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ABSTRACT 

 

JONATHAN CHRISTIAN KOERBER. Characterization of Broadband Optical Functionality 

of Freeform Optics. (Under the direction of DR. THOMAS J. SULESKI) 

 

Freeform optics, broadly described as optical elements with at least one surface lacking 

translational or rotational symmetry, have seen increased interest due to recent advances in optical 

design, fabrication, and measurement. Freeform optics provide additional design freedoms and 

capabilities that enable greater control of wavefronts and new functionality compared to 

conventional optics. For these reasons, freeform optics are receiving great interest for imaging, 

metrology, illumination, and many other applications. However, most freeform elements are 

designed for monochromatic light sources, especially in the case of transmissive optics. Studies 

on the advantages, disadvantages, and applications of freeforms with broadband sources have been 

limited to some illumination systems and to reflective systems which are inherently achromatic.  

The primary goal of this dissertation is to characterize examples of transmissive freeform 

optics in applications where broadband optical functionality is not currently enabled or where 

freeform optics enable enhanced broadband functionality. Results are addressed through three 

articles. The first article presents a broadband variable transmission sphere based on freeform 

Alvarez lenses to facilitate Fizeau interferometry across a broad range of f-numbers and source 

wavelengths. The second article demonstrates the use of additional freeform design freedoms to 

reduce undesirable retrace errors in broadband variable transmission spheres. The third article 

reports on the design and performance of freeform transmissive elements for compact and efficient 

broadband laser beam shaping. These three articles illustrate advantages and challenges for the use 

of freeform optics in broadband optical systems.  
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CHAPTER 1: INTRODUCTION 

1.1 Background and Motivation: Broadband Optical Systems 

Optical systems designed to function over large ranges of source wavelengths are 

advantageous for many applications and light sources but requires additional design 

considerations. For example, many applications benefit from the use of multiple source 

wavelengths for increasing the amount of available information (i.e. for imaging [1-21] and 

material detection [22-27]). In order to obtain high-fidelity information, the optical systems must 

be able to function similarly for each source wavelength. Additional applications for broadband 

optical systems include laser beam shaping [6, 15, 28-30], material interactions [31-33], 

illumination [34-38], communications [39, 40], medical applications [3, 8, 41] and many others. 

It is beneficial to distinguish between two types of optical systems that function across wide 

wavelength ranges. Achromatic optical systems have the same function at the 'same place’ or 

configuration for two or more source wavelengths [5-21, 26, 28-30, 42, 43]. Broadband systems 

which are non-achromatic leverage changes in system configuration or geometry to function for 

two or more source wavelengths separately [44-47]. In simpler terms, all achromatic systems are 

broadband, but not all broadband systems are achromatic, as illustrated by Figures 1.1-1.3.  

 

Fig.  1.1: Examples of achromatic optical systems. 
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Fig.  1.2: Examples of non-achromatic broadband imaging system. 

 

Fig.  1.3: Examples of non-achromatic broadband beam-shaping system. 

Broadband functionality can reduce the number of systems or components required in a lab or 

application space where multiple source wavelengths are used. For example, instead of having one 
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imaging system for each light source, a single broadband system would function for multiple light 

sources and therefore replace multiple imaging systems across the range of source wavelengths.  

 

1.2 Background and Motivation: Freeform Optics 

Freeform optics are a growing field of optical components which utilize at least one surface 

without translational or rotational symmetry [48-50]. Advances in design software, manufacturing 

technology, and surface characterization techniques are enabling and encouraging the development 

of freeform systems. Freeform optics have been studied for imaging, metrology, illumination, laser 

beam shaping, and other design spaces with a wide variety of benefits. Freeform optical systems 

can enable greater control of wavefronts and increased functionality when compared to 

conventional optical systems. For example, the Alvarez and Lohmann lenses are classic freeform 

systems in which a variable focal length is achieved by relative lateral translation between two 

freeform surfaces [51-58]. Beam shaping systems benefit from freeform surfaces which can enable 

unique or variable output distributions [34-37, 59-64]. Further, freeform systems can facilitate 

changes in system geometries that enable more compact systems or reduce the number of 

components needed [65].   

 

1.3 Broadband Freeform Optical Systems 

To date, many freeform optical systems have been designed for monochromatic sources. 

Notable exceptions are reflective freeform systems which are inherently achromatic [49, 66-70] 

and transmissive illumination systems which are inherently broadband [34-38, 59, 63, 64]. A goal 

of this dissertation is to investigate and characterize broadband functionality for transmissive 
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freeform optical systems. Conventional and commercially available systems provide motivation 

for exploration of transmissive freeform optical systems capable of broadband functionality. 

Comparisons of the performance of broadband freeform systems to conventional systems are 

presented, and the advantages, disadvantages, and general operating principles of broadband 

freeform optical systems are discussed. 

Two specific applications of broadband freeform optical systems are explored in this 

dissertation. The first investigates use of the variable focal length freeform Alvarez lens to realize 

variable transmission spheres for use in Fizeau interferometry. The resulting broadband variable 

transmission sphere (BVTS) system enables both broadband functionality and wavefront outputs 

not currently available with conventional transmission spheres. Broadband functionality for 

transmission spheres in Fizeau interferometry has been suggested previously for limited 

wavelength ranges [21, 71-73]. Variable focal length transmission spheres have also been 

suggested, but as rotationally translated diffractive versions of the Alvarez lens (also known as a 

Moiré lens) that are limited in wavelength [74-77]. In contrast, BVTS systems are refractive and 

functionally broadband for any source wavelength for which the component material is 

transmissive. Further, the BVTS systems can match any transmission sphere f-number within the 

designed f/# range. Advantages of the BVTS concept include reducing the number of transmission 

spheres needed to be kept on hand when changing source wavelengths or surfaces under test.  

Achromatic beam shapers with non-radially symmetric outputs are considered as a second type 

of broadband freeform system. Beam shaping employs the concept of energy conservation during 

design to enable redistribution of source irradiance and phase into additional prescribed patterns 

[44, 78, 79]. A primary example of laser beam shaping is the redistribution of a Gaussian input 

beam to a uniform ‘flat-top’ energy distribution [78, 80, 81]. Conventional laser beam shaping 
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systems use combinations of transmissive aspheric [15, 29, 79], hybrid refractive and diffractive 

[82-84], or freeform surfaces [59, 69, 85, 86]. Conventional transmissive laser beam shaping 

systems have reported non-radial output distributions such as ‘roof-top’ and square distributions 

[87, 88]. However, these conventional transmissive beam shapers require additional components 

such as cylindrical lenses or masks (which result in a loss of energy) after a Gaussian beam is 

redistributed to a uniform circle [87-93], or are diffractive systems and that are inherently 

monochromatic [31, 81, 82, 94-99]. Freeform transmissive beam shapers for non-radially 

symmetric outputs have been demonstrated but are limited in source wavelength ranges [60-62, 

100-103]. Broadband and achromatic laser beam shaping have been demonstrated by wavelength-

tunable systems based on liquid deformation [104], or the addition of a spherical lens to correct 

chromatic aberrations in aspheric systems [6, 15, 28-30], or by changing the longitudinal 

separation of aspheric surfaces in a classic afocal laser beam shaper [44]. In contrast to previous 

systems, this dissertation explores freeform refractive laser beam shapers in both broadband and 

achromatic configurations to enable non-radially symmetric outputs without a loss of energy due 

to masking or the need for added optical components. 

 

1.4 Dissertation Outline 

Chapter 2 introduces the principles behind transmission spheres in Fizeau interferometry and 

their limitations in f/# and source wavelength and introduces the BVTS system as an alternative 

solution. The broadband capabilities of Alvarez lenses are discussed along with the conceptual 

advantages of a variable focal length system in Fizeau interferometers. Introductory design 

methodologies, designs, and simulations are presented, along with initial performance metrics for 

two BVTS systems. The wavefront error performance for the BVTS systems are demonstrated for 
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a 4” entrance pupil diameter across a broad range of source wavelengths (0.6328 to 10.6 µm) and 

f-numbers. Simulated measurement results for ideal spherical surfaces in a Fizeau interferometer 

are also presented. The initial results were aberrated, particularly for shorter source wavelengths, 

and did not match measurement performance targets except for the long wave infrared case. The 

potential benefits and disadvantages of the BVTS systems are discussed in detail. 

Chapter 3 expands on the limitations of the BVTS systems identified in Chapter 2 by 

considering the nature of retrace error and the challenges of freeform surfaces within transmission 

spheres. The retrace errors induced by the two initial BVTS systems are quantified, and an updated 

optimization method is presented and used to design a third BVTS system with reduced retrace 

error. Simulation results for the third BVTS system are presented and evaluated in comparison to 

the earlier results reported in Chapter 2. Significant performance improvements are seen across all 

wavelengths and f-numbers for the updated BVTS system compared to the initial two designs. 

Chapter 4 considers broadband laser beam shaping using freeform surfaces to generate output 

distributions with non-radial symmetry. Differences in design methodologies for freeform non-

radially symmetric outputs are discussed and applied for both afocal and focal freeform systems. 

Dimensions and uniformity of output distributions are considered as performance metrics and 

applied to a series of freeform achromatic laser beam shapers designed for different spectral 

ranges. The resulting performance metrics are compared with respect to wavelength and design 

method. 

Lastly, Chapter 5 summarizes the results of Chapters 2 through 4 and provides comparisons 

between systems and the general principles, advantages, and disadvantages of the demonstrated 
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broadband freeform optical systems. Suggestions for future research and other applications are 

also presented. 
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CHAPTER 2: BROADBAND VARIABLE TRANSMISSION SPHERE FOR FIZEAU 

INTERFEROMETRY 

2.1 Introduction 

2.1.1  Transmission Spheres in Fizeau Interferometry 

Fizeau interferometry is an industry standard for measuring the form of optical sur-faces. This 

non-contact characterization approach uses high-quality transmission spheres to create high-

quality spherical wavefronts designed to match the shapes of nominally spherical test surfaces [71, 

105-110]. Optical path differences due to variations in the shape of the test surface result in 

constructive and destructive interference fringes on a detector when the wavefront reflected from 

the test surface is recombined with a reference wavefront. The appropriate f-number transmission 

sphere must be chosen such that the center of curvature of the surface under test and the focal plane 

of the transmission sphere are aligned, allowing the test wavefront to match the test surface. The 

cost of multiple transmission spheres can be significant, and time is required to switch components 

and re-calibrate if consecutive surfaces under test are not within the same curvature range or have 

multiple curvatures on one surface, such as aspheres or freeforms [49, 111-113]. Most transmission 

spheres are designed to operate at a single design wavelength, and a change in source wavelength 

requires a change in the transmission sphere used or an alternative transmission sphere, such as an 

adaptive optical element [21, 105]. An alternative to the conventional spherical transmission 

sphere would be a system capable of variable focal length (and f-number), allowing for the 

measurement of a broader range of surface curvatures with one system. In this work, we explore a 

method for replacing a set of fixed transmission spheres with a variable focus element, with a goal 

of reducing the required inventory of transmission spheres needed in laboratories performing these 

types of measurements. We find that, particularly for source wavelengths in the infrared, the 
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accuracy of this approach is sufficient that a variable focus element may provide a practical option 

for optical form measurements in future interferometric systems. 

