;} from

the nonparametric regression model, for ¢+ = 1, ...n,

where {¢;} are a sequence of i.i.d. random variables from N(0,0?) and X; has a

density f with support [0, 1]. Denote the parameter space is
Fo={me L70,1] / m® (2)2dz < C} (1.6)
for a given C. Consider the testing problem:
Hy:m(z) = ap+ gz <— Hy:m(z) # ap + aqx (1.7)

Hence, the conditional log-likelihood function is: 1,,(m) = —nlog( 27“7)_@ S (Yi—
m(X;))?. Let (&g, &) be the maximum likelihood estimator (MLE) under H,, and
mayre(s) be the MLE under the full model: min ) (Y; — m(X;))?, subject to

f m¥) (m)gda: < C. The resulting estimator m /g is a smoothing spline. Define the

residual sum of squares RSSy and RS.S; as follows:

n n

RSSy = (Y — o — 1 X)*, RSS1 = Y (Vi — thuare(X5))*. (1.8)

i=1 i=1

So it is easy to see that the logarithm of the conditional maximum likelihood ratio

statistic for the problem (1.7) is given by:



RSSy _ nRSSy — RSS:

n
n = ln(Myrre) — 1,(Ho) URSS, T 2RSS,

2

Technically, the maximum likelihood ratio test is not convenient to manipulate
and is either not optimal due to restriction of choosing smoothing parameters. In
general, MLEs under nonparametric regression models are hard to obtain. There-
fore, we replace the maximum likelihood estimator under the alternative nonpara-
metric model by any reasonable nonparametric estimator, giving the generalized
likelihood ratio

An = L, (Hy) — 1,(Ho) (1.9)

Here [,,(H) is the likelihood with unknown regression function replaced by a reason-
able nonparametric regression estimator. We can find similar ideas in Severini and
Wong (1992) for construction of semi-parametric efficient estimators. We notice that
the nonparametric estimator does not have to belong to Fj;. Thus the assumption
that the constant C'in (1.6) is given can be removed. The above generalized likeli-
hood method can be readily be applied to other statistical methods such as additive
models, varying-coefficient models, and any nonparametric regression model with
a parametric regression model with a parametric error distribution. Using suitable
nonparametric estimators, we need to compute the likelihood function under null
and alternative models. The generalized likelihood ratio tests are expected to be

powerful with appropriate choice of smoothing parameters.
1.4  Outline of the Dissertation

The rest of this dissertation is organized as follows.

In Chapter 2, consistency and asymptotic normality of our estimator are es-
tablished, and an algorithm is suggested to compute the proposed estimates. The
performance of our estimator is evaluated via finite sample simulations. A real ex-

ample is presented to illustrate the use of the proposed methodology.
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In Chapter 3, I discuss the estimation of coefficients in a time-varying coeffi-
cient multivariate regression model by using local linear technique and then derive
the explicit expression of the proposed estimator. Then, I derive the asymptotic
theory for the nonparametric estimator. At last, I propose the new GLR test for
the multivariate time-varying coefficient model to test if varying coefficients for the
time-varying nonparametric regression model are some known constants or of some
specific time-varying functional forms. The test statistics are constructed based on
the comparison of the likelihood under null and alternative hypotheses respectively.
I derive the asymptotic distributions of the test statistic under null and alternative
hypotheses. In addition, Monte Carlo simulation is done to show the finite sample
performance of the proposed methods, power curves are presented for different error
distributions and different sample sizes. Finally an real example of monthly US
interest rate is given for the application of the methodology.

Chapter 4 concludes the dissertation. The detailed proofs of the main results

in each chapter are relegated to the last section of the corresponding chapter.



CHAPTER 2: MULTIVARIATE THRESHOLD TIME SERIES MODEL

There is a rich literature on quantile regression (QR) in the analysis of time
series, examples include but not limit to Koul and Saleh (1995), Davis and Dunsmuir
(1997), Jiang, Zhao and Hui (2001), Peng and Yao (2003), etc. However, all of them
are restricted to univariate cases. For vector time series, to the best of our knowledge,
there is little solid mathematical theory on QR in the literature, although much work
has been contributed using the maximum likelihood or least squares estimation. See
for example Bollerslev (1990), Engle and Kroner (1995), Chen and Tsay (1993), Pan
and Yao (2008), and the references therein. A main difficulty with the multivariate
QR is about how to define a multivariate quantile, and an additional difficulty is to
deal with the aurocorrelation in vector time series in the QR setting.

Based on the L1l-norm, Chaudhuri (1996) and Koltchinskii (1997) proposed a
compelling form of multivariate quantiles, the spatial quantiles, as a certain form
of generalization of the univariate case.This kind of multivariate quantile provides
an appealing multivariate extension of univariate quantiles and generates a useful
volume functional based on spatial central regions of increasing size. As stressed in
Sering (2004), it also has some appealing features: the equivariance and outlyingness
with respect to shift, orthogonal, and homogeneous scale transformations. These
motivate us to work on the spatial QR estimation for the multivariate threshold

time series model proposed by Tsay (1998).
2.1 Spatial QR for Multivariate Threshold Time Series Model

Recall for model (1.1), consider at first a k-dimensional time series y; = (y14, Y2,

.., Yki) and v-dimensional exogenous time series x; = (14, To;, ..., Ty;), Where i =
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1,2,...,n. Let —co =19 <11 <19 < .. <1y =00 The multivariate threshold

model with threshold variable z; and delay d formulates y; by
RS ST S pr e 2
t=1 t=1

if rj_1 < zi_q < rj, where j = 1,2...s, p and ¢ are nonnegative integers (see Tsay

1998). The innovations satisfy egj) = fy;/ *a;, where ’Y;/Z

are symmetric positive
definite matrices and a; is a sequence of serially uncorrelated random vectors with
mean 0 and identity covariance matrix I;. The threshold variable z; and exogenous
time series x; are assumed to be strictly stationary with continuous distributions.
Let I;j = I(rj-1 < zicq < 15), Xy = vec(1,y; 1,y Yipr Xio1, - Xi_q) Z;, =
(I, Loz L) @ Xiy € = S0 Lol @5 = (cj,af, .0, B, .., B7)), and

® = (P, Py,...,P,). Then ® is a kx s(1+kp+vq) matrix, and model (2.1) becomes

Following Chaudhuri (1996), for any u in the unit ball B* centered at zero in RF,

we define the u-th spatial QR estimators of the parameters by

(®,(u )eu)—argmg} Z Puy; — ®PZ; — ey), (2.3)

1=s*+1

where s* = max(p, q), p,(t) = ||t]] + u’t, and e, is the u-th quantile of e. Then
i‘n(u)Zi + €, is the spatial QR estimate of the u-th quantile of y, conditional on

Z;, and ®,(u) is the spatial QR estimate of ®.
2.2 Asymptotic Normality

Let us begin with introducing some notations and definitions. For any t € R¥,

define ¢, (t) = t/||t]| + u for t # 0 and ¢,(0) = u. Let ¥(t) denote the k x k
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Hessian matrix, so for t # 0,
P(t) = [t 7" (T — tt" 18]I 7),

where Ij is the k x k identity matrix. We will adopt the convention that ¥(0) = 0,
the zero matrix.

Let the marginal density of the error vectors e;'s be h(:). Define Q(u) =
arg mingegr £[p,(e1— Q) — py(e1)], the u-th quantile of the error vector e;. Denote
by Di(u) = E[¥ (e —Q(u))], and Dy(u) = Elp,(e1 -~ Q(u)){p,(e1—-Q(u))}"]. To
derive asymptotic distributions of the spatial QR estimators, we need the following
assumptions:

Assumption A:

(A1) limy, oo™t >0, Z,ZZ-T = S, where S is a positive definite matrix.

(A2) The processes {x;,y,} are strictly stationary with a-mixing coefficients (k)
such that >, k°[a(k)]*=2/% < oo for some § > 2 and ¢ > 1 — 2/4.

(A3) There exists a positive v > 0 such that E|e;|*™ < oo.

Theorem 2.1 Assume that the Assumptions (A1)-(A3) hold. Then

V(@ () — ®(u)) 2 N(0, %),

where 3 = {[Dy(u)] "' [Dz(w)][D1 ()] }@S™" and @(u) = @+[Q(u), 0, ..., Olkxs(i4tp+00
Proof: See section 2.5.

