
 

PERFORMANCE INVESTIGATION OF ROTARY TABLES IN LARGE-SCALE 

METROLOGY 

 

 

 

by 

 

Qichang Wang 

 

 

 

 

A dissertation submitted to the faculty of  

The University of North Carolina at Charlotte 

in partial fulfillment of the requirements 

for the degree of Doctor of Philosophy in  

Mechanical Engineering 

 

Charlotte 

 

2019 

 

 

 

 

 

 

    

        Approved by: 

 

       

Dr. Gert Goch 

 

               

Dr. Jimmie A. Miller 

 

               

        Dr. Christopher J. Evans 

 

       

Dr. Edward P. Morse 
 

               

Dr. Stuart T. Smith 
   

       

Dr. M. Yasin Raja 



ii 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

©2019 

Qichang Wang  

ALL RIGHTS RESERVED 

 

 



iii 

 

ABSTRACT 

 

QICHANG WANG. Performance investigation of rotary tables in large-scale metrology. 

(Under the direction of DR.-ING. GERT GOCH) 

 

   

Rotary tables significantly improve the flexibility and efficiency of multi-axis 

measuring devices and multi-axis machining centers by providing a quick positioning of 

workpieces. Large-scale rotary tables are designed and produced for increasing demands 

of measuring volume and load capacity in industries, such as wind energy, aerospace and 

shipbuilding. Although the performances of rotary tables have been improved, there still 

exist non-trivial error motions. Moreover, it is not clear whether and how the error motions 

of a rotary table change under various loads. The traditional calibration methods are not 

suitable to investigate the mentioned issues because of their complicated and nonflexible 

setups. 

A new calibration solution which provided a simple, quick and flexible setup, as 

well as a fully-automated measurement process, was proposed. The rotary table, the 3-axis 

measuring device and the artifact (circular ball plate) were calibrated simultaneously. A 

mathematical solution was developed, which covers all the deviation sources, occurring at 

the movement of a rotary axis. This solution was verified and validated by numerical 

simulations and by experimental comparison with a traditional method. The stability of this 

solution was investigated using the Monte Carlo simulation. The behaviors of rotary tables 

under symmetric and asymmetric loads were investigated experimentally. The simple 

calibration setup and developed evaluation procedure enabled a compensation of rotary 

table/axis deviations in a wide application field. 
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CHAPTER 1: INTRODUCTION AND LITERATURE REVIEW 

 

1.1 Background 

Geometric inspections of large-scale parts, at affordable costs and within 

reasonable measuring time, are necessary in manufacturing industries. For example, to 

improve their reliability and safety over the lifetime of 20 years 0, wind energy system 

(WES) manufacturers need to inspect a variety of WES components, such as main bearings, 

gear boxes, pitch bearings and pitch drives. Figure 1.1 shows some large-scale workpieces 

in aerospace, wind energy, ship and automotive industries.  

 

 
Figure 1.1. Large-scale parts: (a) turbine blades of turbofan aircraft engine [2] (2) gas 

turbine for an aluminum plant [3] (c) planet gears of an offshore wind turbine [4] (d) gears 

in a ship gear box [5] (e) combustion chamber of an automotive engine [6] (f) automotive 

frame [7]. 

 

4-axis measuring devices including coordinate measuring machines (CMMs), gear 

measuring instruments (GMI), form testers, etc. are versatile instruments for these 
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applications (Figure 1.2). CMMs are particularly well suited to applications, where low 

measurement uncertainties are required or when the features to be measured are difficult 

to access [8]. 

 

 
Figure 1.2. Multi-axis measuring devices: (a) Leitz PMM-F 30.20.16 (b) Zeiss Prismo 

Navigator CMM (c) Mahr MarSurf LD 260 combined contour and surface measuring 

station (d) Gleason 300 GMSL gear measuring instrument [9](e) Mitutoyo roundness tester. 

 

As key components of multi-axis measuring devices, rotary tables (RTs) provide a 

quick rotary positioning of components to assess measurands (Figure 1.3). Before 

computer numerical control (CNC) systems were widely introduced to industrial 

production, only manually operated RTs were available for measuring devices and machine 

tools. Figure 1.4(a) shows a 10" manual RT [10] and Figure 1.4(b) shows components of a 

disassembled table [11]. Nowadays, computer-controlled RTs effectively improve the 

throughput of manufacturing process and measuring tasks. Moreover, many heavy-duty, 
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high precision and fully automated RTs have been developed for the manufacturing of 

large-scale parts (Figure 1.5) [12]. 

 

 
Figure 1.3. RTs installed on multi-axis measuring devices: (a) a built-in RT on a Zeiss 

CMM (b) a RT on a Mahr combined contour and surface measuring station (c) a RT on a 

Mitutoyo roundness tester.  

 

 
Figure 1.4. Manually operated RTs for machine tools [10]: (a) an installed RT (b) 

components of a dissembled RT. 
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Figure 1.5. Heavy-duty RTs of machine tools [12]: (a) milling RT (b) swiveling milling 

RT (c) turning RT (d) grinding RT. 

 

1.2. Bearing systems of rotary tables (RTs) 

As shown in Figure 1.4(b), a RT consists of rotor, stator, hand wheel, worm drive, 

scale, bearings and accessories. Bearing systems reduce the friction between rotor and 

stator so that smooth rotary motion can be achieved. Three types of bearings are used for 

RTs: rolling-element bearings, external pressurized bearings and magnetic bearings.  

 

1.2.1 Rolling-element bearing 

A rolling-element bearing has rolling elements arranged between the rotating and 

stationary races. There are many types of rolling elements including spherical rollers, 

cylindrical rollers, tapered rollers, barrel rollers and needle rollers. Figure 1.6 shows a 

common axial-radial combined roller bearing, including two thrust needle roller bearings 

and a radial cylindrical roller, to support axial and radial loads [13]. The table’s positioning 

accuracy is affected by form deviations of the rolling elements, geometric accuracy of 
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races, assembly accuracy and so on. Moreover, the long-term wear of rolling elements 

under loads might degrade the accuracy of the bearing system as well.  

 

 
Figure 1.6. Schematic of rolling-element bearing [13]: (a) an axial-radial combined roller 

bearing, including two thrust needle roller bearings and a radial cylindrical roller (b) a RT 

contains a roller bearing system.  

 

1.2.2 External pressurized bearing 

In external pressurized bearings, the surfaces of rotor and stator are separated by a 

thin film of fluid, forced between the surfaces under pressure, which is generated by an 

external pump. A complete lubricant film is maintained whenever the bearing is 

pressurized, even at zero speed [14]. External pressurized bearings are widely applied in 

large machines, which require low friction and high load support to achieve high 

positioning accuracy. They are also the dominant solution for precision machines, which 

require high motion precision, high load capacity and high stiffness. External pressurized 

bearing can be further classified into two subgroups: aerostatic bearing and hydrostatic 

bearing. The former employs pressurized air or gas as lubricating fluid, while the latter is 

based on liquid fluids. Figure 1.7 shows two large-scale RTs with hydrostatic and aerostatic 

bearings, respectively.  
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Figure 1.7. Large-scale RTs with external pressurized bearings: (a) Zollern ZHRT 

1000.0340.0550 hydrostatic RT (b) Zollern ZART 1200.0390.0 aerostatic RT. 

 

Hydrostatic bearings have two advantages over aerostatic bearings: (1) For the 

same mechanical structure, hydrostatic bearings have a higher maximum load compared to 

aerostatic bearings under same supply pressure. The lower maximum load of aerostatic 

bearings results from the smaller and shallower recesses, which have two purposes: 

(i) maintain necessary respond time between the application or change of load and the 

required change in recess pressure; (ii) overcome the occurrence of self-excited vibrations 

called “pneumatic hammering” [14]. (2) Hydrostatic bearings show a higher stiffness.  

On the other hand, aerostatic bearings also have two main advantages over 

hydrostatic bearing: (1) lower cost: Aerostatic RT may use the centralized air supply 

available at production plants, while hydrostatic bearings require an independent high-

pressure fluid supply system. (2) Thermal control of aerostatic RT is easier: Less heat is 

generated from friction forces in aerostatic bearings than hydrostatic bearings. Moreover, 

the high-speed air flow in aerostatic bearings effectively carries heat from the bearing to 

the environment. In comparison, a hydrostatic bearing needs an additional cooling system 

to remove the heat from the closed system.  
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For RTs in metrology systems, the static characteristics of external pressurized 

bearing films, such as load carrying capacity and mean bearing pressure, are the major 

consideration over dynamic characteristics.  

For RTs in machine tools, dynamic characteristics become the main consideration.  

The concept of active compensation is introduced to enhance the dynamic characteristics 

of external pressurized bearing films. The system comprises one or a combination of active 

elements, including support and conicity piezo actuators, and supply pressure controllers 

[15].  These elements actuate the gap geometry or supply pressure to affect dynamic 

bearing forces as needed. 

 

1.2.3 Magnetic bearing 

Magnetic bearings support loads using magnetic levitation (Figure 1.8). For 

instance, they can levitate a rotating shaft and permit relative motion with very low friction 

and no mechanical wear. Magnetic bearings support the highest speeds of all kinds of 

bearing and have no maximum relative speed [16]. 

Active magnetic bearings have been successfully applied to turbomachinery and 

precision scanning [18]. The former one has requirements on high speed but less on 

accuracy and stiffness, while the main goal of the latter one is to achieve high precision.  

However, magnetic bearings are not suitable for machine tool applications which require 

high stiffness. To solve this issue, Lu et al [18] proposed a new spindle concept, where the 

rotor’s axial position was controlled by a novel large-stroke magnetic bearing and the 

spindle rotor’s radial position was maintained by externally pressurized fluid bearings.  

 

https://en.wikipedia.org/wiki/Magnetic_levitation
https://en.wikipedia.org/wiki/Rotordynamics
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Figure 1.8. Magnetic bearing: (a) Schematic of magnetic bearing [17] (b) Schematic of 

basic operation [16]. 

 

1.3 Error motions of RT 

Although the performances of RTs have been improved by numerous efforts in 

design and production, there still exist non-trivial error motions, originating from the drive 

train, bearings, rotary encoder, etc (Figure 1.9(a)). A rotary table/axis has three 

translational errors motions (𝛿x, 𝛿y and 𝛿z) and three rotational error motions (휀x, 휀y and 

휀z) (Figure 1.9(b)). In many cases, rotary table/axes are also the dominant sources of the 

quasi-static and dynamic errors, due to the magnification of angular positioning errors [19].  

 

 
Figure 1.9. Error motions of a rotary table: (a) schematic design (b) six error motions of 

RT, including three translational terms 𝛿𝑥 , 𝛿𝑦  and 𝛿𝑧, two tilt terms 휀𝑥  and 휀𝑦, and one 

angular positioning deviation 휀𝑧.  
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1.4 Performance tests of RTs 

1.4.1 Static and dynamic characteristics of RTs 

Figure 1.10 shows the schematic of a test rig for measuring the dynamic stiffness 

of RT [15]. The electromagnetic exciter (shaker) has an axially moveable pin, which has 

steel balls on both ends to act as point joints. Three non-contacting displacement sensors 

measure the movement of the platen, which is placed on the bearing pad and loaded by the 

exciter. Stiffness of the dynamometric table is several orders higher than the bearing film. 

There are four main sources of error in this type of experiment: bearing geometry, gap 

height and pressure in the air-pot, supply pressure, measurement equipment [15]. 

 

 
Figure 1.10. Schematic of a test rig for measuring the static and dynamic characteristics of 

RT [15]. 

 

 

1.4.2 Acceptance tests of entire systems 

After the installation of rotary tables/axes on measuring devices or machine tools, 

acceptance tests are carried out. 

Acceptance tests and reverification tests of the 4-axis CMMs are standardized by 

the International Organization for Standardization (ISO) [20]. Two spheres are mounted at 
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the outer radius of the table and located diametrically opposite to each other. One sphere 

is close to the table surface, while the other one is above the table. By measuring the spheres 

at 14 rotary positions, the deviations are measured and compared to the three maximum 

permissible four-axis errors MPEFR, MPEFT and MPEFA in the radial, tangential and axial 

directions, respectively. 

Three types of configurations can be used in performance tests or periodic 

maintenances of four-axis and five-axis machine tools. The first one uses the well-known 

telescoping magnetic ball bar (TMBB) invented by Bryan in 1982 [21][22]. Inspired by it, 

Lei et al [23][24] presented a probe-ball measuring device, which consisted of a 3D 

measuring probe, an extension bar and a plate assembly (mounted on the table). The second 

one is the radial test (R-test) proposed by Weikert in 2004 [25]. In the setup, a master 

sphere attached to the spindle is brought in contact simultaneously with three orthogonal-

arranged contact-type displacement sensors which have flat tips. Commercial products are 

produced by IBS Precision Engineering [26] and Fidia [27]. Hong and Ibaraki [28] 

investigated the performance of non-contact laser displacement sensors for R-tests. 

Zargarbashi and Mayer [29] proposed the Cap-ball, which had a reverse configuration to 

the R-test. In the first two types of configurations, the components on the RT are fixed 

eccentrically. The spindles and RTs are moved along specified paths to gather data. In the 

last configuration proposed by Ibaraki et al in 2010 [30][31], a touch-trigger probe is 

mounted in the spindle, while three square column artifacts are fixed on the table. The 

locations of the three artifacts are measured at different rotary positions. 
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1.5 Review of calibration methods 

1.5.1 Methods of geometric error mapping 

Before 1980, geometric errors of CMMs and machine tools were minimized by 

mechanical optimization, which was time-consuming and expensive. In 1985, Zhang et al. 

[32] proposed computer error compensation of geometric errors and some thermal effects 

occurring at commercial CMM, based on a rigid body model of workpiece motion in the 

machine coordinate frame.  

Since then, many methods have been developed for mathematical error 

compensation. Schwenke [33] classified the geometric error identification methods into 

direct and indirect measurements: Direct measurements analyze each deviation. It can be 

further classified into three subgroups, based on their metrological reference: the material-

based methods use artefacts, such as straightedges, line scales or step gauges; the laser-

based methods use the laser light’s linear propagation and its wavelength as a reference; 

the gravity-based methods measure in reference to the gravity field of the earth. Indirect 

measurements imply methods focusing on superimposed errors. They require multi-axes 

motion of the machine under test. 

 

1.5.2 Error identification of rotary tables/axes 

The parameters influencing the positioning accuracy of 4-axis measuring devices 

or five-axis machine tools can be classified into two groups: the position-independent 

geometric error parameters (PIGEPs), which define the machine geometry; the 

position−dependent geometric error parameters (PDGEPs) [34]. The former group 
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describes the relative locations of machine’s successive rotary and prismatic joints, while 

the latter group are motion errors.  

Abbaszadeh-Mir and Mayer [34] proposed an approach and presented the 

simulation results for the estimation of all the eight PIGEPs from data acquired using a 

telescoping magnetic ball bar. Bringmann and Knapp [35] developed an error model and 

used nonlinear optimization methods to separate all the PIGEPs of five axes using the R-

test setup. There are five out of eight PIGEPs associated with the rotary axes in 5-axis 

machine tools. Tsutsumi et al [36][37] used special multi-axis trajectories to estimate them, 

while the squareness errors of the linear axes were pre-measured using traditional methods. 

In coordinate metrology, the PDGEPs (six error motions) of rotary tables/axes are 

dominant factors over the PIGEPs. The approaches to quantify the six error motions 

(PDGEPs) in a 5-axis machine tool can be classified into three groups. The first group of 

methods introduces external measuring devices. Conventional setup employs three LVDTs 

plus a sphere for the measurement of the three translational errors motions. A polygon 

mirror and two autocollimators are used for the calibration of the three rotational error 

motions [38]. Another choice is the well-known spindle error analyzer (SEA) [26][39], 

which can measure all the error motions except the angular positioning deviation. 

Schwenke et al. [40] extended the tracking interferometers used in the calibration of linear 

axes to the calibration of rotary axes. The second group of approaches enables the exclusive 

motion of the targeted one or two rotary axes, while keeping the other axes stationary to 

avoid contributions from the PDGEPs of the other axes. TMBB is frequently employed in 

the measurement setup. Multiple works are reported by Zargarbashi and Mayer (a trunnion 

axis) [41], Lei et al (a rotary axis) [42] and Lee et al (two rotary axes) [43][44]. The last 
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type of approaches uses the acceptance test outcomes directly, by assuming the error 

motions of the linear axes are negligible [30][31]. However, this assumption is not suitable 

for many cases.  

 

1.6 Closure theory 

Although introducing external measuring devices for the calibration is not 

inappropriate, the complicated setups and operation procedures are not convenient. A 

simple setup plus a full automated process may be realized with existing CMM and a 

circular ball plate (CBP) artifact [45]. However, since the designs of the classical CMMs 

inherently violate the Abbe principle, even the accuracies of the high-end CMMs are not 

sufficient for this task. Evans et al. [46] reviewed the reversal techniques to minimize the 

systematic errors of CMMs in many scenarios. They also discussed the closure principle, 

which was used in the separation of pitch deviations between a workpiece and a measuring 

device. The closure principle offers a complete, analytical solution with the help of an 

additional boundary condition or constraint. For example, the angles between adjacent 

elements of a rotational symmetric workpiece sums up to 360°. The first well-known work 

was reported by Troughton in 1809 [47] to calibrate divided circular scales. Reeve [48] 

applied the closure theory to calibrate polygons using a RT and two autocollimators. The 

Japan National Institute of Advanced Industrial Science and Technology (NMIJ/AIST) 

determined the gear pitch deviations [49] using multiple-measuring technique [50], which 

was also based on the closure, to separate the pitch deviations of gear teeth from the ones 

of the four-axis CMM. The Physikalisch-Technische Bundesanstalt (PTB) accomplished 

the same task [49] using the three-rosette method [51], which further separated the pitch 
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deviation of the RT and the three-axis CMM. Günther et al [52] applied the three-rosette 

method to calibrate a ball plate artifact on a 4-axis CMM.  

 

1.7 Monte Carlo simulation 

A calibration method cannot be characterized by an uncertainty value, because this 

belongs to the entire measurement process. Instead, the term “stability” is used to describe 

the resistance of a calibration method to different deviation sources.  

Monte Carlo simulation is a suitable and often applied tool to investigate this issue. 

The Monte Carlo method randomly picks a value for each of the deviation contributors, 

according to their probability density functions (PDFs), and calculates the corresponding 

deviations of the measurand. After repeating numerous times, a histogram is achieved, 

which represents the possible outcomes and the statistics of its distribution [53]. 

 

1.8 Error motions of RTs under loads 

To keep pace with the increasing demands on the measuring volume and load 

capacity, large-scale RTs are designed and built. Figure 1.11 shows a 1255 kg WES gear 

placed on a hydrostatic RT for measurement tasks. Complicated aerostatic and hydrostatic 

bearing systems are employed to provide smooth rotational motion under various 

maximum loads up to several metric tons. 

Although the performances of RTs have been improved by numerous efforts in 

design and production, there still exist non-trivial and undesired error motions, originating 

from the drive train, bearings, etc. Commonly, error maps are produced at non-load 

situations and are used for all loading scenarios. However, this strategy needs to be 
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reconsidered, when large workpieces with masses up to several tons become the measuring 

objects. Different loads may deviate the operation conditions of bearings and drive train 

components by different amounts. It is also not clear whether and how the error motions 

change in asymmetric loading scenarios. In real applications, gravity centers of non-

rotationally symmetric parts may be eccentric to the rotary axis. Rotationally symmetric 

parts might also not be centered very precisely, because large-scale parts are loaded onto 

and unloaded off RTs by traveling overhead cranes, fork lifters or lift carriages.  