Variable-focal-length optical systems as transmission spheres have been previously proposed 

and tested for use in Fizeau interferometers [14, 74, 76, 77, 114, 115]. Bielke designed and tested 

a variable-focal-length Moirè lens, capable of variation in focal length by equal and opposite 

rotation of two elements [74, 76, 77]. Bielke’s system is diffractive and therefore mono-chromatic, 

requiring additional systems for other source wavelengths. Others have explored adaptive optics 

such as liquid lenses to achieve nominally achromatic systems of variable focal length as 

transmission spheres, but these are narrowly limited in the range of achievable f-numbers and 

achromatic source ranges [14]. 

 

2.1.2 Alvarez Lenses 

In this work, we explore the Alvarez varifocal lens as a single replacement for multiple 

spherical transmission spheres. Alvarez and Lohmann varifocal lenses are classic examples of 

systems which vary in focal length through relative lateral shifts of paired freeform surfaces [51-

54, 56-58, 116]. In the simplest case, the freeform surfaces can be described by Equation 2.1: 

 
3

2( , ) ( )
3

x
z x y A xy   (2.1) 

 Where the z-axis is the direction of light propagation and the x-axis is the axis along which 

the freeform elements are translated in equal and opposite directions with respect to each other. A 

is the surface sag coefficient and is related to the system’s optical power. Additional polynomial 

coefficients can be added in optimization steps to reduce surface depth modulation and wavefront 

aberrations. It has previously been shown that A is related to the focal length, f, of the system at 

the lateral shift, d, and the index of refraction of the freeform elements, n(λ) [51]. 
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1

4 ( ( ) 1)f Ad n 


   (2.2) 

An Alvarez lens can transform a planar wavefront into a range of converging or diverging 

wavefronts and thus is variable in f-number (Figure 1). 

 

Fig.  2.1: Converging (a) and diverging (b) transmission spheres, and an Alvarez lens (c) shifted to 

match (a) and (b). 

In addition to the variable f-number enabled by the Alvarez lens, there is a unique form of 

broadband functionality. While not inherently achromatic, an Alvarez lens can achieve the same 

focal lengths for different source wavelengths through small shifts of the freeform elements (Fig.  

2.1). 

 

Fig.  2.2: Broadband functionality: Alvarez lens shifted such that (a) design wavelength is in focus 

and (b) non-design wavelength is now in focus. 

The analytical designs discussed here assume no separation between the freeform surfaces, but in 

reality a small air gap is needed so that the surfaces do not collide during translation. 

Transmission spheres require a reference surface such that the planar wavefront from the 

source is divided in amplitude [117]. The reference wavefront reflects off the reference surface 
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and propagates to the detector. The remainder of the wavefront incident on the reference surface 

propagates to the test surface, reflects off the test surface, and propagates back through the 

transmission sphere to the detector where it interferes with the reference wavefront. Spherical 

transmission spheres are designed such that the surface closest to the part under test has a radius 

of curvature (ROC) equal to its focal length, resulting in exit rays normal to the reference surface. 

A BVTS system has no spherical surfaces to use as reference surfaces, so a separate flat surface of 

one of the plano-freeform elements of the BVTS can be used. 

A practical advantage of the BVTS is its ability to generate a null interferogram without 

significantly shifting the test part along the optical axis. Laterally shifting the BVTS components 

until the f-number matches the test surface eliminates the need to translate the test surface so that 

its center of curvature and the transmission sphere focal plane are coincident, which is required 

when using a fixed f-number transmission sphere (Fig.  2.3). Translating the test part along the 

optical axis as needed for a fixed f-number transmission sphere results in a loss of surface 

coverage. This is illustrated in Fig.  2.3 and numerically represented in Table 2.1 for the example 

BVTS system described in Section 2.2.3. 

 

Fig.  2.3: Translation of: (a) test surface along optical axis or (b) Alvarez elements. 
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Table 2.1: Optical element locations for wavefront matching surface curvature of first example BVTS system (Section 

2.3.2, 632.8 nm source). 

 z (mm) d (mm) 

f-number TS BVTS BVTS 1st Element 

80 127.9 25.0 7.504 

45 71.9 25.2 13.283 

32 55.9 25.1 17.035 

25 39.9 25.0 23.745 

15 23.9 25.0 39.181 

Two BVTS systems were first designed in Zemax OpticStudio™ and then used in VirtualLab 

Fusion™ to simulate measurements of spherical surfaces in a Fizeau interferometer. In the 

following section, we present the design process and simulation setup. 

 

2.2 Design of BVTS Systems 

2.2.1 System Parameters 

Zygo’s Transmission Sphere Selection Guide was used to determine general system parameters 

of BVTS systems designed in Zemax OpticStudio™ [105]. The entrance pupil diameter (EPD) 

from this set is 101.6 mm. The optical systems in the selection guide range from ±f/15 to ±f/80. 

For this investigation, visible to long-wave infrared laser wavelengths were chosen (0.6328, 1.55, 

3.39, and 10.6 μm). Zinc sulfide (ZnS) was chosen as the optical material for this study because 

of its transmissivity and relatively low dispersion over the entire band of interest. Other materials 

could also be considered based on manufacturability and transmissivity across smaller wavelength 

ranges, for example zinc selenide or germanium for mid- to long-wave IR sources, and fused silica 

or quartz for ultraviolet to near-IR sources. 

Element diameters larger than the EPD are needed to accommodate the EPD and the required 

lateral shifts of the Alvarez lens. First, light passing through the EPD must have a clear path 

through the BVTS without reflection off the edge walls when the BVTS system is shifted to the 
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fastest f-number configuration (the largest shift distance). Second, the relation between element 

shift distance, d, and surface coefficient A in Equation 2.2 and manufacturing challenges such as 

surface sag and slope must be considered to reduce the necessary air gap between the two freeform 

surfaces. For this study, element diameters of 190.5 mm and a maximum shift, d, of 44.45 mm 

were used, with a 25.4 mm center thickness of each element. 

The BVTS system was optimized in Zemax OpticStudio™ with the goals of: (1) a diffraction-

limited spot for each f-number and source wavelength combination and (2) less than λ/10 of peak-

to-valley (PV) and root-mean-square (RMS) wavefront errors. These initial optimization metrics 

were chosen based on the performance targets set for conventional transmission spheres in the 

Zygo Transmission Sphere Section Guide [105]. The Multi-Configuration Editor (MCE) tool was 

used to optimize the BVTS system. In the MCE tool, system parameters can be duplicated in copies 

of the first system such that surface parameters are fixed but optical element locations and 

parameters such as f-number can be different in each configuration. By doing so, we can optimize 

the BVTS system for each f-number and source wavelength at the same time, achieving the best 

overall results for the system in each of the BVTS configurations. We now consider two different 

BVTS designs based on the Alvarez lens geometry. 

 

2.2.2 BVTS Example 1 

To achieve better performance, additional low-order polynomials can be added to the basic 

freeform surface in Equation 2.3 and allowed to vary during optimization. The resulting freeform 

surface coefficients are shown in Table 2.2. 

 
3

2 2 2( , ) ( )
3

x
z x y A xy Bx y Cxy Dy Ex       (2.3) 
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Table 2.2: Surface coefficients for BVTS Example 1 (Equation 2.3). 

A mm−2 B mm−2 C mm−1 D mm−1 E 

3.06901  10−6 −5.56451  10−13 −7.67717  10−8 5.19685  10−5 −0.02 

Diffraction-limited spot sizes were achieved for the system, except for the visible source at 

f/15. All slower f-numbers achieved diffraction-limited spot sizes. PV and RMS wavefront results 

with respect to centroid (with piston and tilt subtracted) are shown in Table 2.3, indicating 

acceptable performance at IR wavelengths. 

Table 2.3: Wavefront errors for BVTS example 1 (Equation 2.3). 

 Source Wavelength (μm)  Source Wavelength (μm) 

 0.6328 1.55 3.39 10.6  0.6328 1.55 3.39 10.6 

f-number PV (waves) f-number RMS (waves) 

f/15 0.504 0.192 0.087 0.027 f/15 0.085 0.033 0.015 0.006 

f/25 0.340 0.129 0.058 0.017 f/25 0.051 0.019 0.009 0.003 

f/35 0.273 0.102 0.046 0.014 f/35 0.041 0.015 0.007 0.002 

f/45 0.244 0.088 0.040 0.012 f/45 0.040 0.014 0.006 0.002 

f/80 0.350 0.123 0.054 0.015 f/80 0.048 0.017 0.007 0.002 

 

2.2.3 BVTS Example 2 

Grewe et al. reviewed earlier designs from Smilie to analyze aberrations induced by an Alvarez 

system [56, 58]. They identified a method to compensate for aberrations induced by the freeform 

surfaces by adding fourth-order polynomial terms to the surface. It is of interest to compare the 

performance of this system with the BVTS in the previous section. Beginning with the BVTS 

system from the previous section and following Grewe’s analysis, x4, x2y2, x2, and y4 terms were 

added (Equation 2.4) and the system was optimized for spot size and PV wavefront error as before. 

Table 2.4 outlines the resulting surface coefficients for this second BVTS example. 

 
3

2 2 2 4 2 2 4 2( , ) ( )
3

x
z x y A xy Bx y Cxy Dy Ex Fx Gx y Hy Ix           (2.4) 
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Table 2.4: Surface coefficients for BVTS example 2 (Equation (2.4)). 

A mm−2 B mm−2 C mm−1 D mm−1 E F mm−3 G mm−3 H mm−3 I mm−1 

3.12039 

 10−6 

−6.01610 

 10−18 

3.74566 

 10−12 

−5.99074 

 10−6 

−9.3728 

 10−3 

5.8794 

 10−12 

3.52603 

 10−11 

1.36198 

 10−9 

−2.29134 

 10−7 

Diffraction-limited spot sizes were met for the IR sources with more ray distribution symmetry 

than the original BVTS. Results for the second BVTS example are shown in Table 2.5. PV and 

RMS wavefront results (with respect to centroid) are smaller and decrease more consistently for 

slower f-numbers than the first BVTS design. Further, results at 1.55 μm miss the PV target only 

for the f/15 configuration. RMS values are negligible for all source wavelengths. 

Table 2.5: Wavefront errors for BVTS example 2 (Equation (2.4)). 

 Source Wavelength (μm)  Source Wavelength (μm) 

 0.6328 1.55 3.39 10.6  0.6328 1.55 3.39 10.6 

f-number PV (waves) f-number RMS (waves) 

f/15 0.447 0.172 0.078 0.024 f/15 0.109 0.043 0.019 0.006 

f/25 0.270 0.101 0.045 0.014 f/25 0.058 0.022 0.010 0.003 

f/35 0.237 0.087 0.039 0.011 f/35 0.051 0.019 0.008 0.002 

f/45 0.227 0.083 0.037 0.011 f/45 0.049 0.018 0.008 0.002 

f/80 0.222 0.080 0.036 0.010 f/80 0.049 0.018 0.008 0.002 

 

2.3 Fizeau Interferometer Simulation 

A model for a Fizeau interferometer with 101.6 mm EPD was configured in VirtualLab 

Fusion™ for characterizing and comparing the performance of a BVTS system and spherical 

transmission spheres, as shown in Figure 2.4 [118-121]. In our model, a collimated source was 

directed towards a beam-splitter with the transmitted light incident on the transmission sphere and 

transmitted to the test surface. Light reflected from the transmission sphere and from the test 

surface was reflected to the detector by the beam-splitter. An aperture was placed on the BVTS 

planar surface nearest to the test piece to block unwanted light from reflecting through the system 

at the edges of the BVTS when configured to the maximum lateral shift. 
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Fig.  2.4: Diagram view of Fizeau interferometer in VirtualLab Fusion™ for convex and concave 

surfaces. 