By the definition of ®(u), we can partition it as ®(u) = (®1(u), ®,(u)), where

@, (u) is the first column, and ®,(u) are the remaining columns which do not
depend on u. We also partition ®,(u) as ®,(u) = (1, (u), P,,(u) in the same way

as that for ®(u). Then, by Theorem 2.1, ®,,(u) are always consistent estimators

of ®, for different u. Since averaging can reduce the variance of estimator, one may
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use the following weighted estimator
(i’zw = Zwkz(i)Qn(ukz)a

where Zle wr = 1. In practice, given a specific value of K, one may use equally-
spaced {u;} in the unit ball centered at zero in R*. For simplicity, one may also
employ wy, = 1/K. Let Dy(up, up) = Elp,, (€1 — Q(up)){py,, (e1 — Q(ux))}"].
Then:

Theorem 2.2 Assume that the Assumptions (A1)-(A3) hold. Then

A ~

Vi(@s,, — ®5) 5 N(0,Q(w)),

where Q(w) = ZkK,k’:l wrwi {[D1(g)] " Dy (ug, up ) [Dy(up)] '} @ S Proof: See
section 2.5.

Let D be a kxk matrix with the (k, ¥")th entry being Dy = tr[D;(ug)] ™' D3 (uy,
w)[Dy(uy)]!. Then, under the constraint > & w; = 1, minimizing tr[Q(w)]
over w is equivalent to minimizing Zﬁk/zlwkwk/Dkk/ over w. The minimizer is
wopt = (17'D721)7/2D~11, and the corresponding minimum is (17 D~'1)~!, where

1=(1,...,1)T is a K x 1 vector of all entries being ones.
2.3 Simulations

We conduct a 500 Monte Carlo time simulation study to demonstrate the per-
formance of our QR estimator: ®,,(u) (QR). We set the dimension of y, k=2, the
dimension of x, v=1. we set two different sample sizes n=1800 and n=3600. We
chose u = [0.0,0.0] for the ®,,(u). In model (2.1): y; = ¢; + S0 lat 'y .+
23:15 Xi_¢ + el(j), we have taken s = 2,p=2,g=1. We set ¢ = (¢1,¢) = (0,0),

the first two lagged y, = (0.15,0.2), y, = (—0.25, —0.04). We let x; be a stationary

AR(1) time series such that x; = 0.5x;_1 + €; with E(g;) = 0 and the threshold
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variable z; | = x;_1; We set the threshold point ry, = 0.5, we have generated two
different errors as e = I,,p)€1 + I>rg)€2 with €1 ~ N(0,V;), e; ~ N(0,V,).
Here Vi = (5 %), Vo = (55 %%°) for the two-dimensional normal error; V; =
(035%%%), Vo = (35 °9°) for the two-dimensional t-distribution error with degrees
of freedom 3. Also, we included additive outliers with an artificial magnitude of
15 added to the values of y at three time points in the middle using 2-dimensional
standard normal error. Finally, we let ozgl) = 0.075, oz§2) = 0.15, agl) = —0.1,
aéQ) = —0.075 and 551) = 0.025, Bf) = 0.1. Then we have ks(kp + vq) = 20 com-
ponents of the parameter estimates,using these e;, x;, y; and y, we have generated
the observations (Z;,y;) for i = 1,2,...,n. Our estimate is initiated by the ordinary
least square estimate (LSE).

Figure 2.1 to Figure 2.3 are Box-plots showing the comparison between @;n(u) -
&’ and LSE— ‘i)j, j=1,2...,20. Figure 2.4 represents the 95% coverage probability
of the estimates with the corresponding different error distributions calculated from
sample mean of {i)én} — 1.96 - std(i’én)/\/ﬁ to sample mean of {@;n} + 1.96 -
std('ii)gn) /+/n. Here, std(@én) are the square roots of the diagonal elements of the
estimate matrix of 3, i.e. the estimator of {[D;(u)] "' Dy(u)[D1(u)]"'} @ S, i =
1,2,...,n, the estimator of D;(u) is calculated as the sample mean of ¥(e; — Q(u)),

Dsy(u) is estimated by the sample mean of ¢, (e; — Q(u)){p,(e; — Q(u))}?.
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2.4 A real example

To illustrate the use of spatial QR, we use Iceland river flow dataset (Tong,
1990). The data are daily observations from January 1, 1972 to December 31, 1974
on 4 variables. The dependent variables are y; = (y1¢, y2;)', where yy, is the daily flow
of Vatnsdalsa river and s, is the daily flow of Jokulsé Eystri river. The exogeneous
variables are daily precipitation (x;) and temperature (z;) observed in Hveravellir.
The threshold variable is z;. We aim to investigate how the daily mean flow of both
rivers change over time using a bivariate two regime TAR(15) model selected from
Tsay (1998). Hence we focus on the effect from the first 15 lags of response variables
and the first 3 lags of the exogenous variables. So in this case, n=1095, k=v=2,
the number of the lags of y,; p=15, the number of the lags of (x;,2;); q=3, and
the number of regions s=2. We set threshold temperature 7y = 0 and ¢ = (0, 0).
Similarly as model (2.1), we have: y, = 312, aly, .+ SO BY%;_; + e, for
j=12.

Our estimators are computed in order to minimize ) ;¢ p,(y,—PZ,) at a given
u with Z; = (11, I12) ® [vec(xy, z4)], indicator vector (I, I2) = (I(z < o), I(z¢ >
70)) using the proposed algorithm and compare with the least square estimates. Fig-
ure 2.5 shows that the mean flow of the two rivers are highly correlated so we have
to employ a bivariate threshold model to perform the estimations of the coefficients
instead of one-dimensional estimation. Figure 2.6 shows the conditional quantiles
of the daily flows of both rivers at different times. It occurs to both rivers that the
daily flow changed over time and they change in the same pattern even at different
quantiles. Table 2.1 to Table 2.3 show our QR estimators and their estimated stan-
dard deviations using a bivariate two regime TAR(15) model selected from Tsay

(1998) at three given different quantiles.



17

o -
<+ — - -
~ -
- o .-
N - - -
~— -
() - -
[ -
—
= g 4 A .
— < -. hd © -. -
° L ]
o | : ©
<t N -
o -
N T T T T T
10 20 30 40 50
Yi

Figure 2.5 : The scatter plots showing the mean flow of Jokulsa river versus the
mean flow of Vatnsdalsa river.
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Figure 2.6 : The time series of mean daily flows of Vatnsdalsa and Jokulsa river at
different quantiles.(u = [0.0,0.0] (green), u = [-0.9, —0.9] (purple),u = [-0.5,0.5]
(black),u = [0.5, —0.5] (red) and u = [0.9,0.9] (blue).
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Table 2.1 : QR estimates and their estimated standard deviations for a selected
bivariate two-regime TAR(15) model for the Iceland river flow data at quantile
u = (0,0). The threshold value is 0°C, and the numbers of observations in each
regime are 479 and 601, respectively.