Because of the complicated and nonflexible setup, the traditional calibration 

methods [38]  are not suitable for cases when the RTs are under load.  A new calibration 

method is needed to provide error maps for large RTs with respect to rotary position, load 

value and load distribution. 

 

 
Figure 1.11. WES gear loaded on a hydrostatic rotary table at the Bremen Institute for 

Metrology, Automation and Quality Science (BIMAQ), University of Bremen, Germany. 
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1.9 Contribution of this research 

This research proposes a new RT calibration solution, and verifies it by formula 

derivation, numerical solution and experimental verification. This solution is characterized 

by a simple and quick setup, as well as a fully automated measurement process, which 

makes it suitable to replace the classic methods used for periodical error mapping of RTs 

in manufacturing facilities and research institutes. Moreover, because the simple and 

flexible setup is compatible with large-scale workpieces, this new method becomes a 

powerful tool to study the error motions of RT under various loading scenarios.  

The second part of this research observes the error motions of a hydrostatic and an 

aerostatic RT under various static load scenarios. It provides examples to produce complete 

error maps regarding the rotary position of RTs, load value and load distribution.  

 

1.10 Dissertation layout 

1.10.1 Development of a new calibration method 

This research aims at the development of a new solution, which decouples the error 

motions of RT from the deviations originated from the CMM and from the plate artifact. 

The development and verification of this method will consist of formula derivation, 

numerical simulation and experimental verification. Monte Carlo Simulation will be used 

to investigate the stability of this method. 

A mathematical model will be developed, which covers all the deviation sources, 

occurring at the movement of a rotary axis. Formula derivation will first verify the strengths 

and limitations of the three-rosette method. Then, an improved solution will combine the 
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advantages of the three-rosette method and traditional methods. Formula derivation will 

verify whether the error motions of a RT can be separated using the proposed solution.  

Numerical simulations will be performed based on the mathematical model to 

validate the proposed solution. Simulated data of sphere centers will be generated with 

given deviation values of the CMM, RT and artifact. Then, the simulated data will be 

processed to separate the deviations originating from different sources. The separated 

deviations will be compared to the simulation input for verification purpose.   

Experimental verification will be performed by comparing the calibration result of 

the proposed method with data captured by a spindle error analyzer (SEA) of an aerostatic 

RT. A ball plate artifact will be fabricated. The metrology frame of a spindle error analyzer 

(SEA) will be set up. 

Stability investigation of this method will be conducted by Monte Carlo simulation. 

The probability density functions (PDFs) of deviation contributors will be gathered by 

three ways: experiment, product data sheet and proper assumption.  

 

1.10.2 Error motions of RTs under loads 

The error motions of a hydrostatic RT under various load values and load 

distributions will be studied. Symmetric and asymmetric loading scenarios will be created 

by manipulating several WES gears. Similar experiments will be performed on two 

aerostatic RTs. More loading scenarios will be investigated to generate an error map 

regarding the rotary position, load value and load distribution.  

 

 



18 

 

CHAPTER 2: A NEW ERROR MAPPING TECHNIQUE USING A CIRCULAR BALL 

PLATE 

 

2.1 Introduction 

2.1.1 Calibration methods for angular positioning deviation 

 Commonly, RT calibration refers to the determination of the angular positioning 

deviation 휀z at multiple rotary positions. The applied measurement setups consist of two 

parts: an angle measuring instrument including interferometer (or autocollimator) and a 

calibrated standard such as a precision polygon mirror or a precision indexing table.  

 

 
Figure 2.1. Schematic of three measurement setups to calibrate the angular positioning 

deviation 휀𝑧. 

 

 Figure 2.1 shows three usable combinations: (i) an autocollimator and a polygon 

mirror; (ii) an autocollimator, an indexing table and a reflecting mirror; (iii) an angular 

interferometer, an indexing table and an angular reflector (double retroreflectors).  
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 In the first setup, one mirror of the precision polygon is initially adjusted 

perpendicular to the autocollimator. In every step, the table is rotated to align the next 

mirror. The deviation 휀𝑧  is determined by comparing the angle of rotation to the pre-

calibrated angle between the current mirror and the previous adjacent mirror. The minimum 

angular step of the RT equals to 360° divided by the number of mirrors.  

 In the second and third setups, the standards are also aligned initially towards the 

angle measuring devices. In every step, the indexing table is rotated by an amount (e.g. 5°) 

in one direction, and the RT is rotated in the reverse direction to re-align the standard. The 

differences of absolute rotated angles between the indexing table and the RT is the 

deviation 휀𝑧. The minimum angular step equals to the resolution of the indexing table. Self-

calibration technique can be applied if an uncalibrated indexing table is used in the second 

and third setups.  

 

2.1.2 Calibration methods for six error motions 

 Besides εz , a RT has additional five error motions. δx , δy  and δz  denote three 

translational error motions of RT along x-, y- and z- axes of the CMM’s frame coordinate 

system (CS), respectively.  휀x and 휀y denote two tilt error motions around the x- and y- 

axes, respectively. (Figure 2.2). Calibrating these five error motions brings significant 

benefits: (i) in high precision machining, the tool paths can be adjusted to reduce the form 

deviations of workpieces (ii) in high precision metrology, the measurement data can be 

corrected to reduce the measurement uncertainties.  
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Figure 2.2. Schematic of six error motions of a rotary table. 

 

 The conventional calibration method requires two measurement setups for the 

detection of three translational error motions and three rotational error motions, 

respectively. In the first setup, three orthogonally-arranged capacitance sensors or linear 

variable differential transformers (LVDTs) are brought close to a master sphere, which is 

centered on the RT. The second one is the autocollimation setup for the determination of 

휀z. If the angular measuring device is aligned along the x-axis, the tilt error motion 휀x can 

be extracted by further processing the data. Similarly, placing the angular measuring device 

along y-axis can separate 휀y [38].  

 

 

Figure 2.3. Schematic of spindle error analyzer setup on the rotary table. 

 

 Alternatively, the tilt error motions 휀x and 휀y can be determined using a spindle 

error analyzer. It has a double master ball artifact centered on the RT (Figure 2.3). By 
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comparing the x displacement motions of the two spheres, 휀x  can be extracted. 휀y  is 

determined similarly. This setup can also determine the  𝛿x , 𝛿y  and 𝛿z . Nevertheless, 

another setup is needed to calibrate the 휀z. 

 Altogether, the conventional calibration methods require two separated 

measurement setups, an experienced operator and considerable efforts in alignments. 

Moreover, it is difficult to reduce the measurement uncertainties of angular terms, which 

are resulting from the measuring device, artifact and alignment process.  

 

2.1.3 Alternative solution 

 Coordinate measuring machines (CMMs) are versatile instruments that might 

replace all the measuring devices mentioned before. However, since the designs of the 

classical CMMs inherently violate the Abbe principle, even the accuracy of the high-end 

CMMs is not sufficient for this task. 

 A promising alternative solution is the self-calibration technique. It repeatedly 

measures the same workpiece at different angular orientation, to separate the pitch 

deviations between a workpiece and a measuring device. It uses the closure principle, 

which offers a complete, analytical solution with the help of an additional boundary 

condition or constraint. For example, the angles between adjacent elements of a rotational 

symmetric workpiece sums up to 360°. Important works include the calibration of divided 

circular scales by Troughton in 1809 [47], polygons by Reeve [48], cylindrical workpieces 

by the Japan National Institute of Advanced Industrial Science and Technology (AIST) 

and the Physikalisch-Technische Bundesanstalt (PTB) [49][50], a CBP artifact by 

Günther [52].  
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 While reducing measurement uncertainties, the self-calibration technique further 

increases the burden for the manual alignment of the artifact and indexing table. The 

process is very tedious when a small angular step of the RT is desired.  

 

 

Figure 2.4. Schematic of measurement setup for calibration of RT. 

 

2.2 Experimental setup and data acquisition 

 CMMs and automatic RTs offer the advantage of repeated measurements. To 

determine all six error motions, an artifact combining the advantages of precision polygon 

and master balls was used: a CBP. This rotational symmetric artifact had N (N ≥ 3) 

precision spheres evenly distributed in a circular pattern on a base plate. It was centered 

and kinematically clamped on the RT (Figure 2.4). 

 The data acquisition procedure consisted of preparation phase and the 

measurement, as shown in Figure 2.5. During preparation, the first two steps were 

qualifying a vertical probe and building the RT CS. Then, the artifact was centered on the 

RT by measuring the cylindrical surface of the base plate. A trial and error method was 

used to reduce the eccentricity of the artifact to less than 100 µm. Because the center of 
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artifact was defined by the least squares center of all the spheres, the exact eccentricity 

values were calculated later. Once the alignment was completed, the artifact was fixed on 

the table. The spheres should be cleaned carefully to avoid influences of sampled points 

affected by dirt. In the fourth step, the CMM coordinates of all the spheres were monitored 

every few minutes, until their coordinates become stable. Next, the RT should be warmed 

up by rotating tens of cycles in both rotating directions to reach a stable operating condition. 

 

 
Figure 2.5. Schematic of the preparation and measurement procedure for rotary table 

calibration. 

 

 The measurement was based on a M-step repeated measurement. In each step, the 

table was rotated by 360°/M and all the spheres are measured. Usually, M was a multiple 

of N to increase the sample density. The RT should be calibrated by more than one cycle 

for three purposes: (i) the period of error motions may be longer than 2π; (ii) check the 

repeatability; (iii) double check to see if the RT was properly warmed up (i.e. thermally 

stable). 

 Compared with conventional methods, the proposed method had a simpler setup, 

easier alignment procedure and fully automated measurement procedure. 
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2.3 Mathematical model 

 Rigid body kinematics is one of the most commonly used modelling techniques for 

machine tool error characterization. To understand how a sphere center was measured and 

calculated by CMM, a frame-based vector model was developed. It included two chains of 

coordinate systems from the origin of the frame CS (FCS) to a sphere center of the CBP: 

(i) the first chain was from the FCS to the rotary table CS (RTCS) to the artifact CS (ACS) 

to the sphere center, providing the actual coordinates of a sphere center in the FCS; (ii) the 

second chain was from the FCS to the XCS to the YCS to the ZCS to the probe CS (SCS) 

to the sphere center, giving the measured coordinates of a sphere in the FCS. XCS, YCS 

and ZCS were coordinate systems associated with the X, Y and Z carriages respectively. 

Taking all the deviation sources into account, the two chains lead to same coordinates of a 

sphere center in the FCS.  

 

2.3.1 First chain of coordinate systems (CSs) 

 The first chain is explained as follows.   

 The 1st sphere on the CBP was aligned on the positive x-axis of the FCS. Spheres 

were numbered in the counter-clock-wise (CCW) direction. Equation 2.1 gives the nominal 

angular position 𝜑0(𝑗) of the 𝑗th sphere.  

 
𝜑0(𝑗) = (𝑗 − 1) ×

2𝜋

𝑁
 (2.1) 

 The ACS was defined as following. A plane and a circle were approximated to all 

the sphere centers at the initial rotary position (0°), respectively. The circle center was 

defined as the origin 𝑂A  of the ACS. The positive x-axis was from the 𝑂A  to the 1st 
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sphere’s center. The z-axis was parallel to the normal vector of the approximated plane. 

The nominal and actual coordinates of the 𝑗th sphere in the ACS, [𝑆0(𝑗)]𝐴
 and [S𝑗]A, are 

given in Equation 2.2 and Equation 2.3, respectively. 

 
[𝑆0(𝑗)]𝐴

= [

𝑟𝑠0 𝑐𝑜𝑠 𝜑0(𝑗)

𝑟𝑠0 𝑠𝑖𝑛 𝜑0(𝑗)

0

]

𝐴

 (2.2) 

 

[𝑆𝑗]𝐴 = [

(𝑟𝑠0 + ∆𝑟𝑠(𝑗)) 𝑐𝑜𝑠(𝜑0(𝑗) + ∆𝜑𝑗)

(𝑟𝑠0 + ∆𝑟𝑠(𝑗)) 𝑠𝑖𝑛(𝜑0(𝑗) + ∆𝜑𝑗)

∆𝑧𝑠(𝑗)

]

𝐴

 (2.3) 

     As shown Figure 2.6, in ∆𝑟s(𝑗) , ∆𝜑𝑗  and ∆𝑧s(𝑗)  denoted the deviations of the 

𝑗th sphere center along the radial, angular and z directions, respectively. 𝑟s0 denoted the 

mean radial position of all the spheres. 

 

 
Figure 2.6.  Position deviations of the  𝑗^th sphere in the ACS. 
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Figure 2.7. Schematic of the artifact’s eccentricity and tilt deviations. 

 

 Figure 2.7 demonstrates the tilt and eccentricity of the ACS referring to the RTCS. 

A plane was approximated to all sphere centers at the initial rotary position. In rotational 

matrix 𝑅A,RT  from the ACS to the RTCS (Equation 2.4),  휀Ax  and 휀Ay  denoted the tilt 

deviations of the ACS about the x-axis and y-axis of the RTCS, respectively. Vector [𝐻]RT 

refers to coordinates of 𝑂A in the RTCS (Equation 2.5).  

𝑅A,RT = [

1 0 휀Ay

0 1 −휀Ax

−휀Ay 휀Ax 1
] (2.4) 

[𝐻]RT = [

𝐻x

𝐻y

𝐻z

]

RT

 (2.5) 

     Therefore, the coordinates of the 𝑗th  sphere in the RTCS were given in 

Equation 2.6. 

[𝐿(𝑗)]RT
= [𝐻]RT + 𝑅A,RT[𝑆(𝑗)]A (2.6) 

 According to ASME B89.3.4 [54], The axis average line is a line segment passing 

through two axially separated radial error motion polar profile centers. In this dissertation, 

the origin 𝑂RT of the RTCS was defined as the intersection point of axis average line and 
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the XY plane which contained 𝑂A. Therefore, 𝐻z was equal to zero. The z-axis was along 

the axis average line. The x-axis and y-axis were along the corresponding axes of the FCS, 

respectively. The coordinates of 𝑂RT  in the FCS were given in Equation 2.7, without 

considering the translational error motions. 

[𝑇]𝐹 = [

𝑇x

𝑇y

𝑇z

]

𝐹

 (2.7) 

     The translational error motions of the RT at the 𝑖th rotary position were given in 

Equation 2.8. 

[∆𝐶(𝑖)]F = [

𝛿x(𝑖)

𝛿y(𝑖)

𝛿z(𝑖)

]

F

 (2.8) 

     Rotation matrix 𝑅RT,F from the RTCS to the FCS was the product of two matrices 

(Equation 2.9). One matrix described the rotation of the RT, while the other one defined 

the tilt error motions of the RT. 𝜃0(𝑖)  was the nominal rotary angle of the RT at the 

𝑖th rotary position. 

𝑅RT,F(𝑖) = [

1 0 휀y(𝑖)

0 1 −휀x(𝑖)

−휀y(𝑖) 휀x(𝑖) 1
] [

cos(𝜃0(𝑖) + 휀z(𝑖)) − sin(𝜃0(𝑖) + 휀z(𝑖)) 0

sin(𝜃0(𝑖) + 휀z(𝑖)) cos(𝜃0(𝑖) + 휀z(𝑖)) 0

0 0 1

] (2.9) 

 [𝑃𝐹(𝑖,𝑗)]F in Equation 2.10 denotes the actual coordinates of the 𝑗th sphere at the 

𝑖th rotary position in the FCS. 

[𝑃𝐹(𝑖,𝑗)]F = 𝑅RT,F(𝑖)[𝐿(𝑗)]RT
+ [∆𝐶(𝑖)]𝐹 + [𝑇]𝐹 (2.10) 
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2.3.2 Second chain of CSs 

 A key challenge to separate the various error motions was the identification and 

compensation of the CMM’s deviations. With limited information, it was not possible to 

fully calibrate the 21 deviations of CMM guideways. Therefore, an alternative solution is 

given.  

 At each rotary position, the probe moved along the boundary of a polygon area, 

defined by the CBP, to measure all the spheres (Figure 2.8(a)). The path of the probe 

through the experiment was enclosed by a narrow band (Figure 2.8(b)), where 𝑟out = 𝑟s0 

and 𝑟in = 𝑟s0 cos
180

𝑁
. 

 

 
Figure 2.8. Path of probe in RT calibration: (a) the path of probe at measuring all spheres 

at a rotary position (b) the path of the probe through the experiment was enclosed by a 

narrow band. 

 

 Figure 2.9 shows the schematic of M  × N spheres centers after one complete 

rotation of the ball plate (M = 24, N = 6). Each sphere was positioned once near each of the 

24 defined measuring positions. The position deviations of every sphere center to the 

nominal one resulted from four sources: (i) the error motions of the RT; (ii) fabrication 

accuracy of the artifact’s base plate; (iii) assembly accuracy of the artifact; (iv) eccentricity 

of artifact relative to axis of rotation. Although there are no strict requirements on 
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sources (ii) – (iv), reaching the following conditions helps simplifying the model of CMM 

deviations: (1) the radial, pitch and axial deviations of each sphere on the ball plate should 

be less than 100 𝜇m [10]; (2) the artifact should be centered on the table within a 100 𝜇m 

range. 

 

 
Figure 2.9. Schematic of the M × N sphere centers after one complete rotation of the ball 

plate. 

 

 The M × N sphere centers were within a 1 mm distance from the corresponding 

measuring positions. Consequently, it seemed reasonable to assume that the CMM’s 

systematic deviations were nearly constant within this range around one ideal measuring 

position, where N different spheres centers were measured. Therefore, this method focused 

on the CMM’s geometric deviations at measuring the relative coordinates of these 24 

positions to with respect to the reference point. 

 In this case, the 21 parametric deviations of CMM guideways were replaced by two 

[x, y, z] vectors: [∆𝑃gs(𝑘)] and  [∆𝑃gr(𝑖,𝑗)]. [∆𝑃gs(𝑘)] denoted the systematic deviations and 

[∆𝑃gr(𝑖,𝑗)] denoted the stochastic deviations, respectively, of length measurement from the 

artifact center to one sphere center.  
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 The orders of rotary positions (i = 1, 2…, M) and measuring positions 

(k = 1, 2, …, M) were all defined in the CCW direction. The order of spheres 

(j = 1, 2, …, N) was defined in the CW direction. The relationships of i, j and k are given 

in Equation 2.11. If the Equation 2.11 yielded a value larger than M, i should be deducted 

by M.  

 
𝑖 = 𝑘 +

𝑀

𝑁
(𝑗 − 1) (2.11) 

 The deviation sources from probing system were classified into three subgroups: 

(a) uncorrected systematic probing deviations, form deviation of stylus tip, sampling 

strategy, probing parameter; (b) apparent random probing deviations; (c) probe changing 

and probe articulation uncertainties.  

 In this model, the vector [∆𝑃ps(𝑖,𝑗)] referred to the systematic probing deviation at 

the point-based measurement of a master sphere. This vector was the superimposed result 

of all the sources in each subgroup (a). Due to the necessary accuracy and the complexity 

of interactions, group (a) deviation sources cannot be determined with experiments or 

predicted with simulation. Alternatively, the subscripts i and j were dropped by applying 

the same probing system setup and data acquisition strategy, including number, location 

and sequence of probing points, probe approaching speed and probing force, etc. Vector 

[∆𝑃pr(𝑖,𝑗)]  represented the stochastic components of probing error from subgroup (b). 