All components except for the transmission sphere and test surface were ‘ideal’ components, 

as defined in VirtualLab Fusion™ to simplify the simulations. At the detector, the reference and 

test wavefronts interfere with each other, resulting in an interferogram corresponding to variations 

in the surface with respect to the reference wavefront. Measurements of ideal test surfaces were 

simulated using both BVTS systems, and the phase data from the interferograms were exported as 

ASCII files for analysis. 

A MATLAB® script was written to import and evaluate phase data from the simulated 

interferograms obtained in VirtualLab Fusion™. Two phase-unwrapping algorithms were used for 

comparison to ensure results were reasonably unwrapped [122, 123]. Unwrapping the phase and 

converting to optical path differences results in a ‘height map’ corresponding to deviations 

between the wavefront and the test surface. Since both the surface parameters and the ideal 

wavefront parameters are known, we can calculate the ideal height maps, which for our perfect 

test surfaces and an ideal wavefront should be zero everywhere. We can find the surface 

measurement errors by taking the difference between the ideal case and our simulation. For this 

case, our height maps are also maps of the errors in the simulated results. PV and RMS magnitudes 

of the height maps were calculated and the ZernikeCalc MATLAB® function was used to fit Fringe 

Zernike polynomials to the height map for aberration analysis [124, 125]. A representative visual 

representation of the conversion from interferogram phase to height data is shown in Figure 2.5. 
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Fig.  2.5: (a) Interferogram phase, (b) unwrapped phase, and (c) phase converted to height map for 

1.55 μm source, f/25 configuration, and test surface with 2.5 m radius of curvature. 

 

2.4 Results and Discussion 

2.4.1 Surface Measurements of Ideal Spherical Surfaces Using BVTS Systems 

To characterize the performance of BVTS, surface measurements of perfect spherical surfaces 

were simulated using the Fizeau interferometer model described previously. The test surfaces were 

chosen to match commercially available transmission spheres [105]. Specifically, r-numbers (test 

surface ROC divided by test area diameter) from −81.5 to 80 were evaluated for 100 mm-diameter 

test surfaces. In order to measure a convex surface, the focal length of the BVTS must be greater 

than the ROC of the test surface, as illustrated in Figure 2.3 [105]. Since the BVTS EPD is larger 

than the test surface diameter, an f/80 configuration (for example) can be used to measure a convex 

r/80 test surface. However, obtaining a matching wavefront for a concave surface with a diverging 

wavefront configuration requires a focal length shorter than the test surface ROC, and thus an r/# 

slower than the f/# of the BVTS. The initial data are reported in terms of height maps and PV error 

magnitudes. As before, the target is PV ≤ λ/10. 

The first four Fringe Zernike polynomial aberration terms (piston (Z1), tip (Z2), tilt (Z3), and 

defocus (Z4)) are often removed from interferometric measurement results since they can arise 

from system misalignments. While the results presented here are based on simulation and 

alignment errors do not contribute, these four aberration terms were noticeable in the results. The 
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presence of these lower-order aberrations is undesirable and indicates the need for an alternative 

optimization metric. 

Since Zernike polynomials are orthogonal, the data can be filtered by subtracting individual 

terms from the height data obtained from simulation [124, 125]. The first four Zernike terms were 

subtracted from the height data, and the RMS and PV errors of the filtered height data were 

calculated to isolate higher-order aberrations. RMS errors were consistently sub-nanometer in 

scale and therefore negligible for both BVTS systems. Table 2.6 shows the filtered PV results for 

both systems. 

Table 2.6: PV wavefront errors for ideal surface measurements (filtered). 

BVTS Example 1 BVTS Example 2 

 Source Wavelength (μm)  Source Wavelength (μm) 

 0.6328 1.55 3.39 10.6  0.6328 1.55 3.39 10.6 

r-number PV (waves) r-number PV (waves) 

80 0.695 0.517 0.137 0.027 80 0.831 0.512 0.060 0.008 

45 0.713 0.515 0.060 0.042 45 0.776 0.579 0.279 0.032 

35 0.681 0.513 0.067 0.030 35 0.735 0.599 0.221 0.041 

25 0.739 0.569 0.139 0.021 25 0.958 0.560 0.189 0.033 

15 0.572 0.439 0.256 0.026 15 1.174 0.417 0.214 0.044 

−81.5 1.005 0.720 0.073 0.025 −81.5 0.567 0.509 0.077 0.022 

−46 1.194 0.570 0.329 0.035 −46 0.738 0.516 0.206 0.047 

−36 1.270 0.590 0.158 0.054 −36 1.012 0.542 0.160 0.074 

−26 1.649 0.897 0.380 0.068 −26 0.887 0.616 0.157 0.019 

−16 2.089 1.075 0.469 0.223 −16 1.232 0.665 0.271 0.071 

The results for the 0.6328 and 1.55 μm sources did not meet our targets in either BVTS system 

for any r-number (r/#). The PV error exceeded λ/10 waves of aberration for all r-numbers, although 

RMS errors were in the order of 10−7 waves or less and were therefore negligible. Further, for both 

systems, the interferogram data possesses unwanted fringes such that accurate phase unwrapping 

is challenging. When the lower terms are filtered, artifacts of the fringes can be seen. 

Representative height data for an r/15 convex surface measurement from the first BVTS system 

are shown in Figure 2.6. The second BVTS example system has greater fringe density issues, likely 
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due to a larger tip term (Z2), which can be seen in Figure 2.5. As the source wavelength increases, 

the fringe density decreases, as does the magnitude of the surface PV errors and aberrations. It is 

worth noting here that for the concave surfaces, the second BVTS on average, but not in each 

instance, has a decreased PV error. The first BVTS has smaller PV errors for positive r-numbers 

while the second BVTS has smaller PV errors for negative r-numbers. This indicates that the first 

BVTS will result in better measurements of convex surfaces while the second BVTS will be more 

suited to measuring concave surfaces. We note that the standard deviation of the PV error between 

all r-numbers was smaller for the second BVTS, resulting in less variation across all 

configurations. 

 

Fig.  2.6: Example of (a) unfiltered and (b) filtered height data from the first BVTS system (0.6328 

μm source wavelength, r/15 surface measurement). 

Systems with the 3.39 µm source wavelength met our performance targets for a handful of 

configurations. RMS error was once again negligible. The unfiltered PV error met the ≤λ/10 target 

for the r/45 convex and r/81.5 concave surface measurements with the first BVTS example system. 

When filtered, the first BVTS also met the PV target for the r/35 convex surface measurement. 

The second BVTS did not meet the PV target for any configuration, filtered or unfiltered, but the 

PV error was ≤λ/4 for all filtered results except the r/45 convex and r/16 concave measurements. 

While at this point not fully understood, it should be noted that the Fringe Zernike tip term (Z2) 

for the second BVTS was exceptionally large (λ/10 to 3λ/5). This term appeared to have a 
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significant impact on the phase unwrapping but requires further study to determine the exact 

impact and its possible correction. 

The 10.6 μm source wavelength configuration achieved the ≤λ/10 PV target for all filtered 

configurations of both BVTS systems except the r/16 concave surface measurements with the first 

BVTS system. RMS error was once again negligible. The unfiltered case for the second BVTS did 

not meet the ≤λ/10 PV target for the r/25 and r/15 convex surface measurements and the r/36, r/26, 

and r/16 concave surface measurements. Despite aberrations, the 10.6 μm source wavelength 

configuration afforded the most consistent and capable results for surface measurements. The Z2 

term also dominated the surface measurement error of the second BVTS but with far less impact 

due to smaller amplitudes (λ/50 to λ/6). 

 

2.4.2 Higher-Order Surface Aberrations 

Aberrations that remained in the filtered data illustrate differences between the first and second 

BVTS systems. In the Fringe Zernike polynomial ordering, terms Z5–Z9 correspond to Vertical 

Astigmatism (Z5), Oblique Astigmatism (Z6), Horizontal Coma (Z7), Vertical Coma (Z8), and 

Primary Spherical (Z9) terms. For the first BVTS system, these aberrations showed no consistent 

trend for r-number (Table 7). With respect to source wavelength, the overall aberration magnitudes 

decreased with an increase in source wavelength, as expected. The inconsistencies here may be 

due to fringe density issues due to the Zernike tip term present or due to inherent aberrations of 

the BVTS systems and doubling of these aberrations upon the test wavefront’s second pass through 

the BVTS elements. 
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Table 2.7: Magnitude of higher-order aberrations for BVTS example 1 (waves/1000). 

Source Wavelength (μm) r/# Z5 Z6 Z7 Z8 Z9 

0.6328 

80 1.64 44.69 35.63 12.47 37.48 

45 56.55 59.16 44.44 38.47 37.02 

35 31.75 31.31 92.48 50.94 14.70 

25 81.56 3.64 71.79 16.11 27.83 

15 131.84 8.24 38.15 7.90 57.62 

1.55 

80 0.60 17.08 7.30 9.38 15.00 

45 14.81 29.26 7.75 12.82 14.23 

35 30.20 43.46 12.93 15.31 12.82 

25 13.29 47.70 52.46 19.51 31.78 

15 55.96 62.56 16.20 37.55 12.53 

3.39 

80 1.66 9.83 2.58 0.47 2.09 

45 2.57 1.08 4.12 0.16 4.48 

35 6.11 2.49 4.32 0.09 2.66 

25 32.75 42.36 5.77 2.84 11.75 

15 32.04 17.02 1.42 14.88 5.61 

10.6 

80 0.06 0.05 0.43 0.07 0.52 

45 0.90 5.46 5.73 1.22 13.95 

35 1.55 0.18 1.61 0.08 1.56 

25 2.51 0.16 1.48 0.08 0.67 

15 4.26 0.44 1.01 0.01 1.97 

Table 2.8 presents the same aberrations as Table 2.7 for the second BVTS system. For this 

BVTS system, these aberrations also showed no consistent trend for r-number but did demonstrate 

a significant reduction, if not elimination, of Z6 and Z8. Undesirably, there was a significant 

increase in the other three aberrations compared to the first BVTS design. The source of this 

increase is not clear, but as noted in the previous section, the tip term for this system was 

significantly higher than in the first BVTS system and may have skewed the phase unwrapping. 

This indicates the need for either a different optimization method of the BVTS to reduce the tip 

term or a method to counteract the variable tip term present, or both. The overall aberration 

magnitudes also decreased with the increase in source wavelength. 



   22 

 

Table 2.8: Magnitude of higher-order aberrations for BVTS example 2 (waves/1000). 