Regime 1 Regime 2
Yit Yot Y1t Yot
Coef. Std | Coef. Std | Coef. Std | Coef. Std
yie—1 | 094 0.04] 098 0.02| 098 0.11| 1.17 0.06
Yyig—2 | 047 0.05| 046 0.01| 035 0.13| 0.59 0.08
Yyi4—3 | -0.48 0.05 | -0.56 0.02 | -0.22 0.16 | -0.40 0.07
Yi4—a | -033 0.04 | -0.32 0.01 | -0.09 0.06 | 0.54 0.08
yis—s | 0.13 0.05| 022 0.02| 028 0.14] 0.25 0.02
yit—¢ | 0.06 0.02] -041 0.03 | 0.08 0.06 | -0.45 0.04
Yyig—7 | -0.02 0.04 | -0.55 0.03 | -0.09 0.13 | -0.38 0.03
yis—s | -0.02 0.02| 005 0.01| 022 0.06| -0.13 0.01
Yig—9 | 021 0.05| 080 0.02| 0.06 0.02
Yi4—10 | -0.03 0.01 | 0.62 0.03
yis—11 | 0.05 0.01] -0.12 0.01
Yy14-12 | -0.02 0.02 | 0.15 0.01
Y1,t—13 -0.07 0.04
Yi—14 | 0.02  0.01
Yi4—15 | -0.03  0.01
y2t—1 | 0.16 0.04 | 078 0.03 | 1.87 0.08| 0.66 0.07
Yoi—2 | 0.10 0.04 | -0.52 0.03 | -1.12 0.09 | -0.49 0.08
y24-3 | 0.08 0.03| 0.08 0.01 | -0.11 0.13| 0.25 0.04
Yy24—a4 | 0.15 0.04 | 0.11 0.01 | -0.21 0.12| -0.37 0.08
Yy24-5 | -0.03 0.01 | -0.40 0.02 | 0.04 0.04| -0.42 0.04
Yyat—¢ | -0.05 0.04 | 0.13 0.01| 0.17 0.13| -0.51 0.08
yor—7 | 0.08 0.02] 0.18 0.01| 043 0.04| -0.42 0.08
y24-s | 0.07 0.04| -0.12 0.03 | -0.20 0.02 | 0.04 0.01
Y24—9 | 0.02 0.02| 0.14 0.01| 013 0.02| 0.10 0.03
Yo24—10 | 0.05 0.04 | -0.02 0.03
You—11 | -0.02  0.01 | -0.07 0.01
Yoi—12 | 0.04 0.02 ] -0.12 0.03
Y2,6-13 -0.04 0.01
Y2,t—14 0.21 0.02
Ya2,6-15 0.11  0.01
Ti_1 0.05 0.02| 030 0.04] 010 0.06 | 0.19 0.03
rro | -0.02 0.01| 0.06 0.03| 0.01 0.04| 0.17 0.11
ri—3 | -0.03 0.01| 0.03 0.01] -0.03 0.03| 0.05 0.03
Zi_1 0.07 0.02 | 0.30 0.04] -0.10 0.06 | -0.18 0.06
Zi_o -0.03 0.01] -0.25 0.01| 0.03 0.03| -0.05 0.03
23 0.19 0.03 | -0.06 0.01
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Table 2.2 : QR estimates and their estimated standard deviations for a selected
bivariate two-regime TAR(15) model for the Iceland river flow data at quantile
u = (—0.9,—-0.9). The threshold value is 0°C, and the numbers of observations in
each regime are 479 and 601, respectively.

Regime 1 Regime 2
Yit Yot Y1t Yot
Coef. Std | Coef. Std | Coef. Std | Coef. Std
Yie—1 | 059 022 -1.56 027 | 0.57 0.36 | -1.28 0.16
Yyit—2 | -0.84 038 ] -1.19 0.30 | 037 0.19] -0.79 0.18
Yyit—3 | -0.83 039 1.00 0.28 | -0.56 0.21| -0.60 0.16
Yit—a | -0.02 023 | 042 0.09] -0.11 0.03| 0.64 0.27
vit—s | 023 012 | 047 028 | 041 0.08| 048 0.28
vit—6 | 014 022] 036 0.13| 0.15 0.46 | 0.76 0.29
yitg—7 | 016  0.09 | -048 0.29 | -0.11 0.02 | -0.28 0.11
yit—g | -0.08 0.01] -0.08 0.14| 0.08 0.03
Yit—9 | 032 0.16 | 0.22 0.13
Yii—10 | -0.11 022 ] 035 0.13
yit—11 | 030 053] 0.38 0.19
Y1,t—12 0.07 0.22
Y1,t—13 0.29 0.49
Yis—14 | 0.19  0.06
Y1,6—15
yar—1 | 046 0.18 | -1.32 0.20| 090 0.16 | 3.41 0.61
Yar—2 | 035 0.19] 095 026 | 049 0.11 | -2.54 0.66
yat—3 | 036 0.16 | 091 0.15] -046 0.26 | 0.27 0.31
Yar—a | 032 023 ] 065 031 -043 0.13] -1.64 0.33
Y2,t—5 -049 0.16 | 0.05 034 059 0.24
Y2,t—6 0.38 0.10 0.45 0.26
Yo,t—7 0.21 0.04 0.37 0.30
Y2,t—8 0.38 0.11
Y2,t—9 0.44 0.06
Y2,6-10 0.25 0.02
Yo,t—11 -0.39 0.12
Yo2,4—12 -0.51 0.26
Y2,t—13 0.20 0.03
Y2,t—14 0.15 0.09
Ya2,6-15 0.10 0.02
Ti_1 0.08 0.15| 0.18 0.23] 0.15 0.20| 045 0.25
xi_o | -0.07 0.22| -0.06 0.13] 0.05 0.10| 0.31 0.18
xi—3 | -0.05 0.12 | 0.08 0.09
Zi_1 0.32 0.22] 043 0.18| -0.31 0.28 | -0.88 0.43
Zi_1 -0.04 0.12| -0.15 0.11] 0.09 0.25| 0.57 0.36
Zi_3 -0.12  0.18 -0.11  0.13
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Table 2.3 : QR estimates and their estimated standard deviations for a selected
bivariate two-regime TAR(15) model for the Iceland river flow data at quantile
u = (0.9,0.9). The threshold value is 0°C', and the numbers of observations in each
regime are 479 and 601, respectively.

Regime 1 Regime 2
Yit Yot Y1t Yot
Coef. Std | Coef. Std | Coef. Std | Coef. Std
Y1,t—1 1.30 041 | 1.54 043 ] 191 0.74| 1.69 0.38
Y1,t—2 08 0.22| 147 0.13| 1.80 0.72] 1.61 0.30
yit—3 | 081 0.19] 08 0.22| 1.79 0.66 | 097 0.29
Yyie—a | 064 027] -062 024 | 1.68 0.56| 096 0.33
Yit—5 069 0.18| 075 0.14| 1.63 0.69| 098 0.39
Yit—6 | 043 017 | 0.61 020 | 1.43 0.33
Yyit—7 | -0.19 0.12 ] -0.51 0.19 | 0.99 0.46
yit—g | 0.18 0.09| 039 0.06 | 0.72 0.24
Yi—o | -0.33 0.14
Yit—10 | 032 0.10
Y1,t—11 0.28 0.04
Y1,t—12 0.22 0.11
Y1,t—13 -0.18 0.07
Yis—14 | 031 0.04
Yit—15 | 0.10  0.03
Yor—1 | -0.71 037 | -1.19 043 | 1.59 0.50 | 1.66 0.73
Yor—2 | -0.67 027 | 0.67 044 | 1.58 0.49 | -1.43 0.66
Yotz | -0.64 0.09] -0.55 0.23 | 1.51 044 | 1.14 0.49
Yar—a | 069 0.15] 053 0.21 | 1.08 0.16 | 1.21 0.48

Y2,t—5 -044 039 065 0.12| 1.05 0.44
Y2,t—6 049 0.14| 0.57 0.08 | -1.02 0.56
Y207 -0.50 0.28 | 0.45 0.08| 0.33 0.06
Y2,t-8 0.27 0.12 ] 0.27 0.02

Y2,t—9 045 0.18| 0.45 0.18

Y2,t—10 0.21 0.13 | 0.27 0.02

Yo,t—11 0.22 0.12

Yo2,4—12 0.21 0.01

Y2,6—13

Y2,t—14

Y2,t—15

Ti—1 032 005 057 0.19| 0.74 0.08| 1.35 0.16
Ti—2 021 003 043 0.18| 050 0.04| 042 0.04
Ti—3 -0.05 0.01 | -0.04 0.40 | -0.34 0.04
211 0.41 0.11| -0.36 0.16 | -0.41 0.13| 0.54 0.02
2t—9 031 0.18 | -0.15 0.07| 0.19 0.03| 0.39 0.02
zi—3 | -0.18 0.02 ] -0.15 0.05 -0.46 0.04
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2.5 Proofs

In this section, we give the proofs of our theorems in detail. For convenience
we first introduce a lemma, which is from Chakraborty (2003), then we prove the
theorems.

Lemma 2.1 Let ¢,,(3), n=1,2,... be a sequence of random functions on R* and convex
in B. Let ¢p(8) be a random function such that, for each fixed 8, ¢,,(3) — ¢(3) in

probability. Then for each M > 0,

sup | ¢,(8) — #(B8) |- 0

IB8ll<Mm

in probability.
Proof of Theorem 2.1: Following the same arguments as for Theorem 4.1 of Chakraborty
(2003), we obtain that

Vi(@,(u) = ®(u) =0 2[D1 ()] [Y ] pules — Q)ZTIST +o,(1).  (24)
i=1
Define V; = ¢, (e; — Q(u))Z!. Since function ¢ is bounded and smooth, Z; =
{yi1,Yi—2, ---Yi—p, Ti—1, ...Ti—q} has mean zero. Hence, we know {V,}; i =1,2..n, is
also a strictly stationary and a-mixing process. Since e; and Z; are uncorrelated,
we have E(V,;) = E(E[V,|Z;]) = 0.