Subgroup (c) deviation sources can be avoided by using a single vertical stylus in the entire 

experiment.  

 The determined coordinates of the 𝑗th sphere center at the 𝑖th rotary position are 

expressed by Equation 2.12. Every component is explained in Table 2.1. This model 
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provided a foundation to investigate the applicability of the self-calibration technique in 

identifying the error motions. 

 [𝑃m(𝑖,𝑗)]F = 𝑅RT,F ([𝐻]RT + 𝑅A,RT[𝑆(𝑗)]A) + [∆𝐶(𝑖)]F + [𝑇]F + [∆𝑃gs(𝑘)]F

+ [∆𝑃gr(𝑖,𝑗)]F
+ [∆𝑃ps]F

+[∆𝑃pr(𝑖,𝑗)]F 

(2.12) 

 
 

Table 2.1. Nomenclature (vector model). 

ACS artifact CS 

FCS frame CS 

RTCS rotary table CS 

[𝑃m(𝑖,𝑗)]𝐹 coordinates of the (𝑖𝑡ℎ, 𝑗𝑡ℎ) sphere center in the FCS 

𝑅A,RT rotation matrix from the ACS to the RTCS 

𝑅RT,F rotation matrix from the RTCS to the FCS 

[𝑆(𝑗)]A coordinates of the center of the 𝑗th sphere in the ACS 

[𝐻]RT coordinates of the artifact center in the RTCS 

[∆C(𝑖)]F translational error motions at the 𝑖th rotary position in the FCS 

[𝑇]F coordinates of the origin 𝑂C in the FCS 

[∆𝑃gs(𝑘)]F
 systematic components of the 21 parametric deviations at the 𝑘th 

measuring position 

[∆𝑃ps]F
 systematic components of the probing error in the measurement 

[∆𝑃pr(𝑖,𝑗)]F
 random components of the probing error in the (𝑖th, 𝑗th) measurement 

 

Figure 2.10 shows that a frame-based vector model was developed to illustrate the 

chain of coordinate systems from the frame CS (CMM) to the sphere center. 

     The vector equation is  

 �⃗� + �⃗⃗� + �⃗� = 𝑋 + �⃗� + 𝑍 + 𝑆 + �⃗�  (2.13) 

where 

�⃗�  is the position of the probe tip represented in the artifact CS (ACS); 

�⃗⃗�  is the position of the origin 𝑂A in the rotary table CS (RTCS); 

�⃗�  is the position of the origin 𝑂RT in the frame CS (FCS); 
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𝑋  is the position of the origin 𝑂X in the FCS; 

�⃗�  is the position of the origin 𝑂Y in the XCS; 

𝑍  is the position of the origin 𝑂Z in the YCS; 

𝑆  is the position of the origin 𝑂S in the ZCS; 

�⃗�  is the position of the probe tip in the Probe CS (PCS). 

 

 
Figure 2.10. Developed mathematical vector model illustrating the chain of coordinate 

systems from the frame CS (CMM) to the sphere center. 

    

An aligned workpiece CS (AWCS) was built as follows. A sphere was 

approximated to the coordinates of M  × N spheres. The sphere was represented by 

Equation 2.14. 

 (𝑥 − 𝑥_wo)2+(𝑦 − 𝑦wo)
2 + (𝑧 − 𝑧wo)

2 = 𝑟wo
2 (2.14) 

The square root of the sum of squared deviations was defined in Equation 2.15. 

 

𝐸(𝑥wo, 𝑦wo, 𝑧wo, 𝑟wo) = √∑∑(𝐿r(𝑖,𝑗) − 𝑟wo)
2

𝑁

𝑗=1

𝑀

𝑖=1

 (2.15) 
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where 

 
𝐿r(𝑖,𝑗) = √(𝑥m(𝑖,𝑗) − 𝑥wo)

2
+(𝑦m(𝑖,𝑗) − 𝑦wo)

2
+ (𝑧m(𝑖,𝑗) − 𝑧wo)

2 (2.16) 

 The partial derivatives of 𝐸(𝑥wo, 𝑦wo, 𝑧wo, 𝑟wo) with respect to 𝑟w0, 𝑥w0, 𝑦w0 and 

𝑧w0 were set as zeros. Then, the solutions for the 𝑟w0, 𝑥w0, 𝑦w0 and 𝑧w0 were given in 

Equation 2.17 and Equation 2.18: 

  
𝑟wo =

∑ ∑ 𝐿r(𝑖,𝑗)
𝑁
𝑗=1

𝑀
𝑖=1

MN
  

 

(2.17) 

 

[

𝑥wo

𝑦wo

𝑧wo

] =
1

∑ ∑ (1 −
𝑟wo

𝐿r(𝑖,𝑗)
)𝑁

𝑗=1
𝑀
𝑖=1

[
 
 
 
 
 
 
 
 
 
∑∑𝑥m(𝑖,𝑗) (1 −

𝑟wo

𝐿r(𝑖,𝑗)
)

𝑁

𝑗=1

𝑀

𝑖=1

∑∑𝑦m(𝑖,𝑗) (1 −
𝑟wo

𝐿r(𝑖,𝑗)
)

𝑁

𝑗=1

𝑀

𝑖=1

∑∑𝑧m(𝑖,𝑗) (1 −
𝑟wo

𝐿r(𝑖,𝑗)
)

𝑁

𝑗=1

𝑀

𝑖=1 ]
 
 
 
 
 
 
 
 
 

 (2.18) 

    Iterative process involving Equation 2.15, Equation 2.16, Equation 2.17 and 

Equation 2.18 gave the center position and radius of the sphere. The initial values of 𝑥w0, 

𝑦w0 and 𝑧w0 used the mean coordinates of all the measured spheres. The center of the 

approximated sphere as defined as the origin of AWCS. x-axis and z-axis were same as the 

ones of FCS. Equation 2.19 and its expansion Equation 2.20 described the (𝑖th, 𝑗th) sphere 

center position in the AWCS. The random deviations [∆𝑃gr(𝑖,𝑗)]  and [∆𝑃pr(𝑖,𝑗)]  were 

temporarily ignored in the formula derivation of Equation 2.19. It should be emphasized 

that the vector [∆𝑃ps] representing the systematic probing errors was eliminated because it 

was a constant vector. Therefore, the calibration results of the RT were freed from this 

uncertainty source.  
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[𝑃m(𝑖,𝑗)]AW
= 𝑅RT,AW ([𝐻]RT + 𝑅A,RT[𝑆(𝑗)]A) + [∆𝐶(𝑖)]AW

+ [∆𝑃gs(𝑘)]AW
        (2.19) 

[

𝑥𝑚(𝑖,𝑗)

𝑦𝑚(𝑖,𝑗)

𝑧𝑚(𝑖,𝑗)

]

𝐴𝑊

= [

1 0 휀𝑦(𝑖)

0 1 −휀𝑥(𝑖)

−휀𝑦(𝑖) 휀𝑥(𝑖) 1
] [

𝑐𝑜𝑠(𝜃0(𝑖) + 휀𝑧(𝑖)) − 𝑠𝑖𝑛(𝜃0(𝑖) + 휀𝑧(𝑖)) 0

𝑠𝑖𝑛(𝜃0(𝑖) + 휀𝑧(𝑖)) 𝑐𝑜𝑠(𝜃0(𝑖) + 휀𝑧(𝑖)) 0

0 0 1

] 

× {[

𝐻𝑥

𝐻𝑦

𝐻𝑧

]

𝑅𝑇

+ [

1 0 휀𝐴𝑦

0 1 −휀𝐴𝑥

−휀𝐴𝑦 휀𝐴𝑥 1
] [

(𝑟𝑠0 + ∆𝑟𝑠(𝑗)) 𝑐𝑜𝑠(𝜑0(𝑗) + ∆𝜑𝑗)

(𝑟𝑠0 + ∆𝑟𝑠(𝑗)) 𝑠𝑖𝑛(𝜑0(𝑗) + ∆𝜑𝑗)

∆𝑧𝑠(𝑗)

]

𝐴

}  

 + [

𝛿𝑥(𝑖)

𝛿𝑦(𝑖)

𝛿𝑧(𝑖)

]

𝐴𝑊

+ [

∆𝑥𝑔𝑠(𝑘)

∆𝑦𝑔𝑠(𝑘)

∆𝑧𝑔𝑠(𝑘)

]

𝐴𝑊

                                                                                         (2.20) 

 

Table 2.2. Nomenclature (AWCS).  

Artifact 

𝐻x position of the artifact center in the RTCS along the x-axis 

𝐻y position of the artifact center in the RTCS along the y-axis 

𝐻z position of the artifact center in the RTCS along the z-axis 

휀Ax tilt deviation of the artifact about the x-axis 

휀Ay tilt deviation of the artifact about the y-axis 

𝑟s0 average radial distance of the spheres to the artifact’s center 

∆𝑟s(𝑗) radial deviation of the 𝑗th sphere 

𝜑0(𝑗) nominal angular position of the 𝑗th sphere center 

∆𝜑(𝑗) angular deviation of the 𝑗th sphere center 

∆𝑧s(𝑗) axial deviation of the 𝑗th sphere 

RT 

𝜃0(𝑖) nominal rotary angle of RT at the 𝑖th rotary position 

𝜃𝑖 actual rotary angle of RT at the 𝑖th rotary position 

CMM 

∆𝑥gs(𝑘) 
systematic components of the geometric deviations at the 𝑘th measuring 

position along the x-axis 

∆𝑦gs(𝑘) 
systematic components of the geometric deviations at the 𝑘th measuring 

position along the y-axis 

∆𝑧gs(𝑘) 
systematic components of the geometric deviations at the 𝑘th measuring 

position along the z-axis 
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2.4 Data processing 

2.4.1 Extend three-rosette method for error separation 

 The coordinates of sphere centers in the AWCS [𝑃m(𝑖,𝑗)]AWCS
 were translated from 

the Cartesian CS (Equation 2.21) to Cylindrical CS (Equation 2.22).  

 
[𝑃m(𝑖,𝑗)]AWCS

= [

𝑥m(𝑖,𝑗)

𝑦m(𝑖,𝑗)

𝑧m(𝑖,𝑗)

]

AWCS

 (2.21) 

 
[𝑃m(𝑖,𝑗)]AWCS,CYL

= [

𝑟m(𝑖,𝑗)

𝜏m(𝑖,𝑗)

𝑧m(𝑖,𝑗)

]

AWCS,CYL

 (2.22) 

The differences between the actual and nominal coordinates, [∆𝑃m(𝑖,𝑗)]AWCS,CYL
, were 

calculated in Equation 2.23 and its expansion: Equation 2.24 and Equation 2.25. In the 

process, 𝛿x(𝑖)  and 𝛿x(𝑖)  were converted to a radial term ∆𝑟ct(𝑖,𝑗)  and an angular 

term ∆𝜃ct(𝑖,𝑗). The latter one also deviated the angular position of a targeted sphere. As 

shown in Equation 2.23, there were four deviation sources in the radial direction and five 

deviation sources in angular direction, respectively.  

 

[

∆𝑟m(𝑖,𝑗)

∆𝜏m(𝑖,𝑗)

∆𝑧m(𝑖,𝑗)

] = {[

𝑟H(𝑗)

𝜑H(𝑗)

0
] + [

∆𝑟s(𝑗)

∆𝜑(𝑗)

∆𝑧s(𝑗)

]} + {[
0

휀𝑧(𝑖)

0

] + [

∆𝑟ct(𝑖,𝑗)

∆𝜃ct(𝑖,𝑗)

δz(𝑖)

]} + [

∆𝑟gs(𝑘)

∆𝜏gs(𝑘)

∆𝑧gs(𝑘)

] (2.23) 

where 

 

[

∆𝑟m(𝑖,𝑗)

∆𝜏m(𝑖,𝑗)

∆𝑧m(𝑖,𝑗)

] =

[
 
 
 
 
 √𝑥m(𝑖,𝑗)

2 + 𝑦m(𝑖,𝑗)
2 − 𝑟s0

tan−1
𝑦m(𝑖,𝑗)

𝑥m(𝑖,𝑗)
− 𝜑0(𝑗) − 𝜃0(𝑖)

𝑧m(𝑖,𝑗) − 𝐿(𝑖,𝑗) ]
 
 
 
 
 

 (2.24) 
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[

𝑟H(𝑗)

𝜑H(𝑗)

0
] + [

∆𝑟ct(𝑖,𝑗)

∆𝜃ct(𝑖,𝑗)

δz(𝑖)

] + [

∆𝑟gs(𝑘)

∆𝜏gs(𝑘)

∆𝑧gs(𝑘)

] =

[
 
 
 
 
 
 √𝐻x

2 + 𝐻y
2cos (tan−1

𝐻y

𝐻x
− 𝜑0(𝑗))

√𝐻x
2 + 𝐻y

2 sin (tan−1
𝐻y

𝐻x
− 𝜑0(𝑗))

𝑟s0
0 ]

 
 
 
 
 
 

 

             + [

cos(𝜑0(𝑗) + 𝜃0(𝑖)) sin(𝜑0(𝑗) + 𝜃0(𝑖)) 0

−sin(𝜑0(𝑗)+𝜃0(𝑖))

𝑟s0

cos(𝜑0(𝑗)+𝜃0(𝑖))

𝑟s0
0

0 0 1

] {[

𝛿x(𝑖)

𝛿y(𝑖)

δz(𝑖)

] + [

∆𝑥gs(𝑘)

∆𝑦gs(𝑘)

∆𝑧gs(𝑘)

]}           (2.25) 

where 

 
𝐿(𝑖,𝑗) ≈ 𝑟s0 (

휀x(𝑖) sin(𝜑0(𝑗) + 𝜃0(𝑖)) − 휀𝑦(𝑖) cos(𝜑0(𝑗) + 𝜃0(𝑖))

+휀Ax sin 𝜑0(𝑗) − 휀Ay cos𝜑0(𝑗)
) (2.26) 

PTB proposed the three-rosette method [49] to separate the angular deviations of 

the workpiece from those of the RT and 3-axis CMM. It should be noted that the number 

of rotary positions M was equal to the number of features N (e.g., tooth number of a gear). 

 

Table 2.3. Rosette table for the angular direction (𝑀 = 𝑁 = 3). 

 
Sphere 

#1 #2 #3 

Rotary 

position 

#1 ∆𝜏m(1,1) ∆𝜏m(1,2) ∆𝜏m(1,3) 

#2 ∆𝜏m(2,1) ∆𝜏m(2,2) ∆𝜏m(2,3) 

#3 ∆𝜏m(3,1) ∆𝜏m(3,2) ∆𝜏m(3,3) 

 

To explain the applicability of this method in calibrating the angular positioning 

deviation of a RT, a 3 × 3 table (M = N = 3) was created (Table 2.3). This table was filled 

with the total angular deviations ∆𝜏m(𝑖,𝑗), which consisted of five components from the 

three deviation sources. The 𝑖th  row represented the 𝑖th  rotary position, while the 

𝑗th column represented the 𝑗th sphere. This method stated that averaging the 𝑗th column 
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returned the component from the 𝑗th sphere, since the components from the other two parts 

were neutralized because of closure. Similarly, the components of the RT and the CMM 

can be determined by averaging every column and every diagonal, respectively. Here, the 

three diagonals in Table 2.3 were defined as: (i) (1,1) → (2,2) → (3,3); (ii) (2,1) → (3,2) 

→ (1,3). (ii) (3,1) → (1,2)→ (2,3). The three-rosette method also minimized the negative 

contributions from the stochastic components from the CMM’s 21 parametric deviations 

and the probing errors, because of averaging effect.   

 With proper boundary conditions, it is possible to extend this method to the radial 

and axial directions by filling the ∆rm(𝑖,𝑗) and ∆zm(𝑖,𝑗) into two tables (Table 2.4 and Table 

2.5). Boundary conditions to fulfil closure were employed. First, the accumulative 

deviations of the spheres in the angular, radial and z directions equal to zeros, respectively. 

Then, it was assumed that the 3-axis CMM showed a consistent performance, when the 

probe returned the same position following a closed loop. Therefore, the accumulative 

deviations of the CMM along the closed x, y and z paths equal to zeros, respectively. At 

last, it is assumed that the six error motions of RT have periods equal to 2π (This can be an 

incorrect assumption and is shown later). 

 

Table 2.4. Rosette table for the radial direction (𝑀 = 𝑁 = 3). 

 
Sphere 

#1 #2 #3 

Rotary 

position 

#1 ∆𝑟m(1,1) ∆𝑟m(1,2) ∆𝑟m(1,3) 

#2 ∆𝑟m(2,1) ∆𝑟m(2,2) ∆𝑟m(2,3) 

#3 ∆𝑟m(3,1) ∆𝑟m(3,2) ∆𝑟m(3,3) 
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Table 2.5. Rosette table for the axial direction (𝑀 = 𝑁 = 3). 

 
Sphere 

#1 #2 #3 

Rotary 

position 

#1 ∆𝑧m(1,1) ∆𝑧m(1,2) ∆𝑧m(1,3) 

#2 ∆𝑧m(2,1) ∆𝑧m(2,2) ∆𝑧m(2,3) 

#3 ∆𝑧m(3,1) ∆𝑧m(3,2) ∆𝑧m(3,3) 

 

 Each diagonal in Table 2.3, Table 2.4 and Table 2.5 was averaged. It was equal to 

calculate the mean value of three cells in each diagonal according to the Equation 2.23.  

1

3
[

∑ ∆𝑟m(𝑖,𝑗)
3
𝑗=1

∑ ∆𝜏m(𝑖,𝑗)
3
𝑗=1

∑ ∆𝑧m(𝑖,𝑗)
3
𝑗=1

] =
1

3
[

∑ 𝑟H(𝑗)
3
𝑗=1

∑ 𝜑H(𝑗)
3
𝑗=1

0

] +
1

3
[

∑ ∆𝑟s(𝑗)
3
𝑗=1

∑ ∆𝜑(𝑗)
3
𝑗=1

∑ ∆𝑧s(𝑗)
3
𝑗=1

] +
1

3
[

0
∑ 휀𝑧(𝑖)

3
𝑖=1

0

] +

         
1

3
[

∑ ∆𝑟ct(𝑖,𝑗)
3
𝑗=1

∑ ∆𝜃ct(𝑖,𝑗)
3
𝑗=1

∑ δz(𝑖)
3
𝑗=1

] + [

∆𝑟gs(𝑘)

∆𝜏gs(𝑘)

∆𝑧gs(𝑘)

] =
1

3
[
0
0
0
] +

1

3
[
0
0
0
] +

1

3
[
0
0
0
] +

1

3
[
0
0
0
] + [

∆𝑟gs(𝑘)

∆𝜏gs(𝑘)

∆𝑧gs(𝑘)

]       (2.27) 

where 

𝑖 = 𝑘 + 𝑗 − 1       (𝑖 = 𝑖 − 3 if 𝑖 > 3)                  (2.28)                         

Therefore,    

                                         [

∆𝑟gs(𝑘)

∆𝜏gs(𝑘)

∆𝑧gs(𝑘)

] =
1

3
[

∑ ∆𝑟m(𝑖,𝑗)
3
𝑗=1

∑ ∆𝜏m(𝑖,𝑗)
3
𝑗=1

∑ ∆𝑧m(𝑖,𝑗)
3
𝑗=1

]                                             (2.29) 

As shown in Equation 2.27, 2.28 and 2.29, the CMM’s deviations were separated. Then, 

the three tables were updated by removing the determined CMM deviations. At separating 

the error motions of the RT, the ∆𝑟ct and ∆𝜃ct were neutralized (Equation 2.30). On one 

hand, no information about the 𝛿x and 𝛿y was acquired. On the other hand, the ∆𝜃ct did not 

influence the separation of 휀z.  