Source Wavelength (μm) r/# Z5 Z6 Z7 Z8 Z9 

0.6328 

80 38.03 0.01 49.38 0.00 17.19 

45 7.38 0.01 39.75 0.01 71.64 

35 1.39 0.01 49.38 0.00 60.96 

25 149.14 0.01 34.29 0.00 68.05 

15 179.65 0.02 41.32 0.00 112.80 

1.55 

80 59.97 0.01 4.56 0.00 38.23 

45 27.87 0.00 8.43 0.00 15.11 

35 22.48 0.00 19.67 0.00 56.48 

25 2.96 0.01 23.93 0.00 11.80 

15 6.12 0.01 47.38 0.00 41.79 

3.39 

80 0.19 0.00 1.71 0.00 5.43 

45 66.11 0.00 19.02 0.00 2.46 

35 63.25 0.00 38.66 0.00 8.31 

25 64.70 0.00 10.18 0.00 38.85 

15 26.70 0.00 7.52 0.00 0.77 

10.6 

80 0.09 0.00 0.44 0.00 1.57 

45 0.41 0.00 0.56 0.00 1.29 

35 1.16 0.00 0.93 0.00 1.36 

25 0.83 0.00 1.60 0.00 1.91 

15 4.95 0.00 12.54 0.00 4.65 

 

2.5 Conclusions 

The BVTS systems presented here may be able to replace multiple conventional transmission 

spheres with one Alvarez lens-based system. The results with the smallest errors in the simulated 

height maps were seen with IR source wavelengths in the range of f/15 to f/80. To put this in 

context, even if only the 10.6 µm source wavelength is considered, ten conventional transmission 

spheres could be replaced by a single BVTS system [105]. Additionally, the BVTS system would 

be functional for additional f-numbers between the conventional values. In addition to potentially 

replacing tens of conventional transmission spheres, a single BVTS system could possibly reduce 

material costs and the system alignment and calibration time needed for changing out transmission 

spheres. The extents of these benefits are yet to be quantified as a BVTS will include 

manufacturing costs and requires precision actuators for translation of the freeform elements. 
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Applications which do not require high-precision surface measurements and can use a longer 

source wavelength may be well-served by the flexibility of the wavefront curvature of the BVTS 

systems presented here. A refined BVTS system capable of a better performance at shorter 

wavelengths would greatly expand the applicability of the BVTS system concept. 

BVTS systems as shown do not yet replace high-precision transmission spheres when tight 

tolerances are required. It will be important to further investigate the sources and impacts of the 

residual aberrations seen in the simulated surface measurements in BVTS systems. It may be 

possible to improve performance through consideration of alternative optimization metrics and 

methods, use of freeform surfaces with higher-order polynomials, or use of additional optical 

components to increase design freedoms and refined phase unwrapping. 

Going forward, the source and impact of the observed errors requires further study, especially 

in relation to limits they may present when used to measure non-ideal surfaces. Characterizing the 

retrace error for ideal and aberrated surfaces would assist in further understanding of the BVTS 

system. Reducing the range of allowed source wavelengths and/or f-numbers would allow for 

alternative materials and systems which may be able to achieve improved measurement accuracy. 

It also remains to be seen how well BVTS systems can maintain their performance when 

experimentally implemented. Form and mid-spatial frequency errors resulting from freeform 

manufacturing processes will likely decrease performance [49]. Alignment errors will also need to 

be understood for a laterally shifting system in a real Fizeau interferometer. 
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CHAPTER 3: REDUCTION OF RETRACE ERROR FROM BROADBAND VARIABLE 

TRANSMISSION SPHERES IN FIZEAU INTERFEROMETRY [126] 

3.1 Introduction 

3.1.1 Broadband Variable Transmission Spheres 

We have previously reported on the use of Broadband Variable Transmission Spheres as 

potential alternatives to conventional transmission spheres [127, 128]. In Fizeau interferometry, 

transmission spheres transform incident wavefronts into high-quality spherical wavefronts to 

match the shapes of nominally spherical test surfaces for non-contact surface characterization [21, 

71, 105-110, 128]. In this approach, a transmission sphere with appropriate f-number must be 

chosen such that the center of curvature of the surface under test and the focal plane of the 

transmission sphere are aligned, so that the curvature of the test wavefront matches the curvature 

of the test surface [119, 129, 130]. Traditional transmission spheres are designed for specific f-

numbers and source wavelengths which limits the ranges of surface curvatures that an individual 

transmission sphere can measure. BVTS systems leverage the concept of Alvarez lenses to create 

a variable f-number transmission sphere functioning for a broad range of source wavelengths. 

BVTS systems have the potential to reduce the need for multiple transmission spheres, reduce the 

time needed for changing and calibrating transmission spheres to test different surface curvatures, 

and to increase the range of surface curvatures measurable with a single system. In Ref. [127], we 

investigated two BVTS designs and simulated surface measurements using these BVTS systems 

and concluded that they faced limitations in surface measurement accuracy due to residual system 

aberrations. In this paper we explore the nature of retrace errors and their significance in BVTS 

system performance limitations. We also present an optimization method to reduce retrace errors 
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in BVTS systems and present results for several examples that show significant reductions in 

retrace errors. 

 

3.1.2 Retrace Error 

In Fizeau interferometry it is assumed that light reflected from the reference and test surfaces, 

respectively, follow the same optical path back through the optical elements of the system, 

especially the transmission sphere [131-133]. This assumption requires that the test surface shape 

be perfectly matched to the incident wavefront shape; retrace error results when this assumption is 

not met. The simplest example of retrace error, ignoring additional surfaces or material impurities, 

is illustrated in Fig. 3.1. In Fig. 3.1(a) the rays enter an ideal system from the left to the reference 

and test surfaces and retrace back through the transmission sphere along the same path. In contrast, 

rays in Fig. 3.1(b) deviate before or at the test surface. Accordingly, the rays incident on the 

reference surface retrace through the system along the same path but the rays incident on the test 

surface do not, resulting in a path difference which we identify as retrace error. It is beneficial to 

separate retrace error into two types: alignment errors and transmitted wavefront errors. For 

spherical transmission spheres the primary measurement errors due to misalignment with the test 

surface are defocus and coma [131]. Similarly, aberrations in the transmitted wavefronts will result 

in retrace error corresponding to the imperfect spherical wave incident on the test surface. For 

spherical transmission spheres, transmitted wavefront errors are primarily due to surface 

deviations and machining errors or material impurities [131].  
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Fig.  3.1: Ray trace of interferometer (a) without, and (b) with retrace error 

In our earlier work we noted the presence of significant aberrations in simulated surface 

measurements using BVTS [127]. In our idealized simulation, the test surfaces were not aberrated 

and alignment was not a contributing factor. This suggests that the aberrations present in the 

simulations are caused by retrace errors resulting from transmitted wavefront errors from the 

BVTS systems themselves.  

 

3.2 Initial Designs and Simulation Methods 

3.2.1 Initial BVTS System Designs 

We previously presented two example BVTS system designs using Zemax OpticStudio™ 

[127]. Zygo’s Transmission Sphere Selection Guide provided a guideline for systems with 101.6 

mm entrance pupil diameter (EPD) [105]. F-numbers of the BVTS systems range from ± f/15 to ± 

f/80. Source wavelengths were chosen from visible to long-wave infrared laser wavelengths 

(0.6328 μm, 1.55 μm, 3.39 μm, and 10.6 μm). These BVTS systems used Zinc sulfide (ZnS) as the 

optical material because of its transmissivity and relatively low dispersion over the entire band of 

interest, but this concept can also be applied to other materials depending on manufacturability 

and transmissivity.  
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We now briefly summarize the designs and outcomes of these systems from Ref. [127]. In the 

first system, we added selected low-order polynomials to the basic Alvarez freeform surface and 

optimized the surface coefficients across the full range of f-numbers and design wavelengths with 

optimization targets of less than λ/10 peak to valley (PV) wavefront error (centroid) and diffraction 

limited spot sizes. A second system was also designed using techniques developed by Grewe et al. 

[56, 58]; additional polynomial terms were added to the freeform surfaces to address wavefront 

aberrations and the system was optimized using the same approach as the first system. Both 

example BVTS systems had diffraction-limited spot sizes and PV wavefront error of less than λ/10 

for the IR source wavelengths. However, as discussed above, neither BVTS system resulted in the 

desired performance in the simulated measurements of test surfaces, showing that optimization 

metrics beyond spot size and PV wavefront error are required. 

 

3.2.2 Fizeau Interferometer Simulation 

A model for a 101.6 mm EPD Fizeau interferometer was built in VirtualLab Fusion™ to 

simulate our BVTS systems, as illustrated in Figure 3.2 [105]. Collimated sources were used with 

an aperture added after the BVTS to block unwanted light from interacting with the edges of the 

BVTS when configured to the maximum lateral shift. Light reflected from the reference and test 

surfaces were reflected to the detector by the beamsplitter, and the resulting interferogram was 

used for analysis. 
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Fig.  3.2: Diagram view of Fizeau interferometer in VirtualLab Fusion™ for a convex surface. 

To isolate the retrace error for the BVTS transmission sphere in the interferometer, only 

reflections from the reference surface and the test surface were considered; no reflections from 

intermediate surfaces of the BVTS system contributed to the interferogram, thereby ensuring that 

only transmitted wavefront retrace error is present in our simulated surface measurements. 

Alignment retrace error is not present because the simulated components were simulated with 

perfect alignment. All components except for the transmission sphere and test surface were ‘ideal’ 

components as defined in VirtualLab Fusion, limiting them to basic optical functions rather than 

objects with simulated material properties. For example, the ‘ideal’ beamsplitter is not a cube or 

plate beamsplitter but rather a simple field re-direction function. The reference and test wavefronts 

interfere with each other at the detector, resulting in an interferogram corresponding to variations 

in the test wavefront with respect to the reference wavefront. The corresponding BVTS 

configuration was simulated for each ideal wavefront and phase data from each resulting 

interferogram was exported as an ASCII file for analysis. 

A MATLAB® script was written to import and evaluate phase data from the simulated 

interferograms obtained in VirtualLab Fusion™ using two algorithms to ensure proper phase 

unwrapping [122, 123]. Because the surface parameters are known in simulation, the ideal 

interferogram and the deviation in the surface measurement from the wavefront shape can be 
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calculated. Calculating the difference between the simulated and ideal surface maps provides a 

surface measurement height map of retrace errors induced by the BVTS transmission sphere; 

ideally, the resulting height map would be zero everywhere. Surface measurement PV and root 

mean square (RMS) magnitudes were calculated and the ZernikeCalc MATLAB® function was 

used to fit Fringe Zernike polynomials to the retrace-error map for aberration analysis [124]. 

 

3.3 Retrace Error Methods and Results 

3.3.1 Retrace Errors of BVTS Examples 1 and 2 

We previously reported on surface measurement data for BVTS Examples 1 and 2 obtained 

from the simulated Fizeau interferometer, as described in Section 2.2. The PV errors of surface 

measurements reported for BVTS Examples 1 and 2 (in Tables 2.6 through 2.8) were filtered by 

removal of the first four Fringe Zernike terms, a common practice for surface measurements. 

However, evaluation of the total retrace error requires inclusion of all the terms. To this end, we 

analyzed simulated wavefront data for test surfaces chosen to match a range of commercially 

available transmission spheres [105]. Specifically, r-numbers (test surface radius of curvature 

divided by test area diameter) from -81.5 to 80 were evaluated for 100-mm-diameter test surfaces. 

The resulting PV retrace errors are presented in Table 3.1. 
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Table 3.1: PV Retrace Errors for BVTS Examples 1 and 2 

BVTS Example 1  BVTS Example 2 

  Source Wavelength (μm)    Source Wavelength (μm) 

  0.6328 1.55 3.39 10.6    0.6328 1.55 3.39 10.6 

r-number  PV (waves)  r-number  PV (waves) 

80  0.72 0.50 0.20 0.04  80  1.25 0.56 0.15 0.05 

45  0.61 0.53 0.10 0.10  45  2.16 1.03 0.46 0.08 

35  0.67 0.56 0.13 0.04  35  2.94 1.48 0.53 0.10 

25  1.21 0.55 0.32 0.05  25  3.37 1.56 0.75 0.14 

15  1.76 0.82 0.38 0.06  15  6.06 2.62 1.35 0.35 

-81.5  1.16 0.76 0.09 0.02  -81.5  1.19 0.55 0.14 0.05 

-46  1.23 0.56 0.32 0.04  -46  2.12 1.01 0.28 0.08 

-36  1.25 0.63 0.17 0.06  -36  2.67 1.15 0.51 0.11 

-26  1.98 1.00 0.39 0.08  -26  4.03 2.01 0.63 0.16 

-16  2.28 1.03 0.48 0.25  -16  6.03 2.59 1.35 0.31 

 

Since the first four Fringe Zernike terms are not removed in the retrace error evaluation, the 

magnitudes of the PV retrace errors are higher than the PV surface measurement errors previously 

reported [127]. From this, only the LWIR systems in either of these two BVTS cases can be 

expected to perform with less than λ/10 PV retrace error. This does not preclude the other source 

wavelengths from potential use, but drastically limits their expected performance in these BVTS 

systems. For these reasons, it is important to identify the primary contributors to retrace error as 

well as to determine if there is the potential to address them. 