In the following we show the asymptotic normality of T, = > "  V,. Since
{V,,i=1,..n} are dependent, we employ the standard small-block and large-block
arguments to complete this task. To this end, we partition the set {1,2...,n} into
2k, + 1 subsets with large blocks of size [,, and small blocks of size s,. A large block
is followed by a small block, and the last remaining set has size n—k, ({,, +s,,), where
l, and s,, are selected such that s,, — oo, s,,/l,, — 0, I,,/n — 0, and the number

of the blocks k, = [n/(l,, + 5,)] = O(s,). Let I, = O(n"~Y/") and s,, = O(n'/") for
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any 7 > 2, then k, = O(n'/") = O(s,). For j = 1,2...k,, define

Note that a(n) = o(n™') and k,s, /n — 0. It follows from Proposition 2.7 of Fan

and Yao (2003) that
o 1
—-F )? d —E(¢ :
(;"f) — 0 and —E(¢*) — 0

This means that the summations over the small blocks and the residual block are

asymptotically negligible. Thus,

It follows from Proposition 2.6 of Fan and Yao (2003) that, as n — oo,

Blen(= >0 €} = T] Bleatitg, V) < 1605, = Dals) —0,

which implies the summations over the large blocks {§;} are asymptotically inde-

pendent. Now, by stationary, we have

—Var ZVar Z Cou(V;,V;) +22 (1—-—

1<z<]<n

where (k) = Cov(V,ik, V;) is the autocovariance function of V;. Define 3; =
Ds(u)S. 1t is straightforward to show that 3 = Dy(u)S = 7(0) + 23272, 7(j)-
Applying Theorem 2.20 of Fan and Yao (2003), we have [;'E(£3) — X;, which
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implies the Feller condition

Note that for any € > 0,

E[E21(|&)] > vne|S1|%)] < E(€)?Plg,| > Vel 1]V

1
< Cln@mﬂ_lE(S%) =O(2/n).

It follows that

kn

> EIEI] > Vadsi| )] = O(kB2 %) = Olln/n) — 0.

7=1

which is the Lindberg condition. Under the Lindberg and Feller conditions, by the
central limit theorem, we have

kn

[] Elexp(ite;/v/n)] — eap{—t=:t"/2},

j=1

for any t. That is, \/iﬁTn — N(0,%4) in distribution as n — oo. This combined

with equation (2.4) leads to

Vi@, (w) — ®(u)) = n V2D (w)] ' TS + o(1) = N(0, ). (2.5)

Proof of Theorem 2.2: The result follows from equation (2.5).



CHAPTER 3: MULTIVARIATE TIME-VARYING COEFFICIENT MODEL

3.1 Local Linear Smoother for Multivatiate Time-varying Coefficient Model

This section mainly discusses the local linear estimation of the time-varying

coefficient and asymptotic distribution of the nonparametric estimator.
3.1.1 Estimation

Recall for model (1.2), I propose the multivariate time-varying coefficient model:

ye=ct/T)+> ai(t/T)y, ;+ > B;(t/T)xj+ent=1,...T. (3.1)

i=1 j=1

where y, is k x 1 vector, x; is v X 1 vector. c(.) is a k x 1 vector, a; is k X
k smooth matrix and B, is k X v smooth matrix. The innovations satisfy &; =
vfa;, where v/ are symmetric positive definite matrices and a; is a sequence of
uncorrelated random vectors with mean zero and convariance matrix I. Let X; =
vec(L, ¥, 1, s Yi_ps Xt—1, -, Xe—q) be a dx 1 vector with d = 1+kp+vg, and ®(t/T) =
(c(t/T),a1(t/T),...a,(t/T), B1(t/T),...8,(t/T), Then model (3.1) becomes:

yt = @(t/T)Xt—i—Et’t: 1,T (32)

where ®(.) is k x d matrix and X; is d x 1 vector.
t—t
For any t in the neighborhood of t, € (0,7, i.e | TO |< h, using the Taylor
expansion, we obtain:

t—to

D(t/T) ~ Blto/T) + (1o T)(—)
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t—1o

=P+Q(——)

Running the local linear smoother for model (3.2), we minimize:

t—to

T
>y = PXe = QX (—) |I* Kalt — to) (33)
t=s+1

over P and Q, where || . || denotes the Euclidean norm, s = maz(p,q) and

1
Kp(z) = =K (i) for a kernel function K(.) and a bandwidth h controlling the

h  “hT
amount of smoothing. Let the resulting minimizers for (P, Q) be (P, Q).

Let s = [ wiK (u)du, v; = [ wiK(u)du, w = (2, )

Mo M1 Ww
U= V=

M1 M2 vy 1o
Define M = E[(X,;X]) ® I] and N = E[(X,;X]) ® (7/)?]. Next, I derive the
explicit representation of the estimator by using local linear fitting .
Theorem 3.1 The solution (P, Q) for (3.3) admits the following closed form:

-1

vee(P) | [Sro Sn o1 (Xe ® L)y K (t — to) (3.4)

vee(hQ)|  \Sri Sra2) S0 (Xe @ L)y, Kt~ o)
where ® denotes the kronecker product. Iy is the k x k indentity matrix, S;; =
ST (X XD @ LK (t — to) and K\ (t — to) = (Th))(t — to) Kn(t — to), for
i=0,1,2.
Proof: See Section 3.5. [J.

3.1.2  Asymptotic Distribution

To derive the asymptotic distribution of the above estimators, we need the

following assumptions.
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Assumption B:
(B1) For any u = to/T € (0, 1), the second derivative of ®(.) exists and is continuous
at u.
(B2) The kernel function K (v) is symmetrical with a bounded support s.t po(K) = 1
and p11(K) = 0ie. [ K(v)dv=1and [vK(v)dv = 0. Further, the functions v* K (v)
and v3K’(v) are bounded with v*K (v) < cc.
(B3) There exists a positive p > 0 such that E || a; [|'*< co.
(B4) Assume that ~; is measurable with respect to the o-field generated by historical
information F;_; = {wy;s <t—1}, where w1 = (¥, 1, ¥ 9, - Yips Xt—1, -, Xi—g)-
(B5) M and N are both invertible positive definite matrices.
(B6) The processes {X¢, a;} are strictly stationary with a-mixing coefficients «(s)
such that Y s¢la(s)]! "% < oo for some § > 2 and ¢ > 1 — 2/4.
(B7) h — 0 in such a way that hT' — 0. There exists a sequence of positive
integers {rr} s.t. rp — oo, rp = o(v/AT) and /T /ha(rp) — 0 as T — oo.
Theorem 3.2 Suppose the assumptions (B1)-(B7) hold. Then, for any u = t,/T €

(0,1), we have:

vece(P — ®(u))

vec(h(Q — ®'(u)))

VTh{ — Br(u)} = N(0,X)

2

where Br(u) = %(Ulw)@)vec(q)” (u))(14+0,(1)) and T = (U"'VU oM 'NM™).
Proof: See Section 3.5. [.

3.2 Generalized Likelihood Ratio for Multivariate Time-varying Coefficient Model

This section briefly discussed the testing hypotheses about whether the coeffi-
cients of the time-varying regression models are of some specific functional forms or

constants.
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3.2.1 Generalized Likelihood Ratios

The likelihood ratio type test was proposed by Fan, Zhang and Zhang (2001)
and studied extensively by Fan and Jiang (2005). For the varying coefficient re-
gression model: Y = A(U)"X + ¢, ¢ ~ N(0,0%) with X = (z1,...,2p)" and
A(U) = (ay(U), ...ap)T. After fitting the regression models via local linear technique.
Fan, Zhang and Zhang(2001) raises one interesting problem to check whether the
varying coefficients are of some specific functional forms. This is equivalent to the

following hypotheses:
Hy: A(U) = Ag(U) «— H, : A(U) # Ap(U) (3.5)

where Ay(U) is a vector of known functionals. One special case of (3.5) is when
Ap(U) is a vector of constants. Then the test hypothesis becomes to checking

whether the varying coefficients are indeed varying. That is equivalent to:
HQiA(U):AOHHaIA(U)%AO (36)

where Ay is a vector of known or unknown constants.
The test statistic is defined as:
n RSSO — n RSSO — RRSQ

)\nzﬁn(Ha)_EH(HO):Elag(RSS )NE( RSS.

where £, (H,) and L, (Hp) are the log-likelihood under H, and Hj, respectively.
RSS, = S0 (Vi — AT(Up)X)? and RSSy = S0 (Vi — AT (U)X)%. Here A(U)
is the corresponding nonparametric estimator of A(U) and Ao(U) is the true or

estimated value of coefficients under Hj.
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3.2.2 Test Statistics

Motivated by Fan, Zhang and Zhang (2001) and Fan and Jiang(2005). Suppose
{y;,%:}{_; are a random sample from the multivariate time-varying coefficient model
(3.2). Namely,

y, =®t/T)X, + & (3.7)

/

Now, we assume X ! 2€t has mean zero and covariance I,. where X is a symmetric
positive definite constant matrix. X; = vec(1,y, 1, ¥1_py Xt—1, -, X¢—g) I8 2 d X 1
vector with d =1+ kp + vq and ®(¢t/T) = (c(t/T), 0 (t/T), ..o (t/T), B (t/T), ...
B,(t/T)) is a k x d matrix.