39 

 

1

3
[
∑ ∆𝑟ct(𝑖,𝑗)

3
𝑗=1

∑ ∆𝜃ct(𝑖,𝑗)
3
𝑗=1

] =
1

3
[

∑ cos(𝜑0(𝑗) + 𝜃0(𝑖))
3
𝑗=1 ∑ sin(𝜑0(𝑗) + 𝜃0(𝑖))

3
𝑗=1

−1

𝑟𝑠0
∑ sin(𝜑0(𝑗) + 𝜃0(𝑖))

3
𝑗=1

1

𝑟𝑠0
∑ cos(𝜑0(𝑗) + 𝜃0(𝑖))

3
𝑗=1

] [
𝛿x(𝑖)

𝛿x(𝑖)
]  

                             = [
0
0
]                                                                                                    (2.30) 

Moreover, the 𝑟H and 𝜑H were also neutralized (Equation 2.31).  

               
1

3
[
∑ 𝑟H(𝑗)

3
𝑗=1

∑ 𝜑H(𝑗)
3
𝑗=1

] =
√𝐻x

2+𝐻y
2

3
[

∑ cos (tan−1 𝐻y

𝐻x
− 𝜑0(𝑗))

3
𝑗=1

1

𝑟s0
∑ sin (tan−1 𝐻y

𝐻x
− 𝜑0(𝑗))

3
𝑗=1

] = [
0
0
]               (2.31) 

It had important practical meaning that ideally centering the artifact was not necessary for 

the extraction of  휀z  (Equation 2.32). Although the second terms on the right side of 

Equation 2.32 were not always equal to zeros, they can be calculated with results from 

Equation 2.27. The δz was also extracted successfully.  

                                [

0
휀z(𝑖)

δz(𝑖)

] =
1

3
[

∑ ∆𝑟m(𝑖,𝑗)
3
𝑗=1

∑ ∆𝜏m(𝑖,𝑗)
3
𝑗=1

∑ ∆𝑧m(𝑖,𝑗)
3
𝑗=1

] −
1

3
[

∑ ∆𝑟gs(𝑘)
3
𝑗=1

∑ ∆𝜏gs(𝑘)
3
𝑗=1

0

]                            (2.32) 

where 

𝑘 = 𝑖 + 𝑗     (𝑘 = 𝑘 − 3 if  𝑘 > 3)                             (2.33) 

 

2.4.2 Extend three-rosette method for error separation (high sample density) 

To increase the sample density of rotary positions, M was a multiple of N. In the 

following example, M was set to 3N while N was still equal to 3. Hence, the rosette tables 

turned to non-quadratic tables (Table 2.6, Table 2.7 and Table 2.8). 
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Table 2.6. Rosette table for the angular direction (𝑁 = 3 and 𝑀 = 3𝑁). 

 
Sphere 

#1 #2 #3 

Rotary 

position 

#1 ∆𝜏m(1,1) ∆𝜏m(1,2) ∆𝜏m(1,3) 

#2 ∆𝜏m(2,1) ∆𝜏m(2,2) ∆𝜏m(2,3) 

#3 ∆𝜏m(3,1) ∆𝜏m(3,2) ∆𝜏m(3,3) 

#4 ∆𝜏m(4,1) ∆𝜏m(4,2) ∆𝜏m(4,3) 

#5 ∆𝜏m(5,1) ∆𝜏m(5,2) ∆𝜏m(5,3) 

#6 ∆𝜏m(6,1) ∆𝜏m(6,2) ∆𝜏m(6,3) 

#7 ∆𝜏m(7,1) ∆𝜏m(7,2) ∆𝜏m(7,3) 

#8 ∆𝜏m(8,1) ∆𝜏m(8,2) ∆𝜏m(8,3) 

#9 ∆𝜏m(9,1) ∆𝜏m(9,2) ∆𝜏m(9,3) 

 

 

Table 2.7. Rosette table for the radial direction (𝑁 = 3 and 𝑀 = 3𝑁). 

 
Sphere 

#1 #2 #3 

Rotary 

position 

#1 ∆𝑟m(1,1) ∆𝑟m(1,2) ∆𝑟m(1,3) 

#2 ∆𝑟m(2,1) ∆𝑟m(2,2) ∆𝑟m(2,3) 

#3 ∆𝑟m(3,1) ∆𝑟m(3,2) ∆𝑟m(3,3) 

#4 ∆𝑟m(4,1) ∆𝑟m(4,2) ∆𝑟m(4,3) 

#5 ∆𝑟m(5,1) ∆𝑟m(5,2) ∆𝑟m(5,3) 

#6 ∆𝑟m(6,1) ∆𝑟m(6,2) ∆𝑟m(6,3) 

#7 ∆𝑟m(7,1) ∆𝑟m(7,2) ∆𝑟m(7,3) 

#8 ∆𝑟m(8,1) ∆𝑟m(8,2) ∆𝑟m(8,3) 

#9 ∆𝑟m(9,1) ∆𝑟m(9,2) ∆𝑟m(9,3) 
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Table 2.8. Rosette table for the axial direction (𝑁 = 3 and 𝑀 = 3𝑁). 

 
Sphere 

#1 #2 #3 

Rotary 

position 

#1 ∆𝑧m(1,1) ∆𝑧m(1,2) ∆𝑧m(1,3) 

#2 ∆𝑧m(2,1) ∆𝑧m(2,2) ∆𝑧m(2,3) 

#3 ∆𝑧m(3,1) ∆𝑧m(3,2) ∆𝑧m(3,3) 

#4 ∆𝑧m(4,1) ∆𝑧m(4,2) ∆𝑧m(4,3) 

#5 ∆𝑧m(5,1) ∆𝑧m(5,2) ∆𝑧m(5,3) 

#6 ∆𝑧m(6,1) ∆𝑧m(6,2) ∆𝑧m(6,3) 

#7 ∆𝑧m(7,1) ∆𝑧m(7,2) ∆𝑧m(7,3) 

#8 ∆𝑧m(8,1) ∆𝑧m(8,2) ∆𝑧m(8,3) 

#9 ∆𝑧m(9,1) ∆𝑧m(9,2) ∆𝑧m(9,3) 

 

To comply with the three-rosette method, 9 diagonals were defined and marked 

with different colors in Figure 2.11. Three cells for the 𝑘th diagonal (𝑘 = 1, 2, … , 9) were 

corresponding to the three spheres measured at the 𝑘th measuring position. For example, 

the (1st, 1st), (4th, 2nd) and (7th, 3rd) sphere centers in pink cells were measured at the 

1st measuring position. The relationship of i, j and k was explained in Equation 2.11.  

To separate the CMM deviations at 9 measuring positions, each table was further 

split into three 3 × 3 subtables, as shown in Figure 2.11. In subtable #1, all three spheres 

were measured at the #1, #4 and #7 rotary positions. It was same as calibrating the RT in 

steps of 120°. For better understanding, the orders #1, #4 and #7 in the subtable #1 can be 

replaced by #1, #2 and #3, which yielded Table 2.3. The CMM’s angular deviations at 

three measuring positions were separated using the three-rosette method described in 

Section 2.4.1 (Equation 2.27, Equation 2.28 and Equation 2.29). The angular positioning 

deviations of the rotary table were calculated according to Equation 2.32. Alternatively, 
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data in the 9 × 3 tables can be processed directly to separate the CMM deviations and the 

error motions of RT, with clear understanding of the definition of measuring positions.  

 

 
Figure 2.11. Rosette table (𝑁 = 3 and 𝑀 = 3𝑁) and its subtables for the angular direction, 

where the diagonals related to the measuring position 𝑘 (𝑘 = 1, 2, … , 9) are marked with 

different colors. 

 

2.4.3 A complete solution 

   In summary, the three-rosette method is a good starting point, because it 

compensates the [∆𝑃𝑔𝑠]  and calculates the 휀𝑧  and 𝛿𝑧 . Additional steps are needed to 

determine the 𝛿𝑥, 𝛿𝑦, 휀𝑥 and 휀𝑦. An 11-step complete data processing procedure is given 

in Figure 2.12.  

   In the 3rd step of error separation phase in Figure 2.12, the compensated coordinates 

of sphere centers were translated back to the Cartesian CS. Then, a circle was approximated 

to the compensated coordinates of N sphere centers at every rotary position. Two methods 
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can be used to extract the frequency components of  𝛿x from the movement of artifact 

center in the x direction. The first method approximated a pre-defined trigonometric 

polynomial 𝐹 sys to the data. In Equation 2.34, the first order terms gave the eccentricity of 

the ball plate artifact, while the other terms denoted the coefficient of trigonometric terms 

for 𝛿x. Similarly, 𝛿y is separated. The second method was Fourier transformation from 

time domain to frequency domains.  

𝐹 sys = ∑ [𝑎𝑚.c cos(𝑚𝜃) + 𝑎𝑚.s sin(𝑚𝜃)]𝑁1
𝑚=1 + ∑ [𝑎𝑛.c cos (

𝜃

𝑛
) + 𝑎𝑛.s sin (

𝜃

𝑛
)]

𝑁2
𝑛=2   (2.34)         

 A plane was approximated to the compensated coordinates of N sphere centers at 

every rotary position. A similar approach was used to decouple the tilt error motions 휀x 

and 휀y from the tilt deviations of the artifact 휀Ax and 휀Ay. 

 For some RTs with ball bearings or roller bearings, the periods of error motions 

were not equal to integer cycles. In these cases, the Fourier transformation was used to 

extract the error motions of 𝛿x, 𝛿y, 휀x and 휀y. 

 

 
Figure 2.12. The complete error processing procedure. 
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2.4.4 Artifact calibration 

 The three-rosette method calculates the angular deviations of the spheres by 

averaging each column in Table 2.3. The radial deviations ∆𝑟s(𝑗) and the axial deviations 

∆𝑧s(𝑗)  were calculated in the same way in Table 2.4 and Table 2.5 (Equation 2.35). 

However, two sets of unknown values increased the calibration uncertainty: (i) the 

eccentricity of artifact 𝑟H(𝑗) and 𝜑H(𝑗); (ii) the ∆𝑟ct(𝑖,𝑗) and ∆𝜃ct(𝑖,𝑗), both of which include  

𝛿x(𝑖) and 𝛿x(𝑖). It may be confusing why ∑ ∆𝑟ct(𝑖,𝑗)
9
𝑖=1  and ∑ ∆𝜃ct(𝑖,𝑗)

9
𝑗=1  did not equal to 

zero. 2π periods of 𝛿x(𝑖) yielded ∑ 𝛿x(𝑖) = 09
𝑖=1 . 𝜃0(𝑖) also changed with the index of rotary 

position i that  ∑ cos(𝜑0(𝑗) + 𝜃0(𝑖)) × 𝛿x(𝑖)
9
𝑖=1 ≠ 0  The other accumulative results in 

Equation 2.36 also differed from zero. An applicable solution for the first issue is reducing 

the eccentricity down to 1 µm or less, using precision XY stage. The influence of the 

second issue may be reduced but not eliminated by using a high-end RT.   

 In comparison, the proposed solution determines 𝛿x(𝑖), 𝛿y(𝑖) and eccentricities 𝐻x 

and 𝐻y. Therefore, the deviation of spheres can be separated. 

[

∆𝑟s(𝑗)

∆𝜑(𝑗)

∆𝑧s(𝑗)

] =
1

9
[

∑ ∆𝑟m(𝑖,𝑗)
9
𝑖=1

∑ ∆𝜏m(𝑖,𝑗)
9
𝑖=1

∑ ∆𝑧m(𝑖,𝑗)
9
𝑖=1

] −
1

9
[

∑ ∆𝑟gs(𝑘)
9
𝑘=1

∑ ∆𝜏gs(𝑘)
9
𝑘=1

0

] − [

𝑟H(𝑗)

𝜑H(𝑗)

0
] −

1

9
[

∑ ∆𝑟ct(𝑖,𝑗)
9
𝑖=1

∑ ∆𝜃ct(𝑖,𝑗)
9
𝑖=1

0

] −

                    
1

9
[

0
0

∑ 𝐿(𝑖,𝑗)
9
𝑖=1

]                                                                                              (2.35)                   

1

9
[
∑ ∆𝑟ct(𝑖,𝑗)

9
𝑖=1

∑ ∆𝜃ct(𝑖,𝑗)
9
𝑗=1

] =
1

9
∑ [

cos(𝜑0(𝑗) + 𝜃0(𝑖)) sin(𝜑0(𝑗) + 𝜃0(𝑖))

−sin(𝜑0(𝑗)+𝜃0(𝑖))

𝑟s0

cos(𝜑0(𝑗)+𝜃0(𝑖))

𝑟s0

] [
𝛿x(𝑖)

𝛿y(𝑖)
]9

𝑖=1 ≠ [
0
0
]   (2.36)               
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CHAPTER 3: NUMERICAL SIMULATION 

 

 The proposed method was validated via numerical simulations. Simulation inputs 

were generated via two ways: (i) proper assumptions based on product sheets and 

experience (ii) experimental data. 

 

3.1 Simulation input 

3.1.1 Simulation input: circular ball plate (CBP) artifact 

 The number of spheres N was set as 6. Unavoidably, spheres had position deviations 

due to imperfect fabrication and assembly of artifact. Günther et al. [52] reported a circular 

ball plate (CBP) with radial, pitch and z deviations within [-20, 20] 𝜇m. In this simulation, 

the radial and pitch deviations were randomly selected within [-50, 50] 𝜇 m, and z 

deviations were randomly selected within [-20, 20] 𝜇m.  

 The radius 𝑟s0 was set as 100 mm. Several factors affected the tilt deviations of the 

artifact, including the tilt of RT surface, fabrication accuracy of the base plate, assembly 

of the artifact, base plate distortion resulted from the clamping force and weight. The 

ranges of tilt deviation and eccentricity of artifact are given in Table 3.1.  
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Table 3.1. Parameter setting for the artifact. 

 Parameter Range Distribution 

Spheres 

Number N 6 - 

Radial deviation ∆𝑟s [-50, 50] 𝜇m  Rectangular 

Pitch deviation [-50, 50] 𝜇m Rectangular 

Axial deviation ∆𝑧s [-20, 20] 𝜇m Rectangular 

Artifact 

Radius 𝑟s0 100 mm - 

Eccentricity 
𝐻x [-100, 100] 𝜇m Rectangular 

𝐻y [-100, 100] 𝜇m Rectangular 

Tilt 
휀Ax [-20, 20] " Rectangular 

휀Ay [-20, 20] " Rectangular 

 

3.1.2 Simulation input: RT 

     The systematic components of the error motions were simulated with polynomial 

functions 𝐹input,sys (Equation 3.1). 𝑇𝑠 was the defined period of signal. The constants 𝑎m,c 

and 𝑎𝑚,𝑠 were randomly selected within [-1, 1] at every new iteration. 𝑤m,c and 𝑤m,s were 

the weight factors, which decreased linearly, while the degrees increased (Equation 3.2). 

𝑀1 and 𝑀2 were constants defining the minimum and maximum degrees of trigonometric 

polynomial. 𝑀1 was set as 1 for 𝛿z and 휀z, while it equaled to 2 for the other error motions. 

𝑀2 was the smaller value of 10 and N - 1, where N denoted the number of spheres. 

𝐹input,sys = ∑ [𝑎m,c𝑤m,c cos (
2𝜋𝑚𝜃

𝑇𝑠
) + 𝑎m,s𝑤m,s sin (

2𝜋𝑚𝜃

𝑇𝑠
)]

𝑀2
𝑚=𝑀1

  (3.1) 

 
𝑤m,c = 𝑤m,s = 1 −

𝑚 − 𝑀1

𝑀2
 (3.2) 

   The maximum absolute values of the translational terms and rotational terms were 

normalized to 1 µm and 1 arc second, respectively.  

    Non-repeatable components of the simulation input 𝐹input,sys followed normal 

distribution, with standard deviations defined as 2% of the peak amplitudes of the 
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corresponding systematic components. Table 3.2 summarizes the parameter setting for RT 

error motions. Figure 3.1 shows an example for the simulation input of a translational term. 

 

Table 3.2. Parameter setting for the RT error motions. 

Error 

motions 

Systematic components 
Random 

components 

𝑀1 𝑀2 
Normalized 

amplitude of curve 

Standard 

deviation 

𝛿x 1 

Min (10, N - 1) 

1.00 𝜇m 0.02 𝜇m 𝛿y 1 

𝛿z 2 

휀x 1 

1.00 " 0.02 " 휀y 1 

휀z 2 

 

 
Figure 3.1. Example of simulation input for a translational term. 

 

3.1.3 Simulation input: coordinate measuring machine (CMM) 

3.1.3.1 Probing error 

 The coordinates of probed points on the sphere were defined as (𝜌, 𝛼, 𝛽) in the 

spherical CS (Figure 3.2(a)). 𝛼 denoted the azimuthal angle in the XY plane starting from 
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the x-axis, while 𝛽 denoted the polar angle starting from the positive z-axis. Because a 

vertical probe can only reach the upper hemisphere, the range of 𝛽 was limited to [0, π/2].  

 

 

 
Figure 3.2. Probing strategy: (a) Spherical coordinate system (b) point distribution of 5-

point probing strategy (c) point distribution of 15-point probing strategy. 

 

 Commercial CMM software like Quindos usually provided multiple default 

probing strategies, with point numbers ranging from 5 to several hundred. The points were 

split into several layers with different 𝛽, and points in each layer were evenly distributed. 

The number of points in one layer increased with 𝛽, in order to cover larger perimeter. A 

probing strategy achieving an acceptable uncertainty at a low number of points should be 

chosen. In this experiment, 5-point and 15-point strategies were tested on a Leitz PMM-F, 

using a 80 mm reference probe, whose tip diameter is 5 mm. Positions of probed points for 

each sampling strategy are demonstrated in Figure 3.2 (b) and (c). Table 3.3 and Table 3.4 

report the probing deviations for each strategy, respectively, based on 50 repetitions.  
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Table 3.3. Probing deviations for 5-point probing strategy. (Leitz PMM-F, 80 mm length 

reference probe, 5 mm probe tip diameter). 

No. of point 𝛼 𝛽 Mean dev. (µm) Standard dev. (µm) 

1 0 0 0.0008 0.0020 

2 90 90 -0.0428 0.0050 

3 180 90 0.0377 0.0044 

4 270 90 -0.0377 0.0047 

5 0 90 0.0419 0.0052 

 

Table 3.4. Probing deviations for 15-point probing strategy. (Leitz PMM-C, 80 mm 

reference probe, 5 mm probe tip diameter, severe drift of the sphere center observed 

(x = 1 µm, y = 1.5 µm and z = 0.6 µm). 