The largest differences between the two initial BVTS systems were in x-tilt, y-tilt, oblique 

astigmatism, and vertical coma, as demonstrated in Tables 2.7 and 2.8. If we compare tilt terms 

between the systems, it is obvious that BVTS Example 1 possesses unwanted aberrations in both 

tilt terms while BVTS Example 2 has a negligible y-tilt with a significantly larger x-tilt. While the 

combination of x- and y-tilts is undesired, the overall magnitude is less in the first system. For the 

second system, x-tilt terms and fringes across the source wavelengths proved challenging for the 

phase unwrapping procedure, which dominated the PV retrace error as can be seen comparing 
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results from Table 3.1 above and Table 2.5. The tilt terms present must be due to transmitted 

wavefront error, implying the freeform surfaces are introducing a tilt term to the wavefront and 

exacerbating it upon the second pass through the BVTS.  

As to why these aberrations arise, the analytical design approach behind the Alvarez lens 

concept (and therefore the BVTS systems) assumes the freeform surfaces are in the same plane 

[56]. However, there must be some space between the freeform surfaces to avoid collisions. As a 

consequence, the wavefront modified by the first freeform surface has propagated some distance 

to the second freeform surface and therefore is deviated from an ideal shape [56]. While symmetry 

breaking of the freeform surfaces can be used to reduce aberrations for imaging systems, surface 

symmetry is more desirable in the current case where the test wavefront returns through the BVTS. 

 

3.3.2 Optimization Method for Reduced Retrace Error: BVTS Example 3 

To reduce retrace error, optimization metrics must consider the wavefront aberrations 

generated by the freeform surfaces in the BVTS [51-53, 56]. Optimizing the freeform surfaces 

with the target of uniform interferograms (corresponding to ideal measurements of ideal surfaces) 

from the simulated Fizeau system for the full measurement range of the BVTS is computationally 

challenging. Instead, we optimize the BVTS system across the full range as an imaging system to 

minimize PV wavefront error and to reduce the aberrations with the highest contribution in the 

focal plane; reducing transmitted wavefront error should reduce retrace error [131]. From the 

Zemax OpticStudio™ User Manual, wavefront error with respect to centroid is calculated by 

removing piston and tilt [134]. Since tilt terms were present in our previous results, the 

optimization should target minimized PV wavefront error referenced to the chief ray instead, 

which does not remove the tilt terms. 
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For a new optimized design addressing the measurement aberrations of the initial systems, we 

started from the BVTS Example 2 system and created a merit function in Zemax OpticStudio™ to 

minimize PV wavefront error (chief ray) and specific Fringe Zernike polynomial wavefront 

aberrations in the image plane. The Fringe Zernike terms with the highest variation across all 

configurations for the BVTS Example 2 system were assigned targets of 0 and equal weighting for 

40 configurations in the multi-configuration editor (10 different f-numbers each for four 

wavelengths). The terms with the highest initial contribution were piston (Z1), x-tilt (Z2), defocus 

(Z4), horizontal coma (Z7), spherical (Z9), horizontal trefoil (Z10), secondary horizontal coma, 

(Z14), horizontal tetrafoil (Z17), secondary horizontal trefoil (Z19), and horizontal pentafoil (Z26). 

We previously reported that significant contributions from x-tilt, defocus, horizontal coma, and 

spherical were present in the surface measurement aberrations for this system (Table 2.8). 

Therefore, by optimizing the surface coefficients to minimize the image plane wavefront 

aberrations, we intend to reduce the surface measurement aberrations accordingly. 

The original 4th order polynomial system of BVTS Example 2 showed improvement up to the 

Z9 (Spherical) aberration term after optimization. Since higher order surface polynomials were 

needed to address higher order aberrations, we used a more general form for the freeform surfaces 

for the new BVTS design: 

 ,( , ) m n

m nz x y a x y  (3.1) 

Using the surface form of Equation 3.1, we incremented one order (defined by the sum of m 

and n in Equation 3.1) at a time, optimizing with each iteration. The merit function had diminishing 

improvements (on the order of 10-5) as 10th order surface polynomials were added. While 

optimizing, it was observed that the y term offered no advantage and the x2 term contributed a 

significant amount of x-tilt (Z2) aberration regardless of optimization. The surface coefficients for 
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the resulting example BVTS design are shown in Table A.1 of Appendix A, and the resulting PV 

wavefront error (chief ray) in the focal plane is shown in Table 3.2. 

The PV wavefront error (chief ray) in the focal plane did not significantly improve (and in 

some configurations slightly worsened) when compared to corresponding results for BVTS 

Examples 1 and 2 (presented in Tables 2.3 and 2.5). This strongly suggests, again, that diffraction 

limited spot size and the total PV wavefront error of the BVTS systems in the focal plane are not 

the best optimization metrics for the BVTS systems. However, as will be discussed below, the 

retrace error was significantly reduced for the third system compared to the initial systems, likely 

due to reduction in magnitude of the selected Fringe Zernike wavefront aberration terms.  

Table 3.2: PV Wavefront Errors (chief ray) for BVTS Example 3 

  Source Wavelength (μm) 

  0.6328 1.55 3.39 10.6 

f-number  PV (waves) 

f/15  0.824 0.361 0.170 0.063 

f/25  0.523 0.195 0.089 0.029 

f/35  0.558 0.187 0.084 0.026 

f/45  0.572 0.197 0.087 0.025 

f/80  0.592 0.209 0.093 0.026 

3.3.3 Retrace Errors of BVTS Example 3 

As just discussed, BVTS Example 3 was optimized with the goal of reduced retrace errors. We 

simulated the use of this new design for the same ideal surfaces as BVTS Examples 1 and 2. The 

resulting PV retrace errors for BVTS Example 3 are presented in Table 3.3.  



   37 

 

Table 3.3: PV Retrace Errors for Ideal Surface Measurements 

BVTS Example 3 

  Source Wavelength (μm) 

  0.6328 1.55 3.39 10.6 

r-number  PV (waves) 

80  0.53 0.19 0.05 0.03 

45  0.63 0.41 0.06 0.02 

35  0.66 0.38 0.23 0.06 

25  0.83 0.35 0.11 0.03 

15  1.36 0.50 0.34 0.04 

-81.5  0.59 0.21 0.08 0.04 

-46  0.86 0.37 0.11 0.03 

-36  0.73 0.40 0.22 0.03 

-26  1.02 0.43 0.13 0.04 

-16  1.37 0.64 0.17 0.07 

 

3.4 Discussion 

The PV retrace errors for BVTS Example 3 are drastically reduced for the shorter source 

wavelengths in comparison to the PV retrace errors reported in Table 3.1 for the two initial 

designs,. These errors also remain below λ/10 for the 10.6 μm and much of 3.39 μm, which was 

not achieved in either of the previous BVTS system examples. While perhaps still insufficient for 

precise surface measurements, across the full ranges tested, the PV error for BVTS Example 3 is 

less than λ/2 for all IR source wavelengths (except the r/16 concave configuration for 1.55 μm) 

and less than λ for the visible source wavelength, indicating significantly improved performance 

over the previous systems. To visually illustrate this improvement, Figure 3.3 compares 

representative results of wrapped interferogram phase for the three BVTS systems for a range of 

r-numbers. Constant phase across the interferogram corresponds to zero retrace error (no path 

difference for an ideal surface). Notably, x-tilt is visibly present in BVTS Example 2, and the phase 

is much more constant for BVTS Example 3. The improved PV error metric of the retrace error 

maps and the more constant phase for BVTS Example 3 indicate that our optimization method is 
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successful in reducing retrace error. It is feasible that further reductions may be possible with 

refined optimization procedures. 

  

Fig.  3.3: Interferogram phase (radians from –π to + π) for 1.55 μm source with each BVTS Example 

for convex surfaces, 100 mm diameter. 

 

Fig.  3.4: Interferogram phase (radians from –π to + π) for 1.55 μm source with each BVTS Example 

for concave surfaces, 100 mm diameter. 

While wrapped phase is useful for visually demonstrating the aberration effects, unwrapped 

phase is used to determine the height maps and is more conducive to quantification of the 

constancy of the interferogram and surface measurements. To this end, the root-mean-square 

(RMS) error of the unwrapped interferogram phase maps was calculated for each case to provide 
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a quantitative metric for comparison. RMS is useful for determining the variation of values with 

respect to the arithmetic mean; a smaller RMS value corresponds to a greater degree of constancy. 

RMS values and the standard deviation σ of the RMS values for the unwrapped interferograms are 

reported in Table 3.4. As can be seen, the non-symmetrical aberrations of Example 1 introduce a 

degree of inconsistency and the tilt terms in Example 2 introduce significant deviation for the faster 

r-numbers. Example 3 demonstrates a significant improvement over the initial two systems, along 

with a more consistent performance across the range of positive and negative r-number surfaces. 

Table 3.4: RMS of Example Unwrapped Interferogram Phase Profiles 

  r-number  

  80 45 35 25 -26 -36 -46 -81.5  

BVTS  RMS (mrad) σ (mrad) 

Example 1  6.1 8.3 14.8 2.9 6.7 8.3 7.6 6.1 3.2 

Example 2  7.3 23.6 53.3 6.4 80.0 23.6 14.5 7.3 23.6 

Example 3  4.8 5.2 8.0 7.2 6.0 5.2 1.8 4.8 1.7 

 

3.5 Conclusions 

We have demonstrated that BVTS systems can replace several conventional transmission 

spheres with one Alvarez lens-based system, but that the systems can fall short of target 

performance (except in the LWIR) due to retrace error. We have demonstrated an improved 

optimization method targeting specific wavefront aberrations to significantly reduce retrace error. 