I consider the simple null hypothesis testing problem:
Hy: ®(t)T) € ©y(t)T) «— H, : ®(t/T) ¢ O0(t/T) (3.8)

where ©y(t/T) is a set of functionals of matrix . Denote ®(t/T) as the corresponding
nonparametric estimator of ®. i’o(t /T) is the true or estimated value of coefficients
under Hy. I propose the similar test statistic for the testing problem in (3.8) as:

T RSSy,, T

RSSy — RSS,
Ar = L{Ha) = L{Ho) = Flog(==) ~ 5 ;SS

)

where L£(H,) and L(H,) are the log-likelihood under H, and Hj, respectively.
RSS.= Y0 (yi—®(t/T) X)) S (y,~@(t/T)X,) and RSSo= 3, (y,—o(t/T)X0)"
Yy, — ®o(t/T)X,). Where X is a positive definite matrix as a working covariance

of &;. So 37! can be written in terms of spectral decomposition as:
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A0 0
2_1:QT ' . . Q

where \y > X\y--- > A\ > 0 are the eigenvalues of > and Q is the orthogonal
matrix having rows q,...q; which are normalized eigen-vectors corresponding to
AL, ..., Ag. With this spectral decomposition of 37!, model (3.7) becomes equiva-

lently to:

Qy, = Q®(t/T)X: + Qe

Denote y; = Qy,, ®*(t/T) = Q®(t/T), e; = Qe;. Hence, from now on, we focus
on the model:

y; =®(t/T) + & (3.9)

where € has mean zero and covariance matrix QX,Q”.

Accordingly, the testing hypothesis problem (3.8) becomes:

Hy: ®*(t/T) € O4(t/T) «— H, : ®*(t/T) ¢ O4(t/T) (3.10)

3.2.3 Asymptotic Null Distribution

To derive the asymptotic distribution of Ay (®g) under Hy, we need the following
assumptions.
Assumption C
(C1) ®*(u) has the continuous second derivative at any u = to/T € (0, 1).
(C2) The kernel function K (v) is symmetrical with a bounded support s.t pio(K) = 1
and py (K) =01e. [ K(v)dv=1and [vK(v)dv = 0. Further, the functions v* K (v)
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and v3K’(v) are bounded with v* K (v) < cc.
(C3) Ele;|* < cc.
(C4) X, is bounded. The d x d matrix E[X,X]] is invertible. (E[X,X]])~! and
E[(X,XT) ® 2] are both Lipschitz continuous.
We define: T' = E[X,X]] and wy = [[#3(s + t)2K (¢t/T)K ((s + t)/T)dtds.
Denote D = k x d, @ = QXoQ" = (6%)¥,_; i, it has (i,7)-th element as o2,
i,j=1,..k For j =12k Let ef; = y;; — ®p,;(t/T)Xs,

Ry = %[z?_l B0, [ K (4/T)dt)(1+ O(h) + O(T2)),

Rl = er, X D71 (®g; (t/T)X0) E(X)wo,

2\/— Zt 1
Rpgo = < B35t/ T)X X[ B35t/ T) (1 + O(T2)),

leJ = U [Th4Ré" 30 T1/2h2(R5"10 R]T2O)] O (Th4 + \/_hQ)

D D
dir = EZ] 1A UﬂleJ’ Hr = kT Z A
2
Or

2 = ﬁ(zy L Ao+ 2 ZK] Aijoy;), where K x K denotes the convolution prod-

uct of K, note that both Rzmo and RT20 are asymptotically normal and hence are
stochastically bounded.

Then, we have the following theorem.

Theorem 3.3 Suppose Assumptions (C1)-(C4) hold. Then under Hy, as h — 0 and
Th3? — o,

o YA (®o) — 1 — i) — N(0,1).

Proof: See Section 3.5. [J
One special case of the hypothesis in (3.10) is to check whether the coefficient
functions are actually varying. This means when OF(¢/T) is some known constant

matrix ®;. In this case, we have the following asymptotic result.

Theorem 3.4 Suppose Assumption (C1)-(C4) hold. Then under Hy, as h — 0 and
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Th3/? —s 0,

oY Ar (@) — k) —> N(0, 1)

Proof: See Section 3.5. [J
3.2.4 Power of Test

In this section, we consider the power of the quasi-likelihood ratio test based on
local linear fitting. For simplicity, we fix the null hypothesis in (3.10) with a known
matrix.

For any uw = t/T € (0,1), if we rewrite matrix ®*(u) as a vector:

A(u) = vee(P](u), 5 (u), ...0%5 (u))

Denote: Ag(u) = vec(P; (u), Phy(u), ...25H(w)), then the power of the test is con-

sidered under the local alternatives as follows:

Ha : A(u) = AU(U) + GT(U)

1 . .
where Gr(u) = ﬁ(gl(u), g2(u), ..., gp(u))" is a D x 1 vector of functions. So, the
power of the test under H, can be approximated by using the following theorem.
Theorem 3.5 Suppose that Assumptions (C1)-(C4) hold and A(u) is linear in u or
Th® — 0. f ThE{G7(v)[(X;X])®1]Gr(u)} — C(G) and E{(GF(u)[(X:X])®

I)Gr(u))el*e}? = O((Th)=3/?) for some constant C(G), then under H,:

a1 O (@o) — 5 — di + V) — N(0,1)

T
where o7 = 0% + - E{GH(@)[(XX]) @ IGr ()}, Mo?, +2 i, Ayo?),

J=1"3"73]
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b= o BAGHW)(XXDO LG )} (T4, o), v7 = o (A ()[(XX])e

Jj=1739"33/ Sk
LA™ (u)Ywo (2%, A)) and g2 is given in Theorem 3.1.

=17\

Proof: See Section 3.5. .

3.3 Simulations

In this section, I conduct Monte Carlo simulation to demonstrate the power of
the proposed GLR. The effect of the error distribution on the performance of the

proposed test is also investigated. Throughout this section, the Gaussian Kernel

1
K(u) = e~**/? is used. Simulation procedures and results are given below.

V2r

3.3.1 Simulation Procedures: Conditional Bootstrap

To implement the GLR tests, we need to obtain the null distribution of the test
statistic. In Section 3.2.2, we give the theoretical asymptotic distribution of the
statistic. For a finite sample, the null distribution can be approximated by simu-
lation via fixing nuisance parameters/functions at their reasonable estimates. This
simulation method is referred to as the conditional bootstrap, which is detailed as
follows:

1) Fix the optimal bandwidth at its estimated value ﬁopt and then obtain the esti-
mators of the coefficient ®(¢/T) under both null and alternative models.

2) Compute the GLR test statistic Ar(Hp) by definition and the residuals e; (for
t=1,2,..T) from the unrestricted model under H,.

3) For each X;, draw a bootstrap residual e; from the centered empirical distri-
bution of e, and compute y: = ®(¢t/T)X, + e;. where ®(¢/T) is the estimated
regression coefficients under H, in step 1). This forms a conditional bootstrap sam-
ple {X;,y; }_1-

4) Using the bootstrap sample in step 3) with the bandwidth Bopt, obtain the GLR
Ni(Hp) in the same manner as Ap(Hp).