No. of 

point 
𝛼 𝛽 Mean dev. (µm) Standard dev. (µm) 

1 0 0 -0.2062 0.0127 

2 0 45 0.2164 0.0143 

3 60 45 -0.1641 0.0215 

4 120 45 -0.0064 0.0182 

5 180 45 -0.0958 0.0177 

6 240 45 0.1284 0.0215 

7 300 45 0.2146 0.0160 

8 0 90 -0.2738 0.0180 

9 45 90 0.0982 0.0286 

10 90 90 -0.3087 0.0624 

11 135 90 0.4222 0.0249 

12 180 90 0.1048 0.0250 

13 225 90 -0.2225 0.0276 

14 270 90 -0.0836 0.0506 

15 315 90 0.1766 0.0407 
 

 

3.1.3.2 Geometric deviations 

 The CMM geometric deviations were defined in the following way. The systematic 

deviation component ∆𝑃𝑔𝑠(𝑘)  was randomly selected within the following range: 

0.5 × [−𝐸L,MPE + 𝑅0,MPL, 𝐸L,MPE − 𝑅0,MPL] . 𝐸L,MPE  denoted the maximum permissible 

error for length measurement [55]. 𝑅0,MPL denoted the maximum permissible limit of the 

repeatability range of the length measurement error. 𝐿x(𝑘) and 𝐿y(𝑘) were the maximum x 
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and y systematic geometric deviation components for the 𝑘th  measuring position 

(Equation 3.3). 𝜉 denoted the azimuthal angle in the XY plane. 

 

[
𝐿x(𝑘)

𝐿y(𝑘)
] = |𝐸L,MPE − 𝑅0,MPL| [

cos 𝜉𝑘

sin 𝜉𝑘
] (3.3) 

   Two strategies were used to generate the random components of geometric 

deviations.  The first strategy used experimental data of the ball step gage (BSG) test. The 

reported standard deviations of ∆𝑥gr, ∆𝑦gr and ∆𝑧gr were within [0.02, 0.06] µm. In the 

second strategy, the ∆𝑥gr, ∆𝑦gr and ∆𝑧gr had the same standard deviations, which were 

denoted by 𝜎gr . In a similar way, 𝜎pr  denoted the standard deviations of the random 

probing error in each of the three axes, i.e., 𝜎pr = 𝜎pr,x =𝜎pr,y = 𝜎pr,z. 𝜎gr and 𝜎pr were set 

to 0.05 µm. The parameter setting is summarized in Table 3.5.  

 

Table 3.5. Parameter setting for CMM deviations. 

Parameter Range Distribution 

∆𝑥gr(𝑖,𝑗) 

𝜇gr = 0, 𝜎gr = 0.05 µm Gaussian ∆𝑦gr(𝑖,𝑗) 

∆𝑧gr(𝑖,𝑗) 

∆𝑥pr(𝑖,𝑗) 

𝜇pr = 0, 𝜎pr = 0.05 µm Gaussian ∆𝑦pr(𝑖,𝑗) 

∆𝑧pr(𝑖,𝑗) 

∆𝑥gs(𝑘) 𝐿x(𝑘) ×[-0.5, 0.5] Rectangular 

∆𝑦gs(𝑘) 𝐿x(𝑘) ×[-0.5, 0.5] Rectangular 

∆𝑧gs(𝑘) [-0.3 0.3] µm Rectangular 

∆𝑥ps [-0.5, 0.5] µm Rectangular 

∆𝑦ps [-0.5, 0.5] µm Rectangular 

∆𝑧ps [-0.5, 0.5] µm Rectangular 
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3.2. Simulation results 

     The angular step of rotary table was 7.5° (M = 48) and the number of repeated 

cycles was 4. Since the CBP had 6 spheres, the maximum degrees of error motions 𝑀2 

were set to 5 according to Table 3.2.  

     As discussed in Section 2.3, the coordinates of the 𝑗th  sphere center at the 𝑖th 

rotary position in the FCS were expressed by Equation 2.6. The simulated inputs defined 

in Section 3.1 were used to generate the sphere centers at each rotary position. Therefore, 

the point cloud of 1152 sphere centers were processed using the method fully described in 

Section 2.4.2 to extract the error motions of rotary tables, as well as the deviations of 

artifact and the systematic geometric deviations of the CMM. Fourier transformation was 

used to extract the error motions of 𝛿x, 𝛿y, 휀x and 휀y.  

 

3.2.1 Error motions  

   In the first simulation, the periods of all six error motions were set to 2π. In Figure 

3.3 (a) – (f), the squares represent the simulation inputs provided to the simulator. The 

solid dots represents the simulation outputs, which means the error motions of rotary table 

separated from the point cloud of sphere centers using the proposed method. The separated 

error motions matched the corresponding input error motions.  
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Figure 3.3. Simulation inputs and outputs of the RT error motions (periods = 2π): (a) 𝛿𝑥 

(b) 𝛿𝑦  (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 (f) 휀𝑧. 

 

   In the next three tests, the periods of error motions were set as 1.56π, 2.72π and 

4.18π. Figure 3.4 shows the inputs and outputs of 𝛿x in three cases.  Longer period needed 

more angular positions to cover the whole range. In the third case (Figure 3.4(c)), the period 

of error motions were set to 4.18π, which covered less than two times (8π / 4.18π < 2). 

Although the error motions were still successfully separated, increasing the number of 

cycles M to 6 or more can reduce the uncertainty.  
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Figure 3.4. Simulation inputs and outputs of the 𝛿𝑥 deviation whose period did not equal 

to 2 π: (a) 1.56 π (b) 2.72 π (c) 4.18 π. 

 

   Figure 3.5 gives two examples of input and output frequency components of 𝛿x, 

which were detected by Fourier transformation. 𝑇𝑠(𝑚) is the period of the 𝑚th frequency 

component. 

 

𝑇𝑠(𝑚) =
𝑇𝑠

𝑚
 (3.4) 

 For the 𝛿x  deviation, the minimum degree of polynomial 𝑀1  was set to 2. The 

m = 1 component in Figure 3.5 was corresponding to the eccentricity of artifact. In both 

cases, the frequency components were successfully detected.  
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Figure 3.5. Frequency components of input and output 𝛿𝑥 deviation with number of cycle 

4 and cycle period: (a) 𝑇𝑠 = 2𝜋 (b) 𝑇𝑠 = 2.72𝜋. 

 

3.2.2 CMM deviations 

  As shown in Figure 3.6, the CMM’s systematic geometric deviations at 48 

measuring positions were separated. The output values matched input values. The residuals 

mainly resulted from the CMM’s non-repeatable geometric deviations ∆𝑝gr(𝑖,𝑗) and non-

repeatable probing deviations ∆𝑝pr(𝑖,𝑗). 
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Figure 3.6. Inputs and outputs of CMM’s systematic geometric deviations. 

 

3.2.3 Artifact deviations 

   As experimental data will show in Chapter 4, compared with its nominal position, 

each sphere usually showed a two-digit micrometer deviation. This primarily resulted from 

two groups of sources: (i) imperfect fabrication of base plate and assembly of the artifact; 

(ii) clamping force and imperfect centering of the artifact. Deviations of the first type can 

be pre-determined by using a more accurate measuring device. Deviations of the second 

type can only be determined in situ, but even a high-end 3-axis CMM is not sufficient to 

accomplish the second task alone. The three-rosette method [49] is a good option, since the 

CMM’s systematic deviations are neutralized. The proposed solution in Section 2.4 also 

decoupled the eccentricity of the artifact (Table 3.6) from the radial and angular position 

deviations of spheres. Therefore, a very precise centering of the artifact was not necessary. 
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Table 3.6. Simulated deviations of the ball plate artefact. 

Deviation Parameter Input Output Residual 

Eccentricity 
𝐻x 24.000 µm 23.996 µm -0.004 µm 

𝐻y -18.000 µm -17.992 µm 0.008 µm 

Tilt 
휀Ax 1.023" 1.017" -0.006" 

휀Ay 6.460" 6.461" 0.001" 

 

 
Figure 3.7. Simulation inputs and outputs of the spheres’ position deviations. 

 

3.3 Key factors 

      This section discusses the influences of some parameters. In each case, the ranges 

and distributions of all the parameters, except the targeted parameter, were the same as in 

Section 3.1. Four parameters were investigated independently: (1) ball plate radius 𝑟s0; 

(2) number of spheres N; (3) number of measuring positions M; (4) CMM’s random 

deviations. In every of 500 repetitions, all the parameters values were regenerated, as well 

as the patterns of error motions and CMM deviations. The maximum absolute residual 

|𝐸max| between the sampled input and output values was recorded.  
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3.3.1 Ball plate radius 𝑟s0 

 The 𝑟s0 was increased from 50 mm to 400 mm, in a step of 5 mm. Figure 3.8 shows 

the average values 𝜇|𝐸max|  and 𝜇|𝐸max| ± 3𝜎|𝐸max|  range of 500 repetitions performed at 

each 𝑟s0. In Figure 3.8 (a) to (c), the three curves were horizontal with small variations. 

Namely, increasing 𝑟s0 had negligible influence on 𝛿x, 𝛿y and 𝛿z. 

 In (d) to (f), the three curves decreased fast between 50 mm and 200 mm and the 

decreasing rate slowed down after 200 mm. The band width, which was equal to the 

difference between the 𝜇|𝐸max|  + 3𝜎|𝐸max|  and 𝜇|𝐸max|  - 3𝜎|𝐸max|  curves, decreased in a 

similar trend.  

 For 휀x , 휀y  and  휀z , the uncertainty sources from the CMM’s random deviations 

∆𝑃gr/𝑟s0  and ∆𝑃pr/𝑟s0  decreased when 𝑟s0  increased, which effectively reduced the 

residuals and uncertainties. However, the drawback of increasing 𝑟s0  is dominating, 

because the artifact is, less portable, and more expensive. Common values are chosen 

between 100 mm and 200 mm.  
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Figure 3.8. 𝜇|𝐸𝑚𝑎𝑥| and 𝜇|𝐸𝑚𝑎𝑥| ± 3𝜎|𝐸𝑚𝑎𝑥| ranges between the sampled input and output 

values, when the 𝑟𝑠0 increased from 50 mm to 400 mm: (a) 𝛿𝑥 (b) 𝛿𝑦 (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 

(f) 휀𝑧. 

 

3.3.2 Number of spheres N and number of measuring positions M 

 As discussed in Section 2, the number of measuring positions M was a multiple of 

N. Since the highest degree of error motions was 5, the lower limit of N was set as 6. The 

upper limit was set to 48. 

 In Figure 3.9(a), the 𝜇|Emax|,𝛿x
 at N = 6 was 50 nm. This value was reduced by 

20% (10 nm) and 32% (16 nm), when N was doubled and quadrupled, respectively. 

Similarly, the 𝜇|Emax|, x
 in Figure 3.9(d) was reduced by 23.1% (0.022 " ) and 

41.8% (0.042 " ), respectively. Increasing the number of spheres helps neutralize the 
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nonrepeatable deviations of CMM  ∆𝑃gr and ∆𝑃pr. However, these improvements were at 

the expense of doubling and quadrupling the total measurement time, which was not very 

reasonable considering the very low absolute values. The major concern for selection of 

the lowest acceptable N is to ensure that all significant frequency components are included. 

Therefore, a preliminary test with high N and low M values was carried out to determine 

the acceptable N. 

 
Figure 3.9. 𝜇|𝐸𝑚𝑎𝑥| and 𝜇|𝐸𝑚𝑎𝑥| ± 3𝜎|𝐸𝑚𝑎𝑥| ranges of between the sampled input and output 

values, when N was increased from 6 to 48: (a) 𝛿𝑥 (b) 𝛿𝑦 (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 (f) 휀𝑧. 
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   Smaller angular steps improve the sample density to approximate the error motions, 

at the expense of longer measurement time. Since there is no a universal standard for M, 

preliminary test can help find the proper value.  

 

3.3.3 CMM’s random deviations 

   CMM measurements are affected by two random deviations denoted by ∆𝑃gr and 

∆𝑃pr. Apparently, they have the same effects on the separated error motions according to 

Equation 2.12. Therefore, only the ∆𝑃gr was studied in this test. 𝜎gr was increased from 

0.02 µm to 0.2 µm, where 0.05 µm was the value for standard case (see Figure 3.10).  

𝜇|Emax| and 𝜎|Emax|  increased linearly with 𝜎gr, which showed that the random deviations 

are major uncertainty resources to the results. 
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Figure 3.10. 𝜇|𝐸𝑚𝑎𝑥|  and 𝜇|𝐸𝑚𝑎𝑥| ± 3𝜎|𝐸𝑚𝑎𝑥|  ranges of between the sampled input and 

output values, when 𝜎𝑔𝑟 was increased from 0.02 to 0.2: (a) 𝛿𝑥 (b) 𝛿𝑦 (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 

(f) 휀𝑧. 

  

3.4 CMM drift 

3.4.1 Drift test of CMM and workpiece 

 A ∅400 mm 12-sphere CBP artifact was built (Section 4.1). The artifact was fixed 

on the static RT (Figure 4.8). The CMM repeatedly measured the coordinates of all spheres 

over 20 hours in a drift test. 12 temperature sensors in the CMM guideways and one sensor 

near the artefact reported less than 0.1°C temperature variation.  
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Figure 3.11. Deviations of sphere centers along three axes in 20-hour drift: (a) x deviations 

(b) y deviations (c) z deviations. 

 

 As shown in the Figure 3.11(b), the deviations of 12 sphere centers had same trends 

in the y direction. Moreover, the deviations of sphere centers were stable in the x direction 

(Figure 3.11(a)). These results indicated low thermal expansion of the base plate in radial 

directions. Position variations reflected a drift of the CMM. The y-axis showed more drift 

than the x-axis, because the y-axis was parallel to the traveling beam in this gantry-type 

CMM. In Figure 3.11(c), 12 spheres had various drifts between 0.05 µm and 0.3 µm. It is 

possible that the glue was not fully cured when the drift test was conducted. The mean 

deviations of the 12 spheres (red curves) was regarded as the CMM drift along the three 

axes.  
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In sample experiments, a 6-sphere circular ball plate was used as the artifact. In 

common case, the rotary table was calibrated for 4 cycles in a step of 7.5°. At each rotary 

position, the CMM probed 5 points on each of 6 spheres. It cost 4 hours to finish the 

measurement.  

CMM real time drift is unpredictable and cannot be compensated. Therefore, a 

stable CMM is always desired. To understand the influence of CMM drift, acquired drift 

data was fed into the simulator.  

 

3.4.2 Influence of CMM’s drift 

 In each repetition, 4-hour continuous drift data in Figure 3.11 was fed to the 

simulator. The begin time was randomly picked between the 0th and 17th hour. This 

numerical simulation was repeated for 500 times. 

  𝜇|𝐸max| and 𝜎|𝐸max| of all error motions were at the same levels of the default case, 

which showed that the tested CMM drift has an acceptably low influence on the results.  

 Multiple sources may lead to higher CMM drift, including using a middle-class or 

low-cost CMM, lower grade of environment control, thermal control issues of motors and 

mechanical structures due to long-time continuous movement. For investigation, the 

amplitudes of the acquired drift data were amplified with an amplification factor, where 

the factor for the original data equaled to 1. As shown in Figure 3.12, the 𝜇|𝐸max| of error 

motions increased linearly with the amplification factor, at a low rate. When the 

amplification factor was set to 3, the results of 𝜇|𝐸max| ≈ 0.1 µm for translational terms and 

𝜇|𝐸max| 𝜖 [0.15, 0.22] arcsec for rotational terms were still acceptable. 
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Figure 3.12. 𝜇|𝐸𝑚𝑎𝑥| and 𝜇|𝐸𝑚𝑎𝑥| ± 3𝜎|𝐸𝑚𝑎𝑥| ranges between the sampled input and output 

values, when the amplification factor of CMM drift increased from 0.5 to 3: (a) 𝛿𝑥 (b) 𝛿𝑦  

(c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 (f) 휀𝑧. 
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CHAPTER 4: EXPERIMENTS 

 

   The purpose of this chapter is to validate the proposed error separation solution 

experimentally. The separated CMM deviations were compared with experimental results 

from a ball step gage (BSG). The separated error motions were compared with results from 

a spindle error analyzer (SEA).  

 

4.1 CBP artifact 

4.1.1 Design of a CBP artifact 

   Both Physikalisch-Technische Bundesanstalt (PTB) and Hexagon Manufacturing 

Intelligence, Germany (HMI) built single layer circular ball plate (CBP) artifacts [52]. The 

one made by HMI was 50% smaller to achieve higher portability 

(∅ 200 mm vs. ∅ 400 mm). PTB’s artifact used twelve ceramic spheres, while HMI’s 

artifact had a mixture of six ceramic spheres and six tungsten carbide spheres (Figure 4.1). 

Tungsten carbide spheres were suitable for HP-O optical sensor, which is based on 

frequency-modulated interferometric optical distance measurement. The spheres were 

glued to countersinks on the base plate. 

 

 
Figure 4.1. A CBP artifact made by Hexagon Manufacturing Intelligence, Germany. 
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   To secure the artifact on the RT, clamping force was applied directly on the base 

plate. The resulting distortion might cause a considerable amount of time to reach an 

equilibrium status. More importantly, it changed the relative z coordinates of all the sphere.   

 

 
Figure 4.2. Schematic of double plate artifact. 

 

   In this study, a double layer configuration for the CBP was proposed by absorbing 

the advantages of the above ones (Figure 4.2). The lower plate functioned as a sacrificing 

layer to isolate clamping forces away from the primary artifact (upper plate). Therefore, 

the upper plate was freed from distortion. A Maxwell style kinematic coupling between the 

upper and lower plates constrained the upper plate’s six degrees of freedom. Instead of 

adding additional vee blocks, v-grooves were directly machined into the lower plate to 

reduce the overall height. The outer cylindrical surface assisted the centering of the lower 

plate. Kinematic coupling also enabled an efficient removal and installation of the upper 

plate, which was critical to protect the artifact at manipulating the loads on the table.  

   To achieve minimum deflection of the upper plate with three-point support 

configuration, the radial positions of support points were 65% of the radius of plate [56]. 
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Therefore, the radial positions of the three 12.7 mm diameter spheres for kinematic mount 

were set as 140 mm from the center of upper plate (Figure 4.3). 

 

 
Figure 4.3. Least deformation of top plate. 

 

 
Figure 4.4. Fixing a sphere on the base plate: (a) schematic of circular contact line between 

the sphere and countersink (b) epoxy glue applied between the sphere and the surface of 

countersink. 

 

   The designed CBP had 12 spheres evenly distributed in a circular pattern. Using a 

relatively large diameter of  ∅400 mm helped to reduce uncertainties of calculated tilt error 

motions and angular positioning deviations resulting from the CMM, as discussed in 

Chapter 3. 

   Countersinks assisted the precise positioning of spheres at installation. Ideally, the 

contact area between a sphere and a countersink was a circle ( Figure 4.4(a)). However, if 

glue was applied to the surface of the countersink for fixture purpose (Figure 4.4(b)), it was 

unavoidable that the glue thickness between the sphere and countersink at the contact zone 
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was uneven. Moreover, if it were necessary, it would be difficult to remove and reinstall 

the sphere without fully cleaning up the glue residual on the countersink.  

   To solve this problem, 0.3mm gaps were left between the bottom of spheres and 

the bottom surfaces of countersinks. Proper amount of epoxy glue filled the gap to fix the 

spheres, so that the circular contact lines between spheres and countersinks remained clean 

(Figure 4.5(a)). If complete spheres were used, they may be knocked off accidentally by 

horizontal forces, because they were secured on the plate only with thin layers of glue. For 

this artifact, 25.4 mm diameter grade 3 spheres with 3.175 mm diameter pin holes were 

used. Grade 3 sphere had allowable diameter variation of 76.2 nm, allowable form 

deviation of 76.2 nm and allowable surface roughness of 12.7 nm. By drilling the same 

size pin holes at the bottom of the countersinks, the spheres were fixed to the base plate 

firmly with short pins and epoxy glue. In Figure 4.5(b), the three spheres for kinematic 

coupling was glued to the three 12.7 mm diameter, 7 mm deep holes, respectively. The 

sphere can also be secured in the hole within press fit, which is one kind of fastening 

between two parts that the inner component is larger than outer component.  