The improved BVTS system brings the shorter source wavelengths closer to viability for surface 

measurements. It is likely that the initial BVTS systems are ambitious in their source wavelength 

range; reduced ranges and changes in optical materials may result in further improvements for 

shorter source wavelengths when coupled with updated optimization metrics. Future work to 

develop optimization methods for the design of BVTS systems related directly to constant 

interferogram phase along with the demonstrated transmitted wavefront aberration optimization 

may further enable improved surface measurements. 
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3.6 Appendix A 

Table 3.5: Surface Coefficients for BVTS Example 3 

Polynomial 

Orders 

(xm, yn) 

Coefficient 

amn 

mm1-m-n 

 Polynomial 

Orders 

(xm, yn) 

Coefficient 

amn 

mm1-m-n 

 Polynomial 

Orders 

(xm, yn) 

Coefficient 

amn 

mm1-m-n 

m n m n m n 

1 0 -1.16E-02  3 3 -4.69E-18  9 0 -2.19E-22 

1 1 6.34E-09  2 4 1.67E-14  8 1 5.46E-25 

0 2 -1.04E-04  1 5 3.09E-16  7 2 -3.31E-21 

3 0 1.04E-06  0 6 5.36E-11  6 3 8.93E-24 

2 1 -1.29E-12  7 0 -6.20E-19  5 4 1.42E-20 

1 2 3.12E-06  6 1 -1.53E-20  4 5 3.02E-23 

0 3 -8.25E-09  5 2 -4.44E-17  3 6 -1.07E-19 

4 0 6.25E-12  4 3 -1.64E-19  2 7 1.12E-22 

3 1 -1.86E-15  3 4 2.38E-16  1 8 1.11E-19 

2 2 8.19E-12  2 5 -6.91E-19  0 9 4.94E-19 

1 3 -2.20E-13  1 6 -6.26E-16  10 0 -2.55E-24 

0 4 -3.06E-08  0 7 -3.47E-15  9 1 3.84E-26 

5 0 3.85E-14  8 0 6.31E-20  8 2 -5.92E-23 

4 1 1.81E-16  7 1 -6.58E-22  7 3 -3.59E-26 

3 2 -8.77E-16  6 2 7.83E-19  6 4 -8.96E-23 

2 3 1.51E-15  5 3 5.61E-22  5 5 1.48E-25 

1 4 1.54E-12  4 4 7.09E-20  4 6 1.97E-23 

0 5 8.46E-12  3 5 -7.70E-22  3 7 1.35E-25 

6 0 -5.39E-16  2 6 -6.01E-18  2 8 7.76E-22 

5 1 3.29E-18  1 7 -1.61E-19  1 9 2.80E-23 

4 2 -1.75E-15  0 8 -2.05E-14  0 10 2.63E-18 
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CHAPTER 4: BROADBAND BEAM SHAPING WITH TRANSMISSIVE FREEFORM 

OPTICS 

4.1 Introduction 

4.1.1 Beam Shaping 

Beam shaping is the process of redistributing the irradiance and phase of a beam of light from 

an input distribution to a different output distribution [80]. Beam shaping has existed throughout 

history from records of Greeks designing burning glasses to 19th century Fresnel lenses in 

lighthouses [80]. Today a significant use of beam shaping is the conversion of a laser beam’s 

Gaussian irradiance distribution to a beam profile that is uniform over at least one cross-section 

(see Figure 4.1) [78, 80, 81, 135]. Applications of laser beam shaping include lithography, material 

processing, data storage, metrology, material characterization, biomedical sensing, EO/IR, and 

more [80]. Due to the narrow spectral bandwidth of most laser sources, commercially available 

laser beam shapers and laser beam shapers in the literature are primarily monochromatic [33, 44, 

60, 61, 80, 81, 86-90, 92, 96, 136-143]. Achromatic laser beam shapers exist and are useful for a 

variety of source bandwidths thus enabling reduction of the number of optical components kept in 

a lab for any application requiring multiple source wavelengths [15, 20, 28-30, 43, 118, 121]. For 

example: commercial supercontinuum lasers, which mostly extend from 0.4 to 2.4 µm in 

wavelength, have applications in biomedical optics, confocal microscopy, fluorescence lifetime 

imaging microscopy, optical coherence tomography, and flow cytometry [118, 120, 121]. 

Controlled irradiance distribution over a given area for multiple wavelengths is helpful in these 

applications and others where similarity in incident area of the different wavelengths (effectively 

achromatic performance) is desired for consistent characterization of sample surfaces or areas 

under test [120]. 
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Fig.  4.1: Illustration of Gaussian to flat-top laser beam shaping 

 

Fig.  4.2: General Configurations of (a) Reflective and (b) Afocal and (c) Focal Transmissive Beam 

Shapers 

Reflective, transmissive, and diffractive laser beam shapers have been presented in the 

literature or are available commercially with most using off-axis parabolas [69], mild aspheric 

surfaces [81, 88, 89, 137, 138], or structured optical surfaces [9, 20, 82, 97] respectively to achieve 

the desired irradiance redistribution. In this paper, we focus on the more commonly available 

transmissive beam shapers. Afocal transmissive laser beam shapers require at least two optical 

elements and are commercially available [30, 137, 139, 140]. Afocal transmissive beam shapers 

either redistribute the beam while maintaining the spot diameter or changing the output dimensions 

with respect to the input dimensions [28, 137, 142, 144]. Commercially available achromatic beam 

shapers are afocal and use two aspheric surfaces for beam shaping and add at least one spherical 

optical element for chromatic aberration correction [29, 30]. In either case, afocal systems have 

separation between the surfaces used to redistribute the beam due to collimation constraints based 

on telescope geometries [28, 29, 80, 136, 137]. As a consequence of the ray mapping method, it is 
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possible to achieve broadband performance with an afocal beam shaper without achromatic 

performance. By changing the distance between the beam shaping surfaces the system can function 

for different wavelengths than the design wavelength as long as the optical materials are 

transmissive [44]. Equation 4.1 relates the separation-dependent broadband relationship of an 

afocal beam shaper as illustrated in Figure 4.3. 

 1
2 1

2

( ) 1

( ) 1

n
d d
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Fig.  4.3: Afocal Beam Shaper Broadband by Separation Dependence Illustration 

Focal transmissive beam shapers are also available in two forms, either as a combination of a 

focusing lens following an afocal beam shaper or as a single optical element with a surface 

determined by a ray mapping solution [44, 81, 84, 86, 135]. Commercial methods for uniform non-

radial output distributions from transmissive beam shapers rely on birefringent materials or 

additional optical elements after the beam shaping system such as an aperture mask or cylindrical 

lens, which results in a loss of energy [88]. In this paper, we will focus on achromatic and 

broadband transmissive beam shapers with freeform surfaces, with the goal of achieving non-radial 

uniform output profiles without requiring birefringent materials, additional optical elements, or 

masking of the output irradiance distribution.  
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4.1.2 Freeform Beam Shaping 

Freeform optics, defined as optics which have at least one surface lacking in translational or 

rotational symmetry, enable unique output distributions. Since freeform surfaces are not 

constrained to the radial symmetry of aspheres used for conventional transmissive beam shapers, 

they have the ability to convert radially symmetric inputs such as Gaussian beams to non-radially 

symmetric outputs without the use of additional cylindrical optics or masking elements [60, 88]. 

Freeform beam shapers with non-radially symmetric outputs follow the ray-mapping design 

processes of radial output systems but change the ray mapping equations by solving for optimal 

mass transport using Monge-Ampère equations or, as is presented here, by changing the integral 

for conservation-of-energy constraints [59, 62, 145]. In this paper we investigate several methods 

of applying achromatic design methods to freeform beam shapers. We first combine afocal beam 

shaping designs with spherical optical elements of a different material for chromatic aberration 

correction using conventional methods with a different approach to ray mapping to achieve a 

square output distribution. Second, we combine the design concepts of an achromatic doublet to 

focal beam shapers with a similar ray mapping approach to achieve a square output distribution at 

a fixed distance using both spherical and freeform surfaces. 

 

4.2 Beam Shaper Design Methods 

4.2.1 Non-Radial Output Beam Shaper Design 

The design of beam shapers relies on the principle of energy conservation [79, 146, 147]. The 

primary condition to be satisfied for energy conservation in polar coordinates is: 
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Simply stated, the energy conservation requirement is that the integral of the irradiance of the input 

beam (I1) with respect to the input coordinates (r) or (x,y) must be equal to the integral of the 

irradiance of the output beam (I2) with respect to the output coordinates (R) or (X,Y). The above 

integral can be rewritten in Cartesian coordinates as needed for non-radially symmetric beams 

[100]. Equation 4.3 shows the alternative form of the energy conservation integrals. 

 1 2( , ) ( , )I x y dxdy I X Y dXdY     (4.3) 

For a given input dimension ro or xo and a target output dimension Ro or Xo, we can solve the 

integral relationships to develop a ray mapping function from the input distribution to the target 

output distribution [44, 137, 142-144, 148]. We can use the ray mapping function to solve integrals 

or differential equations, for afocal and focal systems respectively, relating the slope of the beam 

shaping surface to the refractive index of the material, input and output coordinates, and the 

separation between beam shaping surfaces for an afocal system, or the distance to the focal plane 

for a focal system [44, 100, 137, 144, 148]. The surface shape is then fitted to a polynomial 

equation to describe the full surface in simulation software. For the afocal systems here, aspheric 

polynomial coefficients are used. While for a radial distribution the surface coefficients are fit to 

radial equations, in the case of a non-radial output distribution we instead fit to coefficients in x 

and y cross-sections separately, resulting in the required non-radially symmetric surface 

description. For the designs presented below, the desired output distribution is a flat-top square 

area in which the uniformity of the freeform beam shaper output should resemble a step function 

in cross section [100]. For generating a square output distribution, the ray mapping equation is 

shown in Equation 4.4 where x is the coordinate reference of the input rays and X is the output 

coordinate, Io is the constant irradiance of the output, ωo is the beam waist radius, and erf is the 

error function [100].  
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For the design of an afocal freeform beam shaper, the inverse of the ray mapping function is used 

with the ray mapping function to determine the surface cross sections in x and y using the following 

integrals where x(X) is the inverse of the ray mapping function, n the index of refraction of the 

material, and d is the separation of the beam shaping surfaces [44]. In the case of the square output 

distribution used here the surface relationships are separable such that we can solve for x or y 

orientations individually with the same form shown in Equations 4.5 and 4.6 [100]. 

 

1
2 2

2

0

( 1)
( ) ( 1)

( )

x
n d

z x n dx
X x x



   
    

   
  (4.5) 

 

1
2 2

2

0

( 1)
( ) ( 1)

( )

X
n d

Z X n dX
x X X



   
    

   
  (4.6) 

 

4.2.2 Achromatic Method for Focal Beam Shaper 

In a focal beam shaper, the focal beam shaping element is only one material and is designed 

for one index of refraction, thus we must introduce a second optical element of a different material 

to correct for chromatic aberration to achieve achromatic beam shaping [1]. We propose the use 

of spherical or freeform optical elements paired with a focal beam shaping element. The advantage 

of a nominally cemented achromatic focal beam shaper is the compactness of the system which 

would enable it to, for example, be paired with the endcap of a fiber laser. 

Adding a lens of a given optical power after the freeform element will change the dimensions 

of the output spot size as well as the effective distance to the focal plane. It is therefore necessary 

to predict the change in output distribution dimensions to choose appropriate constraints for our 
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freeform surface design, which can be accomplished analytically by paraxial approximations. In 

analogy, this plano-freeform and spherical optical element pair would be designed using the 

constraints of an achromatic cemented doublet or those of an air-spaced achromat [1]. The primary 

advantage of this method over afocal methods is the compactness of the elements as they are 

nominally ‘cemented’ and therefore the overall system length will be roughly the overall thickness 

of the two elements rather than requiring air-spaced thicknesses. If we assume the usual achromatic 

doublet design constraints, we have Equation 4.7 [1]. 

 a b     (4.7) 

If we treat the target distance of the beam shaper’s redistribution as the focal length of the 

beam shaper then the inverse of the target distance zo is equal to φa the ‘optical power’ of the beam 

shaping element. φb is the optical power of the spherical lens, and φ is the total optical power. In 

the case of a Gaussian to a flat-top beam shaper, the regions are defined by the radii of the beam 

shaping lens (ro) and the output target dimension (R) as seen in Figure 4.4. For the systems 

presented here we assume doublet constraints: the separation between the elements of the focal 

systems is nominally zero (some separation shown in Figure 4.4 for visual clarity).  