5) Repeat steps 3) and 4) many times, say 1000 times to get a sample of statistic
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Ni(Hp). The critical value at significant level « is given by the (1 — a)th quantile.
3.3.2 Simulation Results

In this section, I consider the following data generating model:

where k =2 v=p=q=1,D=kxd=06, A =vec(dy,..,Ps) = (0.5,0.0075,0.08,
0.65,0.25,0.75)7, set the initial value y; = (0.15,0.2) and z; = 0. In this case,
X, = vec(yii-1,Y24-1,T1-1), for t =2,..T. e, ~ N(0,X). where ¥ = (0?5 015).

For the power assessment, we evaluate the power for a sequence of alternative mod-

els indexed by 6:

0
Hy : Ay = (0.5,0.0075,0.08,0.65,0.25,0.75)T + ﬁe(t/T) (3.12)

where G(t/T) = (sin(v/2rt/T), —0.09cos(rt/T),0.16sin(v/3rt/T), 0.8sin(v/2rt/T),
0.3sin(mt/T), cos(v/1.57t/T))T. The simulation is repeated 600 times for each sam-
ple size n = 200, n = 400 and n = 800 and for each § = 0, § = 0.2, 6 = 0.4,
f =066 =0.8and # =1.0. For each given value of 8, I use 1000 Monte Carlo
replications for the calculation of the critical values via the conditional bootstrap
method (see section 3.3.1). Given the significance of level 5% and 10%, the power
function p(f) is estimated based on the relative frequency of Ap(®) over 600 sim-
ulations. In addition to the bivariate normal distribution, the bivariate ¢(5) and
bivariate lognormal(0, 3J) distribution.where 3 is the same variance matrix as of the
bivariate normal distribution. I plot the power curves in Figure 3.1 and Figure 3.2

at significance levels 10% and 5% for all settings.
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3.4 Real Example

In previous section, I conducted Monte Carlo simulation to illustrate the effec-
tiveness and the validity of the proposed test statistics. In this section, I consider the
application of these methodologies to a real example. Here I analyze a subset of the
interest rates of the Federal Reserve Bank of St.Louis (http://research.stlouisfed.org
/fred2/). They are monthly 1-year and 10-year Treasury constant maturity rates,
which represent short-term and long-term series, respectively. The data consist of
571 monthly observations from January 1984 to October 2000.

Let Y1; and Y5 be the interest rate series of the 1-year and 10-year Treasury,
respectively. Denote s1; = In(Yy;) and sy = In(Yy). I use the logarithm return
y: = (Y1, y2u)', where yiy = sy — s;4-1,1 = 1,2. 1 fit the data using the following
bivariate AR(2) model:

y;=ay, ; + by, o +& (3.13)

where a = (Z;} s ) and b = (Z; g;g ) We are interested in using the proposed GLR

test statistic to test:
Hy:y,=ay, | +by, y+e «— H,:y,=a(t/T)y, , +b(t/T)y, o +e& (3.14)

If we rewrite the coefficient matrices into vectors, denote:

Ay = (dn,dzl,&12,&22,611,52178127822)T, A, = (a11(t/T), a1 (t/T), a12(t/T), ax(t/T),
NP PN 1

b (t/T), bar(t/T), bra(t/T), b22(tA/T)?T :A (alAh (1, (12, G2, b11, bar, bra, bao)™ + i)

G(t/T), where (11, G21, A12, G2, b11, ba1, D12, bao)T = (0.230, —0.032, 0.334, 0.398, 0.024,

0.008, —0.184, —0.152)7 is the estimated coefficients using software R for model

(3.13). G(t/T) = (0.08sin(v/27t/T),0.3sin(rt/T),0.16sin(\/3rt/T), cos(v/1.57t/T),

—0.09cos(mt/T), 0.3sin(rt/T), 0.8sin(v/2mt /T), cos(v/1.57t/T))T. Then, it is equiv-

alent to test:

H()ZA:A()HH&IA:ACL (315)
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To compute the p-value of the test statistic, I need to find the null distribution
of the GLR statistic Ay(Hp). This can be estimated by the conditional bootstrap
method mentioned in section 3.3.1. The p-values are computed from 500 bootstrap
replicates for using different bandwidths. The corresponding p values are reported
in Table 3.1. Therefore, one can see all the p-values are greater than significant level

0.05, which implies that the varying coefficients are indeed time-varying.

Table 3.1 : The p-values for testing constancy in hypothesis (3.15)

T - 3
h h - Ehopt h - hOpt h - ihopt
p — value 0.032 0.006 0.019

3.5 Proofs

In this section, we give the derivation of the main results presented in previous
sections of this chapter.
Proof of Theorem 3.1: We can prove it by following the similar steps in the proof
of Lemma 1 in Jiang (2013): The proof involves taking the derivative of a generic
matrix-valued function F(X) with respect to a matrix X. Taking derivative over P

and Q for (3.3), we obtain the score equations:

t—to

e (K@ Ily — X, = QUi —t) =0
- ~ t—1 ‘
YL (X @ L)ly, — PXy = Q) K3 (¢~ t0) = 0
For conforming matrices, we have the identity:
vec(AXB) = (B ® A)vec(X) (3.17)

This combined with the identity:

(AB)C=A® (B®C) (3.18)
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yields that
(X; ® I)PX,; = vee((X; @ I,) PX,)

= (XT © X;) @ I)vec(P) (3.19)
= (X X)) ® Ik)vec(P)

it follows from (3.16) that:

/ STovec(P) + STlvec(hQ) = Z;‘Fzsﬂ(Xt ® 1)y, Kn(t — to)

R R (3.20)
Srivec(P) + Sravec(hQ) = 31,1 (Xi @ L)y, K (t = to)
.
Proof of Theorem 3.2: By taking iterative expectation, we get that:
1 . < -
B(T7'Smi) = 7B( Y (XX{) @ LK, (t — to))
t=s+1
1 & . M )
— Tt:;lE[(XtX'f) ® LK\ (t - to)?/K,(f)(t — to)dt(1 + o(1))

= u; M(1 + o(1)).

Note that T~ vec(Sri) = T~ S0 Z,, where Z, = vec[(Xo 1 XT,,) @ L) K (s +1 —

to). It follows from stationarity that

T—s 2T — 5) TS l
—1 _ - -
Var(T  vec(Sty)) = T2 Var(Z,) + 7 ; (1-— T S)cov(Zl, Zii1)
(3.21)
Let d7 — oo be a sequence of integers such that dph — 0. Define J; = fﬁf ! |

cov(Zy,Z41) | and Jy = lT:_dST_l | cov(Zy,Z,41) |. Using the mixing condition (B6)

and Davydov’s lemma (see Hall and Heyde 1980, cor.A.2), we have: for components
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of Z; and Z;,,4,
| cov(Za g, Ziim) |< Cla(D)]' P [BZy )1V (Bl Ziya,m| ]

where C is a generic constant. Directly calculating the mean and covariance, we

establish that: F|Z|° = O(h=°*!) and |cov(Zy, Zi41)| = O(1), componentwise.
Then J; = O(dy) = o(h™") and Jo = O(h*°=2) 32 [a()]'"° = O(h*/*~2)
A2 Lcla(D]' 2% = o(h™1), if we set h'"2/°d5 = 1, so that dph — 0 is
satisfied. Thus,

T—s—1

> eov(Zy, Zisr)| = Ji + Jo = o(h™) (3.22)

I=1
Note that var(Z,) = h vy Elvec(X,X!) @ I]®2(1 + o(1)). It follows from (3.21)
and (3.22) that

Var(T  vec(Sty)) = %V%E[vec(XtXtT) ® I]¥%(1 4 o(1)) (3.23)

By the Chebyshev inequality, we know:

TSy = 1;M(1 + 0,(1)) (3.24)
Hence,
Sro S
|7 T 2 U@ M1+ 0,(1) (3.25)
Sr1 Sro

By (3.2) and (3.16), we have

= Br(u) + Vi (u) (3.26)

where
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-1 r

By (u) Sto St1 ZtT:sH(Xt ® L) P (t/T) X K (t — to) vec(®(u))
T\U) = - )
Sri Sr2) | Sl (Xe ® L)@/ T)X K (t— 1) | | vec(h® (u))
1 r -1
V() Sto St ZtT:sH(Xt ® Ii)e Ku(t — to) Sto St1 Vo
T\u) = = .
St1 Sro Zthsﬂ(Xt ® ]k)€thgl)(t —to) St1 St2 Vi