 

 
Figure 4.5. Illustration of assembly details: (a) fixturing a precision sphere on the 

countersink (b) Maxwell kinematic coupling between two plates.  
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4.1.2 Fabrication and stability test of the artifact 

   6061 Aluminum was chosen as the material for the base plates. It had the advantage 

of light weight, low cost and easy-to-machine. On the other hand, the major shortcoming 

was the relatively high coefficient of thermal expansion (CTE) at 23.4×10-6/°C (ppm/°C). 

Common grades of Invar (36% nickel and 64% iron) have a very low CTE of around 

1.2 ppm/°C, which makes Invar the ideal material for artifacts. However, the price of Invar 

is much higher than aluminum or steel.  

 

 
Figure 4.6. Upper plate clamped on the RT for stability test 

 

   Once the aluminum base plate for the upper plate had been machined on a Mori 

Seiki CNC machine, 12 spheres were secured on the plate as discussed before. At the 

52nd hour after assembling, the upper plate was secured on the RT to check the stress 

release of the aluminum plate and the curing progress of epoxy glue. The coordinate of all 

the spheres were measured continuously for 16.8 hours, when the table was at stationary 

condition (Figure 4.6). Figure 4.7(a) demonstrates the position change of each sphere in 

the z direction, compared to its initial position. All the spheres drifted upwards in the first 

two hours, and then drifted downwards continuously in the rest of time.  Figure 4.7(b) 

shows the differences between the final and initial heights. Except the spheres #10 and #11, 
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all spheres moved downwards. The whole plate tilted from sphere #10 and #11 towards 

sphere #6. It probably reflects that the 2nd and 3rd spheres for kinematic coupling were still 

in curing process.   

 

 
Figure 4.7. Monitored position variation of spheres after assembly: (a) relative z 

coordinates of spheres from the 52th hour to 68.8th hour (b) schematic of z coordinate 

variations of spheres between the 52th hour and 68.8th hour. 

 

 
Figure 4.8. Assembled artifact: (a) lower plate fixed on the RT (b) entire artifact.  

 

   After the lower plate was fabricated, the whole artifact (upper and lower plates) 

was secured on the static RT, as showed in Figure 4.8(a). The second stability test was 

carried out from the 74th hour to the 158th hour after the assembly of the whole artifact 

(Figure 4.8(b)).  
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   The position variations of spheres came from several sources: (i) clamping force on 

the lower plate; (ii) unreleased stress of the lower and upper aluminum plates from 

machining process; glue curing process of the 12 high precision spheres; (iii) glue curing 

process of the 3 spheres for kinematic coupling; (iv) soaking process of artifact to reach 

thermal equilibrium status. The whole artifact became more stable as time elapsed (Figure 

4.9). The sudden change of sphere coordinates at the 116th hour in Figure 4.9 resulted from 

the interruption of experiment. The CMM was stopped, and z column were moved up by 

1 m for several minutes. It seems the CMM took time to reach a new thermal equilibrium 

status after resuming the experiment. At the last six hours, the variation rate in the x, y and 

z directions was less than 0.3 µm. Because the y axis was realized by the bridge of this 

CMM, its temperature drift was higher than the other two axes.  

 

 
Figure 4.9. Position changes of spheres from the 74th hour to the 158th hour: (a) z 

coordinates (b) x coordinates (c) y coordinates (the sudden change of sphere coordinates 

at the 116th hour resulted from the interruption of experiment). 
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   After one week, the coordinates of every sphere varied within ± 0.2 µm in 24 hours, 

indicating that the artifact reached an equilibrium status. This environment had excellent 

temperature control. The drifts of ambient temperature, part temperature and temperature 

of CMM components were less than 0.1°C in 24 hours. 

 

4.2 Setup of ball step gage (BSG) 

 A BSG can be used to calibrate the CMM’s geometric deviations at measuring the 

length between two pre-defined points in the measuring volume. An 8-ball BSG (Figure 

4.10 (a) and (b)) with a nominal step of 100 mm was used to test the geometric deviations 

of the CMM at the defined measuring positions (Section 2.3). The BSG was aligned along 

the x axis of the frame CS. Kinematic coupling allowed free expansion of the BSG. The 

#4 ball was centered on the RT, with eccentricity of 69.3 µm (Figure 4.10(c)).  

 

 
Figure 4.10. Setup of BSG on the RT: (a) structure and kinematic coupling (b) detailed 

view of the triangular beams supporting the spheres (c) schematic of location and alignment 

of BSG at the initial rotary position (0°). 
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4.3 Spindle error analyzer (SEA) 

4.3.1 Setup of SEA 

   The SEA measures and analyzes a spindle’s five error motions, including three 

translational error motions 𝛿x ,𝛿y  and 𝛿z , and two tilt error motions 휀x  and 휀y . Lion 

Precision SEA system consists of a 25.4 mm diameter dual master ball target, five 

noncontact capacitive sensors, a nest (sensor holder), seven temperature sensors, a data 

acquisition (DAQ) device and SEA software. The target is normally installed in the 

spindle’s tool holder, and the nest is clamped on the table. 

    In RT calibration, the target was centered and fixed on the RT with three toe clamps. 

However, mounting the sensor holder on the probe head of the CMM was not feasible, 

because the weight of the sensor holder exceeded the load limit of the probe head. As 

shown in Figure 4.11, an in-house made metrology frame fixed the sensor holder over the 

RT. 

 

 
Figure 4.11. Setup of spindle error analyzer on a Zollern ZART 1200.0390.0 aerostatic 

rotary table: (a) illustration of an in-house made metrology frame, which fixed the sensor 

holder over the rotary table (b) fixture of SEA system on rotary table. 

 



74 

 

   The beam bridge type metrology frame consisted of two concrete towers and two 

angle irons. In a four-layer configuration of concrete block towers, each of the 1st, 2nd and 

4th layers had two standard cored concrete blocks (0.194 m × 0.194 m × 0.397 m), while 

the 3rd layer had two cap concrete blocks (0.921 m × 0.194 m × 0.397 m). Blocks in the 

even layers were oriented perpendicular to the ones in odd layers. Loctite Power Grab 

Ultimate construction adhesive was applied to bond the blocks. Functioning as horizontal 

beams across the two towers, two 1.500 m x 0.076 m angle irons were fixed at the edges 

of the concrete towers with c-clamps. 0.163 meter working space existed between the angle 

irons and RT. 

   The sensor holder was attached to an angle iron using a magnetic stand. Noncontact 

capacitive sensors X1 and X2 recorded the x displacements of the lower and upper spheres, 

respectively. Sensors Y1 and Y2 measured the y displacements of the two spheres. Sensor 

Z2 measured the z displacement of the upper sphere. Alignments of the target and sensor 

holder were completed by trial and error method. In each iteration, the RT was rotated by 

one cycle. Offsets of the target in the x and y directions were observed using SEA software. 

A T-handle hex wrench functioned as a micro-hammer to adjust the initial position of the 

target. 

 

4.3.2 Drift test of SEA system 

     An 18-hour drift test was performed to evaluate the stability of the metrology frame, 

sensor holder, artifact and associated fixtures. The RT was held static throughout the test. 

   The 1st to 6th temperature sensors were attached to the top of the angle iron, which 

held the magnetic stand and nest (Figure 4.11(a)). Six sensors were evenly distributed 
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between two concrete towers. Less than 0.05°C temperature variation was observed 

(Figure 4.12(a)). The 7th sensor reported 0.1°C variation of ambient air temperature near 

the nest (Figure 4.12 (b)). Less than 0.3 µm drifts were reported by sensors X1, X2, Y1 

and Y2 (Figure 4.12(c)). Sensor Z recorded 1.5 µm drift, which might have been caused 

by a creeping of the sensor holder due to gravitational force. Later experiments reflected 

much less drift.  

   However, the X1, X2 and Z displacement sensors, as well as the seven temperature 

sensors, recorded oscillations with 4-minute periods (Figure 4.12(d)). The X1 and X2 

sensors showed stable oscillation, while the Z sensor was more correlated with ambient 

temperature. The Y1 and Y2 data were stable throughout the drift test. 
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Figure 4.12. 18-hour drift test of SEA system: (a) temperature data of six sensors attached 

on an angle iron (b) ambient temperature near ball target (c) displacements data of five 

capacitive sensors (d) displacements and temperatures from the 11th hour to 12th hour. 

 

   Two possible explanations regarding the cause of the oscillation were discussed.  

The first was that the air temperature of the room oscillates with a period of 4 minutes, 
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caused by cycling of the environment control system. Then, the thermal expansion of the 

metrology frame, magnetic stand and nest would theoretically shift the positions of the 

capacitive sensors and their readings. A second possible explanation was that the facility 

regulated the air pressure supplying the aerostatic bearings with a period of 4 minutes. 

Because the film thickness of axial and radial air bearings of the RT varied with the 

supplied pressure, the positions of rotor and attached double master sphere target were not 

expected to be constant. In the mechanical design of the RT, there is a belt which causes a 

net force in the x direction. The recorded temperatures were correlated with the pressure 

variation and the displacement sensors, because the supplied pressure variation also 

influenced the outlet temperature of air bearings.  

   Another test was carried out to further study the phenomena. A master sphere was 

fixed at the center of the static RT. Every two seconds, the CMM probed an equator point 

of the master sphere, in the -x direction. Displacements of the master sphere along the         

x-axis were recorded for 30 minutes. A similar test was carried out by repeatedly probing 

the pole of the sphere in the -z direction. 

   As shown in Figure 4.13, the displacements had periods of 4-minutes, matching the 

results from the drift test. X and z displacements of the master sphere had magnitudes of 

0.15 µm and 0.08 µm, respectively, which were similar to results from the previous drift 

test (Figure 4.12(d)). Because the CMM had higher non-repeatable probing deviations 

along the x-axis than along the z-axis, Figure 4.13(a) showed more scatter data than Figure 

4.13(b). It is likely that oscillations with 4-minute periods originated from the oscillations 

of supplied air pressure.  
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Figure 4.13. Displacements of a master sphere, fixed at the center of RT, and repeatedly 

probed at a point in -x and -z directions, respectively: (a) displacement along x-axis (b) 

displacement along z-axis. 

 

   For verification purpose, a pressure sensor was connected to the inlet pipe to 

monitor the inlet pressure. As shown in Figure 4.14, the inlet pressure oscillated between 

99.2 psi and 99.5 psi, with a period around 4 minutes. The deep valleys occurring at the 

3.5th, 12.7th and 22th minutes were originated from the associated air filter system, which 

regularly opened a side valve for several seconds to remove any accumulated oil and water 

in the supplied air. 

In total, the built metrology frame provided very stable support to the sensor holder 

of the SEA. 

 

 
Figure 4.14. Sample inlet air pressure of the entire system.  
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4.4 Separation of CMM deviations 

4.4.1 BSG 

   In this test, the BSG functioned as an uncalibrated double ball bar. As shown in 

Figure 4.10 and Figure 4.15, the #4 sphere was centered on the RT, while the #6 sphere 

was placed 200 mm off-centered. The table was rotated by 15 cycles in the CCW direction 

in a step of 7.5°. The coordinate system rotated together with the RT. At each step, the #4 

and #6 spheres were measured. The relative coordinates of the #6 sphere to the #4 sphere 

at the 𝑡th  cycle ( 𝑡 = 1,… ,10 ) and 𝑖th  rotary position ( 𝑖 = 1,… ,48 ) are presented in 

Equation 4.1. 

[

𝑥6,𝑡,𝑖
′

𝑦6,𝑡,𝑖
′

𝑧6,𝑡,𝑖
′

] = [

𝑥6,𝑡,𝑖

𝑦6,𝑡,𝑖

𝑧6,𝑡,𝑖

] − [

𝑥4,𝑡,𝑖

𝑦4,𝑡,𝑖

𝑧4,𝑡,𝑖

] (𝑡 = 1, 2, … ,10;  𝑖 = 1, 2, … , 48)               (4.1) 

 

 
Figure 4.15. Schematic of sphere positions in the test.  

 

Equation 4.2 gives the position deviations of the #6 sphere at (𝑡th, 𝑖th) measurement from 

the mean values of all measurements. 
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[

∆𝑥6,𝑡,𝑖
′

∆𝑦6,𝑡,𝑖
′

∆𝑧6,𝑡,𝑖
′

] = [

𝑥6,𝑡,𝑖
′

𝑥6,𝑡,𝑖
′

𝑥6,𝑡,𝑖
′

] −
1

10 × 48

[
 
 
 
 
 
 ∑ ∑ 𝑥6,𝑡,𝑖

′
48

𝑖=1

10

𝑡=1

∑ ∑ 𝑥6,𝑡,𝑖
′

48

𝑖=1

10

𝑡=1

∑ ∑ 𝑥6,𝑡,𝑖
′

48

𝑖=1

10

𝑡=1 ]
 
 
 
 
 
 

(𝑡 = 1, 2, … ,10;  𝑖 = 1, 2, … , 48)  

(4.2)     

 The position deviations originated from three sources: (i) error motions of the RT 

(Section 4.4.1.1); (ii) CMM’s probing error (Section 4.4.1.2); (iii) CMM’s geometric 

deviations (Section 4.4.1.3). The contribution of three sources are discussed in detail. 

 

 
Figure 4.16. Influence of each error motion to the coordinates of two spheres (small-angle 

approximation was applied: e.g., 𝑠𝑖𝑛 휀𝑥 ≈ 휀𝑥 and 𝑐𝑜𝑠 휀𝑥 ≈ 1 − 𝑥
2

2
).  

 

4.4.1.1 Error motions of RT 

   As illustrated in Figure 4.16, the 𝛿x  varied the positions of two spheres 

simultaneously. Therefore, the relative coordinates of the #6 sphere to the #4 sphere were 
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unchanged. In a similar manner, 𝛿y and 𝛿z had no effect on the relative coordinates of the 

#6 sphere. 휀x and 휀y mainly changed the z coordinates of the #6 sphere, while 휀𝑧 varied the 

x and y coordinates of the #6 sphere. Obviously, the influences of 휀𝑥 , 휀𝑦 and 휀𝑧 to the 

position of centered #4 sphere were negligible. The effects of error motions to the measured 

relative coordinates of the #6 sphere are summarized in  

Table 4.1. The non-zero terms are uncertainty contributors in this test. 

 

Table 4.1. Influence of each error motion to the measured relative position of the off-

centered #6 sphere to the centered #4 sphere. 

 ∆𝑥6,𝑡,𝑖
′  ∆𝑦6,𝑡,𝑖

′  ∆𝑧6,𝑡,𝑖
′  

𝛿𝑥,𝑡,𝑖 0 0 0 

𝛿𝑦,𝑡,𝑖 0 0 0 

𝛿𝑧,𝑡,𝑖 0 0 0 

휀𝑥,𝑡,𝑖 0 −
휀𝑥,𝑡,𝑖

2

2
𝑦6,𝑡,𝑖 ≈ 0 휀𝑥,𝑡,𝑖𝑦6,𝑡,𝑖 

휀𝑦,𝑡,𝑖 −
휀𝑦,𝑡,𝑖

2

2
𝑥6,𝑡,𝑖 ≈ 0 0 -휀𝑦,𝑡,𝑖𝑥6,𝑡,𝑖 

휀𝑧,𝑡,𝑖 
−

휀𝑧,𝑡,𝑖
2

2
𝑥6,𝑡,𝑖 − 휀𝑧,𝑡,𝑖𝑦6,𝑡,𝑖

≈ 0 − 휀𝑧,𝑡,𝑖𝑦6,𝑡,𝑖 

−
휀𝑧,𝑡,𝑖

2

2
𝑦6,𝑡,𝑖 + 휀𝑧,𝑡,𝑖𝑥6,𝑡,𝑖

≈ 0 + 휀𝑧,𝑡,𝑖𝑥6,𝑡,𝑖 

0 

 

 

4.4.1.2 Probing error 

   As shown in Figure 4.10(b), each sphere was supported by a triangular beam, which 

reduced the accessibility of the sphere near the equator. As demonstrated in Figure 4.17(a), 

a 10-point probing strategy was applied to cover a sufficient area on the upper hemisphere,  

while avoiding collisions between the probe stylus and the triangular beam.  
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Figure 4.17. Probing strategy for a sphere on the BSG: (a) locations of probing points (b) 

orientation of probing points at rotary position of 0° and 90° (top view). 

 

   For each sphere at each step, the least square center and least square radius were 

calculated. In Equation 4.3, 𝐿𝑞,6,𝑡,𝑖 represents the distance from the coordinates of the 𝑞th 

probing point (𝑞 = 1, 2, … ,10)  to the least square center of the #6 sphere at the 𝑡th cycle, 

𝑖th  rotary position. The difference between 𝐿𝑞,6,𝑡,𝑖  and 𝑅6,𝑡,𝑖  were used to calculate the 

probing error ∆𝑃𝑞,6,𝑡,𝑖  in Equation 4.4. The probing error is also illustrated in Figure 

4.18(b). Figure 4.18(c) shows that the probing system measured the #8 point on the sphere 

#6 from all eight probing directions in Figure 4.18(a), after the table was rotated by one 

cycle. The results represented the probing errors when the probing system touches a point 

on sphere.  

             ∆𝐿𝑞,6,𝑡,𝑖 = 𝐿𝑞,6,𝑡,𝑖 − 𝑅6,𝑡,𝑖  (𝑞 = 1, 2, … ,10, 𝑡 = 1, 2, … ,10;  𝑖 = 1, 2, … ,48)    (4.3) 

             ∆𝑃𝑞,6,𝑡,𝑖 = ∆𝐿𝑞,6,𝑡,𝑖 −
1

48
 ∑ ∆𝐿𝑞,6,𝑡,𝑖

48
𝑖=1   (𝑞 = 1, 2, … ,10, 𝑡 = 1, 2, … ,10)         (4.4)     

   The locations of probing points were rotated with the RT (Figure 4.17(b)). Namely, 

the probe touched the same set of points on the targeted ball. As shown in Figure 4.18(a), 

the same #8 point on the #6 sphere was probed at various rotary positions. Therefore, the 
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form deviation of #6 sphere would not affect the separated probing error. Moreover, the 

error motions of RTs and the geometric deviations of CMM also had negligible effects on 

the calculation of probing error. 

 

 
Figure 4.18. Schematic of probing error detection: (a) Probing direction for the same point 

on a probed sphere at various rotary position (b) Probing error calculation of an arbitrary 

measurement for the #8 point (c) Detected probing error at the eight sampled directions 

using the #8 point.  

 

   The recorded probing errors are shown in Figure 4.19. The #1 point was the contact 

point between the bottom of the probe and the pole of sphere. Compared with the other 

probing points, the #1 point had relatively low probing errors. For any of the other probing 

points, the probe tip always touched a same point on the sphere along the normal directions.  
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Figure 4.19. Separated probing errors at 10 probing points on the #4 and #6 spheres when 

the table was rotated by 10 cycles in steps of 7.5°. 

 

 

   As shown in Figure 4.17(a), the #6 and #9 points were two equator points opposite 

to each other. Comparable error patterns were observed. Similar results were found for the 

#7 and #10 points. Apparently, the different initial contact direction of the #6 to #10 points 

in the frame CS resulted in the phase shifts, which should be compensated. The elliptical 

patterns in Figure 4.20 reflect the probing errors detected using different probing points.  
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Figure 4.20. Detected probing errors using different probing points, after removing the 

phase shifts due to different initial position.  