 

Fig.  4.4: Paraxial ray trace diagram of beamshaper and spherical lens achromatic pair 

Therefore, the new output target dimension (R’) due to the added spherical lens can be 

calculated analytically. For simplicity we use only R and R’ in the development, which are 
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interchangeable with X and X’ for a non-radial distribution. By determining the relationship 

between the focal beam shaping element’s target output and the actual output of the achromatic 

pair we can adapt the focal beam shaping element’s design to an appropriate output dimension to 

achieve the desired design performance. Our starting assumption is that that the redistributed rays 

are confined within the dimensions of the input and output parameters of the beam shaper, resulting 

in boundary rays at the edges of the beam whose path through the system can be handled with 

paraxial assumptions. From paraxial ray trace equations we have the following Equation 4.8 [1]: 

 'u u y   (4.8) 

Here u’ is the slope of the ray after the optical element (tan(U’) in Figure 4.4), u is the slope of the 

ray incident on the optical element (tan(U) in Figure 4.4, exaggerated graphically for illustration 

purposes), y is the incident ray height, and φi is the optical power of the element. From the above 

constraints we have [1]: 
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Substituting Equations 4.9, 4.10, and 4.11 into Equation 4.8 we have: 

 ( ' ) ( )o o o a o bR r R r r       (4.12) 

Expanding the terms and solving for R’ we have: 

 ' a a b a
o o o oR R r r R
   

  


     (4.13) 
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The optical powers of the first lens (in our case the beam shaper) and the total system optical power 

are related to each other by the Abbe numbers (υa and υb respectively with ∆υ being the difference 

between υb and υa) of the materials being used [1]: 

 a
a
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We can see that Equation 4.13 becomes: 
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From this we can predict the scale of the magnified flat-top distribution of a nominally cemented 

doublet beam shaper in the target plane for a given target distance do or total system optical power 

φ. We then design our beam shaping element with a target output dimension and distance 

determined by Equation 4.15 with respect to the desired output radius and focal length when 

combined with the spherical optical element for achromatic correction. It should be noted that, due 

to the non-spherical shape of the beam shaping surface, we cannot have a truly cemented doublet 

as assumed here. In the case of a paired set of freeform surfaces for achromatic focal beam shaping, 

the optical power constraints are used to determine the parameters of both surfaces. 

In order to find the surface profile of the focal beam shaper we use the following differential 

equation which relates the surface slope to the input and output parameters [58, 60, 61, 148]. This 

specific form of the equation for a square or rectangular beam shaping surface was derived and 

demonstrated by Shultz [100]. Here do is the distance to the focal plane and z(x) is the beam shaping 

surface cross-section in x: 
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As a method of determining the reasonableness of a focal beam shaper design we use the 

dimensionless beam shaping parameter ß [135].  

 
CrR

ß
d

  (4.17) 

ß can be used to measure how well the geometrical-optic limit (a small-wavelength 

approximation) applies to a beam shaping element [135]. This term is related to the shape of the 

output by a shape related constant (C), the input and output dimensions (r and R), the source 

wavelength (λ), and the beam shaping element separation or focal length (d) of the beam shaping 

element as shown in Equation 4.17 [135]. Broadly speaking, for ß values of ≥32 we should be able 

to use geometrical-optic designs to achieve adequate beam shaping. However, while a larger value 

of ß corresponds to a shorter separation or focal length, ray mapping assumes near paraxial 

propagation of the beam which requires longer distances. Hence there is a balance to be sought 

wherein a suitably short separation or focal length is chosen to improve the quality of the output 

of a focal beam shaper without violating paraxial assumptions. 

 

4.3 Simulation and Evaluation Methods 

We designed several systems for different bands of source wavelengths based on available 

laser systems and beam shaping systems, and to demonstrate differences in material parameters 

and source wavelength spectra. We use two metrics for evaluating the redistribution performance. 

First is the dimension of the output spot standard deviation across source wavelengths. Second is 

the plateau uniformity (UP) of the output spot in keeping with ISO 13694 [149, 150]. UP is 

determined by taking a histogram of the energy across the output area, calculating the full-width 

at half-maximum (FWHM) of the histogram, and dividing the FWHM by the maximum energy of 

the output spot. A uniform spot results in a histogram with a sharp peak slightly below or at the 
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maximum energy. For an ideal uniform spot we expect a small FWHM and a UP value approaching 

0, whereas for a system dominated by a Gaussian profile or noise we expect a value approaching 

1.  Thus, UP can be reported as a unitless value or a percentage [150]. An advantage of the UP 

parameter lies in its shape independence for radially and non-radially symmetric output 

distributions. UP is reported in our results as an average across source wavelength results as there 

will be slight variation due to wavelength dependent beam divergence. Output energy distributions 

shown are normalized to the maximum energy density value in the distribution. In order to help 

visualize the relationship between the UP term and the quality of the output, Figure 4.5 

demonstrates three instances of output distributions with their respective cross-sections and 

histograms used to determine the UP term. 

 

Fig.  4.5: Example distributions and UP terms 

Simulations of all systems were performed in VirtualLab Fusion™ with the raw data of the outputs 

exported to MATLAB for analysis. In all systems the input distribution is a Gaussian beam with a 

3 mm 1/e2 waist diameter. VirtualLab Fusion™ uses an automatic physical propagation method 

(“Field Tracing”) which is a combination of Fourier Transform methods used for fast physical 
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propagation of light through the system. All afocal systems were simulated with the detector at 10 

mm away from the last surface of the beam shaper. 

 

4.4 Results 

4.4.1 Achromatic Beam Shapers for Mid-wave Infrared Lasers (MWIR) 

As our first system we explore a unique situation due to material properties. Silicon has a 

nearly constant index of refraction for 3 to 5 µm, avoiding the need for achromatic correction. We 

used a target output distribution of uniform irradiance of a square with a side length of 4 mm. The 

focal freeform system was designed for a focal length of 20 mm and the afocal system with a 

separation of 20 mm. Surface coefficients, radius of curvature R, element diameter D, surface 

separation d, and element material are listed in Tables 4.1 and 4.2. Surface coefficients for first 

and, if applicable, second freeform surfaces follow the convention of Equation 4.18 where k is 

equal to integers 1 through 7. 
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Fig.  4.6: MWIR Freeform Focal Beam Shaper 
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Table 4.1: Surface Data (Figure 4.6) 

Surface 

# 

R  

(mm) 
D (mm) d (mm) Material 

Surface Coefficients: a2k  

(mm1-2k) 

1 Infinity 3 1.0 Silicon  

2 Infinity 3 20  

a2= 4.43E-02;  a4= -7.84E-03;  

a6= 1.16E-03;  a8= -1.66E-04;  

a10= 2.27E-05; a12= -2.50E-06;  

a14= 1.49E-07; 

 

Fig.  4.7: MWIR Freeform Afocal Beam Shaper 

Table 4.2: Surface Data (Figure 4.7) 

Surface # 
R  

(mm) 

D  

(mm) 

d  

(mm) 
Material 

Surface Coefficients: a2k and A2k  

(mm1-2k) 

1 Infinity 3 1.0 Silicon  

2 Infinity 3 20  

a2= -7.83E-02;  a4= -6.52E-05;  

a6= 1.82E-05;   a8= -8.55E-07;  

a10= 3.15E-08;  a12= -9.30E-10;  

a14= 1.64E-11; 

3 Infinity 8 1.0 Silicon 

A2= -7.83E-02;  A4= -6.52E-05;  

A6= 1.82E-05;   A8= -8.55E-07;  

A10= 3.15E-08;  A12= -9.30E-10;  

A14= 1.64E-11; 

4 Infinity 8 10   

For the two systems in Tables 4.1 and 4.2 we have a standard deviation of output dimension 

across source wavelengths of 0.02 mm which indicates achromatic performance with less than 1% 



   57 

 

variation of the output dimension with respect to wavelength. However, there is a notable 

difference in the plateau uniformity, as illustrated in Figure 4.8.  

 

Fig.  4.8: UP vs λ (µm) for Focal and Afocal MWIR Freeform Systems 

The addition of a second element for the afocal configuration appears to have increased the 

variation in uniformity, likely due to dispersion effects at longer source wavelengths and visibly 

evidenced by the ringing effect at the edge of the output distributions. 

 

4.4.2  Supercontinuum Source Band – Beam Expansion 

We next consider a broader source bandwidth corresponding to supercontinuum laser sources 

[118, 121]. Using a source wavelength set of 0.4 to 2.4 µm with a design wavelength of 1.55 µm 

we designed several freeform beam shapers [118, 120, 121]. We chose Schott N-FK51A (n1) and 

KzFSN4 (n2) materials for good secondary spectrum performance (in these cases 9.51 µm). We 

used a target output distribution of uniform irradiance of a square with a side length of 4 mm. The 

focal freeform systems were designed for a focal length of 20 mm and the afocal systems with a 

separation of 20 mm. System parameters are reported in Tables 4.3 through 4.8.  
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Fig.  4.9: Supercontinuum Freeform Focal Beam Shaper 

Table 4.3: Surface Data (Figure 4.9) 

Surface 

# 

R  

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k   

(mm1-2k) 

1 Infinity 3 1.0 N-FK51A  

2 Infinity 3 20  

a2= 6.43E-02;  a4= -1.72E-02;  

a6= 3.01E-03;  a8= -4.67E-04;  

a10= 6.01E-05; a12= - -5.79E-06;  

a14= 3.04E-07; 

 

Fig.  4.10: Supercontinuum Achromatic Freeform Focal Beam Shaper – Radially Symmetric 

Chromatic Corrector 
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Table 4.4: Surface Data (Figure 4.10) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k   

(mm1-2k) 

1 Infinity 3 1.0 N-FK51A  

2 Infinity 3 0.1  

a2= 7.98E-03;  a4= -1.74E-02;  

a6= 3.08E-03;  a8= -4.74E-04;  

a10= 6.17E-05; a12= -6.32E-06;  

a14= 3.76E-07; 

3 -10.93 4.5 1.0 KzFSN4  

4 Infinity 4.5 20   

 

 

Fig.  4.11: Supercontinuum Achromatic Freeform Focal Beam Shaper – Freeform Chromatic 

Corrector 
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Table 4.5: Surface Data (Figure 4.11) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k  and A2k   

(mm1-2k) 

1 Infinity 3 1.0 KzFSN4  

2 Infinity 3 0.1  

a2= 4.87E-02;  a4= -1.39E-02;  

a6= 2.45E-03;  a8= -3.80E-04;  

a10= 4.94E-05; a12= -4.87E-06;  

a14= 2.66E-07; 

3 -10.93 4.5 1.0 N-FK51A 

A2= 2.25E-03;  A4= -9.40E-04;  

A6= 1.67E-04;  A8= -2.63E-05;  

A10= 3.46E-06; A12= -3.43E-07;  

A14= 1.86E-08; 

4 Infinity 4.5 20   

For the focal systems above, the progression shows improvement as we go from only a focal 

beam shaping element which is already reasonably close to achromatic but demonstrates 

diffraction effects at the edges of the output as seen in Figure 4.9. The achromatic pairs building 

off of the achromatic doublet constraints results first, in Figure 4.10, in a slight improvement in 

uniformity with noticeable improvement in diffraction effects. Finally, applying the achromatic-

doublet constraints to a second beam shaping surface we arrive at a system with no change in 

output dimension with respect to wavelength and good uniformity. The following two systems are 

afocal designs. The separation of the chromatic correction lens in Figure 4.13 was varied to 

determine the best output plane location considering both uniformity of output dimension and 

plateau irradiance. 
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Fig.  4.12: Supercontinuum Freeform Afocal Beam Shaper 

Table 4.6: Surface Data (Figure 4.12) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k  and A2k   

(mm1-2k) 