Thus Br(u) and Vr(u) contribute to the bias and variance of the estimators, re-

spectively. By the definition of Sy; and (3.18), we have:

Srovec(®(u)) = Y (X{X;) @ Lwee(®(u)) Ky(t — to)

t=s+1

= 30 X7 (X, ® Tvec((u)Knlt — to)

using (3.17), we obtain:

Srovec(®(u)) = vee((Xy & )P (u) X)) Kp(t — to)

T
t=s+1
T

(X @ 1) P (u) X K (t — to)
t=s+1

Similarly,
Srivee(®(u) = 21, vee((Xe ® L) ®(u)X,) KLV (t — to)
Srivec(h®' (u) = Y1, vee((X, @ I)h®' (u)X,) KL (t — to)
Srovec(h® (u) = Y1, vee((X, @ Ii)h®' (u)X,) K2 (t — to)

which gives that:
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Sro S B!
P By = | (3.27)

STl ST2 Bi}l

t—to)

where By, = Y0 (X, ® I,)[®(t/T) — ®(u) — @’(u)(T]XtK,(Lj) (t — to), for

7 =0,1. By the Taylor expansion, it can be shown that:

DS (X ) WX K~ t) + o, (1)
= 37 2 [(XT ©X0) © Ifvec(® (w) K (t — to) + 0, (%)
= %,uzl\/[vec(@” (u)) + 0p(h?)

h2
Similarly, T-'B}., = ?ungec(q)” (u)) + 0p(h?). This combined with (3.25) leads

to:
h2 -1 -1 ” h2 —1 9
Br(u) = o (U7 @M ™) we(Muvec(®” (1))} (1+0p(1)) - (U™ w)@vec(@” (u)) (1+0,(1))
(3.28)
where the second equation comes from the identity:
(A®B)(C®D)=(AC)® (BD) (3.29)
Let Vi = (VI ViA)T. Using the same argument as for (3.23), we obtain:
Var(VT-1hVh) =V @ E[(X; @ L)y (X, @ I)T](1 4 o(1)) (3.30)

For any unit vector d = (d},d2)” € R*!, where d; and dj are d x 1 vectors, we

get:
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T—s
1
\/ h/TdTV*T = ﬁ Z \/ﬁ[d’{(xs-i-t X Ik)Kh<t +s— to)
t=1

+ AT (X @ LKV (E 4 5 — to)|esss

By (3.30), we get: Var(y/h/Td"V3) = d"[V @ N]d(1 + o(1)) = 6*(1 + o(1)).
where N is defined earlier. Applying the ”big-block” and ”small-block” argument
(see the proof of Theorem 6.3, Fan and Yao 2003), we have: /h/Td" V3. 2
N(0,6?%). Therefore, by (3.25) and the Cramér—Wold device, VThV(u) is asymp-
totically normal with mean zero and variance-covariance matrix ¥ = (U@M) H(V®
N)(U ® M), using the identity (3.29), we have: ¥ = (U'VU )@ (M 'NM™!).
Then the result of the theorem follows. [l.

Before moving forward to the detailed proofs of Theorem 3.3, we need the

following definitions and lemmas.

Let hy = 1/v/Th, for each j = 1,2.... k,

/ t—1
B,(to)" = (®(to/T), h®" (to/T)) and Zy(to) = (X7, Wox’f )T. Define:
t—1t
ary(to) = KT 1 el XK (=),

t—to)
hT

Re;(to) = b3 30 T @5, X, — B;(t0) T Ze(to)| X K (
ijl = 23:1 ey Rr; ()" Xy,

R, = Zthl aur; (1) X, X Ry (1),

Ripy = % >t Ry ()X X Ry (1),

Definition 3.1: (Definition 1 in de Jong(1987)). For each j = 1,..k, Wi. is called

clean if the conditional expectations of W;; vanish:
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E(Wy,X,) =0,a.s.

for all s,¢t <T.

Lemma 3.1: (Lemma 7.2 in Fan, Zhang and Zhang(2001)). Under Assumption (C),

for each 7 =1,2,...k, as h — 0, Th — co. We have:

R%‘l = ﬁth%“lo + O(hT_1/2)7
Ripy = VT Ry + O(WT 7).
Ry = Th* Rl + O(R?).

Furthermore, for any 6 > 0, for j = 1,2...k, there exists M; > 0, s.t:
Ry,
PUTTme

]>M)<5forz—12andP(| |>M)<5.

Using Lemma 3.1, we can easily show the following lemma.

Lemma 3.2: (Lemma 7.3 in Fan, Zhang and Zhang(2001)). Let ®(¢/T) be the
local linear estimator P we derived from Lemma 3.1. Let ®*(¢/T) = Q®(t/T) =
(®T*(¢/T), ..., ®T*(t/T))T, then under the Assumption (C), uniformly for to € (0,T),

for each j = 1,2...k, we have:

O (to/T) — ®;(to/T) = (ory(to) + Rrj(to)) (1 + 0p(1)),

where ar;(ty) and Rrj(ty) are deﬁned earlier. Again, we define:

UTj = hzT ZZS lgtj SJX'TF X K( hT )

t—1 s—1
Vrj = h4T Zfs 1 €4i€5) XT[Z[ 1 1XZXZTF_1K(

T—h)K( Th X

Lemma 3.3: (Lemma 7.4 in Fan ,Zhang and Zhang(2001)). Under Assumption (C),
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assume ¢, ~ N(0,%), where Q¥oQ" = (62)F._,. As h — 0, Th*? — oo, for

ij/4,j=1

j = 1...k, we have:

D
Ur; = EK( )03 + = 28# eren X I1X Kh(s —t) + 0,(h71/2),
D 2 T B
VT]' = EVOO— + T—hzs<t SJEtJXTF lK x K( T )Xt + 0p(h 1/2)

with () = ;K (hT)

Proof of Theorem 3.3: Firstly, we show that:

RSS 1
ZegE

Zt 1 etl 6tl)
T

=— E trace(el ehX1)

1
= ftmce([z eneh ]S
t=1

1 o
= Ttmce([T — 12037 + 0,(1)

T—-1 -
=7 trace(XoX 1) + 0,(1)

= trace(

= trace(SoX ™) + 0,(1).

A 1
Knowing that Xy = T Zthl enel.

Secondly, by the definition, we obtain: for each 7 = 1...k,

T T
—Arj(®g)0? ——h%ZgZ Z%XTF X, K ( T )]
T

1 4 * _x yvT1—1 T -1 t—
+§hTZZZ%eSJX PHXOXT XK (5

=1 t=1 s=1

l

JE(

s —1

hT

)
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Thus, we apply Lemma 3.1, Lemma 3.2 and Lemma 3.3. We find out:

1 , _
_)\Tj(q)o) = Uur + lej — mWJJ« + Op(h 1/2).

where W, = 7:/_2 Zs# Ly 2K (s —t) — Kp x Kp(s — HIXIT1X,.

Now, we need to show that for all j =1, ...k,

Wi -5 N(0, w)

where w = 2D||2K — K x K||3. Define:

Vh

for 1 < s <t <T with ¢r(s,t) can be written as:

cr(s,t) =by(s,t) + ba(s,t) — bs(s,t) — by(s,t)

where by (s,t) = 2K, (s — )X 71Xy, by(s, t) = bi(t, 5);
by(s,t) = Kn + Kn(s — )XTT "Xy, ba(s, 1) = by(t, 5).
Hence W% = Zit Wy, for j = 1...k.
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(3.31)

In order to employ Proposition 3.2 in de Jong(1987), we need to check the following

conditions:

(1)

(2) var( 7y — w. as T — o0.

(3) G4 is of smaller order than var(W3).
(4)

7 is of smaller order than var(W3).
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(5) G4y is of smaller order than var(W:).
where
G]f = Zl§s<t§T E(W;j)v
Gl = Lncoaracr BOWELWE) + EWELWis) + BOVE W),
Gly = Y1cscratcact EWatiWaiWauriWaig) + EWaii Wi Wiei W) + E(Wa; W
Wi Wig )]

Now we check each of the conditions above.

Condition (1) follows straightforwardly from the definition.

To verify (2), we notice that: var(W) = Zit E(WZ,). Denote:

K(v,m) = K % ---% K(v) as the m-th convolution of K(-) at v for m = 1,2....
Therefore it follows that:

4
Daj 7

E[c3(s,t)e53er7] = ; [16K(0,2) — 16K (0,3) + 4K(0,4)](1 4+ O(h))

sjgtj

which leads to: w = 2D [ [2K(z) — K * K(z)]*dz = 2D||2K — K * K|3.