 

   As shown in Figure 4.10(c), the triangular beams for even spheres were oriented 

along the -x direction at the initial rotary position (0°). Therefore, the same set of probing 

points were applied for the # 4 and #6 spheres (Figure 4.17(b)). In Figure 4.19,  probing 

errors on the # 4 and #6 were similar, which indicated that the probing error were 

independent from location of the probing system.   

   In the next step, the x, y and z deviations of two spheres resulting from the probing 

system were calculated. The averaging effect of multiple points made the magnitudes of x 

and y deviations much smaller than the magnitudes of single-point probing errors. Two 

spheres had similar patterns for the y deviations, so as for the z deviations. In the x 

direction, for each measuring position, the probing error at measuring the #6 sphere (Figure 

4.21(a)) minus the probing error at measuring the #4 sphere (Figure 4.21(b)) were called 

residuals in Figure 4.21(c). These residuals were equal to the overall influence of the 
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probing system on the relative x coordinates of the #6 sphere. In a similar way, the overall 

influence of the probing system on the relative y and z coordinates of the #6 sphere were 

calculated (Figure 4.21 (f) and (i)). 

 

 
Figure 4.21. Deviations of sphere coordinates resulting from the probing system: 

(a), (d), (g) probing deviations at measuring the #6 sphere (b), (e), (h) probing deviations 

at measuring the #4 sphere (c), (f), (i) overall influence of the probing system on the relative 

coordinates of the #6 sphere. 

 

4.4.1.3 CMM’s geometric deviations 

 Next, the systematic component of the CMM’s geometric deviations ∆𝑃gs were 

investigated. The radial, tangential and z coordinates of the #4 and #6 spheres are presented 

in Figure 4.22. As shown in Figure 4.16, the radial coordinates of the two spheres were 

affected by the error motions 𝛿𝑥 and 𝛿𝑦 of the RT, while other error motions resulted in 

second order errors. Moreover, because the periodicity of the 𝛿𝑥 error motion of this RT 
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was not equal to 2 𝜋 (discussed later in Section 4.5), the radial deviations of either sphere 

in multiple cycles were not repeatable (Figure 4.22 (a) and (b)). The unknown error motion 

𝛿x  (or 𝛿y ) had exactly same effects on both spheres at an arbitrary rotary position. 

Therefore, comparing the recorded radial deviation curves of two spheres can remove the 

unknown error motions 𝛿x  (and 𝛿y). The results revealed the radial components of the 

CMM’s geometric deviations, as shown in Figure 4.22(c). The influences of unknown 휀x, 

휀y  and 휀z  to the separated tangential and z deviations of CMM’s geometric deviations 

cannot be removed. It should be noted that the effect of probing error (Figure 4.21) had not 

been removed in Figure 4.22.  

 

 
Figure 4.22. Separated systematic components of the CMM’s geometric deviations at 48 

measuring positions by comparing the coordinates of the #4 and #6 spheres in 10 cycles: 

(a), (d), (g) deviations of the #6 sphere in three directions from its average path in each 

cycle (b), (e), (h) deviations of the #4 sphere in three directions from its average path in 

each cycle (c), (f), (i) separated CMM geometric deviations. 



88 

 

 

 In the second test, the #4 and #5 spheres were used in the similar testing procedure. 

As shown in Figure 4.23, the amplitudes of the separated radial and tangential deviations 

were about half for the previous test, while axial deviations were comparable. The CMM 

had lower geometric deviations at 𝑟s0 = 100 mm than at 𝑟s0 = 200 mm. Polar plots and 3D 

plots of the separated systematic components of the CMM’s geometric deviations in two 

tests are presented in Figure 4.24. 

 

 
Figure 4.23. Separated systematic components of the CMM’s geometric deviations by 

comparing the coordinates of the #4 and #5 spheres in 10 cycles: (a) radial deviations (b) 

tangential deviations (c) z deviations.  

 

 
Figure 4.24. Separated systematic components of the CMM’s geometric deviations at 48 

measuring positions, where the ideal paths was reduced by a factor of 0.00001: (a) polar 

plot (top view) (b) 3D plot.  
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4.4.2 CMM systematic geometric deviations determined by the BSG and the CBP 

   For the CBP test, the RT was rotated by 8 cycles in the CCW rotating direction in 

steps of 7.5°. At each step, 15 points were probed on the #1, #3, #5, #7, #9 and #11 spheres. 

The number of measuring positions M was equal to the number of rotary positions in a 

cycle.  

 

 
Figure 4.25. Systematic components of geometric deviations of the CMM at the 48 

measuring positions: (a) x deviations (b) y deviations (c) z deviations. 

 

The determined systematic components of geometric errors of the CMM at the 48 

measuring positions were presented in Figure 4.25. Results from the BSG test in Figure 

4.23 were translated from the Cylindrical CS to the Cartesian CS. It should be noted that 
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the 1st measuring position for the BSG test was opposite to the one in the CBP test. 

Therefore, results were shifted correctly for comparison.  

The red curves and blue curves represented results obtained by the CBP and the 

BSG tests, respectively.  Two methods detected similar results for the CMM’s systematic 

geometric deviations. Hence, it validated that the proposed solution can separate CMM’s 

deviation at the defined measuring positions. 

 

4.4.3 Random components of the CMM’s geometric deviations 

 The #2, #4 and #6 spheres were used to simulate the case when 𝑟s0 = 200 mm. At 

each step, the #2 sphere was rotated to the 𝑘th(k = 1, 2, …, M) pre-defined measuring 

position. Meanwhile, the #6 sphere was at the opposite (𝑘 +
M

2
)
th

 measuring position.  

 The random components of CMM’s geometric deviations ∆𝑃gr were investigated 

first. At each measuring position, the CMM first measured the coordinates of the #2 and 

#4 spheres in turns for 12 repetitions. The relative coordinates of the #2 sphere with respect 

to #4 sphere were recorded.  The residuals between the single distances and the mean value 

were regarded as the random components. The results of the 1st and 2nd repetitions were 

discarded to reduce the influences of CMM’s warm-up process. Since 12 repetitions were 

completed within several minutes, the CMM’s drift were neglected. Then, the relative 

coordinates of the #6 sphere with respect to #4 were also measured in same procedure.  

   As shown in Figure 4.26, the standard deviations of the radial, tangential and z 

components of ∆𝑃𝑔𝑟 ranged from 0.02 µm to 0.06 µm. Differences of results between using 

the #2 and #6 spheres were partially explained by the drift of CMM.  
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Figure 4.26. Standard deviations of the radial, tangential and z components of ∆𝑃𝑔𝑟 from 

the reference point (#4 sphere) to 48 measuring positions, by measuring the relative 

coordinates of the #2 sphere to the #4 sphere, as well as the #6 sphere to the #4 sphere: 

(a) radial deviations (b) tangential deviations (c) z deviations. 

   

In a similar way, the #3, #4 and #5 balls were used to simulate the case when 𝑟s0 

was equal to 100 mm (Figure 4.27). No significant differences were observed in the two 

cases. 
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Figure 4.27. Standard deviations of the radial, tangential and z components of ∆𝑃𝑔𝑟 from 

the reference point (#4 sphere) to 48 measuring positions. by measuring the relative 

coordinates of the #3 sphere to the #4 sphere, as well as the #5 sphere to the #4 sphere: (a) 

radial deviations (b) tangential deviations (c) z deviations. 

 

4.5 Error motions of RT 

4.5.1 Calibration procedure using spindle error analyzer 

   In the first SEA test (SEA T1), the RT was rotated by 4 cycles in the CCW direction 

in a step of 7.5°. The RT stayed at each rotary position for 20 seconds to obtain stable 

readings from the X1, X2, Y1, Y2 and Z1 capacitive gages. Then, the RT was calibrated 

in the CW direction in a similar procedure.   

   The SEA was uninstalled and reinstalled before performing the second SEA test 

(SEA T2). The RT was calibrated by 10 cycles in both CCW and CW directions. 

Experimental procedure for the CBP test was described in Section 4.4.2. 
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4.5.2 Experimental results 

   The separated error motions are presented in Figure 4.28 and Figure 4.29. Because 

the CBP test was completed several months later than the SEA T1 and SEA T2, the three 

experiments did not have a common reference rotary position. Therefore, data from the 

three experiments was aligned laterally for comparison.  

 

Figure 4.28. Error motions of the RT separated by the SEA T1 (blue curve), SEA T2 (black 

curve) and the CBP (red curve): (a) 𝛿𝑥 (b) 휀𝑦. 

 

   The 𝛿x , 𝛿y  and 𝛿z  separated by the three tests were comparable. 𝛿y  and 𝛿z  were 

between ±0.2 µm, which were considered small for a large scale RT. 𝛿x was one order 

larger then 𝛿y  and 𝛿z , which indicated that, at rotation, the whole RT mainly had a 

translational error motion along the x direction in the frame CS. 
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Figure 4.29. Error motions of the RT separated by the SEA T1 (blue curve), SEA T2 (black 

curve) and the CBP (red curve): (a) 𝛿𝑦 (b) 𝛿𝑧 (c) 휀𝑥. 

 

As shown in Figure 4.30, a flat belt was used to transmit the motor movement to 

the rotary table. The tension of the belt was the decisive factor for transmission of power. 

In this measuring system, the motor and two pinions of RT were aligned along the x-axis. 

During operation the driving power pulled the pinions towards the center. Hence, it was 

reasonable to observe larger 𝛿x than 𝛿y for this RT. 
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Figure 4.30. RT at UNC Charlotte: (a) orientation of the RT in the measuring system (b) 

schematic of driving train (bottom view). 

 

Obviously, the periods of 𝛿x and 휀y were longer than 2 π. The 𝛿x and 휀y obtained 

by the CBP test were replot in Figure 4.31 for detailed view. It seemed that the period of 

휀y was around 8 π by comparing data points in the 8 cycles ([0, 16 π]). However, taking 

Figure 4.28 into account, the actual period were around 10 π. Similar results for 𝛿y, 𝛿z and 

휀x can be found in Figure 4.29.  

   The phenomena may have resulted from multiple sources. The first one was that 

the driving and driven pinions might have non-integer ratios of diameter. Moreover, one 

or more pinions may not have been positioned along the central line very accurately in the 

assembling process. 

   Although the 휀x  and 휀y  separated by the three tests have similar patterns, the 

amplitudes of 휀x and 휀y determined by SEA T1 and T2 were much larger than the ones by 

the CBP test. After multiplying the amplitudes of 휀x obtained from SEA T1 and T2 by 0.2 

and 0.1, respectively, the results of all three tests results were comparable. Amplification 

factors of 0.4 and 0.2 for SEA T1 and T2 lead to close amplitudes of  휀y in the three tests. 
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It was likely that a scaling error existed in the SEA test data. The amplitudes of 휀x and 휀y 

were less than 0.3", which shows that the RT had low tilt error motions in non-load 

condition. 

 

 
Figure 4.31. Separated 𝛿𝑥 and 휀𝑦 of the RT by the CBP  test. 
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CHAPTER 5: ROTARY TABLES UNDER SYMMETRIC LOADS 

 

 In this chapter, the performances of one hydrostatic RT and two aerostatic RTs 

under symmetric loads were investigated. 

 

5.1 Introduction of tested rotary tables 

5.1.1 Hydrostatic RT 

   A Zollern ZHRT 1000.0340.0550 hydrostatic RT at the Bremen Institute for 

Metrology, Automation and Quality Science (BIMAQ), University of Bremen, Germany, 

was investigated. This table and a Leitz PMM-F 30.20.07 (CMM A) formed a 4-axis CMM 

for large scale metrology applications. A delivery system was designed and installed to 

facilitate the handling of large and heavy parts (Figure 5.1). Workpieces were loaded onto 

a steel or granite measuring palette using a traveling overhead crane or fork lifter at the 

loading gate. Then, the measuring palette was transported to and loaded on the RT. The 

unloading process was performed in the reverse way. Kinematic coupling between the RT 

and the palette assured positioning repeatability. 
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Figure 5.1. Loading procedure of a heavy gear onto hydrostatic RT: (a) preparation and 

placement of a helical gear on a measuring palette using traveling overhead crane (b) 

transportation of the measuring palette from loading gate to RT, with three hemisphere 

components for kinematic coupling (c) loading the measuring palette on RT. 

 

5.1.2 Aerostatic RTs 

   For 4-axis CMMs, the RTs can be installed in three different ways: (i) embedded 

into the granite floor; (ii) fixed on the granite floor; (iii) fixed on a removable frame.  

The first configuration is very common for small and mid-size CMMs, because it 

offers the maximum measuring volume. For large CMMs, considerable efforts are needed 

to build the foundation. Especially, additional space below the granite floor must be created 

without affecting the damping system of the whole device.  

   4-axis CMM at Physikalisch-Technische Bundesanstalt (PTB) consisted of a Leitz 

PMMG 50.40.20 (CMM B) and a Zollern aerostatic RT (RT B) (Figure 5.2). It adopted the 

third configuration at building the 4-axis CMM. The RT was placed on a 0.5 m high 

Strothmann steel frame. If necessary, the steel frame together with the RT can be lifted by 

a jack and transported to the adjacent climate-controlled storage room. 
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Figure 5.2. Configuration of 4-axis CMM at PTB. 

 

   The second configuration is the easiest way to add a RT, at the expense of reducing 

the measuring volumes. The RT and workpiece delivery system at BIMAQ also reduced 

the usable z range to 0.700 m. At UNC Charlotte, a Zollern ZART 1200.0390.0 aerostatic 

RT (RT C) was placed at near the center of the measuring volume of a Leitz PMM-F 

30.20.16 (CMM C) (Figure 5.3(a)).  The ∅1.200 m × 0.440 m aerostatic RT reduced the 

usable z range at the central space of the CMM from 1.600 m to 1.160 m.  

 

 
Figure 5.3. Configuration of 4-axis CMM at UNC Charlotte: (a) Leitz PMM-F 30.20.16 

(b) Zollern ZART 1200.0390.0 aerostatic RT.  
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5.2 Experimental setups 

5.2.1 Experimental setup for the RT A 

   In the first set of experiments, five symmetric loads up to F = 33.8 kN were 

designed (Figure 5.4): (1) non-load; (2) palette only; (3) palette and a helical external gear 

as measuring object; (4) palette, a helical gear and 4 spur gears as additional load; 

(5) palette, a helical gear and 8 spur gears. From case 3 to case 5, multiple points were 

measured on the top lands of gears to determine the coordinates of their gravity centers. 

Then, the overall eccentricities were calculated. Since the eccentricities were less than 

5.0 mm, the RT was considered as symmetrically loaded. 

 

 
Figure 5.4. Experimental setup for RT under symmetric loads: (a) case 1: non-load 

(b) case 3: measuring palette and a helical ring gear (c) case 5: palette, a helical ring gear 

and 8 spur gears as additional load.  

 

   The CBP artifact consisted of a base plate, 6 tungsten carbide spheres and 6 ceramic 

spheres (Figure 4.1). The base plate had a tapered hole at the center, which matched the 

shape and size of a cylindrical fixturing component. In case 1 and 2 of symmetrically 

loading experiments, the artifact was fixed on the RT or the measuring palette, respectively. 

Figure 5.5 illustrates how the artifact was clamped on the measuring palette. 
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Figure 5.5. Schematic of clamping method for the artifact on measuring palette. 

 

 

   In the other cases, the artifact was moved up to the top of the helical gear for good 

accessibility. However, the artifact had a smaller diameter than the inner cylindrical surface 

of the gear. To solve this problem, the artifact was put on a rectangular plate, which was 

placed on top of the gear (Figure 5.6). 

 

 
Figure 5.6. Schematic of clamping method for artifact on top of helical gear.  

 

5.2.2 Experimental setup for the RT B 

   The error motions under no load, 1 ton and 2 ton of symmetric loads were studied. 

For the no load case, the ball plate was clamped directed onto the RT. For the other two 

cases, 1-ton steel disks were used to create symmetric loads. Because no hole exists on the 
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top side of the 1-ton reference disks, a solution was needed to fix the CBP. Three white 

rectangular steel plates were placed on top of the disk. The longer sides of plates were 

oriented along the radial direction and adjusted properly to avoid changing of the 

symmetric loads. Because the total mass of the three plates is less than 100 kg, the added 

load to the existing load were neglected in following discussion. The three plates sit on top 

of the disk stably regardless of the movement of RT. Then, the CBP was clamped on top 

of the white plates (see Figure 5.7(d)).  

 

 

Figure 5.7. Experimental setups to identify the error motions of RT under symmetric loads: 

(a) no load (b) 1 ton (c) 2 tons (d) the CBP fixed on top of steel disk in (b) and (c) with 

help of toe clamps and steel plates.  

  

5.2.3 Experimental setup for the RT C 

   14 raw steel slugs were used to create ring shape loads for the RT C at UNC 

Charlotte. 10 of them had diameters of 140 mm, with masses between 43.6 kg and 45.0 kg. 

the other 4 slugs had larger diameters of 190 mm, with masses between 54.6 kg and 
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57.8 kg. The total mass of 666.2 kg exceeds 50% of the maximum load. As shown in Figure 

5.8 (d)-(f), the CBP artifact is centered on the RT. 16 nominal positions for the steel slugs 

are evenly distributed on a ∅900 mm circle, with a nominal angular step of 22.5°. Four 

levels of symmetric loads were created: (1) no load; (2) 224.6 kg; (3) 489.2 kg; 

(4) 666.2 kg. The load distribution from the #2 to #4 cases are demonstrated in Figure 5.8.  

 

 
 

Figure 5.8. Distribution of loads on the RT C at UNC Charlotte: (a), (d) 224.6 kg symmetric 

load (b), (e) 489.2 kg symmetric load (c), (f) 666.2 kg symmetric load. 

 

 In the #4 case, the slugs occupied 14 out of 16 nominal positions, leaving 2 spots 

unused. Each pair of slugs with similar masses were placed diagonally, in order to create 

symmetric loads. The detail arrangements are demonstrated in Figure 5.8 (a) to (c). The x 

and y coordinates of slugs were determined by measuring circles on the cylindrical 

surfaces. Because the slug was not machined, several hundred micrometer form deviations 
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of the measured circles were observed. The trial and error method was used to lower the 

position deviations of slug centers to less than 0.5 mm. The coordinates of each slug is 

listed in Table 5.1. The gravity centers of loads in four cases are summarized in Table 5.2. 

With one-digit millimeter eccentricity, all four cases were considered as symmetric loads.  

 

Table 5.1. Mass and position deviations of steel slugs (symmetric loads). The coordinates 

of the #6, #7 and #8 slugs in load case #4 were different from the ones in the load cases #2 

and #3 (see Table 5.2). 

# 
Mass 

(kg) 

Nominal Position  Actual Position (mm) Form 

deviation 

(mm) 

Case 

x (mm) y (mm) 
x dev. 

(mm) 

y dev. 

(mm) 

#

1 

#

2 

#

3 

#

4 

1 44.2 -450.000 0.000 -0.224 -0.182 0.235   ● ● 

2 45.0 -415.749 -172.208 -0.106 0.245 0.524    ● 

3 44.2 -318.198 -318.198 0.113 -0.043 0.304    ● 

4 56.0 -172.208 -415.746 -0.011 0.071 0.192  ● ● ● 

5 43.8 -0.000 -450.000 -0.205 0.249 0.612   ● ● 

6 43.6 318.198 -318.198 -0.255 -0.377 -   ●  

6* 43.6 318.198 -318.198 0.235 0.094 0.467    ● 

7 57.8 415.746 -172.208 -0.384 0.187 -  ● ●  

7* 57.8 415.746 -172.208 0.016 0.337 0.283    ● 

8 44.6 450.000 -0.000 -0.086 -0.268 -   ●  

8* 44.6 450.000 -0.000 0.181 0.146 0.505    ● 

9 43.6 415.749 172.208 0.079 0.113 0.404    ● 

10 44.2 318.198 318.198 -0.109 -0.148 0.284    ● 

11 56.2 172.208 415.746 -0.065 0.338 0.320  ● ● ● 

12 44.4 0.000 450.000 -0.228 -0.186 0.241   ● ● 

13 44.0 -318.198 318.198 -0.152 0.118 0.219   ● ● 

14 54.6 -415.746 172.208 0.333 -0.107 0.220  ● ● ● 

 

Table 5.2. Gravity centers of loads. 