1 Infinity 3 1.0 N-FK51A  

2 Infinity 3 20.0  

a2= 6.43E-02;  a4= -1.72E-02; 

a6= 3.01E-03;  a8= -4.67E-04; 

a10= 6.01E-05; a12= -5.79E-06; 

a14= 3.04E-07; 

3 Infinity 4.5 1.0 N-FK51A 

A2= 2.88E-02;   A4= -5.02E-04;  

A6= -4.09E-04;  A8= 3.17E-04;  

A10= -1.53E-04; A12= - 3.48E-05;  

A14= -3.19E-06; 

4 Infinity 4.5 10   

Here we illustrate the broadband functionality by variation of the separation of the afocal 

system in Figure 4.12. The system is not perfectly achromatic but, by changing the separation 

between the beam shaping elements we can demonstrate broadband functionality at specific 

configurations of the system as seen in Figure 4.13. 
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Fig.  4.13: Output Square Side Length versus Separation d (System of Figure 12) 

 

Fig.  4.14: Supercontinuum Achromatic Freeform Afocal Beam Shaper – Radially Symmetric 

Chromatic Corrector 
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Table 4.7: Surface Data (Figure 4.14) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k  and A2k   

(mm1-2k) 

1 Infinity 3 1.0 N-FK51A  

2 Infinity 3 18.0  

a2= 6.43E-02;  a4= -1.72E-02;  

a6= 3.01E-03;  a8= -4.67E-04;  

a10= 6.01E-05; a12= -5.79E-06;  

a14= 3.04E-07; 

3 20.92 4 1.0 KzFSN4  

4 23.93 4 1.0   

5 Infinity 4 1.0 N-FK51A 

A2= 2.88E-02;   A4= -5.02E-04;  

A6= -4.09E-04;  A8= 3.17E-04;  

A10= -1.53E-04; A12= - 3.48E-05;  

A14= -3.19E-06; 

6 Infinity 4 10   

The achromatic afocal design results in Figure 4.14 are a slight improvement over the 

performance of the non-achromatic afocal system. Modifying the internal optical element to have 

at least one freeform surface may improve performance further but will require numerical design 

methods. 

 

4.4.3 Supercontinuum Source Band – Beam Compression 

 The systems of Section 4.4.2 were all designed for beam expansion, or in other words a 

larger output dimension than input dimension. We now change our target output distribution of 

uniform irradiance to a square with a side length of 2 mm. The system shown in Figure 4.18 is a 

conventional radially symmetric output system described in the literature with known high quality 
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performance out to 1.064 µm. We added a square mask to mimic methods for generating square 

outputs using additional elements in order to compare our freeform systems to a conventional 

approach. Such a mask blocks at least 36% of the energy at the output. Our results shown in Figures 

4.15 through 4.17 demonstrate comparable achromatic performance in output dimension. Figures 

4.16 and 4.17 are in the range of uniformity performance for a masked system. Therefore we have 

three systems, two being compact in comparison to the afocal systems, capable of generating an 

achromatic compressed square beam without any loss of energy aside from material absorption. 

 

Fig.  4.15: Supercontinuum Achromatic Freeform Focal Beam Shaper – Radially Symmetric 

Chromatic Corrector 

Table 4.8: Surface Data (Figure 4.15) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k   

(mm1-2k) 

1 Infinity 3 1.0 N-FK51A  

2 Infinity 3 0.1  

a2= -5.14E-02;  a4= -8.67E-03;  

a6= 1.61E-03;   a8= -2.51E-04;  

a10= 3.25E-05;  a12= -3.13E-06;  

a14= 1.64E-07; 

3 -10.93 3 1.0 KzFSN4  

4 Infinity 3 20   

 



   65 

 

 

Fig.  4.16: Supercontinuum Achromatic Freeform Focal Beam Shaper – Freeform Chromatic 

Corrector 

Table 4.9: Surface Data (Figure 4.16) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k  and A2k   

(mm1-2k) 

1 Infinity 3 1.0 KzFSN4  

2 Infinity 3 0.1  

a2= 1.56E-03;  a4= -7.02E-03;  

a6= 1.25E-03;  a8= -1.95E-04;  

a10= 2.55E-05; a12= -2.50E-06;  

a14= 1.35E-07; 

3 Infinity 3 1.0 N-FK51A 

A2= 4.94E-03;  A4= -1.34E-03;  

A6= 2.38E-04;  A8= -3.74E-05;  

A10= 4.93E-06; A12= -4.88E-07;  

A14= 2.65E-08; 

4 Infinity 3 20   
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Fig.  4.17: Supercontinuum Achromatic Freeform Focal Beam Shaper – Freeform Chromatic 

Corrector 

Table 4.10: Surface Data (Figure 4.17) 

Surface 

# 

R 

(mm) 

D 

(mm) 

d 

(mm) 
Material 

Surface Coefficients: a2k  and A2k   

(mm1-2k) 

1 Infinity 3 1.0 N-FK51A  

2 Infinity 3 18.0  

a2= 6.43E-02;  a4= -1.72E-02;  

a6= 3.01E-03;  a8= -4.67E-04;  

a10= 6.01E-05; a12= -5.79E-06;  

a14= 3.04E-07; 

3 9.12 3 1.0 KzFSN4  

4 11.97 3 1.0   

5 Infinity 2.5 1.0 N-FK51A 

A2= 2.88E-02;   A4= -5.02E-04;  

A6= -4.09E-04;  A8= 3.17E-04;  

A10= -1.53E-04; A12= - 3.48E-05;  

A14= -3.19E-06; 

6 Infinity 2.5 10   
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Fig.  4.18: Laskin Afocal Achromatic Beam Shaper with Square Mask [29] 

Figure 4.19 summarizes the performance of the above systems, demonstrating that the 

achromatic freeform beam shapers meet or exceed the uniformity of a masked conventional 

beam shaper, indicating that the above systems are useful replacements for conventional square 

beam shapers. 

 

Fig.  4.19: UP versus Source Wavelength 

 

4.5 Conclusion 

We have presented several designs of achromatic and broadband capable freeform beam 

shaping systems with a goal of achieving non-radial output distributions without requiring 

additional optical elements or significant loss of energy. We have also presented simulated results 

for several different configurations spanning bandwidths from the visible to the mid-wave infrared. 
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By using a focal system we can reduce the number of components needed, compared to afocal and 

conventional beam shapers and reduce the overall system scale providing a more compact option 

albeit with a limited range of functionality compared to the afocal versions. Future work to improve 

the design methodology of achromatic focal beam shapers will include considering truly cemented 

systems of matching freeform surfaces.  This may aid in further improving the performance of the 

focal systems. Further, numerical methods to include freeform surfaces in the chromatic correction 

of afocal systems should be investigated. Other non-radial output distributions than squares would 

also be beneficial for consideration to demonstrate broader freeform capabilities.  
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CHAPTER 5: CONCLUSION 

5.1 Summary and Comparisons 

Two sets of freeform optical systems for broadband functionality have been presented in this 

dissertation. Initial designs of BVTS systems in Chapters 2 and 3 and achromatic beam shapers 

for non-radially symmetric outputs in Chapter 4 were presented and their functions simulated. In 

both cases, results were compared across source wavelengths for characterizing the broadband 

optical performance of the freeform-enabled systems. The primary advantage of each system 

presented is the enabling of broadband functionality for applications which otherwise are 

otherwise not available. 

The BVTS systems as presented function within our targets for the longer source wavelengths. 

This indicates that the BVTS system should be able to retrieve surface information from curved 

surfaces being measured with Fizeau interferometry. Further, the BVTS systems for the longer 

source wavelengths function for a broad range of f-numbers, enabling the potential replacement of 

10’s of conventional transmission spheres with one BVTS. Further, due to nearly continuous 

functionality within the range of source wavelengths and f-numbers, the BVTS can be used for 

many other source wavelengths and f-numbers not explicitly considered in this work. 

The work reported in Chapter 4 combines freeform beam shaping principles with achromatic 

and broadband beam shaping concepts to achieve broadband functionality for simple non-radially 

symmetric output distributions. Systems are reported for both focal and afocal methods across a 

broad spectral range. It should be noted that the beam shaping problem is harder for longer source 

wavelengths due to diffractive effects on beam propagation, resulting in a ‘ringing’ effect. The 

freeform achromatic beam shaping problem is more straightforward in the MWIR spectrum due 

to the nearly constant index of refraction of silicon in the chosen wavelength band; the higher 
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performance quality for the MWIR case compared to other source wavelength ranges is due in part 

to the lack of need of a chromatic aberration correcting element. This indicates that if optical 

designers can find (or, using metamaterial concepts, design) materials with minimal dispersion 

across the range of source wavelengths, it should be possible to achieve high quality achromatic 

beam shaping with simplified constraints. 

In the case of the BVTS systems as discussed in Chapters 2 and 3, the systems can function 

for any source wavelength for which the optical material is transmissive by utilizing discrete lateral 

relative shifts of the freeform elements. Chapter 4 leverages a similar concept through longitudinal 

relative shifts of the elements along the optical axis to achieve broadband beam shaping of square 

outputs in afocal systems. In both cases, the change in position of the optical elements can be 

related by Equation 5.1 where di is either the lateral translation of the BVTS elements or the axial 

separation of the afocal beam shaping elements. 

 1
2 1

2

( ) 1

( ) 1

n
d d

n









 (5.1) 

The use of this same equation for two types of broadband functionality with freeform surfaces 

may be useful for future consideration of other application spaces. 

 

5.2 Future Work 

5.2.1 Optical Designs and Simulation 

1. One primary conclusion from the systems in this dissertation is the imperfections and 

challenges produced by freeform surfaces. In the case of the BVTS systems, further work is 

needed on optimization metrics and methods that directly relate the design and optimization of 

surface parameters to retrace error performance. In particular, as noted in Chapter 3, 
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developing an optimization method wherein a BVTS is optimized as part of a simulated Fizeau 

interferometer for ideal surfaces may improve system performance.  

2. The BVTS systems explored were for very broad ranges of source wavelengths to study 

general principles of the systems. Future research into alternative materials and source 

wavelength ranges could further improve measurement capabilities of BVTS systems.  

3. The BVTS has potential to be used for the measurement of surfaces with significant spatial 

variation in surface curvature with the part aperture (such as freeforms or examples like gull-

wing aspheres). These applications should be taken into consideration when designing, 

optimizing, and simulating future BVTS systems. 

4. Freeform achromatic transmissive beam shapers as discussed in Chapter 4 may also benefit 

from improved optimization methods and alternative system parameters. 

5. For the achromatic focal beam shaping systems identifying a method by which two planar-

freeform elements of different materials but the same freeform surface cemented together 

could result in better achromatic beam shaping in a focal plane for a compact system.  

6. The square output distributions demonstrated are relatively simple; future designs could 

include investigating achromatic performance for more complex output distributions such as 

logos, letters, or non-uniform distributions. 

 

5.2.2 Fabrication and Testing 

1. The BVTS and beam shaping systems discussed in were simulated while fabrication and 

experimental tests have yet to be performed. It will be important to identify necessary surface 

finishes and tolerances before fabrication, as well as system parameters appropriate to available 

lab equipment.  
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2. Special attention will need to be paid to experimental implementation of the BVTS surfaces, 

alignment, and lateral translation systems as deviations will result in greater retrace error.  

3. The beam shaping surfaces require less consideration but will still require appropriate surface 

finishes to avoid diffraction effects as well as appropriate mounting and alignment. Since the 

surfaces of the afocal freeform beam shapers are not radially symmetric it will be important to 

ensure proper rotational alignment of the surfaces with respect to each other.  
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