Condition (3) is satisfied by noting that for each j = 1,2...k,
Elbi (1, 2)5%’333‘]4 = O(h™?)bs(1, 2)5%5;3‘]4 = O(h™).
h2

T4
Condition (4) is verified by the following calculation:

which implies that E(W},) = —-O(h~?). Thus, G) = O(T2h7 1) = o(1).

E(W122jW123j> = O(E(Wflzj)) = O(T_4h_1)

which gives that: G7, = O(T"'h™') = o(1) for all j = 1,2...k.
To prove condition (5), it suffices to compute the term E(Wig;Was;W34;Wiy1;).

By direct calculations:



Elby(1,2)b1(2,3)b1 (3, )by (4, 1)e2e2e232] = O(h™)
Elby(1,2)b1 (2, 3)b1 (3, )bs (4, 1)ei2es2es2e32] = O(h~Y)
Eb1(1,2)b1(2,3)bs(3,4)bs (4, 1)ej7esiesierz] = O(h™)
E[bi(1,2)b3(2,3)b3(3,4)bs (4, )etiesiestes;] = O(h 1)
Elbs(1,2)bs(2,3)bs(3,4)bs(4, 1)ei7esresierz] = O(h™)

and similarly for the other terms. Hence,

E(WigjWa3iWayiWai;) = T *R*O(h™) = O(T*h)

which leads to: G%,, = O(T*T~*h) = O(h) = o(1).

By now, we have shown for each j = 1,2...k, we have, under Hy:

0';1<)\Tj((1)0) — Hr + lej) i> N(07 1)

D
where 02 = oA (2K (z) — K * K(x))%dx,

D 2
2h(2K ) — [ K?(z)dx),

lej =0 [Th’4R%’30 o T1/2h2(R%’10 - R%QO)] = Op(Th’4 + \/Th‘Q)

Hur =

From the definition, we get our GLR test statistic, under Hy:

T RSSO — RS S,
2 gSs,

_ RSS, — RSS,
2trace(3pX—1)

Ar(®g) =

k
1
= ZAJ (RSSy — RSS,)(j)
2tr&ce(202 ) o
k
= 2 A7 (o)
 trace EO Zl 1953 Tj 0)
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We already shown that var(Ar;(®o)) = 07(1 + O(1)).

Let

Now, we focus on the variance of A\r(®y), we have:

k

P
o
var A (®y)] = var Ao A (o) T Ao
[ T( 0)] [tmce ZO Z 393j T] 0 tT&C@(Zozl)Q; 7739
2

+ =
trace(XoX—1)?

Z cov(Aj a A (o), o2 A7 (@)

1<i<j<k

Since —Ar;(®o) = pr + dirj — Wi 4 0,(h=1/2), for i < j, we obtain:

1
2Vh

N AN OENS I
cov(NoAri(Po), A a )\T](Q%))) o cov(Wrp, Wi)
\ijO2N2
= S B,

Similar with the calculation of var(W), we obtain:

EWiWi) = E[()_Wu)(O_ Wa;)]

s<t s<t

> E(W.uiWay)

1<s<t<T
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hcz(s,t)
— Z E[TQTTE* 6;8;675]]
1<s<t<T 9ii95j

We note that:

sggt]

B((s,t)e ket eh) = Dzépﬁkxaz)—1ﬁkxa3)+4kxa4nu.+oawy

Therefore, we have:

9 k
o
var(Ap(®y) = = L2 Aokl 1+ 0
(Ar(2o) trace(3oX—1)?2 [j 1] 7 ; j( )
2
Denote: 0*? = or > Aot —|—22f<j Aijoy;] . Then:

trace(ioE—l)Q g=173733

var(Ap(®g)) — o*2.

where 02 = f — %K * K(x))dx.

Notice that, Ap(®g) — ph + dir is clean. In order to apply Proposition 3.2 in de
Jong (1987) again, it remains to check:

(1') FY is of smaller order than E(WiW3,)

(2)) F} is of smaller order than E(WAW3)

(3") Fji, is of smaller order than E(WiW)

where

F” = Zl<s<t<T (Wsznws,?tj)

= > i<setar<rlEWstiWaiWaj Wy )+ E(WisiWaiWisi W )+ E(WisiWieWisi W) ],
Fi, = Y i<setctcustEWstiWajWauriWaii) + EWstiWeujWieiWiwi) + E(WaiWu;
WiiWii) + E(WgiWeui Wi i Wi ).

Condition (1') holds because E(W,Wiy;) = O(E(Wiy,;)) = O(T~*h~"), Hence,
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FV/ = O(T2h 1) = o(1).

To prove (2’), note that:

E(WigiWi3:WiajWisi) = O(E(WH,WE.))

= O(E(W,)) = O(T*h™Y)

Thus, Fj3 = O(T'h~') = O(1).
To prove (3’), it suffices to calculate the term E(Wi9;Wa3;W34;Wa1;). By straight-

forward calculations:

Elbi(1,2)b1(2,3)b1(3,4)b1(4, 1)5>1ki5§i5§i51¢£Tj5§j5§j571j] = O(h_l)a
Ebi(1,2)b1(2,3)b1(3,4)bs(4, 1)e}eh,e5,61,6165,€5;€4,] = O(h™),
E[bi(1,2)b1(2,3)bs(3, 4)b3 (4, 1)t enesiciiet en;es,€s;] = O(h™),
Elbi(1,2)b3(2,3)b3(3,4)bs (4, 1)e1,65,€3,€1,€1;€5;€3;€4;] = O(h™),
Elbs(1,2)bs(2,3)bs(3,4)bs(4, 1)ej;e5e5:€5:6163,65:€5,] = O(h™1)
Then, E(WioiWas; WasiWar;) = hQO(h 1Y = O(T*h). yielding

Fry = O(h) = o(1),

Therefore, we have shown that var(Ar(®y)) has been dominated by o*2. Hence,

o YA (@o) — pil + dip) 5 N(0,1)

This finishes the proof. .

Proof of Theorem 3.4: Theorem 3.4 is one special case of Theorem 3.3 when @}

under Hj is a vector of constants. So, with the same notation as in the proof of

Theorem 3.3, we have for each j = 1, ...k, ®; = 0. Hence, ijw = R Too = R T30 = 0
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which leads to each dyr; = 0 and dj; = 0. The rest of the proof is the same as the
proof Theorem 3.3. [1.

Proof of Theorem 3.5: Under H, and Assumption C, applying Theorem 3.3, we

have: for each j =1, ...k,

1 A
—A1;j(Po) = —pir +vrj —dor — [mw%—'—ZtT:l GT(w) (k@ Xy )er/(03;)] +0p(h712).
Th4 ” ” T
where vp; = 87E{A T(w)[(X XD @ L]JA™ (u)}wo, dop = §E{GT(U)[(XtXZ’) ®
Jj

I;)G(u)} with pup and W3 defined in the proof of Theorem 3.3. The rest of the proof

is similar to the proof of Theorem 3.3. The details are omitted. [.



CHAPTER 4: CONCLUSION

In this dissertation, first of all,I define the spatial QR and study spatial quantile
regression estimation of multivariate threshold time series models. I derive asymp-
totic normality of the proposed estimator. I conduct simulations and analyze a real
example to show the performance of the proposed estimator.

Furthermore, I extend the multivariate threshold time series model to multi-
variate time-varying coefficient model. I also get an explicit representation of the
estimator of the time-varying coefficient using local linear technique. Asymptotic
normality is established as well.

Last but not the least, I propose the new test statistic which is built based on
the comparison of the likelihood under between null and alternative hypotheses. I
give the theoretical asymptotic null and alternative distributions. Monte Carlo sim-
ulations are conducted to illustrate the power of the proposed test procedure and
an application to a real data set is presented too.

There are still many interesting research topics related to this dissertation which
deserve further investigation. First, one may release the stationary or mixing con-
ditions. I only focus on the asymptotic result under stationary time series data
setting. Secondly, the generalized quasi-likelihood ratio test statistic can be ex-
tended to other models. For example, additive models, predictive regression models
and so on. Last but not the least,few paper available in literature about multivariate
time-varying coefficient models under nonstationary time series setting due to the
difficulty of deriving explicit representation for the nonstationary data. All of the

above issues can should be given a lot of attention as a future research topic.
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