Case Load (kg) 
Gravity center of load 

x (mm) y (mm) 

#1 0 0.000 0.000 

#2 224.6 6.040  -1.959 

#3 489.2 2.777 0.146 

#4 666.2 1.164   -0.458 
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5.2.4 Reference point 

    In experiment setups for the RT A, the artifact was positioned at three different 

heights (see Figure 5.9). The center of the approximated workpiece coordinate system at 

the #3 position was defined as the reference point. Separated error motions of case 1 and 

case 2 were transformed to the refence point to be compared with results of the other cases. 

𝛿x and 𝛿y were recalculated according to Equation 5.1: 

[
𝛿x

𝛿y
]
AW,new

= [
𝛿x

𝛿y
]
𝐴𝑊

+ 𝐻𝑐 [
휀y

−휀x
]
𝐴𝑊

                                   (5.1) 

𝐻𝑐 was the height difference between the #1 (or #2) position and the #3 position of the 

artifact. Subscript AW denoted the approximated workpiece coordinate system (WCS) at 

the #1 or #2 position. Subscript AW, new denoted the transformed approximated WCS. 

 For the RT B and RT C experiments, the centers of the approximated workpiece 

coordinate system at no load cases were set as the reference points.  

 

 

Figure 5.9. Illustration of three artifact positions in the experiments, with a reference point 

defined as the center of approximated workpiece coordinate system at the #3 position. 
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5.3. Calibration procedure 

5.3.1 Warm up procedure   

   In all experiments performed with the RT A, the RT A was rotated by four cycles 

in the counter-clock-wise (CCW) direction in steps of 7.5°. At each step, 15 points were 

probed on every tungsten carbide sphere (#1, #3, #5, #7, #9 and #11). 

    Figure 5.10 demonstrates measured z coordinates of six sphere centers in four 

cycles. As a uniform warm-up routine was not found and executed before the experiments, 

the RT took the first cycle to reach a stable operating condition. Therefore, only data from 

cycle 2 to cycle 4 was used for analysis.  

 

 
Figure 5.10. Measured z coordinates of six sphere centers in four cycles in non-load case. 

No warm-up routine was executed. 

 

  In all experiments performed with the RT B, the RT B was rotated by 6 cycles in 

the CCW direction first. Then, it was rotated back in the CW direction to the original 

position. The angular step was 10° (M = 36). In a similar way, the RT C was rotated by 

8 cycles in the CCW direction first and 8 cycles in the CW direction then. The angular step 

was set to 7.5° (M = 48). 
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5.3.2 CMM deviations 

   The systematic components of geometric deviations of the CMM A (BIMAQ) and 

CMM B (PTB) were identified by the proposed data processing method (Section 2.4.3). 

The dots on dash-dot curves in Figure 5.11 represent the separated systematic components 

of geometric deviations of CMM B at 48 measuring positions at three heights. In Figure 

5.11(a), each dash-dot curve has six peaks and six valleys.  

 

 

Figure 5.11. Original and adjusted geometric deviations of CMM B at 48 measuring 

positions at three heights: (a) x deviations (b) y deviation (c) z deviations. 

 

As discussed in Section 2.4.1, the 3-axis CMM was assumed to perform 

consistently such that the probe returned the same position following a closed loop. 
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Therefore, the accumulative deviations of the CMM along the closed x, y and z paths equal 

to zeros, respectively (Equation 5.2). 

 [

∑ ∆𝑥gs(𝑘)
𝑀
𝑘=1

∑ ∆𝑦gs(𝑘)
𝑀
𝑘=1

∑ ∆𝑧gs(𝑘)
𝑀
𝑘=1

] = [
0
0
0
]                                                    (5.2) 

The ∆𝑥gs(𝑘) (𝑘 = 1,2, … ,𝑀) was represented by a trigonometric polynomial with a period 

of 2𝜋 (Equation 5.3). 

𝐹∆𝑥gs
= ∑ [𝑎𝑛 cos(𝑛𝜃 + 𝜑𝑛)]𝑁1

𝑛=1                                (5.3) 

The ∆𝑥gs(𝑘) (𝑘 = 1,2, … ,𝑀)  was processed with fast Fourier transformation (FFT) to 

decompose the coefficient 𝑎𝑛 (amplitude) and phase 𝜑𝑛 of all polynomial components in 

Equation 5.3.  

To understand the observed phenomenon in Figure 5.11, the ∆𝑥gs(𝑘) at three heights 

in Figure 5.11(a) were processed by FFT. Because the number of rotary positions M was 

equal to 36 for CMM B, degree 𝑁1 = 17 polynomials were decomposed. In a similar way, 

the ∆𝑦gs(𝑘) at three heights in Figure 5.11(b) and the ∆𝑧gs(𝑘)  at three heights in Figure 

5.11(c) were processed. The amplitudes of polynomial components are shown in  Figure 

5.12. In each of three subplots, the coefficients a6 and a12 in were much larger than the 

adjacent terms, respectively.  

Because the number of spheres N was equal to 6, the coefficients 𝑎6  and 𝑎12 

contained the components from the CMM and the error motions. Unfortunately, without 

an additional technique, the percentages of separated 𝑎6 and 𝑎12  originating from the 

CMM B cannot be quantified. In  Figure 5.12, it is likely that the 𝑎6 and 𝑎12 was primarily 

affected by the error motions of rotary table rather than the geometric deviations of 
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CMM B. Hence, the 𝑎6 and 𝑎12 terms for the CMM B were set to zero. The adjusted results 

are represented by the solid lines in Figure 5.11. The X components of the CMM deviations 

at three heights were comparable, so as the Y components. 

 

 
 Figure 5.12. Amplitudes of polynomial components for CMM B’s geometric deviations at 

three heights: (a) x deviations (b) y deviations (c) z deviations. 

 

 In a similar way, the systematic components of geometric deviations of the 

CMM A (BIMAQ) were processed. Because M was equal to 48 for CMM A, degree 

𝑁1  = 23 were decomposed respectively. Figure 5.13 shows the amplitudes of all 

polynomial components. 𝑎6, 𝑎12 and 𝑎18 were set to zero. The original and compensated 

deviations of CMM A at 48 measuring positions at three heights are shown in Figure 5.14. 

 

 
Figure 5.13. Amplitudes of polynomial components for CMM A’s geometric deviations in 

five cases: (a) x deviations (b) y deviations (c) z deviations. 
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Figure 5.14 Original and adjusted geometric deviations of CMM A at 48 measuring 

positions in five cases: (a) x deviations (b) y deviation (c) z deviations. 

 

5.4 Experimental results 

5.4.1 RT A 

 Figure 5.15 shows the approximated error motions in symmetric load cases from 

no load to 3.45 ton. In most metrology tasks, the measuring palette is loaded onto the RT 

together with the workpiece. Case 2 to case 5 led to similar 휀x, 휀y and 휀z, which showed 

that changing values of symmetric loads had negligible influence on the tilt error motions 

and angular positioning deviations of the RT. The error motions of the non-load case were 

different from the ones of other cases.  

 



111 

 

 
Figure 5.15. Separated error motions of a hydrostatic RT under symmetric loads from no 

load to 3.45 ton: (a) 𝛿𝑥 (b) 𝛿𝑦 (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 (f) 휀𝑧. 

 

     This RT had consistent 𝛿x and 𝛿y from medium load (case 3) to heavy load (case 

5). However, 𝛿x and 𝛿y under no load were different from heavy loads. Because 𝛿𝑧 was not 

repeatable in multiple cycles, the approximated curves in the five cases are different.  

 All error motions except 𝛿z had periods of 2 𝜋 in the no load case. 𝛿z did not have 

a fully repeatable pattern in three cycles, which may result from the thickness variation of 

the oil film used for the hydrostatic bearing, because temperature control of an oil film in 

a closed system was very challenging. Similar phenomena existed in the other tested 

loading scenarios. 
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5.4.2 RT B 

 The periods of all six error motions were 2π. Although the amplitudes of error 

motions were higher than those of RT A, the four-axis deviation of the CMM was still 

within acceptance range. As shown in Figure 5.16, the RT B had comparable 𝛿x, 𝛿y, 𝛿z 

and 휀z in three levels of symmetric loads. For 휀x and 휀y, there were noticeable differences 

among the three cases. The curves of the 1 ton case were in between the curves of no load 

and 2 ton cases.  

 

 
Figure 5.16. Six error motions of the rotary table B under three levels of symmetric loads: 

(a) 𝛿𝑥 (b) 𝛿𝑦 (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 (f) 휀𝑧. 

 

5.4.3 RT C 

 The separated error motions of the RT C under four levels of symmetric loads are 

presented in Figure 5.17 and Figure 5.18. Compared with the error motions of the RT A, 
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the RT C had larger 𝛿x and smaller 𝛿y. The amplitudes of the other error motions were at 

the same levels of the RT A.  

 

 
Figure 5.17. Separated 𝛿x, 𝛿y and 𝛿z of the rotary table C under four levels of symmetric 

loads. 

 

 The periods of all error motions were not changed. The amplitude of 휀y  had 

negative correlation with the load value. Namely, higher symmetric loads lead to lower 

wobbling of the rotary table. Nevertheless, the amplitude of 휀y were small enough that 휀y 

was negligible. The other error motions were not influenced by the load value. Therefore, 

the error motion calibrated under no load case can be used for error mapping in symmetric 

loading cases.  
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Figure 5.18. Separated 휀x, 휀y and 휀z of the RT C under four levels of symmetric loads. 
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CHARPTER 6: ROTARY TABLE UNDER ASYMMETRIC LOADS 

 

 

6.1 Experimental setups 

6.1.1 Weak asymmetric loads for RT A 

   For weak asymmetric loads, the ring gear was shifted off-center intentionally to 

create seven slight asymmetric loading cases. These sets of experiments mimicked 

measuring tasks, where positioning accuracies of heavy parts were limited. 

   Figure 6.1 illustrates the positioning process of a helical ring gear. The gear was 

placed on the blocks of three linear motions guides, which were fixed on the measuring 

palette. Three short pins inserted into the blocks had contact with the inner cylindrical 

surface of the gear. By calculating and adjusting the position of the short pins and blocks 

before loading the ring gear, the eccentricity value of the ring gear can be set. The inner 

cylindrical surface was measured to calculate the overall eccentricity. 

 

 
Figure 6.1. Experimental setup for RT under weak asymmetric loads: (a) loading the ring 

gear onto the linear motion guides; (b) three linear motion guides and accessories; (c) preset 

the positions of three blocks and three short pins to constraint the position of the gear.  
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6.1.2 Asymmetric loads for the RT C 

   In Chapter 5, steel slugs were used to create five symmetrical loading scenarios. 

The case 1 with 14 steel slugs was used as the reference for asymmetric load scenarios 

(Figure 6.2(a)). In case 2, the #8 slug was removed while the positions of the other slugs 

were unchanged (Figure 6.2(b)).  The gravity center of all the loads shifted from the center 

of RT C towards the #1 slug, which was placed radially opposite to the original place of 

#8 slug. The 13 slugs were almost symmetrically loaded with respect to the x-axis.  

 

 
Figure 6.2. Asymmetric loading cases for the RT C: (a) case 1 (reference case, symmetric 

load) (b) case 2 (c) case 3 (d) case 4 (e) case 5 (f) case 6.  

 

As shown in Figure 6.2 (c) - (f), in each of case 3 to case 6, one slug was removed 

from the RT. The total load and torque were standardized relative to 𝑚max = 666.2 kg and 

𝑚maxg𝑅0 = 2937.942 Nm, respectively (Table 6.1). Here, the nominal radial position R0 

of each slug was equal to 450 mm. In Table 6.1,  angle 𝜉 describes the angular position of 

a gravity center with respect to the +x direction of the frame CS. 
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Table 6.1. Load values and gravity centers for asymmetric loads. 

Case 

# 

Result Standardized result 

Load (kg) 
Gravity center 

Load Torque Angle 𝜉 (°) 
x (mm) y (mm) 

1 666.2 1.2486 -0.3861 1.0000 0.0029 -17.1815 

2 621.6 -30.9625 -0.4242 0.9331 0.0642 -179.2150 

3 578.0 -64.6648 -13.4548 0.8676 0.1273 -168.2462 

4 520.2 -118.0456 4.1469 0.7808 0.2050 177.9880 

5 476.0 -158.5438 -25.0012 0.7145 0.2548 -171.0387 

6 432.4 -206.6386 4.5531 0.6491 0.2981 178.7377 

 

As shown in Figure 6.3(b), the total load dropped linearly from case 1 to case 6, but 

the gravity center was shifted away from the center of RT. As a comprehensive result of 

these two factors, the momentum increased linearly (Figure 6.3(c)).  

Detailed information of the asymmetrically loading cases are given in Table 6.2 

and Table 6.1. 

 

 
Figure 6.3. Asymmetric loading cases: (a) x and y coordinates of the gravity centers 

(b) load values (c) normalized torques. 

 

 

 

 

 

 

 

 



118 

 

Table 6.2. Mass and position deviations of steel slugs (asymmetric loads). 

# 
Mass 

(kg) 

Nominal Position 

(mm) 
Deviation (mm) 

Case 

 Asymmetric load 

x y x  y  1 2 3 4 5 6 

1 44.2 -450.000 0.000 -0.224 -0.182 ● ● ● ● ● ● 

2 45.0 -415.749 -172.208 -0.106 0.245 ● ● ● ● ● ● 

3 44.2 -318.198 -318.198 0.113 -0.043 ● ● ● ● ● ● 

4 56.0 -172.208 -415.746 -0.011 0.071 ● ● ● ● ● ● 

5 43.8 -0.000 -450.000 -0.205 0.249 ● ● ● ● ● ● 

6 43.6 318.198 -318.198 0.235 0.094 ● ● ● ● ●  

7 57.8 415.746 -172.208 0.016 0.337 ● ● ●    

8 44.6 450.000 -0.000 0.181 0.146 ●      

9 43.6 415.749 172.208 0.079 0.113 ● ●     

10 44.2 318.198 318.198 -0.109 -0.148 ● ● ● ●   

11 56.2 172.208 415.746 -0.065 0.338 ● ● ● ● ● ● 

12 44.4 0.000 450.000 -0.228 -0.186 ● ● ● ● ● ● 

13 44.0 -318.198 318.198 -0.152 0.118 ● ● ● ● ● ● 

14 54.6 -415.746 172.208 0.333 -0.107 ● ● ● ● ● ● 

 
 

6.2 Experimental results 

6.2.1 Weak asymmetric loads for RT A 

   Figure 6.4. shows the approximated error motions in the asymmetric loading cases 

when 1.71 ton load was shifted along the x-axis from with eccentricity from x = -10.80 mm 

to x = 10.00 mm. No significant differences in all seven cases were found. This set of 

experiments confirmed that the performance of RT A was nearly not affected when a 

symmetric medium level load was placed with an eccentricity in the millimeter range. This 

is meaningful because the positioning accuracies of workpieces in many applications are 

limited due to their large size and heavy weight. 
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Figure 6.4. Separated error motions of a hydrostatic RT under seven asymmetric 1.7 tons 

loads: (a) 𝛿𝑥 (b) 𝛿𝑦 (c) 𝛿𝑧 (d) 휀𝑥 (e) 휀𝑦 (f) 휀𝑧. 

 

6.2.2 Asymmetric loads for the RT C 

   The separated error motions of the RT C under asymmetric loading cases are 

presented in Figure 6.5 and Figure 6.6. The 𝛿z increased when the standardized torque 

increased. The asymmetric loads changed the angle of the average axis of rotation. 

However, the tilt error motions were almost not influenced. The other error motions were 

constant in the tested cases.  
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Figure 6.5. Separated 𝛿𝑥, 𝛿𝑦 and 𝛿𝑧 of the RT C under asymmetric loads. 
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Figure 6.6. Separated 휀𝑥, 휀𝑦 and 휀𝑧 of the RT C under asymmetric loads. 
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CHARPTER 7: SUMMARY 

 

   A new calibration technique was proposed to determine the six error motions of 

rotary tables of a 4-axis CMM.  The CMM was used as the measuring device and a circular 

ball plate artifact was used as the artifact. The data processing technique can separate the 

deviations of CMM, the error motions of rotary table and the deviations of the artifact.  

   The experimental setup and a complete solution were proposed in Chapter 2. Based 

on a mathematical model, the data processing technique was discussed in detail.  

   Numerical simulation was carried out to validate the proposed solution in 

Chapter 3. Simulation inputs were generated from experimental data or proper assumptions 

based on product sheets. Numerical simulation proved that the proposed solution can 

separate the deviations of CMM, artifact and the rotary table. Monte Carlo simulation was 

performed to investigate how the separation of error motions were influenced by four key 

parameters, including the ball plate radius, number of spheres, number of measuring 

positions, CMM’s random deviations. The influence of CMM’s drift during the experiment 

was also investigated.  

   Experiments were performed to validate the proposed solution in Chapter 4. A 

circular ball plate was designed and built for the calibration of an aerostatic rotary table. 

The separated CMM’s geometric deviations were comparable to results obtained with a 

ball step gage. The separated error motions were compared to results from a spindle error 

analyzer.  

   This rotary table calibration technique was applied to investigate the performances 

of one Zollern hydrostatic rotary table and two Zollern aerostatic rotary tables under 
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symmetric loads. The results showed that these three rotary table had consistent error 

motions under different levels of symmetric loads. In Chapter 6, the performances of the 

hydrostatic rotary table and one aerostatic rotary table under designed asymmetric loading 

scenarios were tested.  
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CHARPTER 8: FUTURE WORK 

 

   In this research, the proposed solution was validated via numerical simulation and 

experiments. It is promising to apply the technique in the production line of 4-axis CMM 

to calibrate the error motions of rotary table after the assembly phase. The separated error 

motions can be fed to the CMM for error compensation purpose. If the acceptance test of 

the 4-axis CMM following the ISO standard [20] reports lower deviations when the error 

compensation of rotary table is activated, the effectiveness of this technique is further 

validated.  

   A main shortcoming of this error mapping technique is the efficiency. Hence, 

reducing the time and thus also the cost is meaningful for future application. Hexagon 

Manufacturing Intelligence has released the HP-O optical sensor based on frequency-

modulated interferometric optical distance measurement [57]. Hexagon claims that this 

sensor has high flexibility, high accuracy and high sampling rate (1000 Hz). Similar to 

tactile probe, HP-O sensor can determine the coordinates of a sphere (made of tungsten 

carbide) by sampling multiple points in single-point mode or scanning mode. It is 

promising that the efficiency of rotary table calibration can be significantly improved by 

using the HP-O sensor. More experiments are necessary to confirm the applicability. 

   The tested Zollern hydrostatic table has consistence performance under weak 

asymmetric loads. Next, more experiments should be designed and carried out to 

investigate the behavior of this table under heavy asymmetric loads. 
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